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Abstract: Couette, pipe, channel, and zero-pressure gradient (ZPG)
turbulent boundary layer (TBL) flows have classically been considered
as canonical wall-bounded turbulent flows since their near-wall behavior
is generally considered to be universal, i.e. invariant of the flow case and
the Reynolds number. Nevertheless, the idea that large-scale motions,
being dominant in regions further away from the wall, might interact
with and influence small-scale fluctuations close to the wall has not
been disregarded. This view was mainly motivated due to the observed
failure of collapse of the Reynolds normal stresses in viscous scaling.
While this top-down influence has been studied extensively over the last
decade, the idea of a bottom-up influence (backward energy transfer)
is less examined. One exception was the recent experimental work on
a Couette flow by Kawata, T. & Alfredsson, P. H. (Phys. Rev. Lett.
120, 244501, 2018).
In the present work, a spectral representation of the Reynolds Stress
transport equation is used to perform a scale-by-scale analysis of the
terms in the equation. Two flow cases were studied: first, a Direct Nu-
merical Simulation (DNS) of a Couette flow at a similar Reynolds num-
ber as Kawata and Alfredsson. The Reynolds number was Re⌧ = 120,
defined with friction velocity u⌧ , channel half-height h, and kinematic
viscosity ⌫. Second, a Large Eddy Simulation (LES) of a ZPG TBL
at Re⌧ = 730, 1270, and 2400. For both cases the classic interscale
transport of turbulent kinetic energy was observed. However, also an
inverse interscale transport of Reynolds shear stress was observed for
both cases.

Descriptors:

Reynolds Stress; Zero-Pressure Gradient Turbulent Boundary Layer;
Turbulent Couette Flow; Inverse Interscale Transport; Energy Cascase;
Wall-bounded Flows; Direct Numerical Simulation; Large Eddy
Simulation.
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CHAPTER 1

Introduction

Whether it is a flow over an airfoil, the wake of a wind turbine, or the smoke
released from a chimney, turbulent flows are part of everyday life. There is no
standard definition of turbulent flows, but they share some common character-
istics:

1. High level of disorder and chaotic motions that are impossible to repro-
duce in detail at every point of space and time.

2. Enhanced mixing of momentum, heat, and mass compared to laminar
flow and its molecular counterparts.

3. Three dimensional vorticity fluctuations.
4. Wide range of di↵erent length and temporal scales, which implies high

Reynolds number.

To be considered a turbulent flow, it is not enough to just have a high
Reynolds number, which is a measure of the scale separation as will be explained
in section 3.3, or disorder. All characteristics must be present in the flow.

Classically, turbulence has been studied as an energy cascade from large
scales of motion to small scales. Pope (2000) explains how turbulence is pro-
duced at the larges scales of motion, and then through an inviscid process it
is transferred to smaller and smaller scales. At small scales (or Kolmogorov
scales) viscosity becomes more important and it dissipates the energy into heat.
This was illustrated by Lewis Fry Richardson (1922) in this famous poem:

Big whirls have little whirls that feed on their velocity, and little whirls have
lesser whirls and so on to viscosity.

1.1. Literature review

1.1.1. Inverse energy cascade in wall-bounded turbulent flows

Couette, pipe, channel, and zero-pressure gradient (ZPG) turbulent boundary
layer (TBL) flows have classically been considered as canonical wall-bounded
turbulent flows since their near-wall behavior in viscous units is generally con-
sidered to be universal, i.e., invariant of the flow case and the Reynolds num-
ber. Nevertheless, the idea that large-scale motions, being dominant in regions

1



2 1. INTRODUCTION

further away from the wall, might interact with and influence small-scale fluc-
tuations close to the wall has not been disregarded. This view was mainly mo-
tivated due to the observed failure of collapse of the Reynolds normal stresses
in viscous scaling. This top-down influence can be explained through classical
energy cascade.

However, this does not capture the whole picture. Jiménez (1999) pointed
out that certain “anomalies” observed in boundary layers can be explained
with an inverse energy cascade, i.e. from smaller to larger scales. Marati et al.
(2004) analyzed a Direct Numerical Simulation (DNS) of a turbulent channel
flow and showed that this inverse cascade can be due to the inhomogeneous
character of the flow near the wall.

Cimarelli et al. (2013) further expanded this topic and observed that in-
verse energy cascade is “crucial” for the description of wall-bounded turbulence
since it is responsible for the generation of the commonly observed long streak
structures. This inverse cascade poses problems in standard Large Eddy Sim-
ulation (LES) methods. Cimarelli & De Angelis (2014) briefly discussed this,
and suggested a model that considers inverse energy cascade.

A scale-by-scale analysis should be adopted to study energy cascade. Mizuno
(2016) performed a spectral analysis of the term of the turbulent kinetic en-
ergy equation with data from a DNS of a turbulent channel. He noted that
while there exist an inverse interscale transport of energy, globally it is a classic
cascade hence it was not reported.

1.1.2. Inverse shear stress cascade in wall-bounded turbulent flows

In wall-bounded turbulent flows, not much attention has been paid to the Rey-
nolds shear stress h�uvi in terms of interscale transport. However, recently
Kawata & Alfredsson (2018) studied this in detail with an experiment of a tur-
bulent Couette flow. They were able to observe an inverse interscale transport
of Reynolds shear stress which has not been documented before. Kawata &
Tsukahara (2019) further expanded this analysis with a DNS of a Couette flow
and also observed an inverse interscale transport of h�uvi.

1.2. Motivations

The present work will compare the experimental results of Kawata & Alfredsson
(2018) to a Direct Numerical Simulation (DNS) at a similar Reynolds number.
It will also extend this analysis to higher Reynolds numbers by analyzing the
interscale transport of a ZPG TBL from a well-resolved Large Eddy Simulation
(LES) data computed by Eitel-Amor et al. (2014).
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While the focus will be on documenting the interscale transport of h�uvi,
also the other terms of the Reynolds stress transport equation will be inves-
tigated. Aside from this, the interscale transport and other terms of the tur-
bulent kinetic energy will be shown and compared to its Reynolds shear stress
counterpart.
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CHAPTER 2

Theoretical background

2.1. Reynolds-averaged Navier-Stokes equations

The constitutive equations for the description of the instantaneous flow field
are given by the Navier-Stokes equations (NSE). They are derived imposing
mass and momentum conservation on a fluid volume. For a Newtonian incom-
pressible flow, with constant kinematic viscosity ⌫ and density ⇢, the continuity
equation, Eq. (2.1), and the momentum equation, Eq. (2.2), are:

@ eui

@xi
= 0, (2.1)

@ eui

@t
+fuk

@ eui

@xk
= �

1

⇢

@ep
@xi

+ ⌫
@
2 eui

@xk@xk
. (2.2)

The Einstein summation notation is adopted and repeated indices indicate
a summation of terms. The instantaneous pressure ep is a scalar quantity. xi

(i = 1, 2, 3) are the spatial coordinates of the flow domain and represent the
streamwise, wall-normal, and spanwise directions, respectively. eui (i = 1, 2, 3)
are the corresponding instantaneous velocity components:

x1 = x, fu1 = eu,
x2 = y, fu2 = ev,
x3 = z, fu3 = ew, (2.3)

For the study of turbulent flow motion, it is customary to apply the Rey-
nolds decomposition to the instantaneous velocity and pressure field. The fields
are decomposed into average and fluctuating parts. The instantaneous quanti-
ties are identified by ae, the averaged and fluctuating parts are indicated by a
capital and a low case letter, respectively:

eui = Ui + ui, ep = P + p. (2.4)

Defining an averaging operator hi, the decomposition is such that:

5
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h euii = Ui, hepi = P,

huii = 0, hpi = 0. (2.5)

The averaging operation can be defined in several ways. It is common
to choose a time average or a spatial average along a homogeneous direction
(i.e. a direction along which the mean quantities are constant, for example the
streamwise or the spanwise directions in a Couette or channel flow):

h eui(x, y, z, t)i =
1

T

Z T

0
eui(x, y, z, ⌧)d⌧ = Ui(x, y, z), (2.6)

h eui(x, y, z, t)i =
1

Lz

Z Lz

0
eui(x, y, ⇣, t)d⇣ = Ui(x, y, t). (2.7)

The average can be computed along multiple homogeneous directions (x
or z) and time (t) simultaneously. By applying the Reynolds decomposition to
the terms in the NSE, Eqs. (2.1) and (2.2), and averaging them, an analogous
set of equations for the mean flow field is derived:

@(Ui + ui)

@xi
= 0, (2.8)

@(Ui + ui)

@t
+ (Uk + uk)

@(Ui + ui)

@xk
= �

1

⇢

@(P + p)

@xi
+ ⌫

@
2(Ui + ui)

@x2
k

. (2.9)

Averaging the continuity equation, Eq. (2.8), yields that both the average
and the fluctuating part of the flow field are divergence-free:

⌧
@(Ui + ui)

@xi

�
=

@Ui

@xi
= 0, (2.10)

@ui

@xi
= 0. (2.11)

Similarly, each term in momentum Eq. (2.9) is averaged. The terms related
to the divergence and the average of the fluctuating field vanish according to
the relations in Eqs. (2.5) and (2.8).

Time derivative term

⌧
@(Ui + ui)

@t

�
=

@Ui

@t
. (2.12)
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Convective term

⌧
(Uk + uk)

@(Ui + ui)

@xk

�
= Uk

@Ui

@xk
+

@huiuki

@xk
. (2.13)

Pressure term

�
1

⇢

⌧
@(P + p)

@xi

�
= �

1

⇢

@P

@xi
. (2.14)

Viscous term

⌫

⌧
@
2(Ui + ui)

@x2
k

�
= ⌫

@
2
Ui

@x2
k

. (2.15)

The terms are reassembled to get the Reynolds Averaged Navier-Stokes
(RANS) set of equations:

@Ui

@xi
= 0, (2.16)

@Ui

@t
+ Uk

@Ui

@xk
= �

1

⇢

@P

@xi
+

@

@xk

✓
⌫
@Ui

@xk
� huiuki

◆
. (2.17)

Analogous terms of NSE are found in the RANS equations, so the motion
of the mean flow is described similarly as the instantaneous velocity field. De-
composing and averaging the convective term, Eq. (2.13), yielded a term not
seen in the NSE. The extra term �huiuki contains the e↵ects of turbulence
on the mean flow. It is a symmetric tensor composed of the variances of the
fluctuating velocity components on the diagonal and their covariances on the
o↵-diagonal positions. The turbulent stress tensor or Reynolds stress tensor,
Eq. (2.18), enters Eq. (2.17) and has similar e↵ects as the viscous term, Eq.
(2.15). Indeed, the last term in Eq. (2.17) contains the divergence of the net
flux of momentum due to molecular di↵usion (the viscous term) and due to the
turbulent velocity fluctuations,

� ⇢

0

@
huui huvi huwi

hvui hvvi hvwi

hwui hwvi hwwi

1

A

.

(2.18)

The addition of the 6 Reynolds stress terms to the governing equations
gives rise to the turbulence closure problem. Due to this last term the RANS
equations have ten unknowns (3 mean velocity components, mean pressure
and six Reynolds stresses) with only 4 equations available (continuity and 3
components of momentum).
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2.2. Transport equation for Reynolds stresses

It is possible to derive a transport equation for each component of the Reynolds
stress tensor huiuji, namely a set of equations describing its evolution in time.
The terms in this equation quantify the gain or loss of a certain Reynolds stress
component as a result of di↵erent physical e↵ects.

Subtracting RANS momentum Eq. (2.17) from NSE momentum Eq. (2.2)
gives the momentum Eq. (2.19) for the fluctuating velocity field ui. In the
following, i and j are used as free indices and k is a bounded index,

@ui

@t
+ Uk

@ui

@xk
+ uk

@Ui

@xk
+ uk

@ui

@xk
�

@huiuki

@xk
= �

1

⇢

@p

@xi
+ ⌫

@
2
ui

@x2
k

. (2.19)

Premultiplying the i
th and j

th momentum equations by uj and ui, respec-
tively, summing them up and taking the average, gives the transport equation
for the Reynolds stress component huiuji,

@huiuji

@t
+ Uk

@huiuji

@xk
= Pij � ✏ij +D

⌫
ij +D

t
ij +D

p
ij +⇧ij . (2.20)

.

The Pij , ✏ij , D
⌫
ij , D

t
ij , D

p
ij and ⇧ij are the production, viscous dissipation,

viscous di↵usion, turbulent spatial transport, pressure transport, and pressure-
strain terms, respectively:

Pij = �hujuki
@Ui

@xk
� huiuki

@Uj

@xk
, ✏ij = 2⌫

⌧
@ui

@xk

@uj

@xk

�
,

D
⌫
ij = ⌫

@
2
huiuji

@x2
k

, D
t
ij = �

@huiujuki

@xk
,

D
p
ij = �

1

⇢

✓
@hpuii

@xj
+

@hpuji

@xi

◆
, ⇧ij =

1

⇢

⌧
p

✓
@ui

@xj
+

@uj

@xi

◆�
. (2.21)

Each term in Eq. (2.20) is related to physical phenomena that produce a
local increase or decrease of Reynolds stress content. The production term Pij

is associated with a gain of Reynolds stress content driven by the mean flow. In
particular, it is linked to the gradients of the mean flow in the three directions.
The term ✏ij represents a dissipation of Reynolds stress content due to viscous
e↵ects, mainly related to small scales dynamics. The spatial transport terms
D

⌫
ij , D

t
ij , and D

p
ij express the net flux of Reynolds stress content in space due

to molecular di↵usion, turbulent particle exchange, and fluctuating pressure,
respectively. The pressure-strain ⇧ij is a term describing the redistribution
of Reynolds stresses content between the di↵erent components of the tensor
huiuji as an e↵ect of the covariance between the fluctuating pressure and the



2.3. FLUCTUATING FIELD LARGE- AND SMALL-SCALE DECOMPOSITION 9

components of the strain tensor @ui
@xj

+ @uj

@xi
. If the flow is steady, the sum of all

the previous terms is equal to the convection. In some cases, like Couette and
channel flows, the sum should be constantly zero. This means that the Reynolds
stress is produced, redistributed and dissipated, but it does not increase or
decrease in time.

The turbulent kinetic energy kt is defined as half the trace of the Reynolds
stress tensor:

kt =
1

2
(huui+ hvvi+ hwwi) =

1

2
huiuii =

1

2
trace(huiuji). (2.22)

From this definition, a transport equation for the turbulent kinetic energy can
be derived from the transport equation of the Reynolds stress tensor diagonal
terms:

@kt

@t
+Uk

@kt

@xk
=

1

2

@huiuii

@t
+

1

2
Uk

@huiuii

@xk
= Pkt � ✏kt +D

⌫
kt
+D

t
kt
+D

p
kt
+⇧kt .

(2.23)

The terms in the previous equation are analogous to the ones appearing
in the transport equation for the Reynolds stress. They describe the turbulent
kinetic energy redistribution related to the physical e↵ects explained previously.
It can be noticed that the trace of ⇧ij is zero, since the pressure-strain term
describes a redistribution of Reynolds stress between the various components.

Pkt = �huiuki
@Ui

@xk
, ✏kt = ⌫

⌧
@ui

@xk

@ui

@xk

�
,

D
⌫
kt

=
⌫

2

@
2
huiuii

@x2
k

, D
t
kt

= �
1

2

@huiujuki

@xk
,

D
p
kt

= �
1

⇢

✓
@hpuii

@xi

◆
, ⇧kt =

1

⇢

⌧
p

✓
@ui

@xi

◆�
= 0. (2.24)

2.3. Fluctuating field large- and small-scale decomposition

The fluctuating velocity field can be further decomposed in large- and small-
scale fluctuations by means of temporal or spatial filtering at a certain cuto↵
wave number (frequency), along a homogeneous direction (Dogan et al. 2019),

ui = u
0
i + u

00
i , (2.25)

where ’ and ” represent the large- and small-scale part, respectively.

Using a sharp cuto↵ filter there is no wave number overlapping between
the two parts and their cross-correlation is zero hu

0
iu

00
j i = hu

00
i u

0
ji = 0. The

Reynolds stress can be directly decomposed in large- and small-scale parts:
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huiuji = hu
0
iu

0
ji+ hu

00
i u

00
j i. (2.26)

A transport equation for the large- and small-scale part of the Reynolds
stresses can be derived similarly to the full Reynolds stress equation. First,
the spatial decomposition, Eq. (2.25), is applied to Eq. (2.19). Then, by
premultiplying the ith and j

th momentum equations by u
0
j and u

0
i, respectively,

summing them up and averaging, the equation for hu0
iu

0
ji is derived. The same

procedure, with a premultiplication by u
00
j and u

00
i leads to an equation for

hu
00
i u

00
j i:

@hu
0
iu

0
ji

@t
+ Uk

@hu
0
iu

0
ji

@xk
= P

L
ij � ✏

L
ij +D

⌫,L
ij +D

t,L
ij +D

p,L
ij +⇧L

ij � Trij (2.27)

@hu
00
i u

00
j i

@t
+ Uk

@hu
00
i u

00
j i

@xk
= P

S
ij � ✏

S
ij +D

⌫,S
ij +D

t,S
ij +D

p,S
ij +⇧S

ij + Trij (2.28)

The first 6 terms in the RHS of Eqs. (2.27) and (2.28) correspond to the
terms in the full Reynolds stress equation, Eq. (2.20). They correspond to the
decomposition of the terms in the Reynolds stress equation and are indicated
with an ’L’ and an ’S’ superscript corresponding to the large- and small-scale
parts, respectively. The interscale transport Trij only appears in Eqs. (2.27)

and (2.28) and not in Eq. (2.20). The large-scale terms of PL
ij , ✏

L
ij , D

⌫,L
ij , Dp,L

ij ,

and ⇧L
ij are written as follows:

P
L
ij = �hu

0
ju

0
ki

@Ui

@xk
� hu

0
iu

0
ki

@Uj

@xk
, ✏

L
ij = 2⌫

⌧
@u

0
i

@xk

@u
0
j

@xk

�
,

D
⌫,L
ij = ⌫

@
2
⌦
u
0
iu

0
j

↵

@x2
k

, D
p,L
ij = �

1

⇢

✓
@hp

0
u
0
ii

@xj
+

@hp
0
u
0
ji

@xi

◆
,

⇧L
ij =

1

⇢

⌧
p
0
✓
@u

0
i

@xj
+

@u
0
j

@xi

◆�
. (2.29)

The corresponding small-scale components for these terms are written in
the same way but with the 0 interchanged with 00. Dt,L

ij , Dt,S
ij , and Trij repre-

sent interaction e↵ects between large and small scales. The turbulent spatial
transport terms are:

D
t,L
ij = �

@

@xk

�
hu

0
iu

0
ju

0
ki+ hu

0
iu

0
ju

00
ki+ hu

00
i u

0
ju

00
ki+ hu

0
iu

00
j u

00
ki
�
, (2.30)

D
t,S
ij = �

@

@xk

�
hu

00
i u

00
j u

00
ki+ hu

00
i u

00
j u

0
ki+ hu

0
iu

00
j u

0
ki+ hu

00
i u

0
ju

0
ki
�
, (2.31)
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and the interscale transport term,

Trij = �

⌧
u
00
i u

00
k

@u
0
j

@xk

�
�

⌧
u
00
j u

00
k
@u

0
i

@xk

�
+

⌧
u
0
iu

0
k

@u
00
j

@xk

�
+

⌧
u
0
ju

0
k
@u

00
i

@xk

�
. (2.32)

Because of their triadic interaction of fluctuations these terms are more
di�cult to visualize in a physical way. The D

t,L
ij is the turbulent spatial trans-

port related of the large-scale Reynolds stresses. D
t,S
ij is the turbulent spatial

transport related of the small-scale Reynolds stresses. To understand the inter-
scale transport, an analogy with the production term is useful. The production
term is a product of average velocity gradients and variances of fluctuations.
This can be interpreted as the “creation” of fluctuations by the gradients. The
interscale transport is a product between two fluctuating components and a
fluctuating gradient. This can be interpreted as the “creation” of either large-
or small-scale fluctuations by the fluctuating gradient of small- or large-scale
gradients, respectively.

2.4. Spectral representation of the Reynolds stress transport

equation

In order to study the di↵erent scales involved in production, dissipation, and
transport of Reynolds stresses it is is useful to work with a spectral representa-
tion of Eq. (2.20). This type of approach is particularly important to see which
scales gain or lose Reynolds Stress content by means of the interscale transport.
The cospectrum of Reynolds stress content is related to the Reynolds stress:

huiuji =

Z 1

0
Eijdk. (2.33)

Instead, integrating to a certain cuto↵ wave number gives the Reynolds
stress content of the large scales associated to that cuto↵ wave number.

hu
0
iu

0
ji =

Z kcutoff

0
Eijdk. (2.34)

Applying the fundamental theorem of calculus to Eq. (2.34) yields the
following relationship:

@hu
0
iu

0
ji

@k
= Eij . (2.35)

Di↵erentiating Eq. (2.27) with respect to wave number yields the scale-by-
scale transport equation of the Reynolds stresses:

@Eij

@t
+ Uk

@Eij

@xk
= prij � "ij + d

⌫
ij + d

t
ij + d

p
ij + ⇡ij + trij . (2.36)
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The terms on the RHS of the equation are derivatives of the corresponding
terms from Eq. (2.27). Note the sign change of the interscale transport term,

@Trij

@k
= �trij . (2.37)

The terms prij , "ij , d⌫ij , d
p
ij and ⇡ij are the spectra of the contribution

of each scale to the overall production, dissipation, viscous di↵usion, pressure
transport, and pressure-strain, respectively. These terms can be computed with
the Fourier transform of their corresponding co-spectra. The scale-by-scale
interscale and spatial transport, trij and d

t
ij , respectively, cannot be computed

with a Fourier transform because they contain triple correlations of fluctuating
terms. The process to calculate these terms will be more thoroughly explained
later. In short, the velocity field is decomposed at successive wave numbers.
At each cuto↵ wave number the terms in Eqs. (2.30) and (2.32) are calculated.
Once the terms are calculated for all the possible cuto↵ wave numbers, they are
di↵erentiated by wave number to obtain trij and d

t
ij . Note that since Trij is

not in the full Reynolds stress equation, integrating across wave number should
yield zero. Similarily, the integral of dtij across the height should be zero like the
other spatial transport terms. In the present work, a spanwise cuto↵ filter was
used for two reasons. First, so that the results could be compared to Kawata &
Alfredsson (2018). Second, because a spanwise filter is e↵ective when dealing
with low Reynolds numbers (Dogan et al. 2019).

2.5. Scalings and non-dimensionalizations

In wall-bounded turbulence, it is often useful to adopt the so called viscous
scaling (or inner scaling) to non-dimensionalize the quantities close to the wall.
Such a scaling is based on the kinematic viscosity ⌫ [m2

/s], on the friction
velocity u⌧ [m/s] and on the viscous length scale `? [m] defined as follows:

u⌧ =

r
⌧wall

⇢
, `? =

⌫

u⌧
. (2.38)

where ⇢ [kg/m3] and µ [Pa s] are, respectively, the the density and viscosity
of the fluid, which are related by µ = ⌫⇢. The shear stress at the wall ⌧wall

relates to the mean flow gradient dU
dy as follows:

⌧wall = µ
@U

@y

����
wall

. (2.39)

The inner-scaled quantities such as velocities eui and lengths xi are defined as
follows:
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eui
+ =

eui

u⌧
, x

+
i =

xi

`?
=

xiu⌧

⌫
. (2.40)

In particular, it is common to define the scaled distance from the wall as y+.

To non-dimensionalize quantities far from the wall region, an outer scaling
can be defined. For a boundary layer, the free-stream velocity U1 and the
boundary layer thickness � scale the velocities and lengths, respectively. For
Couette flow, the wall velocity Uwall and the half-channel height h are used
instead. With the outer and inner scaling, two Reynolds numbers can be defined
as follows:

Boundary layer

Re� =
U1�

⌫
, Re⌧ =

u⌧�

⌫
. (2.41)

Couette flow

Reh =
Uwallh

⌫
, Re⌧ =

u⌧h

⌫
. (2.42)

There is relationship between the inner-scaled characteristic macroscopic
dimension and Re⌧ for both Couette flow and boundary layer:

h
+ =

h

`⇤
=

u⌧h

⌫
= Re⌧ , (2.43)

�
+ =

�

`⇤
=

u⌧�

⌫
= Re⌧ . (2.44)
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CHAPTER 3

Flow cases and simulations

3.1. Turbulent Couette flow

Figure 3.1. Couette flow illustration reprinted from Cai et al.
(2016). In the present simulation the two walls move in op-
posite directions relative to each other. In the figure only the
top wall is moving. However, the relative motion is the same.

The turbulent Couette flow consists of a channel where the upper and lower
walls move with the same velocity in a relative opposite direction along the
x-axis. Figure 3.1 shows an illustration of a Couette flow with a sketch of a
mean velocity profile. At a su�ciently high Reynolds number Reh the flow
becomes turbulent with a velocity profile seen in Fig. 3.1. The wall-normal
coordinate is defined with y if starting from the channel centre. If the origin is
instead at the wall, then the ⌘-coordinate is used.

The Couette flow is two dimensional, being homogeneous in the spanwise
direction z. Consequentely, the average spanwise velocity component W and
derivatives of average quantities along z are zero. Also, if the wall speeds are
kept constant, the flow is steady and homogeneous in the streamwise direction
x and t. This means that the derivatives of averaged quantities are zero in x, z
and time t. Since the flow is shear driven, the averaged pressure gradient in x is
zero. Under the previous considerations and applying the no-slip condition at
the walls (i.e. zero instantaneous velocity at walls), the RANS set of equations
can be rearranged as follows.

Continuity equation

S
SS

@U

@x
+

@V

@y
+@

@@
@W

@z
= 0. (3.1)

15
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From the continuity equation and the no-slip condition at the walls, the
average wall-normal velocity component V results to be constant and equal to
zero in the whole domain.

y-direction momentum equation

�
1

⇢

@P

@y
�

@hvvi

@y
= 0. (3.2)

Integrating the previous equation in the wall normal direction y, a relationship
between the average pressure P and the variance hvvi profiles is obtained,

P (y) = P |wall � ⇢hvvi. (3.3)

x-direction momentum equation

⌫
@
2
U

@y2
=

@huvi

@y
. (3.4)

Integrating Eq. (3.4) in the wall-normal direction y from the wall �h to an
arbitrary y

? yields:

⌫

Z y?

�h

@
2
U

@y2
dy =

Z y?

�h

@huvi

@y
dy, (3.5)

⌫
@U

@y
� ⌫

@U

@y

����
wall

= huvi �
XXXXhuvi|wall (3.6)

µ
@U

@y
� ⇢huvi = µ

@U

@y

����
wall

. (3.7)

From Eq. (3.7), the sum of the viscous and turbulent shear stress is con-
stant throughout the channel height and equal to the shear stress at the wall.
Following the definitions in section 2.5, Eq. (3.7) can be scaled in viscous units
by dividing all the terms by the friction velocity u⌧ :

u
2
⌧ = ⌫

@U

@y
� huvi, (3.8)

1 =
@U

+

@y+
� huvi

+
. (3.9)
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3.1.1. Terms of kinetic energy and Reynolds shear stress equations

When expressing the terms of the transport equation of the Reynolds shear
stress h�uvi, Eq. (2.21), and the turbulent kinetic energy, Eq. (2.24), many
terms disappear because the flow is homogeneous in the streamwise and span-
wise directions. Using the explanation at the beginning of section 3.1 leads to
a simplification of the terms. An example of this simplification can be seen
with the turbulent production of kinetic energy below.

Turbulent kinetic energy production

The production of turbulent kinetic energy is expressed as

Pkt =� huui
@U

@x
� huvi

@U

@y
� huwi

@U

@z

� huvi
@V

@x
� hvvi

@V

@y
� hvwi

@V

@z

� huwi
@W

@x
� hvwi

@W

@y
� hwwi

@W

@z
. (3.10)

The RHS simplifies to just one term when taking into account the results
in Section 3.1,

Pkt = �huvi
@U

@y
. (3.11)

It is possible to analytically derive the maximum of production in a Couette
flow with the results of Eqs. (3.11) and (3.9). In viscous units, the production
term is

P
+
kt

= �huvi
+ @U

+

@y+
. (3.12)

Solving for the Reynolds shear stress in Eq. (3.9) yields

� huvi
+ = 1�

@U
+

@y+
. (3.13)

This result is substituted into Eq. (3.12) to get

P
+
kt

=

✓
1�

@U
+

@y+

◆
@U

+

@y+
. (3.14)

By setting, the derivative
@P+

k
@y+ = 0 the value of the velocity gradient at the

maximum of production can be derived:
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@

@y+

✓
1�

@U
+

@y+

◆
@U

+

@y+

�
= 0, (3.15)

@
2
U

+

@y+2

✓
1� 2

@U
+

@y+

◆
= 0. (3.16)

The term inside the parenthesis must be equal to zero, i.e.

1� 2
@U

+

@y+
= 0, (3.17)

@U
+

@y+
=

1

2
. (3.18)

Substituting the result of Eq. (3.18) into (3.13) gives the value of the
Reynolds shear stress at the location of maximum production.

� huvi
+ = 1�

1

2
=

1

2
. (3.19)

Therefore, the maximum of production occurs at the intersection of �huvi
+

and @U+

@y+ . Substituting the values of the Reynolds shear stress and velocity

gradient into Eq. (3.12) gives the maximum of production,

P
+
kt,max =

1

4
. (3.20)

This value is exact for Couette flow and very accurate for the ZPG TBL. In
the turbulent channel flow DNS of Kim et al. (1987) the location of maximum
production was reported to be around ⌘

+
⇡ 12 which is close to the location

of the maximum streamwise fluctuations.

Turbulent kinetic energy dissipation

The dissipation of kinetic energy is expressed as

✏kt =⌫

 ⌧
@u

@x

@u

@x

�
+

⌧
@u

@y

@u

@y

�
+

⌧
@u

@z

@u

@z

�

+

⌧
@v

@x

@v

@x

�
+

⌧
@v

@y

@v

@y

�
+

⌧
@v

@z

@v

@z

�

+

⌧
@w

@x

@w

@x

�
+

⌧
@w

@y

@w

@y

�
+

⌧
@w

@z

@w

@z

�!
. (3.21)

Evaluating the dissipation at the wall removes many terms from this ex-
pression due to the no-slip condition and continuity,
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✏kt |wall = ⌫

✓⌧
@u

@y

@u

@y

�����
wall

+

⌧
@w

@y

@w

@y

�����
wall

◆
. (3.22)

In viscous units this becomes,

✏
+
kt
|wall =

⌧
@u

+

@y+

@u
+

@y+

�����
wall

+

⌧
@w

+

@y+

@w
+

@y+

�����
wall

. (3.23)

The expression in Eq. (3.23) can be seen as the summation of the squared root

mean square of @u+

@y+ and @w+

@y+ . Evaluating Eq. (3.9) at the wall removes the
covariance of �uv and noting that the sum is the shear stress at the wall yields,

⌧
+
wall =

@U
+

@y+

����
wall

(3.24)

Therefore the variance of the shear stress in the x-direction is,

⌦
⌧
2
wall,x

↵+
=

⌧
@u

+

@y+

@u
+

@y+

�����
wall

. (3.25)

In a similar way the variance of the shear stress in the z-direction is

⌦
⌧
2
wall,z

↵+
=

⌧
@w

+

@y+

@w
+

@y+

�����
wall

. (3.26)

These results relate the dissipation of turbulent kinetic energy at the wall
with the variance of the shear stress which is also the maximum of the dissipa-
tion.

✏
+
kt
|wall =

⌦
⌧
2
wall,x

↵+
+
⌦
⌧
2
wall,z

↵+
. (3.27)

The results section of the report show that the equality of Eq. (3.27) is correct.
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3.2. ZPG TBL

Figure 3.2. ZPG boundary layer flow. Reprinted from
Çengel & Ghajar (2015).

When a uniform-velocity, laminar stream flows over a smooth flat plate, a
thin region of momentum loss, the boundary layer, is created due to the shear
contact with the wall. If the plate is parallel to the free-stream flow, the
boundary layer develops in absence of a streamwise pressure gradient. Within
the boundary layer thickness �(x) the flow velocity (or its mean in the case of
a turbulent boundary layer) varies from zero at the wall (no-slip condition) to
99% of the upstream velocity U1. The influence of the wall on the fluid only
disappears at an infinite distance from the wall, but in practice it is considered
to be confined within �; outside of this region the flow is assumed to be laminar
and inviscid. The thickness �(x) continuously increases with the distance from
the leading edge.

The development of the boundary layer is governed by the Reynolds num-
ber, a non-dimensional parameter quantifying the ratio between inertial and
viscous forces in the flow. It can be defined on the streamwise distance x from
the leading edge such that Rex = xU1/⌫.

At low Reynolds number, the boundary layer is said to be laminar. The
velocity field is characterized by clearly identifiable streamlines and the momen-
tum loss due to the fluid-wall interaction is exclusively of di↵usive nature (i.e.
molecular momentum exchange). The shear stress throughout the boundary
layer thickness is due to viscous e↵ects related to the velocity gradient.

At a certain critical Reynolds number Rex, instability causes transition to
turbulence. The critical Reynolds number is around Recrit ⇡ 106 (Pope 2000)
and it defines the location where transition starts. This value is quite varying
and is strongly dependent on the flow quality, namely, free-stream turbulence,
noise, vibrations, surface roughness, etc (Schlatter & Örlü 2012). Transition
takes place over a certain length, after which the flow becomes fully turbulent.
It is customary to trip the flow for the study of turbulence in experiments and
simulations.
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3.2.1. Thicknesses and Reynolds number definitions

Aside from �(x), other measures of the boundary layer thickness can be defined
by means of integral quantities. The displacement thickness �

⇤(x) and the
momentum thickness ✓(x) are, respectively, defined as:

�
⇤(x) =

Z 1

0

✓
1�

U

U1

◆
dy, (3.28)

✓(x) =

Z 1

0

U

U1

✓
1�

U

U1

◆
dy. (3.29)

Di↵erent definition of Reynolds number can be expressed in terms of these
thicknesses in addition to the previously defined Rex, namely

Re� =
U1�

⌫
, Re

⇤
� =

U1�
⇤

⌫
, Re✓ =

U1✓

⌫
. (3.30)

3.2.2. RANS equation for boundary layer

In the present study a statistically 2D boundary layer is considered, meaning
that the spanwise direction z is homogeneous and the average spanwise com-
ponent of the velocity W is zero. Moreover, the mean flow is steady in time.
The average pressure is constant in x from the definition of a ZPG boundary
layer.

The boundary layer is referred to as a “thin shear layer flow” implying
that:

• The characteristic length scale in the wall normal direction (e.g. the
thickness �) is substantially smaller than the streamwise length scale L.

• Variations of the average quantities in x are much smaller than varia-
tions in the wall-normal direction y, i.e.

� << L,
@

@x
<<

@

@y
. (3.31)

These assumptions are taken into consideration on an order of magnitude
analysis of the RANS equations.

Continuity equation

Using the continuity equation and scaling the streamwise average velocity
U with U1, the order of magnitude of the average wall-normal velocity V can
be estimated. Ve is defined as the scaling of the wall-normal component,
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@U

@x
+
@V

@y
= 0,

O[
U1
L

Ve

�
],

Ve ⇡
�

L
U1. (3.32)

From this result, it is clear that the order of magnitude of V is much smaller
than that of U .

y-direction momentum equation

The RANS momentum equation in the wall-normal direction yields:

U
@V

@x
+ V

@V

@y
= �

1

⇢

@P

@y
+ ⌫

@
2
V

@x2
+ ⌫

@
2
V

@y2
�

@huvi

@x
�

@hvvi

@y
. (3.33)

The derivatives in x are neglected under the assumption of a thin shear
layer flow, while the terms containing V are neglected according to the result
in Eq. (3.32). This leaves only terms related to the average pressure P and
the variance of wall-normal fluctuations hvvi,

1

⇢

@P

@y
= �

@hvvi

@y
. (3.34)

The pressure in the free-stream (for y ! 1) is P1. The average pressure
profile across the boundary layer is obtained by integrating Eq (3.34) in y,

P = P1 � ⇢hvvi (3.35)

The pressure at the wall Pwall equals the free-stream pressure P1 since
hvvi is zero at the wall.

x-direction momentum equation

For the zero-pressure gradient boundary layer (@P1
@x = 0) the average mo-

mentum equation in the x-direction results in:

U
@U

@x
+ V

@U

@y
= ⌫

@
2
U

@x@x
+ ⌫

@
2
U

@y2
�

@huui

@x
�

@huvi

@y
+

@hvvi

@x
. (3.36)

By performing an order of magnitude analysis, Eq. (3.36) can be reduced
to:
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U
@U

@x
+ V

@U

@y
= ⌫

@
2
U

@y2
�

@huvi

@y
=

@⌧tot

@y
, (3.37)

where ⌧tot is defined as the sum of viscous and turbulent stresses,

⌧tot = ⇢⌫
@U

@y
� ⇢huvi. (3.38)

The viscous stress term ⌫
@2U
@y2 in Eq. (3.38) is only relevant in regions close

to the wall, namely for y
+

< 30 in the viscous sub-layer and bu↵er layer, see
the section 4.1.1. Far from the wall, the viscous term vanishes and the only
source of shear stress is the Reynolds stress h�uvi. The inner region is often
referred to as constant stress layer since it is characterized by approximately
constant total shear stress. A result similar to the Couette flow case can be
derived for this region:

⌫
@
2
U

@y2
�

@huvi

@y
=

1

⇢

@⌧tot

@y
⇡ 0, (3.39)

µ
@U

@y
� ⇢huvi ⇡ ⌧wall, (3.40)

@U
+

@y+
� huvi

+
⇡ 1. (3.41)

3.2.3. Terms of kinetic energy and Reynolds shear stress equations

When expressing the terms of the transport equation of the Reynolds shear
stress h�uvi, Eq. (2.21), and the turbulent kinetic energy, Eq. (2.24), many
terms disappear because the TBL is homogeneous in the spanwise direction
(2D flow). The average velocity W and derivatives of average quantities in the
spanwise direction @

@z are zero. However, unlike the Couette flow, the flow is
not homogeneous in the streamwise direction.

Turbulent kinetic energy production

In the turbulent boundary layer the production does not simplify to the
result from Eq. (3.11). Instead, it becomes

Pkt =� huui
@U

@x
� huvi

@U

@y

� huvi
@V

@x
� hvvi

@V

@y
. (3.42)

However, starting from order of magnitude considerations, a parallel flow
can be assumed to simplify the computations. Since @

@y derivatives are much
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larger than @
@x and that average velocity U is much larger than average velocity

V , three terms can be neglected. These assumptions are especially true in the
near wall region. The result is that the production term is essentially the same
as in the Couette flow, i.e.

Pkt ⇡ �huvi
@U

@y
. (3.43)

This type of simplification is done for all terms. A comparison between the
production term calculated with Eqs. (3.42) and (3.43) is seen in the results
section.

Turbulent kinetic energy dissipation

For the boundary layer, the relation of the variance of the shear stress
to the maximum of turbulent kinetic energy dissipation is the same as in the
Couette flow (Eq. (3.27)).

3.3. Simulations: DNS and LES

3.3.1. Computational cost estimate of a DNS

In Direct Numerical Simulations (DNS), the Navier-Stokes equations, Eqs.
(2.1) and (2.2), are ideally solved numerically for all the temporal and spatial
scales in the flow. The smallest scales of the flow can be visualized by looking
at the rate of energy transfer k̇t from large to the small scales. Considering
conservation of energy, the rate of dissipation of small scales into heat should
be equal to the rate of energy transfer between scales. The eddy turnover time
teddy as the time it takes for the large scales (or eddies) to undergo a signifi-
cant distortion. During the eddy turnover time the scale has lost a significant
amount of its kinetic energy. teddy should be related to the length scale of the
eddy `eddy and the characteristic velocity of the eddy Ueddy. leddy is propor-
tional to the characteristic length scale of the flow,

teddy ⇡
Ueddy

`eddy
. (3.44)

The energy transfer rate can be defined with Ueddy and teddy,

k̇t ⇡
U

2
eddy

teddy
⇡

U
3
eddy

`eddy
. (3.45)

The energy transfer of the Kolmogorov scales can be studied from the
units of the dissipation term in Eq. (2.20). The Kolmogorov velocity and
length scales can be defined as uk and lk, respectively.
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✏
k
⇡ ⌫

u
2
k

`2k

. (3.46)

The local Reynolds number at the Kolmogorov scales must be 1, i.e.

Rek ⇡
uk`k

⌫
⇡ 1, (3.47)

uk`k ⇡ ⌫. (3.48)

Inserting Eq. (3.48) into Eq. (3.46) yields,

✏
k
⇡

⌫
3

`4k

, (3.49)

rearranging this shows that the Kolmogorov scales are only related to the dis-
sipation rate and kinematic viscosity and not the size of the largest eddies,

`
4
k ⇡

⌫
3

✏k
. (3.50)

To get an estimate of the scale separation in a turbulent flow the ratio of
`eddy and `k can be considered,

`
4
eddy

`4k

⇡
`
4
eddy✏

k

⌫3
. (3.51)

Since the energy transfer rates are equal, the result of Eq. (3.45) can be
substituted into ✏

k,

`
4
eddy✏

k

⌫3
⇡

`
3
eddyU

3
eddy

⌫3
⇠ Re

3
, (3.52)

`eddy

lk
⇠ Re

3/4
. (3.53)

This result says that the scale separation between scales gets larger and
larger as the Reynolds number increases. For this reason typically only rela-
tively low Reynolds numbers can be studied with DNS. However, the accuracy
in these simulations is considerably better than experiments and other simula-
tions. Considering that turbulent flow are three dimensional,
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✓
`eddy

lk

◆3

⇠ (Re
3/4)3 ⇠ Re

9/4
. (3.54)

A similar analysis can be done to study the temporal scale separation of the
flow. With dimensional analysis tk can be defined with the kinematic viscosity
⌫ and the dissipation ✏

k,

tk ⇡

⇣
⌫

✏k

⌘1/2
. (3.55)

To get an estimate of the time scale separation the following ratio is used,

teddy

tk
⇡

 
t
2
eddy✏

k

⌫

!1/2

⇡

✓
Ueddy`eddy

⌫

◆1/2

⇠ Re
1/2

. (3.56)

The total number of grid points Np needed is related to the scale separation
of length and time,

Np ⇠
teddy

tk

✓
`eddy

lk

◆3

⇠ Re
1/2

Re
9/4

⇡ Re
3
. (3.57)

This shows that the computational cost is greatly related to the Reynolds
number. By just increasing the Reynolds number 2 times, the computational
cost increases 8 times.

3.3.2. Couette flow DNS

For the Couette flow, a Direct Numerical Simulation (DNS) of the flow was
performed by Dr. Philipp Schlatter. The DNS was performed with Reh = 2000.
The Reynolds number based on u⌧ is Re⌧ = 120. In this simulation there are
about 7 million spatial grid points.

To see how many independent samples there are in the flow, the integral
scales in homogeneous directions are analyzed. The two-point spatial correla-
tion at a certain time Rii is defined as,

Rii = hui(xi + �)ui(xi)i, (3.58)

where � is the spatial lag that goes from � = 0 to the end of the domain. The
auto-correlation rii then becomes the two-point correlaton normalized by the
variance. Note that there is no summation of indices when calculating Rii and
rii,
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rii =
Rii

huiuii
. (3.59)

To calculate the integral length scale of the flow ⇤ in certain direction i

the auto-correlation is integrated over the whole domain with spatial shift �.
There is also no summation over indices for ⇤i,

⇤i =

Z 1

0
riid� =

1

huiuii

Z 1

0
hui(xi)ui(xi + �)id�. (3.60)

The integral length scale in the streamwise component ⇤x is about 6h.
Since Lx is 64h, there are 10 independent samples along x. The integral length
scale for the spanwise component ⇤z is about 2h. Since Lz is 16h, there are 8
independent samples. This means that in one velocity field with 7 million grid
points there are only 80 independent samples.

The integral time scale �i (no summation) is calculated in a similar way
as the length scale but with a time lag ⌧ ,

�i =
1

huiuii

Z 1

0
hui(t+ ⌧)ui(t)id⌧. (3.61)

The simulation was performed to ensure that the velocity fields are inde-
pendent. 24 velocity fields were extracted at di↵erent times. This brings the
total of independent samples to 1920. Taking advantage of the symmetry of
the Couette flow means that the top half of the channel can be averaged with
the bottom half bringing the number of independent samples to 3840.

This illustrates why DNS is so computationally expensive. With 168 mil-
lion total grid points only about 3840 independent samples can be obtained.

3.3.3. Boundary layer LES

In the turbulent boundary layer analysis the data from the Large Eddy Simu-
lations (LES) by Eitel-Amor et al. (2014) was used. Unlike in DNS, in LES not
all of the scales of the flow are resolved. The smallest scales of motion are mod-
eled. Three di↵erent Reynolds numbers were studied in the boundary layer.
Based on u⌧ , these are Re⌧ = 730, Re⌧ = 1270, and Re⌧ = 2000. These are
considerably larger than the Reynolds numbers of the Couette flow presented
before. A larger Reynolds number implies a larger scale separation. A large
scale separation implies a very fine grid. For this reason the boundary layer
was a simulated with a highly resolved LES.

In the simulation the width of the integral scale is of the order of �99.
For Re⌧ = 1270 this is about 1/8 of Lz which means that there are about 8
independent samples in z. The integral time scale of the flow is approximately
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10�99/U1. For Re⌧ = 1270 this is about 1/20 of the total time series domain
(20 independent samples). At Re⌧ = 1270 there are about 160 independent
samples available for averaging.

3.4. Computational domains and data format

3.4.1. Couette flow domain

The three-dimensional physical domain of the Couette flow is seen in Fig. 3.3.
The origin is at the half channel height and at the boundary of the flow. The
two walls are the x� z faces. At these two surfaces there is a no-slip condition.
At all y � z and y � x faces, the boundary conditions are periodic.

Figure 3.3. Definition of Couette flow computational box.

The lengths of the physical domain are chosen to allow for the integral
length scales to comfortably fit in the domain. Table 3.1 shows the domain
lengths, gird points and spacings, and sampling wave number.

x y z

Domain Length: Li/h 64 2 16
Grid Points: Ni 384 97 192

Grid Spacing: �xi/h 1/6 Chebyshev 1/12
Sampling wave number: Fsh 6 - 12

Table 3.1. Couette DNS physical domain.

The nodes are uniformly spaced along the x- and z-directions. A Chebyshev
spacing is used along the y-direction to increase accuracy at the walls. For a
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Couette flow, this is quite useful because the grid is refined only near the walls.
Figure 3.4 shows an example of a typical Chebyshev grid.

Figure 3.4. Chebyshev nodes from Trefethen (2012).

The DNS scales all velocities with the velocity of the wall, eui/Uwall, and all
lengths with the half channel height, xi/h. u⌧ must be computed to derive the
viscous scaled quantities u⌧ . By evaluating Eq. (3.8) at the wall, the scaled
friction velocity velocity u⌧/Uwall can be derived,

u
2
⌧

U2
wall

=
⌫

U2
wall

@U

@y

����
wall

=
h

h

⌫

U2
wall
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����
wall

, (3.62)
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, (3.63)

u⌧

Uwall
=

s
1

Reh

@(U/Uwall)

@(y/h)

����
wall

(3.64)

All values on the RHS of Eq. (3.64) can be computed directly from the
DNS data. The derivative is arithmetically averaged in x, z, t and at both walls.
Using the result of Eq. (3.64) all velocities can be inner-scaled as follows,

eui
+ =

eui

u⌧
=

eui

Uwall

Uwall

u⌧
. (3.65)

To inner scale lengths, they are divided by `?,

x
+
i =

xi

`?
=

xi

h

u⌧h

⌫
=

xi

h
Re⌧ . (3.66)
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The results from Eqs. (3.65) and (3.66) show how the raw DNS data can
be transformed to inner units. With this, terms from the Reynolds Stress
equation can be inner-scaled. Following, is an example using the large-scale
production term in Eq.(2.27). Dividing the production term by U

3
wall/h yields

to the outer-scaled production term,

h

U3
wall

P
L
ij = �

hu
0
ju

0
ki

U2
wall

@(Ui/Uwall)

@(xk/h)
�

hu
0
iu

0
ki

U2
wall

@(Uj/Uwall)

@(xk/h)
. (3.67)

Eq. (3.67) can be calculated directly from the raw DNS data. Dividing by
u
3
⌧/`? give the inner-scaled production P

L+
ij ,

P
L+
ij = �hu

0+
j u

0+
k i
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+
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@x
+
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� hu
0+
i u

0+
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@U
+
j

@x
+
k

. (3.68)

To be able to directly compare the results to Kawata & Alfredsson (2018) the
terms will also be scaled by u

3
⌧/h.

Di↵erent derivation schemes are used depending on the di↵erentiation di-
rection. Derivatives by y, like in Eq. (3.64), are calculated with a Chebyshev
scheme. This scheme takes into account the Chebyshev spacing (Fig. 3.4) to
calculate the derivative. It is generally more accurate than finite di↵erence
schemes because it uses information about all the vertical nodes to calculate
the derivative at each point. In contrast, using a backward or forward finite
di↵erence scheme at the wall uses information from only two nodes. Di↵er-
entiation in the Fourier space is used along x and z because of the periodic
boundary conditions. When working in the Fourier space, this di↵erentiation
is exact. The error is mainly introduced when coming back to physical space.

3.4.2. Turbulent boundary layer domain

The TBL flow physical computational domain is seen in Fig. 3.5. According
to Eitel-Amor et al. (2014) the flow is laminar at the inlet and is then tripped
at a Reynolds number of Re✓ = 180. The flow is assumed to be fully turbulent
at Re✓ ⇡ 600. Three di↵erent Reynolds numbers were analyzed in the present
work (section 3.3.3). The boundary layer thickness (✓, �, and �

?) increases as
the flow develops in the x-direction which means that also Re✓ increases.

Figure 3.5. TBL flow domain. Reprinted from Eitel-Amor
et al. (2014).
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In Fig. 3 of Eitel-Amor et al. (2014) shows that Re⌧ increases with Re✓.
The present work will mostly refer to Re⌧ . Figure 3.6 shows three di↵erent
x-locations at which the flow from Fig. 3.5 will be analyzed.

Figure 3.6. TBL computational flow domain.

There is a no-slip condition at the wall and a periodic boundary condition
at the border along x. The LES simulation saved a time series of di↵erent quan-
tities at these locations. The raw LES velocities are scaled by the free-stream
velocity, eui/U1, and the lengths are scaled by the displacement thickness at
the inlet, xi/�

?
0 .

Apart from providing the three velocity components and the instantaneous
pressure, the instantaneous derivatives in y and x of these quantities are also
provided. Since there is a periodic boundary condition along x, derivatives in
z can be calculated exactly in Fourier space.

A detailed explanation of the simulation setup can be seen in section 2 of
Eitel-Amor et al. (2014) which is summarized in Table 3.2.

x y z

Domain Length: Li/�
?
0 13500 400 540

Grid Spacing: �x
+
i 18 Chebyshev 8

Grid Points: Ni - 513 768
Sampling wave number: Fs�

?
0 - - 1.42

Table 3.2. TBL LES physical domain.

Including the spatial domain in Table 3.2, there are 19410 temporal points.
Time is treated in a similar way as the x-direction in Couette flow, which is
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for averaging. Only 47 out of 513 y-points were saved during the simulation.
This will negatively a↵ect the calculation of some terms of the Reynolds Stress
equation.

Results of the boundary layer are only shown in viscous units. u⌧/U1 and
`?/�

?
0 are provided by Eitel-Amor et al. (2014). The scaling process is similar

as in the Couette flow seen before, i.e.

eui
+ =

eui

u⌧
=

eui

U1

U1
u⌧

, (3.69)

x
+
i =

xi

`?
=

xi

�?0

�
?
0

`?
. (3.70)

3.5. Spectral analysis

3.5.1. Fourier transform

If a physical quantity can be described as a continuous function g(t) on a time
domain such that t � 0, it is referred to as a signal. If the signal is peri-
odic, it can be represented as the sum of infinite sinusoidal functions, with
di↵erent phases and amplitudes. This representation in the frequency domain
([f ] = [Hz] = [1/s]) is referred to as the spectrum G(f) of the signal g(t)
and computed by taking the Fourier transform F{g(t)}. The spectrum G(f)
provides information about the amplitude and the phase of the di↵erent fre-
quencies sinusoids contained in the signal. All the previous definitions extend
to the case of a space-dependent signal g(xi), representable in the wave number
domain ([k] = [1/m]).

The Fourier transform imposes a unique relationship:

G(k) = F{g(xi)} =

Z +1

�1
g(xi)e

�2⇡ikxidxi. (3.71)

Also, the inverse Fourier transform expresses the opposite link from G(k) to
g(xi), i.e.

g(xi) =

Z +1

�1
G(k)e2⇡ikxidk. (3.72)

The spectrum of a signal G(k) is defined on a domain of both positive and
negative wave numbers. For purely real signals, the spectrum is symmetric and
the following relationship applies:

G(�k) = G(k)?. (3.73)

In the case of physical signals (generally real valued), the presence of neg-
ative wave numbers is not meaningful. For this reason, only the positive wave
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numbers k > 0 are considered and the actual magnitudes are obtained doubling
the spectrum amplitudes at the positive k (one-sided spectrum).

The correlation between two di↵erent spatial signals, f and g, with a spatial
shift, � can be defined as follows:

corr(f, g) =

Z +1

�1
f(xi)g(�+ xi)d�. (3.74)

The following relationship holds:

F{corr(f, g)} = F (k)G(�k) = F (k)G?(k). (3.75)

This states that multiplying the Fourier transform of one function by the com-
plex conjugate of the Fourier transform of another function gives the Fourier
transform of their correlation. The real part of Eq. (3.75) can be defined as
the cospectrum (Co),

Co = real[F (k)G?(k)]. (3.76)

The cospectrum is of significant importance because the integral over wave-
numbers is equal to the covariance of the two functions f and g,

hfgi =

Z +1

�1
Co dk. (3.77)

If f and g are the same function then it would be the auto-correlation. Par-
seval’s theorem can be used to see how much power is contained in a certain
length scale k

�1,

Power =

Z +1

�1
|g(xi)|

2
dxi =

Z +1

�1
|G(k)|2dk. (3.78)

To actually look at how much power is contained in a certain length scale the
power spectral density (PSD) is used. For positive real signals, it is convenient
to look at a one-sided PSD because only positive wave-numbers are used,

PSD(k) = |G(k)|2 + |G(�k)|2 = 2|G(k)|2. (3.79)

3.5.2. Discrete Fourier transform

In general, signals are continuous but in practice, they are sampled discretely
with sampling frequency, Fs. The continuous signal g(xi) can be represented
with N samples denoted g(0), g(1),..., g(n),...,g(N�1). The continuous spatial
domain xi can be represented with the discrete array xn where n goes from 0
to N � 1. This array can be derived as follows:
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xn =
n

Fs
. (3.80)

The continuous wave-numbers represented by k should also be discretized. The
wave-number resolution depends on N and Fs. When dealing with discretized
wave-numbers, kb it is useful to introduce the concept of bin wave-numbers, b.
b is defined in the same way as n and goes from 0 to N � 1,

kb =
bFs

N
. (3.81)

The wave-number resolution, �kb is then:

�kb =
Fs

N
. (3.82)

The Nyquist criterion states that only wave numbers that are smaller than half
the sampling wave numbers can be obtained,

FN =
Fs

2
. (3.83)

Taking the Nyquist criterion into account and assuming that g(n) is periodic,
kb’s that are larger than the FN are the negative wave-numbers of the function.
When computing the amplitudes and the power, the Fourier transform values
are “folded” over and summed with values corresponding to wave-numbers
below FN .

The continuous Fourier transform in Eq. (3.71) can be evaluated over a
finite period. Assuming that the discrete signal, g(n) is periodic, the values
from g(0) to g(N � 1) are equal to the values from g(N) to g(2N � 1). The
continuous Fourier transform is:

G(kb) =
N�1X

n=0

g(n)e�2⇡ikbxn . (3.84)

There is a key di↵erence between Eqs. (3.71) and (3.84). The discrete
version does not have the “dxi”. This is because the Fourier transform is only
defined at the sample points. Substituting Eqs. (3.80) and (3.81) into Eq.
(3.84) gives the Discrete Fourier Transform (DFT),

G(kb) =
N�1X

n=0

g(n)e�2⇡inb
N . (3.85)

The inverse discrete Fourier transform is:
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g(n) =
1

N

N�1X

n=0

G(kb)e
2⇡inb

N . (3.86)

The result of Eq. (3.85) is weighted. Meaning that wave numbers that
persist for longer will have a higher relative value than those that are not as
present. In order to account for this it is typical to normalize by N . The
normalization will allow for a direct comparison between the amplitudes of
G(kb) and g(n).

3.5.3. Fast Fourier transform

The Fast Fourier Transform (FFT) is an algorithm that reduces the computa-
tional cost of the DFT. The number of computations of the DFT is O(N2). It
can be reduced to O(N log2 N) by using an FFT algorithm. For the present
work, the FFT command from MATLAB® was used. Press et al. (2007) was
used as a reference for sections 3.5.1, 3.5.2, and 3.5.3 and can be studied for a
more detailed explanation of these topics.

3.5.4. Spectral calculation methods

The spectral representation of some terms in the Reynolds stress transport
equation, Eq. (2.36), in section 2.4 can be evaluated by computing a cospec-
trum, by means of Eq. (3.76). These are prij , ✏ij , d⌫ij , d

p
ij , and ⇡

p
ij . On the

other hand, the interscale transport and turbulent di↵usion terms trij and d
t
ij

contain triadic interactions of velocity fluctuations and cannot be computed in
a straightforward way.

To calculate these terms, the approach described in section 2.4 is adopted,
exploiting the relationship in Eq. (2.35). The velocity field is decomposed into
a large and small scale part, by filtering at successive cuto↵ wave numbers.
For each cuto↵ wave number, the interscale transport and turbulent di↵usion
terms associated with the large scales, Trij (Eq. (2.32)) and D

t,L
ij (Eq. (2.30)),

are computed. Di↵erentiating these terms, along the wave number kz, trij and
d
t
ij are obtained.

In this section, the cospectrum E�uv is computed according to the two
methods, to confirm their equivalence. Method 1 is the typical spectral calcu-
lation, where the cospectrum is calculated by means of Eq. (3.76). Method 2
is based on di↵erentiating by the wave number. The cospectrum is computed
for an instantaneous field from Couette flow simulation.

In accordance with the analysis by Kawata & Alfredsson (2018) a spatial
filtering, based on spanwise cuto↵ wave number kz, is adopted for the scale
decomposition.
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Method 1

Given the velocity fields u(x, y, z, t) and v(x, y, z, t), several z-dependent
discrete signals can be identified for each (x, y, t) coordinate. The case of
x = 0.5 Lx/h, y = 0 and t = t1 is reported as an example, with the two
signals u0(zn) = u(0.5 Lx/h, 0, zn, t1) and v0(zn) = v(0.5 Lx/h, 0, zn, t1) where
zn = 0,�z, 2�z, ..., Lz � 1 (Fig. 3.7). Fig 3.8 shows the velocity signal u0(zn)
at the channel centre. At each location (x, y, t) the cospectrum of the u(z) and
v(z) signal is computed; an average in x and t is then performed to get the
cospectrum E�uv(kz, y) associated to the field. This example is performed at
a single time instant so it is only averaged in x.

Figure 3.7. Couette domain with location of u0(zn) and v0(zn).

The FFT of the signals u0(zn) and v0(zn), normalized on Nz is computed
according to Eq. (3.87) and the plot of its real part is shown in Fig. 3.9.

bu(kz) =
1

Nz

Nz�1X

n=0

une
�2⇡ikzzn , bv(kz) =

1

Nz

Nz�1X

n=0

vne
�2⇡ikzzn . (3.87)

From the FFTs of u and v, the cospectrum of �uv is calculated by means of
Eq. (3.76). The result of this with u0(zn) and v0(zn) is shown in Fig. 3.10. To
get the actual amplitude at a certain wave number the single sided cospectrum
is derived by folding over the values after the Nyquist wave number FN = 6.



3.5. SPECTRAL ANALYSIS 37

0 2 4 6 8 10 12 14 16
-0.3

-0.2

-0.1

0

0.1

0.2

0.3

Figure 3.8. u0(zn) signal at channel centre (x = Lx
2h , y = 0,

t = t1).

Figure 3.9. Normalized real part of bu(kz) at channel centre
(x = Lx

2h , y = 0, t = t1).
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Figure 3.10. Normalized one-sided cospectrum of �uv at
channel centre (x = Lx

2h , y = 0, t = t1).

Figure 3.11. Normalized cospectrum of E�uv at channel cen-
tre (y = 0).
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Figure 3.12. E�uv/u
2
⌧ computed with Method 1.

The values after the Nyquist wave number correspond to the negative wave
numbers. In other words, all cospectrum values except at kz = 0 and kz =
FN are doubled. The cospectrum is normalized by �kz to be expressed in
terms of energy per wave number [m3

/s
2]. The value of the cospectrum at

each y-location E�uv(kz, y) is obtained by averaging in the x-direction and in
time t. Figure 3.11 shows the averaged cospectrum at the channel half height
E�uv(kz, 0).

The computed cospectrum can be represented by a contour plot as in Fig.
3.12, with the spatial coordinate y/h and the wave-length �z/h on the x-axis
and y-axis, respectively. This type of plot gives a visual insight on the Reynolds
stress content in terms of turbulent scales and spatial location (distance from
the wall).

The wave number vector in Eq. (3.88) contains wave numbers from 0 to
the Nyquist frequency FN spaced by the frequency resolution �kz = 1/Lz. A
singularity at kz = 0 is present when plotting against the wavelength �z = 1/kz.
However, this is only a graphical problem because all the previous calculations
are performed using kz and there is no division by zero,

kz =
⇥
0 1

Lz

2
Lz

. . .
b
Lz . . . FN

⇤
. (3.88)

While the y-coordinate can be plotted on a linear scale, a logarithmic scale
is needed to appreciate the smallest wavelengths. In order to maintain visual
consistency E�uv should be pre-multiplied by its corresponding kz (Fig. 3.13).
See section 3.5.5 for a more detailed explanation of premultiplication.

A final check for the derived cospectrum is to verify if its integral over
the wave number kz coincides with the covariance profile h�uvi according to
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Figure 3.13. kzE�uv/u
2
⌧ computed with Method 1.

Eq. (3.77). Since the discrete Fourier transform is just computed for the wave
numbers in Eq. (3.88), the integration scheme results in a summation along
the wave numbers multiplied by the wave number spacing �kz:

h�uvi =


FNP

kz=0
E�uv(kz, y1)

FNP
kz=0

E�uv(kz, y2) . . .

FNP
kz=0

E�uv(kz, yNy
)

�
�kz.

(3.89)

The integration check for Method 1 is provided in Fig. 3.17 and matches
the statistically derived covariance.

Method 2

This second method is computationally more expensive but more powerful.
The method can provide a spectral representation of the terms containing the
triadic interactions huiujuki, which cannot be computed with Method 1. It is
not possible to obtain a spectral representation of the correlation between three
signals by simple computation involving their Fourier transforms. Method 2
is necessary to compute trij and d

t
ij since they contain triadic interactions of

fluctuations (e.g. hu0
v
0 @v00

@x i).

This second method is based on the relation in Eq. (2.35) explained in
section 2.4. The spectral representation of the terms in the Reynolds stress
transport equation can be obtained by di↵erentiating along the wave number
kz the large-scale part of the transport equation. In particular, the computation
of the cospectrum E�uv is performed through di↵erentiation of the large-scale
part of the covariance, namely h�u

0
v
0
i. A sharp cuto↵ filter is used to de-

compose the fluctuating flow fields (velocity u, v, w and pressure p) and their
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Figure 3.14. Large- and small-scale real part of bu(kz) at
channel centre (x = Lx

2h , y = 0).

instantaneous gradients (@u@x ,
@u
@y ...) into a large-scale part and a small-scale

part, at many di↵erent cuto↵ wave numbers. A spatial filtering based on span-
wise wave numbers is adopted, according to Kawata & Alfredsson (2018). The
used cuto↵ wave numbers are reported in the vector in Eq. (3.88) and they
result from the discretization of the domain in z.

As for Method 1, the procedure is illustrated for a single signal u0, along z

at a certain (x, y, t) coordinate. To implement the filter, the FFT of the signal
is computed as in Method 1 (Eq. (3.87)). The FFT terms up to the cuto↵

wave number kz  kcut are set to zero to obtain the Fourier transform cu00
kz

of the signals’ small-scale part. In the same way, setting to zero the terms
for kz > kcut, the Fourier transform bu0

kz of the large-scale part of the signal
is obtained. These Fourier transforms are still symmetric, the corresponding
negative wave numbers are also set to zero. In the present study the kcut wave
number is arbitrarily included in the large scales. Figure 3.14 shows the real
part of both the Fourier transforms bu0(kz) and cu00(kz) and it is quite explicative
of the filtering procedure.

A cut at each wave number from Eq. (3.88) can be performed. For exam-
ple, when kcut = 0 the large scales include only kz = 0 and the small scales
include everything from 1

Lz
to FN . Choosing a cuto↵ kcut = 1, the large scales

include all values with wave numbers from kz = 0 to kz = 1. For each Fourier
transform, an inverse Fourier transform is performed to obtain the correspond-
ing large- and small-scale parts of the signals,
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u
0
0(zn) =

N�1X

n=0

bu0
kze

2⇡inb
N , (3.90)

u
00
0(zn) =

N�1X

n=0

bu0
kze

2⇡inb
N . (3.91)

The large- and small-scale components (u0
0 and u

00
0) of the signal u0 are shown

in Fig. 3.15. The sum of the two components should result in the original
signal u0 in Fig. 3.8. Extending the decomposition to the whole domain, the
large- and small-scale velocity fields are obtained ( u = u

0 + u
00) defined at the

grid-points of the original field.

Figure 3.15. Large- and small-scale velocity ur at channel
centre (x = Lx

2 , y = 0).

An analogous decomposition can be applied to v at the same cuto↵ wave
numbers. For a specific cuto↵ wave number four velocity fields are retrieved:
u
0(kcut), u00(kcut), v0(kcut) and v

00(kcut). The Reynolds stress of the large scales
h�u

0
v
0
i|kcut can be calculated averaging in x and in time the point-wise product

of the two fields u0 and v
0. The resulting h�u

0
v
0
i|kcut is a vector that spans the

wall normal coordinate y.

The decomposition process and the calculation of the covariance can be
performed for all cuto↵ wave numbers in Eq. (3.88). The large-scale covari-
ance is then obtained as a function of the wave number and the wall-normal
coordinate h�uvi = f(kz, y), which can be represented in matrix form. This
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is shown in Eq. (3.92) where each column corresponds to a certain y-position,
and each row represents a certain cuto↵ wave number:

� hu
0
v
0
i = f(kz, y) =

2

6666664

f(0,�Ly

2 ) . . . f(0, 0) . . . f(0, Ly

2 )

f( 1
Lz

,�
Ly

2 ) . . . f( 1
Lz

, 0) . . . f( 1
Lz

,
Ly

2 )

f( 2
Lz

,�
Ly

2 ) . . . f( 2
Lz

, 0) . . . f( 2
Lz

,
Ly

2 )
... . . .

...
. . .

...

f(FN ,�
Ly

2 ) . . . f(FN , 0) . . . f(FN ,
Ly

2 )

3

7777775
.

(3.92)

Recalling from Eq. (2.35), a derivation of h�u
0
v
0
i along the wave numbers

results in the cospectrum E�uv. Eq. (3.92) can be then di↵erentiated along
the columns to get E�uv,

@h�u
0
v
0
i

@k
= E�uv. (3.93)

The di↵erentiation is performed by a finite di↵erences scheme. Since it has
been chosen to include the kcut in the large scales, the scheme choice should be
coherent. The backwards di↵erentiation scheme is adopted and the cospectrum
at a specific wave number is computed as follows:

E�uv(kzj ) = �

hu
0
v
0
i|kzj

� hu
0
v
0
i|kzj�1

�kz
, kzj = 0,

1

Lz
,
2

Lz
, ...,

Nz/2

Lz
. (3.94)

At the boundary of the wave number domain j = 0, Eq. (3.94) does not
apply. The cospectrum at j = 0 is then defined as follows:

E�uv(0) =
h�u

0
v
0
i|0

�kz
. (3.95)

Using this method, The pre-multiplied cospectra kzE�uv can be calculated
and the result is plotted in viscous units in Fig. 3.16.

Again, to check the consistency of the method, the integral of the computed
cospectrum along the wave number (Eq. (3.89)) must give the covariance
h�uvi. In Fig. 3.17 the integrals of the cospectra computed with the two
methods are consistent with the covariance profile from statistical analysis.
Moreover, the two methods appear to be equivalent.

Following this method, it is possible to compute the turbulent di↵usion
D

t,L
ij (Eq. (2.30)) and interscale transport Trij (Eq. (2.32)) terms associated to

the large scales for the various cuto↵ wave numbers. A successive di↵erentiation
along the wave number kz allows to compute d

t
ij and trij .
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Figure 3.16. kzE�uv/u
2
⌧ computed with Method 1.

Figure 3.17. Covariance calculated from Method 1, Method
2, and statistics.

Triadic terms check: skewness profile

The previous section showed that both methods of calculating spectra are
equivalent and that the second method is necessary for the computation of
triadic terms’ spectra. A further verification for method 2 can be to compute
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the spectrum Euuu of the triadic term huuui. Normalizing by u
3
rms the integral

along k of this spectrum should result in the skewness profile Su in y (Eq.
(3.96)), which can be statistically computed and has been largely investigated
in previous works (Kim et al. 1987), defined as

Su =
hu

3
i

u3
rms

=

R FN

0 Euuudk

u3
rms

. (3.96)

Following Method 2, the large part of the u triple correlation huuui
0 can be

computed at di↵erent cuto↵ wave numbers according to the definition in Eq.
(3.97),

huuui
0 = hu

0
u
0
u
0
i+ hu

0
u
0
u
00
i+ 2hu00

u
0
u
00
i. (3.97)

Then, the spectrum Euuu can be computed di↵erentiating huuui
0 along the

wave number k, given the previously explained relationship:

hu
0
u
0
u
0
i|kcut =

Z kcut

0
Euuudk. (3.98)

Using the fundamental theorem of calculus yields,

@hu
0
u
0
u
0
i

@k
= Euuu. (3.99)

The results in Fig. 3.18 show perfect agreement between statistics and
Method 2, confirming its applicability for the spectrum computation of triadic
terms.
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Figure 3.18. Skewness calculated from statistics and Method 2.

3.5.5. A note on premultiplication

Spectra are typically plotted on a logarithmic scale with respect to the wave-
length �z, so that the smaller scales can be observed. With reference to Fig.
3.19, the area under a curve is distorted when plotting on a logarithmic scale,
resulting in a squeezing of the larger wave numbers (values on the abscissa)
and a stretching of the smaller ones. To retain a visual consistency of the plot,
the amplitudes can be premultiplied by the corresponding wave number.

Eq. (2.34) sets the area under the Eij spectra equal to the Reynolds stress
content associated with a certain cuto↵ wave number range,

huiuji|[k1,k2] =

Z k2

k1

Eijdk. (3.100)

The area under a premultiplied spectrum kEij on a logarithmic scale is equiv-
alent to area under Eij on a linear plot. This is seen by substitution of the
integration variable k with ln (k) in Eq. (3.100),

d(ln (k))

dk
=

1

k
,

dk = k d(ln (k)). (3.101)

Integrating by substitution yelds the result:
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Z k2

k1

Eijdk =

Z ln (k2)

ln (k1)
kEijd(ln (k)). (3.102)

Fig. 3.19 (a) shows the inner-scaled cospectrum of �uv at an arbitrary y

plotted versus the wave number kz. The area, A1, between k1 and k2 is the
global Reynolds stress content of h�uvi

+ in that wave number range. Fig-
ure 3.19 (b) shows the same cospectrum, but the abscissa is now logarithmic.
It is apparent how the area under this curve (A2) is distorted, in particular
showing a excessively high Reynolds stress content at low wave numbers with
respect to the content at larger wave numbers. Following Eq. (3.102) a kz-
premultiplication would restore the equivalence in the areas under the curves,
and its actual distribution among the wave numbers. It can be visually appre-
ciated that A1 = A3 in Fig. 3.19 (c).

Figure 3.19. a) E�uv/u
2
⌧ vs. kz. b) E�uv/u

2
⌧ vs. log(kz).

c)kzE�uv/u
2
⌧ vs. log(kz).

A1 will only be equal to A3 if the integration is done with the natural
logarithm. However, it is customary to plot in base 10, for a better grasp of
the values. In this case A1 = ln (10)A3 will hold. The ln (10) factor is generally
omitted, but since it is a constant, the relative values of Reynolds stress content
at di↵erent wave number ranges are still preserved.

A downside to premultiplication can also be seen in Fig. 3.19 (c). Pemul-
tiplication causes shift the peak to the right. This does not mean that peak of
the cospectrum is actually at a di↵erent wave number than what is seen in (a)
and (b). What is meaningful in a premultiplied graph is the area associated
with wave number ranges in comparison to the total area. As will be seen
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later, both axis in boundary layer spectra are logarithmic. In these contours
the spectra will also be be premultiplied by y

+.



CHAPTER 4

Results and discussion

The analysis of both flow cases starts with a preliminary computation of statis-
tics such as the mean velocity profile and fluctuating velocity variances versus
wall-normal position. Moreover, the terms of the transport equation for the
kinetic energy and Reynolds stress components can be statistically computed,
Eq. (2.24) and Eq. (2.21), respectively. The obtained profiles are compared
to known results (Kim et al. 1987, Pope 2000, Komminaho & Skote 2001), or
to the profiles computed by Eitel-Amor et al. (2014) and Dr. Philipp Schlat-
ter with the same data set, to increase the confidence in the data and in the
post-processing method. Some further checks are performed on known values
of production, and dissipation.

A large part of the results obtained in this work are presented in wavelength-
space diagrams similar to Fig. 3.16. These plots allow to visualize the spectral
representation of the terms in the transport equations for kinetic energy and
Reynolds stress components. From the spectra it is possible to individuate
which scales contain the larger amount of kinetic energy (or Reynolds shear
stress) and where it is located in terms of spatial coordinate (wall-normal co-
ordinate). The spectral representation of all the others terms in the transport
equations give information about which scales are involved in the transport
of kinetic energy (or Reynolds stress) and at which wall-normal position they
occur. In particular, positive values in the graphs indicate a gain in the en-
ergy (or stress) content at the corresponding wavelength and position, while
negative values indicate a loss.

Visualizing the spectrum of the interscale transport terms allows to ap-
preciate the kinetic energy cascade phenomenon as well as the transport of
Reynolds shear stress among the scales. Similarly, the spectrum of spatial
transport terms gives information about the redistribution of energy content
from near-wall regions to outer regions.

The plots of the interscale transport term Trij are important to evaluate
the “direction” of transport. In such contour plots the abscissa shows the y-
coordinate and the ordinates the cuto↵ wavelength. The value read in the
diagram indicates the flux of energy (or stress) at the given cuto↵ wavelength:
a negative value indicates a gain of energy for scales larger than �cut.

49
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4.1. Couette flow

4.1.1. Profiles

As a first investigation, the mean velocity profile for the Couette flow is com-
puted and plotted in Figs. 4.1. The plot appears to be in agreement with the
expected velocity profile (Pope 2000). Coherently with the no-slip condition
the scaled mean velocity U/Uwall goes from �1 to 1 at the walls y/h = �1, 1
(an alternative wall-normal coordinate ⌘

+ originates at the wall instead of at
the channel centre). Also, the gradient is maximum at the walls and it de-
creases towards the channel centre where an inflection point is present. The
profile is quite smooth, suggesting that enough independent samples have been
used to obtain good convergence of statistics. The symmetry of the flow is
exploited to increase the number of samples: the values in one channel half
are mirrored and used in the average. For this reason the profile appears to
be perfectly symmetric and this is not an indicator of statistical convergence.
However, Fig. 4.1 also shows the mean profile without exploiting the symmetry
and it is clear that they are in very good agreement.

Figure 4.1. Velocity U/Uwall vs y/h. The solid line is the
velocity exploiting the symmetry. The mean velocity profile
without exploiting the symmetry is marked with the black x’s.

In Fig. 4.2 the inner-scaled mean profile U
+ versus ⌘

+ is shown in a
semilogarithmic plot to magnify the near-wall region. The dashed lines in the
graph individuate the flow regions. Flow region locations are based on Pope
(2000). The viscous sublayer extends up to ⌘

+ = 5, it presents a linear increase
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Figure 4.2. Velocity U
+ vs. ⌘+. Log law values from Luchini

(2018)  = 0.392, B = 4.48.

of U+ with ⌘
+ (dU

+

dy+ = 1) and the viscous shear stress is predominant compared

to the Reynolds stress. The bu↵er layer, 5 < ⌘
+
< 30, is between the viscous

sublayer and the log-law region at ⌘+ > 30. The log-law is in good agreement
with the results by Luchini (2018) for a Couette flow at Re⌧ = 170, with
constants  = 0.392 and B = 4.48, for

U
+ =

1


ln ⌘+ +B. (4.1)

As observed by Luchini (2018), in Couette flow the wake region is not
present and the log region extends up to the channel centre at ⌘+ = 120 (the
last dashed line).

The profiles of the inner-scaled variances of the fluctuating velocity compo-
nents and their sum 2kt are plotted in Fig. 4.3. Again, an agreement to known
results is found (Pope 2000, Luchini 2018). The streamwise variance huui is
the most relevant contribution to the turbulent kinetic energy kt with a peak
of about 8 around ⌘

+ = 15. The spanwise and wall-normal velocity variances
follow in magnitude.

Fig. 4.3 shows the inner-scaled values of the mean velocity gradient dU+

dy+

and of the covariance h�uvi
+, related to the viscous and Reynolds shear stress,

respectively. In accordance with the result in Eq. (3.9) the sum of the two terms
is constant and equal to 1 throughout the channel. As expected, the maximum
of the viscous shear stress is at the wall, since it is related to the mean velocity
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gradient. Far from the wall, the turbulent shear stress is the main contribution
to the total shear stress. The two profile intersect at ⌘

+
⇡ 11 which is in

agreement with the result from Kim et al. (1987).

Figure 4.3. Inner-scaled variance of turbulent kinetic energy terms.

Figure 4.4. Inner-scaled shear stress terms.
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Figure 4.5. Profiles of the kinetic energy kt transport equa-
tion terms. The y-axis on the left shows values scaled by
u
3
⌧/`?. Values on the right are scaled by u

3
⌧/h as in the work

by Kawata & Alfredsson (2018). The values on the right are
equal to those on the left multiplied by Re⌧ .

The terms in the kinetic energy transport equation are reported in Fig.
4.5. They are plotted against ⌘

+ with two di↵erent scalings. On the left
ordinate, the values are inner-scaled (viscous units), while on the right axis the
quantities are scaled by u

3
⌧/h for comparison with Kawata & Alfredsson (2018).

Once again, these profiles are in agreement with results found in literature, like
in Pope (2000) and Hoyas & Jiménez (2008). Some of the expected results
about the production and dissipation of kinetic energy (Section 3.1.1) can be
observed. In fact, the inner-scaled production appears to have its maximum at
⌘
+
⇡ 11, where the viscous stress equals the turbulent shear stress (Fig. 4.4).

The peak value of Pr
+
kt

is approximately 0.25 which is in agreement with what
was computed in Section 3.1.1. Moreover, the black dot in the plot indicates
the equality between the viscous dissipation at the wall �✏kt |wall and the sum
of the variances of the wall shear stress in the x- and z-directions.

This plot describes how the turbulent kinetic energy is introduced in the
flow, transported along the wall-normal direction and dissipated. It has already
been observed that there is a peak of kinetic energy production in the bu↵er
layer ⌘

+
⇡ 11, quite close to the wall, even though it occurs throughout the

whole channel. The spatial transport terms redistribute the energy content,
transferring a large part of it towards the wall. Since they are divergence
terms, integrating the transport terms along y is zero. The viscous dissipation
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is of the same order of magnitude of the production across the channel, but it
shows its largest values at the wall, where the viscous e↵ects are predominant.

The same quantities can be computed for the transport equations of all
Reynolds stress terms huiuji and they can be compared with the previous
work of Komminaho & Skote (2001). Here the results for the Reynolds shear
stress h�uvi are shown, but the plots for the other components are reported
in Appendix A. The plot in Fig. 4.6 shows how the Reynolds shear stress is
largely produced throughout the channel and, similarly to kinetic energy, its
peak of production is in the bu↵er region. It is relevant to notice how viscous
e↵ects (di↵usion and dissipation) are less important, in comparison with the
kinetic energy case. On the other hand, the spatial redistribution driven by
pressure fluctuations is more intense, as well as the stress decrease linked to
the pressure-strain term. The greater relative importance of pressure related
terms versus viscous terms was also observed by Kawata & Tsukahara (2019).
The turbulent di↵usion is still quite relevant, redistributing the stress from the
bu↵er region to the channel centre and towards the wall.

Since the analyzed flow is steady and the convective term is zero, the sum
of all the terms in the transport equations should be zero. This is reasonably
verified, increasing the confidence in the computation method (Appendix E).

Figure 4.6. Profiles of the Reynolds shear stress h�uvi trans-
port equation terms. The y-axis on the left shows values scaled
by u

3
⌧/`?. Values on the right are scaled by u

3
⌧/h as in the work

by Kawata & Alfredsson (2018).
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4.1.2. Kinetic energy transport

Post-processing the data according to the method presented in the previous
sections, the spectral representation of the transport equation (both for the
kinetic energy and for the Reynolds shear stress) is obtained, Eq. (2.36). In
addition to the information given by the profiles plotted in section 4.1.1, the
space-wavelength diagrams in Fig. 4.7 show which scales are involved in the
kinetic energy production, redistribution, and dissipation processes.

Integrating these spectra along the wave number kz results in the profiles
shown in Fig. 4.3 and 4.5. This also provides a consistency check for the
post-processing method. In reading the plots, positive values (reddish colors)
and negative values (bluish colors), respectively indicate a gain or a loss of
turbulent kinetic energy at some wavelength or position.

The relevance of this representation is of fundamental importance in the
investigation of the interscale transport term trkt , which expresses the gain or
loss of kinetic energy at certain wavelengths as an e↵ect of scale interactions.
Since it represents a redistribution between the wavelengths, the integral of
this term along the wave number kz is zero throughout the channel.

The plots in Fig. 4.7 report the wall-normal coordinate on the horizontal
axis and the outer-scaled spanwise wavelength �z/h on the vertical axis. The
bottom abscissa shows the outer-scaled y-coordinate where 0 corresponds to
the channel centre. The y-values on the top axis are inner-scaled (⌘+), starting
from 0 at the wall and corresponding to Re⌧ at the channel centre. The channel
centre position is highlighted in the plots by a thick black dashed line. The
values of Ekt are scaled on u

2
⌧ while u

3
⌧/h is used for all the other terms (as

said, in accordance to Kawata & Alfredsson (2018)). Since the vertical axis
is on a logarithmic scale, all the terms are premultiplied by the wave number
kz, to retain a visual consistency of the energy content in di↵erent wavelengths
ranges as explained in Section 3.5.5.

The first graph reports the kinetic energy spectra Ekt . Integrating along
the wave number, results in the kinetic energy profile shown in Fig. 4.3. The
inner peak of kinetic energy is apparent in the bu↵er layer (y/h ⇡ �0.9),
involving structures which are of the order of magnitude of the half-channel
height �z = h. Another large part of kinetic energy is located close to the
channel centre in turbulent structures whose wavelength is of the order of 2 ⇠ 4
channel heights.

The inner peak of kinetic energy corresponds to a peak of production prkt

at the same wall-normal position. Turbulent kinetic energy is strictly produced
from the mean flow as streamwise fluctuations prkt = pruu. A slight misalign-
ment can be observed in scales, the peak of production occurs at slightly smaller
scales �z/h 2 [0.5, 0.8]. This can be related to the slight interscale transfer of
energy to larger scales and strong viscous dissipation "kt near the wall and at
that wavelength range. Some production is also observed closer to the channel
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Figure 4.7. Premultiplied (kz) space-wavelength diagrams of
the kinetic energy spectrum Ekt and terms in its transport
equation: production, interscale transport, turbulent di↵u-
sion, pressure-strain term, fluctuating pressure di↵usion, vis-
cous dissipation, and viscous di↵usion. The spectrum is scaled
by u

2
⌧ while all the other terms are scaled by u

3
⌧/h.
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centre. In this case, the produced wavelengths correspond to the ones observed
in the Ekt spectrum. The turbulent di↵usion term d

t
kt

shows a redistribution
of the produced kinetic energy (y/h ⇡ �0.9) towards the channel centre and
closer to the wall at both small and large scales.

From these diagrams, the energy cascade process is clearly evident from the
trkt term. It is showing a large loss of kinetic energy throughout the channel in
correspondence of the most energetic scales, with a consequent gain at smaller
scales. This is particularly intense around the inner peak which can be read
as the break up of large vortical structures into smaller ones that are then
dissipated by viscosity. Indeed, the viscous dissipation "kt graph shows a large
loss of kinetic energy (blue region) at small scales. The slight inverse interscale
transport observed in the bu↵er region of wall-bounded turbulent flows has
been studied by Marati et al. (2004). The size of these structures formed are
of the order of the channel height 2h.

The spatial transport terms d⌫kt
and d

p
kt

transfer part of the kinetic energy
towards the wall, where the viscous dissipation is larger due to the intense ve-
locity gradients. In this region, the viscous e↵ects (di↵usion and dissipation)
are of the same order of magnitude as the maximum production. The pressure
transport involves scales between 0.2 and 2 half-channel heights while the vis-
cous di↵usion occurs for a broader range of scales 0.2 < �z/h < 10. Focusing
on the turbulent di↵usion term d

t
kt
, large scales �z/h 2 [0.3, 10] are transferred

both towards the wall and to the channel centre, while smaller scales �z/h < 0.3
are only di↵used away from the wall. It is also visible that from the near-wall
region at scales �z/h < 1 the channel centre is also gaining energy but with a
much smaller intensity than what is being transferred even closer to the wall.

The term ⇧kt is consistently zero. In fact, the pressure-strain term is
a redistribution of energy content between the various trace components of
the huiuji tensor. As shown in the Appendix, the ⇧ij term produces a loss
of magnitude in the huui term with a consequent gain of the hvvi and hwwi

components. Due to the fact that the wall damps wall-normal fluctuations,
⇧uu is positive and ⇧vv is negative near the wall. For this reason, the trace of
the tensor ⇧ij is zero.

Summing up, Fig. 4.7 describes the production of kinetic energy at rela-
tively large scales, both close to the wall and at the channel centre. The vortical
structures break up into smaller whirls which are dissipated by viscosity. Vis-
cous, turbulent and pressure spatial di↵usion transfer a large part of the kinetic
energy towards the wall, where the viscous dissipation is large. Especially be-
cause of turbulent di↵usion, a transfer of energy towards the channel centre is
also present.
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4.1.3. Reynolds shear stress transport

As observed by Kawata & Alfredsson (2018), the analysis of Reynolds shear
stress transport can reveal an inverse scale transport in the flow. In particular,
the small structures close to the wall could a↵ect the large structures at the
channel centre by means of Reynolds shear stress interscale transport, turbulent
di↵usion and pressure di↵usion.

The spectrum of the Reynolds shear stress h�uvi and the spectral repre-
sentation of its transport equation are shown in Fig. 4.8. Similar to the kinetic
energy, two peaks are present in the cospectrum E�uv. An inner peak shows the
presence of Reynolds shear stress h�uvi close to the wall, contained in scales
of the order of half the channel height. However the greater part of h�uvi is
instead located at the channel centre, in larger structures, �z/h 2 [1, 7]. The
presence of most of the Reynolds shear stress at the channel centre is also high-
lighted by the usual profile of h�uvi versus the coordinate ⌘

+ in Fig. 4.4. The
integration of the cospectrum E�uv along the wave number kz results in the
covariance h�uvi profile. The Reynolds shear stress is known to be the main
source of shear stress in regions far from the wall.

The production of h�uvi exhibits a strong peak close to the wall while its
intensity decreases towards the centreline. This term is related to the mean
streamwise velocity gradient, which is predominant close to the wall. Through-
out the whole channel the production of Reynolds shear stress occurs at rela-
tively small wavelengths. This can be traced back to the fact that the Reynolds
stress component hvvi, appearing in the h�uvi production expression, is mainly
contained at small scales, as can be observed in the Evv spectrum reported in
the Appendix. hvvi is not produced directly from the mean flow, so it does
not receive energy at larger scales. Instead, the component huui receives en-
ergy from the mean flow at large scales, it undergoes some interscale transport
process and then it is transferred to the hvvi and hwwi components at smaller
scales by means of pressure-strain redistribution. This phenomenon of energy
transfer is observed in the spectra of the transport equations of huui, hvvi and
hwwi reported in the Appendix. A shift in wavelength between the production
pr�uv and the peak of the Reynolds shear stress content E�uv is observed. This
can be accounted for by considering interscale transport and spatial transport
phenomena, as will be later explained.

In Fig. 4.8 the interscale transport term associated to tr�uv is shown. It
is clear that the Reynolds shear stress interscale transport process is opposite
of the classic energy cascade. Indeed, it is observed that the stress component
h�uvi is transported from the small scales, with a wavelength below the half-
channel height, to scales with wavelengths between one and ten half-channel
heights. This transport occurs throughout the whole channel, but an intense
peak is present close to the wall.
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Figure 4.8. Premultiplied (kz) space-wavelength diagrams of
the Reynolds shear stress cospectrum E�uv and terms in its
transport equation: production, interscale transport, turbu-
lent di↵usion, pressure-strain term, fluctuating pressure di↵u-
sion, viscous dissipation, and viscous di↵usion. The spectrum
is scaled by u

2
⌧ while all the other terms are scaled by u

3
⌧/h.
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Among the spatial redistribution terms the pressure di↵usion term d
p
�uv

appears to be the most relevant. It is interesting to observe that its action
a↵ects small and large scales di↵erently. The spectrum shows that at small
scales �z/h 2 [0.2, 0.7] the Reynolds shear stress is transported from a distance
of less than 0.2h from the wall towards the channel centre. The opposite occurs
for scales larger than 0.7h, for which h�uvi is di↵used from the channel centre
to near-wall regions. Interestingly, at the wall there is an intense peak that is
balanced by ⇡�uv, this is also seen in Fig. 4.6.

The turbulent di↵usion term d
t
�uv is seen to be of the same order of mag-

nitude as the interscale transport. It shows how at all the wavelengths the
Reynolds shear stress is transported, by turbulent fluctuations, from near-wall
regions (y/h = 0.8) both towards the channel centre and closer to the wall.
This behaviour of the turbulent di↵usion is the same as the one observed for
the kinetic energy in Fig. 4.7.

The viscous di↵usion d
⌫
�uv appears to be e↵ective only very close to the

wall, where the velocity gradients are larger, and for scales smaller than half-
channel height. The Reynolds shear stress is transported from near-wall regions
y/h < 0.8 towards even closer to the wall y/h < 0.95. Here, a viscous dissipa-
tion of the same order of magnitude produces a complete loss of the di↵used
Reynolds shear stress, in accordance with the profiles in Fig. 4.6.

The pressure-strain term ⇡�uv and the viscous dissipation term act as sinks,
damping the content of Reynolds shear stress. As usual, the viscous term is
significant close to the wall. However, the viscous dissipation (and di↵usion) of
h�uvi is less intense than what is observed for the kinetic energy and it goes to
zero at the wall. Instead, the pressure related terms are predominant for the
Reynolds shear stress, and the ⇡�uv term appears to be of the same order of
magnitude as the production. These observations are also apparent in Fig. 4.6.
Moreover, from the spectra in Fig. 4.8 the viscous dissipation appears to act
at relatively small scales (as for the kinetic energy) throughout the channel,
coinciding with the wavelengths at which h�uvi is produced. Instead, the
⇡�uv a↵ects larger scales, and its sink e↵ects overlaps the locations and scales
at which the peaks of Reynolds shear stress E�uv are found.

4.1.4. Wavelength budgets at channel centre

Another way to study the scales involved in the terms of the spectral Reynolds
stress transport equation is to look at a single wall-normal location of Figs.
4.7 and 4.8. Figure 4.9 shows the premultipled energy spectra Ekt and the
premultiplied terms of the turbulent kinetic energy equation at the channel
centre. Similarly, Fig. 4.10 shows the same terms for h�uvi.

In Fig. 4.7 it was seen that the wavelength peaks of Ekt and prkt coincide
throughout most of the channel, except for the wall region. This is visible in
Fig. 4.9 where the energy peak is at �z/h 2 [1.5, 6] which coincides with the
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Figure 4.9. Premultiplied (kz) profiles at the channel centre,
y/h = 0 of the (a) kinetic energy spectrim Ekt scaled by u

2
⌧ and

(b) the production, viscous dissipation, viscous di↵usion, tur-
bulent di↵usion, pressure di↵usion, and interscale transport,
scaled by u

3
⌧/h.

Figure 4.10. Premultiplied (kz) profiles at the channel cen-
tre, y/h = 0 of the (a) Reynolds shear stress cospectrum E�uv

scaled by u
2
⌧ and (b) the production, viscous dissipation, vis-

cous di↵usion, turbulent di↵usion, pressure di↵usion, pressure-
strain term, and interscale transport, scaled by u

3
⌧/h. The

dotted yellow line is the sum of kz(pr�uv + d
t
�uv + tr�uv).



62 4. RESULTS AND DISCUSSION

production prkt as well. Recall that these are premultiplied spectra, a single
point is not significant. Only the area under the curve is meaningful.

At the channel centre "kt is of the order of the production but at smaller
scales, �z/h 2 [0.4, 1.5]. This scale di↵erence can be explained by interscale
transport trkt . trkt takes energy from scales �z/h > 1.5 and transfers them to
scales �z/h < 1.5. The turbulent spatial transport dtkt

is positive at the centre
and fairly constant. Viscous di↵usion d

⌫
kt

is of little importance here.

The pressure transport d
p
kt

is not so intense but shows a loss from the
centre towards the near-wall region at scales larger than �z/h = 1. Smaller
scales appear to be gaining energy from the near-wall region with a smaller
amplitude.

It was previously observed that throughout the channel, the Reynolds shear
stress is produced at smaller wavelengths than those involved with the peaks
of the cospectrum E�uv. This is also visible in the channel centre budget of
Fig. 4.10. The peak is fairly similar to the kinetic energy at �z/h 2 [1.5, 6].
However, the peak of production is at smaller wavelengths, �z/h 2 [0.6, 4].

Like in the kinetic energy, the turbulent spatial transport dt�uv is positive,
suggesting that the flow is gaining stress content from near the wall at all
wavelengths. Unlike the kinetic energy, the viscous terms are small. Viscous
di↵usion d

⌫
�uv is near zero at the channel centre and viscous dissipation "�uv

is negative and of similar order as dt�uv.

The term tr�uv shows an inverse interscale transport. It is a sink at scales
smaller than �z = 1.5h and a source at scales larger than that. Summing the
three source terms pr�uv, dt�uv, and tr�uv can explain the di↵erence between
the peak of E�uv and pr�uv. It results in a shift of the peak towards larger
scales. It shows that by interscale transport and turbulent di↵usion the peak of
E�uv gain moves to larger scales and towards the channel centre as compared
to pr�uv.

For h�uvi, the pressure terms d
p
�uv are ⇡�uv are more relevant and are

the main sink terms. Summing both of these terms at the channel centre gives
a sink that is of the order of magnitude of the production term. This result
was also seen by Kawata & Tsukahara (2019). Another interesting observation
is that the peak of the sink terms is at at larger scales, �z 2 [0.9h, 6h], as
compared to pr�uv. This shift in the peaks between the production and the
pressure terms was also observed by Kawata & Tsukahara (2019). h�uvi is
produced, then by interscale transport it is sent to larger scales where the
pressure term acts a sink.

4.1.5. Comparison with experimental results

In Couette flow, the results from Figs. 4.8, 4.9, 4.10 can be compared to the
experiment by Kawata & Alfredsson (2018). Their experiment was at similar
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Reynolds numbers (Reh = 2000, Re⌧ = 108) as the present work and quantities
were measured with Stereoscopic Particle Image Velocimetry (S-PIV).

There were some di�culties in measuring terms of Trkt and Tr�uv. For
Trkt some of the terms involving wall-normal derivatives could not be calcu-
lated so they were neglected. In Tr�uv, wall-normal derivatives of v0 and v

00

could only be calculated through continuity. The closest measurement to the
wall was at y/h = 0.17. This is because PIV measurements create issues at
the wall due to the low concentration of particles and high velocity gradients
(Kähler et al. 2012).

Fig. 4.11 shows the spectral results of Kawata & Alfredsson (2018). E�uv

from Fig. 4.8 shows good agreement to the experiment in the shape and ampli-
tude. Note that all spectra by Kawata & Alfredsson (2018) are premultiplied
by kz. The shape of pr�uv (Fig. 4.8) is quite similar to the experiment. How-
ever, there is a considerable di↵erence in the location of the inner peak. In the
experiment it is around �z/h 2 [0.8, 1.5] versus �z/h 2 [0.4, 0.8] in the simu-
lation. This could be because PIV is essentially a low pass filter so it cannot
measure very small wavelengths. In fact, everything appears to be zero below
�z/h = 0.4. Also, the peak in the simulation is closer to the wall than what
was measured in experiment.

In a simulation by Kawata & Tsukahara (2019) at Re⌧ = 127, the peak of
pruv is at ⌘

+ = 20 which agrees with Fig. 4.8. Note that in their simulation
the wavelength was scaled with the full channel height.

Similar comparisons can be made between the experiment and the present
work with tr�uv and d

t
�uv. Qualitatively, these terms seen in Figs. 4.8 and

4.11 are in agreement, but the amplitudes and exact locations of peaks are not
really in agreement. However the locations are in agreement with Kawata &
Tsukahara (2019).
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Figure 4.11. Premultiplied (kz) space-wavelength diagrams
of the (a) Reynolds shear stress cospectrum E�uv and terms
in its transport equation: (b) production, (c) interscale trans-
port, and (d) turbulent di↵usion. The spectrum is scaled by
u
2
⌧ while all the other terms are scaled by u

3
⌧/h. Graphs from

Kawata & Alfredsson (2018).
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A comparison can also be made with the budgets at the channel centre
plotted in 4.9 and 4.10 to Fig. 3 in Kawata & Alfredsson (2018). At the
channel centre, Ekt , prkt , and trkt have similar amplitudes in both experiment
and present simulation. The location of the peaks in wavelengths also agree.
In the experiment trkt crosses the horizontal axis at �z/h = 1.5 which matches
the result in Fig. 4.9.

The peak-shift between E�uv and pr�uv observed in Fig. 4.10 is also seen
in the experiment. The crossing of tr�uv is observed at �z/h = 2.5 in the
experiment, which is about one channel height larger in wavelength than the
present simulation. However, in Kawata & Tsukahara (2019) the crossing is
seen at �z/h = 1.5 which matches the result of Fig. 4.10.

The summation of the three source terms shifts the peak closer to E�uv in
the experiment. However, the amplitudes are less than the measured pr�uv. In
the simulation the sum leads to a peak larger than pr�uv. This is probably due
to the fact of the di↵erence in the crossing of tr�uv. Basically, tr�uv remains
negative for larger wavelengths in the experiment.

There is good qualitative agreement with the experiment by Kawata &
Alfredsson (2018). The di↵erences are probably due to the di�culties of ex-
perimental measurements. This is further reinforced because the locations of
the peaks match the simulation by Kawata & Tsukahara (2019).

4.1.6. Interscale transport term comparison

Data from computer simulations give access to all the components of the ve-
locity and pressure flow field and their spatial derivatives. This is a great
advantage with respect to experimental works, where a specific setup has to be
designed to measure the quantities of interest. By means of the present analysis
it is possible to evaluate all the terms in the RHS of the interscale transport
Eq. (2.32) and to obtain insights on which velocity components and gradients
are relevant for investigation. This can serve as a guide for the measurement
setup of future experimental analysis, e.g. a pipe flow experiment at the Center
for International Cooperation in Long Pipe Experiments in Italy (Örlü et al.
(2017)).

Currently, the advantage of experiments is that they can be performed
at a higher Reynolds number as compared to simulations and can have much
larger sampling times. The same evaluation can be performed on the terms
composing the turbulent spatial transport.

The interscale transport term is a sum of triple fluctuating correlations, two
velocity components and a velocity gradient. Following the described procedure
it is possible to derive the spectrum of all these terms and to analyze their
magnitude. It is found that the most relevant terms are the ones involving the
streamwise velocity gradients along the wall-normal direction @u0

@y and @u00

@y .
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They are defined as follows:
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In particular, it is interesting to notice the analogy of these terms with the
production of the h�uvi, expressed as the product of the y-gradient of the
mean streamwise velocity U and the Reynolds stress component hvvi.

Two other important terms are associated to z derivatives of the streamwise
and wall normal velocity components:
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It was also found that two terms contain a large-to-small interscale trans-
port, as opposed to the inverse transport observed for the total Reynolds shear
stress. Neglecting these terms could lead to an overestimation of the interscale
transport. Those terms are:
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, �

⌧
v
0
w
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00

@z

�
. (4.4)

The spectral representation in a space-wavelength diagram of these terms
can be found in Appendix B.
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4.2. ZPG TBL

4.2.1. Profiles

Although three di↵erent Reynolds numbers were analyzed for the boundary
layer, only the results for Re⌧ = 1270 will be presented here. The first part
of the analysis of the boundary layer is the computation of statistics and their
comparison with known results from literature. Figure 4.12 shows the mean
velocity profile versus wall-normal coordinate in outer-units. Note that in the
boundary layer the y-coordinate starts at the wall. As expected, the mean
velocity is zero at the wall y/� = 0 because of the no-slip condition and it
approaches the free-stream velocity U = U1 at the edge of the boundary layer
y = �.

Figure 4.12. Streamwise velocity profile U/U1 versus y/�.

To study the near-wall regions the wall-normal coordinate can be plotted
on a logarithmic axis. In Fig. 4.13 the inner-scaled mean velocity profile versus
the coordinate y

+ on a semilogarithmic scale is plotted. The dashed vertical
lines indicate the flow regions. For y

+
< 5 the viscous sub-layer is observed:

it is characterized by a linear velocity profile U
+ = y

+. The bu↵er layer is at
5 < y

+
< 30 and the log-law layer extends from y

+ = 30 to y/� = 0.2. In this
layer the velocity profile can be described by a logarithmic relationship with
the y

+ coordinate:

U
+ =

1


ln y+ +B, (4.5)
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Figure 4.13. Velocity U
+ vs y+. Log law values from Pope

(2000)  = 0.41, B = 5.11.

where the von Kármán constant  and the additive constant B are empiri-
cally determined values. With  = 0.41 and B = 5.11 from Pope (2000), the
logarithmic relationship is plotted as a line in the same graph. The mean ve-
locity profile shows a good agreement with the log-law in this region. In the
wake region the mean velocity profile abandons the logarithmic relation and
approaches the value of U+

1. The edge of the boundary layer corresponds to
y
+ = Re⌧ = 1270 and it is marked by the last dashed line.

Fig. 4.14 shows the inner-scaled variances of the velocity components and
their sum 2kt, plotted versus the y

+-coordinate on a logarithmic scale. These
profiles are in agreement with known results from Pope (2000) and from the
work by Dogan et al. (2019), where the same data set is analyzed. As expected,
the huui

+ is the largest contribution to the turbulent kinetic energy and it
presents a peak of about 8 at a location of y+ = 15. The variances and mean
velocity profiles show a smooth profile, suggesting that enough independent
samples are analyzed for statistical convergence. Close to the wall the profiles
are less smooth because plotting on a logarithmic abscissa stretches the region
at small y+. For this reason, even if the grid points distribution is refined
close to the wall (points selected from a Chebyshev distribution), they are not
refined enough to get a smoother profile.

In Fig. 4.15 the inner-scaled viscous shear stress dU+

dy+ and Reynolds shear

stress h�uvi
+ and sum of these are plotted versus y+. The quantities are scaled

by ⌧wall since an inner scaling is adopted; coherently ⌧
+
tot = ⌧tot/⌧wall = 1 at
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the wall. The viscous shear stress is the only contribution at the wall and it
decreases towards the outer regions.

Figure 4.14. Inner-scaled variances of turbulent kinetic en-
ergy terms.

Figure 4.15. Inner-scaled shear stress terms.
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However, the Reynolds shear stress is zero at the wall due to the no-slip
condition and it is the main source of shear stress far from the wall. They
intersect in the bu↵er region at y+ ⇡ 11 and this is the location of the maximum
production of kinetic energy (Fig. 4.16). As introduced in Section 3.2.2, the
total shear stress remains fairly constant close to the wall up to y

+
⇡ 100, this

region is refereed to as the constant stress layer. The shear stress coherently
reduces to zero with the Reynolds shear stress at the edge of the boundary layer
y
+ = Re⌧ . Again, these profiles suggests a good convergence of the statistics

while the lower smoothness close to the wall is explained by the coarse grid
spacing in this region.

The profiles of the inner-scaled terms in the transport equation of the
turbulent kinetic energy are plotted in Fig. 4.16. They show a qualitative
agreement with known results by Pope (2000), and they are quite smooth in
the outer region. In addition to the poor smoothness near the wall due to the
coarse grid point distribution, some terms are rough even further from the wall.
To obtain the spatial transport terms D

⌫
kt, D

p
kt and D

t
kt the computation of

wall-normal derivatives is necessary and finite di↵erence scheme is adopted. For
this reason, a coarse distribution of grid point further a↵ects the smoothness
of these profiles. The same derivatives are also necessary for their spectral
computation, so that issue is expected there as well. One way to mitigate this
issue was to add the boundary conditions of the fluctuations at the wall to the
data extracted.

Figure 4.16. Profiles of the kinetic energy kt transport equa-
tion terms. Values scaled by u

3
⌧/`?.
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The inner-scaled production of kinetic energy shows a peak of 0.25 at the
location where the viscous stress equals the Reynolds shear stress y+ ⇡ 11, in
accordance to the derivation in Section 3.1.1. All the terms go to zero at the
edge of the boundary layer, while at the wall only the viscosity related terms,
di↵usion and dissipation, are non-zero.

Fig. 4.17 shows a comparison between the two ways of calculating the
production of kinetic energy, as described in section 3.2.3. This is done to
check the parallel flow assumption for the boundary layer. The Prkt profile
including all the term in its definition is plotted as red dots. The black solid line
shows the Prkt profile computed under the parallel flow assumption, namely,
the average wall normal velocity V and the streamwise derivatives @

@x are set
to zero.

Figure 4.17. The solid line shows the turbulent kinetic en-
ergy production calculated with parallel flow assumption (Eq.
(3.43)). Red dots show the kinetic energy production calcu-
lated with all terms (Eq. (3.42)).Values scaled by u

3
⌧/`?.

Fig. 4.18 shows the inner-scaled profiles of the Reynolds shear stress h�uvi

transport equation. Also in this case, the spatial transport terms profile are
not smooth because of the finite di↵erence computation on the coarse grid. An
apparent discrepancy related to this issue is observed for the viscous di↵usion
D

⌫
�uv which does not drop to zero at the wall, as in the Couette flow (Fig. 4.6).

This was mitigated by setting the value of viscous dissipation to zero.

In general, the obtained plot is still in agreement with the results by Kom-
minaho & Skote (2001). The production Pr�uv shows a peak around 0.1 at
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y
+
⇡ 15 and the pressure-strain term ⇧�uv acts as a sink of the same order of

magnitude at about the same location. The pressure related terms Dp
�uv and

⇧�uv are the most relevant, especially close to the wall where they are the only
non-zero terms and balance each other. Di↵erently from the turbulent kinetic
energy transport, the viscous terms D

⌫
�uv and ✏�uv play a marginal role and

they drop to zero at the wall.

Figure 4.18. Profiles of the Reynolds shear stress h�uvi.
Values scaled by u

3
⌧/`?.

The same profiles are computed for all the Reynolds stress components and
are reported in the Appendix. Again, the results from the present work show
a good agreement with known literature.

Since the flow is steady, no net gain or loss of kinetic energy or Reynolds
shear stress is possible. Neglecting the convective term makes the LHS in Eq.
(2.20) zero which means the RHS should be zero as well (Appendix E).

4.2.2. Kinetic energy transport

The results of the spectral analysis for the ZPG boundary layer dataset are
reported in Fig. 4.19. It shows the kinetic energy spectrum and the spectra
of the terms in its transport equation. On the vertical axis the inner-scaled
wavelength �

+
z is reported on a logarithmic scale, while the horizontal axis re-

ports the inner-scaled wall normal coordinate y+ on a logarithmic scale. These
graphs o↵er a visual understanding of the location and the wavelength ranges
of energy in the terms of the kinetic energy transport equation. The integral
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with respect to the wave number kz of these spectra returns the profiles in Fig.
4.16.
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Figure 4.19. Premultiplied (kzy+) space-wavelength dia-
grams of the kinetic energy spectrum Ekt and terms in its
transport equation: production, interscale transport, turbu-
lent di↵usion, pressure-strain term, fluctuating pressure di↵u-
sion, viscous dissipation, and viscous di↵usion. The spectrum
is scaled by u

2
⌧ while all the other terms are scaled by u

3
⌧/`?.
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The positive values in the plots, corresponding to the reddish regions, rep-
resent a gain of kinetic energy at a certain location and wavelength range as an
e↵ect of the di↵erent transport terms. Vice-versa, negative values, correspond-
ing to the bluish regions, represent a local loss of kinetic energy. Since the flow
is steady and the convective term is neglected under the assumption of parallel
flow, the sum of all the transport terms spectra should be zero (Appendx E).

Since a logarithmic scale is adopted for the wavelength, the kz premul-
tiplied spectra are reported to retain the proportionality between the plotted
amplitudes and the integral along the wave number of the terms. As previously
said a logarithmic representation of the wall normal coordinate y+ is necessary
to appreciate the distinct flow regions in the boundary layer. For this reason
a further premultiplication by y

+ is adopted to visualize the integral value of
the terms along the wall normal coordinate. The vertical dashed lines individ-
uate the flow regions: viscous sub-layer, bu↵er layer, log-law region, and wake
region. The last line at y

+ = Re⌧ = 1270 indicates the edge of the boundary
layer.

The first graph reports the premultiplied kinetic energy spectrum kzy
+
Ekt .

If it was not premultiplied by y
+ an inner-peak would be visible (Fig 4.14), cor-

responding to the wall normal location of maximum production. When multi-
plying by y

+, the inner peak disappears and it becomes clear that most of the
turbulent kinetic energy is actually located in the wake region at wavelengths
of the order of magnitude of the boundary layer thickness �+

z 2 [500, 2000].

In the premultiplied spectrum of production kzy
+
prkt two peaks are visible.

The inner-peak is located in the bu↵er layer and it fairly corresponds to the
peak observed in the Prkt profile seen in Fig. 4.16. Here the kinetic energy is
produced at wavelengths �+

z 2 [50, 200]. From Fig. 4.16 it seems that most of
the production occurs in the bu↵er region and that almost no kinetic energy is
produced in the outer region. Because of the y+ logarithmic representation the
production plot in the outer region is shrunk, and it is not representative of the
amount of kinetic energy produced there in an integral sense. Premultiplying
the production spectrum by y

+ reveals that kinetic energy is also produced in
the wake region and an outer peak is made visible. At this location the kinetic
energy is produced at scales of about �

+
z 2 [500, 2000], coinciding with the

outer peak of the kinetic energy spectrum.

Although not plotted here, if the non y
+-premultiplied spectra are consid-

ered a slight misalignment in wavelengths �
+
z between kzEkt and kzprkt can

be observed at the inner-peak in the bu↵er layer. The peak of kzEkt occurs at
wavelengths �

+
z 2 [80, 200]. The peak of kzprkt occurs at slightly lower wave-

lengths �+
z 2 [60, 120]. This can be related to the interscale transfer of energy

to larger scales that was observed by Marati et al. (2004) and strong viscous
dissipation kz"kt near the wall and at that wavelength range.
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The turbulent di↵usion term kzy
+
d
t
kt

shows a redistribution of the pro-
duced kinetic energy in the bu↵er region towards the log regions and closer to
the wall at scales �+

z < 1000. At scales �+
z > 1000 the turbulent kinetic energy

is being di↵used towards the edge of the boundary layer.

From these diagrams, the energy cascade process is clearly evident from
the trkt term. It shows a loss of kinetic energy by the large scales throughout
the boundary layer with a consequent gain at smaller scales. This appears to
be particularly intense in the wake region and in the bu↵er layer, where the
peak of kinetic energy spectrum and production are located. In the work by
Marati et al. (2004) inverse interscale transport observed in the bu↵er region of
wall-bounded turbulent flows was studied. Such a phenomenon is also observed
in the trkt spectrum obtained in the present analysis. Cimarelli & De Angelis
(2014) noted that coarsely resolved LES simulations have numerical troubles
modelling this inverse cascade. Since the simulation was finely resolved, this
inverse cascade did not need to be modelled.

The spectrum kzy
+
"kt shows the intense loss of kinetic energy (bluish re-

gion) due to dissipation by viscosity. Dissipation occurs at smaller scales than
the ones at which production occurs which suggests that tenergy goes through
interscale transport before dissipation, in accordance with the classic energy
cascade view. In the bu↵er layer and log region the peak is at �+

z 2 [20, 100],
while in the wake region it is at �+

z 2 [100, 300].

The viscous di↵usion kzy
+
d
⌫
kt

term mainly transfers kinetic energy from
the bu↵er layer towards the wall. In particular, it is acting at wavelengths
about �

+
z 2 [50, 200], corresponding to the wavelengths where the production

inner-peak is. A slight transport towards the log-law region is also observed.
From Fig. 4.16 it is noted that the viscous di↵usion is maximum at the wall,
where it balances the dissipation. Both viscous e↵ects are of the order of
magnitude of the production which highlights the high importance of viscosity
in the transfer of turbulent kinetic energy close to the wall. While viscous
dissipation is not really present for scales larger than the size of the boundary
layer, viscous di↵usion does happen at these scales, but to a lesser extent.

The spatial transport term kzy
+
d
p
kt

acts at all the scales transferring ki-
netic energy towards the wall. For small scales �

+
z < 100 the transport oc-

curs in the bu↵er layer and towards the viscous sub-layer, for scales around
�
+
z 2 [200, 1000] the redistribution is inside the log-law region. For very large

scales �
+
z > 1000 the kinetic energy is di↵used from the edge of the bound-

ary layer towards the inner part of the wake region. At small scales a slight
transfer towards the outer region is also present. It can be noted that the main
contribution of kinetic energy pressure transport comes from hvvi (Appendix
A), meaning that pressure transport mostly a↵ect wall-normal fluctuations.

The term kzy
+
⇡kt is consistently zero. As stated for the Couette flow, the

pressure-strain term is a redistribution of energy content between the various
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trace components of the huiuji tensor. As shown in the Appendix, the ⇧ij term
produces a loss in the content of the huui term with a consequent gain of the
hvvi and hwwi components. Due to the fact that the wall damps wall-normal
fluctuations, ⇧ww is positive and ⇧vv is negative near the wall, this can be
visualized in the non-premultiplied spectra of the ⇧ij

Summing up, Fig. 4.19 describes the production of kinetic energy at rela-
tively large scales. The vortical structures break up into smaller whirls which
are dissipated by viscosity. Viscous, turbulent and pressure spatial di↵usion
transfer a large part of the kinetic energy towards the wall, where the viscous
dissipation is large. Mainly because of turbulent di↵usion, a transfer of energy
towards the edge of the boundary layer is also present.

4.2.3. Reynolds shear stress transport

The spectral analysis of the Reynolds shear stress h�uvi transport equation
is performed on the turbulent boundary layer data-set and the results are re-
ported in Fig. 4.20. Again, the transport of Reynolds shear stress is assessed
to investigate if the small structures close to the wall could a↵ect the large
structures at the outer regions of the boudary layer by means of interscale
transport, turbulent di↵usion and pressure di↵usion.

The spectrum of the Reynolds shear stress h�uvi and the spectral represen-
tation of its transport equation are shown in Fig. 4.20. Similarly to the kinetic
energy investigation, the quantities are premultiplied by the wave number kz

and by y
+. The shape of the cospectrum kzy

+
E�uv is fairly similar to the

kinetic energy spectrum, the peak is located in the wake region and scales are
of the order of the boundary layer thickness �+

z 2 [600, 1500]. Even though it
is not plotted here, if the non-premultiplied spectrum is plotted, an inner peak
is visible in the bu↵er layer y+ ⇡ 26 at wavelengths of about �+

z 2 [150, 120].

The production term kzy
+
pr�uv is similar to the kinetic energy production

if its profile along y+ is considered (Figs. 4.16 and 4.18). However when looking
at the spectra there are some noticeable di↵erences. The Reynolds shear stress
h�uvi is produced throughout the boundary layer with an intense peak in the
wake region, and an inner one between the bu↵er layer and the log-law region
y
+
⇡ 30. Di↵erently from the kinetic energy production, the inner peak does

not appear to be distinctly more intense than other location in the boundary
layer. In the outer peak h�uvi is produced at scales of about �+

z 2 [500, 1000]
which are smaller than the ones at which the maximum of the Reynolds shear
stress is found, namely the kzy+E�uv cospectrum peak. The h�uvi production
at relatively small scales can be traced back to the fact that the Reynolds
stress component hvvi, appearing in its definition is mainly contained at small
scales, as can be observed in the Evv spectrum reported in Appendix A. As
was explained in Couette flow hvvi is not directly produced from the mean
flow, but it derives from a redistribution of fluctuation intensity from the huui
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component by means of the pressure strain term ⇧vv. This misalignment in the
wavelengths suggests that an interscale transport from smaller scales to large
scales is present.

The non y
+-premultiplied spectrum kzE�uv displays two peaks, and the

inner one is found for scales of �+
z 2 [50, 200]. Looking at the non-premultiplied

spectrum kzpr�uv, would only show one peak in the bu↵er layer with the peaks
at �+

z 2 [30, 150], which also suggest an inverse interscale transport of Reynolds
shear stress at this location.

The turbulent di↵usion term kzy
+
d
t
�uv shows a similar spatial transport

as its kinetic energy counter part. At scales up to �
+
z < 1000 it shows a redis-

tribution of the produced shear-stress content from the bu↵er region towards
the log region and to a lesser extent towards the wall. For very large scales
�
+
z > 1000 the Reynolds shear stress is being di↵used from the log region to-

wards the edge of the boundary layer. This spatial transport term suggests an
interaction between near-wall small structures and larger structures located in
the outer region.

From the kzy
+
tr�uv, an inverse interscale transport cascade process is

clearly evident. It is showing a loss of shear stress content by the small scales
throughout the boundary layer with a consequent gain at larger scales. In
the bu↵er layer the Reynolds shear stress is being transported from scales of
�
+
z 2 [70, 200] to scales of �+

z 2 [120, 600]. In the log region there is a broad
interscale transport. Scales �+

z < 300 are losing Reynolds stress content which
is transferred to scales of �+

z 2 [200, 1400]. In the wake region the transfer is
from scales of �+

z 2 [60, 500] to [50, 1400]. The interscale transport combined
with the turbulent di↵usion can explain why the location of the peak kzy

+
E�uv

is at larger scales as compared to the produciton. Throughout the boundary
layer h�uvi stress content is being sent from small to larger scales and also
towards the edge of the boundary layer.

However, among the spatial redistribution terms kzy
+
d
p
�uv appears to be

the most relevant. It is seen to a↵ect large and small scales di↵erently. The
spectrum shows that at small scales, in the bu↵er layer, �+

z < 200 transports
h�uvi towards the edge of the log region. The opposite occurs at scales of
�
+
z 2 [100, 1000] for which h�uvi is being transported from the log region

towards the bu↵er layer. For scales �+
z > 1000 the action is mainly in the wake

region, here h�uvi is being transported from the edge of the boundary to the
centre of the wake region.

The viscous related terms in the Reynolds shear stress transport, i.e. dif-
fusion kzy

+
d
⌫
�uv and dissipation kzy

+
"�uv, appear to be of less importance

than their counterpart for the kinetic energy. The viscous di↵usion term is
transporting h�uvi from the bu↵er region to the viscous sub-layer. As already
stressed for the D

⌫
�uv profile in Fig. 4.18, its value should be zero at the wall:

the y-di↵erentiation issues cause the term not to drop at the wall.
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Figure 4.20. Premultiplied (kzy+) space-wavelength dia-
grams of the Reynolds shear stress cospectrum E�uv and terms
in its transport equation: production, interscale transport,
turbulent di↵usion, pressure-strain term, fluctuating pressure
di↵usion, viscous dissipation, and viscous di↵usion. The spec-
trum is scaled by u

2
⌧ while all the other terms are scaled by

u
3
⌧/h.
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Viscous dissipation kzy
+
"�uv acts throughout the whole boundary layer

in �
+
z < 500 with a peak in the log-law region. It is also interesting to note

that there is a noticeable positive region in the bu↵er layer which needs to be
further understood. Since h�uvi does not physically represent an energy it is
not entirely correct to say it is dissipated into heat.

The main sink term of h�uvi is the pressure-strain term ⇡�uv. As already
observed in Fig. 4.18, the pressure related terms are predominant for the
Reynolds shear stress over the viscous terms. kzy+⇡�uv term appears to be of
the same order of magnitude as the production. Moreover, from the spectra in
Fig. 4.20 the pressure-strain term involves slightly larger scales as compared to
the production, again, suggesting that h�uvi undergoes an inverse interscale
transport to large scales before being damped. In the bu↵er region it mainly
damps at scale of �+

z 2 [70, 250] while in the wake region the peak is at scales
of �+

z 2 [400, 2000].

4.2.4. Wavelength budgets in the wake region

Like in the Couette flow, wavelength budgets can be useful to view interscale
transport. Looking at y+ = 510 in the wake region in Figs. 4.19 and 4.20 gives
the wavlength budgets in Figs. 4.21 and 4.22. Figure 4.21 shows the premul-
tipled energy spectra kzy

+
Ekt and the premultiplied terms of the turbulent

kinetic energy equation at the channel centre. Similarly, Fig. 4.10 shows the
same terms for h�uvi.

In the wake region the wavelength peaks of kzy+Ekt and kzy
+
prkt coincide

as seen in Fig. 4.21. Both peaks are at �
+
z 2 [500, 2000]. Here kzy

+
"kt is of

the order of the production but at smaller scales, �+
2 [70, 400]. The inter-

scale transport kzy+trkt explains why the dissipation happens at smaller scales.
kzy

+
trkt is taking energy from scales larger than �

+
z = 350 and transferring

them to scales smaller than 350.

At y
+ = 510 the turbulent spatial transport kzd

t
kt

and viscous di↵usion
kzy

+
d
p
kt

are not so relevant. It is at the edge of the boundary layer where
these are important and balance each other as in Fig. 4.19. Viscous di↵usion
kzy

+
d
⌫
kt

is only important near the wall and at small scales.

The Reynolds shear stress is produced at smaller wavelengths than those
involved with the peaks of the cospectrum kzy

+
E�uv. This is visible in the

wake region budget of Fig. 4.22. The peak is fairly similar to the kinetic energy
at �+

z 2 [500, 2000]. However, the peak of production is at smaller wavelengths,
�
+
z 2 [200, 1400]. The term kzy

+
tr�uv shows an inverse interscale transport.

It is a sink at scales smaller than �
+ = 900 and a source at scales larger than

that.
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Figure 4.21. Premultiplied (kzy+) profile at the wake re-
gion, y+ = 510 of the (a) kinetic energy spectrum Ekt scaled
by u

2
⌧ and (b) the production, viscous dissipation, viscous dif-

fusion, turbulent di↵usion, pressure di↵usion, and interscale
transport, scaled by u

3
⌧/h.

Figure 4.22. Premultiplied (kzy+) profile at the wake re-
gion, y+ = 510 of the (a) Reynolds shear stress cospectrum
E�uv scaled by u

2
⌧ and (b) the production, viscous dissipa-

tion, viscous di↵usion, turbulent di↵usion, pressure di↵usion,
pressure-strain term, and interscale transport, scaled by u

3
⌧/h.
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Unlike in the Couette flow, summing the three source terms kzy
+
pr�uv,

kzy
+
d
t
�uv, and kzy

+
tr�uv does not really give a clear picture of the shift,

perhaps due to the problems with calculating the transport terms. However,
it is still visible how the peak of kzy+⇡�uv is at a slightly larger wavelength,
�
+
z 2 [300, 1500] , than that of production. Therefore, the produced h�uvi is

transported to larger scales by kzy
+
tr�uv where kzy

+
⇡�uv can act as a sink.

The term kzy
+
tr�uv shows an inverse interscale transport. It is a sink at

scales smaller than �
+ = 900h and a source at scales larger than that. Unlike in

the Couette flow, summing the three source terms kzy+pr�uv, kzy+dt�uv, and
kzy

+
tr�uv does not really give a clear picture of the shift, perhaps due to the

problems with calculating the transport terms. However, it is still visible how
the peak of kzy+⇡�uv is at a slightly larger wavelength, �+

z 2 [300, 1500], than
that of production. Therefore, the produced h�uvi is transported to larger
scales by kzy

+
tr�uv where kzy

+
⇡�uv can acts as a sink.

In the case of h�uvi both kzy
+
d
t
�uv and kzy

+
d
p
�uv are of similar mag-

nitude. At y
+ = 510 they are counteracting each other. Turbulent spatial

transport is sending shear stress content to the edge of the boundary layer and
pressure transport is transporting it from the edge of boundary layer towards
the middle of the wake region. The viscous terms in the boundary layer are not
very relevant. Both viscous di↵usion kzd

⌫
�uv and viscous dissipation kz"�uv are

near zero at the wake region.

4.2.5. Interscale transport terms comparison

Also for the TBL dataset, all the velocity components and gradients fields are
available from the LES simulation. Every term in the RHS of the interscale
transport definition, in Eq. (2.32), can be analyzed to obtain the associated
spectrum and assess their relevance in the composition of the tr�uv term. As
said, this allows to understand which velocity components and gradients are to
be known to study the interscale transport in a turbulent boundary layer.

As a first result, it is found that the most relevant terms involve the stream-
wise velocity gradients along the wall-normal direction @u0

@y and @u00

@y ,
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It can be noted that these terms show an analogy with the production of the
h�uvi, expressed as the product of the y-gradient of the mean streamwise
velocity U and the Reynolds stress component hvvi.

Other relevant terms, still smaller in magnitude than the previous two, are
associated to z derivatives of the streamwise and wall normal velocity compo-
nents,
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Moreover, the terms involving the large- or small-scale part of the huui

variance and the x-derivative of the wall normal velocity @v
@x are also seen to be

of considerable magnitude:

⌧
u
00
u
00 @v

0

@x

�
, �

⌧
u
0
u
0 @v

00

@x

�
. (4.8)

In particular, the
D
u
00
u
00 @v0

@x

E
is responsible for the interscale transport of large

structures far from the wall, in the wake region.

It was also found that two terms contain a large-to-small interscale trans-
port, opposing to the inverse transport observed for the total Reynolds shear
stress. Neglecting these terms could lead to an overestimation of the interscale
transport. They are reported below:
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Moreover, one of the most relevant terms
D
v
00
v
00 @u0

@y

E
displays an inverse

interscale transport for scales up to �
+
z < 1000, but it shows a regular transport

from large scales to small scales at the edge of the boundary layer y
+

> 770
for very large structures �+

z > 1000.

The spectral representation in a space-wavelength diagram of these terms
can be found in Appendix B.

4.2.6. Flow case comparison

The results from the two data sets can be used to compare the two flow cases
and individuate common feature in the scale interaction of wall-bounded turbu-
lent flows. To simplify the comparison n this section, y+ = ⌘

+ when referring
to Couette flow. The two cases present substantial di↵erences, first of all in the
Reynolds number, quite low for Couette flow Re⌧ = 108 and higher in the ZPG
boundary layer case Re⌧ = 1270. Moreover, the boundary layer is a thin shear
layer flow and requires an inner scaling with a logarithmic representation of
the wall-normal coordinate. The Couette flow is a shear driven symmetric flow
and a linear axis is used. The Couette flow results are scaled using the friction
velocity u⌧ and the half-channel height h to compare to Kawata & Alfredsson
(2018). These di↵erences have to be considered when comparing the results in
Figs. 4.7, 4.8 and 4.19, 4.20.
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From Figs. 4.7 and 4.19 the transport of kinetic energy in the two flow
cases can be compared. For both the TBL and the Couette flow the kinetic
energy spectrum shows an inner peak at about y

+
⇡ 15 and an outer peak,

involving larger scales, in the wake region or at the channel centre, respectively.
For the TBL, Ekt has an inner peak that can only be analyzed in the non y

+-
premultiplied spectrum, whose graph is not reported in the present work. If
inner scaled, the wavelengths corresponding to the inner peak coincides for the
two flow cases �+

z ⇡ 120.

The production prkt shows two peaks that correspond fairly well to the
peaks of the kinetic energy spectrum. In both the flow cases, the outer peaks of
the energy spectrum and production are observed to be at the same wavelength
while in the inner region the production peak appears to be at slightly smaller
scales than the energy peak.

The phenomenon of the energy cascade is clearly observed for the two flow
cases. The interscale transport term trkt shows a loss of kinetic energy by
the large scales and a gain of kinetic energy at the small scales, describing
the break up of large vortical structures into smaller eddies. This occurs in
correspondence for both the inner and the outer peak, in the Couette flow it
appears to be stronger close to the wall. A reversed near-wall cascade is clearly
observed in Couette flow, in the TBL it is still present but weaker.

The turbulent and viscous di↵usion, dtkt
and d

⌫
kt
, respectively act in a sim-

ilar way in both flow cases. At all the wavelengths, the turbulent di↵usion
transfers energy from the bu↵er layer towards the outer region. Also, a re-
distribution towards the wall is present and it is seen to be more relevant in
the Couette flow. In the TBL, a transport of large scales towards the edge of
the boundary layer is observed, while a similar transport towards the channel
centre is not present in the Couette flow. Both in Couette flow and TBL the
viscous di↵usion is particularly intense at small scales close to the wall. The
large scales break up and give energy to the small scales. As this is happening,
the energy is di↵used towards the wall and is being dissipated by viscosity.

In both flow cases the pressure transport term d
p
kt

appears to be less sig-
nificant than the turbulent and viscous di↵usion.

With reference to Figs. 4.8 and 4.20 the transport of Reynolds shear stress
is compared for the two flow cases. The E�uv cospectrum appears to be analo-
gous in both. It shows an inner peak at y+ ⇡ 25 involving wavelengths around
�
+
z ⇡ 120 and an outer peak at larger wavelengths, located at the channel cen-

tre or in the wake region in Couette flow and TBL, respectively. Again, for the
TBL the inner peak in the cospectrum is only visible if it is not premultiplied
by y

+.

For both flow cases, it appears that the peaks of production of the Reynolds
shear stress h�uvi occurs at smaller scales than the ones of the cospectra E�uv.
This is quite relevant in Couette flow for which the inner peak is shifted about
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��
+
z ⇡ 50 and the outer peaks is shifted about ��z ⇡ h. For the TBL

the shift in the outer peak is less evident but still present, about 0.3 of the
boundary layer thickness. This shift can also be seen in in the spectra that
are not premultiplied by y

+. The inner peaks of production and cospectra are
shifted by ��

+
z ⇡ 50, like in the Couette flow. These shifts in the wavelengths,

observed for both the flow cases, suggest a transfer of Reynolds shear stress
from the smaller scales, at which it is mainly produced, to the larger scales
where the peak of the cospectra is found.

The presence of an inverse interscale transport of Reynolds shear stress,
which explains the shifts in the production and cospectrum peaks, is clearly
shown for both the flow cases in the tr�uv spectrum. In Couette flow, it
appears to be present throughout the whole channel and particularly intense
in the bu↵er layer y+ 2 [5, 40]. Also in the TBL case, a transport of Reynolds
shear stress from small to large scales is observed from the bu↵er layer up to
y/� = 0.8.

The turbulent di↵usion d
t
�uv acts in a similar way in both flow cases. In

fact, at small and large scales the Reynolds shear stress is transported from
the bu↵er layer towards the log-law region in the TBL and towards the channel
centre in Couette flow. In Couette flow a strong transport towards the wall is
also evident while barely visible for the TBL. As for the kinetic energy, in the
TBL a transport of Reynolds shear stress towards the edge of the boundary
layer is visible at quite large scales. Such a transport is not seen in Couette
flow.

For both flow cases the viscosity related terms d⌫�uv and "�uv are way less
relevant than the pressure related terms d

p
�uv and ⇡�uv, especially close to

the wall. In particular the pressur-strain term represent an intense sink term
for Reynolds shear stress, of the same order of magnitude as the production.
The peaks of this terms are located at the same wall-normal coordinates as the
production, but the damping occurs at larger scales, around where the peak
of the cospectrum E�uv is found. This suggest that in both the flow cases the
Reynolds shear stress is transported by tr�uv to larger scales and then damped.

Regarding the pressure spatial transport dp�uv, the same trend is observed
for both Couette flow and TBL. At small scales this term transfers Reynolds
shear stress from near-wall regions towards outer regions while at large scales
h�uvi is transported towards the wall, i.e. towards the bu↵er layer. In TBL,
similarly to turbulent di↵usion, this term displays some transport dynamics
for very large scales at the edge of the boundary layer. In fact, at scales
larger than the boundary layer thickness, h�uvi is transported from the edge
of the boundary layer towards the inner part of the wake region. This kind
of transport for very large scales is not observed in Couette flow. Instead, in
Couette flow a pressure transport towards the viscous sublayer is observed at
scales larger than half-channel height, which is not found in TBL.
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The analysis of the single terms in the Reynolds shear stress interscale
transport tr�uv definition, Eq. (2.32), revealed similar results for both Couette
flow and TBL. In particular the most relevant terms appear to be the same
in both the flow cases and they involve the large- or small-scale part of the
hvvi variance and the y-derivative of the streamwise velocity. Also, the terms
producing a transport from large to small scales are present in TBL as well
as in Couette flow. This suggest what velocity and gradients fields are to be
known (measured) for the investigation of the interscale transport term in both
flow cases, and possibly in other similar 2D flows.
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CHAPTER 5

Conclusions and Outlook

5.1. Conclusions

Data from a DNS of a Couette flow and a well-resolved LES of a boundary layer
were analyzed. The main focus of the work was to document and analyze the
scales involved in the interscale transport of Reynolds shear stress h�uvi and
compare it to the interscale transport of turbulent kinetic energy. The analysis
was done by calculating the terms of the spectral Reynolds stress equation
Eq. (2.36). In contrast to the other terms of the equation, the spectra of
interscale transport trij and turbulent transport dtij cannot be computed with
the Fourier transform of a correlation. Therefore, a more computationally
expensive method was used (Method 2 in section 3.5.4).

Besides the classical energy cascade from large to small scales, an inverse
interscale transport was observed for both flow cases in the bu↵er layer. Marati
et al. (2004) also observed inverse interscale transport of energy in a DNS of a
turbulent channel flow. The general path of turbulent kinetic energy in both
flows can be summarized as follows:

• Turbulent kinetic energy is produced and drains energy from the mean
flow.

• Viscosity, pressure fluctuations, and turbulent fluctuations redistribute
kinetic energy within the flow.

• Globally energy is transported from large scales to small scales except
in the bu↵er region.

• Viscous dissipation acts at typically smaller scales than those of pro-
duction and converts energy into heat.

Note that the previous list is not ordered. All of the above processes are
happening simultaneously.

Inverse interscale transport was seen for the Reynolds shear stress h�uvi.
This agrees with the experimental observations by Kawata & Alfredsson (2018)
and the DNS by Kawata & Tsukahara (2019). With h�uvi, interscale transport
is exclusively from small scales to large scales. The general path of Reynolds
shear stress in both flows can be summarized as follows:

• Shear stress content is created by the interaction of hvvi and the wall-
normal gradient of the mean flow.
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• Viscosity, pressure fluctuations, and turbulent fluctuations redistribute
shear stress content within the flow.

• Interscale transport exclusively transports shear stress content from
small to large scales.

• Viscous dissipation generally acts as sink for shear stress though there
are some small positive regions.

• The pressure-strain term acts as a sink for shear stress.

Once again, all of these processes happen simultaneously. In the kinetic
energy balance the pressure terms are of little importance when compared to
the viscous terms. This the opposite of what was observed for Reynolds shear
stress.

The inverse interscale transport of Reynolds shear appears more relevant
in Couette flow than in the boundary layer. Nevertheless, in the boundary
layer the shift between the peak of the cospectra and the production can be
explained by the transport of h�uvi from small to large scales.

5.2. Outlook

To date, only the experiment by Kawata & Alfredsson (2018) has published
results about interscale transport of h�uvi. To get a better of understanding,
more types of wall-bounded flow should be studied, e.g. turbulent pipe flow.
Appendix B shows which terms of Tr�uv are important to help guide what
needs to be measured, in case these should be obtained experimentally.

The pressure-strain term is quite well understood in terms of the kinetic
energy. However, the physical meaning of the main sink term of h�uvi, ⇧�uv,
is not very well understood. Literature, e.g. Komminaho & Skote (2001), does
not go into detail and it is generally viewed as a sink term that balances Pr�uv.
Although it is less important, the dissipation of Reynolds shear stress content
is not well understood. In terms of kinetic energy a positive dissipation is
nonphysical, yet it was observed for h�uvi.

For practical applications DNS and highly resolved LES are still out of
reach. Therefore, further exploration of h�uvi can be useful in the development
of models. Cimarelli & De Angelis (2014) already detailed possible ways to
implement a model in a coarse LES that models inverse interscale transport
of energy. The results shown here, show that coarse LES and RANS models
should aim to replicate the behavior of h�uvi more accurately in terms of
interscale transport, pressure-strain, and to a lesser extent, viscous dissipation.
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APPENDIX A

Trace of Reynolds stress tensor: profiles and spectra

The budgets and spectra of each term of the transport equation for each com-
ponent in the trace of the Reynolds stress tensor, Eq. (2.18), is plotted in this
Appendix for Couette flow and the boundary layer. As in the results section,
only boundary layer data for Re⌧ = 1270 are shown.

A.1. Couette flow

A.1.1. Budgets of streamwise variance

Figure A.1. Profiles of the Reynolds normal stress huui

transport equation terms. The y-axis on the left shows val-
ues scaled by u

3
⌧/`?. Values on the right are scaled by u

3
⌧/h as

in the work by Kawata & Alfredsson (2018).

The plot in Fig. A.1 shows the transport terms budgets for Reynolds normal
stress huui. The whole production of kinetic energy occurs through the pro-
duction of huui, indeed Prkt = 2Pruu. For this reason, ⇧uu is mostly negative,
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meaning that huui transfers its stress-content to the other kinetic energy com-
ponents. However, near the wall it is slightly positive because the wall damps
the wall-normal fluctuations in what was called the “splatting e↵ect” by Moin
& Kim (1982). There is no pressure transport Dp

uu.

At the wall ✏uu accounts for more than half of the dissipation of kinetic
energy. Also at the wall the viscous di↵usion D

⌫
uu balances the dissipation.

These profiles are in agreement to what is seen in literature, e.g. Komminaho
& Skote (2001).

A.1.2. Budget of wall-normal variance

The plot in Fig. A.2 shows the transport term budgets for Reynolds normal
stress hvvi. There is no production of wall-normal fluctuations Prvv. ⇧vv acts
as its source of turbulence from ⌘

+
⇡ 11 to the centre of the channel. At

small ⌘+ ⇧vv is negative due to the “splatting e↵ect” and its main source of
turbulence is Dp

vv. In the bu↵er and log region the main sink term is the viscous
dissipation ✏vv. Unlike in huui, all terms are zero at the wall. These profiles
are in agreement to what is seen in literature, e.g. Komminaho & Skote (2001).

Figure A.2. Profiles of the Reynolds normal stress hvvi

transport equation terms. The y-axis on the left shows val-
ues scaled by u

3
⌧/`?. Values on the right are scaled by u

3
⌧/h as

in the work by Kawata & Alfredsson (2018).

A.1.3. Budget of spanwise variance

The plot in Fig. A.3 shows the transport term budgets for Reynolds normal
stress hwwi. There is no production of spanwise fluctuations Prww. ⇧ww acts
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as its main source of turbulence from the bu↵er layer to the centre of the
channel. In the viscous sublayer, ⇧ww and D

⌫
ww are the two source terms.

However, at the wall ⇧ww is zero. At the wall D⌫
ww is balanced by the viscous

dissipation ✏ww. The viscous dissipation is the main sink term throughout the
whole channel. Adding all of these terms for each of the trace components
of the Reynolds stress tensor and dividing by 2 gives the results of Fig. 4.5.
These profiles are in agreement to what is seen in literature, e.g. Komminaho
& Skote (2001).

Figure A.3. Profiles of the Reynolds normal stress hwwi

transport equation terms. The y-axis on the left shows val-
ues scaled by u

3
⌧/`?. Values on the right are scaled by u

3
⌧/h as

in the work by Kawata & Alfredsson (2018).

A.1.4. Spectral diagrams of streamwise variance

Fig. A.4 shows the premultiplied (kz) spectral diagrams of the Reynolds normal
stress huui. The spectrum Euu is very similar to the kinetic energy spectrum
Ekt in Fig. 4.7. The streamwise component is the main component of the
kinetic energy as seen in Fig. 4.3. Since only huui is produced, pruu is the
same as that of 2prkt . The peak of the pressure-strain term ⇡uu seems to align
with the production �z/h 2 [0.5, 0.8]. The other terms are of similar shape as
the kinetic energy.

A.1.5. Spectral diagrams of wall-normal variance

Fig. A.5 shows the premultiplied (kz) spectral diagrams of the Reynolds normal
stress hvvi. The spectrum Evv has a di↵erent shape compared to the spectrum
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Euu in Fig. A.4. Its peak is in the log region as opposed to the bu↵er region.
It is also contained at slightly smaller scales, �z/h 2 [0.9, 2.5], than Euu. The
interscale transport trvv is very similar to the kinetic energy. One noticeable
di↵erence is that there appears to be no inverse interscale transport. The
turbulent transport d

t
vv is similar to the kinetic energy but the bluish and

reddish regions are shifted slighly away from the wall. Kinetic energy is being
sent from y

+
2 [8, 40] to the centre of the channel and towards the viscous

sublayer. But in d
t
vv it is being sent from y

+
2 [20, 60] into the middle of the

bu↵er layer and towards the channel centre.

As explained before, the pressure strain term ⇡vv is negative near the wall
and positive away from the wall to the channel centre. Both positive and neg-
ative peaks happen at scales �z/h < 1.5. Near the wall, the pressure transport
d
p
vv is of similar shape but with opposite sign as the pressure-strain term.

The viscous dissipation "vv is zero at the wall and then it is fairly constant
throughout the channel. It is contained at scales �z/h < 1. The viscous
di↵usion d

⌫
vv is zero at the wall with peaks shifted further from the wall when

comparing to d⌫uu. Viscous di↵usion of hvvi happens at small scales, �z/h < 1.5,
unlike huui.

A.1.6. Spectral diagrams of spanwise variance

Fig. A.6 shows the spectral diagrams of the Reynolds normal stress hwwi.
Spectrum Eww starts from zero at the wall and has a slight peak at the border
of the log and bu↵er layer. It is contained almost exclusively at scales �z/h > 1.
The interscale transport is of similar shape as the kinetic energy. The turbulent
spatial transport d

t
ww is not so important but it is sending hwwi from the

bu↵er layer towards the centre of the channel. The pressure strain term ⇡ww

is exclusively positive with the peak at similar scales as ⇡uu.

The viscous dissipation "ww is maximum near the wall where it is balanced
by viscous di↵usion d

⌫
ww. The peaks at the wall are located at �z/h 2 [0.3, 3].

Further from the wall, towards the centre, viscous dissipation is balancing
the pressure-strain term but at slightly smaller scales suggesting an interscale
transport occurs before dissipation.
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Figure A.4. Premultiplied (kz) space-wavelength diagrams
of the Reynolds normal stress huui spectrum Euu and terms in
its transport equation: production, interscale transport, tur-
bulent di↵usion, pressure-strain term, fluctuating pressure dif-
fusion, viscous dissipation, and viscous di↵usion. The spec-
trum is scaled by u

2
⌧ while all the other terms are scaled by

u
3
⌧/h.



96 A. TRACE OF REYNOLDS STRESS TENSOR: PROFILES AND SPECTRA

Figure A.5. Premultiplied (kz) space-wavelength diagrams
of the Reynolds normal stress hvvi spectrum Evv and terms in
its transport equation: production, interscale transport, tur-
bulent di↵usion, pressure-strain term, fluctuating pressure dif-
fusion, viscous dissipation, and viscous di↵usion. The spec-
trum is scaled by u

2
⌧ while all the other terms are scaled by

u
3
⌧/h.
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Figure A.6. Premultiplied (kz) space-wavelength diagrams
of the Reynolds normal stress hwwi spectrum Eww and terms
in its transport equation: production, interscale transport,
turbulent di↵usion, pressure-strain term, fluctuating pressure
di↵usion, viscous dissipation, and viscous di↵usion. The spec-
trum is scaled by u

2
⌧ while all the other terms are scaled by

u
3
⌧/h.
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A.2. ZPG TBL

A.2.1. Budgets of streamwise variance

Figure A.7. Profiles of the Reynolds normal stress huui

transport equation terms. Values scaled by u
3
⌧/`?.

The plot in Fig. A.7 shows the transport term budgets for Reynolds normal
stress huui. The whole production of kinetic energy mostly occurs through the
production of huui, indeed Prkt = 2Pruu Prkt ⇡ 2Pruu. Since huui is larger
than the other components, ⇧uu is mostly negative, it transfers energy to the
other components. Due to the “splatting e↵ect” it is positive near the wall.
There is no pressure transport Dp

uu. At the wall ✏uu accounts for more than half
of the dissipation of kinetic energy. Similarly, at the wall the viscous di↵usion
D

⌫
uu balances ✏uu. Although the wall-normal nodes are in a Chebyshev scheme,

only some of those nodes were saved during the simulation. This means that the
wall-normal derivatives in the transport terms could only be computed with a
finite di↵erence scheme which created issues in the accuracy of the results. This
is clear in the two transport terms of huui, especially near the wall. However,
these profiles are in agreement with other literature, e.g. Komminaho & Skote
(2001) and Hoyas & Jiménez (2008).

A.2.2. Budgets of wall-normal variance

The plot in Fig. A.8 shows the transport term budgets for Reynolds normal
stress hvvi. There is almost no production of wall-normal fluctuations Prvv.
⇧vv acts as the source of turbulence from y ⇡ 11 to the edge of the boundary
layer. At small y+ ⇧vv is negative due to the presence of the wall and its main
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source of turbulence is D
p
vv. In the bu↵er and log region the main sink term

is the viscous dissipation ✏vv. Unlike in huui, all terms are zero at the wall.
However, since the figure is in a semilogarithmic plot it does not include the
value at the wall. The wall-normal derivatives issue is seen in D

⌫
vv as it should

be going to zero. These profiles are in agreement with other literature, e.g.
Komminaho & Skote (2001) and Hoyas & Jiménez (2008).

Figure A.8. Profiles of the Reynolds normal stress hvvi

transport equation terms. Values scaled by u
3
⌧/`?.

A.2.3. Budgets of spanwise variance

The plot in Fig. A.9 shows the transport term budgets for Reynolds normal
stress hwwi. There is almost no production of spanwise fluctuations Prww.
⇧ww acts as its main source of turbulence from the bu↵er layer to the edge
of the boundary layer. In the viscous sublayer, ⇧ww and D

⌫
ww are the two

source terms. However, at the wall ⇧ww is zero. At the wall D⌫
ww balances

the viscous dissipation ✏ww. The viscous dissipation is the main sink term
throughout the whole boundary layer. Adding all of these terms for each of
the trace components of the Reynolds stress tensor and dividing by 2 gives the
results seen in Fig. 4.16. These profiles are in agreement with other literature,
e.g. Komminaho & Skote (2001) and Hoyas & Jiménez (2008).
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Figure A.9. Profiles of the Reynolds normal stress hwwi

transport equation terms. Values scaled by u
3
⌧/`?.

A.2.4. Spectral diagrams of streamwise variance

Figure A.10 shows the premultiplied (kzy+) spectral diagrams of the Reynolds
normal stress huui. The spectrum Euu is of similar shape to the kinetic energy
spectrum Ekt in Fig. 4.19. The streamwise component is the main component
of the kinetic energy as seen in Fig. 4.3. huui is the main component that
is produced, pruu is almost the same as that of 2prkt . The outer peak of
the pressure-strain term ⇡uu appears at around the same wavelengths as the
production. However, there is no distinguishable inner peak. The pressure-
strain is zero until around y

+
⇡ 10, then it grows to a constant negative value,

where it remains until the outer peak, at successively larger scales. All other
terms are fairly similar to those of the kinetic energy.

A.2.5. Spectral diagrams of wall-normal variance

Figure A.11 shows the premultiplied (kzy+) spectral diagrams of the Reynolds
normal stress hvvi. The shape of spectrum Evv is di↵erent from Euu in Fig.
A.10. Its outer peak is at slightly smaller scales �

+
z 2 [300, 1500], than Euu.

The interscale transport truu is also very similar to those of the kinetic energy.
However, there appears to be no inverse interscale transport and it does not
really start until the end of the bu↵er layer. The turbulent transport is similar
to that of the kinetic energy. A di↵erence is that for smaller scales, the bluish
and reddish regions are shifted away from the wall. For the kinetic energy,
the transfer is from the bu↵er layer to the log region, but in d

t
vv it is being

transported mainly within the log region.
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As explained before, the pressure strain term ⇡vv is negative near the wall
and positive away from the wall to the edge of the boundary layer. The shape
in the log and wake regions is the same as ⇡uu but with di↵erent sign. The
pressure transport d

p
vv is the main contribution to the transport of kinetic

energy.

The viscous dissipation "vv is zero at the wall, grows to a fairly constant
value, and then goes to zero at the edge of the boundary layer. It is contained
at scales �+

< 1000. The viscous di↵usion d
⌫
vv is zero at the wall and the peaks

are shifted further from the wall when comparing to d
⌫
uu. However, this term

is insignificant for the viscous di↵usion of kinetic energy.

A.2.6. Spectral diagrams of spanmwise variance

Figure A.12 shows the premultiplied (kzy+) spectral diagrams of the Reynolds
normal stress hwwi. The spectrum Eww is very similar to the spectrum of hvvi.
However, the amplitude is higher and it is contained at larger scales. The
interscale transport is of similar shape as the kinetic energy. The turbulent
spatial transport dtww is not so important but it is transporting from the bu↵er
layer towards the outer region. The pressure strain term ⇡ww is exclusively
positive with the peak at similar scales as ⇡uu.

The viscous dissipation "ww is maximum near the wall where it balances
the viscous di↵usion d

⌫
ww. However, in the spectral diagrams this is not so clear

due to the problems of wall-normal derivatives. Further from the wall towards
the edge of the boundary layer, viscous dissipation is balancing the pressure-
strain term but at slightly smaller scales suggesting an interscale transport
occurs before dissipation.
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Figure A.10. Premultiplied (kzy+) space-wavelength dia-
grams of the Reynolds normal stress huui spectrum Euu and
terms in its transport equation: production, interscale trans-
port, turbulent di↵usion, pressure-strain term, viscous dissi-
pation, and viscous di↵usion. The spectrum is scaled by u

2
⌧

while all the other terms are scaled by u
3
⌧/`?.
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Figure A.11. Premultiplied (kzy+) space-wavelength dia-
grams of the Reynolds normal stress hvvi spectrum Evv and
terms in its transport equation: interscale transport, turbulent
di↵usion, pressure-strain term, fluctuating pressure di↵usion,
viscous dissipation, and viscous di↵usion. The spectrum is
scaled by u

2
⌧ while all the other terms are scaled by u

3
⌧/`?.
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Figure A.12. Premultiplied (kzy+) space-wavelength dia-
grams of the Reynolds normal stress hwwi spectrum Eww and
terms in its transport equation: interscale transport, turbu-
lent di↵usion, pressure-strain term, viscous dissipation, and
viscous di↵usion. The spectrum is scaled by u

2
⌧ while all the

other terms are scaled by u
3
⌧/`?.
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Interscale transport terms of h�uvi

The RHS of Eq. (2.32) shows each component of the interscale transport term
Trij . For a certain i and j there are 12 components which are obtained by
summing over the index k in Eq. (2.32). The interscale transport of h�uvi is
as follows:
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With Eq. (2.37), the spectral representation of the interscale transport term is

tr�uv = �
@Tr�uv

@kz
, (B.2)
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In this appendix each component of tr�uv will be plotted in a space-
wavelength diagram for Couette flow and the boundary layer.

105



106 B. INTERSCALE TRANSPORT TERMS OF h�uvi

B.1. Couette flow

A discussion on the relevant and interesting terms in Couette flow is found
in Section 4.1.6. The terms from Eq. (B.3) are plotted in Fig. B.1. They
are premultiplied by the wave number kz and scaled by u

3
⌧/h as in Kawata &

Alfredsson (2018). Summing all of these plots returns the intercale transport
in Fig. 4.8.

B.2. ZPG TBL

A discussion on the relevant and interesting terms of the boundary layer is
found in Section 4.2.5. The terms from Eq. (B.3) are plotted in Fig. B.2.
They are premultiplied by kzy

+ and scaled by u
3
⌧/`?. Summing all of these

plots returns the interscale transport in Fig. 4.20.
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Figure B.1. Space-wavelength diagrams of the kz premulti-
plied terms of Eq. B.3 for Couette flow scaled by u

3
⌧/h.
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Figure B.2. Space-wavelength diagrams of the kzy+ premul-
tiplied terms of Eq. B.3 for the boundary layer scaled by u

3
⌧/`?.
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Interscale transport: Trkt and Tr�uv diagrams

The problem with calculating the spectral representation of the interscale trans-
port terms trkt and tr�uv was already discussed in section 3.5.4. These terms
contain a triple correlation of fluctuations, Eq. (B.1). They require a more
computationally expensive spectral method compared to terms with a double
correlation of fluctuations.

The process starts by calculating the RHS of Eq. (B.1) at each cuto↵ wave
number from 0 to the the Nyquist Frequency FN . By doing this, plots like
Fig. C.1 can be constructed for the Couette flow and the boundary layer. To
get the spectral interscale transport trkt and tr�uv they are derived by wave
number kz, Eq. (2.37).

Diagrams like trkt illustrate the local loss or gain of energy at a certain scale
and wall-normal location. The direction of energy flow can be deduced from
this graph. However, diagrams like Trkt give the actual direction of interscale
transport.

At a certain wavelength, say �z/h = 0.5, the scales can be divided into a
small- and large-scale component. Scales �z/h > 0.5 and �z/h < 0.5 are the
large and small scales, respectively. From Fig. C.1, at �z/h = 0.5, the value of
Trkt is negative across the whole channel. This means that at �z/h = 0.5, the
large scales are transporting energy to the small scales. trkt gives the gain or
loss of scale �z/h = 0.5.

In the following sections, Trkt and Tr�uv will be shown for Couette flow
and the boundary layer.

C.1. Couette flow

The interscale transport diagrams of kinetic energy and Reynolds shear stress
for Couette flow are plotted in Fig. C.1. For the kinetic energy it is clear
that most of the interscale transport is in the direction of classical energy
cascade. However, as noted before, there is a slight inverse interscale transport
in the bu↵er layer. The interscale transport of Reynolds shear stress h�uvi is
exclusively from small scales to large scales throughout the whole channel.
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Figure C.1. Space-wavelength diagrams of the kz premulti-
plied Trkt and Tr�uv. Values are scaled by u

3
⌧/h.

C.2. ZPG TBL

The interscale transport diagrams of kinetic energy and Reynolds shear stress
for the boundary layer are plotted in Fig. C.2 respectively. The results are
from Re⌧ = 1270. For the kinetic energy it is clear that most of the interscale
transport is in the direction of classical energy cascade. However, there is a
slight inverse interscale transport in the bu↵er layer. The interscale transport
of Reynolds shear stress h�uvi is exclusively from small scales to large scales
throughout the whole boundary layer.

Figure C.2. Space-wavelength diagrams of the kzy+ premul-
tiplied Trkt and Tr�uv. Values are scaled by u

3
⌧/`?.
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Reynolds Number Comparison: interscale transport of

h�uvi

All previous results related to the boundary were for Re⌧ = 1270. However,
the interscale transport for h�uvi was also calculated at two other x-locations,
at a higher and lower Reynolds number, Re⌧ = 730 and Re⌧ = 2480. The
premultiplied (kzy+) interscale transport tr�uv plots are shown in Figure D.1.
These plot are all scaled with viscous units. It is clear that the inner region is
independent of Reynolds number. The outer regions are being extended as the
Reynolds numbers increase. At Re⌧ = 2480 the image starts to lose quality at
the edge of the boundary layer. This might be because of the spacing between
y-nodes. The distance between y-points is smaller near the wall and in the
free-stream because it is a Chebyshev grid.

Figure D.1. Space-wavelength diagrams of the kzy+ premul-
tiplied tr�uv at three di↵erent Reynolds numbers scaled by
u
3
⌧/`?. From left to right, Re⌧ = 730, 1270, 2480.
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APPENDIX E

Validation of computations

One way to check the consistency of the computation methods is by integrating
the spectral diagrams along the wave number. These should equal the one-
dimmensional budget profiles. For example, the integral of the terms of Fig.
4.7 should be equal to Fig. 4.5.

To verify the spatial transport terms, they can be summed and then in-
tegrated along the wall-normal position. For example, the integral of Dt

kt
+

D
p
kt
+D

⌫
kt

in Fig. 4.5 should be zero. Since the flows are steady the RHS of Eq.
(2.20) should be zero for Couette flow and approximately zero for the boundary
layer. This can be checked by summing D

t
kt

+D
p
kt

+D
⌫
kt

and comparing it to
Prkt � ✏kt in Fig. 4.5. These two should be equal and opposite. They both
represent a spatial transport.

For the Reynolds shear stress h�uvi the summation of production and
dissipation is not as significant since the main sink term is actually the pressure-
strain term. For the one-dimensional profiles the summation that is used to
check the validity is Dt

�uv +D
p
�uv +D

⌫
�uv � ✏�uv versus Pr�uv + ⇧�uv from

Fig. 4.6.

E.1. Couette flow

E.1.1. One-dimensional budgets

Figure E.1 shows the summation of D
t
kt

+ D
p
kt

+ D
⌫
kt

and Prkt � ✏kt from
Fig. 4.5. These are almost the complete opposite of each other which gives
confidence that the computational method is correct.

The summation of Dt
�uv + D

p
�uv + D

⌫
�uv � ✏�uv and Pr�uv + ⇧�uv are

shown in Fig. E.2. For h�uvi the profiles are not as exact as for the kinetic
energy. It seems that the summation of production and pressure-strain is not
as smooth as the transport terms and dissipation. Perhaps more samples are
needed to converge the pressure-strain. Nevertheless, it is still quite apparent
that both summations are equal and opposite.
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Figure E.1. Profiles of the kinetic energy kt transport equa-
tion terms. The y-axis on the left shows values scaled by
u
3
⌧/`?. Values on the right are scaled by u

3
⌧/h as in the work

by Kawata & Alfredsson (2018).

Figure E.2. Profiles of the Reynolds shear stress h�uvi

transport equation terms. The y-axis on the left shows val-
ues scaled by u

3
⌧/`?. Values on the right are scaled by u

3
⌧/h as

in the work by Kawata & Alfredsson (2018).
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E.1.2. Spectral diagrams

A similar check as the one in Figs. E.1 and E.2 can be done for the spectral
diagrams, Figs. 4.7 and 4.8.

In the spectral equation of Reynolds stresses, Eq. (2.36), there is also the
interscale transport so the summation of transport terms of the kinetic energy
is d

t
kt

+ d
p
kt

+ d
⌫
kt

+ trkt . The other summation is still just prkt � ✏kt . For
the kinetic energy, these summations are shown in the top two plots of Fig.
E.3. Note that they are premultiplied (kz) as in Fig. 4.7. Just like the one-
dimensional profiles in Fig. E.1 the images are almost the exact opposites of
each other.

For the Reynolds shear stress h�uvi the summations are d
t
�uv + d

p
�uv +

d
⌫
�uv � "�uv + tr�uv and pr�uv +⇡�uv. The premultipled (kz) summations are

shown in the bottom plots of Fig. E.3. Similarly to E.2 the agreement is not
as good as in the kinetic energy however it is good enough to show that the
method is correct. The summation of pr�uv + ⇡�uv is the one that is not so
smooth which could mean that ⇡�uv may need more samples to converge.
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Figure E.3. Premultiplied (kz) space-wavelength diagrams
of the kinetic energy and Reynolds shear stress h�uvi summa-
tions of transport terms. Values scaled by u

3
⌧/h.

E.2. ZPG TBL

E.2.1. One-dimensional budgets

Figure E.4 shows the summation of D
t
kt

+ D
p
kt

+ D
⌫
kt

and Prkt � ✏kt from
Fig. 4.16. Unlike Couette flow, these are not as exact. The summation of the
transport terms is not very smooth. This is likely due to the problem with
wall-normal derivatives. Nevertheless, the general shape is similar.

The summation of Dt
�uv + D

p
�uv + D

⌫
�uv � ✏�uv and Pr�uv + ⇧�uv are

shown in E.5. The h�uvi profiles are also not completely exact. The di↵erences
are in the near-wall regions and likely due to the problems of the wall-normal
derivatives. However, the general shape is similar, which provides confidence
that the calculation was correct.
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Figure E.4. Profiles of the kinetic energy kt transport equa-
tion terms. Values scaled by u

3
⌧/`?.

Figure E.5. Profiles of the Reynolds shear stress h�uvi

transport equation terms. Values scaled by u
3
⌧/`?.



118 E. VALIDATION OF COMPUTATIONS

E.2.2. Spectral diagrams

The two top plots of Fig. E.6 shows the premultiplied (kzy+) kinetic energy
summations of prkt � ✏kt and d

t
kt

+ d
p
kt

+ d
⌫
kt

+ trkt . The same issues as the
one-dimensional profiles in Fig. E.4 appear. The agreement is not so good in
the viscous sub layer due to the problems of the wall normal derivatives.

The two bottom plots of Fig. E.6 shows the premultiplied (kzy+) Reynolds
shear stress h�uvi summations of pr�uv+⇡�uv and d

t
�uv+d

p
�uv+d

⌫
�uv�"�uv+

tr�uv. The same issues as the one-dimensional profiles in Fig. E.4 appear. The
agreement is not so good in the viscous sub layer due to the problems of the
wall normal derivatives. Here it seems that the spectral diagrams of h�uvi

are in good agreement with each other. These results add confidence that the
method of computation was applied correctly.

Figure E.6. Premultiplied (kzy+) space-wavelength dia-
grams of the kinetic energy and Reynolds shear stress h�uvi

summations of transport terms. Values scaled by u
3
⌧/`?.
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