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Abstract
The Hilbert series of a graded algebra is an invariant that encodes the dimension of the algebra's graded compontents. It
can be seen as a tool for measuring the size of a graded algebra. This gives rise to the idea of algebras with a "minimal
Hilbert series", among the algebras within a certain family.

Let A be a graded algebra defined as the quotient of a polynomial ring by a homogeneous ideal. We say that A has
the strong Lefschetz property if there is a linear form L such that multiplication by any power of L has maximal rank.
Equivalently, the quotient of A/(Ld) should have the smallest possible Hilbert series, for all d. According to a result
by Richard P. Stanley from 1980, every monomial complete intersection in characteristic zero has the strong Lefschetz
property. In the first and second paper of this thesis we study the analogue problem for positive characteristic. The main
results of the two papers, combined with previous results by David Cook II, gives a complete classification of the monomial
complete intersections in positive characteristic with the strong Lefschetz property.

In 1985 Ralf Fröberg conjectured a formula for the minimal Hilbert series of a polynomial ring modulo an ideal generated
by homogeneous polynomials, given the number of variables, the number of generators of the ideal and their degrees. The
conjecture remains an open problem, although it has been proved in a few cases. The questions studied in the third and
fourth paper are inspired by this conjecture. In the third paper we search for the minimal Hilbert series of the quotient of
an exterior algebra by a principal ideal. If the principal ideal is generated by an element of even degree, the Hilbert series
is known by a result of Guillermo Moreno-Socías and Jan Snellman from 2002. In the third paper we give a lower bound
for the series, in the case the generator has odd degree.

Instead of defining our algebra as a quotient, we may consider the subalgebra generated by certain elements. Given
positive numbers u and d, which set of u homogeneous polynomials of degree d generates a subalgebra with minimal Hilbert
series? This problem was suggested by Mats Boij and Aldo Conca in a paper from 2018. In the fourth paper we focus on
the first nontrivial case, which is subalgebras generated by elements of degree two. We conjecture that an algebra with
minimal Hilbert series is generated by an initial segment in the lexicographic or reverse lexicographic monomial ordering.

In the fifth paper we shift focus from Hilbert series to another invariant, namely the Betti numbers. The object of study
are ideals I with the property that all powers Ik have a linear resolution. Such ideals are said to have linear powers. The
main result is that the Betti numbers of A/Ik, if I is an ideal with linear powers, satisfy certain linear relations. When A/I
has low Krull dimension, little extra information is needed in order to compute the Betti numbers explicitly.
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Abstract

The Hilbert series of a graded algebra is an invariant that encodes the dimen-
sion of the algebra’s graded compontents. It can be seen as a tool for measur-
ing the size of a graded algebra. This gives rise to the idea of algebras with a
"minimal Hilbert series", among the algebras within a certain family.

Let A be a graded algebra defined as the quotient of a polynomial ring by a
homogeneous ideal. We say that A has the strong Lefschetz property if there
is a linear form ` such that multiplication by any power of ` has maximal rank
in every degree. Equivalently, the quotient A/(`d) should have the smallest
possible Hilbert series, for all d. According to a result by Richard P. Stanley
from 1980, every monomial complete intersection in characteristic zero has
the strong Lefschetz property. In Paper I and II we study the analogue problem
for positive characteristic. The main results of Paper I and II, combined with
previous results by David Cook II, gives a complete classification of the mono-
mial complete intersections in positive characteristic with the strong Lefschetz
property.

In 1985 Ralf Fröberg conjectured a formula for the minimal Hilbert series of
a polynomial ring modulo an ideal generated by homogeneous polynomials,
given the number of variables, the number of generators of the ideal and their
degrees. The conjecture remains an open problem, although it has been proved
in a few cases. The questions studied in Paper III and IV are inspired by this
conjecture. In Paper III we search for the minimal Hilbert series of the quotient
of an exterior algebra by a homogeneous principal ideal. If the principal ideal
is generated by an element of even degree, the Hilbert series is known by a
result of Guillermo Moreno-Socías and Jan Snellman from 2002. In Paper III
we give a lower bound for the series, in the case the generator has odd degree.

Instead of defining our algebra as a quotient, we may consider the subalgebra
generated by certain elements. Given positive numbers u and d, which set of
u homogeneous polynomials of degree d generates a subalgebra with minimal
Hilbert series? This problem was suggested by Mats Boij and Aldo Conca in



a paper from 2018. In Paper IV we focus on the first nontrivial case, which
is subalgebras generated by elements of degree two. We conjecture that an
algebra with minimal Hilbert series is generated by an initial segment in the
lexicographic or reverse lexicographic monomial ordering.

In Paper V we shift focus from Hilbert series to another invariant, namely the
Betti numbers. The object of study are ideals I with the property that all pow-
ers Ik have a linear resolution. Such ideals are said to have linear powers. The
main result is that the Betti numbers of A/Ik, if I ⊂ A is an ideal with linear
powers, satisfy certain linear relations. When A/I has low Krull dimension,
little extra information is needed in order to compute the Betti numbers explic-
itly.



Sammanfattning

Hilbertserien av en graderad algebra är en invariant som kodar dimensionen
av algebrans graderade komponenter. Den kan ses som ett verktyg för att mä-
ta algebrans storlek. Detta ger upphov till idén om algebror med en minimal
Hilbertserie", bland algebror inom en särskild familj.

Låt A vara en graderad algebra definierad som kvoten av en polynomring med
ett homogent ideal. Vi säger att A har den starka Lefschetzegenskapen om det
finns en linjärform ` sådan att multiplikation med varje potens av ` har max-
imal rang i varje grad. Ekvivalent har kvoten A/(`d) minsta möjliga Hilbert-
serie, för varje d. Enligt ett resultat av Richard P. Stanley från 1980 har varje
fullständig monomskärning i karaktäristik noll den starka Lefschetzegenska-
pen. I Artikel I och II studerar vi det analoga problemet för positiv karaktä-
ristik. Huvudresultatet av Artikel I och II, kombinerat med tidigare resultat av
David Cook II, ger en komplett klassificering av fullständiga monomskärning-
ar i positiv karaktäristik med den starka Lefschetzegenskapen.

År 1985 förmodade Ralf Fröberg en formel för den minimala Hilbertserien
av en polynomring modulo ett ideal genererat av homogena polynom, givet
antalet variabler, antalet generatorer av idealet, och deras grader. Fröbergs för-
modan är fortfarande ett öppet problem, även om den bevisats i ett fåtal fall.
Frågorna som studeras i Artikel III och IV är inspirerade av denna förmodan. I
Artikel III söker vi den minimala Hilbertserien för en kvot av en yttre algebra
med ett homogent huvudideal. Om huvudidealet är genererat av ett element av
jämn grad är Hilbertserien känd enligt ett resultat av Guillermo Moreno-Socías
och Jan Snellman från 2002. I Artikel III ger vi en undre gräns för serien, i fal-
let då generatorn har udda grad.

I stället för att definiera vår algebra som en kvot kan vi betrakta delalgebran
som genereras av vissa element. Givet positiva heltal u och d, vilken mängd
av u homogena polynom av grad d genererar en delalgebra med minimal Hil-
bertserie? Mats Boij och Aldo Conca föreslog detta problem i en artikel från
2018. I Artikel IV fokuserar vi på det första icke-triviala fallet, vilket är då



delalgebran genereras av element av grad två. Vi förmodar att en algebra med
minimal Hilbertserie genereras av ett initialt segment i den lexikografiska eller
omvänt lexikografiska monomordningen.

I Artikel V byter vi fokus från Hilbertserier till en annan invariant, nämligen
Bettitalen. Studieobjektet är ideal I med egenskapen att Ik har en linjär upp-
lösning. Sådana ideal sägs ha linjära potenser. Huvudresultatet är att Bettitalen
av A/Ik, om I ⊂ A är ett ideal med linjära potenser, uppfyller vissa linjära re-
lationer. Om A/I har låg Krulldimension krävs lite extra information för att
beräkna Bettitalen explicit.
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Introduction

This introduction is meant to give an overview of the topics treated in this
thesis. Parts of the introduction was also included in the author’s licentiate
thesis.

Hilbert series and Betti numbers

Let A be a commutative Noetherian algebra over a field k. The algebra A is
called a graded algebra if it, as a vector space over k, can be decomposed as

A =
⊕
i≥0

Ai

where A0 = k and the Ai’s are subspaces such that AiA j ⊆Ai+ j. The elements of
a component Ad are called homogeneous elements of degree d. Every element
in A can be uniquely written as a sum of homogeneous elements from distinct
components. A basic example of a graded algebra is the polynomial ring R =
k[x1, . . . ,xn], with the standard grading, i. e. deg(xi) = 1 for all i. In this case
the homogeneous elements of degree d are the elements of the form

∑
α=(α1,...,αn)
α1+···+αn=d

cαxα1
1 · · ·x

αn
n , where all cα ∈ k.

A natural basis of Rd is the set of monomials of degree d.

Since A is assumed to be Noetherian it is finitely generated as an algebra.
This also implies that the vector spaces Ai are finite dimensional. We define
the Hilbert function of A as the function HFA : Z≥0→ Z≥0 given by HFA(i) =
dimk Ai, that is, the vector space dimension of Ai over k. The Hilbert function is
an invariant of graded algebras, i. e. if A and B are isomorphic graded algebras
then HFA ≡ HFB. The generating function of HFA is called the Hilbert series,
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and is here denoted by HSA(t). More precisely, HSA(t) is a formal power series
in Z[[t]], defined by

HSA(t) = ∑
i≥0

HFA(i)t i.

The finite generating set of the algebra A can always be taken to be a set of
homogeneous elements. Say A is generated by homogeneous f1, . . . , fn with
deg( fi) = di. Then A can be presented as the quotient k[x1, . . . ,xn]/I where
deg(xi) = di and I is the kernel of the homomorphism defined by xi 7→ fi.
Notice that I can always be generated by homogeneous elements. A classical
result, see e. g. [2], which is based on Hilbert’s syzygy Theorem, states that the
Hilbert series of A is given by a rational function

HSA(t) =
p(t)

∏
n
i=1(1− tdi)

for some p(t) ∈ Z[t].

If f1, . . . , fn are all of the same degree d, every homogeneous element in A will
have degree divisible by d. After a scaling of the grading we can assume that
f1, . . . , fn are of degree one. In that case A can be presented as k[x1, . . . ,xn]/I
with the standard grading, and

HSA(t) =
p(t)

(1− t)n for some p(t) ∈ Z[t]. (1)

Let us again consider the example R = k[x1, . . . ,xn]. There are
(n+d−1

d

)
mono-

mials of degree d, so HFR(i) =
(n+i−1

i

)
. The Hilbert series can be expressed

as

HSR(t) = ∑
i≥0

(
n+ i−1

i

)
t i =

1
(1− t)n .

Notice also that HFR(i) =
(n+i−1

i

)
is a polynomial in i. In general, one can

see by expanding (1) that HFA(i) is a polynomial in i, for i large enough. This
polynomial is known as the Hilbert polynomial of A. The degree of the Hilbert
polynomial is dimA−1, where dimA denotes the Krull dimension of A.

In this thesis, the algebra A will often be an Artinian algebra, which implies
that it has finitely many nonzero graded components. In this case HFA(i) = 0
for large i, so the Hilbert polynomial is the zero polynomial. Also, HSA(t) will
be a polynomial, and it follows that p(t) in (1) is divisible by (1− t)n when A
is Artinian.

The polynomial p(t) in (1) is related to the graded Betti numbers of A. A
minimal free resolution of A is an exact sequence

0→ Rβn ∂n−→ Rβn−1
∂n−1−→ . . .

∂2−→ Rβ1 ∂1−→ R→ A→ 0
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where the numbers β1, . . . ,βn are minimal. This is obtained by taking the
smallest possible generating set of ker∂i in each step. The numbers β1, . . . ,βn

are called the Betti numbers of A. The existence of a free resolution of length
n is provided by Hilbert’s syzygy theorem. It may happen that only β1, . . . ,βs,
for some s < n, are nonzero.

For an integer m, let R(m) denote R with the grading shifted by m, so that
R(m)i = Ri+m. We obtain a minimal graded free resolution by a shift in the
gradings

0→
⊕
j∈Z

R(− j)βn j ∂n−→ ·· ·→
⊕
j∈Z

R(− j)βi j ∂i−→ ·· ·→
⊕
j∈Z

R(− j)β1 j ∂1−→ R→ A→ 0

so that the maps ∂i send homogeneous elements to homogeneous elements of
the same degree, i. e.

∂i

(⊕
j∈Z

R(− j)βi j
m

)
⊆
⊕
j∈Z

R(− j)βi−1, j
m .

The numbers βi j are called the graded Betti numbers, and are related to the
ordinary Betti numbers by βi = ∑ j∈Z βi j. Given the graded Betti numbers of
the algebra A, the Hilbert series of A can be written down as

HSA(t) =
1+∑

n
i=0 ∑ j∈Z(−1)iβi jt j

(1− t)n .

Example 1. Let R = k[x,y,z] and I = (xy,xz,y3− z3). Then a minimal graded
free resolution is

0→ R(−3)⊕R(−4)

(
−z −y2

y z2

0 x

)
−−−−−−→ R(−2)2⊕R(−3)

(xy xz y3−z3 )
−−−−−−−−→ R→ A→ 0

where the maps ∂1 and ∂2 are given as matrices. We can see that the nonzero
graded Betti numbers are

β12 = 2, β13 = 1, β23 = 1, β24 = 1,

and the ordinary Betti numbers are

β1 = β12 +β13 = 3, β2 = β23 +β24 = 2, β3 = 0.

From the graded Betti numbers we obtain the Hilbert series

t4 + t3− t3−2t2 +1
(1− t)3 =

(1− t2)2

(1− t)3 =
(1+ t)2

1− t
.
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The Hilbert series of a graded algebra must, of course, always have non-
negative coefficients. Sometimes it is useful to express the Hilbert series via a
formula which also allows negative coefficients, and truncate it at the first non-
positive coefficient. Therefore we define, for an element F(t) = ∑i≥0 ait i ∈
Z[[t]],

dF(t)e= ∑
i≥0

cit i, where ci =

{
ai if a j > 0 for all j ≤ i
0 otherwise.

For example, d1+ t +2t2− t3 + t5e= 1+ t +2t2.

Every homogeneous element f ∈ Ad induces a family of linear maps · f : Ai→
Ai+d defined by a 7→ a · f . Such a linear map is said to have maximal rank if it is
injective or surjective. For short, we say that multiplication by f has maximal
rank in every degree, if all the maps induced by f have maximal rank.

Proposition 1. Let A be a standard graded algebra, and let f ∈ Ad . The linear
maps induced by multiplication by f all have maximal rank if and only if

HSA/( f )(t) =
⌈
(1− td)HSA(t)

⌉
.

Proof. First notice that HFA/( f )( j) = HFA( j), for j < d. It follows that the
coefficients of t j, for j < d, in HSA/( f )(t) and

⌈
(1− td)HSA(t)

⌉
agrees. For the

remaining coefficients, we consider the multiplication map · f : Ai→Ai+d . This
map has maximal rank if and only if the rank is min(dimk(Ai),dim(Ai+d)). In
general

HFA/( f )(i+d) = dimk(Ai)− rank(· f : Ai→ Ai+d),

so all the maps · f : Ai→ Ai+d have maximal rank exactly when

HFA/( f )(i+d) = dimk(Ai+d)−min(dimk(Ai),dim(Ai+d))

= HFA(i+d)−min(HFA(i),HFA(i+d))

=

{
0 if HFA(i)≥ HFA(i+d)
HFA(i+d)−HFA(i) otherwise.

This agrees with the coefficient of t i+d in d(1− td)HSA(t)e, if we can prove
that once HFA/( f ) takes the value zero, it will stay constantly zero. The case
HFA/( f )(i+ d) = 0 occurs precisely when · f : Ai → Ai+d is surjective, or in
other words, when every element in Ai+d is divisible by f . Let x1, . . . ,xn be a
basis of A1. Since A is standard graded, every graded component is spanned
by monomials in x1, . . . ,xn. If j > i, every monomials in A j+d is an ele-
ment of Ai+dA j−i. It follows that every element in A j+d is divisible by f ,
and HFA/( f )( j+d) = 0.
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Ideals with linear powers

One approach for analyzing the structure of a graded algebra R/I is to study
the powers Im of its defining ideal. For every i the i-th Betti number βi of
R/Im, considered as a function of m, is a polynomial in m, when m is large
enough. This important property was proved by Kodiyalam in [11]. One may
also introduce the Rees algebra, defined by

R(I) =
⊕
j≥0

I jt j ⊂ R[t].

If I = ( f1, . . . , fr) we have R(I) = R[ f1t, . . . , frt]. Another way of presenting
the Rees algebra is to let T = R[y1, . . . ,yr], and consider the R-linear map φ :
T → R[t] defined by φ(yi) = fit. Then R(I) = T/kerφ , which is a bigraded
algebra, with the bigrading induced by deg(xi) = (1,0) and deg(yi) = (0,1).
The ideal kerφ ⊆ T is called the Rees ideal.

An ideal I ⊆ R is said to have linear resolution if the maps ∂i with i > 1 in a
minimal free resolution of R/I can be represented by matrices whose nonzero
entries are of degree one. When I has a linear resolution the graded and non-
graded Betti numbers of R/I coincide, in the sense that βi j = 0 for all j except
j = d + i−1, where βi j = βi. If Im has linear resolution for all m, we say that
I has linear powers. In Paper V the Betti numbers and Rees algebras of ideals
with linear powers are studied. One large family of ideals with linear powers
are the polymatroidal ideals. These are monomial ideals such that the set

{(α1, . . . ,αn) | xα1
1 · · ·x

αn
n is in the minimal generating set of I}

is the base of a discrete polymatroid. In [4] the following question was asked.

Question 1. Are the Rees ideals of polymatroidal ideals generated in the de-
grees (0,2) and (1,1)?

In all known examples Question 1 have a positive answer. This question is
strongly related to White’s conjecture on matroids from 1980, see [20]. We
will see in Paper V that the answer is positive for a subclass knows as polyma-
troidal ideals with the strong exchange property. The proof is mainly based on
a result from [9].

Going back to the Betti numbers, the main result of Paper V is that the Betti
numbers of R/Im, when I has linear powers, are solutions to a certain linear
system of equations. In particular, if dimR/I of the Betti numbers are known,
the remaining n−dimR/I can be computed, where dimR/I denotes the Krull
dimension of R/I. Hence this result is most powerful for algebras of low di-
mension. As a corollary, we get explicit expressions for the Betti numbers, as
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polynomials in m, when I is generated by all square free monomials of degree
two or three, and when I is the product of all ideals generated by s variables,
for s = n− 1 or n− 2. In addition, an argument involving the Rees algebra
is used to compute the Betti numbers on the case when I is generated by all
square free monomial ideals of degree n−1.

The Fröberg conjecture

Let R = k[x1, . . . ,xn], where k is a field and let I = ( f1, . . . , fr)⊆ R be an ideal,
where each fi is a homogeneous polynomial. Let di denote the degree of fi. If
multiplication by f1 has maximal rank in every degree in R, and multiplication
by fi, for 1 < i ≤ r, has maximal rank in every degree in R/( f1, . . . , fi−1), it
follows by Proposition 1 that the Hilbert series of R/I is⌈

∏
r
i=1(1− tdi)

(1− t)n

⌉
. (2)

If r ≤ n this can be obtained by choosing f1, . . . , fr as a regular sequence, for
example fi = xdi

i . It is not known whether we can always find such fi’s, but it
is conjectured that it is possible, see Conjecture 1 below.

Let F(t) = ∑i≥0 ait i and G(t) = ∑i≥0 bit i be formal power series in Z[[t]]. We
write F(t) ≤ G(t) if ai ≤ bi for all i. Moreover, we say that F(t) is less than
G(t) in the lexicographical sense if there is an i ≥ 0 such that ai < bi and
a j = b j for all j < i.

Fröberg’s original conjecture was stated over C. Let I = (g1, . . . ,gr), where the
gi’s are generic, meaning that all the coefficients are algebraically independent.
If J = ( f1, . . . , fr) ⊆ R is any other ideal such that deg fi = deggi = di, then
HSR/I(t) ≤ HSR/J(t). It is proved in [5] that HSR/I(t) is greater than or equal
to (2) in the lexicographical sense. Over an arbitrary field k, the conjecture can
be phrased as follows.

Conjecture 1 (Fröberg). Let R = k[x1, . . . ,xn], where k is a field. For
each choice of positive integers r,d1, . . . ,dr there exists forms f1, . . . , fr with
deg( fi) = di such that, for I = ( f1, . . . , fr) we have

HSR/I(t) =
⌈

∏
r
i=1(1− tdi)

(1− t)n

⌉
.

The conjecture is proved when n = 2 by Fröberg in [5]. For n = 3 the con-
jecture is also proved, provided that the field k is infinite, see [1]. As already

16



mentioned, the conjecture is true when r≤ n. Moreover, it follows by Theorem
1, proved in [18], that the conjecture holds for r = n+1.

Theorem 1 (Stanley). Let A = k[x1, . . . ,xn]/(x
d1
1 , . . . ,xdn

n ), where k is a field of
characteristic 0, and let `= x1+ · · ·+xn. The linear maps ·`d : Ai→ Ai+d have
maximal rank for all integers i≥ 0 and d > 0. It follows that the Hilbert series
of A/(`d) = k[x1, . . . ,xn]/(x

d1
1 , . . . ,xdn

n , `d) is⌈(
∏

n
i=1(1− tdi)

)
(1− td)

(1− t)n

⌉
.

Although this is a well studied problem, the three special cases mentioned
above are the major results concerning Conjecture 1. However, there are many
related problems of the type “What is the minimal Hilbert series, in some cer-
tain family of algebras?” Paper III and Paper IV treats two such problems
inspired by Fröberg’s conjecture. See also [6] for more details on the Fröberg
conjecture and related problems.

Fröberg’s conjecture in the exterior algebra

In Paper III we study the analogue of the Fröberg conjecture in the exterior
algebra E over C on the generators x1, . . . ,xn of degree one. That is,

E =
C〈x1, . . . ,xn〉

(xix j + x jxi)1≤i≤ j≤n
,

the skew-commutative polynomial ring on n variables over C. Recall that
f 2 = 0 for all homogeneous elements f of odd degree. A basis for the graded
component Ed is the set of square free monomials of degree d. It follows that

HSE(t) =
n

∑
i=1

(
n
i

)
t i = (1+ t)n.

For quotients of the exterior algebra, the minimal Hilbert series is unknown
already in the case of quotients E/( f ) by a principal ideal. If f is a generic
homogeneous element of even degree 2d, it is proved in [15] that the induced
multiplication maps · f : Ei→ Ei+2d have maximal rank. It follows by Proposi-
tion 1 that the minimal Hilbert series is HSE/( f )(t) = d(1−t2d)(1+t)ne. When
f is homogeneous of odd degree however, the induced multiplication maps will
not have maximal rank, as f 2 = 0. In Paper III we give a lower bound for the
Hilbert series of E/( f ), in the lexicographical sense, when f is of odd degree.
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We also prove by explicit computations the lower bound is actually attained
when n≤ 17.

In the situation E/( f ,g) of defining ideal with two generators, even less is
known. Some partial results concerning the case deg( f ) = deg(g) = 2 can be
found in [16].

Subalgebras of a polynomial ring

In [3] the Hilbert series of subalgebras of the polynomial ring R = k[x1, . . . ,xn]
is studied. One of the questions asked is, given positive numbers n, u and d,
which forms f1, . . . , fu ∈Rd , defines a subalgebra k[ f1, . . . , fu] with the smallest
possible Hilbert series?

Notice that, when studying the Fröberg conjecture for r ≥ n the algebras are
Artinian, or equivalently, have finitely many graded components. The same
holds for the exterior algebra. The subalgebras k[ f1, . . . , fu], on the other
hand, will have infinitely many components. Moreover, it is proved in Pa-
per IV that there are not always forms f1, . . . , fu ∈ Rd such that the subalgebra
S = k[ f1, . . . , fu] has the property HSS(t) ≤ HST (t) for any other subalgebra
T generated by u forms in Rd . For this reason it is natural to instead com-
pare Hilbert series by the asymptotical behavior of the Hilbert functions. Let
F(t) = ∑i≥0 ait i and G(t) = ∑i≥0 bit i be the Hilbert series of two subalgebras
of R. We say that F(t) is less than G(t) in the asymptotical sense if there is an
N such that ai < bi for all i≥N. Two Hilbert series can always be compared in
this way, since the coefficients ai and bi are given by their Hilbert polynomials,
for i large enough.

In [3] it is proved that to obtain a minimal Hilbert series, the generating set
{ f1, . . . , fu} should be a set of monomials. Moreover, it should be an initial
degree segment according to some monomial ordering. In Paper IV the case
d = 2 is treated, and the following conjecture is made.

Conjecture 2. A subalgebra of k[x1, . . . ,xn] generated by u forms of degree
two with minimal Hilbert series, in the asymptotical sense, is generated by a
Lex segment, or a RevLex segment.

The conjecture is proved by computer calculations for n ≤ 80, and for two
infinite classes.
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Lefschetz properties

Definition 1. A graded algebra A is said to have the strong Lefschetz property
(SLP) if there is an ` ∈ A1 such that the maps Ai→ Ai+m defined by a 7→ a · `m

have maximal rank for all i≥ 0 and all m≥ 1. In this case, ` is called a strong
Lefschetz element.

We say that A has the weak Lefschetz property (WLP) if there is an `∈ A1 such
that the maps Ai→ Ai+1 defined by a 7→ a · ` have maximal rank for all i ≥ 0.
In this case, ` is called a weak Lefschetz element.

As before, let R = k[x1, . . . ,xn]. The strong/weak Lefschetz element of an al-
gebra with the SLP/WLP is not necessarily unique. If A = R/I, where I is a
monomial ideal, has the SLP/WLP then any linear form c1x1 + · · ·+ cnxn with
nonzero coefficients will be a Lefschetz element. In particular A, defined by
a monomial ideal, has the SLP/WLP if and only if x1 + . . .+ xn is a Lefschetz
element. For a proof of this fact, independent of the underlying field see Paper
I, Theorem 2.2.

The Lefschetz properties of graded algebras is a very active area of research,
some main references are [7; 8; 13; 14]. One of the central questions is: Does
every complete intersection in characteristic zero have the WLP/SLP? It was
first conjectured in [17] that all complete intersections in characteristic 0 have
the SLP. It follows from Theorem 1 that monomial complete intersections,
R/(xd1

1 , . . . ,xdn
n ), have the SLP (and hence also the WLP), when the field k is

of characteristic zero. The situation of positive characteristic is much more
involved. The main results of Paper II and Paper I combined gives a complete
classification of the monomial complete intersections of positive characteristic
with the SLP.

The question of which monomial complete intersections in positive charac-
teristic has the WLP is still an open problem. Partial results can be found in
e. g. [10], [12] and [19]. In Paper I we will see some classes of algebras with
the WLP, in addition to the algebras with the SLP. Monomials complete inter-
sections (in positive characteristic) with the WLP also has implications on the
Fröberg conjecture.

Proposition 2. If k[x1, . . . ,xn]/(x
d1
1 , . . . ,xdn

n ) has the WLP, then the Fröberg
conjecture is satisfied for n forms of degrees d1, . . . ,dn in k[x1, . . . ,xn−1].

Proof. As (xd1
1 , . . . ,xdn

n ) is a monomial ideal, a weak Lefschetz element is `=
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x1 + · · ·+ xn. We have the isomorphism of graded algebras

A =
k[x1, . . . ,xn]

(xd1
1 , . . . ,xdn

n , `)
∼=

k[x1, . . . ,xn−1]

(xd1
1 , . . . ,xdn−1

n−1 ,(x1 + . . .+ xn−1)dn)
.

As isomorphic graded algebras have the same Hilbert series it follows by
Proposition 1 that

HSA(t) =

⌈(
∏

n
i=1(1− tdi)

)
(1− t)

(1− t)n

⌉
=

⌈
∏

n
i=1(1− tdi)

(1− t)n−1

⌉
.

20



References

[1] D. J. ANICK. Thin algebras of embedding dimension three. J. Algebra, 100:235–359, 1986. 16

[2] M. F. ATIYAH AND I. G. MACDONALD. Introduction to Commutative Algebra. Westview Press,
1969. 12

[3] M. BOIJ AND A. CONCA. On Fröberg-Macaulay conjectures for algebras. Rend. Isit. Mat. Univ.
Trieste, 50:139–147, 2018. 18

[4] W. BRUNS AND A. CONCA. Linear resolutions of powers and products. In W. DECKER, G. PFISTER,
AND M. SCHULZE, editors, Singularities and Computer Algebra, pages 47–69. 2017. 15

[5] R. FRÖBERG. An inequality for Hilbert series of graded algebras. Math. Scand., 56:117–144, 1985.
16

[6] R. FRÖBERG AND S. LUNDQVIST. Questions and conjectures on extremal Hilbert series. Rev. Union
Mat. Argentina, 59(2):415–429, 2018. 17

[7] T. HARIMA, T. MAENO, H. MORITA, Y. NUMATA, A. WACHI, AND J. WATANABE. The Lefschetz
properties. Lecture Notes in Mathematics 2080. Springer, 2013. 19

[8] T. HARIMA, J. MIGLIORE, U. NAGEL, AND J. WATANABE. The weak and strong Lefschetz prop-
erties for Artinian K-algebras. J. Algebra, 262(1):99–126, 2003. 19

[9] J. HERZOG AND T. HIBI. Discrete polymatroids. J. Algebr. Comb., 16(3):239–268, 2002. 15

[10] D. COOK II. The Lefschetz properties of monomial complete intersections in positive characteristic.
J. Algebra, 369:42–58, 2012. 19

[11] V. KODIYALAM. Homological invariants of powers of an ideal. Proc. Am. Math. Soc., 118:757–764,
1993. 15

[12] A. KUSTIN AND A. VRACIU. The weak Lefschetz property for monomial complete intersections in
positive characteristic. Trans. Am. Math. Soc., 366:4571–4601, 2014. 19

[13] J. MIGLIORE AND U. NAGEL. Survey article: A tour of the weak and strong lefschetz properties. J.
Commut. Algebra, 5(3):329–358, 2013. 19

[14] J. MIGLIORE AND F. ZANELLO. The strength of the weak Lefschetz property. Illinois J. Math,
52:1417–1433, 2008. 19

[15] G. MORENO-SOCIAS AND J. SNELLMAN. Some conjectures about the Hilbert series of generic
ideals in the exterior algebra. Homology, Homotopy and Applications, 4:409–426, 2002. 17

[16] V. CRISPIN QUIÑONEZ, S. LUNDQVIST, AND G. NENASHEV. On ideals generated by two generic
quadratic forms in the exterior algebra. J. Pure Appl. Alg., 223(12):5067–5082, 2019. 18

21



[17] L. REID, L. G. ROBERTS, AND M. ROITMAN. On complete intersections and their Hilbert functions.
Canad. Math. Bull., 34(4):525–535, 1991. 19

[18] R. STANLEY. Weyl groups, the hard Lefschetz theorem, and the Sperner property. SIAM J. on
Algebraic Discrete Methods, 1:168–184, 1980. 17

[19] A. VRACIU. On the degrees of relations on xd1
1 , . . . ,xdn

n ,(x1 + · · ·+ xn)
dn+1 in positive characteristic.

J. Algebra, 423:916–949, 2015. 19

[20] N. WHITE. A unique exchange property for bases. Linear Algebra Appl., 31:81–91, 1980. 15

22


