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ABSTRACT 

 

The Vickers residual stress field (VRSF) in soda-lime glass results from the elastic-
plastic contact event that takes place when a Vickers diamond pyramid is loaded 
onto the surface of the material in an indentation cycle.  The importance of elastic-
plastic indentation lies in the contact damage that it gives rise to in the surface of 
the glass.  Since such surface flaws can be characterised, with respect to shape and 
size, they offer the opportunity to study naturally occurring flaws in glass and 
brittle materials in general.  The residual stress field is not passive; rather it exerts a 
crack opening force on the associated crack system during subsequent strength 
testing of a Vickers-indented sample through a residual stress field coefficient, χ.  
Besides the strength-controlling properties the elastic-plastic contact residual stress 
field is also important as a region where the influence of mechanical excitation on 
material properties such as hardness, H, and elastic modulus, E, can be studied. 
This thesis concerns studies that were made to characterise the Vickers residual 
stress field by first measuring the magnitude and distribution of stresses around it, 
using nanoindentation with a cube corner tip.  With a Berkovich tip in 
nanoindentation, experiments were conducted in the VRSF to study the 
dependence of hardness, H and elastic modulus, E, on stresses in soda-lime glass: a 
strong E dependence on stress was observed, while H was not affected unless the 
stresses were high.  In the process, a method was developed to determine the true 
contact area during elastic-plastic nanoindentation when the Oliver-Pharr method 
is used for the data analysis. 
The observed elastic modulus dependence on stress was then utilised in a study 
where it was shown that the VRSF responds differently to relaxation annealing on 
either side of the glass transition temperature.  This result was then used to explain 
strength recovery trends in annealed Vickers-indented glass specimens. 
 
Keywords:  Soda-lime glass, Vickers residual stress field, nanoindentation, stress 
relaxation, cube corner indenter, true contact area. 
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PREFACE 
 
This thesis consists of two parts: the first part introduces and describes some 
concepts that relate to stresses in glass, annealing, and nanoindentation, while the 
second part is a collection of five appended papers as listed below: 
 
 
Paper I 
Kwadwo Kese and David Rowcliffe, ‘‘Nanoindentation method for measuring 
residual stress in brittle materials’’. J. Am. Ceram. Soc., 86 [5] 811-816 (2003). 
 
Paper II 
K. O. Kese, Z. C. Li, and B. Bergman, ‘‘Influence of residual stress on elastic 
modulus and hardness of soda-lime glass measured by nanoindentation’’. J. Mater. 
Res., 19, 3109 (2004). 
 
Paper III 
Kwadwo Kese, Zhi Cheng Li, and Bill Bergman, ‘‘Method to account for the true 
contact area in soda-lime glass during nanoindentation with the Berkovich tip’’. 
Submitted to Materials Science and Engineering A. 
 
Paper IV 
K. O. Kese, M. Tehler, and B. Bergman, ‘‘Contact residual stress relaxation in 
soda-lime glass.– I. Measurement using nanoindentation’’. Submitted to Journal of 
the European Ceramics Society. 
 
Paper V 
K. O. Kese, Z. C. Li, and B. Bergman, ‘‘Contact residual stress relaxation in soda-
lime glass.– II. Aspects relating to strength recovery’’. Submitted to Journal of the 
European Ceramics Society. 
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1. INTRODUCTION 
 
Sharp, small-scale contact events such as occur during Vickers indentation are 
important in the study of the mechanical properties of glass, and brittle materials in 
general, due to the nature of the surface damage that is caused.  Since naturally 
occurring flaws are difficult to locate, these controlled sharp contact indentation 
flaws can be used to simulate the behaviour of the naturally occurring ones.  In 
general, a Vickers indentation contact damage may consist of a plastic impression 
supported by a hemisphere of plastically deformed material, a system of cracks and 
a residual stress field.  The cracks include the median/radial cracks, which control 
the fracture properties, and the lateral cracks, which are important in erosion and 
wear studies.  The residual stress field, apart from playing a vital role in the 
nucleation and growth of these cracks, also influences the post-indentation strength 
properties of the material.  This influence is exerted through a residual stress 
intensity coefficient, χ, whose value is not constant, but decreases as the cracks 
undergo slow-crack growth in the presence of moisture.  During subsequent 
strength and toughness measurement, the residual stresses influence the fracture 
properties, with the result that low values of the fracture strength, σf, and the 
fracture toughness, KIC are obtained.  To free the analysis of the residual stress 
factor, several methods are employed to remove the plastically deformed zone 
from the indentation site, getting rid, thereby, of the source of the residual stress 
field.  Of all the methods, annealing at temperatures in the glass transformation 
region is the most widely used. 
The residual stress field around the sharp contact site is also interesting from 
another point of view.  It represents a micro-size region of high and varying 
stresses, a situation which is difficult to create through other experimental means.  
Such a stress region is interesting since it can be used to study how the basic 
mechanical properties such as the hardness, H, and elastic modulus, E, are 
influenced by the presence of stresses in the material. 
To gain full understanding of the nature and effect of the residual stress field 
requires a detailed characterisation with respect to the magnitude, sign, and 
variation of the stresses, and its response to annealing, for example.  The Vickers 
residual stress field is a small region of material.  For example, at 45-N peak 
indentation load a residual stress quadrant has surface dimensions ∼ 80 x 500 [µm].  
Such a region may be too small for property measurement using conventional 
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methods of measuring stresses and mechanical properties.  For instance, in the 
literature, determination of stress relaxation has been done via measurement of the 
maximum optical retardation at the corner of the indentation.  In this context, 
nanoindentation, with its characteristic feature of high x-y resolution (∼ 500 nm) 
should be a good alternative to the conventional methods of measurement.  The 
following sections are devoted to explaining the concepts and methods that are 
pertinent to this work. In Section 2 Vickers indentation in soda lime glass is 
described while Section 3 introduces stress relaxation in glass.  Section 4 explains 
nanoindentation followed by Section 5, where general discussion and conclusions 
are presented.  In Section 6 some suggestions for future research are given while a 
summary of each of the appended papers is given in Section 7. 
 

1.1 Soda-lime glass 

Soda-lime or soda-lime-silicate glass was the sole material studied in this thesis.  It 
is the most favoured material for indentation fracture studies in the literature 
because it is commercially available, affordable, homogeneous and isotropic.  In 
most of the studies, the as-received surface does not need further preparation other 
than simple cleaning, which is good from the standpoint of project economy.  The 
width of the glass transition region for soda-lime glass can be taken as 180 °C [1].  
The glass transition temperature, Tg, was measured in this study to be 566.5 ± 2.5 
°C using the differential scanning calorimetry (DSC) method.  The weight per cent 
composition of the Pilkington float glass batch in our laboratory was: 72.8 SiO2, 
13.2 Na2O3, 8.39 CaO, 4.45 MgO, 0.65 Al2O3 and 0.51 other. 
 

1.2 Objectives 

 The main aim of this thesis is to show that nanoindentation can be used to study 
small-scale mechanically excited regions in soda-lime glass.  We thus report 
residual stress measurement around the Vickers residual stress field and show that 
nanoindentation can be used to study stress relaxation around the Vickers indent. 
The response of the stress field to constant temperature annealing is shown to be 
different depending on which side of the glass transformation temperature the 
studies are conducted, and that full strength recovery of a Vickers-indented sample 
is not possible even after prolonged annealing.  The influence of residual stresses 
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on elastic modulus and hardness was studied using nanoindentation in the Vickers 
residual stress field, and it is shown that tensile stresses cause the elastic modulus 
to decrease while compressive stresses cause it to increase.  Hardness is not 
affected unless the stresses are high.  This work also introduces a new method of 
determining the true total contact area during elastic-.plastic indentation with the 
Berkovich indenter. 
 
 
 

2. THE VICKERS RESIDUAL STRESS FIELD IN SODA-LIME GLASS 
 

2.1 Plastic deformation during sharp contact indentation in soda-lime glass 

Under sufficiently high pressure brittle materials are capable of ductile behaviour 
[2-4]].  Thus when a sharp indenter, such as the Vickers diamond pyramid, is 
loaded onto the surface of soda-lime glass, a plastically deformed zone is formed 
underneath the indenter [4-6].  In general, yielding during high-pressure contact 
events may occur either through compaction or shear deformation or both, 
depending on how open the structure is [2].  In porous ceramics and pure fused 
silica for example, more compaction is observed, leading to a greater loss of 
volume.  As the proportion of network formers increases in silicate glasses less 
compaction or densification occurs and instead, plastic flow increases in 
importance.  At 31 % additive content, Bridgman and Simon (see [2] for further 
reference) report the complete disappearance of densification in soda glass and a 
behaviour that can be described as more plastic than brittle.  As to the nature of the 
plastic flow, Hagan [7], by studying the plastic zone beneath a Vickers impression 
in soda-lime glass, has determined that it consists in shear displacements along a 
number of intersecting narrow shear bands: along these shear bands the material is 
sheared plastically whereas in-between them, material is only strained elastically.  
Also, etching studies by Kurkjian et al. [8] have confirmed that shear flow does 
occur in soda-lime glass at room temperature.  After the first yielding has occurred 
further increase in load brings new material under high stresses at the contact edge 
with the indenter, yielding is induced, and shear flow occurs leading to the 
formation of a thin hemispherical shell whose size is such as to maintain constant 
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mean pressure, p, everywhere in the deformed zone.  This means that the plastic 
zone increases in size as load increases.  Thus sharp contact indentation in soda-
lime glass leads to the creation of a hemispherical region of plastically deformed 
material supporting a plastic impression in its surface.  Figure 2.1 is a schematic 
representation of the Vickers contact site in soda-lime glass after load removal.  
Figure 2.1(a) shows a surface view of the contact site while Fig. 2.1(b) shows a 
cross-sectional view of the site, revealing the plastic zone. 
 
 

 
Fig. 2.1.  Schematic diagram of a Vickers contact site in soda-lime glass after complete 
load removal.  (a) Lateral view showing the permanent Vickers impression in the surface of 
the glass and the surface traces of the radial/median crack system.  (b) Cross-sectional 
view showing the plastic deformation zone, the lateral cracks, and the radial/median 
cracks. 
 
 
 
Figure 2.1 shows that a system of cracks is also created as the plastic deformation 
region is formed during Vickers indentation in glass.  The crack system consists of 
the radial/median cracks and the lateral cracks.  When indentation loads are low, 
cracks may only form at the corners of the indentation during load removal [7,9] 
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and may be not extend deep into the material.  These cracks are called radial or 
Palmqvist cracks [5,10].  The median cracks nucleate and grow just underneath the 
plastic zone and are circular in shape in the initial stages.  In its fully developed 
form the median crack may extend to the surface of the sample, assuming in such a 
situation, a semicircular shape.  In most cases both the radial and median cracks 
occur during the indentation cycle and are indistinguishable from one another.  It 
has therefore been convenient in the literature to refer to them as the median/radial 
system [9,11].  Lateral cracks also form underneath the plastic zone and propagate 
in planes that run almost parallel with the specimen surface and have the tendency 
to grow towards the free surface [5,9,12,13].  The presence of these cracks around 
the indentation will be explained in the next sub-section. 
 

2.2 Stress response during sharp indentation  

As loading continues, an elastic field is created outside the plastic zone and 
increases in intensity with load, reaching a maximum at peak indentation load.  
During the loading half-cycle the elastic field is tensile below the surface and 
compressive near the surface.  This favours the propagation of cracks in median 
planes below the plastic zone and coincidental with the diagonals of the indenter 
[9,11].  At the same time compressive stresses near the surface prevent any crack 
propagation there.  Confined thus to subsurface regions, the median cracks are 
initially circular in shape.  This loading-stage elastic field is reversible, which 
means complete reversal of stress components occurs during unloading: the 
subsurface tensile stresses become compressive inhibiting the downward expansion 
of the median cracks, while the near-surface compressive stresses become tensile, 
causing the median cracks to expand toward the surface. 
In addition to the loading elastic field just described, there is another stress field 
whose origin lies in the presence of the plastically deformed region.  This field is 
called the residual stress field and arises from mismatch forces exerted on the 
surrounding matrix by the deformed material in the plastic zone.  The residual field 
reaches maximum intensity at full load but remains, even with indenter 
withdrawal.  This is in fulfilment of the condition that reversed plasticity does not 
occur with load removal [11].  The residual stress field exerts an outward 
expansion force on the radial/median cracks.  This, superposed on the unloading 
tensile forces of the elastic field, causes the radial/median system to propagate 
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outward and toward the free surface, leading to a final half-penny shape of the 
crack system.  Toward the end of the unloading process, the residual stress field 
becomes dominant and is the driving force for the initiation and growth of the 
lateral cracks.  These cracks, as explained before, are initiated at the base of the 
plastic zone and expand laterally to form a saucer-like opening parallel to the 
sample surface [9-14] and are responsible for erosion and wear of the glass. 
 

2.3 Theoretical and experimental estimation of the surface stresses  

In this section some results of the estimation of the surface stresses around the 
Vickers residual stress field will be given.  The region has been studied both 
theoretically [2,15] and experimentally [16-18].  The theoretical result of Chiang et 
al. [15] gives the maximum residual surface tangential stress, (σT)max around the 
indent in soda-lime glass as (σT)max /H ≈ 0.175, where H is the hardness.  This is a 
crack driving (or tensile) stress which, with H = 5.5 GPa, assumes a value of ∼ 0.96 
GPa.  Experimental measurement using an indentation fracture method with a 
Vickers indenter as the stress microprobe gave a maximum tensile stress of about 
45 MPa [16].  In paper 1, a similar experiment using cube corner nanoindentation 
gave tensile stress values of about 450 MPa close to the edge of the large Vickers 
indent. The radially oriented compressive stress component, σC, has been 
experimentally measured to be about 4-6 times higher than the tensile stresses in 
the near-field region by Zeng and Rowcliffe [17] and in paper 1.  The two residual 
stress components vary in magnitude as inverse powers of distance from the centre 
of the indentation, r.  Zeng and Rowcliffe [17] measured that σT and σC vary as ∼   
r-1.5 and ∼r-6.2 respectively whilst Yoffe’s theoretical result [2] gives the variation as 
σC,T ∼ r-3.  The variation measured in paper 1 has a more qualitative agreement 
with the former than the latter.  The conclusion from these results is that high 
stresses exist close to the edge of a Vickers indent but these stresses decrease 
rapidly in magnitude with distance away from it. 
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3. STRESS RELAXATION IN SODA-LIME GLASS 
 

3.1 Thermally generated stresses 

The high temperature processes involved in glass manufacture may lead to the 
creation of residual stresses in the glassware as a result of (i) a ‘frozen temperature 
gradient’ whose removal at room temperature produces permanent compressive 
stresses on the surface and tensile stresses on the inside of the object, (ii) 
permanent structural heterogeneity, in which fast cooling surface layers possess a 
higher volume than interior layers; elastic compatibility requirements then lead to 
the outer layers being in compression while the inner layers develop tension and 
(iii) transient structural heterogeneity due to the fact that different layers of the 
cooling material pass through the transformation range at different times, leading 
to the creation of a fictive temperature gradient, the subsequent removal of which 
leaves the outside layers in compression and the interior parts in tension [1,19,20].  
As the name suggests, the stresses due to the last mechanism are transient and 
largely disappear as the system passes the lower end of the glass transition region. 
 

3.2 Residual contact stresses 

In the context of the discussion in Section 2, mechanically generated residual 
stresses will here refer to those found around sharp indentations such as the 
Vickers residual stress field.  These stresses are different from the thermally 
generated stresses in that (i) their occurrence is due to the presence of a plastically 
deformed zone, which they are adjacent to, (ii) they are highly localised, being 
confined to at most a micro-region of the surface of the material, in contrast to the 
thermal stresses which are defined for large regions or even entire surfaces and (iii) 
they serve to simulate the stress state around real contact flaws whose origins are 
associated with plastic deformation [21].  Whereas thermal stresses can only be 
removed by annealing, the indentation-generated stresses can be eliminated by 
other additional means, including mechanical polishing and acid etching [22], 
where the idea is to get rid of the plastic zone, which happens to be the cause of the 
existence of these stresses. 
Consider a specimen containing a residual Vickers contact system in its surface.  
This system consists a surface impression with a plastically deformed region 
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beneath it, and radial cracks extending from the corners of the indentation as 
already explained in Section 2.  Let P be the peak Vickers indentation load.  Then 
under an applied stress σa, the radial crack will experience a crack driving force 
whose intensity can be expressed as: 
 

 K =ψσa c + χ
P
c

3
2

 ,  (3.1) 

 

where c is the length of the radial crack and ψ is a crack geometry factor.  In a 
classic fracture mechanics analysis, the right hand side of Eq. (3.1) would only 
consist of the first term.  The addition of the second term stems form the realisation 
that the residual stresses generated in connection with the introduction of the 
Vickers indent into the specimen surface can also exert opening forces on the 
radial cracks [23-25].  χ is a factor that quantifies the strength of the residual stress 
field.  The fracture strength σf, may be solved from Eq. (3.1) as: 
 

 σ f =
1

ψ c f

(KC −
χP
c f

3
2
)  .  (3.2) 

In Eq. (3.2), KC is the fracture toughness while cf is the crack length at fracture.  Eq. 
(3.2) shows that the residual contact stresses have the effect of reducing the 
fracture strength of the material.  The residual stress coefficient is not invariant, but 
decreases in value as slow crack growth occurs under humid conditions [26,27].  
Thus, apart from affecting the strength of the specimen, the contact residual 
stresses also bring some uncertainty to the analysis in so far as the determination of 
the exact value of χ to use under given experimental conditions could be in error.  
Therefore, to get rid of the influence of the contact residual stress field, the practice 
has been to attempt to remove the plastic zone that gives rise to its existence.  
Although not necessarily the most effective method to achieve this [22], annealing 
seems to be the most popular method [22,26,27] due, perhaps, to the fact that 
polishing and acid etching can introduce changes to the surface condition of the 
specimen.  All the plastic zone removal methods however have the disadvantage of 
tending to change the original configuration of the radial cracks.  Prolonged 
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annealing at high temperatures may lead to crack healing and crack tip blunting, 
while both polishing and acid etching will change the depth-to-surface length ratio 
of the original crack.  In paper V the influence of crack morphology changes on 
strength is demonstrated by annealing indented samples at two temperatures, one 
on either side of Tg.  Annealing causes the residual stresses to relax, leading to a 
reduction in χ.  From Eq. (3.2), a reduction of χ means an increase in the fracture 
strength.  Thus stress field relaxation, either through room temperature slow-crack 
growth, or high temperature annealing, leads to increased fracture strength.  The 
contribution of a reduced χ to fracture strength recovery was however found to be 
much lower than that due to crack tip blunting caused by prolonged annealing at a 
temperature above Tg. 
 

3.3 Glass annealing 

Annealing is a controlled slow-cool heat-treatment process whose purpose may be 
either to control stress and or the structural state of glass [1].  Thus in glassware, 
annealing may be carried out to reduce residual stresses, which otherwise would 
cause the object to fracture during handling.  In other situations the aim of 
annealing could be to obtain uniform residual stress distribution in the glass 
product and to obtain a small residual compressive stress at the surface to make the 
product thermal shock resistant.  To ensure good cutting properties, float glass is 
annealed so that optimum residual stress levels are obtained in the glass.  Apart 
from the stress-related objectives, one other major reason for annealing glass is to 
stabilise it with respect to the physical properties such as the refractive index and 
density.  In optical glasses for example, high uniformity in refractive index is 
essential, and this is achieved only when the structure has been stabilised after long 
periods of time.  One may distinguish between two types of annealing: (i) straight 
annealing, as is used in the float glass process in which the product is annealed as it 
is cooled down from the processing temperature and (ii) reannealing, in which the 
glass product, after having cooled to low temperatures, is reheated to its annealing 
temperature and then made to slowly cool down to room temperature. 
Annealing may thus lead to stress relaxation or structural relaxation.  Structural 
relaxation is the time dependent change in the atomic structure of the glass towards 
thermodynamic equilibrium.  It involves a rearrangement of the constituent atoms 
into a more dense structure and is time dependent.  Structural relaxation becomes 
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necessary because as glass cools down from high temperatures its viscosity 
increases gradually and atomic movement is slowed down.  In the liquid state any 
drop in temperature results in an instantaneous rearrangement of the atoms to their 
equilibrium positions.  As the glass enters the glass transition region however, the 
viscosity increases and atomic movement becomes sluggish and not able to cope 
with the rearrangement required to maintain thermodynamic equilibrium.  As 
cooling continues past the lower end of the glass transition region, the non-
equilibrium structure is frozen in and the real thermodynamic equilibrium structure 
is not obtained.  Since atomic rearrangement is time dependent, during annealing, 
if sufficient time is allowed, then the system will tend to move toward structural 
equilibrium.  When this happens structural relaxation will then be said to have 
occurred. 
 

3.4 Theory of annealing 

The first attempts to describe stress relaxation were based on the Maxwell model 
for a viscoelastic material’s response to an applied strain.  According to this model 
[28], the rate of stress relaxation is proportional to the remaining stress, σ. 
 

 
dσ
dt

= −
σ
τ

  . (3.3) 

 

where τ is called the relaxation time.  At any time t, the stress may therefore be 
written as: 
 
 σ =σ o exp(−t /τ )  , (3.4) 
 
where σo is the initial stress.  The relaxation time is defined as the ratio of 
viscosity, η, to elasticity: τ = η/G, where G is the shear modulus.  Since Maxwell’s 
model as shown above describes an ideal material with a single relaxation 
mechanism it became soon clear that other models would be needed to describe the 
relaxation of real materials.  For example, since glass consists of a complex 
network of bonds between different atoms, it is conceivable that multiple 
relaxation mechanisms would apply to it, instead of a single mechanism [1,28].  A 
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more general model, developed in 1876 by Boltzman, incorporated multiple 
mechanisms, and led to a better description of the relaxation behaviour in glass.  
The Boltzman’s model, upon which all modern viscoelastic theories are based [1], 
can be described as: 
 
 σ(t) = E (t)ε  
 

 = Eo(w1e
−t
τ 1 + w2e

−t
τ 2 +⋅ ⋅⋅ + wne

−t
τn )ε ,  (3.5) 

 

where Eo is the elastic modulus, E(t) the time-dependent modulus, τi the i th 
relaxation time, and wi is the strength of the i th relaxation mechanism such that: 
 
  w1 + w2 + ⋅⋅ ⋅ + wn =1  . (3.6) 
The generalised model can thus be thought of as suggesting the presence of n 
partial stresses σi, making up the total stress, σ, with the partial stresses having 
different relaxation times τi [29]. 
 

3.5 Thermorheological simplicity 

An interesting concept in relaxation theory is the Deborah number (D).  It has its 
origin in the Old Testament [19], Judges 5:5, where Deborah, the prophetess sang 
saying ‘‘…the mountains melted from before the Lord…’’  The basic idea with the 
D concept is then that if one, such as the Lord, is not limited by time, then one 
could even observe the movement or flow of mountains.  Thus by extension the 
Deborah number concept considers a solid as a frozen liquid.  The Deborah 
number is defined as [19,29] 
 

 D =
time of relaxation

time of observation
  . (3.7) 

 

Temperature, through its influence on viscosity has a great influence on the rate of 
relaxation.  Above the glass transition region, relaxation may be so quick and the 
time of observation so large that the process may effectively be classified as 
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instantaneous while the same process could take a very long time (months, years) 
below the glass transition region.  Within the glass transition region the relaxation 
time, τ, shifts to a range where the response of a glass-forming substance to a 
disturbance from equilibrium conditions can be observed.  Under such conditions τ 
= t, where the observation time t can be seconds, hours or days [29].  Even within 
the glass transition region, the influence of temperature could cause the observation 
time t for a relaxation process to vary widely when the same process is studied at 
different temperatures.  Kurkjian [30] measured stress relaxation of soda-lime glass 
in torsion in the transformation range at T = 475 – 535 °C and found a variation as 
shown in Fig. 3. 1.   In Fig. 3.1 normalised stress is plotted as a function of log t. 
 

 
Fig. 3.1.  Normalised stress as a function of logarithm of time [30]. 
 
 
Figure 3. 1 illustrates the fact that the stress relaxation curves have essentially the 
same form, the only difference being that they are displaced from one another on 
the time axis.  This suggested that the nature of the process taking place at the 
different temperatures is the same, only the rates differ.  Thus if one could shift the 
relaxation curves along the log t axis to coincide at a selected base temperature TB, 
then a single master relaxation curve would result that could be used to describe 
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the stress relaxation behaviour of the glass.  To do this, a reduced time, ξ, is 
defined as 
 
 ξ = φ(T )t   , (3.8) 
where, φ(T) is the time accelerating or decelerating factor. φ(TB) = 1.  Taking 
logarithms of both sides of Eq. (3.8) gives 
 
 logξ = log φ(T) + log t   , (3.9) 
 
where, logφ(T), called the shift function, represents how much the relaxation curve 
for temperature T should be shifted along the logarithmic time scale for it to merge 
with the base temperature TB.  If a relaxation process has an activation energy H, 
then the shift function is obtained from 
 

 logφ(T ) =
H

2.3R
1
TB

−
1
T

⎛ 

⎝ 
⎜ ⎜ 

⎞ 

⎠ 
⎟ ⎟   , (3.10) 

 

where, R is the universal gas constant = 8.314 J⋅K-1⋅mol-1. 
By using the shift function Kurkjian [30] was able plot a master stress relaxation 
curve from the data of Fig. 3.1 as shown in Fig 3.2, where TB = 473 °C.  SN is the 
normalised stress. 
 

 
Fig. 3.2.  Master relaxation for soda-lime glass at 473 °C produced from data at T = 473, 
495, 515, 535 °C of Fig. 3.1 [30].  
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A liquid whose relaxation behaviour can be described by a single master curve as 
described above is said to be thermorheologically simple.  In other words the effect 
of temperature on the stress relaxation behaviour of a thermorheologically simple 
material is to simply shift the relaxation function–log time curve along the time 
axis with no change in shape [31].  The results of paper IV, where nanoindentation 
was used to measure stress relaxation around the Vickers indent show, however, 
that this may not apply when a region of an otherwise thermorheologically simple 
material is subjected to high mechanically generated stresses. 
 
 

4. NANOINDENTATION 

 
Fig. 4.1.  Diagram showing a typical load-displacement curve obtained from a single 
nanoindentation cycle in soda-lime glass. 
 
 
Nanoindentation refers to the instrumented load and depth sensing technique for 
performing indentation on materials.  Typically, the applied loads do not exceed 
350 mN and the maximum depth of penetration is so low that it is conveniently 
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measured in nanometers.  These features make the technique especially suited for 
studying small volume samples, films and coatings.  The material properties that 
are routinely measured using nanoindentation are the elastic modulus and the 
hardness; however, other properties such as fracture toughness [32], yield stress 
and strain hardening behaviour [33] are also determined.  It has even been possible 
to measure the residual stress state in a sample using nanoindentation [34-36], 
which by extension also has enabled the influence of stress on hardness and elastic 
modulus to be studied [37-39].  Fig. 4.1 shows how load and penetration (or 
displacement) data are usually plotted after a nanoindentation experiment, 
featuring the key parameters that are used in the subsequent data analysis for 
computing the elastic modulus and the hardness.  These parameters include the 
maximum depth of penetration, hmax, the peak load, Pmax, and the initial unloading 
contact stiffness S.  Another important parameter is the contact depth, hc, which is 
defined as the depth along which contact is made between the indenter and the 
specimen at maximum load, see Fig. 4.2.  In Fig. 4.2 the indenter, half angle φ, has 
penetrated the specimen to the maximum depth, hmax, and thus, defined a contact 
radius a, at maximum load. 
 

 
Fig. 4.2.  Diagram showing how the parameters used in an elastic contact indentation 
analysis are defined. 
 
 
The situation depicted in Fig. 4.2 is that of a rigid cone indenting an elastic half-
space.  For elastic-plastic indentations such as obtain in soda-lime glass, Oliver and 
Pharr [40] have developed a method of analysis based on an elastic solution (see 
for example refs. 40-43 for a background account and further reference).  First, the 
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unloading data comprising indentation load, P, and displacement, h, are fitted to a 
power law curve of the form:  
 
 P = B(h − hf )

m  , (4.1) 
 
where hf is the final displacement after complete unloading, and B and m are fitting 
parameters.  From the unloading curve thus obtained, the stiffness of the contact is 
measured as S = dP/dh, evaluated at hmax.  The contact depth, hc, at maximum load 
is also estimated from the load-displacement data as: 
 

 hc = hmax − hs = hmax −ε
Pmax

S
 . (4.2) 

 

where hs is the amount of depression of the contact perimeter below the original 
unindented surface, Fig. 4.2.  ε  is a geometric constant which for a Berkovich tip, 
i.e. the indenter used in the present study, has a value of 0.75 at very low loads.  At 
high loads (greater than 10 mN), Martin and Troyon [42] recommend the value of 
0.785 since the geometry of contact changes from low loads (where the spherical 
extremity of the indenter defines the contact geometry) to high loads (where the 
sides of the pyramidal indenter become important in defining the contact 
geometry).  It is such considerations as these that are behind the giving of hc as a 
range of values in Fig. 4.1.  After evaluating hc, a pre-determined indenter shape 
function, A = f (hc), is used to relate contact depth to the projected area of contact.  
For a geometrically perfect Berkovich indenter, the shape function, f (d) = 24.56 
d2, determines the cross-sectional area of the indenter at a vertical distance d, 
measured from the tip of the indenter.  To account for the fact that the indenter 
itself can undergo elastic deformation during the indentation, a reduced modulus, 
Er, is defined for the contact as: 
 
 

 Er =
1−ν 2

E
+

1−ν i
2

Ei

⎡ 

⎣ 
⎢ 
⎢ 

⎤ 

⎦ 
⎥ 
⎥ 

−1

 , (4.3) 
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 where E and ν denote the elastic modulus and the Poisson’s ratio of the specimen, 
and Ei and νi represent the elastic modulus and Poisson’s ratio of the indenter.  The 
elastic modulus, E, of the specimen can be computed from (4.3) once the contact 
stiffness, S and the projected contact area, A, are known, since Er is also defined as: 
 

 Er =
1
β

π
2

S
A

 . (4.4) 

 

β (= 1.034 for the Berkovich indenter) is a constant that depends on the geometry 
of the indenter.  β = 1 for small deformations of an elastic material being indented 
with a rigid axisymmetric punch of smooth profile.  For real indenters such as the 
Berkovich, β is therefore to account for the fact that their geometry is non-
axisymmetric and that the deformations that occur normally involve large strains.  
The hardness of the specimen is also determined from: 
 

 H =
Pmax

A
 . (4.5) 

 

One practical consequence of using the contact depth as defined in Fig. 4.2 and Eq. 
4.2 in calculating the contact area, A, is that for materials that show pileup during 
indentation, the true contact area at maximum load will be underestimated, leading 
to high values of the elastic modulus and hardness calculated from Eqs. 4.3-4.5.  
Results of finite element simulation studies performed by Bolshakov and Pharr 
[44] suggest that for materials that do not work-harden, large pileups occur when 
the plastic zone of the indentation extends beyond the circle of contact, whereas 
sink-in occurs when the plastic zone lies inside the contact circle.  For work 
hardening materials on the other hand, the tendency to work-harden results in the 
plastically deformed material being pushed to greater depths, thus reducing the 
amount of piled-up material. Work hardening has the additional effect of reducing 
the radius of the plastic zone in the surface.  Chaudhri and Winter [45] have shown 
that the indentation load is supported uniformly by the entire surface of the 
indentation, including that of the pile-up material and that the true contact area 
should include the pileup contact area if accurate hardness, and the elastic modulus 
in the context of the present discussion, are to be determined.  Atomic force 
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microscope (AFM) measurements of nanoindents made in soda-lime glass in this 
work showed that pileup can occur in this glass, in confirmation of earlier 
observations made by Kurkjian et al. [8].  This observation led to the development 
of a method to account for the pileup contact area in paper II and paper III.  In 
paper II, in trying to determine the influence of residual stresses on hardness and 
elastic modulus, it was necessary, to be able to draw any clear conclusions, to first 
make sure that the E and H values measured both in the stress field and outside it, 
were free from the effects of pileup areas that had not been properly corrected for.  
Indeed, after pileup correction, hardness and elastic modulus were no longer found 
to depend on load, in paper III, especially in the very low range of 
nanoindentation peak loads where such dependence can occur.  Not only was the 
load dependence removed but, more importantly, the practically constant values of 
E and H (∼70 GPa and ∼5.5 GPa respectively) that were obtained were in excellent 
agreement with literature data. 
 

 
 

5. GENERAL DISCUSSION AND CONCLUSIONS 
As mentioned in the introduction, the main aim of this work is to show that 
nanoindentation can be used to study small regions in soda-lime glass.  One other 
issue that has featured in the presentation is the presence of residual stresses.  
Although soda-lime glass has been the sole material of study, it should be possible 
to extend the results of the present work to other materials, especially those that 
exhibit elastic-plastic behaviour similar to that of soda-lime glass during 
indentation.  In particular, materials with low fracture toughness, including silicon 
(KIC = 0.8 MPa.m1/2), germanium (KIC = 0.5 MPa.m1/2), sapphire (KIC = 2.2 
MPa.m1/2) and apatite single crystals (e.g. strontium fluoroapatite, KIC ≈ 0.12 
MPa.m1/2) should be possible candidates for application of the cube corner 
indentation method for measuring stresses.  These, and other materials, were 
studied by Harding, Oliver and Pharr [46] in assessing the possibility of using 
nanoindentation cracking as a method of determining fracture toughness, KIC.  
Even glasses such as fused silica and Pyrex-glass, whose indentation response is 
usually described as anomalous, have been observed [46] to form nice radial cracks 
during cube corner nanoindentation.  Otherwise, these materials normally form 
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cone cracks with a Vickers indenter, thus influencing the lengths of any radial 
cracks that are formed.  Cube corner tests were done across fused silica optical 
fibre samples in this study but due probably to the low level of residual stresses, no 
measurable trend in radial crack length was observed.  The method may not work 
with samples whose grain size is of the order of the cube corner cracks, since the 
grain boundaries may affect the indentation crack propagation, distort the crack 
path, and make crack length measurement uncertain. 
The issue of the influence of stress on the elastic modulus is interesting, since the 
results of the present work show that the behaviour of E in a material can serve as a 
stress telltale. Two cases will be presented here to illustrate this.  In the first case, a 
single array of nanoindents was performed across a cleaved section of a fused 
silica optical fibre.  After the experiment, an EDS (electron dispersive 
spectrometry) analysis was performed along the diameter of the nanoindents.  
Figure 5.1 compares the elastic modulus and the atom percent oxygen across the 
fibre. 
 

 
Fig. 5.1.  Trends of elastic modulus, E, and atom per cent oxygen across cleaved optical 
fibre section. 
 
 
 
A similarity of variation of E and atom percent O can clearly be seen.  The 
variation of elastic modulus across the fibre can be said to follow either the trends 
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in composition, or that of the variation of residual stresses or both.  With respect to 
composition variation, it should be noted that, in glasses, changes in composition 
may lead to changes in E.  The elastic modulus of GeO2 for instance, one of the 
constituent materials of the fibre core, can change from 43 GPa for the pure glass, 
to 73 GPa at a Na2O content of 17 mol % [47].  The diameter of the fibre being 
∼125 µm, this example illustrates the potential, which the information obtained 
from nanoindentation has in both stress and composition studies in small volume 
materials. 
The second case relates to stress relaxation studies across a single crystal material.  
In the as-received state, the elastic modulus measured across the cut face of the 
sample followed the same trend as that reported for the residual stress distribution.  
After careful annealing, when the all the residual stresses have been relieved, no 
variation of elastic modulus was observed, Fig. 5. 2. 
 
 

 
Fig. 5.2.  Nanoindentation elastic modulus as a function of annealing in a single 
crystal sample, initially containing residual stresses.  The results show that the 
elastic modulus obtained from nanoindentation can be used to study trends in 
stress relaxation. 
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Thus, whether cracks are generated (as with the cube corner indenter) or not (as 
with the Berkovich indenter), nanoindentation has the potential as a tool for stress 
studies in particular, and perhaps material composition studies in general. 
 
 
 
 

6. SUGGESTIONS FOR FUTURE RESEARCH 
The cube corner indenter method for measuring residual stresses (paper I) has not 
been validated yet by other experiments.  The quantitative results agree more with 
the theoretical predictions than with the experimental method using Vickers 
microindentation. It is suggested that the method be calibrated by experiments 
using known stress fields, such as glass bars in elastic bending. 
The stress dependence of the elastic modulus also needs to be quantified by using 
bending bar experiments such as that mentioned above.  The study can be extended 
to include other materials. 
Finally the contact area correction during nanoindentation was done for soda-lime 
glass in this study.  It will be necessary to include other materials in the study so 
that a more general relationship between the true contact area and experimentally 
derived variables such as the contact stiffness can be found. 
 
 
 
 

7. SUMMARY OF APPENDED PAPERS 
 
Paper I. Nanoindentation method for measuring residual stress in brittle 
materials 
 
This paper presents an indentation fracture method for measuring stresses in small 
volume brittle materials.  The method utilises the property of the cube corner 
indenter in its ability to generate cracks in brittle materials under very low applied 
loads.  By studying a series of orthogonal cracks generated at loads not exceeding 
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10 mN with the cube corner indenter, a variation of crack length with position 
around a large Vickers indentation in soda lime glass was observed.  Non-equal 
biaxial stresses are known to exist around the Vickers indentation in glass.  The 
observed crack length variation in this residual stress field suggested therefore that 
cube corner cracks could be used to measure stresses in brittle materials.  An 
indentation fracture mechanics method was consequently used to measure residual 
stresses at the positions in the Vickers residual stress field where the cube corner 
indents had been made.  The stresses thus determined were generally higher than 
those reported in the literature where the Vickers indenter, instead, had been used 
as the stress microprobe.  Possible reasons for the disparity are discussed. 
 
 
Paper II. Influence of residual stress on elastic modulus and hardness of soda-
lime glass measured by nanoindentation 
 
Two important results are presented in this paper.  The first is that the elastic 
modulus, E, of soda-lime glass measured using nanoindentation depends on the 
existing stresses in the material.  Around a Vickers indent the elastic modulus was 
found to decrease with increasing stresses.  Clarity about the nature of the variation 
was obtained when E was measured across a glass sample in three-point bending: 
E was found to decrease with increasing tensile stress while it increased with 
increasing compressive stress.   The other important result was that pileup can 
occur during nanoindentation with the Berkovich indenter in soda lime glass: once 
the pileup contact area was accounted for in the Oliver-Pharr analysis, values of the 
elastic modulus and hardness, completely consistent with literature values for the 
glass, were obtained.  Estimation of the pileup contact area was made possible by 
approximating the projected pileup contact perimeter as a semi-ellipse.  
Characterisation of the pileup was done by imaging the nanoindents with the 
atomic force microscope (AFM). Hardness did not depend on the stresses except in 
the region very close to the edge of the Vickers indent, where the stresses are high. 
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Paper III. Method to account for the pileup contact area in soda-lime glass 
during nanoindentation with the Berkovich tip. 
 
The semi-ellipse method for estimating the pileup contact area developed in the 
preceding paper is used in this paper to obtain an empirical relationship between 
the pileup contact area, APU and the contact stiffness, S, during nanoindentation.  
By extending the study to include several peak indentation loads applied to a 
stress–free glass sample, a correlation was found between the pileup contact area 
and the load used to generate it.  The importance of this new method of 
determining the pileup contact area is that the need for indent imaging is rendered 
unnecessary since the contact stiffness is a quantity that is routinely obtained 
during nanoindentation data analysis, the Oliver-Pharr analysis being the most 
common example.  One other important consequence of this new result is that 
constant values of elastic modulus and hardness are measured over a load range 
where the Oliver-Pharr method is normally known to give increasing property 
values with decreasing peak indentation load.  Thus elastic modulus of soda lime 
glass of 70 ± 1.5 GPa is measured with loads ranging from 25 mN to 350 mN.  The 
hardness measured also falls within the range of values, 5.6 ± 0.3 GPa, normally 
quoted in the literature for the glass. 
 
 
Paper IV. Contact residual stress relaxation in soda lime glass. – I. 
Measurement using nanoindentation 
 
In this paper the dependence of E on residual stress observed in paper II was 
utilised in studying the relaxation of the Vickers residual stress field.  Knowledge 
of the residual stress field is important since it is known to influence the fracture 
properties of the glass during mechanical testing through the stress intensity 
coefficient, χ.  In practice, annealing, mechanical polishing, and acid etching are 
the methods that are used to remove the plastic zone that gives rise to the residual 
stresses.  Since the Vickers stress field is only a micro-size region of materials, 
detailed measurement of stress relaxation has not been possible using conventional 
means of stress measurement in glass.  Rather, in the literature, stress relaxation 
measurement has been done via measurement of the maximum optical retardation 
at an impression corner.  The high spatial resolution of the nanoindentation method 
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permits detailed measurements across the entire residual field.  In this paper, 
nanoindentation was used to study the isothermal stress relaxation of a Vickers 
residual stress field in soda-lime glass previously annealed at 540 and 630 °C.  At 
each temperature, the stress relaxation profile was not constant but varied from one 
location of the stress field to the other.  Also, the relaxation profiles at identical 
positions were different for the two temperatures, suggesting that although a 
viscoelastic material such as soda-lime glass can exhibit thermorheological 
simplicity, a mechanically excited region of it may not necessarily be 
thermorheologically simple. 
 
 
Paper V. Contact residual stress relaxation in soda-lime glass. – II. Aspects 
relating to strength recovery 
 
This paper applies the stress relaxation result of paper IV to interpret the strength 
behaviour of annealed Vickers-indented glass.  For a more complete understanding 
of strength trends as a function of annealing, crack tips were studied using the 
AFM where possible.  Strength recovery was measured and compared after 
annealing at the same temperatures as in paper IV.  At 540 °C, no changes were 
observed in crack morphology either below the surface or on the surface relative to 
the pre-anneal state.  At 630 °C, both sub-surface and surface crack morphology 
changes were observed.  At short hold times at 630 °C, and regardless of the length 
of hold time at 540 °C, strength recovery of only ∼ 30 per cent was measured while 
at long hold times at 630 °C, strong recovery of fracture strength, ∼ 132 per cent, 
was measured relative to the as-indented state.  The strength recovery at 630 °C 
was explained in terms of crack morphological changes, especially that due to 
crack tip blunting, by including the crack tip radius in the fracture mechanics 
analysis. 
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