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Abstract

In this thesis, we introduce Kähler-Poisson algebras and study their basic proper-
ties. The motivation comes from differential geometry, where one can show that
the Riemannian geometry of an almost Kähler manifold can be formulated in terms
of the Poisson algebra of smooth functions on the manifold. It turns out that one
can identify an algebraic condition in the Poisson algebra (together with a metric)
implying that most geometric objects can be given a purely algebraic formulation.
This leads to the definition of a Kähler-Poisson algebra, which consists of a Poisson
algebra and a metric fulfilling an algebraic condition. We show that every Kähler-
Poisson algebra admits a unique Levi-Civita connection on its module of inner
derivations and, furthermore, that the corresponding curvature operator has all
the classical symmetries. Moreover, we present a construction procedure which al-
lows one to associate a Kähler-Poisson algebra to a large class of Poisson algebras.
From a more algebraic perspective, we introduce basic notions, such as morphisms
and subalgebras, as well as direct sums and tensor products. Finally, we initiate a
study of the moduli space of Kähler-Poisson algebras; i.e for a given Poisson alge-
bra, one considers classes of metrics giving rise to non-isomorphic Kähler-Poisson
algebras. As it turns out, even the simple case of a Poisson algebra generated by
two variables gives rise to a nontrivial classification problem.
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Sammanfattning

I denna avhandling introduceras Kähler-Poisson algebror och deras grundläggande
egenskaper studeras. Motivationen till detta kommer fr̊an differentialgeometri
där man kan visa att den metriska geometrin för en Kählerm̊angfald kan for-
muleras i termer av Poisson algebran av släta funktioner p̊a m̊angfalden. Det
visar sig att man kan identifiera ett algebraiskt villkor i en Poissonalgebra (med
en metrik) som gör det möjligt att formulera de flesta geometriska objekt p̊a ett
algebraiskt vis. Detta leder till definitionen av en Kähler-Poisson algebra, vilken
utgörs av en Poissonalgebra och en metrik som tillsammans uppfyller ett kom-
patibilitetsvillkor. Vi visar att för varje Kähler-Poisson algebra s̊a existerar det
en Levi-Civita förbindelse p̊a modulen som utgörs av de inre derivationerna, och
att den tillhörande krökningsoperatorn har alla de klassiska symmetrierna. Vi-
dare presenteras en konstruktion som associerar en Kähler-Poisson algebra till
varje algebra i en stor klass av Poissonalgebror. Ur ett mer algebraiskt perspek-
tiv s̊a introduceras flera grundläggande begrepp, s̊asom morfier, delalgebror, di-
rekta summor och tensorprodukter. Slutligen p̊abörjas en studie av modulirum
för Kähler-Poisson algebror, det vill säga ekvivalensklasser av metriker som ger
upphov till isomorfa Kähler-Poisson strukturer. Det visar sig att även i det enkla
fallet med en Poisson algebra genererad av tv̊a variabler, s̊a leder detta till ett
icke-trivialt klassificeringsproblem.
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1 – Introduction

Symplectic manifolds (in particular cotangent bundles) arise naturally as the phase
space of classical mechanics. A symplectic manifold is a pair (M,ω) where M is
an even-dimensional manifold and ω is a symplectic form on M . On a symplectic
manifold, the symplectic form induces a Poisson bracket on the smooth functions
(see Section 3.1). Poisson manifolds are generalizations of symplectic manifolds
to odd-dimensional manifolds. Algebraic characterizations of Poisson manifolds
are responsible for the natural appearance of objects which are both of geometric
and algebraic nature. The techniques involved in Poisson geometry vary a lot, and
include not only differential geometric and algebraic ones, but also techniques aris-
ing from physics. For instance, a classical mechanical system in the Hamiltonian
formalism is described by the triple (M, {·, ·}, H) where M is an even-dimensional
manifold called the phase space, {·, ·} is a Poisson bracket, given by a symplectic or
Poisson structure on M and H is a smooth function on M , called the Hamiltonian.
Many authors have studied the geometric and algebraic properties of symplectic
and Poisson manifolds (see e.g. [8, 12, 13, 16, 19]). For instance, Kontsevich [16],
has shown that any finite dimensional Poisson manifold M admits a canonical
deformation quantization by establishing a correspondence between the set of iso-
morphism classes of deformations of the algebra of smooth functions and the set
of equivalence classes of formal Poisson structures on M .

However, metric aspects of Poisson manifolds have not been investigated to
the same extent. The study of metric aspects was motivated by the results in
[1, 2], where the differential geometry of embedded (almost) Kähler manifolds Σ
was formulated in terms of the Poisson structure of the algebra of functions of Σ.
In the following, we set out to find structures that resemble Poisson algebras of
smooth functions on Kähler manifolds. A Kähler manifold is a manifold with three
mutually compatible structures: a complex structure, a Riemannian structure, and
a symplectic structure. Let M be a complex manifold with corresponding complex
structure J . We say that a Riemannian metric is compatible with J if

g(JX, JY ) = g(X,Y ) (1.1)

for all vector fields X,Y on M . A complex manifold together with a compatible
Riemannian metric is called a Hermitian manifold. See e.g. [28] for more details
on complex manifolds. Let M be Hermitian manifold with complex structure J
and compatible Riemannian metric as in (1.1). The alternating 2-form defined by
ω(X,Y ) = g(JX, Y ) is called the associated Kähler form. Conversely, one can
retrieve g from ω by defining g(X,Y ) = ω(X, JY ). We say that g is a Kähler
metric and that M (together with g) is a Kähler manifold if ω is closed [18]. Thus,
a Kähler manifold is a symplectic manifold with respect to the Kähler form. Kähler
manifolds and their properties have been extensively studied, see e.g. [8],[19] and
[27].
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In this thesis we will develop algebraic analogues of Kähler manifolds by using
the language of Lie-Rinehart algebras, which we will extend to a metric setting.
As shown in [1], the Riemannian geometry of embedded almost Kähler manifolds
can be reformulated entirely in terms of the Poisson algebra of smooth functions.
In particular, one obtains Poisson algebraic expressions for geometric quantities
by using the algebra generated by the embedding coordinates. We observe that
on a Kähler manifold (Σ, g) isometrically embedded in the Riemannian manifold
(M, ḡ), the compatibility between the metric and the symplectic form (and, hence,
the Poisson structure) implies that

m∑

i,j,k,l=1

{f1, x
i}ḡij{xj , xk}ḡkl{xl, f2} = −{f1, f2} (1.2)

for all f1, f2 ∈ C∞(Σ), where x1, . . . , xm is a set of smooth functions providing
an isometric embedding of Σ into M . Note that this situation is generic in the
sense that any Riemannian manifold can be isometrically embedded in Euclidean
space [22]. Surprisingly, it turns out that if one imposes the above relation in an
abstract Poisson algebra (i.e. not necessarily the function algebra of a manifold),
many classical results in Riemannian geometry can be worked out in a purely
algebraic setting.

In this thesis, we begin to study metric aspects of Poisson algebras by defining
Kähler-Poisson algebras as algebraic analogues of algebras of functions on Kähler
manifolds. We show that any Poisson algebra, fulfilling a “Kähler condition”
similar to (1.2), enjoys many properties similar to those of the algebra of smooth
functions on an almost Kähler manifold, opening up for a more metric treatment of
Poisson structures. Moreover, we show that one may associate a Kähler-Poisson
algebra to every algebra in a large class of Poisson algebras. Furthermore, we
prove the existence of a unique Levi-Civita connection on the module generated
by the inner derivations, and show that the curvature operator has all the classical
symmetries. In parallel with the more geometric results, we also explore basic
algebraic properties and structures related to Kähler-Poisson algebras. In partic-
ular, we find appropriate definitions of morphisms, subalgebras, direct sums and
tensor products of Kähler-Poisson algebras.

To better understand the concept of morphism, we construct several examples
that illustrate when two Kähler-Poisson algebras are isomorphic. The possibility of
choosing different sets of generators for a finitely generated algebra is investigated,
as well as the implications for the structure of the Kähler-Poisson algebra. In this
context, a natural question arises: Given a Poisson algebra, in how many different
(non-isomorphic) ways can one add an extra metric structure to obtain a Kähler-
Poisson algebra? Using the algebraic results obtained in this thesis, we initiate a
study of ”moduli spaces”, i.e. the study of isomorphism classes of Kähler-Poisson
algebras. Even in the simple setting of an algebra generated by two elements, this
problem turns out to be non-trivial.

The thesis is composed of three papers. Let us now briefly review the contents
of Paper I, II and III. In Paper I [3], we introduce the concept of Kähler-Poisson
algebras as analogues of algebras of smooth functions on Kähler manifolds, and
explain how the theory of Lie-Rinehart algebras can be extended to include metric
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aspects. We prove that Kähler-Poisson algebras are metric Lie-Rinehart algebras,
which implies that the theory of Lie-Rinehart algebras can be applied. Further-
more, we show that the “Kähler-Poisson condition”, being the crucial identity in
the definition of Kähler-Poisson algebras, allows for an identification of geometric
objects in the Poisson algebra which share important properties with their classi-
cal counterparts. For instance, it is shown that there exists a unique Levi-Civita
connection on the module generated by the inner derivations of the Kähler-Poisson
algebra, and that the curvature operator has all the classical symmetries. More-
over, starting from a large class of Poisson algebras, we show that every algebra
has an associated Kähler-Poisson algebra constructed as a localization.

In Paper II [5], the concept of morphisms of Kähler-Poisson algebras is intro-
duced and their algebraic properties are studied. We illustrate with several ex-
amples when two Kähler-Poisson algebras are isomorphic; for instance, by taking
algebras A and A′, where A is finitely generated algebra, A′ = A and consider-
ing different set of generators for the Kähler-Poisson algebra structures of A and
A′. Moreover, we use the concept of morphism to define subalgebras of Kähler-
Poisson algebras, and introduce direct sums and tensor products of Kähler-Poisson
algebras together with their basic properties.

In Paper III [6], we initiate a study of moduli spaces of Kähler-Poisson alge-
bras defined over rational functions in two variables. Starting from a Poisson al-
gebra A, it is interesting to ask the following question: How many non-isomorphic
Kähler-Poisson algebras can one construct from A? This amounts to the study
of a “moduli space” for Kähler-Poisson algebras, in analogy with the correspond-
ing problem for Riemannian manifolds, where one consider metrics giving rise to
non-isometric Riemannian manifolds. For certain types of metrics, we completely
characterize the isomorphism classes of Kähler-Poisson algebras. To prove these
statements, we make use of the results obtained in Paper II. Furthermore, several
sufficient conditions for the existence of isomorphisms are derived, and a number
of examples are given illustrating that seemingly different metrics may give rise to
isomorphic Kähler-Poisson algebras.

Outline

Let us outline the contents of the thesis. In Chapter 2 we recall the first part of
Paper I [3] and explain how the theory of Lie-Rinehart algebras can be extended
to include metric aspects. In Chapter 3, Kähler-Poisson algebras are defined and
the basic algebraic results from Paper I and II are presented. Chapter 4 contains
the more geometrical results from Paper I, such as the existence of a Levi-Civita
connection, together with the investigation of moduli spaces from Paper III. More
precisely, the structure of the thesis is as follows:

• In Chapter 2, we review the concept of Lie-Rinehart algebras and introduce
metric Lie-Rinehart algebras.

• In Chapter 3, we introduce the main objects of this thesis, called Kähler-
Poisson algebras, together with their basic properties as well as a construc-
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tion procedure for associating a Kähler-Poisson algebra to a Poisson alge-
bra. Furthermore, morphisms of Kähler-Poisson algebras are defined and we
introduce subalgebras, direct sums and tensor products of Kähler-Poisson
algebras. Several results are proven showing that these concepts have the
properties one expects in an algebraic setting.

• In Chapter 4, the Levi-Civita connection is introduced and we prove that
every Kähler-Poisson algebra admits such a connection. Examples are given
where the connection, as well as the curvature, is explicitly computed. More-
over, we initiate a study of moduli spaces of Kähler-Poisson algebras defined
over rational functions in two variables, and prove that one can describe
isomorphism classes of Kähler-Poisson algebras for certain types of metrics.



2 – Metric Lie-Rinehart algebras

This chapter is devoted to introducing metric Lie-Rinehart algebras (which is
the first part of Paper I [3]), since our approach is quite close to the theory of
Lie-Rinehart algebras. A Lie-Rinehart algebra (A, g) consists of a commutative
algebra A and a Lie algebra g with additional structure which generalizes the in-
teraction between the algebra of smooth functions and the Lie algebra of vector
fields on a smooth manifold. We assume that a (commutative) algebra A is given
(corresponding to the algebra of functions), together with an A-module g (corre-
sponding to the module of vector fields) which is also a Lie algebra and acts on A
as derivations. For more details and proofs, we refer to [3, 11, 12, 24]. Note that,
although Lie-Rinehart algebras have been extensively studied, metric aspects have
not been considered to the same extent. Our starting point is the definition given
by G. Rinehart [26].

Definition 2.1. (Lie-Rinehart algebra). Let K be a field. Let A be a commu-
tative K-algebra and let (g, [·, ·]) be an A-module which is also a Lie algebra over
K. Given a Lie algebra homomorphism ω : g → Der(A), The pair (A, g) is called
a Lie-Rinehart algebra if

ω(aα)(b) = a(ω(α)(b)) (2.1)

[α, aβ] = a[α, β] + (ω(α)(a))β, (2.2)

for α, β ∈ g and a, b ∈ A. (In most cases, we will leave out ω and write α(a)
instead of ω(α)(a).)

Let us point out some immediate examples of Lie-Rinehart algebras.

Example 2.2. Let A be a commutative algebra and let g = Der(A) be the A-
module of derivations of A. As we mentioned before Der(A) is a Lie algebra with
Lie-bracket, defined as

[α, β](a) = α(β(a))− β(α(a)).

The pair (A,Der(A)) is a Lie-Rinehart algebra where Der(A) acts as derivations.

Example 2.3. Let A = C∞(Σ) be the algebra of smooth functions on a manifold
Σ, and let g = χ(A) be the A-module of vector fields on Σ. With respect to the
standard action of a vector field as a derivation of C∞(Σ), the pair (C∞(Σ), χ(A))
is a Lie-Rinehart algebra.

In differential geometry, consider a smooth manifold Σ of dimension n. At each
point p ∈ Σ there is a vector space TpΣ, called the tangent space, consisting of
all tangent vectors to the manifold at the point p. A metric at p is a function
gp(Xp, Yp) which takes as inputs a pair of tangent vectors Xp and Yp at p, and
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produces as output a real number. Globally, a metric maps two vector fields to a
function with g(X,Y )(p) = gp(Xp, Yp).

In the following, we will introduce metrics on Lie-Rinehart algebras, as well as
an associated Levi-Civita connection.

Definition 2.4. Let (A, g) be a Lie-Rinehart algebra and let M be an A-module.
An A-bilinear form g : M ×M → A is called a metric on M if it holds that

1. g(m1,m2) = g(m2,m1) for all m1,m2 ∈M ,

2. the map ĝ : M → M∗, given by (ĝ(m1))(m2) = g(m1,m2), is an A-module
isomorphism, where M∗ denotes the dual of M .

We refer to property (2) as the metric being non-degenerate.

Example 2.5. In the definition above let M = A and let g(a, b) = ab, immediately
giving that g(a, b) = g(b, a) Moreover, it follows that

ĝ(a)(b) = g(a, b) = ab

If A is unital, choose b = 1 then ab = 0 ∀b ∈ A(= M) implies that a = 0. Hence
g is non-degenerate, implying that g is a metric.

Definition 2.6 ([3]). A metric Lie-Rinehart algebra (A, g, g) is a Lie-Rinehart
algebra (A, g) together with a metric g : g× g→ A.

In Example 2.3, if one choose M to be the sections of a vector bundle over the
manifold then we obtain a metric on the vector bundle, i.e. on the set of smooth
sections. We proceed by introducing connections on modules over Lie-Rinehart
algebras.

Definition 2.7. Let (A, g) be a Lie-Rinehart algebra over K and let M be an
A-module. A connection ∇ on M is a map ∇ : g → EndK(M) (i.e. K-linear
endomorphisms), written as α→ ∇α, such that

1. ∇aα+β = a∇α +∇β
2. ∇α(am) = a∇αm+ α(a)m,

for all a ∈ A, α, β ∈ g and m ∈M .

Example 2.8. In Example 2.3, if one chooses M = g to be the sections of a
vector bundle over the manifold Σ, then any connection on the vector bundle is a
connection in the sense of Definition 2.7.

Definition 2.9. Let (A, g) be a Lie-Rinehart algebra and let M be an A-module
with connection ∇ and metric g. The connection is called metric if

α(g(m1,m2)) = g(∇αm1,m2) + g(m1,∇αm2) (2.3)

for all α ∈ g and m1,m2 ∈M.
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Definition 2.10. Let (A, g) be a Lie-Rinehart algebra and let ∇ be a connection
on g. The connection is called torsion-free if

∇αβ −∇βα− [α, β] = 0 (2.4)

for all α, β ∈ g.

It is well-known that, on any manifold, there are infinitely many connections.
If the manifold is further endowed with a Riemannian metric g then there is a
natural choice of connection, called the Levi-Civita connection.

As in differential geometry, one can show that there exists a unique torsion-free
and metric connection associated to the Riemannian metric. The first step involves
Koszul’s formula, which in the setting of Lie-Rinehart algebras is as follows:

Proposition 2.11 ([3]). Let (A, g, g) be a metric Lie-Rinehart algebra. If ∇ is a
metric and torsion-free connection on g then it holds that

2g(∇αβ, γ) = α(g(β, γ)) + β(g(γ, α))− γ(g(α, β))

+ g(β, [γ, α]) + g(γ, [α, β])− g(α, [β, γ])

for all α, β, γ ∈ g.

Since the metric is non-degenerate, one can then show the following.

Proposition 2.12 ([3]). Let (A, g, g) be a metric Lie-Rinehart algebra. Then
there exists a unique metric and torsion-free connection on g.

The unique connection in Proposition 2.12 will be referred to as the Levi-Civita
connection of a metric Lie-Rinehart algebra. We shall recall some of the proper-
ties satisfied by a metric and torsion-free connection. The differential geometric
proofs go through with only a change in notation needed. We refer to [17, 23]
for a nice overview of differential geometric constructions in modules over general
commutative algebras.

Furthermore, we define curvature of ∇ as

R(α, β)γ = ∇α∇βγ −∇β∇αγ −∇[α,β]γ.

as well as

R(α, β, γ) = R(α, β)γ

R(α, β, γ, δ) = g(α,R(γ, δ)β).

Example 2.13 (Continuation of 2.2). If g is a metric on Der(A) in Example
2.2, then there exists a unique Levi-Civita connection on Der(A).

Let us also consider the canonical extension of ∇ to multilinear maps T : gk → A

(∇βT )(α1, ..., αk) = β(T (α1, ..., αk))−
k∑

i=1

T (α1, ...,∇βαi, ..., αk),
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as well as to g-valued multilinear maps T : gk → g

(∇βT )(α1, ..., αk) = ∇β(T (α1, ..., αk))−
k∑

i=1

T (α1, ...,∇βαi, ..., αk).

As in classical geometry, one obtains a generalization of the Bianchi identities.

Proposition 2.14 ([3]). Let ∇ be the Levi-Civita connection of a metric Lie-
Rinehart algebra (A, g, g) and let R denote corresponding curvature. Then it holds
that

R(α, β, γ) +R(γ, α, β) +R(β, γ, α) = 0 (2.5)

(∇αR)(β, γ, δ) + (∇βR)(γ, α, δ) + (∇γR)(α, β, δ) = 0 (2.6)

for all α, β, γ, δ ∈ g.

One is also able to derive the classical symmetries of the curvature tensor.

Proposition 2.15 ([3]). Let ∇ be the Levi-Civita connection of a metric Lie-
Rinehart algebra (A, g, g) and let R denote corresponding curvature. Then it holds
that

R(α, β, γ, δ) = −R(β, α, γ, δ) = −R(α, β, δ, γ). (2.7)

R(α, β, γ, δ) = R(δ, γ, α, β) (2.8)

for all α, β, γ, δ ∈ g.

We will show in Chapter 3 that Kähler-Poisson algebras are metric Lie-Rinehart
algebras, which implies that the results of this section can be applied; in particu-
lar, there exists a unique torsion-free metric connection on every Kähler-Poisson
algebra.



3 – Kähler-Poisson algebras

In this chapter we shall introduce a type of Poisson algebras that resembles the
smooth functions on an (isometrically) embedded almost Kähler manifold. In this
way we can develop an analogue of Riemannian geometry for Poisson algebras.
Let us start by recalling a few basic properties of Poisson algebras.

3.1 Poisson algebras

The concept of a Poisson algebra is classical and appears naturally in Hamiltonian
mechanics, and is also central in the study of quantum groups and deformation
quantization, (see e.g. [8, 16, 27]). The algebra is named in honour of Siméon
Denis Poisson. A Poisson structure on a smooth manifold Σ is a Lie bracket
on the algebra of smooth functions, which is also a derivation. Manifolds with a
Poisson algebra structure are known as Poisson manifolds, of which the symplectic
manifolds are a special case. The Poisson bracket {·, ·} on a symplectic manifold
(M,ω) is a bilinear operation on differentiable functions, defined by

{a, b} = ω(Xa, Xb)

where Xa, Xb are the Hamiltonian vector fields generated by the functions a and b;
the Poisson bracket of two functions on M is itself a function on M . The Poisson
bracket is antisymmetric because:

{a, b} = ω(Xa, Xb) = −ω(Xb, Xa) = −{b, a}.
Let K be a field. Recall that a Lie algebra (g, [·, ·]) over K consists of a vector
space g and a pairing [·, ·] : g× g→ g, called a Lie bracket, satisfying the relations
of antisymmetry and the Jacobi identity

[u, [v, w]] + [v, [w, u]] + [w, [u, v]] = 0

for all u, v, w ∈ g. Given two Lie algebras (g, [·, ·]) and (g′, [·, ·]′) , a morphism
φ : g→ g′ of Lie algebras over K is a morphism of vector spaces which is compatible
with the Lie bracket, i.e.

φ([u, v]) = [φ(u), φ(v)]′.

Let A be an algebra over K. Recall that a derivation of A (over K) is a K-linear
map δ : A → A such that δ(ab) = (δ(a))b+aδ(b). It is well known that the module
Der(A) of derivations of A, with bracket given by [α, β](a) = α(β(a)) − β(α(a)),
where α, β ∈ DerA, a ∈ A, is a Lie algebra. If g is a Lie algebra over K, an action
of g on A is a Lie algebra homomorphism ω : g → Der(A). More details can be
found in [11, 12, 24, 26].

A Poisson algebra is an associative algebra with a Lie bracket with the action
of a derivation. Let us recall the definition:

9



10 Poisson algebras

Definition 3.1. A Poisson algebra (A, {·, ·}) is a pair consisting of an algebra A
(over a field K) together with a bilinear map {·, ·}: A × A → A such that
(1) {a, b} = – {b, a}
(2) {λa, µb} = λµ{a, b}
(3) {ab, c} = a{b, c}+ {a, c}b
(4) {a, {b, c}}+ {b, {c, a}}+ {c, {a, b}} = 0

for all a, b, c ∈ A and λ, µ ∈ K. The map {·, ·} is called the Poisson bracket.

Condition (4) guarantees that {·, ·} is a Lie bracket on A, and condition (3) implies
that for all a ∈ A, the operator {a, ·} is a derivation of the algebra A.

Example 3.2. Let C[x, y, z] be the polynomial ring in three variables and write
x1 = x, x2 = y and x3 = z. For arbitrary C ∈ C[x, y, z], one can show that

{xi, xj} = εijk∂kC,

where εijk denotes the totally antisymmetric symbol with ε123 = 1, is a Poisson
bracket on C[x, y, z]. Note that since

{xi, C} = {xi, xk}∂kC = εikl(∂lC)(∂kC) = 0,

due to the fact that εikl = −εilk and (∂lC)(∂kC) is symmetric when interchanging
k and l, the Poisson structure is well defined on the quotient algebra C[x, y, z]/(C).
For instance, let us choose C = 1

2 (x2 + y2 + z2 − 1), giving

{x, y} = ∂zC = z, {y, z} = ∂xC = x and {z, x} = ∂yC = y

and let us explicitly check (4)

{{x, y}, z}+ {{y, z}, x}+ {{z, x}, y} = {∂zC, z}+ {∂xC, x}+ {∂yC, y}
= {z, z}+ {x, x}+ {y, y} = 0.

By the above argument this also defines a Poisson structure on the quotient algebra

A = C[x, y, z]/(x2 + y2 + z2 − 1).

Let us recall some basic facts of direct sums and tensor products of Poisson
algebras. Firstly, we recall that the tensor product A⊗A′ of two Poisson algebras
(A, {·, ·}) and (A′, {·, ·}′) is a Poisson algebra with Poisson bracket

{a1 ⊗ a2, b1 ⊗ b2} = {a1, b1} ⊗ a2b2 + a1b1 ⊗ {a2, b2}′, (3.1)

for a1, b1 ∈ A and a2, b2 ∈ A′ (see e.g. [9]).
Secondly, the direct sum of two Poisson algebras A ⊕ A′ is a Poisson algebra

with Poisson bracket

{(a1, a2), (b1, b2)} = ({a1, b1}, {a2, b2}′) (3.2)

for a1, b1 ∈ A and a2, b2 ∈ A′.
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3.2 Kähler-Poisson algebras

Let us consider a unital Poisson algebra (A, {·, ·}), over a field K (either R or C)
and let {x1, ..., xm} be a set of distinguished elements of A. These elements play
the role of functions providing an embedding into Rm in the geometrical case [1, 2].

Kähler-Poisson algebras as defined below are, in a natural way, metric Lie-
Rinehart algebras, which implies that the results of Chapter 2 can be applied; in
particular, there exists a unique torsion-free metric connection on every Kähler-
Poisson algebra. Lie-Rinehart algebras related to Poisson algebras have been ex-
tensively studied by Huebschmann [12, 13], although metric aspects were not con-
sidered there. In the following, we study metric aspects by defining Kähler-Poisson
algebras as algebraic analogues of the algebra of functions on Kähler manifolds. At
the end, detailed examples are provided in order to illustrate the novel concepts.
We continue with the main definition of this thesis.

Definition 3.3. Let (A, {·, ·}) be a Poisson algebra over K and let x1, ..., xm ∈ A.
Given a symmetric m×m matrix g = (gij) with entries gij ∈ A, for i, j = 1, ...,m,
we say that the triple K = (A, g, {x1, ..., xm}) is a Kähler-Poisson algebra if there
exists η ∈ A such that

m∑

i,j,k,l

η{a, xi}gij{xj , xk}gkl{xl, b} = –{a, b} (3.3)

for all a, b ∈ A. Moreover, we set Pij={xi, xj}.

Remark 3.4. From now on, we shall use the differential geometric convention that
repeated indices are summed over from 1 to m, and omit explicit summation
symbols.

Remark 3.5. If A is generated by x1, ..., xm (that is, every element of A is a
polynomial in the variables x1, ..., xm) then the Poisson structure is completely
determined by Pij .
Note that if a and b are polynomials in x1, . . . , xm then

{a, b} = {xi, xj} ∂a
∂xi

∂b

∂xj
= Pij ∂a

∂xi
∂b

∂xj

due to the fact that the Poisson bracket is a derivation in both arguments see
Definition 3.1(3). For example in the case of two generators, where the Poisson
structure is determined by {x, y},

{x2 + x, y} = 2x{x, y}+ {x, y}.

For an algebra generated by x1, ..., xm, condition (3.3) is equivalent to

ηPgPgP = –P, (3.4)

where P = (Pij) and g = (gij) (in Definition 3.3) are considered as (m × m)-
matrices and the product in the expression above is matrix multiplication.
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In Section 3.6 we will provide a rather general way to associate a localization
A[α−1] and a metric g to a Poisson algebra (A, {·, ·}), such that

(A[α−1], g, {x1, ..., xm})

is a Kähler-Poisson algebra with η = α−1. Namely, as we shall see, finding a
metric g and α ∈ A such that

PgPgP = −αP

may be easy; if α is invertible then one obtains a Kähler-Poisson algebra with
η = α−1. However, if α is not invertible, then one may add the inverse to the
algebra and obtain a localization which defines a Kähler-Poisson algebra with
η = α−1. Let us now consider a few examples of Kähler-Poisson algebras. More
details can be found in [4].

Example 3.6. Let A = C[x, y, z] and define a Poisson algebra structure by setting

{x, y} = λ1 {y, z} = λ2 {z, x} = λ3

with λ1, λ2, λ3 ∈ C (note that the Jacobi identity is trivially satisfied for a constant
Poisson bracket). One sets

P = (Pij) =




0 λ1 −λ3

−λ1 0 λ2

λ3 −λ2 0




and it is easy to check that for the matrix

g = µ




1 0 0
0 1 0
0 0 1


 ,

with µ ∈ C, one obtains

PgPgP = −µ(λ2
1 + λ2

2 + λ2
3)P.

Hence, (A, g, {x, y, z}) is a Kähler-Poisson algebra with

η =
1

µ(λ2
1 + λ2

2 + λ2
3)
∈ C.

Example 3.7. As explained in Example 3.2, A = C[x, y, z]/(x2 + y2 + z2 − 1) is
a Poisson algebra with respect to {x, y} = z, {y, z} = x and {z, x} = y. With

P = (Pij) =




0 z x
−z 0 y
−x −y 0




and

g =




1 0 0
0 1 0
0 0 1
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one obtains

PgPgP = −P.

Therefore, (A, g, {x, y, z}) is a Kähler-Poisson algebra with η = 1.

Example 3.8. Let A be a Poisson algebra generated by two elements x1 = x and
x2 = y. Let

P = (Pij) =

(
0 {x, y}

−{x, y} 0

)

It is easy to check that for the matrix

g =

(
x x+ y

x+ y y

)
, with det(g) = xy − (x+ y)2

we obtain,

PgPgP = −{x, y}2 det(g)P,

implying that η = ({x, y}2 det(g))−1. However, if this inverse does not exist in
the algebra, one can localize A, as long as {x, y}2 det(g) is not a zero-divisor, to
obtain a Kähler-Poisson algebra

K = (A[({x, y}2 det(g))−1], g, {x, y}).

Example 3.9. Let A be a Poisson algebra generated by one element x. Let x1 = x,
x2 = 2x giving

P = ({xi, xj}) =

(
0 {x, 2x}

−{x, 2x} 0

)
=

(
0 0
0 0

)
,

and therefore PgPgP = 0 for any metric g. Hence, for arbitrary g and η it holds
that ηPgPgP = −P implying that (A, g, {x, 2x}) is a Kähler-Poisson algebra.

Example 3.10. Let A be a Poisson algebra generated by two elements x and, y.
Let x1 = x+ y, x2 = x− y and

P =

(
0 {x+ y, x− y}

−{x+ y, x− y} 0

)
=

(
0 −2{x, y}

2{x, y} 0

)

It is easy to check that for the matrix

g =

(
{x, y} 1

1 {x, y}

)
,where det(g) = {x, y}2 − 1

one obtains,

PgPgP = −{x+ y, x− y}2({x, y}2 − 1)P,
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and

η = ({x+ y, x− y}2 det(g))−1 = ({x+ y, x− y}2({x, y}2 − 1))−1

= ((−2{x, y})2({x, y}2 − 1))−1.

Thus, as long as {x + y, x − y}2 det(g) is not a zero-divisor, one can localize to
obtain a Kähler-Poisson algebra

K = (A[(4{x, y}2 det(g))−1], g, {x, y}).

Given a Kähler-Poisson algebra K = (A, g, {x1, ..., xm}), we let g denote the
A-module generated by all inner derivations , i.e.

g = {a1{c1, .}+ ...+ aN{cN , .} : ai, c
i ∈ A and N ∈ N}.

It is standard fact that g is a Lie algebra over K with respect to the bracket

[α, β](a) = α(β(a))− β(α(a)),

where α, β ∈ g and a ∈ A (see e.g.[10]).
Let us now show that (A, g) is a Lie-Rinehart algebra (cf. also Example 2.2).

Indeed, choosing ω(α) = α for all α ∈ g, let show that the conditions in Definition
2.1 are satisfied. The first condition

ω(aα)(b) = a(ω(α)(b)

is satisfied, since ω(aα)(b) = aα(b) and a(ω(α)(b) = aα(b), where a, b ∈ A. The
second condition

[α, aβ](c) = a[α, β](c) + (ω(α)(a)β(c)

is also satisfied, since

[α, aβ](c) = α(aβ(c))− aβ(α(c)) = aαβ(c) + α(a)β(c)− aβ(α(c))

and

a[α, β](c) + (ω(α)(a)β(c) = a(α(β(c))− β(α(c))) + (α(a))β(c)

= aαβ(c)− aβ(α(c)) + β(c)α(a)

for a, c ∈ A. Hence, (A, g) is a Lie-Rinehart algebra.
The matrix g provides a metric on g, defined by

g(α, β) = α(xi)gijβ(xi). (3.5)

To the metric g one can associate a map ĝ : g→ g∗ defined as

ĝ(α)(β) = g(α, β).

The following result shows that g is a metric on g in the sense of Definition 2.4.
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Proposition 3.11 ([3]). If K = (A, g, {x1, ..., xm}) is a Kähler-Poisson algebra
then the metric g is non-degenerate; i.e. the map ĝ : g → g∗ is a module isomor-
phism.

Therefore, Proposition 3.11 implies that (A, g, g) is a metric Lie-Rinehart algebra.
Let us now introduce some notation for Kähler-Poisson algebras. We recall

Pij = {xi, xj}

and we set

Pi(a) = {xi, a}

for a ∈ A, as well as

Dij = η{xi, xl}glk{xj , xk}
Di(a) = η{xk, a}gkl{xl, xi}.

Note that Dij = Dji. The metric g will be used to lower indices in analogy with
differential geometry; e.g.

Pij = Pikgkj Di j = Dikgkj Di = gijDj .

With respect to this notation, (3.3) can be stated as

Di(a)Pi(b) = {a, b}, (3.6)

and one immediately derives the following identities

DijPj(a) = Pi(a) PijDj(a) = Pi(a) DijDjk = Djk. (3.7)

Furthermore, there is a natural embedding ι : g→ Am, given by

ι(ai{bi, .}) = ai{bi, xk}ek,

where Am is a free module and {ek}mk=1 denotes the canonical basis of Am, and g
induces a bilinear form on Am via

g(X,Y ) = XigijY
j

for X = Xiei ∈ Am and Y = Y iei ∈ Am. Finally, we introduce D : Am → Am by
setting

D(X) = Di jXjei

for X = Xiei ∈ Am.

Proposition 3.12 ([3]). The map D : Am → Am is an orthogonal projection, i.e.

D2(X) = D(X) and g(D(X), Y ) = g(X,D(Y ))

for all X,Y ∈ Am.
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From Proposition 3.12 we conclude that TA = im(D) is a finitely generated
projective module. Moreover, one can show that the map ι : g→ Am is in fact an
isomorphism from g to TA, leading to the following result.

Proposition 3.13. g is a finitely generated projective module and the A-module
g is generated by {D1, ...,Dm}.

Note that the above result is clearly not dependent on whether or not the
underlying Poisson algebra has the structure of a Kähler-Poisson algebra, as the
definition of g involves only inner derivations. Hence, as soon as the Poisson
algebra admits the structure of a Kähler-Poisson algebra, it follows that the module
of inner derivations is projective.

We will now give a generalization of Examples 3.8 and 3.10. As shown below,
every Poisson-algebra generated by two and three elements is associated with a
Kähler-Poisson algebra. Let A be a Poisson algebra generated by two elements
x1 = x ∈ A and, x2 = y ∈ A and set

P =

(
0 {x, y}

−{x, y} 0

)

It is easy to check that for an arbitrary symmetric matrix

g =

(
g11 g12

g12 g22

)
,

with g11, g12, g22 ∈ A, one obtains

PgPgP = −{x, y}2 det(g)P,

giving η = ({x, y}2 det(g))−1. Thus, as long as {x, y}2 det(g) is not a zero-divisor,
one can localize A to obtain a Kähler-Poisson algebra

K = (A[({x, y}2 det(g))−1], g, {x, y}).

Similarly, let A be a Poisson algebra generated by three elements

x1 = x x2 = y x3 = z.

Writing {x, y} = a, {y, z} = b and {z, x} = c, i.e.

P =




0 a −c
−a 0 b
c −b 0




It is easy to check that for an arbitrary symmetric matrix g

PgPgP = −τP,

with

τ = a2|g|33 + b2|g|11 + c2|g|22 + 2ab|g|31 − 2ac|g|32 − 2bc|g|21,
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and |g|ij denotes the determinant of the matrix obtained from g by deleting the
i’th row and the j’th column. Thus, via localization, one can construct the Kähler-
Poisson algebra

K = (A[τ−1], g, {x, y, z}).

In particular, if g = diag(λ, λ, λ), then τ = λ2(a2 + b2 + c2).

Example 3.14. Let AC = C[x, y, z] and define a Poisson structure on AC via
(cf. Example 3.2)

{x, y} = ∂zC {y, z} = ∂xC {z, x} = ∂yC

i.e

P =




0 ∂zC −∂yC
−∂zC 0 ∂xC
∂yC −∂xC 0


 .

Consider the Kähler-Poisson algebra obtained from AC by choosing the metric
g = diag(µ, µ, µ). One obtains

PgPgP = −µ2((∂zC)2 + (∂yC)2 + (∂xC)2)P.

giving

η = µ2
(
(∂xC)2 + (∂yC)2 + (∂zC)2

)−1
.

For instance, for

C =
1

n+ 1
(xn+1 + yn+1 + zn+1)− λxyz,

with λ ∈ R, one obtains

PgPgP = −µ2((xn − λyz)2 + (yn − λxz)2 + (zn − λxy)2)P.

Therefore,

η = (µ2((xn − λyz)2 + (yn − λxz)2 + (zn − λxy)2))−1,

giving the Kähler-Poisson algebra

K = (A[(µ2((xn − λyz)2 + (yn − λxz)2 + (zn − λxy)2))−1], g, {x, y, z}).

3.3 Homomorphisms of Kähler-Poisson algebras

We are interested in understanding maps between Kähler-Poisson algebras as well
as their algebraic properties. Let K and K′ be Kähler-Poisson algebras. We would
like to understand when K and K′ are isomorphic. As Kähler-Poisson algebras are
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also metric Lie-Rinehart algebras, as we saw in Chapter 3, we shall require that
a morphism of Kähler-Poisson algebras is also a morphism of metric Lie-Rinehart
algebras. However, as the definition of a Kähler-Poisson algebra involves the choice
of a set of distinguished elements, we require a morphism to respect the subalgebra
generated by these elements. Furthermore, we will introduce subalgebras, direct
sums and tensor products of Kähler-Poisson algebras by using the concept of
morphisms. To this end, we start by making the following definition.

Definition 3.15. Given a Kähler-Poisson algebra K = (A, g, {x1, ..., xm}), let
Afin ⊆ A denote the subalgebra generated by {x1, ..., xm}.

Note that Afin is not necessarily a Poisson subalgebra of A. Equipped with
this definition, we introduce morphisms of Kähler-Poisson algebras in the following
way.

Definition 3.16. Let K = (A, g, {x1, ..., xm}) and K′ = (A′, g′, {y1, ..., ym′}) be
Kähler-Poisson algebras together with their corresponding modules of derivations
g and g′, respectively. A morphism of Kähler-Poisson algebras is a pair of maps
(φ, ψ), with φ : A → A′ a Poisson algebra homomorphism and ψ : g → g′ a Lie
algebra homomorphism, such that

1. ψ(aα) = φ(a)ψ(α),

2. φ(α(a)) = ψ(α)(φ(a)),

3. φ(g(α, β)) = g′(ψ(α), ψ(β)),

4. φ(Afin) ⊆ A′fin,

for all a ∈ A and α, β ∈ g.

Remark 3.17. Note that a morphism of Kähler-Poisson algebras is also a morphism
of the underlying Lie-Rinehart algebras.

Furthermore, in next Proposition we show that the composition of two Kähler-
Poisson algebra morphisms is a again morphism of Kähler-Poisson algebras.

Proposition 3.18. Let K = (A, g, {x1, ..., xm}), K′ = (A′, g′, {y1, ..., ym′}) and
K′′ = (A′′, g′′, {z1, ..., zm′′}) be a Kähler-Poisson algebras. If (φ, ψ) : K → K′
and (φ′, ψ′) : K′ → K′′ are homomorphisms of Kähler-Poisson algebras then the
composition (φ′ ◦ φ, ψ′ ◦ ψ) : K → K′′ is a homomorphism of Kähler-Poisson
algebras.

Remark 3.19. Note that, the composition of Kähler-Poisson algebra morphism is
associative and the identity (idA, idg) of K = (A, g, {x1, ..., xm}) with idA : A → A
and idg : g→ g is a morphism of Kähler-Poisson algebras.

Remark 3.20. An isomorphism of Kähler-Poisson algebras is a morphism (φ, ψ)
of Kähler-Poisson algebras such that φ is a Poisson algebra isomorphism and
φ(Afin) = A′fin. Observe that, in this case, ψ can always be constructed from
φ (via 2. in Definition 3.16). When two Kähler-Poisson algebras K and K′ are
isomorphic, we write K ∼= K′.
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Before continuing, we need to introduce some notation. Let (A, {·, ·}) and
(A′, {·, ·}′) be a Poisson algebras and let xi ∈ A for i = 1, ...,m. If p ∈ A is a
polynomial in {x1, ..., xm} then, using Leibniz rule, one may compute

{p, a} =
∂p

∂xi
{xi, a} (3.8)

where ∂p
∂xi denotes the formal derivative of the polynomial p with respect to the

variable xi. Note that, in general, ∂p
∂xi is itself not well-defined in the algebra,

since there might exist several different (but equivalent) representations of p as
a polynomial in x1, ..., xm, and the formal derivative then yields several, possibly
non-equivalent, elements of the algebra. However, the combination in (3.8) is
always well-defined, and gives the same result for all representations of p.

Given a matrix M = (mij) over A, we set φ(M) = (φ(mij)). Given a mor-
phism (φ, ψ) : (A, g, {x1, ..., xm}) → (A′, g′, {y1, ..., ym′}), it will be convenient to
introduce the notation

Aiα =
∂φ(xi)

∂yα

(keeping in mind that this is not well-defined by itself); recall that if (φ, ψ) is a
morphism of Kähler-Poisson algebras, then φ(Afin) ⊆ A′fin, ensuring that φ(xi) is
indeed a polynomial in y1, ..., ym′. This notation allows us to write

φ({xi, xj}) = {φ(xi), φ(xj)}′ = Aiα{yα, yβ}′Ajβ

in matrix notation as

φ(P) = AP ′AT ,

where P = ({xi, xj}) and P ′ = ({yα, yβ}′).
In the following, we shall consider a number of examples in order to explore

when Kähler-Poisson algebras are isomorphic. A standing assumption is that all
the algebras have been properly localized to allow for the construction of a Kähler-
Poisson algebra (cf. examples in Chapter 3). Now given two Kähler-Poisson
algebras K = (A, g, {x1, ..., xm}) and K′ = (A′, g′, {y1, ..., ym′}), we would like to
understand when they are isomorphic. Let us start with the case when A = A′,
but where we choose two distinct sets of generators.

Example 3.21. Let (A, {·, ·}) be a Poisson algebra generated by two elements
x, y. From the previous general considerations we know that K = (A, g, {x1, x2}) =
(A, g, {x, y}) is a Kähler-Poisson algebra for arbitrary symmetric matrices

g =

(
g11 g12

g12 g22

)
,

with

η =
(
{x, y}2 det(g)

)−1
.
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Now, let K′ = (A, h, {y1, y2, y3}) = (A, h, {x, y, x}) with

P ′ =




0 λ 0
−λ 0 −λ
0 λ 0


 ,

where λ = {x, y}. It is easy to check that for the symmetric matrix h

h =




1
4g11

1
2g12

1
4g11

1
2g12 g22

1
2g12

1
4g11

1
2g12

1
4g11


 ,

one obtains

P ′hP ′hP ′ = −{x, y}2 det(g)P ′,

giving η′ = ({x, y}2 det(g))−1 = η. Now let us check that K ∼= K′ by using Defini-
tion 3.16. From

g = {a1{x, ·}+ a2{y, ·} : a1, a2 ∈ A}

and

g′ = {a1{x, ·}+ a2{y, ·}+ a3{x, ·} : a1, a2, a3 ∈ A}
= {(a1 + a3){x, ·}+ a2{y, ·} : a1, a2, a3 ∈ A},

we conclude that g = g′. To prove that K ∼= K′, we need to define the maps
φ : A → A and ψ : g→ g. By choosing φ = id and ψ = id we will show that (φ, ψ)
is an isomorphism of Kähler Poisson algebras. Properties (1),(2),(4) in Definition
3.16 are easily seen to be satisfied. To check property (3), one needs to show that

φ(g(α, β)) = h(ψ(α), ψ(β)) = h(α, β).

Starting from the right hand side we get

h(ψ(α), ψ(β)) = h(α, β) =

3∑

i,j=1

α(yi)hijβ(yj)

= α(x)g11β(x) + α(x)g12β(y) + α(y)g12β(x) + α(y)g22β(y).

From the left hand side we get

φ(g(α, β)) =

2∑

i,j=1

α(xi)gijβ(xj)

= α(x)g11β(x) + α(x)g12β(y) + α(y)g12β(x) + α(y)g22β(y).

Therefore, φ(g(α, β)) = h(ψ(α), ψ(β)), which shows that K ∼= K′.
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Note that the above example extends to the case where we choose more (de-
pendent) generators of the finitely generated algebra, giving many possible pre-
sentations of the same Kähler-Poisson algebra. Next, let us explore the case when
we choose different, but the same number of, generators for the algebra.

Example 3.22. Let (A, {., .}) be a Poisson algebra generated by two elements x,y.
Again, it follows that K = (A, g, {x1, x2}) = (A, g, {x, y}) is a Kähler-Poisson
algebra for arbitrary symmetric matrices

g =

(
g11 g12

g12 g22

)
,

with

η =
(
{x, y}2 det(g)

)−1
.

For K′ = (A, h, {y1, y2}) = (A, h, {x, x+ y}), one obtains

P ′ =

(
0 {x, y}

−{x, y} 0

)
.

It is easy to check that for the symmetric matrix h

h =

(
h11 h12

h12 h22

)
,

one obtains
P ′hP ′hP ′ = −{x, y}2 det(h)P ′, (3.9)

giving η′ = ({x, y}2 det(h))−1. Let us try to find h such that K ∼= K′. one easily
sees that g = g′ as in the previous example. To prove that K ∼= K′, we need to
define the maps φ : A → A and ψ : g → g. By choosing φ = id and ψ = id we
will show that (φ, ψ) is an isomorphism of Kähler Poisson algebras for a suitable
choice of matrix h. Properties (1),(2),(4) in Definition 3.16 are satisfied. To check
property (3), one needs to show that

g(α, β) = h(α, β).

Starting from the left hand side we get

φ(g(α, β)) =

2∑

i,j=1

α(xi)gijβ(xj)

= α(x)g11β(x) + α(x)g12β(y) + α(y)g21β(x) + α(y)g22β(y).

From the right hand side we get

h(α,β) =

2∑

i,j=1

α(yi)hijβ(yj)

= α(x)h11β(x) + α(x)h12β(x) + α(x)h12β(y) + α(x)h21β(x) + α(y)h21β(x)

+ α(y)h22β(x) + α(y)h22β(x) + α(x)h22β(y) + α(y)h22β(y).
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For these two expressions to coincide, we conclude that the symmetric matrix h
becomes

h =

(
g11 − 2g12 + g22 g12 − g22

g21 − g22 g22

)
.

We check that

det(h) = det(g),

and setting det(h) in equation (3.9) one get

P ′hP ′hP ′ = −{x, y}2 det(g)P ′.

giving η′ = ({x, y}2 det(g))−1 = η. We conclude that g(α, β) = h(α, β), which
shows that K ∼= K′.

Example 3.23. Let (A, {., .}) be a Poisson algebra generated by two elements
x1 = x, x2 = y. We know that K = (A, g, {x, y}) is a Kähler-Poisson algebra for
arbitrary symmetric matrices

g =

(
g11 g12

g12 g22

)
,

with

η =
(
{x, y}2 det(g)

)−1
.

For K′ = (A, h, {x+ y, x− y}), one obtains

P ′ =

(
0 −2{x, y}

2{x, y} 0

)
.

It is easy to check that for the symmetric matrix h

h =

(
h11 h12

h12 h22

)
,

one obtains

P ′hP ′hP ′ = −4{x, y}2 det(h)P ′, (3.10)

giving η′ = (4{x, y}2 det(h))−1. Let us try to find h such that K ∼= K′. One sees
that g = g′ as in the previous examples. To prove that K ∼= K′, we need to define
the maps φ : A → A and ψ : g→ g. By choosing φ = id and ψ = id we will show
that (φ, ψ) is an isomorphism of Kähler Poisson algebras for a suitable choice of
matrix h. Properties (1),(2),(4) in Definition 3.16 are satisfied. To check property
(3), one needs to show that

g(α, β) = h(α, β).
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Starting from the left hand side we get

g(α, β) = α(xi)gijβ(xj)

= α(x)g11β(x) + α(x)g12β(y) + α(y)g21β(x) + α(y)g22β(y).

From the right hand side we get

h(α, β) = α(xi)hijβ(xj)

= α(x)h11β(x) + α(x)h11β(y) + α(y)h11β(x) + α(y)h11β(y) + 2α(x)h12β(x)

− 2α(y)h12β(y) + α(x)h22β(x)− α(x)h22β(y)− α(y)h22β(x) + α(y)h22β(y).

Therefore, the symmetric matrix h becomes

h =
1

4

(
g11 + 2g12 + g22 g11 − g22

g11 − g22 g11 − 2g12 + g22

)
,

giving

det(h) =
1

4
det(g).

Setting det(h) in equation (3.10) one obtains

P ′hP ′hP ′ = −{x, y}2 det(g)P ′

giving η′ = ({x, y}2 det(g))−1 = η. We conclude that g(α, β) = h(α, β), which
shows that K ∼= K′.

The above examples show explicitly how isomorphic finitely generated Kähler-
Poisson algebras may be presented in many different ways, due to different choices
of generators.

3.4 Subalgebras of Kähler-Poisson algebras

After having defined Kähler-Poisson algebras it is natural to consider subalgebras
of Kähler-Poisson algebras, which are defined below by using the concept of mor-
phism from Definition 3.16. Moreover, we show that the image of a Kähler-Poisson
algebra morphism is a Kähler-Poisson algebra.

Definition 3.24. Let K = (A, g, {x1, ..., xm}) and K′ = (A′, g′, {y1, ..., ym′}) be
Kähler-Poisson algebras together with their corresponding modules of derivations
g and g′, respectively. K is a Kähler-Poisson subalgebra of K′ if:

(A) A is a Poisson subalgebra of A′,

(B) (id |A, id |g) is a homomorphism of Kähler-Poisson algebras, where id |A and
id |g denote the identity maps restricted to A and g, respectively.
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Given two Kähler-Poisson algebras K and K′, we illustrate with examples when
K is a Kähler-Poisson subalgebra of K′, whereA is a proper Poisson subalgebra of a
finitely generated Poisson algebraA′. Note that the property (B) in Definition 3.24
determines the metric g on K.

Example 3.25. Let K = (A, g, {x, y}) and K′ = (A′, g′, {x, y, z}) be Kähler-
Poisson algebras, where A is a subalgebra of A′ generated by {x, y} and A′ gen-
erated by {x, y, z} such that {x, y} = p(x, y) and {x, z} = {y, z} = 0. Let us now
determine the metric g (in terms of g′) such that K is a Kähler-Poisson subalgebra
of K′. Since A is a Poisson subalgebra of A′, to show that K is a Kähler-Poisson
subalgebra of K′, we only need to show that (id |A, id |g) satisfies the properties in
Definition 3.16. This fact determines the metric g on K. The only non-trivial
condition is (3). We see that

φ(g(α, β)) = g′(ψ(α), ψ(β))

since

φ(g(α, β)) = α(x)g11β(x) + α(x)g12β(y) + α(y)g21β(x) + α(y)g22β(y),

and

g′(ψ(α), ψ(β)) = g′(α, β) =

3∑

i,j=1

α(xi)g′ijβ(xj)

= α(x)g′11β(x) + α(x)g′12β(y) + α(y)g′21β(x) + α(y)g′22β(y),

since α = ai{xi, .} = a1{x, .}+a2{y, .} ∈ g, giving α(z) = a1{x, z}+a2{y, z} = 0.
Similarly, β(z) = 0. By comparing both sides φ(g(α, β)) and g′(ψ(α), ψ(β)),

we conclude that g11 = g′11 ,g12 = g′12 ,g21 = g′21 and g22 = g′22

g =

(
g′11 g′12

g′21 g′22

)

Therefore, φ(g(α, β)) = g′(ψ(α), ψ(β)). Therefore, K is a Kähler-Poisson subal-
gebra of K′ if is g obtained from g′ as above.

Let us take another example with different number of generators.

Example 3.26. Let K = (A, g, {x, y}) and K′ = (A′, g′, {x, y, z, w}) be Kähler-
Poisson algebras, where A is a subalgebra of A′ generated by {x, y} and A′ gener-
ated by {x, y, z, w} with {x, y} = p(x, y), {z, w} = q(z, w) and {x, z} = {x,w} =
{y, z} = {y, w} = 0. Let us now determine the metric g (in terms of g′) such
that K is a Kähler-Poisson subalgebra of K′. To show that K is a Kähler-Poisson
subalgebra of K′ we need to show that (id |A, id |g) satisfies the properties in Def-
inition 3.16. The only non-trivial condition is (3). We show that φ(g(α, β)) =
g′(ψ(α), ψ(β)). The left hand side is

φ(g(α, β)) = α(x)g11β(x) + α(x)g12β(y) + α(y)g21β(x) + α(y)g22β(y),
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and the right hand side is

g′(ψ(α), ψ(β)) = g′(α, β)

= α(x)g′11β(x) + α(x)g′12β(y) + α(y)g′21β(x) + α(y)g′22β(y),

since, α = ai{xi, .} = a1{x, .}+a2{y, .} ∈ g, we get α(z) = a1{x, z}+a2{y, z} = 0.
Similarly, α(w) = β(z) = β(w) = 0. By comparing both sides φ(g(α, β)) and

g′(ψ(α), ψ(β)), we conclude that g11 = g′11 ,g12 = g′12 ,g21 = g′21 and g22 = g′22

g =

(
g′11 g′12

g′21 g′22

)

Therefore, φ(g(α, β)) = g′(ψ(α), ψ(β)).
(4) By construction we have that φ(Afin) ⊆ A′fin.

Therefore, K is a Kähler-Poisson subalgebra of K′ if g is obtained from g′ as above.

Above we have given examples of when K = (A, g, {x1, ..., xm}) is a Kähler-
Poisson subalgebra of K′ = (A′, g′, {y1, ..., ym′}), where A is a Poisson subalgebra
of A′. The next result shows that one may construct a Kähler-Poisson algebra
from the image of a morphism (φ, ψ) : K → K′ in the following way.

Proposition 3.27. Let K = (A, g, {x1, ..., xm}) and K′ = (A′, g′, {y1, ..., ym′}) be
Kähler-Poisson algebras, and let (φ, ψ) : K → K′ be a homomorphism of Kähler-
Poisson algebras. If yJ ∈ φ(A) for J = 1, ...,m′ then

Im(φ, ψ) = (φ(A), g̃, {φ(x1), φ(x2), . . . , φ(xm)})
is a Kähler-Poisson subalgebra of K′, where

g̃kl = φ(ηPkm){φ(xm), yJ}′g′JMφ(ηPln){φ(xn), yM}′. (3.11)

3.5 Direct sums and tensor products of Kähler-

Poisson algebras

Let K = (A, g, {x1, ..., xm}) and K′ = (A′, g′, {y1, ..., ym′}) be Kähler-Poisson al-
gebras. In this section, we are interested in defining operations of Kähler-Poisson
algebras. In particular, we introduce direct sums and tensor products of Kähler-
Poisson algebras and study properties of these operations. We prove that, direct
sums and tensor products of two Kähler-Poisson algebras are Kähler-Poisson al-
gebras and it is shown that K and K′ are subalgebras of the direct sum K ⊕ K′.
We refer to Section 3.1 for the basic notions of direct sums and tensor products
of Poisson algebras. In next proposition, the direct sum of two Kähler-Poisson
algebras is defined, and we show that it is indeed a Kähler-Poisson algebra.

Proposition 3.28. Let K = (A, g, {x1, ..., xm}) and K′ = (A′, g′, {y1, ..., ym′}) be
Kähler-Poisson algebras, and set K ⊕K′ = (A⊕A′, ĝ, {z1, ..., zm+m′}) where

zI =

{
(xI , 0) if I ∈ {1, ...,m}
(0, yI−m) if I ∈ {m+ 1, ...,m+m′},
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and

ĝIJ =





(gIJ , 0) if I, J ∈ {1, ...,m}
(0, g′I−m,J−m) if I, J ∈ {m+ 1, ...,m+m′}
(0, 0) otherwise.

Then K ⊕K′ is a Kähler-Poisson algebra.

A natural property of the direct sum of algebras is that each factor is a subal-
gebra of the direct sum. The next proposition shows that this result is true also
for Kähler-Poisson algebras. However, let us first introduce a concrete description
of the direct sum of the modules of inner derivations.

Remark 3.29. The module of inner derivations of A⊕A′ can be written as:

g⊕ g′ = {(α, β) : α ∈ g and β ∈ g′}

since given α̃ ∈ g⊕ g′

α̃(c, d) =

m+m′∑

I=1

(aI , bI){zI , (c, d)} =

m∑

I=1

(aI{xI , c}, 0) +

m+m′∑

I=m+1

(0, bI{yI−m, d})

= (α(c), β(d)) = (α, β)(c, d),

with

α =

m∑

I=1

aI{xI , ·} and β =

m′∑

I=1

bI+m{yI , ·}.

Proposition 3.30. Let K = (A, g, {x1, ..., xm}) and K′ = (A′, g′, {y1, ..., ym′}) be
Kähler-Poisson algebras, then K and K′ are Kähler-Poisson subalgebras of K⊕K′.

To define the tensor product of Kähler-Poisson algebras, one has to take a little
bit more care. Recall that in the geometric situation of Kähler manifolds, η is given
as a positive function (in fact, as the square of a real function), implying that

√
η

exists. However, in the purely algebraic setting, this is not necessarily true. The
next proposition shows that the tensor product of Kähler-Poisson algebras can be
defined under the assumption that

√
η exists in the algebra.

Proposition 3.31. Let K = (A, g, {x1, ..., xm}) and K′ = (A′, g′, {y1, ..., ym′})
with

m∑

i,j,k,l=1

η{a1, x
i}gij{xj , xk}gkl{xl, b1} = −{a1, b1}

and

m′∑

α,β,γ,δ=1

η′{a2, y
α}′g′αβ{yβ , yγ}′g′γδ{yδ, b2}′ = −{a2, b2}′
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be Kähler-Poisson algebras, and assume that there exist ρ ∈ A and ρ′ ∈ A′ such
that ρ2 = η and ρ′2 = η′. Set K ⊗K′ = (A⊗A′, g̃, {z1, ..., zm+m′}) where

zI =

{
xI ⊗ 1 if I ∈ {1, ...,m}
1⊗ yI−m if I ∈ {m+ 1, ...,m+m′},

and

g̃IJ =





ρgIJ ⊗ 1 if I, J ∈ {1, ...,m}
1⊗ ρ′g′I−m,J−m if I, J ∈ {m+ 1, ...,m+m′}
0 otherwise.

Then K ⊗K′ is a Kähler-Poisson algebra.

3.6 Construction of Kähler-Poisson algebras

Given a Poisson algebra {A, {., .}} one may ask if there exist {x1, ..., xm} and
(gij) such that {A, {x1, ..., xm}, g} is a Kähler-Poisson algebra? In the previous
section we have seen that Poisson algebras generated by two or three variables
can always (up to zero-divisors) be localized such that the resulting algebra is a
Kähler-Poisson algebra. In this section we will show that a similar result holds true
for a large class of Poisson algebras, by outlining a construction procedure which
yields a metric inducing a Kähler-Poisson algebra structure for a given Poisson
algebra.

Let A be a finitely generated algebra, and let {x1, . . . , xm} be an arbitrary
set of generators. As usual, denoting by P the matrix with entries {xi, xj} and
by g the symmetric matrix with entries gij , the Kähler-Poisson condition (3.3) is
written in matrix notation as

ηPgPgP = −P.
In the following, we provide a rather general way to associate a localization A[λ−1]
and a metric g to A, such that (A[λ−1], {x1, ..., xm}, g) is a Kähler-Poisson algebra.
To this end, we start by proving a general result for anti-symmetric matrices with
entries in a commutative ring.

Thus, let P be an arbitrary antisymmetric matrix with entries in a commutative
ring R. We will start by writing P as being similar to a block diagonal matrix.
This is a well known result in linear algebra, in which case the eigenvalues appear
in the diagonal blocks. For an antisymmetric matrix with entries in a commutative
ring, a similar result holds.

Proposition 3.32 ([3]). Let R be a commutative ring and let MN (R) denote
the set of N × N matrices with entries in R. Moreover, let P ∈ MN (R) be an
antisymmetric matrix, and let N̂ denote the integer part of N/2. Then there exists
V ∈MN (R) and λ1, ..., λN̂ ∈ R such that

V TPV = diag(Λ1, ...,ΛN̂ ) if N is even

V TPV = diag(Λ1, ...,ΛN̂ , 0) if N is odd,
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where

Λk =

(
0 λk
−λk 0

)
.

Returning to the case of a Poisson algebra generated by x1, ..., xm, assume for the
ease of presentation that m = 2N for a positive integer N . By Proposition 3.32,
there exists a matrix V such that

V TPV = P0

where P0 is a block diagonal matrix of the form

P0 = diag(Λ1, ...,ΛN ),

with

Λk =

(
0 λk
−λk 0

)
.

Similarly, define λ = λ1 · · ·λN and g0 = diag(g1, ..., gN ) with

gk =
λ

λk

(
1 0
0 1

)

for k = 1, ..., N and set g = V g0V
T . Noticing that

P0g0P0g0P0 = −λ2P0

one finds

0 = P0g0P0g0P0 + λ2P0 = V T (PgPgP + λ2P)V.

It is a general fact that for an arbitrary matrix V there exists a matrix Ṽ such
that Ṽ V = V Ṽ = (detV )1. Multiplying the above equation from the left by Ṽ T

and from the right by Ṽ yields

det(V )2(PgPgP + λ2P) = 0.

As long as det(V ) is not a zero divisor, this implies that

PgPgP = −λ2P

Now, if λ2 is invertible, then the above procedure yields a Kähler-Poisson alge-
bra (A, g, {x1, . . . , xm} with η = λ−2. Otherwise, one may localize A such that
(A[λ−1], g, {x1, ..., xm}) is a Kähler Poisson algebra.
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4.1 Levi-Civita connections and curvature

In Riemannian geometry, the Levi-Civita connection is a specific connection on
the tangent bundle of a manifold. More precisely, it is the torsion-free metric con-
nection, i.e., the torsion-free connection on the tangent bundle preserving a given
(pseudo-)Riemannian metric. The fundamental theorem of Riemannian geometry
states that there is a unique connection which satisfies these properties above (see
e.g. [10]).

In the theory of Riemannian and pseudo-Riemannian manifolds the term co-
variant derivative is often used for the Levi-Civita connection. The components of
this connection with respect to a system of local coordinates are called Christoffel
symbols. In Chapter 2 we showed that one can generalize the Levi-Civita connec-
tion to metric Lie-Rinehart algebras and so also for Kähler-Poisson algebras. In
this section, we shall derive an explicit expression for the Levi-Civita connection
of an arbitrary Kähler-Poisson algebra K = (A, g, {x1, · · · , xm}). Recall that for a
Kähler-Poisson algebra, the Levi-Civita connection is the unique torsion-free and
metric connection on the module g.

In the following, it turns out to be convenient to reformulate the results in terms
of the generators {D1, · · · ,Dm} of g (cf. Proposition 3.13). Applying Koszul’s
formula in Proposition 2.11 gives the connection as

2g(∇DiDj ,Dk) = Di(g(Dj ,Dk)) +Dj(g(Dk,Di))−Dk(g(Di,Dj))
−g([Dj ,Dk],Di) + g([Dk,Di],Dj) + g([Di,Dj ],Dk)

(4.1)

and one notes that an element α = a{b, .} may be recovered from g(α,Di) as

g(α,Di)Di(f) = a{b, xk}DikDi(f) = a{b, xk}Dk(f) = a{b, f} = α(f).

Thus, one immediately obtains ∇DiDj = g(∇DiDj ,Dk)Dk. However, it turns out
that one can obtain a more convenient expression for the connection. Let us start
with the following result.

Lemma 4.1 ([3]). g([Di,Dj ],Dk) = Di(Djk)−Dj(Dik).

The above result allows for a rather compact formula of the Levi-Civita connection
for a Kähler Poisson-algebra. Namely, using Koszul’s formula and Lemma 4.1 we
obtain the following result.

Proposition 4.2 ([3]). If ∇ denotes the Levi-Civita connection of a Kähler-
Poisson algebra K then

∇DiDj =
1

2
Di(Djk)Dk −

1

2
Dj(Dik)Dk +

1

2
Dk(Dij)Dk (4.2)

29
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or, equivalently, ∇DiDj = ΓijkDk where

Γijk =
1

2
Di(Djl)Dlk −

1

2
Dj(Dil)Dlk +

1

2
Dk(Dij). (4.3)

For α = αiDi and β = βiDi arbitrary elements of g, one obtains

∇αβ = α(βi)Di + ΓijkαiβjDk.

From Section 2 we recall the curvature

R(α, β)γ = ∇α∇βγ −∇β∇αγ −∇[α,β]γ,

as well as

R(α, β, γ) = R(α, β)γ

R(α, β, γ, δ) = g(α,R(γ, δ)β).

For the sake of illustration, let us consider an example where we compute the
curvature in detail.

Example 4.3. Let K be a Kähler-Poisson algebra generated by two elements

K = (A, g, {x, y})

with

g =
1

λ

(
1 0
0 1

)

where λ is assumed to be an invertible element of A. From previous considerations,

we know that (A, g, {x, y}) is a Kähler-Poisson algebra with η = λ2

p2 and p = {x, y}.
We introduce γ = p

λ such that η = 1
γ2 . Let us start by computing the derivations

Dx = D1 and Dy = D2, which generate the module g:

Dx = η{x, xi}gij{·, yi} =
λ

p
{·, y} =

1

γ
{·, y}

Dy = η{y, xi}gij{·, xi} =
λ

p
{·, x} = − 1

γ
{·, x}

as well as

Dx = g1kDk =
1

λ
Dx and Dy = g2kDk =

1

λ
Dy

Moreover, they provide an orthogonal set of generators since

g(Dx,Dx) = g(Dy,Dy) = λ

and g(Dx,Dy) = 0. Let us define the derivation Dλ = γ−1{λ, ·} and note that

Dλ = [Dx,Dy] =
1

λ
Dx(λ)Dy − 1

λ
Dy(λ)Dx.



Curvature and isomorphism classes 31

One can compute

g(∇DxDy,Dx) =
1

2γ
{λ, x} and g(∇DxDy,Dy) =

1

2γ
{λ, y}.

Therefore,

(∇DxDy)(f) =
1

2
Dx(λ)Dy −

1

2
Dy(λ)Dx,

since Dx(λ) = 1
γ {λ, y}, Dy(λ) = − 1

γ {λ, x} and Dy = 1
λDy(λ). Similarly,

∇DyDy =
1

2
Dx(λ)Dx +

1

2
Dy(λ)Dy

∇DxDx =
1

2
Dx(λ)Dx +

1

2
Dy(λ)Dy

∇DyDx =
1

2
Dy(λ)Dx −

1

2
Dx(λ)Dy

Moreover, the curvature can be computed

R(Dx,Dy)Dx =
[
Dx(λ)2 +Dy(λ)2 − 1

2
Dx(Dx(λ))− 1

2
Dy(Dy(λ))

]
Dy

and

R(Dx,Dy)Dy = −
[
Dx(λ)2 +Dy(λ)2 − 1

2
Dx(Dx(λ))− 1

2
Dy(Dy(λ))

]
Dx.

4.2 Properties of isomorphisms

We are interested in studying properties of isomorphisms for Kähler-Poisson al-
gebras, which we will use in the next section to study moduli spaces. In partic-
ular, we ask when two Kähler-Poisson algebras are isomorphic, and what prop-
erties they share. Let K = (A, g, {x1, ..., xm}) and K′ = (A′, g′, {y1, ..., ym′}) be
Kähler-Poisson algebras and assume that there exists a Poisson algebra isomor-
phism φ : A → A′. When does there exist a map ψ : g→ g′ such that (φ, ψ) is an
isomorphism of Kähler-Poisson algebras? The following result provides an answer
to this question.

Proposition 4.4. Let K = (A, g, {x1, ..., xm}) and K′ = (A′, g′, {y1, ..., ym′}) be
Kähler-Poisson algebras. K and K′ are isomorphic if and only if there exists a
Poisson algebra isomorphism φ : A → A′ such that φ(Afin) = A′fin, and

P ′g′P ′ = P ′ATφ(g)AP ′, (4.4)

where Aiα = ∂φ(xi)
∂yα and (P ′)αβ = {yα, yβ}.

As an illustration, let us apply this result to Example 3.23 to again find the
metric h such that K ∼= K′.
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Example 4.5. From Proposition 4.4 it follows that if we set h = ATφ(g)A, then
P ′hP ′ = P ′ATφ(g)AP ′ implying that K ∼= K′.

Let y1 = x+ y and y2 = x− y. Hence x = 1
2 (y1 + y2) and y = 1

2 (y1 − y2). We
compute the matrix A from

Aiα =
∂φ(xi)

∂yα
=
∂xi

∂yα
,

recalling that φ = id. Therefore, the matrix A becomes

A =

(
1
2

1
2

1
2 − 1

2

)

and

h = ATφ(g)A =

(
1
4 (g11 + 2g12 + g22) 1

4 (g11 − g22)
1
4 (g11 − g22) 1

4 (g11 − 2g12 + g22)

)
,

which agrees with the result in Example 3.23. Also φ(Afin) = φ(A′fin), since φ = id.
Therefore one can now use Proposition 4.4 to conclude that K ∼= K′.

In all the examples so far, we have seen that η = η′ if K ∼= K′. This is a more
general fact, which is stated in the following result.

Proposition 4.6. Let K = (A, g, {x1, ..., xm}) and K′ = (A′, g′, {y1, ..., ym′}) be
Kähler-Poisson algebras, and let (φ, ψ) : K → K′ be an isomorphism of Kähler-
Poisson algebras. If

ηPgPgP = −P and η′P ′g′P ′g′P ′ = −P ′

then (φ(η)− η′)P ′ = 0.

Note that if at least one of {yα, yβ} is not a zero divisor, then Proposition 4.6
implies that φ(η) = η′.

4.3 Moduli spaces for a class of Kähler-Poisson

algebras

In Section 4.2, some properties of isomorphisms of Kähler-Poisson algebras were
presented. Now, we ask the following question: how many different (non isomor-
phic) choices of a metric structure are there for a fixed Poisson algebra A? This is
the main theme of Paper III [6]. In general, this is a hard problem and therefore
we start from the polynomial algebra C[x, y] and study the simple case of a Poisson
algebra obtained from rational functions in two variables. In principle, we would
like to study automorphisms of C[x, y] but, as shown before, the construction of
a Kähler-Poisson algebra over C[x, y] will in most cases involve a localization of
the algebra; therefore, we start by considering rational functions. To this end, we
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let A(x, y) = C(x, y) be the rational functions in two variables x and y with Pois-
son structure given by {x, y} = x. Although this is a particular choice, one can
show that every (non-zero) linear Poisson structure is isomorphic to the one given
above [6]. In the following, given the Poisson algebra A(x, y) we study the possible
Kähler-Poisson algebra structures arising from A(x, y), that is, finding g such that
(A(x, y), g, {x, y}) is a Kähler-Poisson algebra. We shall repeatedly make use of
Proposition 4.4 and Proposition 4.6 to constrain the possible automorphisms of
C[x, y], when studying the isomorphism problem.

Indeed, it is easy to check that for an arbitrary symmetric matrix g with
det(g) 6= 0 one obtains

ηPgPgP = −{x, y}2 det(g)P = −x2 det(g)P

giving η = (x2 det(g))−1 implying that (A(x, y), g, {x, y}) is a Kähler-Poisson al-
gebra. Hence, every non-degenerate (2×2) matrix g, with entries in A(x, y), gives
rise to a Kähler-Poisson algebra over A(x, y). Let us recall that all automorphisms
of C[x, y] (see [15, 21]) are given by compositions of

φ(x) = α1x+ β1y + γ1 and φ(y) = α2x+ β2y + γ2

for α1, β1, γ1, α2, β2, γ2 ∈ C, with α1β2 6= α2β1 and

φ(x) = x and φ(y) = y + p(x)

for all p(x) ∈ C[x]. In order to use these to construct Kähler-Poisson algebra
morphisms, we need to check which ones that are Poisson algebra morphisms.

Lemma 4.7 ([6]). Let A(x, y) = C(x, y) be the rational functions in x, y with a
Poisson structure given by {x, y} = x. Then:

(A) φ(x) = α1x+β1y+γ1 and φ(y) = α2x+β2y+γ2, for α1, β1, γ1, α2, β2, γ2 ∈ C
with α1β2 6= α2β1, is a Poisson algebra automorphism of A(x, y) if β1 = γ1 =
0 and β2 = 1, giving φ(x) = α1x and φ(y) = α2x+ y + γ2.

(B) φ(x) = αx and φ(y) = y + p(x) is a Poisson algebra automorphism for all
p(x) ∈ C[x] and α ∈ C\{0}.

Note that compositions of Poisson algebra automorphisms in Lemma 4.7 may be
written in a simple form.

Proposition 4.8 ([6]). Let φ = φ1 ◦ φ2 ◦ ... ◦ φn be an arbitrary composition
of automorphisms, where each φk can be written as: either φ(x) = α1x, φ(y) =
α2x + y + γ2 or φ(x) = αx, φ(y) = y + p(x). Then there exists α ∈ C and
p(x) ∈ C[x] such that φ(x) = αx and φ(y) = y + p(x).

In the next Proposition we explicitly describe all Poisson algebra automorphisms
when φ(x) ∈ C(x), where C(x) denotes the rational functions in x. This result
will be used in the proofs Proposition 4.10 and Proposition 4.13 to constrain the
possible forms of an automorphism.
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Proposition 4.9 ([6]). Let φ : A(x, y) → A(x, y) be a Poisson algebra automor-
phism such that φ(x) ∈ C(x). Then there exist α, β, γ, δ ∈ C and r(x) ∈ C(x) such
that αδ − βγ 6= 0 and

φ(x) =
αx+ β

γx+ δ

φ(y) =
(αx+ β)(γx+ δ)y

(αδ − βγ)x
+ r(x).

By using the above results, together with Proposition 4.4 and Proposition 4.6, we
will now investigate isomorphism classes of metrics for Kähler-Poisson algebras
over A(x, y). The simplest case is when the metrics are constant; i.e: if we take

g =

(
a b
b c

)
and g̃ =

(
ã b̃

b̃ c̃

)

where a, b, c, ã, b̃, c̃ ∈ C.

Proposition 4.10. Let K = (A(x, y), g, {x, y}) and K̃ = (A(x, y), g̃, {x, y}) be
Kähler-Poisson algebras, with

g =

(
a b
b c

)
and g̃ =

(
ã b̃

b̃ c̃

)

where a, b, c, ã, b̃, c̃ ∈ C such that det(g) 6= 0 and det(g̃) 6= 0. Then K ∼= K̃ if and
only if c = c̃.

Let us now say a few words about the proof of Proposition 4.10. First, we assume
that c = c̃. Using an automorphism of the form φ(x) = αx and φ(y) = y + p(x)
one can apply Proposition 4.4 to explicitly show that there exists α ∈ C and
p(x) ∈ C[x] such that φ gives and isomorphism between K and K̃. For the other
direction, we assume that K ∼= K̃. Then

η = {x, y}2 det(g) = x2 det(g) and η̃ = {x, y}2 det(g̃) = x2 det(g̃)

with det(g),det(g̃) ∈ C. By using Proposition 4.6, which implies that φ(η) = η̃,
one obtains

φ(x2) det(g) = x2 det(g̃)⇒ φ(x2)

x2
=

det g̃

det(g)
∈ C

where det(g),det(g̃) ∈ C, implying that φ(x) = αx for some α ∈ C. Applying
Proposition 4.9 to such an isomorphism gives φ(y) = y + r(x). For such an auto-
morphism, Proposition 4.4 via g̃ = ATφ(g)A immediately gives c = c̃. We remark
that a similar line of argument is also the basis for the proof of Proposition 4.13.

In the next result, we study the case when the metric only depends on x, and
find sufficient conditions for the Kähler-Poisson algebras to be isomorphic.
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Proposition 4.11. Let K = (A(x, y), g, {x, y}) and K̃ = (A(x, y), g̃, {x, y}) be
Kähler-Poisson algebras, with

g =

(
a(x) b(x)
b(x) c(x)

)
and g̃ =

(
ã(x) b̃(x)

b̃(x) c̃(x)

)

where a(x), b(x), c(x), ã(x), b̃(x), c̃(x) ∈ C[x] such that det(g) 6= 0 and det(g̃) 6= 0.
If c̃(x) 6= 0 and there exists α ∈ C such that:

1.
(
ã(x)− α2a(αx)

)
c(αx) = b̃(x)2 − α2b(αx)2

2. b̃(x)−αb(αx)
c(αx) ∈ C[x]

3. c̃(x) = c(αx)

then K ∼= K̃. If c̃(x) = c(x) = 0 and there exists α ∈ C such that:

(a) b̃(x) = αb(αx)

(b) ã(x)−α2a(αx)
2αb(αx) ∈ C[x]

then K ∼= K̃.

Let us use the above result to give a simple example, and construct two seemingly
different metrics that give rise to isomorphic Kähler-Poisson algebras.

Example 4.12. Let K = (A(x, y), g, {x, y}) and K̃ = (A(x, y), g̃, {x, y}) be Kähler-
Poisson algebras, with

g =

(
a(x) 0

0 c(x)

)
and g̃ =

(
a(x) + q(x)2c(x) q(x)c(x)

q(x)c(x) c(x)

)

for a(x), c(x), q(x) ∈ C[x]. We will use Proposition 4.11 to show that K ∼= K̃. Let
us check conditions (1)-(3) with α = 1.

1.
(
ã(x)− a(x)

)
c(x) = q(x)2c(x)2

ã(x)− a(x) = q(x)2c(x)

ã(x) = a(x) + q(x)2c(x)

2. If b̃(x) = q(x)c(x) then b̃(x)
c(x) ∈ C[x] for any q(x) ∈ C[x].

3. c̃(x) = c(x).

Therefore, we obtain K ∼= K̃. For instance, with a(x) = x, c(x) = x2 and q(x) = x3

one concludes that

g =

(
x 0
0 x2

)
and

(
x+ x8 x5

x5 x2

)

define isomorphic Kähler-Poisson algebras.
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The following result shows that, in the more restricted situation where the metrics
are assumed to be diagonal, one can describe all isomorphism classes.

Proposition 4.13. Let K = (A(x, y), g, {x, y}) and K̃ = (A(x, y), g̃, {x, y}) be
Kähler-Poisson algebras, with

g =

(
a(x) 0

0 c(x)

)
and g̃ =

(
ã(x) 0

0 c̃(x)

)

where a(x), c(x), ã(x), c̃(x) ∈ C[x] such that det(g) 6= 0 and det(g̃) 6= 0. Then
K ∼= K̃ if and only if there exists α ∈ C such that:

1. c̃(x) = c(αx)

2. ã(x) = α2(a(αx))

For the sake of illustration, we provide another simple example of two diagonal
metrics giving rise to isomorphic Kähler-Poisson algebras.

Example 4.14. Let K = (A(x, y), g, {x, y}) and K̃ = (A(x, y), g̃, {x, y}) be Kähler-
Poisson algebras, with

g =

(
a(x) 0

0 c(x)

)
and g̃ =

(
α2a(αx) 0

0 c(αx)

)

for a(x), c(x), α ∈ C[x]. We will use Proposition 4.11 to show that K ∼= K̃.

1. ã(x) = α2a(αx).

2. True, since b = b̃ = 0.

3. c̃(x) = c(αx).

Therefore, K ∼= K̃.
For instance, with a(x) = x, c(x) = 1 + x+ x2 and α = −2 one finds that

g =

(
x 0
0 1 + x+ x2

)
and g̃ =

(
−8x 0

0 1− 2x+ 4x2

)
.

gives isomorphic Kähler-Poisson algebras.

In the above results, we have investigated isomorphism classes of Kähler-Poisson
algebras for rational functions in two variables. With the help of our previous re-
sults on isomorphic Kähler-Poisson algebras (Proposition 4.4 and Proposition 4.6),
together with Proposition 4.9, we were able to classify Kähler-Poisson structures
for certain classes of metrics. Although the general case still remains open, these
results give a basic insight into the moduli space problem for Kähler-Poisson al-
gebras.
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