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Abstract

A notion of standard vertex conditions for beam operara-
tors (the fourth derivative) on metric graphs is presented, and
the spectral gap (the difference between the first two eigenval-
ues) for the operator with these conditions is studied. Upper
and lower estimates for the spectral gap are obtained, and it
is shown that stronger estimates can be obtained for certain
classes of graphs. Graph surgery is used as a technique for es-
timation. A geometric version of the Ambartsumian theorem
for networks of beams is proved.

1. Introduction

In this paper we discuss the problem of estimating the spectral gap for
beam operators. These are operators on metric graphs with differential
expression d4

dx2 on a certain domain of functions satisfying in addition
vertex conditions. We focus on a particular set of vertex conditions, which
we call standard, which can be seen as an analogue of the standard vertex
conditions for quantum graphs. There are a number of possible candidates
for the standard beam operator conditions (see for instance [5,6]), but we
opt for the choice which corresponds to the positive operator with the
largest spectral gap.

Some estimates for the spectral gap of the standard beam operator
are found by minimisation of the Rayleigh quotient. We also extend the
notion of graph surgery for quantum graphs [1, 4, 7] to beam operators.
In this approach, one uses topological alterations of graphs affecting the
eigenvalues in a predictable manner, and this leads to explicit spectral
estimates. With these techniques, certain classes of metric graphs permit
stronger upper estimates (bipartite graphs), whilst others permit stronger
lower estimates (Eulerian graphs).

Studies of properties of beam operators with other specific vertex con-
ditions include [3], and spectral asymptotics for general vertex conditions
are investigated in [8].

Beam operators correspond to physical networks of beams connected
together in some way. Eigenstates of the beam operator represent sta-
tionary states of the systems, with the functions themselves describing
the transverse displacement of points along the beam (see [9] for more
details). The problem of maximising the spectral gap for beam opera-
tors also has the significant practical interpretation of increasing the gap

4



between resonant frequencies in a physical system. This may be useful
in the context of networks of beams where occurrence of resonant fre-
quencies may have a detrimental impact (for instance Harrington rods for
scoliosis).

2. The operator

Let Γ be a compact finite connected metric graph with edge set E
(consisting of N edges E1, . . . , EN , identified as intervals from different
copies of R) and vertex set V (where the vertices Vm ∈ V are identified
with disjoint subsets of the set {x1, . . . , x2N} of endpoints of the edges).
We do not require that the metric graph Γ can be embedded in Rn.

A beam operator on Γ is an operator A(Γ) in L2(Γ) with differential

expression d4

dx4 acting on functions fromW 4
2 (Γ\V) satisfying certain vertex

conditions. These vertex conditions should not mix between vertices, i.e.
the boundary terms at endpoints in one vertex should not depend on those
of endpoints in another vertex.

Many different vertex conditions can be considered (see [5]), but we are
looking for an analogue of standard vertex conditions1 introduced for the
Laplacian (second derivative operator) at every vertex Vm ∈ V:

{
u is continuous at Vm,∑

xj∈Vm ∂u(xj) = 0,
(2.1)

where the sum is taken over all endpoints joined at the vertex and ∂u
denote the normal derivatives. The best way to justify the standard con-
ditions (2.1) is to consider the Dirichlet form

∫
Γ ‖u′‖2dx defined on the

functions from W 1
2 (Γ \V) which are assumed in addition to be continu-

ous at the vertices. This form is closed and bounded from below. The
corresponding operator is Lst(Γ) = − d2

dx2 defined on the functions from
W 2

2 (Γ \V) satisfying the standard conditions (2.1) at every vertex.
The formal quadratic form of the (positive) beam operator is given by

a(u, u) = ‖u′′‖2 =

∫

Γ
|u′′|2 dx. (2.2)

with u ∈ W 2
2 (Γ \ V). One may impose vertex conditions on functions

in the domain of this form which then corresponds to a certain positive
beam operator. The spectrum of this operator is purely discrete and

1Standard conditions are also called Kirchhoff, Neumann or natural by some au-
thors.
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non-negative, since each operator is a finite rank perturbation (in the
resolvent sense) of the operators on single edges with any self-adjoint
boundary conditions (see [2, 8]). If no vertex conditions are assumed,

then the corresponding operator A(Γ) is just d4

dx4 defined on the functions
satisfying the following conditions at all endpoints xj of the edges:

{
∂2u(xj) = 0,
∂3u(xj) = 0.

(2.3)

It is clear that in this case A(Γ) is just an orthogonal sum of similar
operators on the edges En:

A(Γ) = ⊕Nn=1A(En).

This operator does not correspond to the graph Γ, but rather to a collec-
tion of non-connected edges.

In order to produce a model where the edges are connected, one has to
introduce vertex conditions on functions in the domain of the quadratic
form. It is natural to enforce the continuity condition

u(xi) = u(xj), provided xi, xj ∈ Vm. (2.4)

This condition means that the beams are touching at the vertices. If no
further conditions are imposed on the values of the functions at the end-
points (i.e. any further conditions concern only the derivatives) then cer-
tainly the constant function ψ1(x) ≡ 1 lies in the domain of the quadratic
form and hence also in the domain of the corresponding positive operator
A(Γ). Consequently the first eigenvalue of A(Γ) is zero, and the spectral
gap — the difference between the first two eigenvalues — is simply equal
to the second eigenvalue:

λ2(A(Γ))− λ1(A(Γ)) = λ2(A(Γ)).

In applications, one may be interested in maximising the distance be-
tween eigenvalues. A good starting point would be to maximise the spec-
tral gap. In what follows we are going to consider the quadratic form
(2.2) defined on the functions from W 2

2 (Γ \ V) satisfying the following
conditions: {

u(xi) = u(xj), provided xi, xj ∈ Vm;
∂u(xj) = 0.

(2.5)

The corresponding operator Ast(Γ) = d4

dx4 is defined on the domain of
functions from W 4

2 (Γ \V) satisfying the vertex conditions




u(xi) = u(xj), provided xi, xj ∈ Vm;
∂u(xj) = 0;∑

xj∈Vm ∂
3u(xj) = 0

(2.6)

6



at every vertex Vm.

Definition. The operator Ast(Γ) = d4

dx4 with domain equal to the set of
functions from W 4

2 (Γ \V) satisfying the vertex conditions (2.6) is called
the standard beam operator. We refer to these vertex conditions are called
standard.

This operator is uniquely determined by the graph Γ. One may refer
to its spectrum as the spectrum of the graph.

3. On spectral properties of Ast(Γ).

The standard beam operator Ast(Γ) has the smallest quadratic form
domain among those obtained by imposing vertex conditions on functions
in W 2

2 (Γ); the eigenvalues (and in particular the spectral gap) of the

corresponding positive operator d4

dx4 are the largest possible as is clear
from the following well-known result:

Proposition 1. Let A be a self-adjoint operator with quadratic form a,
semi-bounded from below, with discrete spectrum. The eigenvalues λj(A)
of A satisfy

λj(A) = min
Vj⊂dom(a),
dim(Vj)=j

max
u∈Vj

a(u, u)

‖u‖2 (3.1)

= max
Vj−1⊂dom(a),

dim(Vj−1)=j−1

min
u∈V⊥j−1

a(u, u)

‖u‖2 . (3.2)

In particular, given a compact finite connected graph Γ, the spectral gap
of Ast(Γ) can be calculated as

λ2(Ast(Γ)) = min
u∈dom(a),∫

Γ udx=0

∫
Γ |u′′|2 dx∫
Γ |u|2 dx

, (3.3)

where now a is the quadratic form for Ast(Γ).

The operator Ast(Γ) is in fact the Friedrichs extension of the symmetric
beam operator with conditions (2.3) and (2.5) imposed simultaneously, as
discussed in [5].

It has already been mentioned that ψ1(x) ≡ 1 is a ground state; if the
graph is connected then the ground state is unique. To see this directly,
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assume that u is an eigenfunction corresponding to the eigenvalue λ = 0,
then

u(4)(x) = 0⇒ u(x) = an + bnx+ cnx
2 + dnx

3, x ∈ En,
for each edge En. This function also minimises the Rayleigh quotient
(3.1), which means that it satisfies

∫
Γ ‖u′′‖2 dx = 0, and thus

u′′(x) = 0⇒ cn = dn = 0.

The function u(x) = an+bnx satisfies the Neumann condition ∂u(xj) = 0
at each endpoint xj if and only if bn = 0. The continuity condition at the
vertices implies that all an are equal, i.e. that the function ψ is constant
on the whole graph since graph is connected.

One can get some simple upper bounds for the spectral gap by applying
Proposition 1.

Lemma 2. Let Γ be a compact finite connected metric graph with total
length L(Γ) and let `n be the length of the edge En for each n. Then

λ2(Ast(Γ)) ≤ 16

(
π

L(Γ)

)4 N∑

n=1

(L(Γ)

`n

)3

. (3.4)

If in particular Γ is a bipartite graph, then

λ2(Ast(Γ)) ≤
(

π

L(Γ)

)4 N∑

n=1

(L(Γ)

`n

)3

. (3.5)

Proof. Let u be the function, in the domain of the quadratic form of
Ast(Γ), defined by u(x) = cos(2πx

`n
) on each edge En = [0, `n]. Then

∫
Γ |u′′|2 dx∫
Γ |u|2 dx

=

∑
n

8π4

`3n∑
n
`n
2

= 16

(
π

L(Γ)

)4 N∑

n=1

(L(Γ)

`n

)3

.

Since clearly 〈1, u〉 =
∫

Γ u(x) dx = 0, the estimate (3.4) follows from
Proposition 1.

If Γ is bipartite, then applying the same approach to the function u de-
fined by u(x) = cos(πx`n ) on En (parameterised in the appropriate direction
such that u is continuous on Γ) gives the second estimate (3.5).

The estimates from Lemma 2 are quite bad if Γ contains some edges
which are much shorter than the others. In that case better estimates
may be found, for instance by comparison with eigenvalues of other beam
operators.
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Let AF(Γ) be the beam operator defined on functions from W 4
2 (Γ\V)

satisfying the vertex conditions
{

u(xj) = 0,
∂u(xj) = 0,

(3.6)

at every endpoint xj . This is the Friedrichs extension of the minimal
symmetric beam operator whose domain consists only of functions from
W 4

2 (Γ\V) satisfying (3.6) and (2.3) simultaneously. Since Ast(Γ) is also a
self-adjoint extension of this minimal operator, it follows that λk(A

st(Γ)) ≤
λk(A

F(Γ)) for all k. Observe that the smallest eigenvalue of AF(Γ) is
strictly positive: the eigenvalues of AF(Γ) are in fact the eigenvalues of
AF(En) for each edge En. Thus λ1(AF(Γ)) ≤ λ1(AF(E1)) with equality

if E1 is the longest edge. Solutions of d4

dx4ψ = λψ for λ = k4 > 0 are of
the form ψ(x) = aeikx + be−ikx + ce−kx + dekx. By imposing the vertex
conditions of AF(E1), one sees that λ = k4 is an eigenvalue if and only if
x = k`1 is a positive root of

det

(
sinx− cosx+ e−x − sinx− cosx+ ex

sinx+ cosx− e−x sinx− cosx+ ex

)
≡ 4(1− cosx coshx).

Let µ > 0 be such that x = πµ is the smallest positive root. By numerical
approximation, one finds that µ . 1.506. Thus

λ1(AF(E1)) ≤ µ4

(
π

`1

)4

.

Let ψ1 be the corresponding eigenfunction of AF(E1). It can be extended
to a function φ in the domain of the quadratic form of the standard beam
operator Ast(Γ) such that 〈1, φ〉 = 0 as follows:

φ(x) =





ψ1(x) if x ∈ E1,

− `1
`2
ψ1( `1x`2 ) if x ∈ E2,

0 otherwise.

Here we have assumed that E1 = [0, `1] and E2 = [0, `2] without loss of
generality. Then

∫
Γ |φ′′|2 dx∫
Γ |φ|2 dx

=
1 + ( `1`2 )5

1 + `1
`2

∫
E1
|ψ′′1 |2 dx∫

E1
|ψ1|2 dx

=
1 + ( `1`2 )5

1 + `1
`2

λ1(AF(E1)),

(with the last equality by (3.1)), and so by Proposition 1,

λ2(AF(Γ)) ≤ µ4π4

(
1

`41
− 1

`31`2
+

1

`21`
2
2

− 1

`1`32
+

1

`42

)
. (3.7)
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For `1 + `2 fixed, this estimate is optimal when `1 = `2. Assume without
loss of generality that `1 > `2 (indeed we may as well assume that `1 is the
longest edge).1 This estimate depends only on the lengths of two edges,
whilst the estimate 3.4 tends to +∞ if one shrinks any of the other edges
to 0.

4. Surgery for standard beam operators

Graph surgery is an umbrella term used to describe a number of oper-
ations that one can perform on a graph — like cutting through or gluing
together vertices, lengthening edges, or adding edges — whose effects on
the spectrum of the operator on the graph (for instance increasing or de-
creasing eigenvalues) are predictable. A detailed overview of such results
can be found in [1, 7]. These techniques can of course be employed for
beam operators, and analogous results to those for quantum graphs can
be obtained. We present just one of those here, and we shall soon see that
it it is convenient for obtaining lower estimates for the spectral gap.

Theorem 3. If the graph Γ̃ is obtained from Γ by cutting through one or
several vertices, then the following inequality holds for the eigenvalues of
the standard beam operators:

λk(A
st(Γ)) ≥ λk(Ast(Γ̃)), k = 1, 2, . . . (4.1)

Proof. Every function on the graph Γ can naturally be considered as a
function on Γ̃. Moreover, if the function satisfies standard conditions on Γ,
then its image on Γ̃ satisfies standard conditions on Γ̃. Hence the set of n-
dimensional subspaces of the domain of the quadratic form increases when
vertices are cut. Inequality (4.1) then follows from (3.1) from Proposition
1.

One may repeat the proofs of several further theorems contained in [1]
to obtain additional surgery-related eigenvalue inequalities.

1Observe that (3.7) is certainly better than the upper estimate µ4( π
`2

)4 which can

be directly seen as the ground state eigenvalue of AF(E2) and thus an eigenvalue of
AF(Γ) (second or higher).
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5. Estimates for the spectral gap

For standard Laplacians on metric graphs we have the following esti-
mate:

λ2(Lst(Γ)) ≥
(

π

L(Γ)

)2

. (5.1)

This estimate can be improved in the case of Eulerian graphs (having
even degrees of all vertices):

λ2(Lst(Γ)) ≥ 4

(
π

L(Γ)

)2

, (5.2)

or further for two-connected graphs. These are obtained in [7] using graph
surgery principles for quantum graphs. A similar result can be achieved
by this method for standard beam operators:

Theorem 4. Let Γ be a connected finite compact metric graph with total
length L(Γ) and let Ast(Γ) be the corresponding standard beam operator
described by vertex conditions (2.6). The spectral gap for this operator
can be estimated as:

λ2(Ast(Γ)) ≥
(

π

L(Γ)

)4

. (5.3)

If the graph Γ is Eulerian (i.e. the degrees of all vertices are even), then
the above estimate can be improved:

λ2(Ast(Γ)) ≥ 16

(
π

L(Γ)

)4

. (5.4)

Proof. We follow closely the proof presented for the Laplacian in [7]. Let
ψ2 be an eigenfunction corresponding to λ2(Ast(Γ)). Consider the graph
Γ2 obtained from Γ by adding to each edge En a parallel edge EN+n of
the same length. Let Ast(Γ2) be the standard beam operator on Γ2 .

The λ2(Ast(Γ))-eigenfunction ψ2 can be extended to Γ2 by assigning
the same values on the new parallel edges. Obviously the new function is
an eigenfunction of Ast(Γ2) with the same eigenvalue (as it satisfies the
vertex conditions on Γ2 and the differential equation on the edges). It
follows that

λ2(Ast(Γ)) ≥ λ2(Ast(Γ2)).

The degree of every vertex of graph Γ2 is even, and so the graph is Eulerian
and there exists a closed path P2L coming along every edge in Γ2 precisely
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once. This path can be seen as a graph formed of 2N edges connected
pairwise at 2N vertices, where standard conditions for the beam operator
are assumed. One can obtain P2L by cutting through vertices in Γ2, hence
we have

λ2(Ast(Γ2)) ≥ λ2(Ast(P2L)).

The eigenvalues of Ast(P2L) are relatively difficult to calculate: since the
corresponding eigenfunction does not satisfy the differential equation at
the (degree two) vertices, vertex conditions are assumed instead. These
conditions on functions u ∈W 4

2 (P2L) are as follows:

• continuity of u;

• Neumann condition: u′(xj) = 0 (a pair of conditions at each vertex);

• continuity condition for the third derivative u′′′.

The functions from the domain of the quadratic form satisfy just the first
two conditions at every vertex on the path.

Consider the beam operator A(C2L) on the loop C2L of length 2L. The
loop can be seen as one edge [0, 2L] with the endpoints identified. The
corresponding vertex conditions for functions u ∈W 4

2 (C2L) are:

• continuity of u;

• continuity of the first derivative u′;

• continuity of the second derivative u′′;

• continuity of the third derivative u′′′.

The functions from the domain of the quadratic form satisfy just the first
two conditions.

Every function satisfying Neumann conditions at a degree two vertex
automatically has continuous first derivative there. Hence the domain of
the quadratic form for A(C2L) is larger than the domain of the quadratic
form of Ast(P2L). The following inequality follows:

λ2(Ast(P2L)) ≥ λ2(A(C2L)).

The chain of inequalities together with the fact that

λ2(A(C2L)) =

(
π

L(Γ)

)4

implies the lower estimate in (5.3).
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It is enough to notice that if the graph Γ is already Eulerian, then there
is no necessity to double it building Γ2. By cutting through vertices the
graph Γ can be turned into a path PL of the length L. Hence we have;

λ2(Ast(Γ)) ≥ λ2(PL) ≥ λ2(CL) = 16

(
π

L(Γ)

)4

.

Remark. In this instance, the estimates in Theorem 4 can be obtained
more easily by recalling that Ast(Γ) is the Friedrichs extension of the sym-
metric beam operator with continuity of functions and all higher deriva-
tives zero at vertices. The quadratic form domain of all other extensions
of this symmetric operator contain the quadratic form domain of Ast(Γ).
The beam operator (Lst(Γ))2 is one such extension its spectral gap is
λ2((Lst(Γ))2) = (λ2(Lst(Γ)))2. Since both of these beam operators have
zero as their first eigenvalue, it follows that the spectral gap of Ast(Γ) is
necessarily greater than (or equal to) that of (Lst(Γ))2, whence

λ2(Ast(Γ)) ≥ (λ2(Lst(Γ)))2.

The estimates (5.3) and (5.4) are then just a direct corollary of the stan-
dard Laplacian estimates (5.1) and (5.2).

Theorem 4 implies that Eulerian graphs have a tendency to have larger
spectral gap, which means that their eigenfrequencies are larger. The
factor is 16 compared to 4 for Laplacians.

Lemma 5. Let C2L be the loop of length 2L. Then

λ2(Ast([0,L])) = λ2(Ast(C2L)) =
(π
L
)4
. (5.5)

Proof. Observe that Ast([0,L]) = (Lst([0,L]))2, so λ2(Ast([0,L])) =
( πL)4. The same relation with the Laplacian does not hold for Ast(C2L).
However, since C2L is Eulerian, by estimate (5.4) of Theorem 4, we have
the lower bound λ2(Ast(C2L)) ≥ ( πL)4. But also cos(πxL ) is a nontrivial
eigenfunction, so indeed λ2(Ast(C2L)) = ( πL)4 as claimed.

Finally we prove that the estimate 5.3 is attained if and only if Γ is an
interval. We argue in a similar manner to the proof of Theorem 3 in [7]
for Laplacians.
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Theorem 6. Let Γ be a connected finite compact metric graph with total
length L(Γ) and let Ast(Γ) be the corresponding standard beam operator
described by vertex conditions (2.6). If

λ2(Ast(Γ)) =

(
π

L(Γ)

)4

, (5.6)

then Γ is an interval.

Proof. Let ψ2 be an eigenfunction of Ast(Γ) with eigenvalue λ2(Ast(Γ)).
It can be extended to a function ψ̃2 on Γ2 by identifying it with ψ2 on
the duplicated edges — that is ψ̃|En = ψ̃|E′n = ψ2|En where E′n is the

duplicate of En in Γ2. Then ψ̃2 is an eigenfunction of Ast(Γ2). Now ψ̃2

can be identified as a function from W 4
2 (P2L) satisfying conditions (2.5)

at the vertices. This means in fact that ψ̃2 ∈W 2
2 (C2L). By Lemma 5,

∫
C2L |ψ̃

′′
2(x)|2 dx

∫
C2L |ψ̃2(x)|2 dx

=

∫
Γ |ψ′′2(x)|2 dx∫
Γ |ψ2(x)|2 dx

= λ2(Ast(C2L))

and so ψ̃2 must be the first nontrivial eigenfunction of Ast(C2L), which by
Lemma 5 can, without loss of generality, be identified with cos(πxL ).

The original graph Γ can be recovered by gluing together pairs of points
on C2L where the values of ψ̃2 are equal. But since the preimage of every
value in [−1, 1] under ψ̃2 consists of exactly two points on C2L, the gluing
can only possibly done in one way, and Γ is an interval of length L: there
could not possibly be any internal vertices since cos(πxL ) only satisfies
ψ′(x) = 0 at x = 0 and x = L.

Remark. The final gluing stage of this proof is in contrast with the
equivalent proof for quantum graphs where there may be (removable)
internal vertices of degree 2.

This result is a geometric Ambartsumian-type theorem: given only the
spectral gap (5.6) and the total length of the graph, one can recover the
beam operator (and hence also the graph).
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