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Abstract: In thin notched sheets under tensile loading, wrinkling appears on the sheet surface,
specifically around the cracked area. This is due to local buckling and compression stresses near
the crack surfaces. This study aims to numerically study the buckling behavior of a thin sheet
with a central crack under tension. A numerical model of a notched sheet under tensile loading
is developed using the finite element method, which considers both material and geometrical
nonlinearity. To overcome the convergence problem caused by the small thickness-to-length/width
ratio and to stimulate the buckling, an imperfection is defined as a small perturbation in the numerical
model. Both elastic and elasto-plastic behavior are applied, and the influence of them is studied on
the critical buckling stress and the post-buckling behavior of the notched sheet. Numerical results for
both elastic and elasto-plastic behavior reflect that very small perturbations need more energy for the
activation of buckling mode, and a higher buckling mode is predominant. The influences of different
parameters, including Poisson’s ratio, yield limit, crack length-to-sheet-width ratio, and the sheet
aspect ratio are also evaluated with a focus on the critical buckling stress and the buckling mode
shape. With increase in Poisson’s ratio. First, the critical buckling stress reduces and then remains
constant. A higher yield limit results in increases in the critical buckling stress, and no change in the
buckling mode shape while adopting various crack length-to-sheet-width ratios, and the sheet aspect
ratio changes the buckling mode shape.

Keywords: buckling behavior; thin metal sheet; central crack; wrinkling; perturbation; buckling
mode shape

1. Introduction

An initially notched sheet under tensile load reveals some compression zones around the crack
area due to compression stresses. The existence of these compression stresses in sheets with small
thickness-to-width/length ratio leads to local buckling around the crack and the formation of wrinkles
on the surface of the sheets [1–7]. Due to the wide application of thin sheets in different fields, from civil
engineering [8–10] to mechanical [11–13] and aerospace engineering [14,15], numerous researchers
have studied the buckling behavior of thin sheets with initial cracks.

One of the first studies on the buckling behavior of thin sheets, a study by Markström and
Storåkers [16], evaluated the critical buckling stress of centrally and edge-cracked plates under tensile
load using both the finite element method and the linear bifurcation theory. The researchers evaluated
the influence of crack length on the failure mode due to buckling and fracture phenomena. In another
study, critical buckling load for a thin plate with a crack under tensile load was calculated with the
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finite element method based on von Karman’s linear theory [17]. The effect of crack length, boundary
conditions, Poisson’s ratio, biaxial load, and initial imperfection on the critical buckling load of the
plate was also studied. Riks et al. [18] evaluated the buckling and post-buckling behavior of cracked
plates under tension. They demonstrated how local buckling can change the energy release rate
and the stress intensity factor at the crack tip, and the results have been quite useful for thin-walled
plates and shell structures. Brighenti [19] investigated the influence of crack length, crack orientation,
and Poisson’s ratio on the critical buckling stress of plates under both tension and compression loadings.
He proposed a theoretical model for the calculation of critical buckling stress in plates under tension.
Seif and Kabir [20] presented an analytical solution for symmetric and anti-symmetric local buckling of
an initially notched plate under tensile load. Due to the finite size of plates, they defined a correction
factor for maximum compressive stress and compared the analytical solution with numerical results
obtained with the finite element method and some experimental works. Rammerstorfer [21] studied
bifurcation buckling under tensile loading for different structures, including beams, plates with
and without holes, rolled metal strips, thin cell walls of foams, and some metal/polymer laminates.
He concluded that in all of these structures, buckling occurs due to the existence of compression stresses.

For an application in aerospace engineering, Datta and Biswas [15] reviewed the tensile buckling
of plates and shells as aerospace structural elements. They considered the influence of dynamic
instability on local tension buckling. Amiri Rad and Panahandeh-Shahraki [22] studied the influence
of different parameters, such as crack angle, loading direction (uni-axial and bi-axial), Poisson’s ratio,
and plate aspect ratio, on the critical buckling load of functionally graded plates under tension in the
framework of the finite element method. Wang et al. [23] studied the wrinkling and buckling behavior
of uni-axially stretched rectangular sheets, both theoretically and numerically. They demonstrated that
there is a threshold for Poisson’s ratio. At the lower threshold, no wrinkles on the sheet surface appear
under stretching due to the reduction in transverse compressive stresses.

In addition to considering different theories and investigating the influences of various parameters
on buckling behavior, many researchers have studied the interaction between the buckling and fracture
behavior of thin-cracked plates under tension [24–27]. Brighenti [24] evaluated the buckling and
fracture behavior of elastic thin plates with different crack lengths and orientations. He studied the
influence of different geometrical and mechanical parameters on the buckling load of thin plates under
tension and compression loading. Guz et al. [25] developed a new approach to tackle the fracture
problem of structures with cracks, taking into account the effect of local buckling near the defect.
They calculated the critical crack length at which a fracture precedes buckling or vice versa. Dyshel’ [26]
analyzed the differences in local buckling and fracture kinetics for plates with a central and an edge
crack under tensile load. He obtained an empirical equation for the calculation of critical buckling
stress in both central and edge-cracked plates. Ståhle et al. [27] studied the validity of linear fracture
mechanics in sheets with edge cracks under tensile loading due to local buckling and evaluated the
influence of buckling on crack tip singularity.

Since thin-cracked sheets undergo large plastic deformation depending on their application in
different fields, it is crucial to investigate their buckling behavior in a plastic regime. Studies done by
different researchers [17,19,22–24] demonstrated that the buckling behavior of initially notched sheets
is affected by different Poisson’s ratios and geometrical properties considering only elastic behavior.
To represent the behavior of initially notched sheets in actual applications accurately, it is necessary to
also consider plastic behavior for sheets during large deformations. This work focuses on the buckling
behavior of thin sheets with a central crack under tensile loading, with attention to both elastic and
elasto-plastic behavior. The present study is structured as follows. First, based on the developed
numerical model, critical buckling stress of the sheet is assessed for different perturbations as an initial
imperfection, and buckling mode shapes are evaluated. Then, the influences of Poisson’s ratio, yield
limit, crack length-to-sheet width ratio, and the sheet aspect ratio on both critical buckling stress and
sheet mode shape are investigated.
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2. Problem Definition

A homogeneous and isotropic sheet containing a central crack is considered in this study.
The initially notched sheet configuration is displayed in Figure 1 with a length and width of L and W,
respectively. The sheet dimension in the third direction is specified by h, and the crack length of 2a is
created exactly at the middle, parallel to sheet width. The thickness of the sheet is assumed to be quite
small, and the thickness-to-width or length ratio is so small that it leads to local buckling in the sheet
(especially along the crack) under tensile loading.
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Critical Buckling Stress

Based on von Karman’s linear theory, the total potential energy for an isotropic material with
elastic behavior is written as follows [20]
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where D is the bending stiffness of the sheet and equal to Eh3/12
(
1 − ν2

)
. E and ν are Young’s modulus

and Poisson’s ratio, respectively. σx, σy and σxy describe stresses during the pre-buckling state in plane,
and ω is the sheet deflection. Critical buckling stress is assessed based on an eigenvalue problem
through the minimization of the total potential energy. In Equation (1), the notations (•),i j indicates
the partial derivatives with respect to the special coordinates i = x, y and j = x, y.

Defining the minimum positive eigenvalue, λ, the critical buckling stress for the sheet is calculated
as follows

σcr =
λE

6(1 − ν2)
(h/a)2, (2)

where the coefficient λ depends on Poisson’s ratio and the geometry and loading conditions of the
sheet [25]. Equation (2) can be summarized by defining coefficient k and yields the following [17]

σcr= kE(h/a)2, (3)

where k = λ/6
(
1 − ν2

)
depends on material and geometry properties.

In this study, it was assumed that there are many parameters that influence parameter k and
critical buckling stress. The parameters studied in this research are Poisson’s ratio, yield stress, crack
length-to-sheet width ratio and the sheet aspect ratio. Furthermore, it was assumed that thickness is
sufficient to avoid strain localization, through thickness and also the fracture toughness is sufficiently
high to prevent the sheet from failing from fracture. Therefore, the following is necessary
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σc <
KIc

f
√
πa

<

√
hEσY

πa(1 − ν2)
, (4)

where KIc is the critical stress intensity factor, σY is the yield stress, and f is the geometrical parameter
which in the current study is equal to 1.1 [28]. The two inequalities in Equation (4) mean that buckling
occurs before start of crack growth in the cracked sheet (the first inequality from the left side) and
the fracture toughness should be less than the energy release rate that leads to Dugdale necking type
of failure.

3. Numerical Model

Finite element models using a commercial software [29] have been developed to study the buckling
and post-buckling behavior of initially notched sheets under uni-axial tensile loading. Numerical
simulation implements both material and geometrical nonlinearity. A perturbation analysis is used in
this study while the post-buckling deformation is the primary concern.

The geometry of the thin notched sheet made of Al foil is listed in Table 1. At the lower-end
boundary condition, displacement in y direction (v = 0) and rotations in the x-y plane (θx, θy = 0)
are constrained and displacement at the left corner closed against x direction movement (u = 0).
At the upper end, displacement in x direction and rotations in the plane are constrained (u, θx, θy = 0),
but displacement in y direction is free to move (v = v0). Due to the small thickness of the sheet respect
to its length/width dimension and according to Mindlin–Reissner flexural theory, the problem domain
is discretized by four-node shell elements (S4R) with randomly distributed and fine meshes, visualized
in Figure 2 considering three-dimensional quasi-static analyses. A fine mesh size was used around the
cracked area for the accurate calculation of the deformation. The total number of elements are 20,816
and the smallest element size which is placed in the cracked zone is 0.2 mm.

Table 1. Geometry details of the sheet.

Length (L, mm) Width (W, mm) Thickness (h, mm) Crack Length (2a, mm)

250 100 0.009 40
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Based on the classical Huber–Hencky–Mises yield criterion, an elastic and perfectly plastic
constitutive law was assumed. The main parameters considered include Young’s modulus (E),
equal to 46 GPa, and Poisson’s ratio (ν) of 0.3. Due to the importance of critical buckling stress and the
evaluation of its effect on the plastic behavior of the sheet, the yield limit for plastic deformation was
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assumed to be 90% of the effective stress when buckling occurs in the simulations considering only
elastic behavior.

4. Results and Discussion

Different perturbation sizes were considered in numerical models as initial imperfections and
for the purposes of stimulating buckling in the sheet. A perturbation is defined as a small bulge at
the middle of a crack surface with a length of one quarter of the crack length. A perturbation size
ranges from 0.01 µm to 1 mm in numerical models. Figure 3 displays non-dimensional buckling stress
versus out-of-plane displacement at the middle of the crack, considering both elastic (Figure 3a) and
elasto-plastic behavior (Figure 3b). Figure 3a reflects that critical buckling stress for the sheet with
elastic behavior is roughly the same for perturbation sizes between 0.05 µm and 1 mm. The critical
buckling stress increases significantly for a perturbation size of 0.01 µm.
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Figure 3b depicts the buckling and post-buckling responses of the sheet, including elasto-plastic
behavior. The critical buckling stress for 0.01 µm perturbation size is much higher compared to the
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others. In the thin sheet with central crack under tensile loading, the existence of compression stresses
leads to appearance of wrinkles specifically in the cracked area. In the current study, the perturbations
facilitate the occurrence of buckling and, as the perturbation sizes increase, they produce higher
out-of-plane displacement around the cracked area, which results in a lower level of critical buckling
stress, as represented in Figure 3 for both elastic and elasto-plastic cases. Applying elasto-plastic
behavior changed the post-buckling trend compared to the only elastic material such that the curvature
deviation reached a plateau. When out-of-plane displacement was increased, the buckling stress
remained constant. This behavior is due to the consideration of perfectly plastic behavior in the plastic
regime without any strain hardening.

For both elastic and elasto-plastic behavior, the critical buckling stress that is close to analytical
and empirical relations occurs for perturbation sizes between 0.04 and 0.05 µm. We selected 0.045 µm.
The critical buckling stress for the considered sheet was compared with the results obtained by recent
researchers, listed in Table 2. The small discrepancy between this study’s results and those of others is
due to the consideration of different geometrics and material properties, which can be attributed to k
in relation to 3. Guz et al. [25] obtained the buckling stress from experiments using an extrapolation
method from the already buckled state. The buckling load was around 20% lower than the present
result. Their experiments were not described in detail, but even so, considering that experimental
determination of the buckling load is rather complicated, we consider the results to support the current
numerical results. In the experimental study done by Dyshel [26], the experimental tests supported the
(h/a)2 dependence of buckling stress. A limitation of their findings is that the results for infinite plates
are used for all cracks covering up to half of the specimen width. In comparison, the stress intensity
factor of the largest crack is 18% (cf. [28]) and possibly an underestimation of the load of that order of
magnitude could be anticipated. Still, the results are believed to give confidence to the present result.

Table 2. Comparison between critical buckling stress of the current study and the others.

Researchers σcr (MPa)

Current study 0.01282
[25] 0.0094
[26] 0.01118
[17] 0.0104

Figures 4 and 5 demonstrate the distribution of the out-of-plane displacement in half of the sheets
under tensile loading for both elastic and elasto-plastic material behavior, highlighting the dominant
buckling mode shape. The different buckling modes of the sheet under tensile loading justify the
increase in the critical buckling stress in the sheet with perturbation size of 0.01 µm for both elastic and
elasto-plastic behavior for which the fifth buckling mode shape is dominant. For the other perturbation
sizes, the buckling mode is the first one that requires less energy to be activated and is the reason for
the lower critical buckling stress displayed in Figure 3.
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4.1. Influence of Poisson’s Ratio

In the numerical models, the influence of different Poisson’s ratios on non-dimensional critical
buckling stress, with both elastic and elasto-plastic behavior, is studied. Poisson’s ratio has been changed
in a range from 0.2 to 0.5 with 0.05 steps. Figure 6 visualizes the buckling and post-buckling behavior
of the sheet with different Poisson’s ratios, considering both elastic (Figure 6a) and elasto-plastic
(Figure 6b) behavior. In both cases, the maximum critical buckling stress occurs for the smallest
Poisson’s ratio and reduces with the increase in Poisson’s ratio from 0.2 to 0.3. However, the critical
buckling stress remains constant when Poisson’s ratio changes from 0.3 to 0.5. Poisson’s ratio has direct
relation with lateral stresses, which, here, are compression stresses specifically around the cracked area.
For small Poisson ratio’s, the lateral compression stresses are very low and then lead to a higher level
of critical buckling stress.



Metals 2020, 10, 582 8 of 18

Metals 2020, 10, x FOR PEER REVIEW 8 of 18 

 

The variation in critical buckling stress according to different Poisson’s ratios is displayed in 
Figure 7 for both elastic and elasto-plastic behavior. In both cases, the trend is the same, but the 
difference is in the level of critical buckling stress when Poisson’s ratios are small. In these scenarios, 
the critical buckling stress for elastic behavior is negligibly higher than for elasto-plastic behavior. 

Figures 8 and 9 demonstrate how different Poisson’s ratios change the buckling mode of the 
notched sheet for both elastic and elasto-plastic material behavior. These figures justify the increase 
in critical buckling stress in the sheet with Poisson’s ratio of 0.2 and 0.25, considering both elastic and 
elasto-plastic behavior. In Figure 8, the dominant buckling mode shape for Poisson’s ratios of 0.2, 
0.25, and between 0.3 and 0.5 are the fifth, the third, and the first buckling mode shapes, respectively. 
For the elasto-plastic behavior displayed in Figure 9, the buckling mode shape changes according to 
different Poisson’s ratios. Although in both elastic and elasto-plastic cases, the critical buckling stress 
remains the same for Poisson’s ratios between 0.3 and 0.5, the buckling modes differ. This 
phenomenon highlights that the same critical buckling stress for different material behaviors does 
not lead to similar buckling mode shapes because the material behavior is also responsible for the 
activation of the buckling mode shape. 

 
(a) 

 
(b) 

Figure 6. Non-dimensional buckling stress versus out-of-plane displacement for the sheet with (a)
elastic behavior and (b) elasto-plastic behavior with different Poisson’s ratios.

The variation in critical buckling stress according to different Poisson’s ratios is displayed in
Figure 7 for both elastic and elasto-plastic behavior. In both cases, the trend is the same, but the
difference is in the level of critical buckling stress when Poisson’s ratios are small. In these scenarios,
the critical buckling stress for elastic behavior is negligibly higher than for elasto-plastic behavior.

Figures 8 and 9 demonstrate how different Poisson’s ratios change the buckling mode of the
notched sheet for both elastic and elasto-plastic material behavior. These figures justify the increase in
critical buckling stress in the sheet with Poisson’s ratio of 0.2 and 0.25, considering both elastic and
elasto-plastic behavior. In Figure 8, the dominant buckling mode shape for Poisson’s ratios of 0.2,
0.25, and between 0.3 and 0.5 are the fifth, the third, and the first buckling mode shapes, respectively.
For the elasto-plastic behavior displayed in Figure 9, the buckling mode shape changes according to
different Poisson’s ratios. Although in both elastic and elasto-plastic cases, the critical buckling stress
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remains the same for Poisson’s ratios between 0.3 and 0.5, the buckling modes differ. This phenomenon
highlights that the same critical buckling stress for different material behaviors does not lead to similar
buckling mode shapes because the material behavior is also responsible for the activation of the
buckling mode shape.
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4.2. Influence of Yield Limit

In order to investigate how the yield limit influences critical buckling stress, different yield
stresses were defined for the plastic deformation of the sheet assuming perfectly plastic behavior.
It was assumed that yield stress is equal to effective stress when buckling occurs, and material behavior
was defined only in the elastic regime (σe f f ). The parameter m can be introduced as follows

m =

(
σel

cr
σe f f

) 1
5

, (5)

where σel
cr is the critical buckling stress, considering only elastic behavior. Various yield stresses are

defined according to different ratios of m, such as, m0σe f f , m1σe f f , m2σe f f , m3σe f f , m4σe f f , and m5σe f f .
It is worth noting that m is a value lower than 1 (m < 1).

Figure 10 depicts the effect of different ratios on the buckling stress of the notched sheet. One can see
that a decrease in yield stress reduces critical buckling stress and changes the post-buckling behavior
of the sheet such that, for the highest yield stress, first there is a curvature deviation and then a plateau.
However, when yield stress decreases, the post-buckling behavior only shifts to a plateau. It is worth
noting that different yield stresses do not change the buckling mode shape, and the first mode shape
is dominant.

The distribution of the equivalent plastic strain around the crack tips when buckling occurs for
different yield stresses is presented in Figure 11. To show the detailed distribution of the equivalent
plastic strain, a close up of strain around the crack tips is represented. Although decreasing the yield
stress reduces the critical buckling stress, the equivalent plastic strain around the crack tips increases.
As displayed in Figure 11f, the lower yield stresses lead the equivalent plastic strain to form shear
bands around the crack tips when buckling occurs.
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4.3. Influence of Crack Length-to-Sheet Width

The effect of crack length-to-sheet width ratio (2a/w) on the buckling behavior of the sheet
considering both elastic and elasto-plastic behavior, is visualized in Figure 12. With an increase in 2a/w
ratio, the critical buckling stress decreases (the non-dimensional critical buckling stress increases due to
change in the crack length) and the post-buckling behavior changes. The definition of plasticity in the
models does not change the critical buckling stress. By increasing the crack length-to-sheet width ratio,
the compression stresses zone around the crack, which are responsible for the wrinkles and buckling
behavior, increase, and then result in lower levels of critical buckling stress.

The buckling mode shapes of the sheet along the crack line with different crack length-to-sheet
width ratios are depicted in Figures 13 and 14 for both elastic and elasto-plastic material models.
The buckling mode shapes for two material models are the same, but changes in 2a/w ratios make
different mode shapes. The reason for the increase in the critical buckling stress with higher 2a/w ratios
(except for 2a/w = 0.6) in Figure 12 is due to the activation of higher mode shapes. As is displayed
in Figure 12, critical buckling stress for 2a/w = 0.5 is higher than 2a/w = 0.6 because of the dominant
buckling mode shape presented in Figure 13e,f.
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4.4. Influence of the Sheet Aspect Ratio

Figure 15 displays the influence of the sheet aspect ratio (L/w) on the buckling behavior of the
sheet considering both elastic and elasto-plastic behavior. The buckling mode shape of the sheet along
the crack line with different L/w is depicted in Figures 16 and 17 for both elastic and elasto-plastic
material models, respectively.

As is depicted in Figures 16 and 17, an increase in the sheet aspect ratio does not lead a regular
trend due to the activation of different mode shapes. It was expected that critical buckling stress
would reduce with an increase in the sheet aspect ratio, but in Figure 15, for example, in the case of
elasto-plastic behavior, the critical buckling stress for L/w = 2 is higher than it is for L/w = 1. The reason
for this difference is their dominant buckling mode shape.
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5. Conclusions

This research presented a numerical study on the buckling behavior of thin sheet under tensile
loading. Different perturbation sizes were defined on the small part of the crack to stimulate buckling
in the notched sheet. Then, the influence of different parameters, including perturbation size, Poisson’s
ratio, yield limit, crack length-to-sheet width and sheet aspect ratios, on the critical buckling stress and
the sheet buckling mode, was evaluated.

The numerical results demonstrated that quite small perturbations need more energy to trigger
buckling in the sheet and activate higher buckling modes. Defining plasticity changes post-buckling
behavior such that for higher displacements, the buckling stress remains constant, reaching a plateau,
due to the consideration of perfectly plastic behavior without any hardening during plastic deformation.

With regard to different Poisson’s ratios, there is a threshold at which the critical buckling stress
no longer changes. Low Poisson’s ratios activate higher buckling mode shapes, while the first buckling
mode is dominant for the higher Poisson’s ratios.



Metals 2020, 10, 582 17 of 18

Different yield limits were defined in the numerical model as some ratios of the effective stress
when buckling occurs, and the results represented that decreases in the yield stress for the plastic
behavior of the sheet reduce the critical buckling stress, increase the equivalent plastic strain when
buckling occurs, and do not change the buckling mode. As the yield limits decreased, the post buckling
behavior also altered such that the curvature deviation (wine-glass–shape curve) shortened to a plateau.

Different crack length-to-sheet width ratio (2a/w) has been varied in a range from 0.1 to 0.6.
Increase of this ratio changed the post-buckling behavior of the sheet significantly and led to higher
non-dimensional critical buckling stress, except for 2a/w = 0.6 for both elastic and elasto-plastic behavior,
which was due to the activation of a lower buckling mode compared to 2a/w = 0.5. Different crack
length-to-sheet width ratios and sheet aspect ratios could activate various buckling modes.

Among the considered parameters, the sheet aspect ratio and crack length-to-sheet width ratio
have a more significant influence compared to others, especially with regard to their effect on critical
buckling stress and buckling mode shape.
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