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Abstract

The paper considers linearization domains for Henon maps in C2 nu-
merically. Specifically, we give evidence that the Siegel ball is confor-
mally equivalent to the so called Thullen domain.
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1 Introduction
Linearization problems in one and two-dimensional complex dynamics have
been at the heart of this field of mathematics for many decades. Below, I will
give a brief introduction into the classical linearization theory for maps in C
and C2.

Consider a holomorphic germ:

f (z)=λz+a2z2 +a3z3 + ..., (1)

The function will behave in a neighborhood of its fixed point 0 differently for
different values of the multiplier λ. [1] If |λ| < 1, zero is an attracting fixed
point and if |λ| > 1 zero is repelling. The origin is a parabolic fixed point if λ
is the root of unity. If λ= e2πiξ with ξ real and irrational, the fixed point 0 is
called irrationally indifferent.

In this paper we will study dynamics of the extension of the quadratic poly-
nomial p(z) = λz+a2z2 to C2, called the Henon map. The Henon maps that
we will consider are area-preserving; and are biholomorphically conjugate
to a rotation in C2 with two Diophantine frequencies. The maximal lineariz-
able neighbourhood of the fixed point for an area-preserving Henon map is
called a Siegel ball. [2]

In this paper we consider the following uniformization question: what
kind of set in C2 is the Siegel ball holomorphically equivalent to?
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2 Fixed point theory
As stated [1] [2], a one-dimensional holomorphic germ might have different
fixed points, that is, attracting, repelling, parabolic and irrationally neutral
fixed points, depending on what value λ is set to. This will be covered with
more details in this section.

2.1 Hyperbolic points
A rational map is called hyperbolic when every orbit converges to an attract-
ing or superattracting cycle. Now, let us consider a holomorphic germ (see
eq. (1)). When |λ| < 1 the inverse map f −1 is defined in a neighborhood of
zero and is holomorphic. In this case the origin has an attracting fixed point
with a multiplier λ. If |λ| > 1, then f has a repelling fixed point at the origin.
In both of these cases the map is hyperbolic on a neighborhood of zero. [1]

The following is a classic result:

Koening’s Lemma
Let f be as in (1). If |λ| 6= 1, then there exist a holomorphic coordinate change
ϕ such that φ◦ f =λ◦φ on a neighborhood of zero. [3]

The proof of Koening’s lemma demonstrates that there ∃ r > 0, such that
λ−n f n converges uniformly on Dr, a disk of radius r around zero, to the
coordinate ϕ.
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2.2 Parabolic points
If λ is a root of unity the fixed point is said to be parabolic. An appropriate
iterate of the function mentioned before can be rewritten as:

f ok(z)= z+azn+1 + ...

with a 6= 0. The multiplicity of the fixed point is said to be the integer n+1 ≥
2. Let i be between 1 ≤ i ≤ n. An open set is Ui is called an attracting petal
at the origin for f if:

f (U i)⊂Ui ∪ {0} and
⋂

k≥0
f ok(U i)= {0},

where U means the closure of U .

Moreover if there exist attracting petals then there exist n disjoint repelling
petals U ′

i. A repelling petal U ′
i for f is an attracting petal for f −1.

The union of these 2n petals forms a neighborhood N0 at the origin. The
following picture demonstrates this with three attracting petals and three
repelling petals [1]:

Figure 1: Three attracting and three repelling petals
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2.3 Irrationally neutral points (Siegel or Cremer point)
When λ = e2πiξ with ξ real and irrational, the fixed point 0 is called irra-
tionally indifferent. Let us first state that the cases when λ is diophantine
and when λ is Liouville numbers are very different. They will be explained
under this subsection.

Cremer Non-linearization theorem
For a generic choice of λ on the unit circle, the following holds. The fixed
point of an arbitrary rational function of degree two or more is the limit of
an infinite sequence of periodic points. Expressed in other words, there is no
linearization coordinate in a neighborhood of the fixed point. [1]

Filled Julia set
We define the basin of attraction of infinity B(Pc)= {z ∈C : pn

c (z)→∞ as n →
∞ }. The filled Julia set K(pc) = C\ B(pc). We will also define the Julia set
to be J(pc)= ∂K(pc).

Diophantine numbers
We will now turn to the issue of Linearization. Let k ≥ 2 be some fixed real
number and let ξ be an irrational angle that satisfies a Diophantine con-
dition of order k: there exist some ε= ε(ξ) so that:∣∣∣ξ− p

q

∣∣∣> ε
qk

Now let Dk ⊂ R\Q be the set of all numbers ξ which satisfy such a con-
dition. We define the Diophantine numbers to be the union of the Dk. In
others words are Diophantine numbers badly approximated by rationals. [1]

Liouville numbers
Every algebraic number of degree d belongs to the class Dd, that is, every
class outside the Diophantine numbers must be transcendental. These num-
bers are often called Liouville numbers. Let x be a real number so that for
every positive integers n there exist integers p and q with q > 1 such that [4]:

0<
∣∣∣x− q

p

∣∣∣< 1
qn

However, Siegel proved the following for Diophantine numbers:
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Linearization Theorem.
For almost every λ on the unit circle (that is for every λ outside of a set with
one-dimensional Lebesgue measure equal to zero) any germ of a holomor-
phic function with a fixed point of multiplier λ can be linearized by a local
change of coordinate. [1]

The two results above demonstrate that linearizable holomorphic germs
with |λ| = 1 are rare in the sense of genericity, but abundant in the measure-
theoretic sense. The two pictures below demonstrates two filled-in Julia sets
Kpc and Kpc′ with α’ chosen to be a pertubation of α. If α and α ’ are chosen
close enough, the loss of measure from Kpc to Kpc′ is small. [5]

A zoom of Kpc′ near its linearizable fixed point where the small cycle is high-
lighted. [5]

Consider the continued fraction expansion:
ξ= 1

a1+ 1
a2+ 1

a3+...
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Where ξ ∈ (0,1) is an irrational number and ai are uniquely defined positive
integers.
Set
pn
qn

= 1
a1+ 1

a2+...+ 1
an−1

.

then Yoccoz proved a necessary condition for linearization. The theorem of
Yoccoz is:

Theorem of Yoccoz
If

∑
log(qn+1)/qn =∞, then the quadratic map:

f (z)= z2 + ze2iπξ

has a Cremer point at the origin. Any neighborhood of the origin contains
infinitely many periodic points. [1]

The theorem above tells us that the Bruno condition
∑

log(qn+1)/qn <∞
is necessary for linearization.
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3 Hénon map
One’s goal in studying a dynamical system is often to understand the long-
term behaviour. The Hénon map is an example of such a system. It is defined
as:

xn+1 = yn +1−ax2
n

yn+1 = bxn

(2)

The Hénon map was introduced in year 1976. [6] The map was mainly used
as a simplified model of the Poincaré section of the Lorenz model to try to
visualize the fractal structure of strange attractors.[6]

The map is rather simple but if iterations are carried out it produces very
complex phenomena, and hence, long-term behavior, when the map iterated,
is difficult to understand.
Today computers can visualize and observe the phenomena easier then be-
fore. One can ask the following:

• What is the long term behavior of a given point as the Hénon map is
repeatedly applied to it?

• How does the behavior vary as the point is varied?

• If the parameters a and b are varied, how does the behavior of a point
vary?

see [7]
We will now try to explain how Hénon arrived at the formula, but firstly we
will state the following definition:

Definition
We will denote C1 the class of continuously differentiable maps, see [8]
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3.1 Dissipative Hénon as a map of R2: Simple chaos
The Hénon map can be written as a composition of folding, rescaling and
reflection.

Folding (T ′) Rescaling (T ′′) Reflection (T ′′′)

x′ = x x′′ = bx′ x′′′ = y′′

y′ = 1+ y−ax2 y′′ = y′ y′′′ = x′′

Note that for the rescaling map |b| < 1 .

The Hénon map can be now written as T = T ′′′T ′′T ′, which means that:
T(xn, yn)= (xn+1, yn+1). [6]

If an open bounded set A in R2 is mapped by T, then the change of area

areaT(A)
areaA =

[
∂xn+1
∂xn

∂xn+1
∂yn

∂yn+1
∂xn

∂yn+1
∂yn

]
=

[
-2axn 1

b 0

]
= |b|

The Hénon map is also invertible, that is, given a point (xn+1, yn+1) one can
solve uniquely for (xn, yn). [6]

The Hénon map has two fixed points Q = (q, q) and P = (p, p).

-1.5 -1 -0.5 0 0.5 1 1.5

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

The Hénon Map

Figure 2: The Hénon map [9]

Hénon chose b = 0.3 and a = 1.4. Why
might one wonder? The explanation
is simply that it is easier to visual-
ize the foldings of the strange attrac-
tor. If b is close to zero the sheets
of attractor will be hard to resolve. If
b is close to one the folding may not
be strong enough to produce chaos, and
hence, Hénon chose the parameters af-
ter repeated trials to be b = 0.3 and a =
1.4.
The Hénon map has a trapping region that
contains the attractor, and hence all or-
bits in that region converge to the attractor.
[7]

We will now turn our attention to the ex-
tensions of quadratic polynomials to C2 -
Hénon maps.
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3.2 Hénon map in C2

The Hénon map is given by the following expression where the Hénon map
(2), see page 8, is changed to another by a linear coordinate change:

Hb,c(x, y)= (x2 + c+by, x)

The dynamical space C2 can be divided into three regions for r > 0:

1. The bidisk Dr ×Dr = {(x, y) : |x| ≤ r, |y| ≤ r}

2. V+ = {(x, y) : |x| ≥max(|y|, r)}

3. V− = {(x, y) : |y| ≥max(|x|, r)}

The escaping set U
+

can be described in terms of V
+

:

U+ = ⋃
k≥0

H−ok
b,c (V+) U− = ⋃

k≥0
Hok

b,c(V
−)

By taking the complements in C2 one obtains the following:
K+ = C2 −U+, that is, the set of points that do not escape to infinity in for-
ward time. The set of points that do not escape to infinity in backward time
can be described as K− =C2−U−. The Julia set, J+, is the common boundary
of K+ and U+ and the Julia set, J−, is the boundary of K− and U−. In the
dissipative case J− = K− the sets J = J+∩J− and K = K+∩K− are contained
in Dr ×Dr.

A quadratic Hénon map is uniquely determined by the eigenvalues λ and
υ at a fixed point Q. The notational convention is that λ is the larger of
the two eigenvalues: 0 < |υ| ≤ 1 and |υ| ≤ |λ|. The following cases can be
distinguished:

• The point Q is hyperbolic if |υ| < 1 and |λ| > 1.

• The point Q is parabolic if |υ| < 1 and λ = e2πip/q, where p and q are
integers.

• The point Q is attracting if |υ| < 1 and |λ| < 1.

• The point Q is Siegel if λ = e2iπθ1 , υ = e2iπθ2 , θ1 and θ2 are irrational.
see [10]
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4 Hénon map and Reinhardt domain
The Hénon map, as stated before, is defined as:

Hb,c(x, y)= (x2 + c+by, x)

Fixed points, P = (p, p) and Q = (q, q) are given by p = 1
2 (1− b)+

√
(1−b)2

4 − c

and q = 1
2 (1−b)−

√
(1−b)2

4 − c. Eigenvalues are determined by λ+
p = p+√

p2 +b

and λ+
Q = q+√

q2 +b. When two eigenvalues are specified, the fixed point
Q = (q, q) and the parameters b and c are computed as:

q =λ+
Q +λ−

Q , b =−λ+
Qλ

−
Q c = q− q2 −bq

see [11]

The following result of M. Herman describes linearizability of dynamics of
Henon maps around the fixed point Q.

Linearization Theorem:
Suppose that U is a Fatou component, and suppose that Hb,c has a fixed
point Q ∈ U such that L = DHb,c(Q) has two eigenvalues λ1 = e2πθ1 , and
λ2 = e2πθ2 such that θ1 and θ2 are jointly Diophantine. Then there is a holo-
morphic semiconjugacy ψ of U to a Reinhardt domain. [12]

An open subset G of C2 is a Reinhardt domain if (z1, ..., zn) ∈ G implies
(z1eiθ1 , ...., zneiθn) ∈ G for all real numbers θ1, ...,θn. A two-dimensional bounded
Reinhardt domain, according to Thullen, is either a polydisc, an unit ball or
a Thullen domain:

1. Polydisc
(z,w) ∈C2; |z| < 1, |w| < 1

2. Unit ball
(z,w) ∈C2; |z|2 +|w|2 < 1

3. Thullen domain
(z,w) ∈C2; |z|2 +|w|2/p < 1 (p > 0, 6= 1)

see [13]
A natural question arises: which case, a Polydisc, an Unit Ball or Thullen
Domain is realised for a particular choice of θ1 and θ2?
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5 Method
In order to satisfy the hypothesis of the Linearization Theorem we set θ1, θ2
∈ [0,1] to the values:

θ1 = (3 ·p5−2 ·p2−3)/3
θ2 = 2 ·p2/3

The difference must also be diophantian.

θ2 −θ1 = (4
p

2+3−3
p

5)/3

Now, consider the fixed point Q. Let the point z = (x, y) ∈C2 be in the Siegel
ball centered at Q. Iterate z in order to obtain an orbit in the Siegel ball.
The following defines the linearizing coordinate from the Siegel ball to the
Reinhardt domain [11]:

ψ(z)= lim
n→∞

1
n

n−1∑
k=0

L−k(Hok
b,c(z)−Q) (3)

In order to map the Siegel ball onto a Reinhardt domain numerically, we
pick points z from a grid on a neighborhood of Q in C2 and repeate the above
construction of ψ for each point in the grid. The points are further mapped
by corresponding ψ which gives an approximation of the Reinhardt domain.
The constructed grid consist of 194481 points and the x and y values range
from -0.1 to 0.1.
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6 Results
The code to the presented pictures of the Siegel ball in the domain C2 and
to the Reinhardt domain can be found in Appendix 1 and 2. Note that the
colors represent the orbits, in our case 50 orbits, in the Siegel ball.

Figure 3: Siegel ball in the domain C2

Figure 4: Siegel ball in the domain C2
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Figure 5: Siegel ball in the domain C2

Figure 3, 4 and 5 present 194481 iterates of points around Q in the bisquare:

|Re(Z1)−Re(q)| < 0.14
|Re(Z2)−Re(q)| < 0.14

|Im(Z1)− Im(q)| < 0.14
|Im(Z2)− Im(q)| < 0.14

These are the points around Q which will be mapped by ψ.
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6.1 Reinhardt domain
(Y1,Y2)=ψ(Z), where Z = (Z1, Z2) are coordinates of the points in the Siegel
ball described in the previous section.

Figure 6: Image of the points from Figure 3,4 and 5 under the coordinate ψ

Figure 7: Image of the points from Figure 3,4 and 5 under the coordinate ψ
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Consider a point belonging to the Siegel ball in the domain C2. To ensure
that the points are in the Siegel ball we first consider points in a sufficiently
small neighborhod of point q.

|Re(Z1)−Re(q)| < 0.14
|Re(Z2)−Re(q)| < 0.14

|Im(Z1)− Im(q)| < 0.14
|Im(Z2)− Im(q)| < 0.14

If a point is taken outside the Siegel ball its iterates might diverge. Applying
formula (2) from section 5, the point was mapped under ψ to the Reinhardt
domain, which are presented in Figure 6 and 7.
However, if iterations are carried out for values:

|Re(Z1)−Re(q)| < 0.7
|Re(Z2)−Re(q)| < 0.7

|Im(Z1)− Im(q)| < 0.7
|Im(Z2)− Im(q)| < 0.7 (4)

where the iteration was stopped if max(
∣∣Hb,c(z)

∣∣) < 100, some of the points
in this bidisk do escape to infinity (see Figure 8):
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Figure 8: 50 orbits from the bidisk in different projections

Now, iterate points to:

|Re(Z1)−Re(q)| < 3
|Re(Z2)−Re(q)| < 3

|Im(Z1)− Im(q)| < 3
|Im(Z2)− Im(q)| < 3 (5)

where max(
∣∣Hb,c(z)

∣∣)< 100. Again, points escape as can be seen in Figure 9.
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Figure 9: 50 orbits from the bidisk in different projections

It is clear from the pictures that bisquares with the sides equal to 0.7 and
3 contain points that will escape to infinity under iterations. There were 50
orbits and the grid consisted of 194481 points. These points were mapped by
ψ and resulted in the following images:
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Figure 10: Images of orbits from (4) under ψ
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Figure 11: Images of the orbits from (5) under ψ
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7 Conclusion
Clearly, the pictures are not enough to make a definite statement about the
nature of the linearization domain. However, a tentative conclusion can be
drawn that the Reinhardt domain in section 5.2 is either a Thullen domain
or a polydisc.
These four figures that show three dimensional sections of the Reinhard do-
main indicate that the Reinhard domain is not a unit ball. To make a definite
conclusion, to see which one of them is realised, more work needs to be done.
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9 Appendix

9.1 Code for the Siegel ball and Reinhardt Domain
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