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Abstract
This thesis considers statistical test theory in portfolio theory. It analyses the asymptotic behavior of the considered tests 
in the high-dimensional setting, meaning k/n → c ∈ (0, ∞) as n → ∞, where k and n are portfolio size and sample size, 
respectively. It also considers the high-dimensional asymptotic of the product of components involved in the computation 
of the optimal portfolio. The thesis comprises four manuscripts:

Paper I is concerned with the test on the location of the tangency portfolio on the set of feasible portfolios. Considering 
the independent and normally multivariate asset returns, we propose a finite-sample test on the mean-variance efficiency 
of the tangency portfolio (TP). We derive the distribution of the proposed test statistic under both the null and alternative 
hypotheses, using which we assess the power of the test and construct a confidence interval. The out-of-sample performance 
of the portfolio determined by the proposed test is conducted and through an extensive simulation study, we show the 
robustness of the developed test towards the violation of the normality assumptions. We also apply the developed test to 
real data in the empirical study.

Paper II extends the results of paper I. It is concerned with the study of the asymptotic distributions of the test on the 
existence of efficient frontier (EF) and the efficiency of the tangency portfolio in the mean-variance space in the high-
dimension setting under both the null and alternative hypotheses. Finite-sample performance and robustness of the proposed 
tests are studied through an extensive simulation study.

In paper III, we study the distributional properties of the TP weights under the assumption of normally distributed 
logarithmic returns. The distribution of the weights of the TP is given under the form of a stochastic representation (SR). 
Using the derived SR we deliver the asymptotic distribution of the TP weights under a high-dimensional asymptotic regime. 
Besides, we consider tests about the elements of the TP weights and derive the asymptotic distribution of the test statistic 
under the null and alternative hypotheses. In a simulation study, we compare the power function of the high-dimensional 
asymptotic and the exact tests. Moreover, in an empirical study, we apply the developed theory in analysing the TP weights 
in a portfolio made of stocks from the S&P 500 index.

In paper IV, we derive a stochastic representation of the product of a singular Wishart matrix and a singular Gaussian 
vector. We then use the derived SR in the obtention of the characteristic function of that product and in proving the 
asymptotic normality under the double asymptotic regime. The performance of the obtained asymptotic is shown in the 
simulation study.
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1. Introduction

The choice of investment allocation is of great importance for both indi-

viduals, e.g., retirement savings, as well as for banks and other institutional

investors. The way this choice is done depends on the investor’s view on

risk about the return. A prominent theory in dealing with that problem is

the mean-variance analysis introduced by Markowitz (1952) and later ex-

tended by Tobin (1958). It plays an important role in finance and invest-

ment for both practitioners and researchers in that area (Merton (1972)). It

has been observed that, in practice, mean-variance efficient portfolios are

of paramount importance in portfolio management applications, whereas

research-wise, it may be used in a larger number of asset pricing theories as

well as in empirical tests that involve those theories (Britten-Jones (1999)).

It is also known as the first area of finance in which multivariate distribution

concepts have been applied (Jajuga (2008)). Unfortunately, its implementa-

tion faces several challenges.

In recent years, estimating the covariance matrix by the sample covari-

ance matrix becomes a serious problem if the sample size n is compara-

ble with the number of assets k in a portfolio (see, e.g, Bodnar et al. (2019);

Glombek (2014)). Despite substantial advancements in sophisticated math-

ematical and statistical methods dealing with portfolios managements, still,

a lot has to be done. The 2008 financial crisis reminds us that novel and effi-

cient mathematical and statistical models and methods in that area need to

be developed.

Indeed, the mean-variance optimization techniques serve as a quanti-

tative tool that considers the trade-off between the risk of the portfolio and

its expected return. It also helps the investors in the construction of an opti-

mal portfolio by minimizing the risk for a given level of the expected return

or by maximizing the portfolio return for a given level of the portfolio risk

(Li et al. (2015)). If there is a possibility of investing in risk-free assets, the
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tangency portfolio (TP) is constructed and is composed of both risk-free as-

sets and risky assets. There has been significant interest in understanding

the statistical properties of the TP. Also, the TP has a far-reaching role in fi-

nancial literacy and is usually used as a market portfolio in the capital asset

pricing model. Having a thorough understanding of the properties of the

TP becomes crucial for any financial actors. However, numerous challenges

are encountered in the estimation of TP and in studying its statistical prop-

erties(Bodnar et al. (2019); Glombek (2014)).

The specific goal of this thesis is to study the statistical properties of

TP by developing new statistical models. In particular, it suggests an exact

test for the location of the TP on the set of feasible portfolios and provides

the distribution of the test statistic under both hypotheses. It delivers the

high-dimensional asymptotic distributions of the test statistics for testing

both the existence of the efficient frontier and the efficiency of the TP. It also

delivers the high-dimensional asymptotic distribution of the estimated TP

weights as well as the asymptotic distribution of the statistical test about the

elements of the TP. Lastly, it gives the distribution properties of the compo-

nents involved in the construction of optimal portfolios(mean vector and

covariance matrix) together with its asymptotic distribution under the dou-

ble asymptotic regime.

In the following chapters of this thesis, we give a brief introduction of

portfolio management theory. We also focus on multivariate methods used

in it. The main emphasis goes on definitions of a multivariate normal distri-

bution, a matrix-variate normal distribution, and a Wishart distribution and

provides some of their respective properties, followed by an introduction to

high-dimensional asymptotics. At the end, we provide an overview/summary

of the papers included in this thesis.
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2. Portfolio Management Theory

In this chapter, we define and give the basics of portfolio theory. We start

with the Markowitz selection problem and all its possible solutions. We put

much emphasis on the construction of optimal portfolios under parameter

uncertainty.

2.1 Portfolio selection problem and its solution

Investment strategies and its corresponding statistical challenges have be-

come an eminent research area in finance since its inception by Markowitz

(1952). Let us consider an investor that wants to invest in k assets. For

now, we exclude the possibility to invest into the risk-free asset. Let x =
(x1, . . . , xk )′ be the returns on k assets. We also assume that the vector of

asset returns x has a k-dimensional distribution with mean vector µ ∈ Rk

and positive definite covariance matrix Σ ∈Rk×k .

Definition 2.1.1. A portfolio P is a linear combination of the k assets. The

symbol w = (w1, . . . , wk )′ ∈Rk denotes a vector of weights (allocation vector)

of that linear combination and it fulfils the budget constraint w′1 = 1, where

1 = (1, . . . ,1)′ ∈Rk .

Allowing short-selling means that the vector of weights w may contain

negative components.

Definition 2.1.2. For a given portfolio P , its expected return and variance

are respectively given by

R = E
(
w′x

)= w′µ,

V = V
(
w′x

)= w′Σw.

A well-known strategy for an investor to optimally allocate his/her in-

vestment is to maximize the portfolio return given the level of portfolio risk
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or to minimize the portfolio risk given the level of portfolio return (Li et al.

(2015)). The latter expression is formulated as an optimization problem by

minw′Σw subject to w′µ=µP ,w′1 = 1, (2.1.1)

where µP is the given level of portfolio return.

Alternatively, Ingersoll (1987) showed that the mean-variance analysis

is fully consistent with the expected utility maximization under special cir-

cumstances. The corresponding optimization problem is given by

maxw′µ− α

2
w′Σw subject to w′1 = 1, (2.1.2)

where α stands for the risk aversion.

The solutions to optimization problems (2.1.1) and (2.1.2) are optimal

portfolios, which is called efficient frontier. Merton (1972) showed that the

efficient frontier is the upper limb of a parabola in the mean-variance space.

A limit of the optimal solutions of the maximization problem (2.1.2) when

the risk aversionα tends to infinity gives a global minimum variance portfo-

lio (GMVP). The GMVP is the smallest portfolio with the smallest variance,

characterized by its weights, expected return and variance expressed as

wGMV = Σ−11

1′Σ−11
,RGMV = µ′Σ−11

1′Σ−11
and VGMV = 1

1′Σ−11
. (2.1.3)

Based on the characteristics of the GMVP, Bodnar and Schmid (2008)

proposed a new parameterization of the efficient frontier,

(R −RGMV )2 = s(V −VGMV ) where s =µ′Rµwith R =Σ−1 − Σ11′Σ−1

1′Σ−11
.(2.1.4)

Here s is the slope of the efficient frontier.

If there is a possibility to invest into the risk-free asset, the choice of al-

locating a part of the wealth in it will reduce the portfolio risk. In that case,

a new quadratic utility function needs to be maximized to obtain optimal

portfolio compositions, that is

maxr f +w′(µ− r f 1)− α

2
w′Σw (2.1.5)

An alternative investment strategy in this case for an investor is to maximize

the performance of his investment, which is the Sharpe ratio, measured by

relating the portfolio expected return to its risk.
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Definition 2.1.3. The Sharpe ratio is defined as,

SR(w) = w′µ− r f 1p
w′Σw

. (2.1.6)

The optimization problem based on the Sharpe ratio is given by

maxSR(w) with respect to w. (2.1.7)

The solutions to optimization problems (2.1.5) and (2.1.7) are the optimal

portfolios in case the investment into the risk-free asset is available. The

portfolio that uniquely minimizes the problems (2.1.5) and (2.1.7) is called

tangency portfolio (TP)and characterized by its weights expressed as

wT P = Σ−1(µ− r f 1)

1′Σ−1(µ− r f 1)
(2.1.8)

provided that 1′Σ−1(µ−r f 1) 6= 0 (Glombek (2012)). The expected return and

variance of the TP are

RT = r f +
(µ− r f 1)′Σ−1(µ− r f 1)

1′Σ−1(µ− r f 1)
and VT = (µ− r f 1)′Σ−1(µ− r f 1)

(1′Σ−1(µ− r f 1))2 . (2.1.9)

Again, the equation of the efficient frontier in case with a risk-free asset is

given by

(R − r f )2 = (µ− r f 1)′Σ−1(µ− r f 1)V. (2.1.10)

2.2 Portfolio selection under parameter uncertainty

Practical implementation of the above solutions requires the knowledge of

the parametersµ andΣ. Unfortunately, these parameters are not known and

need to be estimated. This problem is known in portfolio selection theory

as parameter uncertainty (see, e.g., Kan and Zhou (2007)). For any investor,

it is unavoidable to determine his investment policy without estimating the

parametersµ andΣ. Using the random sample of asset returns x1, . . . ,xn , we

estimate the parameters µ and Σ by their empirical counterparts. We have

µ̂= 1

n

n∑
i=1

xi
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and

Σ̂= 1

n −1

n∑
i=1

(xi − µ̂)(xi − µ̂)′.

If xi , i = 1, . . . ,n are independent and identically distributed with xi ∼Nk (µ,Σ),

we know from Muirhead (1982) Theorem 3.1.2 that µ̂∼Nk (µ,Σ), (n −1)Σ̂∼
Wk (n −1,Σ). Moreover, µ̂ and Σ̂ are independent. The estimated portfolio

weights and the equation of the sample efficient frontier are obtained by re-

placing the parametersµ and Σ by their respective sample estimators µ̂ and

Σ̂. Hence in case without a possibility to invest into the risk-free asset, the

sample efficient frontier becomes

(R − R̂GMV )2 = ŝ(V − V̂GMV ) with ŝ = µ̂′R̂µ̂,

where

R̂GMV = µ̂′Σ̂−11

1′Σ̂−11
and V̂GMV = 1

1′Σ̂−11
are the estimators of the expected return and variance of the global mini-

mum variance portfolio respectively, with estimated weights

ŵGMV = Σ̂−11

1′Σ̂−11
.

The properties of the characteristics of the sample efficient frontier are

detailed in Bodnar and Schmid (2008, 2009); Kan and Zhou (2008). While the

properties of the portfolio with a smallest risk among the efficient portfolios

are highlighted in Bodnar et al. (2017a,b); Frahm (2010); Glombek (2014);

Okhrin and Schmid (2006).

Similarly, if there is a possibility to invest into the risk-free asset, the es-

timators of the optimal portfolio weights, the expected return and the vari-

ance of the TP are obtained by replacing the parameters µ and Σ with their

corresponding sample mean vector and sample covariance matrix µ̂ and Σ̂,

respectively. The sample efficient frontier becomes

(R − r f )2 = (µ̂− r f 1)′Σ̂−1(µ̂− r f 1)V , (2.2.1)

with the optimal allocation vector given by

ŵT P = Σ̂−1(µ̂− r f 1)

1′Σ̂−1(µ̂− r f 1)
. (2.2.2)
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The properties and distribution properties of the estimated weights, sam-

ple expected return and sample variance of the TP are detailed in Bauder

et al. (2018); Bodnar et al. (2019); Bodnar and Zabolotskyy (2017); Britten-

Jones (1999); Lo (2002); Okhrin and Schmid (2006); Schmid and Zabolotskyy

(2008) and Javed et al. (2020).

7



8



3. Multivariate distribution

In this chapter, we review important distributions that are very useful in easy

reading of the rest of this thesis.

3.1 Univariate normal distribution and related univari-

ate distributions

This subsection reviews relevant univariate distributions later used in the

construction of the stochastic representation.

Definition 3.1.1 (Normal distribution). A random variable x with the prob-

ability density function

(2πσ2)−1/2 exp{− 1

2σ2 (x −µ)2}, x ∈Rwhere µ ∈R,σ> 0 (3.1.1)

is said to have a normal distribution with mean µ and variance σ2. It is de-

noted by x ∼ N (µ,σ2). When µ = 0 and σ = 1, it is said to have the stan-

dard normal distribution and is denoted by z ∼N (0,1). A univariate normal

random variable can also be characterised by its stochastic representation,

given by

x
d=µ+σz,µ ∈R,σ> 0.

The symbol
d= stands for the equality in distribution.

Definition 3.1.2 (chi-square distribution). The central chi-square distribu-

tion with n degrees of freedom is defined as the sum of n squared indepen-

dent standard normal distributions, that is

ξ
d=

n∑
i=1

z2
i = z′z ∼χ2(n), where z = (z1, . . . , zn)′ with zi ∼N (0,1). (3.1.2)
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Alternatively, if x1, . . . , xn are indepedent and normally distributed with

xi ∼N (µi ,σ2
i ), then

ξ
d=

n∑
i=1

(
xi −µi

σi

)2

∼χ2(n).

Note that E(ξ) = n and V(ξ) = 2n.

If xi =µi + zi , where µi 6= 0, then

ξ
d=

n∑
i=1

x2
i =

n∑
i=1

(µi + zi )2 ∼χ2(n,λ). (3.1.3)

This is called the non-central chi-square distribution with n degrees of

freedom and non-centrality parameter λ = ∑n
i=1µ

2
i , its mean and variance

are given by n +λ and 2n +4λ, respectively.

Definition 3.1.3 (t-distribution). The central t-distribution with n degrees

of freedom is defined as the ratio of independent standard normal distri-

bution as a numerator and the square root of a central chi-square random

variable divided by its degrees of freedom,

t
d= z√

ξ/n
(3.1.4)

where z ∼N (0,1),ξ∼χ2(n) and z and ξ are independent.

On the other side, one can define a non-central t-distribution in the

following way

t
d= z +µ√

ξ/n
, (3.1.5)

where z ∼N (0,1),ξ∼χ2(n) and z and ξ are independent.

Definition 3.1.4 (F -distribution). The central F -distribution with k and n

degrees of freedom is defined as the ratio of two independent central chi-

square random variables divided by their respective degrees of freedom,

η
d= ξ1/k

ξ2/n
(3.1.6)

where ξ1 ∼χ2(k), ξ2 ∼χ2(n) and ξ1 and ξ2 are independent.
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In similar way, one can define the non-central F -distribution as the ra-

tio of two independent chi-square random variables, each divided by its de-

grees of freedom, where the numerator has a non-central chi-square distri-

bution and the denominator has a central chi-square distribution,

η
d= ξ1/k

ξ2/n
(3.1.7)

where ξ1 ∼χ2(k,λ), ξ2 ∼χ2(n) and ξ1 and ξ2 are independent.

3.2 Multivariate normal distribution

Definition 3.2.1. A random vector x ∈Rp is multivariate normally distributed

with mean vector µ ∈Rp and covariance matrix Σ> 0,Σ ∈Rp×p if its density

is given by

(2π)−p/2|Σ|−1/2etr {−1

2
Σ−1(x−µ)(x−µ)′}, (3.2.1)

where etr (·) = exp(tr (·)); |·| and tr denote the determinant and the trace of a

square matrix, respectively. The multivariate normal distribution is usually

denoted by x ∼Np (µ,Σ). Its stochastic representation is given by

x
d=µ+Σ1/2z,

where z ∼Np (0,I) is a standard multivariate normally distributed vector, i.e.

with zero mean vector and identity covariance matrix.

Remark 3.2.2. A random vector x is said to have a singular normal vector if

its covariance matrix Σ is singular.

Definition 3.2.3. A random matrix X ∈ Rp×n is matrix normally distributed

with mean matrix M ∈ Rp×n and covariance matrices Σ > 0,Σ ∈ Rp×p and

Ψ> 0,Ψ ∈Rn×n if its density is

(2π)−np/2|Σ|−n/2|Ψ|−p/2etr {−1

2
Σ−1(X−M)Ψ−1(X−M)′}. (3.2.2)

It is denoted by X ∼Np,n(M,Σ⊗Ψ).

The following theorem gives some important properties of normal dis-

tributions (details and proofs of these results can be found, for example, in

Gupta and Nagar (2000); Mathai and Provost (1992); Muirhead (1982)).
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Theorem 3.2.4. Let

x =
(

x1

x2

)
∼Np (µ,Σ),µ=

(
µ1

µ2

)
and Σ=

(
Σ11 Σ12

Σ21 Σ22

)
,

where x ∈Rp , x1,µ1 ∈Rr ,Σ11 ∈Rr×r , x2,µ2 ∈Rp−r and Σ22 ∈R(p−r )×(p−r ).

a) If A ∈ Rq×p , and b ∈ Rq , then Ax+b ∼Nq (Aµ+b,AΣA′). In particular, if

a ∈Rp and b ∈R, then a′x+b ∼N (a′µ+b,a′Σa).

b) x1 ∼Nr (µ1,Σ11) and x2 ∼Np−r (µ2,Σ22);

c) x1|x2 ∼Nr (µ1 +Σ12Σ
−1
22 (x2 −µ2),Σ11 −Σ12Σ

−1
22Σ21). The matrix Σ12Σ

−1
22 is

called the matrix of regression coefficient. If Σ12 = 0, then the subvectors

x1 and x2 are independent;

d) Let Σ = T′T be the Cholesky decomposition of Σ, where T is the upper tri-

angular matrix.Then z = (T′)−1(x−µ) ∼Np (0,I), and (x−µ)′Σ−1(x−µ) =
z′z ∼χ2

p ;

e) If A = A′, and Σ > 0, then x′Ax ∼ χ2
r (δ2),δ2 = µ′Aµ if and only if AΣA = A

and tr (AΣ) = r . If µ= 0 it implies that δ2 = 0;

f ) Let L1 = x′Ax+a′
1x+b1 such that A = A′ and L2 = a′

2x+b2. Then the nec-

essary and sufficient conditions of L1 and L2 to be independent are the

following: (i) ΣAΣa2 = 0 and (ii) (a1 +2Aµ)′Σa2 = 0;

g) Let x1, . . . ,xn ∼Np (µ,Σ) be independent. Then x ∼Np (µ, 1
nΣ);

h) If X ∼ Np,n(M,Σ⊗Ψ), for any A ∈ Rq×p ,B ∈ Rn×m and C ∈ Rq×m , then

AXB+C ∼Nq,m(AMB+C,AΣA′⊗B′ΨB);

i) Let X =
(

X1 X2

)
∼Np,n(M,Σ⊗Ψ), M =

(
M1 M2

)
, Σ=

(
Σ11 Σ12

Σ21 Σ22

)

andΨ=
(
Ψ11 Ψ12

Ψ21 Ψ22

)
with X1,M1 ∈Rp×m , andΨ11 ∈Rm×m , then

X1|X2 ∼Np,m(M1 + (X2 −M2)Ψ−1
22Ψ21,Σ⊗Ψ1.22)

whereΨ1.22 =Ψ11 −Ψ12Ψ
−1
22Ψ21;
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j) Let S = XAX′ and V = XL,A ∈ Rn×n ,L ∈ Rn×q , and X ∼Np,n(M,Σ⊗ I). The

necessary and sufficient condition for S and V to be stochastically inde-

pendent is that AL = 0. Moreover, if X ∼Np,n(M,Σ⊗Ψ), then S and V are

stochastically independent if and only if AΨL = 0.

3.3 Wishart distributions

The Wishart distribution, which is the subject of study in this section was

first derived in Wishart (1928) and belongs to the family of matrix distribu-

tions. It is regarded as a multivariate analog of a chi-square distribution in

the univariate case. It has been applied in various fields of applied and theo-

retical statistics, for instance, the inference procedures based on the sample

covariance matrix of Gaussian observations.

However, it may be needed to work with the number of observations less

than the dimension or the inverse sample covariance matrix. This leads to

two other useful versions of Wishart distributions, namely, singular Wishart

and inverse Wishart distributions.

3.3.1. Wishart distribution. In the following, we define the Wishart distri-

bution as in Gupta and Nagar (2000); Kollo and von Rosen (2006); Muirhead

(1982).

Definition 3.3.1. Let X ∼Np,n(M,Σ⊗I) be p×n matrix andΣ> 0. The matrix

S of size p ×p is said to be Wishart distributed if and only if S = XX′.
If M = 0 we have a central Wishart distribution denoted by S ∼Wp (n,Σ), oth-

erwise, we have a non central Wishart distribution denoted by S ∼Wp (n,Σ,Ω)

whereΩ=Σ−1MM′.

For a central Wishart distributed matrix with n ≥ p, the density function

is given by

|S|(n−p−1)/2

2pn/2Γp (n/2)|Σ|n/2
etr {−1

2
Σ−1S} (3.3.1)

where Γp (·) denotes the multivariate gamma function. In the following the-

orem, we summarize the basic properties of a Wishart distribution.

13



Theorem 3.3.2. Muirhead (1982, Theorems 3.2.10 & 3.2.11). Let X ∼Np,n(M,Σ⊗
I) and S ∼Wp (n,Σ) and considering the following partition of S and Σ:

S =
(

S11 S12

S21 S22

)
,Σ=

(
Σ11 Σ12

Σ21 Σ22

)
(3.3.2)

and put

S11.2 = S11 −S12S−1
22 S21,Σ11.2 =Σ11 −Σ12Σ

−1
22Σ21 (3.3.3)

with dim(S11) = dim(Σ11) = r × r,r < p ≤ n

a) If A : n × n symmetric and idempotent, so that MA = 0. Then XAX′ ∼
Wp (r ank(A),Σ);

b) Suppose the partition in (3.3.2), then

• S11.2 ∼Wr (n − r +k,Σ11.2) and is independent of S12 and S22;

• S12|S22 ∼N (Σ12Σ
−1
22 S22,Σ11.2 ⊗S22);

• S22 ∼Wp−r (n,Σ22);

c) Suppose A ∈Rp×p , then ASA′ ∼Wp (n,AΣA′);

d) Suppose A ∈Rk×p of rank k, then (AS−1A′)−1 ∼Wk (n −p +k, (AΣ−1A′)−1).

3.3.2. Singular Wishart distribution. In many applications, the dimension

may exceed the number of observations. We make use of singular Wishart

distribution to deal with complications raised in that case. Its definition and

basic properties are delivered below.

Definition 3.3.3. Let X = (x1, . . . ,xn) be independent identically normally

distributed, with xi ∼ Np (0,Σ) and Σ > 0. Let p > n. Then the matrix of

size p ×p, S = XX′ is said to have a singular Wishart distribution.

Theorem 3.3.4 summarizes the properties of the singular Wishart distri-

bution.

Theorem 3.3.4. Bodnar and Okhrin (2008, Lemma 1,Theorem 1). Let S ∼
Wp (n,Σ) and consider the following partition of S and Σ:

S =
(

S11 S12

S21 S22

)
,Σ=

(
Σ11 Σ12

Σ21 Σ22

)
(3.3.4)
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with dim(S11) = dim(Σ11) = r × r,r < n < p. Then it holds that

a) S11 ∼Wr (n,Σ11);

b) S21|S11 ∼N (Σ21Σ
−1
11 S11,Σ22.1 ⊗S11), with Σ22.1 =Σ22 −Σ21Σ

−1
11Σ12;

c) the density of S21S−1
11 is given by

fS21S−1
11

(X) = |Σ11| n−r
2 Γr ( n+p−r

2 )

|Σ22.1| r
2π

(p−r )r
2 Γr ( n

2 )

×
∣∣∣I+Σ11

(
X−Σ21Σ

−1
11

)′
Σ−1

22.1

(
X−Σ21Σ

−1
11

)∣∣∣− 1
2 (n+p−r )

3.3.3. Inverse Wishart distribution. Even though Wishart distribution has

numerous applications in statistics, it is not directly applicable in the port-

folio theory, which is the subject of this thesis. Rather we use the inverse

Wishart distribution denoted by W−1(n,Σ). We define the inverse Wishart

distribution as in Gupta and Nagar (2000).

Definition 3.3.5. A p×p random matrix S is said to have an inverse Wishart

with n degrees of freedom and p × p parameter matrix Σ, if its density is

given by

2− 1
2 (n−p−1)|Σ| (n−p−1)

2

Γp [ 1
2 (n −p −1)]|S| 1

2 n
exp{−1

2
S−1Σ},S > 0,Σ> 0,n > 2p. (3.3.5)

The property of the inverse Wishart are summarized below

Theorem 3.3.6. Bodnar and Okhrin (2008, Theorem 3). Suppose S ∼W−1(n,Σ)

and consider the partition as in (3.3.2), with dim(S11) = dim(Σ11) = r × r,r <
p < n. Then

a) S11.2 ∼W−1
r (n −p + r,Σ11.2) and is independent of S22;

b) S12|S22,S11.2 ∼ N (Σ12Σ
−1
22 S22,S11.2 ⊗ S22Σ

−1
22 S22), with S11.2 defined as in

(3.3.3);

c) S22 ∼W−1
p−r (n −2r,Σ22);
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d) S12S−1
22 is independent of S22, with the density given by

fS12S−1
22

(X) = |Σ11.2|−
p−r

2 |Σ22| r
2Γr ( n−r−1

2 )

π
(p−r )r

2 Γr ( n−p−1
2 )

×
∣∣∣I+Σ−1

11.2

(
X−Σ12Σ

−1
22

)
Σ22

(
X−Σ12Σ

−1
22

)′∣∣∣− 1
2 (n−p−1)

e) S22 is independent of S12S−1
22 and S11.2;

f ) S11.2|(S12S−1
22 = X) ∼W−1

r

(
n,Σ11.2 +

(
X−Σ12Σ

−1
22

)
Σ22

(
X−Σ12Σ

−1
22

)′)

3.4 High-dimensional asymptotics

Nowadays, we live in a world where data storage and computing resources

allow the production, processing, and storage of an exponentially growing

volume of data. Data has become omnipresent in almost every part of hu-

man activities, namely, science, medicine, business, and finance to name

just a few. Most of the modern data are characterized by the fact that they

record several features on each object or individual. Technically, we say that

the dimension p is comparable to the sample size n. Such data are said to

be high-dimensional (Giraud (2014)).

This type of data renders most of the usual statistical methods obsolete.

For example, under the normality assumption of the asset returns, the in-

verse of their sample covariance matrix is a biased estimator of the preci-

sion matrix. The bias tends to zero only when the portfolio dimension is

considerably smaller than the sample size. When the portfolio dimension is

comparable to the sample size, an improved estimator of the precision ma-

trix is needed. Due to the presence of the precision matrix in the formulas

of optimal portfolio weights and their characteristics, the problem becomes

very important in portfolio theory.

For a fixed dimension p and a growing sample size n, the standard asymp-

totics holds (Yang and Le Cam (2000)). On the other hand, if the dimension

p is comparable or larger than the sample size n, the following scenarios

may be considered

• p,n are both large;
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• p/n → c > 0, p →∞ and n →∞;

• (p,n) → (∞,∞) this means

– first p →∞ then n →∞;

– first n →∞ then p →∞;

– p →∞ and n →∞ simultaneously.

Here we are dealing with high-dimensional asymptotics or Kolmogorov asymp-

totics (Bühlmann and Van De Geer (2011)). In this situation, the classical

limit theorems are no longer suitable.
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4. Summary

The understanding of the behaviour of the TP and the components involved

in its computation in both traditional and high-dimensional asymptotics is

of great importance for financial actors. Because of its considerable interest,

a number of works in connection to it have been produced (e.g., Bauder et al.

(2018); Bodnar (2009); Bodnar et al. (2019); Javed et al. (2020)). Most of them

focus on the properties and distributional properties of the TP weights.

In paper I, we focus on the determination of the existence of the TP.

Specifying the location of the TP on the set of feasible portfolios is a chal-

lenging task due to parameter uncertainty. By assuming that the returns

are independent and multivariate normally distributed, we propose a finite

sample test on the mean-variance efficiency of the TP, and we derive the dis-

tribution of the proposed test statistic under both the null and alternative

hypotheses. Particularly, we use the derived distribution of the test statistic

in assessing the power of the test and in the construction of a confidence

set. Moreover, We conduct the out-of-sample performance. We noticed that

the performance of the proposed test is better compared to the naive way of

keeping the optimal portfolio at hand. We also show through an extensive

simulation study that our test is robust towards the violation of the normal-

ity assumption and can be used for heavy-tailed stochastic models. At the

end, the derived results are illustrated using actual stock returns. We notice

the following, when the sample size is relatively large and a stable period is

observed on the market, then the mean-variance efficiency of the TP can be

justified. We also note that using the developed test statistic, we can draw

the decision about the inefficiency of the TP at the end of 2008, which sig-

nals the financial crisis period. During this period we are not able to accept

the efficiency of the TP.

Paper II extends the results of paper I. Firstly, we propose a test on the

existence of the efficient frontier based on the slope parameter. Basing on
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the derivation in Bodnar and Schmid (2008) we deliver the test statistic and

provide its distributions under both the null and alternative hypotheses.

Moreover, we derive the distribution of the proposed test in the high-dimensional

setting and studied the behavior of its power function compared to the em-

pirical one. We found that the high-dimensional expression of the power

provides a reliable approximation of the true power function. Secondly, due

to the failure in providing good results when the portfolio size k and sample

size n is comparable, i.e, k/n → c ∈ (0,∞) as n →∞, we extend the results

in Muhinyuza et al. (2017) by deriving a distribution of the test on the loca-

tion of the TP on the efficient frontier in high-dimensions. We also deliver

the power function of that test in a high-dimensional setting. A good perfor-

mance of asymptotic power is noticed. Furthermore, through a simulation

study, we analyze the performance of the two tests. We found that both tests

are robust to the violation of the normality assumption. We also observe

that when the slope of the efficient frontier s is small and the Sharpe ratio

of the GMVP SGMV is large, then the test based on the slope of the efficient

frontier Tλ performs better. On the other hand, if the slope of the efficient

frontier s is large and Sharpe ratio of the GMVP SGMV is small, then the test

on the location of the TP on the efficient frontier T is preferable.

In PaperIII, we assume the existence of the TP and study the distribu-

tional properties of the TP weights assuming a normal distribution of the

logarithmic returns. We derive a stochastic representation (SR) of the TP

that fully describes its distribution. Using the SR, we provide the asymp-

totic distribution of the TP weights under the high-dimensional asymptotic

regime. Furthermore, we consider a test about the elements of the TP weights

and derive the asymptotic distribution of the test statistic under the null and

alternative hypotheses. The comparison study between the asymptotic dis-

tribution of the TP weights and exact finite sample density is conducted and

we observe that the asymptotic distribution serves as a good approxima-

tion of the exact finite sample distribution. Comparing the power function

of the asymptotic test to the power obtained for the exact test we find that

both powers are indistinguishable. In an empirical study, we analyse the TP

weights in portfolios containing stocks from the S& P 500 index by studying

the dynamic behaviour of the p-values obtained from the exact and asymp-
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totic tests. We first note that the p-values obtained from both tests are al-

most identical, which is a sign of a good performance of high-dimensional

asymptotic.

In the last paper, we study properties of components involved in the

computation of the TP, namely, the properties of the product of a singular

Wishart matrix and a singular Gaussian vector. We first derive the distribu-

tion of that product in the form of a stochastic representation (SR). The SR

provides a fast and efficient way of how the elements the product should be

simulated. We then use the derived SR in the obtention of the characteris-

tic function of that product, which is later used in proving the asymptotic

normality of that product under the double asymptotic regime. A good per-

formance of the obtained asymptotic distribution is documented in a sim-

ulation study even for the case where c > 1.
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5. Sammanfattning

Att förstå beteendet av den tangerande portföljen (TP) och dess komponen-

ter i beräknandet av den traditionella och högdimensionella asymptotiken

är oerhört viktigt för finansiella aktörer. Då det är av så pass stort intresse har

mycket forskning bedrivits på den(e.g., Bauder et al. (2018); Bodnar (2009);

Bodnar et al. (2019); Javed et al. (2020)). De flesta fokuserar på beteendet

och fördelningens beteende av TP portfäljens vikter.

I första manuskriptet fokuserar vi på att bestämma om TP existerar eller

inte. Att specificera vart denna ligger på mängden av möjliga portföljer är

svårt på grund av parameter osäkerheten från våra skattningar. Genom att

anta att våra tillgångslag är oberoende och likafördelade multivariata nor-

malt fördelade föreslår vi ett statistiskt test baserat på ändlig mångd infor-

mation. Testet ämnar att testa om TP portföljen är effektiv, i markovitz anda.

Vi härleder statistikans fördelning under både null och alternativ hypote-

sen. Genom detta kan vi också uppskatta testets styrka och konstruera kon-

fidensintervall. Utöver detta undersöker vi dess prestanda på ny data, så-

dant som parametrarna inte känner till. Där ser vi att testet är bättre än att

naivt äga denna specifika optimala portfölj. Vi visar också genom en om-

fattande simuleringsstudie att testet är robust mot brott mot fördelningsan-

tagandet och kan användas för processer med tunga svansar. För att kom-

pletera simuleringsstudien applicerar vi testet på riktig akitedata. Vi ser då

att när stickprovsstorleken är relativt stort och marknaden har befunnit sig i

en stabil period så kan TP bedömas vara effektiv. Vi ser också att med hjälp

av detta test kan vi dra slutsatsen att TP inte är effektiv i slutet av 2008, då fi-

nanskrisen uppdagades. Under den följande perioden kan inte TP bedömas

vara effektiv alls.

Det andra manuskriptet utökar det första. Först föreslår vi ett test baserat

på lutningen av den effektiva fronten. Från teorin presenterad i Bodnar and

Schmid (2008) levererar vi en test staitistka och dess fördelning under både
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null och alternativhypotesen. Vi härleder också testets högdimensionella

fördelning och studerar dess styrka i jämförelse med den empiriska. Vi fann

att den högdimensionella styrke funktionen approximerar den sanna styrke

funktionen bäst. Då vi inte lyckas med att ge ett bra resultat där portföljstor-

leken k och stickprovsstorleken är jämförbara i storlek, dvs. k/n → c ∈ (0,∞)

då n → ∞, utökar vi resultaten frran Muhinyuza et al. (2017) genom att

härleda en fördelning för testet för TP plats i högre dimensioner. Vi härleder

också dess styrke funktion i högre dimensioner. Denna visar sig ha god

asymptotisk styrka. Genom en simuleringsstudie kan vi analysera de två

olika testen. de två olika testen är robusta mot brott av fördelningsanta-

gandet. Vi ser också att då lutningen av den effektiva fronten s är liten och

Sharpe ration SGMV är stor, så är testet baserat på lutningen bäst. Om det

omvånda gäller så är platsen för TP bättre.

I det tredje manuskriptet antar vi att TP existerar och att våra tillgångslag

följer en logaritmisk normal fördelning. Vi härleder den stokastiska repre-

sentationen för TP som beskriver hela dess fördelning. Med hjälp av den

stokastiska representationen härleder vi vikterna för TP i den högdimen-

sionella asymptotiska ramverket. Vi tar fram ett test om vikterna i portföljen

och härleder dess fördelning under både null och alternativhypotesen i höga

dimensioner. Därefter jämför vi TP fördelningen med dess asymptotiska

fördelning. Vi ser att den asymptotiska fördelningen är en bra approxima-

tion av den exakta fördelningen. I en jämförelse mellan styrke funktionerna

för testets asymptotiska fördelning och den som är baserad på dess exakta

fördelning finner vi att de går ej att se någon skillnad mellan dem. I en em-

pirisk studie analyserar vi vikterna i TP portföljen med aktier från S&P500

index:et. Här studerar vi det dynamiska beteendet av p-värden från den ex-

akta och asymptotiska testen. Första noterar vi att dessa p-värden är närpå

identiska, vilket talar för testen i högre dimensioner.

I sista manuskriptet studerar vi de olika komponenter som är involver-

ade i att konstruera TP vikterna, nämligen produkten mellan en singulär

Wishart- och en singulär multivariat fördelning. Först härleder vi dess stokastiska

representation. Denna ger oss ett sätt att snabbt simulera denna produkt. Vi

använder senare den stokastiska representationen för att härleda den karak-

teristiska funktionen för produkten vilken senare används för att härleda
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den högdimensionella fördelningen. Vi ser god prestanda i den asympto-

tiska fördelningen genom en simuleringsstudie, även i fallet då c > 1.
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