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Numerical and modelling aspects of large-eddy and hybrid
simulations of turbulent flows

Matteo Montecchia

Department of Mechanics, Linné FLOW Centre, KTH Royal Institute of Tech-
nology
SE–100 44 Stockholm, Sweden

Abstract
In this study, the explicit algebraic sub-grid scale (SGS) model (EAM) has
been extensively validated in wall-resolved large-eddy simulations (LES) of
wall-bounded turbulent flows at different Reynolds numbers and a wide range
of resolutions. Compared to eddy-viscosity based models, the formulation of
the EAM is more consistent with the physics and allows to accurately capture
SGS anisotropy, which is relevant especially close to walls. The present work
aims to extend the validation of the EAM to larger Reynolds numbers using
codes with different orders of numerical accuracy.

The first simulations, performed by using a pseudo-spectral code, show that
the use of the EAM, compared to the dynamic Smagorinsky model (DSM),
leads to significant improvements in the prediction of the first- and second order
statistics of turbulent channel flow. These improvements are observed from
relatively low to reasonably high Reynolds numbers and with coarse grids.

The evaluation of the EAM was continued by implementing and testing
of the EAM in the general-purpose finite-volume code OpenFOAM. Several
tests of LES of turbulent channel flow have shown that the use of the Rhie
and Chow (R&C) interpolation in OpenFOAM induces significant numerical
dissipation. A new custom-built solver has been utilized in order to minimize
the dissipation without generating significant adverse effects. The use of the
EAM, together with the new solver, gives a substantially improved prediction of
the mean velocity profiles as compared to predictions using the DSM, resulting
in roughly 50% reduction in the grid point requirements to achieve a given
degree of accuracy.

In periodic hill flow, LES with the EAM agreed reasonably well with the
reference data at different bulk Reynolds numbers and reduced the misprediction
of the first- and second order statistics observed in LES with DSM. The reduction
of the R&C filter dissipation was also shown to be beneficial for the prediction
of the mean quantities. An analysis of the skin friction along the lower wall
reveals spanwise-elongated, almost axi-symmetric vortical structures generated
by the Kelvin-Helmholtz instability. The structures introduced a significant
amount of anisotropy.

The last part of the study involved the development of a novel hybrid
RANS-LES model where explicit algebraic Reynolds stress modelling is applied
in both RANS and LES regions. Validations have been conducted on turbulent
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channel and periodic hill flows at different Reynolds numbers. The explicit
algebraic Reynolds stress model for improved-delayed-detached-eddy simulation
(EARSM-IDDES) gives reasonable predictions of the mean quantities and
Reynolds stresses in both the geometries considered. The use of EARSM-
IDDES, compared to the k − ω SST-IDDES model, improves the estimation of
the quantities close to the wall.

The present work has proven that the use of EAM in wall-resolved LES of
wall-bounded flows in simple and complex geometries leads to a substantial reduc-
tion of computational requirements both in high-accuracy and general-purpose
codes, compared to the use of eddy-viscosity models. In hybrid simulations the
EARSM-IDDES shows a clear potential in capturing the physics of wall-bounded
flows.

Key words: turbulence, wall-bounded flows, large-eddy simulation, SGS mod-
elling, OpenFOAM, hybrid RANS-LES
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Numeriska och modellering aspekter av large-eddy och hy-
brid simuleringar av turbulenta strömningar

Matteo Montecchia

Institutionen för Mekanik, Linné FLOW Centre, Kungliga Tekniska högskolan
SE-100 44 Stockholm, Sverige

Sammanfattning
Den explicita algebraiska modellen EAM för de oupplösta skalorna (SGS-skalor)
i s̊a kallad Large-Eddy Simulation (LES) har vidareutvecklats och testats
i väggbundna turbulenta strömningar för olika Reynolds tal och för olika
numeriska upplösningar. Jämfört med virvelviskositetsmodeller (”eddy-viscosity
models”) är EAM-formuleringen mer konsistent med den underliggande fysiken
och möjliggör att prediktera anisotropi i den turbulenta spänningstensorn
vilket är av stor betydelse nära fasta ytor. Denna studie syftar till att utvidga
valideringen av EAM till högre Reynolds tal och till användning i koder av olika
noggrannhetsordningar.

Tidigare simuleringar som gjorts med pseudospektral kod har visat att
användning av EAM, jämfört med DSM (”Dynamic Smagorinsky Model”),
ger signifikanta förbättringar i prediktionen av s̊aväl medelhastighetsprofiler
som turbulensstatistiska storheter, b̊ade över ett stort spann av Reynolds tal
och för fina s̊aval som grova upplösningar. I denna studie har det testade
Reynoldstalsspannet kunnat utvidgas till de högsta som nu finns beräknade
med DNS.

I denna studie har utvärderingen av EAM fortsatt med implementering
och testning i general purpose-koden OpenFOAM som bygger p̊a finita vo-
lymsmetoder av andra ordningen. Tester har visat att den Rhie & Chow (R&C)
interpolation som vanligen används i OpenFOAM ger ett signifikant tillskott
av numerisk dissipation. En ny specialutvecklad variant av OpenFOAM har
här använts för att minimera s̊adan dissipation utan att orsaka numeriska
instabiliteter. Användning av EAM i denna kod ger en förbättring av prediktion
av medelhastighetsprofiler som kan översättas till en halvering av behovet av
nätpunkter för att uppn̊a samma noggrannhet som med DSM.

Även för strömningen i en kanal med periodiskt varierande kanalhöjd (perio-
dic hill”) erhölls förbättringar med EAM jämfört med DSM b̊ade vad gäller me-
delhastighet, turbulensstatistik och Reynoldstalsberoendet för utsträckningen av
avlösningsomr̊adet. Minimeringen av RC-dissipationen befanns ge förbättringar
ocks̊a här. Analysen av väggfriktionen utmed den undre väggen avslöjade vir-
velstrukturer som i avlösningsomr̊adet är orienterade i spännviddsriktningen
(z) och är huvudsakligen tv̊adimensionella till sin struktur. De genereras av en
Kelvin-Helmholtz-instabilitet i det avlösande skärskiktet. Dominansen av dessa
strukturer ger en hög grad av turbulensanisotropi i detta omr̊ade.
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Den sista delen av denna studie ägnades åt att utveckla en ny RANS-LES hy-
bridmetod med explicita algebraiska modeller i b̊ade RANS och LES omr̊adena
(RANS: Reynolds averaged Navier Stokes). Implementering har gjorts i OpenFO-
AM och tester har utförts för turbulent kanal- och periodic hill-strömning över
ett spann av Reynolds tal. Hybridmetoden EARSM-IDDES visades ge rimligt
bra prediktioner av medelhastigheter och Reynoldska spänningar i b̊ada de
analyserade geometrierna och visades ge vissa fördelar av väggnära prediktioner
jämfört med k-omega SST-IDDES modellen.

Denna studie har visat att EAM, jämfört med virvelviskositetsmodeller,
i väggupplöst LES av väggbundna strömningar b̊ade i enkla och komplexa
geometrier leder till substantiellt minskade krav p̊a beräkningsresurser (genom
t.ex. minskat antal nätpunkter) b̊ade i högre ordningens beräkningskoder och
andra ordningens finita volymskoder. I hybridsimuleringar visades att EARSM-
IDDES har en bra potential för att beskriva även komplexa detaljer i väggnära
strömningsomr̊aden.

Nyckelord: turbulens, väggbundna strömningar, LES storvirvelsimulering,
SGS-modellering, OpenFOAM, hybrid RANS-LES
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Preface

The present thesis contains developments and validations of the explicit algebraic
Reynolds stress model in large-eddy simulations (LES) and hybrid RANS-LES
computations. The first part gives an introduction of turbulent flows and
several numerical approaches for the study of turbulence, with a particular
focus on LES and hybrid simulations. Furthermore, an overview of different
turbulence models for LES and hybrid computations is provided together with
preliminary results of explicit algebraic Reynolds stress modelling applications.
Finally, some details of the numerics in OpenFOAM are described, and direct
comparisons between codes with finite-volume and pseudo-spectral accuracy
are illustrated. The second part consists of the following papers.

Paper 1. M. Montecchia, G. Brethouwer, A.V. Johansson & S.
Wallin, 2017. Taking large-eddy simulation of wall-bounded flows to higher
Reynolds numbers by use of anisotropy-resolving sub-grid models. Phys. Rev.
Fluids 2 (3), 034601.

Paper 2. M. Montecchia, G. Brethouwer, S. Wallin, A.V. Johansson
& T. Knacke. Improving LES with OpenFOAM by minimizing numerical
dissipation and use of Explicit Algebraic SGS stress model. Under review in J.
Turbul.

Paper 3. M. Montecchia, S. Wallin, G. Brethouwer & A.V. Jo-
hansson, 2019. Capturing Reynolds number effects in the periodic hill flow
by using LES with anisotropy-resolving sub-grid scale model. Proc. of TSFP11
conference.

Paper 4. M. Montecchia, S. Wallin, G. Brethouwer & A.V. Jo-
hansson. Reynolds number effects in periodic hill flow: an LES study using
OpenFOAM and the Explicit Algebraic SGS stress model. Submitted to Flow
Turbul. Combust.

Paper 5. M. Montecchia & S. Wallin. Development and testing of an
anisotropy-resolving model for hybrid RANS-LES computations of turbulent
incompressible flows. Internal Report.

December 2019, Stockholm

Matteo Montecchia
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Part I

Overview and summary





Chapter 1

Turbulent flows

Turbulent flows are visible in many aspects of nature. In its gentle flight,
the seagull flaps the wings in order to generate vortical structures that will
contribute to increase its altitude.

The word Turbulence originates from the ancient Greek word τ υ̇ρβη and
was used to indicate a situation with an abundance of eddies. In fluid mechanics
turbulence, as described by the Latin term turba, indicates a state, in the present
case of a flow field, characterized by randomness and chaos. As experienced by
Reynolds (1883), a turbulent flow is characterized by a large predominance of
the inertial forces over the viscous forces. In other words, turbulent flows are
always associated with large Reynolds numbers, Re:

Re =
UL

ν
(1.1)

where U is a characteristic velocity scale, L the characteristic length scale and
ν the kinematic viscosity.

Turbulent flows are present in many engineering applications. In aeronautics,
turbulence is essential for the production of lift and largely responsible for skin
friction-related drag on the surface of the wings of an aircraft. The wake behind
the aircraft is also a turbulent phenomenon, in particular on moist days its
condensation takes place and vortices are visible at the wingtips (see figure
1.1). Mixing of fuel and oxidizer in internal combustion engines is enhanced by
turbulence, because the turbulent diffusivity is much larger than the molecular
one.

Turbulence is a three-dimensional multiscale phenomenon, hence it is char-
acterized by a wide range of spatial and temporal scales. Leonardo da Vinci
grasped the idea of turbulence by analyzing extensively the motion of the water
in rivers and channels:

...the smallest eddies are almost numberless,
and large things are rotated only by large eddies and not by small ones
and small things are turned by small eddies and large

1



2 1. Turbulent flows

Figure 1.1: Tip vortices detaching from the wings of an Airbus 340-642 while
landing in Munich airport. Picture taken from https://www.jetphotos.com/

photo/7806310

This states that in a flow only the largest and therefore most energetic
eddies have sufficient energy to move things that have comparable or smaller
dimensions. Vice versa, smaller eddies have enough energy to rotate things that
have similar dimension but not bigger. Richardson (1922) extended Leonardo’s
observations by introducing the energy cascade concept. According to that
concept, the largest and therefore most energetic eddies of a turbulent flow, fed
by the energy of the mean flow, break down and transfer their energy to smaller
eddies. The smallest eddies turn their energy into heat. The dissipation rate ε
and kinematic viscosity ν define the smallest, so-called Kolmogorov scale, η. In
contrast, the properties of the largest eddies are defined by the integral length
scale, Λ. Kolmogorov classified the energy of the different scales of turbulence
by formulating a spectral relation between wavenumber amplitude κ and energy
of the eddies in the inertial range of wavenumbers (1/Λ � κ � 1/η):

E(κ) = Ckε
2/3κ−5/3 (1.2)

where Ck ≈ 1.5 is the Kolmogorov constant (Sreenivasan (1995)). Low wavenum-
ber eddies are the largest and most energetic, while the smallest scales are
characterized by high wavenumbers, where most of the dissipation occurs. The
spectrum of turbulent kinetic energy is shown in figure 1.2.

In an analogous way, it is possible to derive an expression for the pressure
spectrum. In the inertial range of wavenumbers it reads:

Epp(κ) = αpε
4/3κ−7/3 (1.3)

where αp = 8.0± 0.5 in homogeneous steady turbulence, according to Gotoh &
Fukayama (2001).

Turbulent flows are governed by the Navier-Stokes (N-S) equations, that
express the conservation of mass and momentum for a control volume. In the
incompressible, non-dimensional form they are expressed as:
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Figure 1.2: Turbulent kinetic energy spectrum as a function of the wavenumber
κ

∂ui

∂xi
= 0,

∂ui

∂t
+

∂uiuj

∂xj
= − ∂p

∂xi
+

1

Re

∂2ui

∂xj∂xj
(1.4)

where Re is the characteristic Reynolds number of the flow, ui the velocity
vector components and p the pressure.



Chapter 2

Numerical approaches

A wide spectrum of numerical possibilities for computing a solution of the
Navier-Stokes equations is available. Numerical methodologies for turbulent
flows can be classified according to the range of resolved scales, i.e. computed
on the grid, and the ones that are too small to be captured and need to be
modelled.

In direct numerical simulation (DNS) the full spectrum of turbulence is
resolved, resulting in a three-dimensional, accurate and time-dependent solution
of the Navier-Stokes (N-S) equations free of modelling assumptions and where
the errors are solely introduced by the numerical discretization. However, the
number of required grid points scales as ∼ Re37/14 according to Choi & Moin
(2012) and makes this approach not affordable yet for high Reynolds number
flows typical of engineering applications. For instance, a DNS of a full scale
airline aircraft, travelling with a Reynolds number of approximately 75 · 106
at cruising speed, would maybe be possible towards the middle or end of this
century, assuming a constant doubling of CPU power every 2 years (Spalart
(2000)). The first DNS of a fully developed turbulent channel flow was performed
by Kim et al. (1987) at the friction Reynolds number Reτ ≈ 180. Nowadays
the highest Reynolds number reached for a turbulent channel flow by a DNS is
at about Reτ ≈ 8000 by Yamamoto & Tsuji (2018), with approximately 2 · 1011
grid points.

In contrast to DNS, the Reynolds-averaged Navier-Stokes (RANS) method-
ology resolves the mean flow only,

∂ui

∂xi
= 0,

∂ui

∂t
+

∂uiuj

∂xj
= − ∂p

∂xi
+

1

Re

∂2ui

∂xj∂xj
−

∂u�
iu

�
j

∂xj
(2.1)

where the overlined quantities are ensemble averaged and u�
i are velocity fluctu-

ations, such that the velocity field can be decomposed according to Reynolds
(1895):

ui = ui + u�
i (2.2)

The non-linear term contained in the last term at the r.h.s. of the second
equation of expression (2.1) is responsible for momentum transfer and needs to

be modelled. The first type of closure for u�
iu

�
j was proposed by Boussinesq in

1877 and it is based on the mixing length theory. The deviatoric part of the
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2. Numerical approaches 5

Reynolds stress tensor can be accordingly modelled as a linear product between
an eddy-viscosity νT and the mean strain-rate tensor Sij :

u�
iu

�
j −

2

3
Kδij = −2νTSij (2.3)

whereK = u�
iu

�
i/2 is the mean turbulence kinetic energy and νT is modelled using

proper length and velocity scales Λ and V , respectively. Different formulations
for the eddy-viscosity are available. One-equation models typically employ one
transport equation for the eddy viscosity or the turbulence kinetic energy, and
a popular example is the Spalart & Allmaras (1992). Another alternative is to
use two transport equations for two turbulent quantities. One very common
example is the k−ω SST model of Menter (1994), where two transport equations
for the turbulent kinetic energy k and the turbulence frequency ω are solved.

Differently from the original k − ω model formulation of Wilcox (2008),
Menter’s model avoids strong freestream sensitivity by introducing a blending
between k − ε and k − ω formulations. The SST modification effectively
introduces a limiter of −0.3 to the shear stress anisotropy, u�v�/k (the so called
Bradshaw assumption), which is essential for the prediction of severe adverse
pressure gradient flows.

An alternative approach to eddy-viscosity type models is to solve a transport
equation for each Reynolds stress tensor component, resulting in more physically-
consistent though more computationally expensive models. However, such
differential models can be significantly simplified by assuming that the advection
and diffusion terms of Reynolds stress anisotropy are negligible. This assumption
is valid in steady homogeneous flows and in flows that are dominated by shear
production, and was called weak equilibrium assumption by Rodi (1972). The
weak equilibrium assumption allows for an algebraic formulation of the Reynolds
stresses and explicit solutions have been found, such as the Explicit Algebraic
Reynolds Stress model (EARSM) by Wallin & Johansson (2000). In the present
work the EARSM concept used in RANS was extended for hybrid RANS-LES
computations.

In large-eddy simulation (LES) the largest scales of turbulence are resolved,
while the smallest, so-called sub-grid scales (SGS) are modelled. In contrast
to RANS, LES solutions are time-dependent and can properly reproduce the
structure of turbulence if the resolution is reasonably fine. Large-eddy simu-
lation can be classified in two different groups: wall-resolved LES (WRLES),
where the quantities are resolved in the whole wall regions and wall-modelled
LES (WMLES). According to Sagaut (2006), the recommended stream- and
spanwise resolutions for a turbulent channel flow WRLES, in viscous units, are
(Δx+,Δz+) ≈ (50, 15). As a consequence, LES requires a much larger number
of grid points than RANS, but less than DNS. Despite the required amount of
grid points for a WRLES scales as ∼ Re26/14 (Choi & Moin (2012)), WRLES is
not yet affordable for computing high Reynolds number engineering flows. More
details about WRLES will be discussed in the following section. On the other
hand, with the use of wall-functions in WMLES wall-stress modelling covers the
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whole near-wall region including the inner layer, resulting in a smaller amount
of grid points in the wall-normal direction (Mukha (2018)). The number of grid
points needed for WMLES has been estimated by Choi & Moin (2012) and
scales as the streamwise length-based Reynolds number ReL (i.e. Nwm ∼ ReL).
Different wall modelling methodologies are available, according to Bose & Park
(2018). One strategy is to model the wall-stress with an algebraic relation for
the velocity at some distance from the wall. The solution proposed by Balaras &
Benocci (1994) makes use of the thin boundary-layer equations (TBLE), where
only the equations for the averaged velocity components parallel to the walls are
solved, and pressure is assumed to be wall-normal independent. Chung & Pullin
(2009) have formulated an equation for the wall-stress derived by integrating
the TBLE to some distance from the wall and considering a local inner scaling,
in order to cope with the presence of steep wall-normal gradients. Another
class of wall models makes use of control theory in order to approximate wall
boundary conditions.

WMLES, although appealing from a computational point of view, is affected
by several weaknesses. For instance, the location of the off-wall location is diffi-
cult to be properly defined in flows with complex geometries. Additionally, mean
velocity profiles are affected by the so-called log-layer mismatch, a misalignment
between the RANS and LES log-layer, caused by the fact that a wall-normal
refinement leads to an extension of the resolved log-layer and a Reynolds number
increase extends the modelled part of the log layer. Wall-modelled approaches
are also affected by a strong empiricism, given by the lack of validation data.
Last but not least, wall-modelled approaches may not be reliable in cases with
thin, laminar boundary layers, and cases with pressure gradient are still hard
to be accurately captured.

A trade-off between the accuracy of a WRLES and the reduced computa-
tional effort made possible by RANS can be achieved by performing hybrid
RANS-LES computations (HRLM). Fröhlich & Von Terzi (2008) have provided
an extensive classification of those models, distinguishing between segregated
modelling and unified modelling approaches. Segregated approaches involve
the use of stand-alone LES and RANS in different subdomains that are solely
coupled by proper boundary conditions, resulting in solutions that are affected
by significant discontinuities at the interfaces. On the other hand, unified
modelling approaches have particular treatments for making the RANS-LES
transitions smoother. Among unified modelling, some approaches make use of
hard RANS-LES interfaces, i.e. that remain constant in time, and soft interfaces,
with a floating position that depends on the computed solution.

The detached-eddy simulation (DES) is a methodology developed by Spalart
(2009) and allows the switching from RANS to LES away from the wall by an
automated criterion. The DES employs RANS equations for the computation of
boundary layers and resolves massive separations by using LES. As a result, the
DES approach aims to resolve near-wall flow by using a RANS model, based on
the fact that near-wall statistics require a fine grid in the wall-normal direction
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only in order to be accurately computed. This makes the DES approach much
more computationally affordable than LES, which requires fine grids in the other
directions of the flow (e.g. in the stream- and spanwise directions in a channel
flow). On the other hand, the DES is found to have practical issues. The most
significant, the modelled-stress depletion (MSD) occurs when the boundary layer
resolution is refined, but not sufficiently fine for LES, resulting in a premature
RANS-LES transition that leads to a consequent premature separation, called
grid-induced separation (GIS). By developing the delayed DES (DDES), Menter
& Kuntz (2004) could prevent the GIS by reformulating DES methodology such
that the RANS mode was kept by introducing a boundary layer detection based
on the computed eddy viscosity, making the DES limiter solution-dependent.

The most challenging problem in hybrid modelling is definitely represented
by the grey-area problem, where the grey area denotes the transitional RANS-
LES region. The grey-area problem is of fundamental importance since it
occurs in important flow regimes. For instance, in flows around wings the
grey-area covers the region of maximum lift coefficient, in proximity of the
stall. This area is characterised, so far, by a lack of resolved energy given by an
insufficient treatment of the RANS to LES transition. Different strategies have
been developed in order to mitigate this issue; some examples include stochastic
SGS modelling, or alternative definitions of the LES length scale, based on shear-
layer properties such as vorticity. Zonal approaches are found to improve the
grey-area estimation as well by, for instance, introducing synthetic turbulence
at the interface. Recent details and results with the different methodologies are
found in Mockett et al. (2018).

The improved detached delayed eddy simulation (IDDES) inherits all the
advantages of DDES, and in addition it switches into WMLES if the boundary
layer is sufficiently resolved. IDDES aims to mitigate the log-layer mismatch by
bridging wall-resolved and wall-modelled DES employing empirical functions.
Additionally, IDDES has a new formulation of the filter length Δ, that takes
into account the wall distance and ensures a steep variation of Δ, in order to
increase the resolved Reynolds stress. This method will be described in detail
later.

All the methods listed above can be classified according to the their ability
to capture the energy that corresponds to the whole or a partial range of
wavenumbers. Their spectral classification is shown in figure 2.1.

2.1. Large-eddy simulation (LES)

The separation of scales in large-eddy simulation is commonly introduced by
a filtering operation that decomposes the flow field into a resolved part and a
modelled, sub-grid part. On a general function φ(x, t) the filtering operation
is done by performing a convolution of the present function with a kernel GΔ

over the whole domain D, according to Leonard (1975):
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Figure 2.1: Spectral classification of the methodologies according to the amount
of resolved scales (solid lines) and modelled scales (dashed lines)

�φ(x, t) =
�

D

φ(ξ, t)GΔ(x− ξ)dξ (2.4)

There are different formulations for the filter kernels, frequently used are spectral
cut-off, box and Gaussian filters.

The governing equations of LES study are the filtered, non-dimensional
Navier-Stokes equations, which for an incompressible flow read (where �. denotes
filtered quantity):

∂�ui

∂xi
= 0;

∂�ui

∂t
+

∂�ui�uj

∂xj
= − ∂�p

∂xi
+

1

Re

∂2�ui

∂xj∂xj
− ∂τij

∂xj
(2.5)

where filtering is an implicit operation, for the presented work. �ui and �p are the
resolved velocity and pressure, respectively, following Leonard’s decomposition
(Leonard (1975)) where ui = �ui + u�

i. The subgrid-scale (SGS) stress tensor τij
is defined as

τij = Lij + Cij +Rij = �uiuj − �ui�uj (2.6)

and represents the unknown part in the filtered equations that needs to be
modelled in terms of the resolved quantities in order to close the equations.
According to Leonard the three components of the SGS stress tensor read

Lij = ��ui�uj − �ui�uj , (2.7)

Cij = ��uiu�
j +

��uju�
i, (2.8)

Rij = �u�
iu

�
j , (2.9)

where expression (2.7) represents the interactions between the resolved scales,
(2.8) takes into account the interactions between unresolved and resolved scales
and (2.9) considers the interactions between unresolved scales only. Different
SGS models will be illustrated in the following section.
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2.2. Improved-delayed-detached eddy simulation (IDDES)

Among the most recents advances in hybrid RANS-LES modelling, improved-
delayed-detached eddy simulation (IDDES) (Gritskevich et al. (2012), Shur
et al. (2008)) can be considered one of the most elaborated. Differently from
DDES, IDDES contains an extended definition of the SGS filter that includes
an explicit wall-distance dependency, and introduces two operating branches,
one with DDES and the other with WMLES depending on the grid resolution
in the boundary layer. The IDDES length scale is defined as follows:

lIDDES ≡ �fd(1 + fe)lRANS + (1− �fd)lLES (2.10)

where lRANS and lLES are dependent on the model considered. �fd is the blending
function, which is implicitly dependent on the relation between the grid size
and wall distance, as well as flow properties such as the magnitude of the strain-
and rotation-rate tensors, the Kármán constant and the eddy-viscosity. More
details are provided in chapter 3 and paper 5.

The formulation of �fd is tailored in order to reduce log-layer mismatch
and the bridge between WMLES and WRLES (Spalart (2009)). The elevating
function fe is responsible for containing the reduction of the Reynolds stresses
in the RANS-LES transition, and is implicitly dependent on dw, hmax and rdt,

as described in Shur et al. (2008). �fd becomes zero in case the resolution allows
for a full WMLES regime, and one in case of a full RANS mode.

The formulation of IDDES includes also a more elaborated filter width
definition, compared, for example, to Δmax used in DES. The present filter
formulation aims to reduce linearly the filter width and give it a steep variation,
consequently triggering flow instabilities. In the following chapter different
examples of IDDES modelling will be provided.



Chapter 3

Turbulence modelling

3.1. Sub-grid scale (SGS) modelling

The closure problem of LES consists of finding a suitable formulation for the
sub-grid scale (SGS) stress tensor τij . In eddy-viscosity models (EVM), the
deviatoric part of the SGS stress tensor is modelled by using a linear relation

with the filtered strain-rate tensor �Sij . Typical examples are the Smagorinsky
model and its dynamic variant, the Dynamic Smagorinsky model. Conversely,
Reynolds-stress models (RSM) aim to provide a formulation of the Reynolds
stress components, and one example is the Explicit Algebraic SGS model (EAM).

3.1.1. Smagorinsky model (SM)

The first subgrid-scale model for LES has been developed by Smagorinsky
(1963). It is based on the eddy-viscosity assumption and the expression of the
SGS stress tensor reads

τij −
δij
3
τkk = −2νSGS

�Sij (3.1)

where

�Sij ≡
1

2

�
∂�ui

∂xj
+

∂�uj

∂xi

�
(3.2)

is the filtered strain-rate tensor. δij is the Kronecker delta. The formulation of
the eddy viscosity depends on the filter length scale Δ and the velocity scale

Δ|�Sij |
νSGS = (CsΔ)2|�Sij | (3.3)

where |�Sij | = (2�Sij
�Sij)

1/2 and Cs > 0 is the Smagorinsky constant. Here
the definition of the Smagorinsky constant leads to a positive SGS dissipation

(defined as −τij �Sij), and therefore no backscatter of SGS kinetic energy is
considered. Another strong deficiency of the model, given by the use of a
constant Cs, is the necessity for a damping function in the near-wall region.

3.1.2. Dynamic Smagorinsky model (DSM)

The dynamic version of the Smagorinsky model (Germano et al. (1991)) proposes
a procedure based on the scale-invariance where the resolved scales are used to

10
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dynamically compute the value of the Smagorinsky coefficient:

C2
s = −1

2

�
Lij
�Sij

�

�
�SmnMmn

� (3.4)

where �.� denotes a spatial averaging to contain the variations of Cs and

Mij =
��Δ
2

|��S|��Sij − �Δ2�|�S|�Sij (3.5)

Lij = Tij − �τij = ��ui�uj − ��ui
��uj =

1

3
Lkkδij − 2C2

sMij . (3.6)

The quantities denoted with �. are test-filtered, where the test filter is

commonly defined as �Δ = 2�Δ. There are various definitions for the filter length,

and in this work we use �Δ = V1/3, where V is the volume of a computational
cell. The tensor Lij expresses the so-called Germano identity, that involves the
difference between the SGS stresses at the test filter level and the SGS stresses
at a larger scale than the grid filter.

Lilly’s variant for the dynamic coefficient formulation (Lilly (1992)) employs
a least-square procedure1 in order to minimise the error

�
Lij + 2C2

sMij

�
and

improves the stability of the computations:

C2
s = −1

2

�LijMij�
�MmnMmn�

(3.7)

3.1.3. Dynamic subfilter-scale (SFS) stress model

A recent dynamic SFS stress model based on the integral length-scale approxi-
mation (ILSA), has been developed by Rouhi et al. (2016). The expression for
the shear components of the SGS Reynolds stress tensor reads:

τij −
δij
3
τkk = −2νSFS �Sij (3.8)

where the νSFS is the eddy-viscosity, given by

νSFS = (CkLest)
2|�S| (3.9)

Differently from subgrid-scale models, the ILSA approach makes use of the
integral length scale as a length scale, that is estimated from

Lest =
�Kres�3/2

εtot
. (3.10)

where Kres and εtot are the local and instantaneous resolved kinetic energy and
the total (resolved + sub-filter) dissipation rate, respectively. The grid filter
depends on the length scale in the following way:

Δ = CΔLest (3.11)

1Note that this version of the dynamic coefficient has been implemented both in OpenFOAM

and in the pseudo-spectral code.
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Expression (3.9) can be rewritten as

νSFS = C2
k

�Kres�3
< 2(ν + νSFS)�s�ij�s�ij >

|�S| (3.12)

where �s�ij is the fluctuating part of the resolved strain-rate tensor. Note that
the dissipation rate is calculated on the previous time step. The two measures
of SFS activity are written as:

sτ =

� �τijτij�
(τmn +Rmn)(τmn +Rmn)

�1/2
(3.13)

sk =
�KSFS�
�Ktot�

(3.14)

where

Rij = �u�
i�u�

j −
δij
3
�u�
k�u�

k (3.15)

and KSFS and Ktot = �u�
k�u�

k/2 + τkk/2 are the sub-filter and total contributions
to the turbulent kinetic energy, respectively. In particular, in the dynamic
version of the model Ck is dynamically computed from the positive root of the
solution of the following quadratic equation for sτ as follows:

χ1

�
1− (1/sτ )

2
�
C4

k − χ2C
2
k + χ3 (3.16)

where

χ1 =
�
2L4

est|�S|4
�

χ2 =
�
4L2

est|�S|�SijRij

�
χ3 = �RijRij� . (3.17)

LES results with the ILSA on a second-order accurate central differences in
space and third-order Runge-Kutta in time are found to agree reasonably well in
turbulent channel flow at the friction Reynolds numbers of Reτ ≈ 1000 and 2000
by using moderate resolutions (e.g. (Δx+,Δz+) ≈ (62, 31)). Good agreements
with the experiments have been found in the backward-facing step channel flow
as well.

3.1.4. Explicit Algebraic SGS model (EAM)

In the same spirit as the RANS model (Wallin & Johansson), the explicit
algebraic SGS model (EAM) Marstorp et al. (2009) is derived from the modelled
transport equation of the SGS stress anisotropy. By taking into account the weak
equilibrium assumption (Rodi (1972)) and the balance between the production
and dissipation of the SGS kinetic energy, an algebraic polynomial formulation
at the SGS level can be derived:

aSGS
ij = β1τ

∗ �Sij + β4τ
∗2

(�Sik
�Ωkj − �Ωik

�Skj) (3.18)

By considering that

aSGS
ij =

τij
KSGS

− 2

3
δij (3.19)
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the general formulation for the SGS stresses can be rewritten as:

τij =
2

3
KSGSδij + β1K

SGS �S∗
ij� �� �

”eddy-viscosity” term

+β4K
SGS(�S∗

ik
�Ω∗
kj − �Ω∗

ik
�S∗
kj)� �� �

non-linear contribution

(3.20)

where �S∗
ij and

�Ω∗
ij are the filtered strain and rotation-rate tensors non-dimensionalized

by τ∗, the SGS turbulence time scale. The SGS turbulent kinetic energy depends
on a dynamic coefficient c:

KSGS = c(�Δ|�S|)2, c =
1

2

< |LM| >
< MM >

(3.21)

where

L = ��ui�ui − ��ui
��ui, M =

��Δ
2

|��S|2 − ��Δ2|�S|2. (3.22)

Differently from the DSM where two tensors are employed,

Lij = ��ui�uj − ��ui
��uj , Mij =

��Δ
2

|��S|��Sij − �Δ2�|�S|�Sij (3.23)

the dynamic procedure in EAM is based on the scale-similarity of the SGS
stress tensor, and requires only two scalars to be evaluated resulting in fewer
terms to compute (see expressions 3.22 and 3.23). It follows that the amount of
floating-point operations in the DSM is substantially larger than in the EAM.
Furthermore, the β1 and β4 coefficients are given by:

β1 = −33

20

9c1/4

[(9c1/4)2 + |�Ω∗|2]
, β4 = −33

20

1

[(9c1/4)2 + |�Ω∗|2] (3.24)

where |�Ω∗| = (2τ∗
2 �Ωij

�Ωij)
1/2. The coefficient c1 and the SGS time scale τ∗,

which according to Marstorp et al. (2009) are modelled as

c1 = c�1
�
c�3

(c+ cmin)
1.25

(2Cs)2.5
, τ∗ = c�3

1.5C1.5
k

√
c

2Cs
|�S|−1 (3.25)

where c�1 = 3.12, c�3 = 0.91, cmin = 0.0085, Ck = 1.5 is the Kolmogorov
constant and Cs = 0.1. The introduction of cmin by Montecchia et al. (2019)
in the expression for c1 (3.25) was shown to give a substantially more correct
behaviour of the SGS wall-normal stress component compared to the EAM
version described in Marstorp et al. (2009). The SGS timescale value has been
locally bounded from below by Montecchia et al. (2017) with the Kolmogorov
timescale near the wall, τη, which reads:

τη ≈ 2
ν

u2
τ

≈ 2

�����
∂ui

∂xj

�����

−1

w

= τ∗min (3.26)

Note that the model is not sensitive to the exact choice of τ∗min.

The formulation of the SGS stress tensor of the EAM (see expression 3.20)
is composed by three different contributions. The first two components on the
r.h.s. are linear, the second one gives an eddy-viscosity contribution where the
SGS eddy-viscosity can be written as:
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νSGS = −1

2
β1K

SGSτ∗ (3.27)

Note that only the eddy-viscosity part contributes to the SGS dissipation.
The non-linear contribution (third term at the r.h.s. of expression (3.20)) is
responsible for capturing effects resulted from the misalignment of the SGS
stress tensor with the resolved strain-rate tensor.

In figure (3.1) the contributions from the two different terms in expression
(3.20) are shown in turbulent channel flow at Reτ ≈ 550 as a function of the
wall-normal direction in inner units. The resolutions are about (Δx+,Δz+) ≈
(150, 60) in the stream- and spanwise directions, respectively. The non-linear
contribution, here denoted as τ11,nlin, increases the peak close to the wall, to
about twice the value obtained with the linear contribution, τ11,lin (isotropic
plus eddy-viscosity terms). As a result, the non-linear contribution improves
the estimation of the total Reynolds stress, Ruu, especially close to the walls.
In the wall-normal Reynolds stress component, the non-linear term reduces
the overestimation given by τ22,lin close to the wall, resulting in a more correct
estimation. A similar effect has been noticed in the SGS shear stress component,
where the EAM gives a total SGS contribution which is about three times
larger than the one given by DSM. The total SGS components are also weakly
dependent on the Reynolds number, as shown in figure 3.2.

The use of the EAM has improved the prediction of the mean velocity
profiles in turbulent channel flows for a wide range of friction Reynolds num-
bers. By using a pseudo-spectral code, LES with EAM has captured the mean
velocity profiles with very small differences to DNS when using a resolution of
(Δx+,Δz+) ≈ (150, 60) in wall units and with substantially smaller overpredic-
tions compared to DSM when using a resolution of (Δx+,Δz+) ≈ (250, 100)
(see figure 3.3). The overprediction of < U >+ is related to an underprediction
of the wall skin friction velocity. EAM is found to considerably improve the
prediction of mean and second-order statistics of turbulent channel flow also
when using finite-volume codes (see Montecchia et al. (2019), paper 2) and in
flows in complex geometries (e.g. periodic hills, (Rasam et al. (2014), Rasam
et al. (2017), paper 3 and 4)).

In periodic hill flow, LES with EAM at Reb = 10595 and OpenFOAM has
improved the prediction of the skin friction compared to LES with DSM (see
figure 3.4). Despite the separation point is reasonably well captured by both
models, the reattachment position is better computed by LES with EAM. The
streamlines of the mean flow from LES with EAM are depicted in figure 3.5.
LES with EAM has allowed to capture the Reynolds number-dependency of
the separation bubble, that is subjected to a substantial reduction in extent, in
the streamwise direction, with increasing Reynolds number.
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Figure 3.1: Non-linear (nlin) and linear (lin) parts of τ11 (a), τ22 (b), τ12 (c) as
a function of the wall-normal direction in wall units. Reτ ≈ 550. LES computed
by a pseudo-spectral code.
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Figure 3.2: Non-linear (nlin) parts of τ11 , τ22 (a), τ12 (b) as a function of
the wall-normal direction in wall units, for Reτ ≈ 550 (dashed-dotted lines),
Reτ = 2000 (dashed lines) and Reτ ≈ 5200 (full lines). LES computed by a
pseudo-spectral code.
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Figure 3.3: Mean streamwise velocity in wall units, as a function of the viscous-
scaled wall-normal direction. The three Reτ cases are shifted by a factor of 102

viscous units, along the wall-normal coordinate.
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Figure 3.4: Skin friction coefficient as a function of the streamwise coordinate
at Reb = 10595. - - - : reference LES, , - - -: DSM with R&C correction, - - -:
EAM with R&C correction.

Figure 3.5: Streamlines of the mean flow in the x-y plane, computed by using
LES with the EAM. : Reb = 10595, : Reb = 37000. LESs have
similar stream- and spanwise resolutions in inner units.
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3.2. Hybrid RANS-LES modelling

The original version of DES (Spalart (2009)) was developed by adopting Spalart-
Allmaras (S-A) modelling (Spalart & Allmaras (1992)) to be in RANS mode in
attached boundary layers and in LES mode in regions with massive separation.
The more recent IDDES methodology can act as wall-modelled LES if the
boundary layer is sufficiently resolved. IDDES has been adapted to different
classes of turbulence models. Here a typical eddy-viscosity model and a new,
recently developed (see paper 5), anisotropy-resolving Reynolds stress model
for IDDES will be described.

3.2.1. k − ω SST IDDES

This IDDES model is based on the SST model of Menter (1994). It employs
a partial differential equation for the turbulent kinetic energy k and a partial
differential equation for the turbulent frequency ω:

∂k

∂t
+ Uk

∂k

∂xk
= Pk − ε+

∂

∂xk

�
(ν + σkνT )

∂k

∂xk

�
(3.28)

∂ω

∂t
+ Uk

∂ω

∂xk
= Pω − βω2 +

∂

∂xk

�
(ν + σωνT )

∂ω

∂xk

�
+ 2σω2

1

ω

∂k

∂xk

∂ω

∂xk
(3.29)

The production terms are defined as:

Pk = min
�
νTS

2, 10Cµkω
�
, Pω = α

Pk

νT
, (3.30)

where

νT =
a1k

max (a1ω, F2S)
, S =

�
2SijSij , Ω =

�
2ΩijΩij (3.31)

and the constant Cµ = 0.09.

The turbulence length scale is introduced through the dissipation term in
the k equation:

ε =
k3/2

lIDDES
(3.32)

where lIDDES is defined according to expression 2.10, with the following compo-
nents:

lRANS =

√
k

Cµω
, lLES = CIDDESΔ. (3.33)

The filter width definition is a slightly simplified version of Shur et al. (2008):

Δ = min [Cw max(dw, hmax), hmax] (3.34)

The model coefficients are a blending between inner (k − ω) and outer (k − ε)
values, such as C = F1C1 + (1− F1)C2 is performed between inner (k − ω) and
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outer (k − ε) values. The blending function is given by

F1 = tanh
�
arg41

�
, arg1 = min

�
max

� √
k

Cµdwω
,
500ν

d2wω

�
,

4σω2k

CDkωd2w

�
(3.35)

CDkω = max

�
2σω2

1

ω

∂k

∂xk

∂ω

∂xk
, 10−10

�
(3.36)

F2 = tanh
�
arg22

�
, arg2 = max

�
2
√
k

Cµdwω
,
500ν

d2wω

�
. (3.37)

The coefficients blended using F1 are

CDES : CDES1 = 0.78, CDES2 = 0.61

α : α1 = 5/9, α2 = 0.44

β : β1 = 0.075, β2 = 0.0828

σk : σk1 = 0.85, σk2 = 1

σω : σω1 = 0.5, σω2 = 0.856 (3.38)

The RANS-LES blending function is defined as:

f̃d = max [(1− fdt) , fb], fdt = 1− tanh
�
(20rdt)

3
�

(3.39)

rdt =
νT

κ2d2w
�
0.5 (S2 + Ω2)

, fb = min
�
2e−9α2

, 1.0
�
, α = 0.25− dw

hmax
.

(3.40)
The elevating function fe is defined as follows:

fe = fe2 max((fe1 − 1.0), 0.0) (3.41)

fe1 =

�
2 · exp(−11.09 · α2), α ≥ 0;
2 · exp(−9.0 · α2), α < 0.

(3.42)

fe2 = 1.0−max(ft, fl) (3.43)

ft = tanh((C2
t · rdt)3) (3.44)

fl = tanh((C2
l · rdl)10) (3.45)

rdl =
ν

κ2d2w
�
0.5 (S2 + Ω2)

(3.46)

where

Cw = 0.15, Cdt1 = 20, Cdt2 = 3, Cl = 5.0, Ct = 1.87. (3.47)

The expression for the modelled Reynolds stress tensor reads

τij −
τkk
3

δij = −2νTSij . (3.48)
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3.2.2. Explicit Algebraic Reynolds stress IDDES model

The explicit algebraic Reynolds stress model for IDDES applications (EARSM-
IDDES) inherits a large part of the formulation from the k−ω SST IDDES but
with EARSM applied in both RANS and LES regions. Differently from k − ω
SST IDDES, the EARSM-IDDES formulation of the Reynolds stress model is
made up of a linear, eddy viscosity term and a non-linear term that accounts
for flow anisotropy (second and third terms at the r.h.s. of expression (3.49),
respectively):

τij =
2

3
kδij − 2ν̃TSij + β4τ

2 (SikΩkj − ΩikSkj) (3.49)

The eddy-viscosity contribution depends on the strain-rate tensor Sij and the
effective eddy-viscosity, that is defined as

ν̃T = −1

2
β1kτ (3.50)

where the timescale reads:

τ =





max

�
1

Cµω
, 6
�

ν
Cµkω

�
if �fd = 1;

c�31.5C
1.5

√
k

2CsΔS2 if �fd = 0

(3.51)

and

c�1 = 3.12, c�3 = 0.91, Cs = 0.1, C = 1.5, (3.52)

Ωij is the rotation-rate tensor. β1 and β4 coefficients are defined as a function
of a N coefficient. In LES mode N is defined a function of k, the filter width
Δ and the magnitude of the strain-rate tensor, S, in RANS mode it is derived
from the solution of the consistency condition with the production. More details
are provided in paper 5.

Another substantial difference to k − ω SST IDDES formulation lies in the
definition of the production terms for the k − ω equations, that are defined as:

Pk = min
�
ν̃TS

2, 10Cµkω
�
, Pω = α

ω

k
Pk (3.53)

Some tests of the EARSM-IDDES model have been conducted on a turbulent
channel flow at Reτ ≈ 5200 using inner-scaled grid spacings of (Δx+,Δz+) ≈
(544, 272) in the stream- and spanwise directions, respectively. Mean velocity
profiles are shown in figure 3.6, together with data from LES with EAM
performed on a pseudo-spectral code with a resolution that is about 4 times
larger in each direction, a doubled computational domain (for details see paper 1)
and about 4 · 102 times larger computational effort. EARSM-IDDES has shown
to predict the skin friction with an error of less than 4% compared to the DNS
value and about 6% compared to the LES with EAM. The mean velocity profile,
depicted in figure 3.6, shows that the resolution used for the hybrid computation
is reasonable for the present flow case. However, the EARSM-IDDES is affected
by a mismatch between RANS and LES solutions in proximity of the log layer,
indicating that the model needs additional tuning of the coefficients in order to
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reduce such behaviour. In the streamwise component of the Reynolds stress
(see figure 3.7 a)), differently from the LES where the modelled contribution
is one order of magnitude smaller than the resolved one, in EARSM-IDDES
close to the wall the modelled part is as significant as the resolved one. The
hybrid computation of the Ruu is also affected by an underprediction of the
DNS data close to the wall, due to the fact that the RANS part of the model
doesn’t contain any explicit near-wall correction. The Reynolds shear stress is
reasonably well estimated by the hybrid model. The unregular behaviour visible
in the total contribution close to the wall is most likely due to the proximity
of the RANS-LES interface. In a similar way to the Ruu, the modelled and
resolved contributions to the shear stress computed by EARSM-IDDES are
of the same order of magnitude and present an even more distinct separation
in the wall-normal domain. There the RANS mode is mostly responsible for
capturing the inner layer peak, since a much smaller contribution is provided
by the resolved part.

Further tests of the EARSM-IDDES have been carried out on a periodic hill
flow at Reb = 37000, using less than a half million grid points. The behaviour
of the skin friction along the streamwise direction, computed with EARSM-
IDDES, is shown in figure 3.8 and compared to the LES with EAM, presented in
paper 4, performed with about 28 million grid points. EARSM-IDDES is found
to reasonably capture the separation and reattachment points and correctly
predict the skin friction coefficient in the unconstricted area of the channel.
However, the hybrid-estimated skin friction is still affected by an over-estimation
in proximity of the top of the hill. The peak at the windward side of the hill is
however, slightly underestimated by the hybrid computation.

The isocontours of instantaneous λ2 structures (see figure 3.9) computed
from EARSM-IDDES in an x-y plane show that most of the vortical structures
are found close to the wall. Towards the region where the flow is separated, in a
vertical plane the structures are more isotropic compared to the ones computed
in the acceleration region, where more elongated structures in the streamwise
direction are found. Compared to LES with EAM (see figure 3.10), a substantial
reduction of resolved turbulent structures in EARSM-IDDES is found, mostly
due to a drastic decrease of resolution.
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Figure 3.6: Mean velocity profiles as a function of the wall-normal direction in
inner units. Reτ ≈ 5200.
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Figure 3.8: Skin friction coefficient as a function of the streamwise direction at
Reb = 37000.

Figure 3.9: Isocontours of instantaneous λ2 = −0.5 and streamlines of the mean
flow in the plane z/h = 2.25, from LES with EAM at Reb = 37000.
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Figure 3.10: Isocontours of instantaneous λ2 = −0.5 and streamlines of the
mean flow in the plane z/h = 2.25 from hybrid simulation with EARSM-IDDES
at Reb = 37000.



Chapter 4

OpenFOAM numerics

A large part of the PhD work has involved the use of the general-purpose
opensource software for CFD applications OpenFOAM. OpenFOAM is a finite-
volume code, with a co-located grid structure. In the present studies the
OpenFOAM versions 1712 and 1812 have been used for the simulations, always
adopting second-order discretisations in time (backward) and in space (Gauss
linear and Gauss deferredCorrection linear). Two different crucial as-
pects are investigated: the first is the analysis of the effects of the Rhie and
Chow interpolation and the second is the description of the implementation of
the EAM.

4.1. Origin and effects of Rhie & Chow interpolation

Among the variety of algorithms for solving the N-S equations, the pimpleFoam
solver is based on a merged PISO-SIMPLE algorithm (Holzmann (2018)).

In OpenFOAM, the momentum equation reads:

∂�ui

∂t
+

∂�ui�uj

∂xj
− ∂

∂xj

�
ν
∂�ui

∂xj

�
+

∂τij
∂xj

= −1

ρ

∂�p
∂xi

(4.1)

.

For the sake of simplicity, let’s consider the PISO algorithm. The PISO
algorithm is based on the following steps:

1. Set the boundary conditions for the pressure and velocity fields;

2. Solve the discretised form of the momentum equation (4.1) to compute
the intermediate velocity field. The momentum equation can be written in a
linear system form:

Cij�uj = Ri −
∂�p
∂xi

(n)

(4.2)

WhereRi represents the source term terms vector, �uj the velocity vector and

∂�p/∂x(n)
i is the pressure gradient vector at the old time level n; the Cij matrix

can be decomposed in a diagonal matrix, Aij , and a matrix with off-diagonal
terms, H�

ij .
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(Aij +H�
ij)�uj = Ri −

∂�p
∂xi

(n)

(4.3)

Where the off-diagonal terms contain the matrix coefficients of the neigh-
bouring cells, N. Using expression 4.3, the velocity can be obtained as

�ui = A−1
ij

�
Rj −H�

jk�uk − ∂�p
∂xj

(n)
�

(4.4)

3. Correct the pressure. The divergence operator is applied to equation
(4.4), leading to

∂

∂xi

�
A−1

ij (Rj −H�
jk�uk)

�
=

∂

∂xi

�
A−1

ij

∂�p
∂xj

(∗)
�

(4.5)

4. Update the velocity with the new pressure:

�u(∗)
i = A−1

ij

�
Rj −H�

jk�uk − ∂�p
∂xj

(∗)
�

(4.6)

where the superscript (∗) indicates updated quantities. According to
Kärrholm Peng (2006), the pressure-corrector step (see expression 4.5) makes
use of an interpolation very similar to the Rhie & Chow (R&C) interpolation,
in order to avoid checker-board pressure oscillations. There the quantity at the
r.h.s. of equation (4.4) is subjected to an interpolation to the cells’ faces. In a
finite-volume formulation, expression (4.5) can be discretised as

�

faces

�
A−1

ij (Rj −H�
jk�uk)

�
f
ΔSi,f =

�

faces

�
A−1

ij

∂�p
∂xj

(∗)
�

f

ΔSi,f (4.7)

where the r.h.s. is implicitly discretised by using a compact Laplacian scheme
(see expression (4.10) for details) and ΔSi,f is the cell face vector.

The numerical treatment done with the R&C interpolation and in expression
(4.7) is found to not fully preserve the energy along the whole turbulence
spectrum (Ferziger & Perić (2012), Montecchia et al. (2019)).

T. Knacke (Knacke (2013)) has developed and implemented a variant
of the pimpleFoam solver that reduces, by manipulating a coefficient in the
pressure correction equation, the amount of R&C-induced dissipation. A similar
technique has been implemented in Code saturne (2015) by introducing the
Arakawa coefficient. In Montecchia et al. (2019) (paper 2) the new solver is
described in detail and several tests in turbulent channel flow LES at different
Reynolds numbers show the effectiveness of the new procedure. Further tests
conducted in periodic hill flow LES show that the R&C dissipation becomes
less crucial in complex geometries flows computations.
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4.2. Implementations of differential operators

A correct implementation of the EAM in OpenFOAM has been crucial in order
to get reasonable results especially in turbulent channel flow. The presence of a
non-linear contribution made the implementation of the EAM different from
the typical implementation of an eddy-viscosity SGS model.

The momentum equation reads:

∂�ui

∂t
+

∂�ui�uj

∂xj
− ∂

∂xj

�
ν

�
∂�ui

∂xj
+

∂�uj

∂xi
− 2

3

∂�uk

∂xk
δij

��
+

∂τij
∂xj

� �� �
−∂Tij/∂xj

= −1

ρ

∂�p
∂xi

(4.8)

where
∂Tij

∂xj
is the divergence of the total stress. The divergence of the total

stress is implemented in the following form:

−∂Tij

∂xj

discr.
= ∇j(τij)|exp +Δ(νSGS, �ui)|exp −Δ(ν + νSGS, �ui)|imp+

−∇j

�
ν

�
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∂xi
− 2
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δij

�������
exp

(4.9)

where the subscripts exp and imp indicate an explicit and implicit discretisation,
respectively. The terms ∇j and Δ(α, q) are the discretised divergence and
compact laplacian operators, respectively, such that

∂

∂xj

discr.
= ∇j ,

∂

∂xj

�
α

∂q

∂xj

�
discr.
= Δ(α, q)

where the coefficient α can vary in space. The SGS eddy-viscosity is described
as

νSGS = −1

2
β1K

SGSτ∗

which comes from the eddy-viscosity contribution of the EAM formulation.

Let’s consider now the expression for a diffusion term of a quantity q with
diffusivity α:

D =
∂

∂xj

�
α

∂q

∂xj

�

This term can be discretised in two different ways using the discrete operators
above, namely as

DL = Δ(α, q) (4.10)

or
DDG = ∇j(α∇j(q)). (4.11)

Expressions (4.10) and (4.11) are mathematically identical, but the discrete
representations are different. In the case of an orthogonal mesh, the ”compact
laplacian” discretisation (4.10) is computed using a compact stencil, with
only interpolation of α to the faces. On the other hand, the discretisation in
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expression (4.11) is evaluated in two steps, where the gradient is firstly computed,
resulting in a face interpolation of q in order to compute the gradient and in
a face interpolation of the gradient of q. As a consequence, the discretisation
in (4.11) requires a much wider stencil than the compact Laplacian. From a
numerical point of view, a compact stencil would be much more sensitive to
any odd-even oscillations, that would be filtered out in the case of the extended
laplacian (4.11). On the other hand, the compact Laplacian of the diffusion
term will preserve stability, hence used for the implicit term.

Some terms contained in the total stress, given in the r.h.s. of expression
(4.9), must be discretized as a compact Laplacian (e.g. ∂(νSGS∂�ui/∂xj)/∂xj)
and other need to be formulated in terms of the divergence of velocity gradients
e.g. ∂τij/∂xj where τij also contains the transpose of the velocity gradients as
well as higher order terms and non-constant scalars. More details about these
discretisations are provided in Montecchia et al. (2019) (paper 2).

4.2.1. Implicit vs explicit discretisations

In OpenFOAM expressions (4.10) and (4.11) are executed with the following
commands, respectively:

fvc::laplacian(alpha,q) (4.12)

fvc::div(alpha*fvc::grad(q)) (4.13)

Alternatively, expression (4.10) can be computed in an implicit way:

fvm::laplacian(alpha,q) (4.14)

where the prefixes fvc and fvm indicate an explicit and implicit discretisation.
Coming back to expression of EAM implementation, the terms at the r.h.s. of
expression (4.9) read:

a. ∇j(τij)|exp, which denotes the divergence of the whole SGS stress tensor;

b. Δ(ν + νSGS, �ui)|imp, which contains the viscous stress and its SGS part
is needed since it contributes to numerical stability;

c. Δ(νSGS, �ui)|exp, which provides a correction to b. , needed for consistency
with EAM formulation;

d. −∇j

�
ν

�
∂�uj

∂xi
− 2

3

∂�uk

∂xk
δij

�������
exp

, which is used for consistency to the

compressible formulation of the momentum equation.

4.3. OpenFOAM vs pseudo-spectral accuracy

The implementation of the EAM has been tested in turbulent channel flow and
periodic hill flow.

The pseudo-spectral LESs are carried out by using the SIMSON code,
developed by Chevalier et al. (2007). Here we will consider the turbulent
channel flow case with a number of grid points equal to Nx × Ny × Nz =
60× 65× 60, resulting in the following streamwise and spanwise resolutions of
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(Δx+,Δz+) ≈ (144, 58), respectively, in wall units. The homogeneous directions
are discretized using Fourier series and the wall-normal direction by Chebychev
polynomals. The time is discretized using a four-stage Runge-Kutta (RK3)
scheme. The LES computed with OpenFOAM presents a number of grid points
that is 8 times larger than the pseudo-spectral LESs, and a resolution in wall
units of about (Δx+,Δz+) ≈ (41, 27) in the stream- and spanwise directions,
respectively, for obtaining a similar numerical accuracy. The discretization is
second-order backward in time and second-order in space. For both the codes,
in the wall-normal direction the mesh refinement is made to keep a constant
y+ ≤ 1 for the first cell thickness. Furthermore, all the LESs are run with a
constant mass flow rate, where the forcing is made in order to have the same
bulk Reynolds number as the reference DNS (Hoyas & Jiménez (2006)). In
the LESs with OpenFOAM, a modified version of the standard pimpleFoam

solver (Montecchia et al. (2018)) has allowed to reduce the numerical dissipation
resulting from the Rhie & Chow (R&C) interpolation by manipulating a scaling
factor in the pressure correction step of the solver. By using the value βp = 0.01
most of the R&C interpolation is suppressed and the artificial dissipation thereby
reduced. Conversely, the value βp = 1.0 introduces full R&C interpolation. For
the following simulations βp = 0.01 has been adopted.

The mean velocity profile, as a function of the wall-normal coordinate, is
shown in figure 4.1. A clear distinction is visible between the different models.
LES with DSM exhibits an overprediction that extends from the end of the
buffer layer to the outer layer. Conversely, LES with EAM, computed using both
the codes, shows a very good agreement with DNS for the whole wall-normal
domain, indicating that also the estimated skin friction is very close to the
reference value.

Figure 4.2a) shows that the overprediction of the streamwise Reynolds
stress by LES with DSM can be slightly reduced by using the EAM. The
wall-normal Reynolds stress is also reasonably captured by LESs with EAM.
There LES with DSM gives a large underprediction, especially when using
the pseudo-spectral code. The better prediction of the Reynolds stresses by
LES with EAM compared to LES with DSM can be attributed to the different
formulation of the model; in fact, the non-linear formulation of the EAM gives
a more accurate estimation of the SGS anisotropy.
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Figure 4.1: Mean velocity profile as a function af the wall-normal coordinate,
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Chapter 5

Conclusions and outlook

The present study is focused on the development and validation of the explicit
algebraic sub-grid scale (SGS) model (EAM) for large-eddy simulation (LES)
and extends the explicit algebraic Reynolds stress modelling approach towards
hybrid computations.

In codes with pseudo-spectral accuracy, the EAM is found to improve the
prediction of the flow physics in wall-resolved large-eddy simulation (WRLES)
of wall-bounded flows over a wide range of Reynolds numbers, compared to
eddy-viscosity models. The formulation of the EAM has proven to properly
capture anisotropy at the SGS level, resulting in a more correct estimation
of the mean quantities and the Reynolds stresses, compared to the Dynamic
Smagorinsky model. Hence, similar accuracy can be obtained with coarser
resolution and the computational effort is considerably reduced by more than
a factor of 10. For future work, LES with EAM is therefore suggested for
producing data for high Reynolds number benchmark flow cases where DNS is
still prohibitive to be carried out. For instance, the EAM could be employed
for extending the Reynolds number range feasibility of WRLES of flows around
airfoils. Furthermore, the EAM could be utilized in WRLES of wall-bounded,
high Reynolds number flows with resolved surfaces roughness.

The next step was to implement the modelling in the general-purpose finite-
volume code OpenFOAM. Several computations performed with different grid
resolutions have shown that the use of the EAM leads to a similar reduction
of the computational cost for a given level of prediction accuracy, as obtained
with pseudo-spectral codes. However, the Rhie and Chow interpolation used for
the standard finite-volume discretisation in OpenFOAM is found to generate
additional artificial numerical dissipation and any SGS modelling effect in simple
geometries is visible only if such dissipation is properly reduced. A custom-
built solver has reduced the dissipation to a great extent, allowing for a direct
comparison of LES with different SGS models. In periodic hill flow the EAM is
found to substantially improve the estimation of the turbulent structures and
anisotropy while still maintaining a moderate amount of grid points. However,
about 10 times more grid points are needed for OpenFOAM in comparison with
pseudo-spectral codes for similar accuracy. A further step in the validation of
the EAM would be to apply it in more complex geometries of academic and
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industrial relevance, affected by a high degree of anisotropy. As an example, the
use of EAM there might ameliorate the prediction of the evolution of turbulence
influenced by rotation and in separated flows, as well as flows with combustion.

Hybrid modelling methodologies can definitely relax the computational
requirements for high Reynolds numbers flows even more, and are typically
used for aeronautical and external aerodynamics applications. A novel EARSM-
IDDES has been developed as an extension of the k − ω SST-IDDES with
EARSM in both RANS and LES regions. Preliminary tests in OpenFOAM
have shown that the model can potentially improve the prediction of wall-
bounded flows in simple and more complex geometries. In wall-bounded flows
at moderate Reynolds numbers, some differences in comparison with typical
eddy-viscosity models are visible especially close to the wall. Further tests
of the EARSM-IDDES are encouraged, especially in hybrid computations of
three-dimensional flows with strong effects of swirl and flow separation where
anisotropy effects are important.
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Papers





Summary of the papers

Paper 1

Taking large-eddy simulation of wall-bounded flows to higher Reynolds numbers
by use of anisotropy-resolving sub-grid models

The accuracy of wall-resolved large-eddy simulation (LES) with the explicit
algebraic sub-grid scale model (EAM) in the prediction of wall-bounded flows
has been investigated by carrying out a series of LESs of fully developed
turbulent channel flow from the friction Reynolds number of 550 to 5200, using
a pseudo-spectral code. Three differences resolutions have been considered.
A direct comparison with direct numerical simulation (DNS) reference data
shows that the skin friction coefficients computed by using the EAM are more
resolution-independent than the dynamic Smagorinsky model (DSM). For all
Reynolds numbers investigated the mean velocity profiles computed with LES
with EAM show a better agreement to DNS than DSM, especially when coarse
grids are employed. The larger sensitivity of LES with EAM in capturing the
Reynolds stress peaks near the wall has lead to a considerable reduction of
the severe overprediction of the streamwise fluctuation intensity, experienced
when using DSM. The analysis of the second invariant of anisotropy from LES
with EAM has shown that the magnitude of the SGS anisotropy is large at all
Reynolds numbers in the near-wall region. Energy spectra show that LES with
both the models is able to properly capture the large-scale outer structures at
higher Reynolds numbers even with reasonably coarse resolutions. LES with
DSM is found to give a larger overprediction of the energy contained in the
buffer region than LES with EAM.

Paper 2

Improving LES with OpenFOAM by minimizing numerical dissipation and use
of Explicit Algebraic SGS stress model

In this work the capability of the EAM in capturing flow physics of wall-bounded
flows channel flow has been analysed by performing LES of turbulent channel
flows with the general-purpose CFD code OpenFOAM. LES are carried out
at two different friction Reynolds numbers of 550 and 934 adopting various
resolutions. A novel numerical procedure that reduces the dissipation due to
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R&C interpolation has been presented and tested in detail. The new custom-
built solver has shown to not have significant collateral effects in fully-developed
turbulence on well-resolved regular meshes. Using a moderate resolution for
WRLES, the skin friction computed by LES with EAM has a better agreement
with DNS data than LES with DSM, and predictions are substantially improved
when the dissipation due to R&C filter was minimized. The use of EAM was
shown to better predict the mean velocity profiles, resulting in a roughly 50%
reduction in the requirement for number of grid points to achieve a given
degree of accuracy. Some improvements are found for other statistics such as
the individual Reynolds stresses. The model behaviour and grid dependency
has been found to be fairly consistent with previous results using a spectral
discretisation.

Paper 3

Capturing Reynolds number effects in the periodic hill flow by using LES with
anisotropy-resolving sub-grid scale model

LESs of turbulent plane and periodic hill channel flow are carried out using the
DSM and the EAM, with the general-purpose finite-volume code OpenFOAM
and a custom-built solver that reduces the artificial dissipation given by the use
of the Rhie & Chow (R&C) interpolation. Moderately fine grids are used. In the
channel flow the friction Reynolds number of 550 is investigated, while the bulk
Reynolds number of 10595 is considered in the periodic hill flow. In the channel
flow, results from LESs with OpenFOAM are in a reasonable agreement with
DNS and slightly better results have been achieved by using a code with pseudo-
spectral accuracy with a resolution in viscous units that is about 3 times larger.
The use of the EAM has led to a substantial reduction of the overprediction of
the streamwise Reynolds stress inner layer peak, compared to DSM. The analysis
of the two-point correlation coefficient of the streamwise velocity computed
close to the wall has shown that the prediction of autocorrelation is essentially
independent of the choice of a specific SGS model, but can be improved by
reducing the R&C interpolation. In periodic hill flow LES with EAM, together
with the suppression of the R&C filter, has achieved a reasonable estimation of
the skin friction and the streamwise mean velocity. The use of a rather low CFL
number value and the deferred correction in the divergence scheme is found to
be essential for complex geometries in order to avoid numerical instabilities.

Paper 4

Reynolds number effects in periodic hill flow: an LES study using OpenFOAM
and the Explicit Algebraic SGS stress model

Wall-resolved LES of periodic hill channel flow are performed at two bulk
Reynolds numbers of 10595 and 37000 with moderate resolutions and using
OpenFOAM. The suppression of the R&C interpolation is found to give smaller
improvements in periodic hill flow rather than in plane channel flow. However,
the elimination of the R&C interpolation is quite beneficial for prediction of
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the mean quantities. The use of the EAM, compared to DSM, has led to a
better estimation of the first- and second-order statistics for both the Reynolds
numbers considered and a reasonable computational time for the case with the
largest number of grid points. The analysis of the skin friction has confirmed
that an increase of Reynolds number results in a delayed separation point and
an anticipated reattachment length; the precursory skin friction peak amplitude
is affected by an increase when larger Reynolds numbers are approached. The
skin friction distribution along the lower wall of the channel reveals the presence
of spanwise-elongated vortical structures generated by the Kelvin-Helmholtz
instability, that might be identified as Taylor-Görtler vortices. The dominance
of those structures has been confirmed by a nearly axi-symmetric anisotropy
state in the separation region. The distribution of the SGS and total anisotropy
along the channel indicates that the largest amount of total anisotropy is found
close to the walls and confines to a thinner region with increasing Reynolds
numbers. A significant amount of anisotropy is also induced by the shear layer
instability, where the local acceleration of the flow on top of the hill forces the
flow structures to be quite elongated in the direction of the flow.

Paper 5

Development and testing of an anisotropy-resolving model for hybrid RANS-LES
computations of turbulent incompressible flows

In this work an hybrid RANS-LES model based on IDDES methodology with
an explicit algebraic Reynolds stress modelling (EARSM-IDDES) has been
presented. Several tests have been carried out on fully-developed turbulent
channel flow and periodic hill flow. In channel flow, friction Reynolds numbers
of 934 and 5200 has been tested, whereas in periodic hill flow computations are
performed at the bulk Reynolds numbers of 10595 of 37000.

Compared to the simulations with the k−ω SST-IDDES model, the EARSM-
IDDES has given reasonable predictions of the mean quantities and Reynolds
stresses in both the geometries considered. In channel flow, the introduction
of the non-linear contribution is found to improve the estimation of the wall-
normal Reynolds stress component, compared to the k − ω SST-IDDES. The
analysis of the blending function along the wall-normal direction has shown
that the RANS-LES transitional region computed by using EARSM-IDDES is
substantially shorter than when using the k−ω SST-IDDES model. In periodic
hill flow, EARSM-IDDES contributes to improve the estimation of the Reynolds
stresses close to the lower wall, reducing the overprediction of the inner layer
peak experienced with the k − ω SST-IDDES model.




