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Abstract

This work is about solving an inverse problem for an elliptic equation. An
inverse problem is often ill-posed, which means that a small measurement error
in data can yield a vigorously perturbed solution. Regularization is a way to
make an ill-posed problem well-posed and thus solvable.

Two important tools to determine if a problem is well-posed or not are
norms and convergence. With help from these concepts, the error of the reg-
ularized function can be calculated. The error between this function and the
exact function is depending on two error terms.

By solving the problem with an elliptic equation, a linear operator is eval-
uated. This operator maps a given function to another function, which both can
be found in the solution of the problem with an elliptic equation. This opera-
tor can be seen as a mapping from the given function’s Fourier-sine coefficients
onto the other function’s Fourier-sine coefficients, since these functions are com-
pletely determined by their Fourier-sine series. The regularization method in
this thesis, uses a chosen number of Fourier-sine coefficients of the function,
and the rest are set to zero. This regularization method is first illustrated for a
simpler problem with Laplace’s equation, which can be solved analytically and
thereby an explicit parameter choice rule can be given.

The goal with this work is to show that the considered method is a reg-
ularization of a linear operator, that is evaluated when the problem with an
elliptic equation is solved. In the tests in Chapter 3 and 4, the ill-posedness
of the inverse problem is illustrated and that the method does behave like a
regularization is shown. Also in the tests, it can be seen how many Fourier-sine
coefficients that should be considered in the regularization in different cases, to
make a good approximation.
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Sammanfattning

Det här arbetet handlar om att lösa ett inverst problem för en elliptisk ekvation.
Ett inverst problem är ofta illaställt, vilket betyder att ett litet mätfel i data
kan ge en kraftigt förändrad lösning. Regularisering är ett tillvägagångssätt för
att göra ett illaställt problem välställt och således lösbart.

Två viktiga verktyg för att bestämma om ett problem är välställt eller
inte är normer och konvergens. Med hjälp av dessa begrepp kan felet av den
regulariserade lösningen beräknas. Felet mellan den lösningen och den exakta
är beroende av två feltermer.

Genom att lösa problemet med den elliptiska ekvationen, så är en linjär
operator evaluerad. Denna operator avbildar en given funktion på en annan
funktion, vilka båda kan hittas i lösningen till problemet med en elliptisk ekva-
tion. Denna operator kan ses som en avbildning från den givna funktions Fouri-
ersinuskoefficienter på den andra funktionens Fouriersinuskoefficienter, eftersom
dessa funktioner är fullständigt bestämda av sina Fouriersinusserier. Regularise-
ringsmetoden i denna rapport använder ett valt antal Fouriersinuskoefficienter
av funktionen, och resten sätts till noll. Denna regulariseringsmetod illustreras
först för ett enklare problem med Laplaces ekvation, som kan lösas analytiskt
och därmed kan en explicit parametervalsregel anges.

Målet med detta arbete är att visa att denna metod är en regularisering av
den linjära operator som evalueras när problemet med en elliptisk ekvation löses.
I testerna i kapitel 3 och 4, illustreras illaställdheten av det inversa problemet och
det visas att metoden beter sig som en regularisering. I testerna kan det också
ses hur många Fouriersinuskoefficienter som borde betraktas i regulariseringen
i olika fall, för att göra en bra approximation.

Nyckelord:
Regularisering, illaställt problem, Fouriersinusserie.
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Chapter 1

Introduction and basic
concepts

In this chapter, some useful theory is given. First some important norms and
spaces are introduced. Then the concepts well-posed and ill-posed problems are
discussed and it is shown that the latter can be regularized and thus solved.

1.1 Introduction

The field of inverse problems in applied mathematics is a fast growing area, and
has been since the middle of the 1970’s. This is because it can be applied in
both science and industry [4]. As the title of this thesis reveals, this work is
about using Fourier-sine series to find a solution to an inverse problem with a
given elliptic equation. By solving this problem a linear operator is evaluated,
which is considered as a direct problem. This operator maps a given function
in the problem with an elliptic equation to another function that can be found
from the solution to the problem with an elliptic equation. It will be shown that
the operator equation, can be simplified by instead considering a linear operator
between the Fourier-sine coefficients of these functions.
A Fourier series is an expansion of a function as an infinite sum of sines

and cosines. The Fourier-sine series can be obtained when the cosine terms in
the Fourier series cancel out each other, which happens when the considered
function is odd [3].
It will be shown that to solve the inverse problem it is required to regularize

it. To understand this concept, well-posed and ill-posed problem are discussed.
If a problem is ill-posed, it can be difficult to find the real solution due to small
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2 Chapter 1. Introduction and basic concepts

noise in the given data. Regularization is thus shortly a way to approximate an
ill-posed problem to a well-posed problem so it can be solved [5]. The method of
regularizing the problem of finding the function will first be shown in an easier
case with Laplace’s equation, before attempting the elliptic equation. Similar
problem as these has already been solved. An example can be found in [1].
This work’s main purpose is to study an operator equation defined by a so-

lution to a boundary value problem with an elliptic equation. It will be shown
that solving the operator equation is an ill-posed problem and that the problem
can be regularized by a method that uses Fourier-sine coefficients. Also it will
be seen how much a small noise in the data can perturb the solution of this
inverse problem. To be able to do all this, some basic concepts from the theory
of regularization of ill-posed problem are introduced.

1.2 Basic theory
Consider Tx = y, where x ∈ X and y ∈ Y are functions in the normed spaces X
and Y [6], respectively, and T is an operator acting on X. The direct problem
is to find y when x is given, i.e. to evaluate Tx, and the inverse problem means
finding x when y is given, i.e. solving the equation, Tx = y, or evaluating T−1y.
It can be simple to calculate y in the direct problem, when x and T are given,
but perhaps more difficult to find a solution, x, in the inverse problem, when y
is the known function. Often the direct problem is well-posed, but the inverse
problem is ill-posed. Norms are necessary to show the ill-posedness, so in this
thesis, every considered space is equipped with a norm. There are different
norms in different spaces. Following two definitions show examples of various
vector norms.

Definition 1.1. The Euclidean norm of a vector, x ∈ Rn, is given by

‖x‖2 =
√
x21 + x22 + ...+ x2n. (1.1)

Definition 1.2. The maximum norm of a vector, x ∈ Rn, is given by

‖x‖∞ = max
1≤k≤n

|xk|. (1.2)

The vector space, Rn, can be generalized into infinitely dimensional sequence
spaces. Two following definitions give examples of such spaces.

Definition 1.3. The space, `2(N), contains all sequences satisfying
∞∑
k=1

|xk|2 <∞ (1.3)
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and is equipped with the norm

‖x‖2 =

( ∞∑
k=1

|xk|2
)1/2

. (1.4)

Actually, `2(N) is a subspace of the space presented in the following definition.

Definition 1.4. The space, `∞(N), contains all bounded sequences and is
equipped with the norm

‖x‖∞ = sup
1≤k≤∞

|xk|. (1.5)

The operator norm is introduced as a measure of the size of an operator. Such
a measure is necessary in order to introduce concepts such as continuity and
boundedness. From now on in this work, norms without an index indicate a
general norm [6]. If there is an index, it indicates that it is a specific norm.

Definition 1.5. The norm of a linear operator, T : X → Y , is given by

‖T‖ = sup
x 6=0

‖Tx‖Y
‖x‖X

. (1.6)

Definition 1.6. A linear operator, T : X → Y , is bounded if there is a constant
M <∞ such that

‖Tx‖Y ≤M ‖x‖X , ∀x ∈ X. (1.7)

The smallest such M is the operator norm.

Definition 1.7. A linear operator, T : X → Y , is continuous if

‖Tx− Tx′‖Y ≤ c ‖x− x
′‖X ∀x, x′ ∈ X, (1.8)

with c being a constant, not depending on x nor x′.

If the considered operator is linear, it holds that the operator is continuous if it
is bounded and vice versa [6].
To say that a problem is well-posed is to say that even if there are small er-

rors in the measurement of data, the solution is not altered that much. Jacques
Hadamard was the one to invent the concept of well-posedness, and he fo-
cused on the continuous dependence of the data. Hadamard’s definition of
well-posedness, found in [4], is the following.
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Definition 1.8. A problem is well-posed if all of the following three conditions
hold:

1. For all admissible data, a solution exists.

2. For all admissible data, the solution is unique.

3. The solution depends continuously on the data.

The first two conditions of the definition state that a problem must have a
unique solution. The meaning of the third condition is that a small perturbation
in the data should not make a big difference in the solution. If these three
conditions are satisfied then the problem is well-posed. Following two examples
will demonstrate the meaning of the definition of well-posedness.

Example 1.9. LetMn be the matrix space containing all n×n square matrices,
where n ∈ N+. The norm of a matrix, A ∈Mn, is chosen to be

‖A‖2 = max{‖Ax‖2 : x ∈ Rn, ‖x‖2 = 1}. (1.9)

Since n is a finite number, the dimension of any matrix in Mn are bounded
and that is why maximum can be used in (1.9), instead of supremum as in
Definition 1.5. Now, let Ax = y be a system of n linear equations with n
unknown variables in the reals, then A ∈ Mn and x, y ∈ Rn, where y is the
result of the multiplication, Ax. Consider the conditions of well-posedness to
see that this problem is well-posed. For a given x, multiplying A by x gives
a unique answer, y, which means that the two first conditions of Hadamard’s
definition of well-posedness are satisfied. The third condition is met if A is
bounded and thus continuous. Let ‖A‖2 = c, then

‖Ax−Ax′‖2 = ‖A(x− x′)‖2 ≤ ‖A‖2 ‖x− x
′‖2 = c ‖x− x′‖2 . (1.10)

This shows that the third condition of well-posedness is met as long as the
matrix is bounded, i.e. if all the entries of the matrix are bounded. If the
matrix is bounded, then the three conditions of Hadamard’s definition are met
and thus the problem is well-posed.

Example 1.10. Let x be a bounded sequence. More precisely

x = {xk}∞k=1 ∈ X ⊂ `∞(N), (1.11)

and consider a linear operator

K : X → Y, X, Y ⊂ `∞(N), (1.12)



1.2. Basic theory 5

given by

Kx = {dkxk}∞k=1 = {yk}∞k=1 = y, where dk =
1

(1 + k)2
, 1 ≤ k ≤ ∞. (1.13)

The multiplication, Kx, yields a unique answer, y, and K is a continuous oper-
ator since

‖Kx−Kx′‖∞ = ‖{dk(xk − x′k)}‖∞ ≤ max
1≤k≤∞

|dk| ‖{xk − x′k}‖∞ ≤ ‖x− x
′‖∞ ,

(1.14)
since |dk| ≤ 1. Here, it is seen that a small difference in the data does not
give a big difference in the solution. So according to Hadamard’s conditions,
calculating y = Kx is a well-posed problem.

Definition 1.11. A problem is ill-posed if at least one of the conditions of
well-posedness does not hold, i.e. a problem is ill-posed if it is not well-posed.

To see what an ill-posed problem can be like, the two earlier examples of well-
posedness are reused.

Example 1.12. Consider the problem of solving the equation, Ax = y, for a
given y ∈ Rn and a matrix, A ∈ Mn. Then it is required to find x = A−1y,
which is the inverse problem of the problem in Example 1.9. It will here be seen
that this inverse problem can be ill-posed. There is exactly one solution to this
problem if and only if ker(A) = {0}, i.e. if and only if A is invertible. Since
suppose that ker(A) = {0} and let x and x′ be two solutions, then

0 = y − y = Ax−Ax′ = A(x− x′) (1.15)

which implies
(x− x′) ∈ ker(A) = {0} =⇒ x = x′, (1.16)

so there is only one solution. Now, suppose there is only one solution, x, to
Ax = y. Then the only solution to Ax = 0 is x = 0, which implies that
ker(A) = {0}. The third condition of well-posedness follows from the first two,
since if A is bounded and its inverse exists, then A−1 is bounded as well. Which
implies that A−1 is continuous, in the same way as A is shown to be continuous
if its entries are bounded, in Example 1.9. So the conclusion is that if A is
invertible, then the inverse problem is well-posed. But it is not certain that the
inverse exists. If it does not, then the first and second condition of Hadamard’s
definition are not satisfied and thus the problem is ill-posed.
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Example 1.13. Now, again consider the operator, K : X → Y , in Example
1.10, where K is given by

Kx = {dkxk}∞k=1 = {yk}∞k=1 = y, where dk =
1

(1 + k)2
, 1 ≤ k ≤ ∞. (1.17)

Then the inverse operator of K, K−1 : Y → X, is such that

K−1y = {d−1k yk}∞k=1 = {xk}∞k=1 = x, where d−1k = (1 + k)2. (1.18)

Consider the problem of finding a solution, x, of the linear system, Kx = y,
when y = {yk}∞k=1 ∈ Y is given. This is then the inverse problem of the problem
in Example 1.10. Let

yk =

{
1, if k = n,
0, otherwise, (1.19)

then
xk = d−1k yk =

{
(1 + n)2yn, if k = n,
0, otherwise. (1.20)

The multiplication, K−1y, yields a unique answer, x, and the norm of K−1y is∥∥K−1y∥∥∞ =
∥∥{d−1k yk}∞k=1

∥∥
∞ = max

1≤k≤∞
|d−1k yk| = |d−1n yn| = (1 + n)2, (1.21)

since yn is the only non-zero element of {yk}∞k=1. Due to the fact that n can be
infinitely large, K−1 is not bounded and thus not continuous. Since this problem
only satisfies the two first conditions in Hadamard’s definition, the problem is
ill-posed.

As seen in Example 1.9 and Example 1.12, both the direct problem and the in-
verse problem can be well-posed as long as the operators are bounded. But now
it is time to consider how to deal with problems where the considered operator
is not bounded. The following definition of regularization is an easier definition
than the one found in this book [4] and that is because in this work the inverse
of the operator is assumed to exist.

Definition 1.14. Let T : X → Y be a linear operator. A bounded operator Rα
is a regularization of T−1 if there exists a parameter choice rule, α(ε, yδ), α ≥ 0,
such that

lim sup
ε→0

{∥∥Rα(ε,yδ)yδ − T−1y∥∥ : yδ ∈ Y, ‖yδ − y‖ ≤ ε
}

= 0 (1.22)

if
lim sup
ε→0

{α(ε, yδ) : yδ ∈ Y, ‖yδ − y‖ ≤ ε } = 0. (1.23)
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If T−1 is discontinuous, then Rα can be seen as a continuous approximation
of T−1. Also Rα → T−1 for α → 0 in the sense that Rαy → T−1y in the
appropriate norm. Further, if the parameter α(ε) is well chosen, then

Rα(ε)yδ → T−1y = x, as ε→ 0. (1.24)

Here α is a parameter that regulate the accuracy of Rα. Hence, regularization
is a method to solve x = T−1y when T−1 is unbounded, and there are multiple
kinds of regularization methods. Following example will illustrate the concept.

Example 1.15. The aim of this example is to find a regularization of the
operator, K−1, from Example 1.13. Consider RN as a family of approximations
of the inverse operator, K−1, where

RNy =

{
(1 + k)2yk, if 1 ≤ k ≤ N,
0, otherwise,

}
. (1.25)

It is known that Kx = y has a solution, x, for the given y. But the exact y is not
known, only a noisy approximation, yδ, is. The noise level is assured bounded
by

‖y − yδ‖ ≤ ε, where yδ = y + δ = {yk + δk}∞k=1. (1.26)

Next approach will be to compute xδ by

xδ = K−1yδ = {yk(1 + k)2}∞k=1 + {δk(1 + k)2}∞k=1, ‖δ‖ ≤ ε. (1.27)

Here {yk(1 + k)2}∞k=1 = {xk}∞k=1 is fine but the other term, {δk(1 + k)2}∞k=1,
can make a big difference in the solution. The sequence {δk(1 + k)2}∞k=1 must
belong to the same space as {yk(1 + k)2}∞k=1, namely X, for K−1yδ to exist.
Now, instead consider the approximated operator, RN , to find xδ = RNyδ. To
satisfy the definition of regularization, it is required that RNyδ → x, as ε→ 0.
Below, the difference between RNyδ and x is calculated to see if RNyδ really
goes to x, as ε→ 0.∥∥K−1y −RNyδ∥∥ = ‖x−RNyδ‖ = ‖x−RNy +RNy −RNyδ‖ ≤
≤ ‖x−RNy‖+ ‖RNy −RNyδ‖ ≤ ‖x−RNy‖+ ‖RN‖ ‖y − yδ‖ ≤
≤ ‖{0, 0, .., 0, xN+1, xN+2, ...}‖+ (1 +N)2ε.

(1.28)

Now, let the sequence in the last inequality get a plain notation as

xN =

{
0, k ≤ N,
xk, k ≥ N + 1,

}
. (1.29)



8 Chapter 1. Introduction and basic concepts

Here N can be interpreted as a function of ε, so for example let N = (ε)−1/3−1.
If then X is a subspace of `2(N) and thus equipped with the 2-norm,
‖x‖2 = (

∑∞
k=1 |xk|2)1/2, from Definition 1.3, then

‖x−RNyδ‖2 ≤ ‖xN‖2 + (1 +N)2ε ≤ ‖xN‖2 + ε1/3. (1.30)

The first term in the last step, ‖xN‖2, tends to zero if
∑∞
k=1 xk is convergent.

Which it is since x ∈ `2(N), so

||xN ||22 =

∞∑
k=N+1

|xk|2 → 0, as N →∞. (1.31)

The other term in (1.30), ε1/3, obviously goes to zero as ε → 0. So, if X is
equipped with the 2-norm, the norm of (x − RNy) goes to zero, as N goes to
infinity, and thus RN is a regularization of K−1.
If X instead is a subspace of `∞(N), in Definition 1.4, and thus equipped with

the maximum norm, ‖x‖∞ = sup∞k=1 |xk|, then

‖x−RNyδ‖∞ ≤ ‖xN‖∞ + (1 +N)2ε ≤ max
N+1≤k≤∞

|xk|+ ε1/3. (1.32)

To make ‖xN‖∞ go to zero when X is equipped with infinity norm, extra con-
straint is required. There are different options to choose from, but a simple one
is adding that the sequence {xN} is known to go monotonically to 0, as N →∞.
For example if maxk>N |xk| ≤ 1/

√
N , then

∥∥RNyδ −K−1∥∥→ 0, as N →∞.
Depending on which norm the space is equipped with, a problem can be ill-

posed or well-posed. If it is ill-posed and it is shown that RNyδ → x, as
ε→ 0, and that the parameter choice rule works, then it is shown that RN is a
regularization of K−1.



Chapter 2

The Cauchy problem for
Laplace’s equation

This chapter will present a more comprehensive example of well-posed and ill-
posed problems, and how the latter can be regularized. Also it will illustrate
how noisy data can affect the solution.

2.1 Example of a problem with Laplace’s equa-
tion

The aim with this example is to solve Laplace’s equation,

∆u(x, y) =
∂2u

∂x2
(x, y) +

∂2u

∂y2
(x, y) = 0, (2.1)

with given boundary conditions, and to see that a direct problem, that arises
by doing this, is well-posed and the inverse of it is ill-posed. More precisely, the
considered problem that is required to solve is the following. Find the solution,
u(x, y) ∈ C2(Ω) ∩ C1(Ω̄), satisfying

∆u(x, y) = 0, (x, y) ∈ Ω,
u(0, y) = 0, y ∈ [0, L],
u(π, y) = 0, y ∈ [0, L],
u(x, L) = f(x), x ∈ [0, π],
∂u
∂y (x, 0) = 0, x ∈ [0, π],

(2.2)

where Ω = [0, π]× [0, L]. This problem is also illustrated in Figure 2.1.

Linder, 2019. 9
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y

x

L

π∂u
∂y

(x, 0) = 0

u(0, y) = 0

u(x, L) = f(x)

u(π, y) = 04u(x, y) = 0

Figure 2.1: The problem in (2.2) is illustrated.

Given the function f(x), find the solution, u(x, y), of (2.2) and let an operator,
K, be defined as

(Kf)(x) = u(x, y)|y=0 = g(x). (2.3)

Thus the operator, K, is evaluated by solving (2.2) with the given data, f(x).
In order to introduce the proper function spaces, note that the function,

u(x, y), is in C2(Ω) ∩ C1(Ω̄). Now, let

V = { v ∈ C0([0, π]) such that v(0) = v(π) = 0 } (2.4)

be a space of functions, and equip it with the scalar product

〈v1, v2〉 =

∫ π

0

v1(x)v2(x) dx, v1, v2 ∈ V. (2.5)

The space V is linear, since adding and multiplying two functions, v1 and v2,
in V yield that

(v1+v2)(x) = v1(x)+v2(x) ∈ V and c(v1v2)(x) = cv1(x)v2(x) ∈ V, v1, v2 ∈ V,

where c is an arbitrary constant. From the scalar product, the norm in V is
given by ‖v‖ = 〈v, v〉1/2, where v is a function in V . In order to introduce an
orthogonal basis for V , let

sk(x) = (2/π)1/2 sin (kx), k = 1, 2, 3.., (2.6)

and observe that sk(x) ∈ V. Also

〈sm, sn〉 =
2

π

∫ π

0

sin (mx) sin (nx) dx =

{
1, if n = m,

0, if n 6= m.
(2.7)
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Thus {sk}∞k=1 is an orthonormal basis for a space Ṽ = span{sk}. Next, note
that an arbitrary function, v, in V can be projected onto Ṽ by

(PṼ v)(x) =

∞∑
k=1

〈v, sk〉sk(x), (2.8)

which is a Fourier-sine series [6]. Since {sk} forms an orthonormal sequence in
Ṽ , the Fourier-sine series is convergent in Ṽ . It follows that

‖v‖22 ≥
∞∑
k=1

|〈v, sk〉|2, (2.9)

which is Bessel’s inequality. There is equality in (2.9) if and only if the or-
thonormal sequence, {sk}, is complete in V . If

‖v‖22 =

∞∑
k=1

|〈v, sk〉|2 (2.10)

holds, then v(x) can be interpreted as a function in Ṽ = span{sk}, which implies
that

v(x) =

∞∑
k=1

〈v, sk〉sk(x). (2.11)

This does hold since V is chosen to contain continuous functions that equal
zero at the ends [6]. Any function in V can be represented as a so called
Fourier-sine series shown in (2.11). Which means that V ⊂ Ṽ , so {sk} forms
an orthonormal basis in V too [6]. In order to solve the problem with Laplace’s
equation in (2.2), note that since u(x, y) ∈ C2(Ω) ∩ C1(Ω̄) by assumption and
u(0, y) = u(π, y) = 0, then for a fixed y, the function, u(·, y), is a function in V .
This means that u(x, y) can be written as a Fourier-sine series, for a fixed y, as
follows.

u(x, y) =

∞∑
k=1

〈u, sk〉sk(x) =

∞∑
k=1

uk(x, y). (2.12)

Here, the scalar product forms the k:th Fourier-sine coefficient of u(x, y). Let
this just mentioned coefficient be called ûk(y), i.e.

ûk(y) = 〈u, sk〉. (2.13)

Especially for y = L,

ûk(L) = 〈f, sk〉 = f̂k, since u(x, L) = f(x). (2.14)
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The method of separation of variables is based on the principle of superposition.
This means that if each of the terms uk(x, y) in (2.12) satisfies Laplace’s equation
and the boundary conditions in (2.2), and the series is convergent, then u(x, y)
will also satisfy both Laplace’s equation and the boundary conditions. In order
for one term, uk(x, y), to satisfy the equation, recall (2.13) and compute

∆uk(x, y) = (ûk(y)sk(x))′′xx + (ûk(y)sk(x))′′yy = (û′′k(y)− k2ûk(y))sk(x) = 0.
(2.15)

Since sk(x) 6= 0, it follows that

û′′k(y)− k2ûk(y) = 0. (2.16)

Now, consider the boundary conditions in (2.2). Note that sk(0) = sk(π) = 0,
so the boundary conditions at x = 0 and x = π, i.e. the second and third
condition in (2.2), are automatically satisfied by uk(x, y) = ûk(y)sk(x). The
two last boundary conditions in (2.2),

u(x, L) = f(x) =

∞∑
k=1

〈f, sk〉sk(x) (2.17)

and
u′y(x, 0) = û′k(0)sk(x) = 0, (2.18)

are satisfied if
ûk(L) = 〈f, sk〉 and û′k(0) = 0. (2.19)

Thus by solving  û′′k(y)− k2ûk(y) = 0, 0 ≤ y ≤ L,
ûk(L) = 〈f, sk〉,
û′k(0) = 0,

(2.20)

a solution term, uk(x, y), that satisfies all relevant boundary conditions is ob-
tained. A general solution to the first equation in (2.20) is ûk(y) = Aeky+Be−ky,
since it is a differential equation. By using the two boundary conditions in (2.20)
following is obtained.{

ûk(L) = AekL +Be−kL,
ûk(0) = kA− kB = 0 =⇒ A = B.

(2.21)

Which implies that

ûk(L) = A(ekL + e−kL) = A′ cosh kL. (2.22)
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By the second condition in (2.20),

ûk(L) = A′ cosh (kL) = 〈f, sk〉 =⇒ A′ =
〈f, sk〉

cosh (kL)
, (2.23)

which implies

ûk(y) = A′ cosh (ky) =
cosh (ky)

cosh (kL)
〈f, sk〉. (2.24)

This means that

uk(x, y) = ûk(y)sk(x) =
cosh (ky)

cosh (kL)
〈f, sk〉sk(x), (2.25)

and, by using superposition, the solution to (2.2) becomes

u(x, y) =

∞∑
k=1

cosh (ky)

cosh (kL)
〈f, sk〉sk(x). (2.26)

In order to evaluate the operator, K, the problem with Laplace’s equation
and boundary conditions is solved and g(x) is set to

g(x) = (Kf)(x) = u(x, 0). (2.27)

Since f(x) and g(x) are functions in V and thus can be represented by their
respectively Fourier-sine series, K can be seen as a mapping of the sequence
{〈f, sk〉} onto the sequence {〈g, sk〉}. More precisely

K : {f̂k}∞k=1 7→ {f̂kdk}∞k=1, dk =
1

cosh (kL)
, (2.28)

where f̂k are the Fourier-sine coefficients of f(x) and ĝk = f̂kdk are the Fourier-
sine coefficients of g(x). If the function, f(x), is given, then the Fourier-sine
coefficients, f̂k, are easy to find, and thus also the Fourier-sine coefficients of
g(x) by multiplying f̂k by dk.
To find f(x) from given g(x) it is required to find the inverse operator of K.

Which for given Fourier-sine coefficients, ĝk, divides them by dk to obtain the
Fourier-sine coefficients of f(x). The inverse operator of K, is thus

K−1 : {ĝk}∞k=1 7→ {ĝk/dk}∞k=1, dk =
1

cosh (kL)
, (2.29)

where {ĝk}∞k=1 and {f̂k}∞k=1 = {ĝk/dk}∞k=1 are the sequences of Fourier-sine
coefficients for g(x) and f(x), respectively.
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Since both of the sequences of Fourier-sine coefficients, fk = {f̂k}∞k=1 and
gk = {ĝk}∞k=1, are in `2(N) from Definition 1.3, they also lie in `∞(N) from
Definition 1.4. So both 2-norm and infinity norm, in these spaces, can be used
to determine if the third condition of Hadamard’s definition holds in both the
direct problem, Kfk = gk, and the inverse problem, K−1gk = fk.
For the considered linear operator K : V → V , Bessel’s inequality with equal-

ity yields

‖v‖2 =

(∫ ∞
0

|v|2 dx
)1/2

, v ∈ V. (2.30)

For the linear operator, K : `2(N)→ `2(N), following yields,

‖{v̂k}∞k=1‖2 = ‖{〈v, sk〉}∞k=1‖2 =

( ∞∑
k=1

|v̂k|2
)1/2

,

{v̂k}∞k=1 = {〈v, sk〉}∞k=1 ∈ `2(N).

(2.31)

Since (∫ ∞
0

|v(x)|2 dx
)1/2

=

( ∞∑
k=1

|v̂k|2
)1/2

, (2.32)

calculating the norm of v(x) and v̂k yield the same answer. This is because any
function in V can be written as a Fourier-sine series and thus there is equality
in Bessel’s inequality seen in (2.9). From (2.32) the norm ‖·‖2 can be calculated
in either V or `2(N).
Following two lemmas will show that if 2-norm is considered to determine

if the third condition of Hadamard’s definition is satisfied, the direct problem,
Kfk = gk, is well-posed and the inverse problem, K−1gk = fk, is ill-posed. In
the first lemma, the direct problem is considered.

Lemma 2.1. Let
K : `2(N)→ `2(N) (2.33)

be the operator defined in (2.28). Then evaluating gk = Kfk, for a given
sequence, fk ∈ `2(N), is a well-posed problem.

Proof. LetK be the considered operator in Lemma 2.1 and let fk = {f̂k}∞k=1 and
gk = {dkf̂k}∞k=1 as in (2.28). Evaluating Kfk yields a unique solution, since the
product, {dkf̂k}∞k=1, is unique. The first and second condition of Hadamard’s
definition of well-posedness are thus satisfied. The operator is continuous, since

‖Kfk −Kf ′k‖2 =
∥∥∥{dk(f̂k − f̂ ′k)}∞k=1

∥∥∥
2
≤ max

1≤k≤∞

∣∣∣∣ 1

cosh (kL)

∣∣∣∣ ‖fk − f ′k‖2 ,
(2.34)
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where ‖fk − f ′k‖2 ≤ ε and the division, 1/(cosh (kL)), is decreasing as k → ∞.
This shows that also the third condition of Hadamard’s definition is satisfied,
since the operator is continuous, and the problem is thus well-posed.

Note that this same lemma can be proven for K : `∞(N)→ `∞(N).
Now, the following lemma shows that the inverse problem is ill-posed.

Lemma 2.2. Let
K−1 : `2(N)→ `2(N) (2.35)

be defined as in (2.29). Then evaluating fk = K−1gk, for a given sequence
gk ∈ `2(N), is an ill-posed problem.

Proof. Let K−1 be the considered operator in Lemma 2.2 and let gk = {ĝk}∞k=1

and fk = {ĝk/dk}∞k=1 as in (2.29). Evaluating K−1gk yields a unique solution,
since the division, ĝk/dk, is unique. Which means that the first and second con-
dition in Hadamard’s definition of well-posedness are met. The third condition,
on the other hand, is not met, since∥∥K−1gk∥∥2 ≤ ∥∥K−1∥∥2 ‖gk‖2 ≤ max

1≤k≤∞
| cosh kL| ‖gk‖2 , (2.36)

where (cosh kL) increases unbounded, as k →∞. Thus K−1 is unbounded and
the problem is ill-posed.

The inverse operator, K−1, in (2.29) can be approximated by RN as in following
definition.

Definition 2.3. Let RN be the linear operator given by

RNgk =

{
cosh (kL)ĝk, k ≤ N,

0, k > N,

}
,

where gk = {ĝk}∞k=1.

Lemma 2.4. The operator RN : `2(N)→ `2(N) is bounded.

Proof. Let RN be the approximation of K−1 as in Definition 2.3. Also let
gk = {ĝk}∞k=1 ∈ `2(N), then fk = {ĝk/dk}∞k=1. Since gk ∈ `2(N) implies that∑∞
k=1 |ĝk|2 ≤M for some M <∞, then

‖RNgk‖22 =

N∑
k=1

| cosh (kL)|2|ĝk|2 ≤ cosh2 (NL)

N∑
k=1

|ĝk|2 ≤

≤ cosh2 (NL)

∞∑
k=1

|ĝk|2 ≤M cosh2 (NL),

(2.37)

which proves that RN is bounded.
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Now it is time to investigate the accuracy of the approximation RN ≈ K−1.
Let fk = {f̂k}∞k=1 and suppose there exists a gk such that gk = Kfk. Further
assume that only a noisy sequence, gkδ = gk + δ = {ĝk}∞k=1 + {δk}∞k=1, with
‖gk − gkδ‖ ≤ ε, is known. Then∥∥K−1gk −RNgkδ∥∥2 = ‖fk −RNgkδ‖2 = ‖fk −RNgk +RNgk −RNgkδ‖2 ≤
≤ ‖fk −RNgk‖2 + ‖RNgk −RNgkδ‖2 ≤ ‖fk −RNgk‖2 + ‖RN‖ ‖gk − gkδ‖2 ≤

≤ ‖fk −RNgk‖2 + max
1≤k≤∞

| cosh kL| ‖gk − gkδ‖2 ≤
∥∥∥{f̂k}∞k=N+1

∥∥∥
2

+ ε coshNL.

(2.38)

This is the same calculations as in (1.28), since {f̂k}∞k=1 ∈ `2. Now, following
lemma will show that the approximation, RN , is bounded for a parameter choice
rule and thus regularize the problem of evaluating fk = K−1gk.

Lemma 2.5. If the parameter choice rule for RN in Definition 2.3 satisfies
cosh (N(ε)L) = ε−1/2, then RN is a regularization of K−1 considering 2-norm.

Proof. Let the exact problem be Kfk = gk and assume that gkδ satisfying
‖gk − gkδ‖2 ≤ ε is the noisy data. It is necessary to show that

RNgkδ → K−1gk = fk, as ε→ 0. (2.39)

Start with

‖RNgkδ − fk‖2 =
∥∥RNgkδ −RNgk +RNgk −K−1gk

∥∥
2
≤

≤ ‖RN‖2 ‖gkδ − gk‖2 +
∥∥RNgk −K−1gk∥∥2 ≤

≤ cosh (NL)ε+ ‖{0, 0, .., 〈f, sN+1〉, .., }‖2 .
(2.40)

Now, by letting N tend to infinity, ε tends to zero and

√
ε+ ‖{0, 0, .., 〈f, sN+1〉, .., }‖2 → 0, as ε→ 0. (2.41)

The second term in (2.41) goes to zero, as N → ∞, since
∑∞
k=N+1〈f, sk〉sk is

convergent in 2-norm. This shows that RN satisfies the conditions in Definition
1.14 and thus Lemma 2.5 holds.

The problem of evaluating fk = K−1gk is an ill-posed problem that can be
regularized by using RN .
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2.2 Discrete Fourier transform and the Fourier-
sine transform

Earlier in this chapter, it was seen that it is required to calculate f̂k = 〈f, sk〉.
In this section it will be shown that ordinary Fourier coefficients can be used
for doing that. This section will describe how functions in Matlab can be useful
for computing the Fourier-sine transform.

In this work, the interesting Fourier-sine series of functions to compute are
the ones defined on the interval, [0, π]. Now, consider the function f(x) ∈ V
and let it be mirrored on the interval, [−π, π], as follows.

fodd(x) =

{
−f(x), x ∈ [−π, 0],

f(x), x ∈ [0, π].
(2.42)

To further illustrate what a mirrored function is referring to here, an example
of a function, f(x) ∈ V , and its mirrored version, fodd, are plotted in Figure
2.2.
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Figure 2.2: In the left plot, a given function f(x) ∈ V is illustrated. In the right
plot, the mirrored function, fodd(x), is illustrated.

An important observation is that the Fourier series of the mirrored function,
fodd(x), on the interval, [−π, π], represents the original function, f(x), on [0, π].
The Fourier series of the function, fodd(x), on the interval, [−π, π], is

fodd(x) =

∞∑
k=−∞

coddke
ikx, (2.43)

where coddk is the k:th Fourier coefficients of fodd(x), such that

coddk =
1

2π

∫ π

−π
fodd(x)e−ikxdx, k ∈ Z. (2.44)
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The Fourier coefficients, coddk , can be rewritten as

coddk =
1

2π

∫ π

−π
fodd(x)e−ikxdx =

=
1

2π

∫ π

−π
fodd(x)(cos (−kx) + i sin (−kx))dx =

=
1

2π

∫ π

−π
fodd(x) cos (kx)− 1

2π

∫ π

−π
fodd(x)i sin (kx)dx =

=
−1

2π

∫ π

−π
fodd(x)i sin kx dx.

(2.45)

The integral over fodd(x) cos (kx) expires since the product of an odd and an
even function is odd, and every integral over an odd function over a symmetric
interval equals zero. The last integral in (2.45) can be rewritten since the
integrand is a product of two odd functions, i.e. since the integrand is even.

−1

2π

∫ π

−π
fodd(x)i sin kx dx =

−i
π

∫ π

0

fodd(x) sin kx dx =

=
−i
π

∫ π

0

f(x) sin kx dx = − i√
2π

∫ π

0

f(x)

√
2

π
sin kx dx =

=− i√
2π
〈f, sk〉 =⇒ coddk = − i√

2π
〈f, sk〉.

(2.46)

This shows that the relation between the Fourier coefficients of fodd(x) and the
Fourier-sine coefficients, 〈f, sk〉 = f̂k, is found. So the remaining thing is to find
the Fourier coefficients, coddk .
There is a discretized version of the Fourier transform, namely the discrete

Fourier transform, where the continuous variable x is changed to a discrete one
and the integral is turned into a sum. Fast Fourier transform is an algorithm
for calculating the discrete Fourier transform [5]. In Matlab, there is a function
called fft that executes the algorithm. It calculates from N ordered function
values, N ordered Fourier coefficients and if N is large enough, this is a good
approximation of the continuous Fourier transform. I.e., it calculates an approx-
imation of the Fourier transform for the function. So by using that, the Fourier
coefficients of fodd can be found and with the relation in (2.20), also the Fourier-
sine coefficients of f(x). In Matlab, there is also a function for the inverse fast
Fourier transform, which can be used to calculate the inverse Fourier-sine trans-
form. I.e., find the function, f(x), from the Fourier-sine coefficients, f̂k, and by
the relation in (2.20). The command is ifft and it calculates, from N correctly
ordered Fourier coefficients, the function value in N points.
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So, the function, fft, in Matlab can be used to find coddk from fodd(x) and
with the relation in (2.46), f̂k can be found. Given the Fourier-sine coefficients,
f̂k, the Fourier coefficients, coddk , can be found by the relation in (2.46) and by
the function, ifft, the function fodd(x) can be found (and thus also f(x), since
they are the same on the interval, [0, π]).
Note that since always both the Fourier-sine transform and the inverse Fourier-

sine transform are done (since given a function, it is required to find another
function, not its Fourier-sine coefficients), the differences of the constants in the
ways of calculating the Fourier transforms do not matter.
The transformations done in this section are the same for any function in V ,

so finding the Fourier-sine coefficients of g(x) and finding g(x) from the ĝk’s,
are done in the same ways as described here for f(x).





Chapter 3

Experiments with Laplace’s
equation

In this chapter, the presented theory in earlier chapters is applied and used
in different tests. To show the ill-posedness of evaluating K−1 in (2.29), the
problem in (2.2) will be discretized, to be able to do the calculations in Matlab.

3.1 Discretization of the problem with Laplace’s
equation

The discretization of the problem, with Laplace’s equation in (2.2), is done in
following way. Choose the grid in the x-coordinate to be,

{xk}nk=1, with x1 = 0 and xn = π, (3.1)

which provides that each step in the x-direction is ∆x = π/(n− 1). Now find a
grid,

{yk}mk=1 with y1 = 0 and ym = L, (3.2)

where m is chosen so that ∆x = ∆y is satisfied. Since π/(n− 1) = ∆x = ∆y =
L/(m − 1), the relation m − 1 = (L(n − 1))/π is given, and m is chosen to be
rounded to the closest integer. In the implementation, n = 400 is chosen, which
implies that m = 52 if L = 0.4. The number of points in the x-coordinate,
n = 400, yields that the number of Fourier-sine coefficients obtained by the
Fourier-sine transformation is n− 1 = 399, since g(x1) = g(x400) = 0.
The discretized version of the problem (2.2) is solved by using finite differ-

ences. The code for doing this is described in [2]. In Figure 3.1, a solution,

Linder, 2019. 21
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u(x, y), to this problem is illustrated. To the left hand side of Figure 3.2, the
exact function, f(x) = u(x, L), is shown and to the right in the same figure, the
exact function, g(x) = u(x, 0), is illustrated.
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Figure 3.1: This is a solution, u(x, y), to the problem in (2.2), solved for the
case L = 0.4 by the code in [2].
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Figure 3.2: To the left, the given function, f(x) = u(x, L), is illustrated. To the
right, the function, g(x) = u(x, 0), given from the solution, u(x, y), in Figure
3.1, is illustrated. These are the exact functions calculated by the code in [2].
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So, f(x) is the given function in the discretized version of the problem in (2.2)
and u(x, y) is the found solution. By solving the problem, (Kf)(x) is evaluated
and thus the function g(x) is found. Since evaluating (K−1g)(x) is, in principle,
the same thing as evaluating K−1gk, the function, g(x), is transformed into its
Fourier-sine coefficients and then K−1gk is evaluated. The resulting Fourier-
sine coefficients, fk, are then transformed to the function f(x). Since this exact
inverse problem, (K−1g)(x) = f(x), is ill-posed, the approximation RN is con-
sidered. To see in practice that RN behaves like a regularization, it is required
to find RNgδ(x) to compare with the exact f(x). First, the Fourier-sine coef-
ficients, gkδ , of the function, gδ(x), is found and then the approximation, RN ,
in Definition 2.3 acts on these to obtain RNgkδ . This, by dividing the Fourier-
sine coefficients, ĝkδ by dk = 1/(cosh kL) and thus the Fourier-sine coefficients
of f(x) are approximately determined as fkδ = RNgkδ . To choose a function
gδ(x), some Gaussian, random noise of specific size is added to the function,
g(x). By evaluating RNgkδ in different cases, four different tests have been im-
plemented. The function, f(x), given in the discretized problem, in these tests,
is the function to the left in Figure 3.2, unless otherwise is specified. The dif-
ference between f(x) and fδ(x) in 2-norm, i.e.‖fδ − f‖2, is the considered error
in the following tests.

3.2 Tests
Test 1. In this first test, the ill-posedness of the problem will be illustrated.
Let L = 0.4 and let the added noise to g(x) be of size 10−5. The difference
between g(x) and gδ(x) is very small, which can be seen in the top left plot in
Figure 3.3. In the following three plots in the just mentioned figure, the exact
function, f(x), and the regularized function, fδ(x), are plotted. Here, a specific
N is considered for each plot. Recall that N , the number of terms to include
in the Fourier-sine series, i.e. the number of Fourier-sine coefficients considered
in the regularization, is the regularization parameter as before. The chosen N ’s
are N = 10, N = 20 and N = 30, to illustrate the differences of the exact
and the regularized function, as can be seen in Figure 3.3. The figure shows
that there are too few Fourier-sine coefficients considered when N = 10, which
means that the approximation becomes too bad. Already for N = 30, the error
becomes quite big and the regularized function oscillates too much. For N = 20
considered Fourier-sine coefficients in the approximation, the function becomes
pretty close to the original f(x).
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Figure 3.3: The top left plot shows the exact function, g(x), and the function,
gδ(x), where noise of size 10−5 is added to g(x). The following three plots show
the difference between the exact function, f(x), and the regularized function,
fδ(x) = RNgδ(x). In the top right plot, the number of considered Fourier-sine
coefficients in the regularization is N = 10. In the bottom left plot N = 20 and
in the bottom right plot N = 30.

For greater N , the error increases vigorously. This fact depends on the following
argument. Consider

‖f −RNgδ‖2 ≤ ‖f −RNg‖2 + ‖RN‖ ‖g − gδ‖2 , (3.3)

where ‖f −RNgδ‖2 generates a small top for small N ’s. This because when
few Fourier-sine coefficients are considered in the regularization, there are too
few values to be able to do a good approximation. Which means that the
regularized function does not follow the oscillations of the original function well
enough. When N increases a little, the errors from ‖f −RNgδ‖2 and ‖RN‖ start
to cancel each other out. If the number of considered Fourier-sine coefficients is
more than 30, in this case, the error starts increasing extremely fast and that is
because ‖RN‖ is increasing very fast.
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Now consider a function, f(x), with more oscillations than the f(x)-function
in Figure 3.2. For L = 0.4, the solution, u(x, y), to the discretized problem
is illustrated in the top left plot in Figure 3.4. To g(x) = u(x, 0), noise of
size 10−5 is added. Then RNgδ = fδ is calculated by considering the Fourier-
sine coefficients. In the three remaining plots in Figure 3.4, it is illustrated for
different N ’s how the regularized function, fδ(x), differs from the exact f(x).
The N ’s used are 5, 25 and 35. In this case, it is a good choice to consider 25
Fourier-sine coefficients in the regularization, as can be seen in Figure 3.4.
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Figure 3.4: Let L = 0.4. By considering a more oscillated function, f(x), in the
discretized problem, the solution, u(x, y), is as in the top left plot. The noise
added to g(x) = u(x, 0) is of size 10−5 as before. Following three plots show
the exact function f(x) and the regularized function for different numbers of
Fourier-sine coefficients in the regularization. In the top right plot N = 5, the
bottom left plot N = 25 , and the bottom right plot N = 35.

In the rest of the tests in this chapter, the function, f(x), illustrated in Figure
3.2 is considered.

Test 2. In this test, the minimum error and which N that gives this smallest
error, for different L’s, are of interest. This means that the discretized problem
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is solved for different L’s and for each solution, u(x, y), some noise is added to
g(x) = u(x, 0). Then the function fδ(x) is found from that gδ(x), by considering
Fourier-sine coefficients as before. For each L, the smallest error, ‖f − fδ‖2, is
determined and also which N that gives this error, by calculating the error for
1 ≤ N ≤ 399. Here, L starts at 0.15 and at every step, L increases by 0.05, up to
the last considered value L = 0.65. To the left in Figure 3.5, the N which gives
the smallest error, ‖f − fδ‖2, is plotted as a function of L. This means that it
can be seen which number of Fourier-sine coefficients, N , that would be optimal
to use for a specific L. To the right in Figure 3.5, the 2-norm of f − fδ for
this optimal N is plotted against L. Which means that it can be seen how the
error increases for larger L’s although optimal N is used in the regularization.
In Figure 3.5, it can thus be seen that the approximation is better for smaller
L, since a larger number of Fourier-sine coefficients can be considered in the
regularization and the error is smaller.
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Figure 3.5: In the left plot, the optimal N for different L’s is plotted. In the
plot to the right, the error, ‖f − fδ‖2, for the optimal N is plotted against L.

Test 3. In this test, it will be seen how the number of Fourier-sine coefficients
in the regularization depends on different noise levels and how that affect the
error between f(x) and the approximated function, fδ(x). This test is done
in the same way as Test 2, but different noise levels are considered instead of
different L’s. Here the discretized problem is solved just once and the solution,
u(x, y), is used multiple times. Noise of different sizes is added to g(x) = u(x, 0)
and the regularization is done for each size of added noise. The sizes of the noise
added to g(x), i.e. the noise levels, are between 10−6 and 10−1. The considered
N is, as in Test 2, the number of Fourier-sine coefficients that would be optimal
to use in the regularization. The left plot in Figure 3.6 shows the optimal
N calculated by the code, for a specific noise level. To the right in Figure 3.6,
the error between the approximated fδ(x) and the exact f(x), when the optimal
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number of Fourier-sine coefficients is considered in the regularization, is plotted.
As can be seen in the two plots in Figure 3.6, a larger number of Fourier-sine
coefficients can be considered in the regularization for smaller added noise to
g(x) and the errors get bigger for bigger added noise to g(x).
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Figure 3.6: In the plot to the left, the optimal N for the different noise levels,
calculated numerically by the code, is plotted. To the right, the error, ‖f − fδ‖2,
for the optimal N is plotted against the noise level.

Test 4. This last test in this chapter is very similar to Test 3, but instead of
numerically calculate which number of Fourier-sine coefficients that would be
optimal to use in the regularization for certain noise levels, the parameter choice
rule from Lemma 2.5 is used. Which means that N here satisfies the parameter
choice rule, coshN(ε)L = ε−1/2, and is rounded to closest integer.
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Figure 3.7: In the left plot, the theoretical calculatedN(ε) is plotted for different
noise levels. The error, ‖f − fδ‖2, given for that particular N(ε) is plotted
against the noise level in the right plot.



28 Chapter 3. Experiments with Laplace’s equation

In this test, it is thus shown which theoretical N that would be used in the
regularization and how big error it yields, considering different noise levels. In
the plot to the left in Figure 3.7, N(ε) is plotted against the noise level. To the
right in the same figure, the error between f(x) and fδ(x) when that N(ε) is
considered in the regularization, is plotted against the noise level. As can be
seen here, as in Test 3, larger N can be used when the added noise to g(x) is of
smaller size. The error gets bigger for larger noise level.



Chapter 4

An elliptic equation solved by
Fourier-sine series

In this chapter, a similar problem to the problem with Laplace’s equation and
boundary conditions in (2.2) will be solved. But instead of considering Laplace’s
equation in (2.1), an elliptic equation is considered.

4.1 Example of a problem with an elliptic equa-
tion

In this chapter, following elliptic equation is regarded,

∂2u

∂x2
(x, y) +

∂

∂y

(
a(y)

∂u

∂y
(x, y)

)
= 0, (4.1)

where a(y) is an arbitrary function of y. The new problem that is required to
solve is thus the following.

∂2u
∂x2 + ∂

∂y

(
a∂u∂y

)
= 0, (x, y) ∈ Ω,

u(0, y) = 0, y ∈ [0, L],
u(π, y) = 0, y ∈ [0, L],
u(x, L) = f(x), x ∈ [0, π],
∂u
∂y (x, 0) = 0, x ∈ [0, π].

(4.2)

In the upcoming tests, the function a(y) is chosen to be

a(y) = 2− e(y/3) + sin(y). (4.3)
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To be able to solve (4.2) numerically, the problem is discretized in same way as
the problem in (2.2). First choose the grid of the x-coordinate to be,

{xk}nk=1, with x1 = 0 and xn = π, (4.4)

which provides that each step in the x-direction is ∆x = π/(n− 1). Now find a
grid in the y-coordinate,

{yk}mk=1 with y1 = 0 and ym = L, (4.5)

where m is chosen so that ∆x = ∆y is satisfied. Since π/(n− 1) = ∆x = ∆y =
L/(m − 1), the relation m − 1 = (L(n − 1))/π is given, and m is chosen to
be rounded to the closest integer. In the tests later in this chapter n = 400 is
chosen and thus m = 52 if L = 0.4. The discretized version of (4.2) is solved
by using finite differences. The code for doing this is a modified version of the
code described in [2].
Following lemma tells that variable separation can be used for finding a solu-

tion, u(x, y), to the problem in (4.2), as for the problem with Laplace’s equation
in (2.2).

Lemma 4.1. There is a variable separation for the solution, u(x, y), to the
problem in (4.2) such that

u(x, y) =

∞∑
k=1

ûk(y)sk(x), ûk(y) = 〈u, sk〉. (4.6)

Proof. Assume that u(x, y) is a function in C2(Ω) ∩ C1(Ω̄). Then since the
conditions, u(0, y) = 0 and u(π, y) = 0, in (4.2) must be satisfied, the function,
u(·, y), belongs to V for fixed y. Which implies that u(x, y) can be written as a
Fourier-sine series as follows.

u(x, y) =

∞∑
k=1

ûk(y)sk(x), ûk(y) = 〈u, sk〉. (4.7)

It is required to find ûk(y) such that u(x, y) ∈ V solves (4.2). For a given k,
insert uk(x, y) = ûk(y)sk(x) into the elliptic equation in (4.2). This yields that

(ûk(y)sk(x))′′xx + (a(y)(ûk(y)sk(x))′y)′y = ((a(y)û′k(y))′ − k2ûk(y))sk(x) = 0,
(4.8)

where sk 6= 0. Also insert uk(x, y) = ûk(y)sk(x) into the boundary conditions
in (4.2). Thus the system of equations for finding ûk(y) is the following, (a(y)û′k(y))′ − k2ûk(y) = 0,

û′k(0) = 0,
ûk(L) = 〈f, sk〉,

(4.9)
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since u(0, y) = 0 and u(π, y) = 0 are satisfied by u(·, y) ∈ V . If the system of
equations in (4.9) has a solution, then uk(x, y) = ûk(y)sk(x) fulfills all require-
ments of (4.2) for each k. Thus for the solution of (4.9), the equation in (4.7)
forms a variable separation of u(x, y), since it converges.

The problem in (4.9) can not be solved analytically, as the problem in (2.20) is
in Chapter 2. To solve (4.9) numerically, matrices are introduced. Let uk be
a vector of the Fourier-sine coefficients, ûk(y`), k ∈ [1, n] and ` ∈ [1,m], such
that

uk = [ûk(y1), ûk(y2), ..., ûk(ym)]T . (4.10)

The second equation in (4.9) approximated by finite differences becomes

û′k(0) =
ûk(y2)− ûk(y1)

∆y
= 0. (4.11)

The third equation in (4.9) yields that

ûk(L) = 〈f, sk〉 = f̂k = ûk(ym). (4.12)

The first equation of the three in (4.9) is also approximated by finite differences
to be solvable. This is done as follows. First, approximate the first derivative
of ûk(y`).

û′k(y`) ≈
ûk(y`+1/2)− ûk(y`−1/2)

∆y
, for ` ∈ [2,m− 1]. (4.13)

Now, an approximation of the derivative of a(y)û′k(y) is

a(y`+1/2)ûk(y`+1)− a(y`+1/2)ûk(y`)− a(y`−1/2)ûk(y`) + a(y`−1/2)ûk(y`−1)

∆y∆y
.

(4.14)
This approximation can be inserted into the first equation in (4.9) and multiplied
by (∆y)2. Then the equation required to solve is

a(y`−1/2)ûk(y`−1)− (a(y`+1/2) + a(y`−1/2) + (∆y)2k2)ûk(y`)+

+a(y`+1/2)ûk(y`+1) = 0,
(4.15)

for ` ∈ [2,m− 1].
The three conditions of (4.9), rewritten as in (4.11), (4.12) and (4.15), together

form a system of equations, which can be represented by a matrix multiplication,
Auk = b. Here A is an m×m-matrix containing the coefficients in front of the
Fourier-sine coefficients of the equations. Thus the first row’s elements are (−1)
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followed by one 1 and (m−2) zeros. The second to the penultimate row contain
the coefficients of the ûk(y`)’s in the equations in (4.15). The last row’s elements
consists of (m − 1) zeros followed by one 1 in the last column. Here uk is the
vector in (4.10). The vector b is a column consisting of (m − 1) zeros followed
by the k:th Fourier-sine coefficient for f(x). This matrix multiplication can be
seen in (4.16).


−1 1 0 . . . 0

a(y3/2) −(a(y5/2) + a(y3/2) + (∆y)2k2) a(y5/2) . . . 0
...

...
...

. . .
...

0 0 0 . . . 1



ûk(y1)
ûk(y2)

...
ûk(ym)

 =


0
0
...
f̂k


(4.16)

This problem, Auk = b, must be calculated for each k, which is done in Matlab.
The Fourier-sine coefficients of f(x) and g(x) are here obtained as f̂k = ûk(m)
and ĝk = ûk(1) respectively. Which means that

{f̂k}n−1k=1 = {ûk(m)}n−1k=1 and {ĝk}n−1k=1 = {ûk(1)}n−1k=1 . (4.17)

So given a Fourier-sine coefficient, f̂k, the vector uk can be found. The first
element in this vector gives ĝk. By solving the problem in (4.16) for each k,
all Fourier-sine coefficients, ĝk, are found. These matrix multiplications can be
seen as evaluating Kfk = gk, where K is a linear operator. This operator is
in principle the same as Kf = g, since it is easy to shift between function and
Fourier-sine coefficients by the relation seen in (2.46) and the functions, fft
and ifft, in Matlab.
If instead the ĝk’s are the known Fourier-sine coefficients and it is require to

find the f̂k’s, then it can be seen as evaluating K−1gk = fk. For doing this,
some small adjustments in the matrix multiplication must be done. The vector
b in Au = b is changed to b/f̂k and then it follows that the solution is not uk, so
that vector is changed to dk = [dk(y1), ..., dk(ym)]T . This matrix multiplication
can be seen in (4.18).
−1 1 0 . . . 0

a(y3/2) −(a(y5/2) + a(y3/2) + (∆y)2k2) a(y5/2) . . . 0
...

...
...

. . .
...

0 0 0 . . . 1



dk(y1)
dk(y2)

...
dk(ym)

 =


0
0
...
1


(4.18)

Thus dk = uk/f̂k, since the system of equations is linear. Which means that
uk = f̂kdk and it follows that ĝk = ûk(y1) = f̂kdk(y1). From this relation f̂k can
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be calculated as f̂k = ĝk/dk(y1). So given the Fourier-sine coefficients, {ĝk}n−1k=1 ,
of the function g(x), each Fourier-sine coefficient, f̂k, can be calculated by solv-
ing the problem in (4.18) for each k and obtaining {f̂k}n−1k=1 = {ĝk/dk(y1)}n−1k=1 .
Since this is an ill-posed problem, the approximation of K−1, RN , from Def-
inition 2.3 is considered also in this chapter. To show that RN behaves as a
regularization of this operator, K−1, too, recall from Chapter 3 how the Tests
are implemented. Here, the first three tests are done again, but the problem
in (4.2) is solved instead. In Figure 4.1, a solution, u(x, y), to the discretized
version of the problem in (4.2), given the function, f(x), plotted to the right
in Figure 4.2, is illustrated. To the left in the latest mentioned figure, the cal-
culated g(x) = u(x, 0) is illustrated. In the following three tests, the exact
function, f(x), is chosen to be the left function in Figure 4.2.
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Figure 4.1: This is the solution, u(x, y), to the problem (4.2), solved for the case
L = 0.4.
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Figure 4.2: To the left, the given exact function, f(x), is illustrated and to
the right the calculated exact function, g(x) = u(x, 0), given by the solution in
Figure 4.1, is illustrated.
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4.2 Tests
Test 1. The top left plot in Figure 4.3 shows the perturbed function, gδ(x),
with noise level 10−5 and the exact function g(x). The Fourier-sine coefficients of
gδ(x) are calculated in the same way as before. Then RN acts on the sequence
of these Fourier-sine coefficients to obtain the sequence of f(x)’s Fourier-sine
coefficients. This is done for three different N ’s, N = 10, N = 20 and N = 30,
to illustrate how the choice of N can affect the solution.
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Figure 4.3: The top left plot shows the exact function, g(x), and the noisy
function, gδ(x). The rest of the plots illustrate the difference between fδ(x) and
f(x) for different N ’s considered in the regularization. In the top right plot
N = 10, the bottom left plot N = 20 and the bottom right plot N = 30.

In Figure 4.3 it is shown that N = 20 can be a well balanced number of Fourier-
sine coefficient to use in the regularization, as in the same test in Chapter 3.
From this test it is seen that even if the error between the exact function,
g(x), and the perturbed function, gδ(x), is very small, the error between the
regularized function, fδ(x), and the exact function, f(x), is fast increasing.
This since already for N = 30, the regularized function oscillates too much.
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Test 2. In this test, it is seen how the optimal number of Fourier-sine coefficients
considered in the regularization depends on L, in u(x, L) = f(x). The problem
in (4.2) is solved for different L’s between 0.2 and 0.7. For each solution, u(x, y),
some small noise is added to g(x) = u(x, 0) and the approximation, RN , acts
on this noisy function’s Fourier-sine coefficients, ĝkδ , to obtain f̂kδ . For each L,
the N that gives the smallest error between f(x) and fδ(x) and the value of
that error are determined. The left plot in Figure 4.4 shows that for smaller L,
the number of Fourier-sine coefficients considered in the regularization can be
larger, than for greater L. By considering these N ’s in the regularization, the
errors are calculated and plotted against L in the plot to the right in Figure
4.4. In this just mentioned figure, it can be seen that the approximation works
better for smaller L’s, since then the number of Fourier-sine coefficients in the
regularization can be larger and the error, ‖f − fδ‖2, is smaller.
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Figure 4.4: In the left plot the optimal N for different L’s is plotted. In the
plot to the right, the error, ‖f − fδ‖2, for the optimal N is plotted against L.

Test 3. In this test, it is seen how the optimal number of Fourier-sine coefficients
considered in the regularization depends on the noise level, i.e. the size of the
noise added to g(x). The problem in (4.2) is solved once and noise of different
sizes, between 10−6 and 10−1, is added to g(x) = u(x, 0). Then RN acts on the
Fourier-sine coefficients of gδ(x), to find the Fourier-sine coefficients of fδ(x), and
thus fδ(x). For each noise level, the N that gives smallest error between f(x)
and fδ(x), and thus also the value of this error, are determined. The left plot
in Figure 4.5 shows the numerical calculated optimal N , i.e. optimal number of
Fourier-sine coefficients that should be considered in the regularization, plotted
against the noise level. In the right plot of Figure 4.5, the error between the
exact function, f(x), and the regularized function, fδ(x), when optimal number
of Fourier-sine coefficients is considered in the regularization, is plotted.
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Figure 4.5: In the left plot it is seen which N that is optimal to use, according
to the code, for different noise levels. In the right plot, the error, ‖f − fδ‖2,
given when the optimal N is used for the particular noise level, is plotted.

As in Figure 3.6 in Test 3 in chapter 3, the theory about how the number of
Fourier-sine coefficients can be larger when smaller noise is added to g(x) and
how the error get bigger for noisier gδ(x) holds.
As can be seen in Figure 4.5, the smaller difference between the exact func-

tion, g(x), and the perturbed function, gδ(x), the larger N can be used in the
regularization, i.e. more Fourier-sine coefficients can be considered in the regu-
larization. This implies a better approximation when smaller noise is added to
g(x), which is reasonable.

Since the problem of finding the coefficient, ûk(y), in this chapter can not be
solved analytically, the last test of Chapter 3 for an analytically calculated
parameter choice rule can not be fulfilled.
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Conclusion

Laplace’s equation on a domain with boundary conditions can be solved by
using Fourier-sine series if u(x, y) ∈ V for fixed y. This applies even if Laplace’s
equation is expanded to an elliptic equation, but then the solution can not be
calculated analytically. To find ûk(y) in the latter case is namely a little more
complicated, since it requires that the system of equations is approximated by
finite differences. This causes a matrix multiplication, Aūk = b̄, which must be
solved numerically for each k.
By solving the problem with an elliptic equation, a linear operator, K, is

evaluated and the direct problem is (Kf)(x) = u(x, 0) = g(x). Since f(x)
and g(x) are functions in V , they are uniquely determined by their Fourier-sine
coefficients, which leads to that the mapping from f(x) to g(x) can be seen as a
mapping from f̂k to ĝk. The direct problem can thus be transformed to Kfk =
gk. It is seen that finding the Fourier-sine coefficients, ĝk, given the function,
f(x), is a well-posed problem. The inverse problem of this problem is K−1gk =

fk, where it is required to find f̂k, and thus f(x), given g(x). This is an ill-posed
problem, and the operator, K−1, can be regularized by an approximation, RN ,
that divides the N first Fourier-sine coefficients of g(x) by dk = 1/(cosh kL), as
K−1 does, but the rest are set to zero. The resulting sequence is the N first
Fourier-sine coefficients of f(x), which gives an approximation of f(x).
Given an exact function, f(x), the problem with an elliptic equation is solved.

From that solution, u(x, y), the exact function, g(x) = u(x, 0), is found and to
that function some random, Gaussian noise is added. This noisy function, gδ(x),
is transformed into its Fourier-sine coefficients, to be able to find the Fourier-
sine coefficients, fkδ = RNgkδ , and thus fδ(x). Now, this regularized function,
fδ(x), can be compared to the exact function, f(x), to show the ill-posedness
and the regularization of this inverse problem in different tests.
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In the third and fourth chapter, several tests are implemented. First it is
shown that even if the noise added to g(x) is very small, the regularized function
can differ a lot from the exact one, which illustrates the ill-posedness. It is also
shown how the smallest error in 2-norm, between f(x) and fδ(x), depends on
different small perturbations in g(x) or different L’s in u(x, L) = f(x). The N
that gives this smallest error is determined as well. The tests illustrates how
the number of considered Fourier-sine coefficients, N , can be increased when
the noise level or L is decreased. In the third chapter, a fourth test can be
done, since a parameter choice rule can be calculated analytically. For this N ,
the error is calculated. This test also confirms the theory that N decreases
and that the error increases for larger noise levels. From these tests, it can be
concluded that RN behaves like a regularization and thus the method of using
a smaller number of Fourier-sine coefficients of gδ(x) to find an approximation
of f(x) is a regularization method. It is also seen that this is a good method,
that works both in theory and in practice.
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