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Abstract
The aim of this thesis was to investigate carbon based molecular materials at ﬁrst
principles levels. Special attention has been paid to simulations of X-ray spectroscopies, including near edge X-ray absorption ﬁne structure (NEXAFS), X-ray
photoelectron, and X-ray emission spectroscopy, which can provide detailed information about core, occupied and unoccupied molecular orbitals of the systems under investigation. Theoretical calculations have helped to assign ﬁne spectral structures in high resolution NEXAFS spectra of ﬁve azabenzenes (pyridine, pyrazine,
pyrimidine, pyridazine and s-triazine), and to identify diﬀerent local chemical environments among them. With the help of NEXAFS, the characters of important
chemical bonds that might be responsible for the unique magnetic properties of the
tetracyanoethylene compound has been revealed. Calculations have demonstrated
that X-ray spectroscopies are powerful tools for isomer identiﬁcation and structure
determination of fullerenes and endohedral metallofullerenes. A joint experimental
and theoretical study on metallofullerene Gd@C82 has ﬁrmly determined its equilibrium structure, in which the gadolinium atom lies above the hexagon on the C2
axis. It is found that the gadolinium atom could oscillate around its equilibrium
position and that its oscillation amplitude increases with increasing temperature.
In this thesis, several new computational schemes for large-scale systems have been
proposed. Parallel implementation of a central insertion scheme (CIS) has been
realized, which allows to eﬀectively calculate electronic structures of very large
systems, up to 150,000 electrons, at hybrid density functional theory levels. In
comparison with traditional computational methods, CIS provides results with the
same high accuracy but requires only a fraction of computational time. One of its
applications is to calculate electronic structures of nanodiamond clusters varying
from 0.76 nm (29 carbons) to 7.3 nm (20,959 carbons) in diameter, which enabled
to resolve the long-standing debate about the validity of the quantum conﬁnement
model for nanodiamonds. Electronic structures and X-ray spectroscopies of a
series of single-walled carbon nanotubes (SWCNTs) with diﬀerent diameters and
lengths have been calculated, which have made it possible to interpret the existing
experimental results.
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carbon nanotubes, B. Gao, Z.Y. Wu, H. Ågren, and Y. Luo, Phys. Rev. Lett. to
be submitted.

Paper IX A magic structural factor in hydrogen-terminated nanodiamond clusters, J. Jiang, L. Sun, B. Gao, T.T. Han, Z.Y. Wu, W. Lu, J.L. Yang, and Y. Luo,
Phys. Rev. Lett. submitted.

List of papers not included in the thesis
Paper I A XANES study of proteins adsorbed on single-walled carbon nanotubes, J. Zhong, L. Song, J. Meng, B. Gao, P. Yao, X. Q. Liang, W. S. Chu,
H. Y. Xu, Y. Luo, J. H. Guo, A. Marcelli, S. S. Xie, and Z. Y. Wu, J. Am. Chem.
Soc. submitted.
Paper II Quantum chemistry study of energy band structures of GaAs nano
clusters, T. T. Han, J. Jiang, B. Gao, Y. Fu, and S. M. Wang, in manuscript.

v

Comments on my contribution to the papers included
• I was responsible for the development of the method, for part of the calculations and for the writing of Paper I.
• I was responsible for the calculations and for part of the writing of Papers
II and III.
• I was responsible for the calculations and the writing of Paper IV.
• I was responsible for part of the calculations (especially the quantum chemistry calculations) and part of the writing of Paper V.
• I was responsible for the calculations and for the writing of Papers VI, VII
and VIII.
• I assisted in method development, part of the calculations and the editing of
the manuscript of Paper IX.

vi

Acknowledgments
This thesis could not have reached its present form without the generous help of
many people:
Firstly, if it wasn’t for my supervisor Prof. Yi Luo, who has introduced me to the
marvelous quantum world, who always has great fresh ideas and insightful suggestions, who always shows kindly encouragement and patience with me, none of
this would have happened. What has impressed me also comes from his optimistic
attitude to work as well as ordinary life. His sagacious advices on life have helped
me through some hard time and will be of great beneﬁt to me in the future. Luo,
you are not only my best mentor but also my great friend. Many thanks will also
be given to Luo’s family: Dr. Kezhao Xing, and two kids Linda and Oscar, who
have brought many happy moments during my time here.
There is another important person for making this thesis possible: Prof. Hans
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1
Introduction
The underlying physical laws necessary for the mathematical theory of
a large part of physics and the whole of chemistry are thus completely
known, and the diﬃculty is only that the application of these laws leads
to equations much too complicated to be soluble.
P. A. M. Dirac
From the ﬁrst appearance of Homo Sapiens to the present, the human species has
walked through the Paleolithic, Mesolithic and Neolithic periods, and the civilization eventually came forth with the wake of the Agricultural Revolution. By the
18th century, the accumulation of knowledge and technology, especially in Europe,
ﬁnally reached to the Industrial Revolution. If we pay more attention to the material aspects of the evolution of human history, we may notice that each revolution
was accompanied with new tools and new materials that helped to improve human
lives. Especially over the last few decades, as the human activities have expanded,
many marvelous materials have emerged and more special materials are further
required.

1.1

Carbon Based Molecular Materials

Carbon, the sixth chemical element in the periodic table, is the fourth most abundant element in the universe by mass after hydrogen, helium, and oxygen, the
second most abundant element in the human body by mass (about 18.5%) after
oxygen[1]. It is well-known that carbon can form several distinct types of valence
bonds[2] with diﬀerent atoms (including carbon itself), and therefore numerous
carbon based materials can be formed. The most famous carbon based materials
1
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are diamond and graphite, which exhibit very diﬀerent properties. Diamond is one
of the hardest materials in the world while graphite is so soft that it can be used
to produce pencil writing on paper. Diamond has a large energy gap (comparing with graphite) and a low electric conductivity, while graphite is a very good
metallic conductor. In the recent decades, after the discovery of fullerene C60 in
1985[3] and carbon nanotubes (CNTs) in 1991[4], an entirely new class of carbon compounds, including endohedral metallofullerenes[5], carbon peapod[6], and
carbon nanobud[7], has come forth in the carbon family. These materials display
marvelous mechanical, physical and chemical properties and are believed to have
potential use in many diﬀerent ﬁelds, covering mechanics, optics, and electronics.
The huge abundance and rich properties have made carbon based materials very
important in people’s ordinary lives and in scientiﬁc research. In this thesis, we
mainly focus on theoretical investigations of carbon based molecular materials.
We demonstrate how theoretical studies can provide extremely detailed information about the electronic structures of small molecules that help to understand the
nature of diﬀerent chemical bonds and to design new functional materials. Furthermore, taking the advantage of the powerful supercomputers, new numerical
methods and eﬀective parallel implementations, we have demonstrated the power
of modern computational methods for studying very complicated large systems,
such as carbon nanotubes and hydrogen terminated nanodiamond. We would like
to show that theoretical modeling can not only interpret experimental results, but
also provide rich microscopic information that is not accessible by experiments. It
plays an increasingly important role in modern scientiﬁc research.

1.2

Computational Methods

After the foundations of quantum mechanics were laid during the ﬁrst half of the
twentieth century, it has become possible to understand the behavior of materials
at the atomic level with help of the Schrödinger equation:
b tot Ψ(R, r) = EΨ(R, r),
H

(1.1)

b tot is the Hamiltonian operator for the molecule, E is the total energy
where H
of the molecule, and the wave function Ψ depends on the the nuclear (R) and
electronic (r) coordinates. If we do not consider relativistic eﬀects, the spin-orbit
and spin-spin couplings, the Hamiltonian operator can be written as,
b tot = Tbn + Tbe + Vbne + Vbee + Vbnn ,
H

(1.2)

where Tb indicates the kinetic energy, Vb the potential energy, and n and e are the
indices for the nuclei and electrons, respectively.
2
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Notice that nuclei are much heavier than electrons, and their movements are hence
much slower. The Schrödinger equation (1.1) can therefore to a good approximation be separated into two parts: one describes the electronic wave function at
a ﬁxed nuclear geometry, and the other describes the nuclear wave function in a
potential generated from the electronic wave function. This separation is named
the Born-Oppenheimer (BO) approximation. In this approximation, the nuclei
move on a potential energy surfaces (PES), which are solutions of the electronic
Schrödinger equation[8]:
(
b e Ψe (R, r) = Ee Ψe (R, r),
H
(1.3)
b e = Tbe + Vbne + Vbee + Vbnn .
H
In general, we have to resort to numerical calculations to obtain solutions of the
electronic Schrödinger equation (1.3). The ﬁrst most notably work on multielectron systems was laid by Hartree[9] and Fock[10], known as the Hartree-Fock
(HF) method. This approach leads to a set of coupled diﬀerential equations which
can be reduced to a set of linear equations via the Roothaan-Hall method[11, 12],
and can be solved by the so-called self-consistent ﬁeld (SCF) procedure. The
major fault of HF method is that the electron correlation between motions of electrons of antiparallel spin has been neglected[13]. In order to incorporate electron
correlation, several methods such as conﬁguration interaction (CI), perturbation
methods, coupled-cluster methods have been proposed and implemented, but with
signiﬁcantly increasing computational cost.
Density functional theory (DFT), which was originated from the works of Thomas
and Fermi in the 1920s[14, 15], has become a computationally eﬃcient way to
improve the HF method after the establishment of Hohenberg-Kohn theorems[16]
and the Kohn-Sham formulation of density functional theory (KS-DFT)[17]. From
a computational point of view, the KS-DFT calculation is similar to the HF calculation, using the SCF procedure to obtain the ﬁnal solutions.
Recently, nanostructures of diﬀerent forms have been synthesized in various laboratories around the world. It is expected that such nanomaterials should possess
unique physical and chemical properties that can not be found in the corresponding
bulk materials, owing to the simple fact that in nanomaterials, electrons are often
conﬁned in a ﬁnite region. However, the utilization of these unique properties is
hampered by the lack of detailed understanding of their electronic structures. The
size of nanomaterials are the major problems for both experimental and theoretical
studies. They are relatively too small for conventional experimental characterization techniques. However, they are too large for the aforementioned computational
methods, particularly when nanomaterials lack inﬁnite periodicity. Most ab initio
3
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or ﬁrst principles calculations, such as HF and DFT, have O(N 3 ) or worse scaling behavior. Computational methods with linear-scaling behavior have attracted
great attention in recent years following the ﬁrst proposal of Yang[18, 19].
Using the basic idea of the “divide-and-conquer” scheme[18, 19], we have developed
a central insertion scheme (CIS)[20, 21] which can treat very large-scale systems
at the ﬁrst principles level with good accuracy and low computational cost. This
method is based on the simple fact that for a large enough ﬁnite periodic system,
the interaction between diﬀerent units (fragments) in the middle of the system
should be converged, and consequently those units in the middle become identical.
It is thus possible to elongate the initial system by adding the identical units in the
middle of the system continuously. The SCF steps for the elongated system can be
eliminated whilst keeping high accuracy since the elongated system is obtained by
inserting new units at the center of an already very large initial system. Comparing
to the above traditional computational methods, CIS provides results with the
same high accuracy but only requires a fraction of computational time.
By adopting advanced numerical methods and parallelization techniques, we have
implemented the CIS into a program package named as “BioNano Lego”[22] which
enables us to treat very large nanostructures eﬀectively at a highly sophisticated
level. Examples like electronic structures and X-ray spectroscopies of single-walled
carbon nanotube (SWCNTs) and hydrogen terminated nanodiamond will be presented. It is worth while to mention that the largest SWCNT in our CIS calculations is 200 nm long and contains 16,270 carbon atoms and 97,640 electrons, the
largest nanodiamond treated consists of 20,959 carbon atoms and 131,518 electrons. These are probably the largest systems that have ever been calculated at
the ﬁrst principles levels.

1.3

X-ray Spectroscopy

And God said “Let there be light”, and there was light.
The phenomena of the interaction between light and matter have attracted attention since ancient time. Gaining knowledge via sight may be the most natural and
important way for us. However, the spectral nature of light was not recognized until
1666 when Newton observed the spectrum from a prism, this became the beginning of the science of spectroscopy. According to the energy scale, the spectra are
nowadays divided into nuclear magnetic resonance (NMR) spectroscopy, electron
paramagnetic resonance (EPR) spectroscopy, ultraviolet-visible (UV/VIS) spec4
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troscopy, X-ray spectroscopy, up to Gamma spectroscopy as shown in Figure 1.1.
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Figure 1.1: Sketch of the energy regions in the spectrum.

Our working region in this thesis covers UV/VIS spectroscopy and X-ray spectroscopy, which are directly related to electronic structures of molecules. When
X-ray photons interact with matter, there will be several possible interactions,
such as absorption and scattering as displayed in the top of Figure 1.2.
In this thesis, special focus has been paid on the following excitation and deexcitation processes resulting from the adsorption of X-ray photons. If we only
consider the simple one-electron picture as represented in Figure 1.2, after adsorbing X-ray photons, there is a probability that the core electron can be excited
into an unoccupied level [Figure 1.2(a)] or to the continuum [Figure 1.2(b)]. The
former is known as near-edge X-ray absorption ﬁne structure (NEXAFS) which
is a sensitive technique for determination of unoccupied orbitals and orientation
of molecules[23]. The latter is named X-ray photoelectron spectroscopy (XPS),
which describes the core orbitals of the systems. It is a quantitative spectroscopic
technique to identify various elements and their chemical states in materials. Contrary to XPS, ultraviolet photoelectron spectroscopy (UPS) is limited to energy
levels of valence electrons that can be ionized by ultraviolet photons as shown in
Figure 1.2(d). UPS therefore can provide useful information about the valence
bands of materials.
In high resolution XPS experiments, a series of weak satellites can be observed
at the higher binding energy side of the XPS main lines. These satellites are
usually denoted as XPS shake-up satellites, which result from the simultaneous core
electrons ionization and the valence electrons excitation as shown in Figure 1.2(c).
This technique can monitor the behavior of the valence band in the core hole
potential.
5
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(a) NEXAFS

(b) XPS
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Figure 1.2: Interaction of X-ray photons with matter.

6

(d) UPS

1.4 Readme First

Z

The core-ionized state is not stable, and will be eventually relaxed to the ground
state by either ejecting an electron (the Auger eﬀect) or emitting a photon (X-ray
emission spectroscopy (XES)) as shown in Figure 1.2(e). When the incoming photon energy is tuned to a selected resonance, the core electron will be resonantly excited into an unoccupied level. The valence electrons then simultaneously fall into
the core hole and a photon is emitted. This process, as described in Figure 1.2(f),
refers to the resonant inelastic X-ray scattering (RIXS). XES and RIXS are capable
of investigating the element speciﬁc valence band structures[24–27].
X-ray spectroscopy has been widely used in materials science. Experimental measurements have provided rich information about the chemical and electronic structures of materials. However, owing to the fast development of synchrotron radiation facilities, X-ray spectroscopies can reveal many detailed structures that can
no longer be explained by simple physical and chemical intuition. The complicated
nanostructures have also made it diﬃcult to use the spectral ﬁngerprints generalized from small systems to extrapolate reliable structure information from the
experimental measurements alone. Theoretical simulations have become ever more
important for the ﬁeld. We will summarize theoretical methods that are relevant
to the calculations of above mentioned X-ray spectroscopies and their applications
for various carbon based materials.

1.4

Readme First

This thesis mainly focuses on the ﬁrst principles studies of electronic structures
and X-ray spectroscopies of carbon based molecular materials, and is organized as
follows:
• You may ﬁnd why and how we investigate carbon based molecular materials
in Chapter 1.
• Chapter 2 and Chapter 3 describe computational methods that are used to
simulate electronic structures and X-ray spectroscopies.
• Chapter 4 summarizes the applications of these computational methods to
carbon based molecular materials.
• A future outlook is presented in Chapter 5.
• Finally, if you are really bored, you may go directly to Appendix A in which
I have prepared the “Eight Queens Puzzle”. It could be fun. Anyway, thank
you for being here!
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2
Electronic Structure Calculations
Methods aimed at solving the electronic Schrödinger equation (1.3) are broadly
referred to as “electronic structure calculations”. In this chapter, we ﬁrst describe
two computational methods for electronic structure calculations: Hartree-Fock and
density functional theory. Secondly, we will present the “central insertion scheme”
which can be employed to compute electronic structures of large-scale molecules
eﬃciently.

2.1

Hartree-Fock Theory

Based on Born-Oppenheimer approximation, the motions of electrons can be separated from nuclei, which results in the electronic Schrödinger equation (1.3). Let us
consider a system containing N electrons and M nuclei, if we neglect the nucleusb e can be written as,
nucleus interaction Vbnn , the Hamiltonian operator H
b e = Tbe + Vbne + Vbee
H
N M
N −1 N
N
X
1 2 X X ZA X X 1
+
.
= −
∇ −
2 i
r
r
i=1 A=1 iA
i=1 j=i+1 ij
i=1

(2.1)

b e Ψe = Ee Ψe , the wave function
Except for the electronic Schrödinger equation H
Ψe is also required to satisfy Pauli exclusion principle, which states that the wave
function Ψe must be antisymmetric with respect to the permutation of any two
electrons. The antisymmetric requirement can be satisﬁed by the so-called Slater
9
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determinant:
¯
¯ φ1 (x1 ) φ2 (x1 )
¯
1 ¯¯ φ1 (x2 ) φ2 (x2 )
ΨSD (x1 , x2 , . . . , xN ) = √ ¯
..
..
N ! ¯¯
.
.
¯ φ1 (xN ) φ2 (xN )

···
···
...
···

¯
¯
¯
¯
¯
¯,
¯
¯
φN (xN ) ¯
φN (x1 )
φN (x2 )
..
.

(2.2)

where φi (x) is the molecular spin orbital, composed of spatial orbital and spin
function,
φi (x) = ϕi (r)σi (s), (σi = α, β).
(2.3)
The spatial part ϕi (r) could in principle be constructed by a linear combination
of basis functions:
X
ϕi (r) =
cij bj (r),
(2.4)
j

where cij is the molecular orbital (MO) coeﬃcient, {bj (r)} in deﬁnition is a complete basis set and would require an inﬁnite number of basis functions. However,
in practice, one has to use a ﬁnite number of basis functions, for instance the
Gaussian type orbital (GTOs) function.
For a Slater determinant (2.2), the total electronic energy can be written as,
¯ À
¯
M
N
N
Nσ Nσ
N ¿ ¯
¯
X
1 XX
1 XXX
¯ 1 2 X ZA ¯
(ij|ji), (2.5)
(ii|jj) −
E=
i ¯− ∇ −
¯i +
¯ 2
riA ¯
2
2 σ
i

A

i

j

i

j

where N σ represents the number of the electrons with spin σ, and
Z
ϕp (r1 )∗ ϕq (r1 )ϕr (r2 )∗ ϕs (r2 )
(pq|rs) =
dr1 dr2
r12

(2.6)

is the two-electron integral of molecular orbitals.
The task is now to determine a set of MOs which makes the energy a minimum,
or at least stationary with respect to a change in the orbitals[8]. This leads to the
Hartree-Fock equations,
fˆσ ϕi (r1 ) = ²i ϕi (r1 ),
(2.7)
where fˆσ is the Fock operator for spin σ,
M
N Z
1
1 2 X ZA X
σ
ˆ
ϕ∗j (r2 )ϕj (r2 ) dr2
+
f = − ∇i −
2
riA
r12
j
A
Nσ Z
X
1
ϕj (r1 )
ϕ∗j (r2 )ϕi (r2 ) dr2
−
.
r12
ϕi (r1 )
j
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(2.8)

2.1 Hartree-Fock Theory
Computationally, it may be convenient to use the matrix form of the HF equations,
which can be obtained by multiplying bj (r1 ) on both side and taking the integral,
F σ C σ = SC σ Λσ ,

(2.9)

where F σ is the Fock matrix for spin σ
Z
σ
Fpq

=

bp (r1 )fˆσ bq (r1 )dr1 .

(2.10)

C σ is the coeﬃcient matrix of molecular orbitals for spin σ, and S is the overlap
of basis functions
Z
Spq = bp (r1 )bq (r1 )dr1 .
(2.11)
Λσ is a diagonal matrix containing molecular orbital energies, the occupied orbitals
are those N eigenstates with lower eigenvalues.
By introducing the density matrix Dσ (σ = α, β),
N
X
σ

cσap cσaq ,

(2.12)

Dtot = Dα + Dβ ,

(2.13)

σ
Dpq

=

a=1

and the total density matrix

we can rewrite the Fock matrix as,
σ
Fpq

"M
#
Z
Z
X ZA
1
bp (r1 )∇2i bq (r1 )dr1 − bp (r1 )
= −
bq (r1 )dr1
2
r
iA
A
X£
¤
tot
σ
D (pq|rs) − D (pr|sq)
+
rs

= Tpq + Vpq + Gσpq .

(2.14)

It can be found that the Fock matrix F σ could be constructed from the density
matrix Dσ using Eq. (2.14). In turn, given F σ , the density matrix Dσ could
be determined through Eqs. (2.9) and (2.12). Hence, the HF equations must be
solved iteratively by using the so-called self-consistent ﬁeld procedure as illustrated
in Figure 2.1.
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Get initial density matrix D0V

Compute F V DnV

Determine DnV1

DnV

DnV1 ?

No

Yes
Converged!

Figure 2.1: Illustration of SCF procedure.

2.2

Density Functional Theory

The major weakness of the HF method is that the electron correlation between the
motions of electrons of antiparallel spin has been neglected[13]. One of the most
popular and eﬃcient electron correlation methods is the density functional theory
(DFT).
The density functional theory can be traced back to the works of Thomas and Fermi
in the 1920s[14, 15]. After the establishment of two theorems of Hohenberg-Kohn in
1964[16] and the Kohn-Sham formulation of density functional theory in 1965[17],
DFT has become a very eﬃcient and powerful computational tool for many applications.
The ﬁrst theorem states that “the external potential vext (r) is (to within a constant)
a unique functional of ρ(r)”[16]. According to this theorem, the electronic ground
state energy is expressed as
E0 [ρ0 ] = T [ρ0 ] + Eee [ρ0 ] + Ene [ρ0 ].

(2.15)

The second theorem points out that if ρ(r) is normalized to the number of particles
in the system, then the energy of the system E[ρ] becomes a minimum if and only if
ρ(r) is the true ground state density. According to this theorem, for an N -electron
12
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system, we have
E0 [ρ0 ] ≤ E[ρ] = T [ρ] + Ene [ρ] + Eee [ρ],

(2.16)

where ρ is any trial density.
The two Hohenberg-Kohn theorems form the theoretical foundation for DFT. However, there are still some practical problems to be solved. For example, except for
Ene [ρ0 ], we have no exact expressions for the density functionals of the kinetic and
electron-electron interaction parts. Besides, there is no explicit way to construct
the density in Hohenberg-Kohn theorems. These problems have been partially
solved by Kohn and Sham in 1965[17]. In the KS-DFT scheme, the ground state
density of a real system is approximated by that of a ﬁctitious system with noninteracting electrons, whose wave function can be represented by a Slater determinant. The kinetic part TS [ρ] of this non-interacting system is thus similar to that of
HF theory. An additional correction term T [ρ] − TS [ρ] due to the electron-electron
interaction needs to be considered.
The exact density functional of the classical Coulomb part of the two-electron
interaction is also known as,
Z
ρ(r1 )ρ(r2 )
1
dr1 dr2 ,
(2.17)
J[ρ] =
2
r12
while other non-classical interactions are still unknown. Therefore, in the KS-DFT
scheme, all unknown terms, including the non-classical two-electron interactions
as well as the correction term for the kinetic energy functional, are pulled into an
exchange-correlation functional,
Exc [ρ] = (T [ρ] − TS [ρ]) + (Eee [ρ] − J[ρ]).
The total energy of KS-DFT can be expressed as
Z
KS
E = Ts [ρ] + Vne ρdr + J[ρ] + θK[ρ] + Exc ,

(2.18)

(2.19)

where θ is an empirically parameter which determines the extent of the exact HF
exchange in a hybrid functional, and
Z
Exc = F [ρ(r), ∇ρ(r)]dr.
(2.20)
Therefore, the Kohn-Sham Fock operator can be expressed as,
∂E KS
fˆKS =
∂ρ
1
= − ∇2 + Vne + Jˆ + θK̂ + Vxc
2
= fˆHF + (θ − 1)K̂ + Vxc ,
13
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where
Vxc =

∂Exc ∂Exc ∂∇ρ
+
.
∂ρ
∂∇ρ ∂ρ

The DFT Kohn-Sham matrix F KS can thus be constructed as,
Z
HF
KS
Fpq = Fpq + [(θ − 1)K̂ + Vxc ]bp (r)bq (r)dr.

(2.22)

(2.23)

From a computational point of view, the KS-DFT calculation is similar to the HF
calculation, except for two things: there is a DFT exchange-correlation contribution to the energy (Exc ), and the Fock matrix F HF is replaced by the Kohn-Sham
matrix F KS . But the SCF procedure is still used to obtain solutions of Kohn-Sham
equations.
In practice, the exchange-correlation functional Exc is usually separated into the
exchange and correlation parts,
Exc [ρ] = Ex [ρ] + Ec [ρ].
The exchange energy is deﬁned by[28]
¯ ¯
E
D
¯ ¯ min
− J[ρ],
Φ
V̂
Ex [ρ] = Φmin
¯
¯
ee
ρ
ρ

(2.24)

(2.25)

is the Kohn-Sham determinant, while the correlation energy is taken
where Φmin
ρ
formally as the diﬀerence
¯ ¯
¯ ¯
E
E D
D
¯ min
¯ ¯ min
min ¯
,
(2.26)
Φ
V̂
−
Φ
Ψ
V̂
Ec [ρ] = Exc [ρ] − Ex [ρ] = Ψmin
¯
¯
¯
¯
ee
ee
ρ
ρ
ρ
ρ
is the exact interacting wave function.
where Ψmin
ρ
The major problem in KS-DFT is not knowing what the exact exchange-correlation
functional Exc is. Unfortunately, there is usually no closed form for Exc , approximations have to be made. Hence, how to devise better exchange-correlation functionals has been an important topic throughout the history of DFT.
The simplest functional in use nowadays is developed based on the local density
approximation (LDA). In this approximation, it is assumed that the density locally
can be treated as a uniform electron gas, or equivalently that the density is a slowly
varying function. The exchange energy for a uniform electron gas is given as[8],
Z
4
LDA
Ex [ρ] = −Cx ρ 3 (r)dr.
(2.27)
The correlation energy of a uniform electron gas has been determined by Monte
Carlo methods[29] for a number of diﬀerent densities. In order to use these results
14
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in DFT calculations, it is desirable to have a suitable analytic interpolation formula. This has been constructed by Vosko, Wilk and Nusair[30] and is in general
considered to be a very accurate ﬁt.
Although the LDA is exact for a uniform electron gas and quite accurate for solids,
it is less satisfactory for atoms and molecules[28]. This is because of the fact that
the real electron density is not exactly homogeneous over the entire molecular
system. Trying to solve this problem, the generalized gradient approximation
(GGA) is introduced in which the exchange and correlation energies depend not
only on the electron density, but also on derivatives of the density,
Z
GGA
[ρα , ρβ ]
Exc

=

F (ρα , ρβ , ∇ρα , ∇ρβ )dr.

(2.28)

Recently, the hybrid functional methods have become popular and can usually
give more accurate results. These kinds of functionals, such as the most used
B3LYP[31, 32], are based on the three-parameter hybrid model proposed by Becke
in 1993[31],
Exc = a0 Exexact + (1 − a0 )ExLSDA + ax ∆ExGGA + EcLSDA + ac ∆EcGGA ,

(2.29)

where Exexact is the exact exchange (Hartree-Fock-like exchange), ExLSDA is the
exchange obtained from local spin density approximation (LSDA), ∆ExGGA and
∆EcGGA are gradient correction parts of the GGA exchange and correlation functionals, and a0 , ax , and ac are adjustable parameters[28].

2.3

Central Insertion Scheme

The aforementioned computational methods, such as HF and DFT, have achieved
great success in predicting most molecular properties. However, when we directly
apply these methods to large-scale systems like nanomaterials, the computational
time required becomes unacceptable. This is mainly due to the fact that these
methods have O(N 3 ) or worse scaling behavior. Computational methods with
linear-scaling behavior have attracted great attentions in recent years. Based on
the basic idea of the “divide-and-conquer” scheme[18, 19], we have developed a
“central insertion scheme” (CIS)[20, 21] which can treat very large-scale systems
at the ﬁrst principles levels with good accuracy and low computational cost. In
the following, we will present a brief description of CIS, more details can be found
in Paper I.
15
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2.3.1

CIS Procedure

In general, the most time consuming part in conventional computational methods
is the SCF procedure to obtain the accurate Fock matrix for the system under
investigation as shown in Figure 2.1. Due to the enormous number of electrons
involved in the large-scale systems, the number of integrals needed to be computed
in each SCF iteration is extremely huge. It could be expected that the computational time can be signiﬁcantly reduced if the number of SCF iterations decreases.
One feasible way to reduce the number of SCF iterations is to obtain a good initial
guess which is close to the ﬁnal result. This is what CIS aims to achieve: providing
a better initial guess.
The CIS procedure is quite straightforward. Take one-dimensional system as an
example, we ﬁrst do the conventional electronic structure calculations for an initial
S
system L + ni=1 Ui + R as shown in Figure 2.2(a), which should be at least partly
periodic and large enough to have well-converged middle parts. We then make
another system which is identical with the ﬁrst one but that is mismatched by
exactly one unit as described in Figure 2.2(b), this is usually can be achieved by
performing a screw operator {S(l)|t(l)} on the ﬁrst system,
x0 = {S(l)|t(l)}x,

(2.30)

where x and x0 are the position vectors of atoms in the ﬁrst and second systems,
respectively. S(l) and t(l) are the rotation and translation operators along a
symmetrical axis l1 .
S
S
0
large
Note that units ni=2 Ui and n−1
i=1 Ui are exactly the same, then a new and
Sn
system containing n + 3 units can be obtained by combining units L, U1 , i=2 Ui
Sn−1 0
(or i=1
Ui ), Un0 and R0 as displayed in Figure 2.2(c). This process can also be
viewed as inserting a new unit at the center of the initial system.
The way of constructing the Fock/Kohn-Sham matrix of the new system follows
the same process as for the geometrical structure. As shown in Figure 2.2(d),
we divide the Fock/Kohn-Sham matrices of the ﬁrst and second systems into
(n + 2) × (n + 2) sub-matrices, denoted as (L, Ui , R) and (L0 , Ui0 , R0 ), respectively.
Then we enlarge these two matrices by adding zero sub-matrices to the end parts
of each matrix. Thus, by putting these two systems together with one unit
mismatched, a new (n + 3) × (n + 3) matrix (L00 , Ui00 , R00 ) with the structure of
It can be proved that[21] the Fock/Kohn-Sham matrix F 0 of the second system can be
obtained via several matrix multiplications without redo electronic structure calculations: F 0 =
S 0 RC (S −1 F )(RC )T , where F and S are the Fock/Kohn-Sham and overlap matrices of the ﬁrst
system, S 0 is the overlap matrix of the second system, and RC is the rotation matrix for coeﬃcient
matrices of molecular orbitals.
1
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Geometry
L

U1 U 2 ... ... U n2 U n2 1 ... ... U n 1 U n R

(c)

(a)

(b)

Lcc U1cc U 2cc

... ...

U ccn U ncc1 U ncc 2
2

2

... ...

2

U ncc U ncc1 Rcc

Lc U1c U 2c ... ... U n2c U n2c 1 ... ... U nc1 U nc Rc

Fock/Kohn-Sham matrix

Lcc U1cc U 2cc ... ... ... U ncc U ncc1 Rcc

(d)

L
U1
U2

0

Lc
U1c

... ...

... ...
Un
R

(e)

U nc1
U nc
Rc

0
Lc U1c ... ... U nc 1 U nc Rc

Lcc
U1cc
U 2cc

0

... ... ... ...

L U1 U 2 ... ... U n R

U ncc
U ncc1
Rcc

0

Figure 2.2: (a) and (b): schematic drawing of the geometry for the two mismatched
n + 2 units systems. Their Fock/Kohn-Sham matrices are given in (d). The geometry
and Fock/Kohn-Sham matrix of the new and large n + 3 units system are given in (c)
and (e), respectively.
00
(i and j
Figure 2.2(e) is obtained for the new system. The new sub-matrix Fi,j
00
00
00
run over units L , Ui and R ) can be computed through the following relationship,
00
=
Fi,j

0
αi αj Fi,j + αi−1 αj−1 Fi−1,j−1
,
αi αj + αi−1 αj−1

(2.31)

0
are the sub-matrices of the ﬁrst and second systems. The
where Fi,j and Fi−1,j−1
parameter α is a weighting factor depending on the system under investigation.
In the current thesis, we determine it according to the distance di between unit i
and the center of mass of the initial system,

½

αi = 1, di ≤ d0 ,
αi = ², di > d0 ,

(2.32)

where d0 is a threshold which depends on the investigated system, while ² is a
small fraction number.
As shown in Figure 2.2(e), there are still some matrix elements that can not be
generated by the combination of two sub-systems. Since these elements represent
00
+R00 as described
the long-range interaction between the two ends [L00 +U100 and Un+1
in Figure 2.2(e)] of the system, we can simply set them to zero without loss of
17

2 Electronic Structure Calculations
accuracy (see Chapter 2.3.2 or Paper I for details). By repeating this central
insertion process, even larger systems can be constructed.
With these new Fock/Kohn-Sham matrices one can obtain molecular orbital energies and wave functions of the large-scale systems with high accuracy. Moreover, we
should mention that the CIS procedure does not restrict in one-dimensional case,
the central insertion processes of geometrical structure and Fock/Kohn-Sham matrix can be applied along any diﬀerent directions as shown in Chapter 4.5, Papers
I and IX.

2.3.2

Approximations and Error Control

The CIS procedure relies on two key approximations[20],
1. The central parts of a large enough system are assumed to have converged
electronic structures. For instance, in the middle of the system as described
in Figure 2.2(a), the wave function, charge density as well as the Hamiltonian
of the unit U n2 is approximately the same as that of unit U n2 +1 .
2. The long range (e.g., > 20Å) interaction between atoms can be neglected.
00
+ R00 as
For example, the interaction between two ends [L00 + U100 and Un+1
described in Figure 2.2(e)] of the system can be set as zero without loss of
accuracy.
Hence, there are two possible errors in the CIS procedure. One arises from that
we approximate the interaction between two units with short range in the new
system as that of the initial system (this kind of error is named as δ 0 ), and the
other is because we neglect the long range interaction between each unit (named
as δ 00 ). Let F be the true Fock/Kohn-Sham matrix of the new system and Fe be the
Fock/Kohn-Sham matrix obtained from the CIS procedure, then the error matrix
∆ is


δL,L δL,1 ... δL,n δL,R

 δ
 1,L δ1,1 ... δ1,n δ1,R 


(2.33)
∆ = Fe − F =  ...
... ... ...
...  ,


 δn,L δn,1 ... δn,n δn,R 
δR,L δR,1 ... δR,n δR,R
00
0
is the total error.
+ δi,j
where δi,j = δi,j

e and u
e be the eigenvalue and eigenvector of Fe, and the Euclidean norm of
Let λ
e u = Fu
e satisﬁes ke
e − λSe
e − Feu
e be the residual vector.
vector u
uk2 = 1. Let r = F u
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Then there exists an eigenvalue λ of F such that[33],
e ≤ krk2
|λ − λ|
e − Feu
ek2
= kF u
= k∆e
u k2
≤ k∆k2 ke
u k2
= k∆k2
= ρ(∆),

(2.34)

where ρ(∆) is the spectral radius of ∆.
An approximated estimation of ρ(∆) can be obtained using Gerschgorin’s theorem[33]
ρ(∆) ≤ max
i

X

|δi,j | = k∆k∞ ,

(2.35)

j

where k∆k∞ is the inﬁnite norm of matrix ∆.
From Eq. (2.35), it can be concluded that if a large enough system whose central
parts have converged interaction energies among them has been chosen as the
initial structure, the insertion of a new unit at the center of the initial structure
would hardly aﬀect the convergence and consequently reduce remarkably the errors
caused by the above two approximations.
We should mention that the whole purpose of error control is to ensure that the error will not be cumulative with increasing the size of the system. Take diamondoid
(nanometre-sized diamond molecules) as an example, we ﬁrst choose a so-called D8
nanodiamond, C323 H196 (see Paper I for details) as an initial system to perform
electronic structure calculations at B3LYP/STO-6G level using the GAUSSIAN
03 program[34]. By performing the CIS calculation, we have obtained the energy
gap between the highest occupied molecular orbital (HOMO) and lowest unoccupied molecular orbital (LUMO) of D10 (C669 H324 ) as 7.878 eV. Meanwhile, a full
quantum chemical calculation has also been carried out for D10 diamondoid, and
the HOMO-LUMO gap is found to be 7.853 eV, which is about 0.025 eV smaller
than that of the CIS result. Using Eq. (2.34), we obtain the upper bound of
e within the CIS calculations
e − Feu
ek2 = k∆e
the error kF u
uk2 for each eigenvalue λ
for D10 . For HOMO (-1.697 eV) the value of k∆e
uk2 is 0.096 eV while it is 0.098
uk 2
eV for LUMO (6.181 eV). The maximal deviation k∆e
of all the orbitals is less
e
λ
than 6%. It thus indicates that the D8 is already a quite good initial system for
constructing even larger ones. With the error control, one can always ﬁnd the best
initial system for CIS procedure to ensure the accuracy of large-scale systems.
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Furthermore, we have also proposed several numerical veriﬁcations as described in
Paper I, to verify the two aforementioned approximations and to choose a suitable
initial system.

2.3.3

Numerical Techniques and Codes

Notice that the elongated system is obtained by inserting new units at the center
of an already very large initial system, the SCF steps for the elongated system can
thus be eliminated whilst keeping high accuracy. What one only needs to consider
is the so-called generalized eigenvalue problem
F c = Scλ,

(2.36)

where λ and c are the eigenvalue and eigenvector, respectively.
To obtain all eigenvalues and eigenvectors of Eq. (2.36) is time-consuming and
even not feasible for large-scale systems. Moreover, we usually just concern with
a few eigenvalues around a speciﬁc number σ. For that, we can use the spectral
transformations[35],
F c = Scλ ⇔ (F − σS)c = Sc(λ − σ).

(2.37)

Thus

1
,
λ−σ
which has transferred Eq. (2.36) into the standard eigenvalue problem.
(F − σS)−1 Sc = νc, where ν =

(2.38)

For large-scale eigenvalue problems, there usually exist three main techniques:
Krylov subspace methods, moment-matching approaches and Padé approximations[36].
In this dissertation, we have used a category of Krylov subspace methods – the
implicitly restarted Arnoldi method[35, 37, 38] which reduces the storage and
computational requirements a lot, and which is suitable for large-scale eigenvalue
problems.
The CIS has been implemented in an eﬃcient tool package named as “BioNano
Lego”[22] using the above numerical methods and eﬀective parallelization techniques. This tool package is divided into four parts as described in Figure 2.3.
With ten computer nodes, we have tested the eﬃciency of the “BioNano Lego”
package. It only takes 14 minutes wall time to compute 40 eigenvalues of 200-nm-long
SWCNT(5,5) and computationally achieves linear-scaling with respect to the molecular size. The computation of 40 eigenvalues for a three dimensional diamondoid
20
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Step 2 (parallel)

Step 1 (sequential)

1. Compute F matrices of translated and
rotated system:

1. Check the convergence of initial system
2. Obtian overlap S0 and F0 matrices
3. Calculate S01 F0

Fi

Si RCi S 01 F0

RCi

T

, i 1, 2," , N

Step 3 (parallel)

Step 4 (parallel)

1. By using the "centeral insertion scheme" to
XXgenerate a large cluster
2. Combine Fi i 0,1," N into a new
N
matrix FCIS of this large system
3. Compute the overlap matrix S N of this large
XXsystem

1. By using PARPACK, SuperLU DIST
and Sparse BLAS package to compute a
few eigenvalues/eigenvectors of the
problem:
N
N
N
N
FCIS
CCIS
S N CCIS
/CIS

Figure 2.3: Flow chart of BioNano Lego V2.0 tool package.

ball of 7 nm in diameter costs about 189 minutes wall time. It thus becomes possible to study electronic structures of nanomaterials containing more than 100,000
electrons at ﬁrst principles levels with good accuracy and low computational cost.
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3
Simulations of X-ray
Spectroscopies
X-rays were discovered in 1895 by Wilhelm Conrad Röentgen who received the
ﬁrst Nobel Prize in physics in 1901 for his discovery. X-ray spectroscopy, such
as NEXAFS, XPS, XES and RIXS as described in Figure 1.2, is a category of
spectroscopic techniques which uses X-ray excitation to determine the electronic
structure of materials. Experimentally, much eﬀort has been made to employ X-ray
spectroscopy to explore the properties of diﬀerent materials. Hence, theoretical
methods that can provide direct comparison with experimental spectra become
very valuable. In the following, we will summarize the theoretical methods used
to simulate the aforementioned X-ray spectroscopies.

3.1

Near-edge X-ray Absorption Fine Structure

The photoabsorption transition probability for a transition from an initial state
|ii to a ﬁnal state |f i driven by a harmonic time-dependent perturbation V (t) =
V̄ e−iωt is governed by the Fermi Golden Rule[23]:
Pi→f =

2π
|hf |V̄ |ii|2 %f (E),
h̄

(3.1)

where V̄ is the operator describing the interaction between radiation and matter,
%f (E) is the energy density of ﬁnal states.
The dominant perturbative term describing the interaction of spinless particles of
charge −e and mass m with an electromagnetic ﬁeld is[23]
e
V (t) =
A · p,
(3.2)
mc
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P
where p = pi is the sum of the linear momentum operators of the electrons, A
is the vector potential, and can be written in the form of a plane electromagnetic
wave,
¢
A0 ¡ i(k·r−ωt)
(3.3)
e
+ e−i(k·r−ωt) ,
A = eA0 cos(k · r − ωt) = e
2
where k is a wave vector, ω is a frequency, and e is a polarization unit vector.
Substituting (3.2) and (3.3) into (3.1), and noticing that only the time dependent
term e−iωt in (3.3) causes transitions that absorb energy, the transition probability
could thus be expressed as,
Pi→f =

πe2
A2 |hf |eik·r e · p|ii|2 %f (E).
2h̄m2 c2 0

(3.4)

By considering the dipole approximation1
e−ik·r =

∞
X
(−i)n
n=0

n!

(k · r)n ≈ 1,

(3.5)

the expression for transition probability could be further simpliﬁed (in the momentum operator representation):
Pi→f =

πe2
A2 |hf |e · p|ii|2 %f (E),
2h̄m2 c2 0

(3.6)

or in the position operator representation:
Pi→f =
where r =

P

πe2 ω 2 2
A |hf |e · r|ii|2 %f (E),
2h̄c2 0

(3.7)

ri is the sum of coordinate operators of the electrons.

An important quantity related to photoabsorption is the cross section σ, which is
deﬁned as the number of electrons excited per unit time divided by the number of
incident photons per unit time per unit area[39]. Within the dipole approximation,
the absorption cross section takes the form[23]:
σ=

4π 2 h̄2 e2 1
|hf |e · p|ii|2 %f (E).
m2 h̄c h̄ω

(3.8)

The intensity of the resonances in NEXAFS is expressed by the oscillator strength
f , which is the energy integral of the photoabsorption cross section[40]:
f=

2
|hf |e · p|ii|2 ,
mh̄ω

(3.9)

λ
This important approximation assumes that k · r ¿ 1 or |r| ¿ 2π
, where λ is the X-ray
wavelength. Such an approximation works well for the soft X-ray radiation but can break down
in the hard X-ray region.
1
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or in the position operator representation:
f=

2mω
|hf |e · r|ii|2 .
h̄

(3.10)

The total oscillator strengths satisfy some important sum rules, the best known of
which is the Thomas-Reiche-Kuhn sum rule. It states that the sum of the total
oscillator strengths for all the possible transitions for a given electron, in an atom
or a molecule, is unity. It then follows that the total oscillator strength for the
electronic excitation of an atom or molecule is equal to the number of electrons N
in the atom or molecule[23].
In the following, let us for simplicity assume that the X-rays are linearly polarized
and the molecules are randomly oriented with respect to the polarization direction
e. The photoabsorption cross section is then obtained by an average over all
molecular directions, and from Eq. (3.8) we obtain,
ª
%f (E) 1 ©
|hf |px |ii|2 + |hf |py |ii|2 + |hf |pz |ii|2
h̄ω 3
%f (E) 1
= C
|hf |p|ii|2 ,
h̄ω 3

σ = C

(3.11)

where the constant C = 4π 2 h̄e2 /m2 c. Hence, we can only discuss the dipole matrix
element in the following,
Dif = hf |p|ii.
(3.12)
It is known that a “better” wave function describing the initial and ﬁnal electronic
states could be obtained by the expansion of series of Slater determinants, the
so-called conﬁguration interaction method. However, in many cases[23], we can
assume that single Slater determinants Ψi (N ) and Ψf (N ) can be used for the
description of the initial and ﬁnal electronic states, respectively.
Another assumption that we may need to simplify the calculation of the matrix
element Dif is known as the sudden approximation. It states that the electronic
transition has a strongly “one-electron” character and that the primary excitation
event is rapid or “sudden” with respect to the relaxation times of the other “passive”
electrons. It thus enables us to separate the initial and ﬁnal state wave functions
into an “active” one-electron and a “passive” multi-electron part, and the transition
matrix element becomes[23]
Dif = hΨf (N )|

N
X

pk |Ψi (N )i

k=1

= hχf |p1 |φ1 ihΨf (N − 1)|Ψi (N − 1)i + . . . .
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Here φ1 is the orbital from which an electron is excited, χf the wave function of
the excited electron, and the functions Ψi (N − 1) and Ψf (N − 1) are the passive
N − 1 electron remainders in the initial and ﬁnal states. The higher-order terms
(denoted as . . . ) which are associated with excitations of one or more of the “passive” electrons”[23] have been neglected. The overlap term hΨf (N − 1)|Ψi (N − 1)i
is always less than but close to 1 (' 0.7 − 0.9)[41], and could be further omitted
within the so-called active electron approximation,
Dif = hχf |p1 |φ1 i.

3.1.1

(3.14)

Final State Rule

In the calculation of the absorption and emission spectra, we also make use of the
ﬁnal state rule, which was developed by von Barth and Grossman in 1979[42] for
the calculation of the XES spectra of simple metals. The ﬁnal state rule states
that accurate absorption and emission spectra of simple metals could be obtained
by considering ﬁnal state wave functions of the processes, i.e., the ground state
for the emission2 , and the core excited state for the absorption[42, 43]. Recently,
this ﬁnal state rule has been generalized to ﬁnite molecular systems by Privalov,
Gel’mukhanov, and Ågren[44, 45].

3.1.2

Koopmans’ Theorem

In order to describe an absorption spectrum, two important quantities need to
be considered: transition energies and transition intensities. Koopmans’ theorem
provides a simple way to calculate the ionization potential (IP) of an occupied
electronic orbital. It states that the IP of an electronic energy level is equal to
the orbital energy taken with the positive sign. The Koopmans’ theorem can be
proved rigorously by assuming that the orbitals do not relax when an electron is
added or removed. For instance, in the HF method, the energy of an N electron
system in the ground state, and its energy after removal of one electron from the
k-th orbital, can be written as,
EN =

N
X
i

k
EN
−1

=

N
−1
X
i

1X
hi −
(Jij − Kij ) + Vnn ,
2 ij

(3.15)

N −1
1X
(Jij − Kij ) + Vnn ,
hi −
2 ij

(3.16)

N

2

The ﬁnal state for the XES process is actually a valence hole state, but in these calculations
the valence relaxation is neglected.

26

3.1 Near-edge X-ray Absorption Fine Structure
where hi is the one-electron Hamiltonian of the system, J and K are the Coulomb
and exchange operators, respectively, and Vnn is potential energy of the nuclei.
k
The diﬀerence between EN and EN
−1 is:

EN −

k
EN
−1

= hk +

N
X

(Jki − Kki ) = ²k ,

(3.17)

i=1

where ²k is the orbital energy.

3.1.3

∆Kohn-Sham Calculations

The major assumption of Koopmans’ theorem is that the electron relaxation of the
remaining electrons is neglectable. However, in the case of X-ray absorption, the
presence of a core hole results in large electron relaxation. Hence, the IP of a core
electron is not computed based on Koopmans’ theorem. Another sophisticated
but straightforward method, ∆Kohn-Sham (∆KS) approach, has been employed
to give more accurate IP values. In the ∆KS scheme, we ﬁrst optimize the total
energy of the system in ground state, and then re-optimize the N − 1 electron
system after the core ionization[46]. The IP is given by the energy diﬀerence
between the energy optimized core ionized and ground states. The same type of
procedure in the HF method is referred to as ∆SCF.
Other transition energies, such as the transition from the 1s level to the lowest
unoccupied molecular orbital can also be evaluated via the ∆KS method. However,
because it is somewhat cumbersome to carry out, in practice, we usually make use
of other computational methods to obtain the absorption spectra, such as Slater’s
transition potential method and the equivalent core hole method as will discuss
below.

3.1.4

Slater’s Transition Potential Method

The transition potential (TP) concept was originally introduced by Slater[47], and
further improved into diﬀerent computational frameworks. The TP method could
overcome the problem of calculating all the ionization and transition energies by
the ∆KS method. The IP Eb (l) of the l-th orbital in the TP method is computed
as the derivative of the total energy E0 with respect to the orbital occupation
number nl . To take into account the relaxation, the IP could be approximated
by calculating the derivative at the point corresponding to the occupation number
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nl = 0.53 ,

¯
∂E0 (nl ) ¯¯
,
Eb (l) = −
∂nl ¯nl =0.5

(3.18)

The procedure can also be carried out by choosing the occupation number nl = 0
which is referred to as the full core hole (FCH) potential method. The full core
hole eﬀect becomes important to generate accurate NEXAFS spectra for fullerene
molecules[48].
In the TP method, the initial and ﬁnal states are computed in a single KS calculation, and a double basis set technique is employed. During the calculation, the
molecular wave function is ﬁrstly optimized by a normal orbital basis set, and is
later augmented by a larger diﬀuse basis set (19s,19p,19d) on the core excited atom
in order to obtain a proper representation of the relaxation eﬀect. The oscillator
strengths are derived from the dipole matrix of the set of orthogonal vectors obtained. The transition energies are computed by summing the IP to the set of KS
eigenvalues. To simulate the continuum part of the NEXAFS spectrum, a Stieltjes
imaging technique is used[49, 50] above the IP.
In practice, the calculated NEXAFS spectra from the TP method are usually
calibrated by the ∆KS calculations: the ﬁrst spectral feature corresponding to
the transition from the 1s level to LUMO coincides with the same one obtained
from the ∆KS method. The IPs are also calculated in the ∆KS scheme where the
energy is taken as the diﬀerence between the ground state and the fully optimized
core-ionized state.

3.1.5

Equivalent Core Hole Method

Another computationally cheap way to simulate NEXAFS spectra is the so-called
equivalent core hole (ECH) approximation, or the Z + 1 approximation, in which
the core excited atom is substituted by the following atom in the periodic table,
and a positive charge has been added to keep the number of electrons unchanged.
In Figure 3.1, we present the simulated NEXAFS spectra of the C60 molecule based
on the Z + 1 approximation at diﬀerent theoretical levels. Similar with the TP
method, we also need to perform calibrations for the spectra obtained from the
Z + 1 approximation. In the case of C60 , we have calibrated the spectra so that
the excitation energy from the 1s level to LUMO coincides with the same one
3

The relaxation to second order has been taken into account by choosing nl = 0.5. In fact,
higher-order corrections can also be accounted for by taking the derivative in Eq. (3.18) at a
diﬀerent nl value[23].
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(284.55 eV) obtained from the ∆KS method[48]. During the calculations, the 631G basis set has been used for non-excited carbon atoms, the IGLO-III basis set of
Kutzelnigg, Fleischer, and Shindler[51] has been used for the substituted nitrogen
atom (core excited carbon atom). The NEXAFS spectra are ﬁnally generated by
a Lorentzian convolution of the discrete intensities with varying broadening. For
the region below the IP, the full width at half maximum (FWHM) is 0.4 eV, for
the next 5 eV the FWHM is linearly increased up to 2.0 eV and at higher energies
a constant FWHM of 2.0 eV is applied.

A

Intensity (arb. units)

B

C
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D

Exp.

HF

LSDA

BP86
B3LYP
282

284

286

288

290
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Energy (eV)

Figure 3.1: Simulated NEXAFS spectra of C60 molecule using the Z + 1 approximation.
The experimental spectrum is taken from Ref. [24].

From this ﬁgure, we can see that the HF method gives the worst result mainly,
which we refer to the lack of correlation eﬀects. B3LYP, however, gives the best
match with the experiment among all functionals, in particular, the intensities of
peaks around 286 eV have been improved. Therefore, we expect that the Z + 1
approximation at the B3LYP level could provide good description of NEXAFS
spectra of carbon compounds with low computational cost. The NEXAFS spectra
of SWCNTs with diﬀerent sizes have been simulated using the Z +1 approximation
as demonstrated in Paper VIII.
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3.2

X-ray Photoelectron Spectroscopy

X-ray photoelectron spectroscopy is based on the photoelectric eﬀect, in which
a core electron is photoionized as shown in Figure 1.2(b). XPS is a quantitative
spectroscopic technique to measure the elemental composition and chemical state
of the elements in a material. A computationally cheap way to generate XPS
spectra is simply by a convolution of diﬀerent IPs obtained from ∆KS calculations,
as demonstrated in Paper IV.
In high resolution XPS experiments, a series of weak satellites can be observed
at the higher binding energy side of the XPS main lines. These satellites are
usually denoted as XPS shake-up satellites, which result from the simultaneous core
electrons ionization and the valence electrons excitation as shown in Figure 1.2(c).
Recently, Brena et al. have proposed a new approach to calculate the shake-up
satellites, the equivalent core hole time-dependent density functional theory (ECHTDDFT)[52, 53], in which the core hole has been approximated by the equivalent
core. The valence excitations in the presence of the core hole are computed by using
TDDFT calculations within the Z + 1 approximation. Within ECH-TDDFT, a
two-step model[53] has been adopted. In the ﬁrst step, a core electron is emitted
by the X-ray photon and left with a core hole, which is approximated by the
equivalent core. In the second step, the electron excitations between a valence
and a virtual orbital occur in the presence of the core hole which is approximated
as the equivalent core. Therefore, for the N -electron system, the n0 -th ﬁnal state
after the second step can be written as,
Ψf n0 (N ) =

X

(n)

an0 n ψf (N ),

(3.19)

n

where an0 n is the CI expansion coeﬃcients which can be obtained from TDDFT cal(n)
culations. ψf (N ) is the so-called excited“conﬁguration state functions”(CSF)[54],
(0)

and ψf (N ) is the determinant of the positive charged equivalent core system in
the Z + 1 approximation.
The intensity ratio of the n0 -th XPS shake-up peak to the main peak is thus[54],
P
| n an0 n Sn |2
I(n0 )
' P
.
I(0)
| n a0n Sn |2

(3.20)

(n)

Here Sn is the overlap between the ground state ψg (N ) and the CSF ψf (N ). As(n)

suming a valence orbital i has been excited into a virtual orbital j in ψf (N, i → j),
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then

(n)

Sn = hψf (N, i → j)|ψg (N )i,
¯ 0
¯ h1 |1i . . . h10 |ii . . .
¯
¯ h20 |1i . . . h20 |ii . . .
¯
¯
...
...
...
¯ ...
= ¯ 0
0
¯ hj |1i . . . hj |ii . . .
¯
¯ ...
...
...
...
¯
¯ hN 0 |1i . . . hN 0 |ii . . .

h10 |N i
h20 |N i
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¯
¯
¯
¯
¯
¯
¯
¯,
¯
¯
¯
¯
¯

(3.21)

where the abbreviated notation hj 0 |ii = hφ0j |φi i is one-electron orbital overlap
integral.
Based on the above formula, we can see that the intensity of a shake-up transition is proportional to the overlap between the ground and ﬁnal states, while the
excitation energy of a shake-up state is related to the optical excitation energy of
a core-ionized system (or the positive charged equivalent core system in the Z + 1
approximation)[53]. Therefore, the XPS shake-up processes could give detailed
information on the valence band in the presence of core hole.
However, large-scale systems present great challenge for the TDDFT calculations.
Taking fullerene C60 as an example, in order to assign all the low energy shake-up
satellites structures which usually locate within 10 eV of the main line, thousands
of excited states are needed to be computed, which is not feasible for the TDDFT
calculations at present. For even larger systems like carbon nanotubes, this is
clearly out of the questions with the present computational facilities. By noticing
that the dominated excitation in shake-up is often from one particular excitation
channel (see Paper VI for details), we can thus speculate that there is only a
single excitation for each ﬁnal state, which can be determined by the orbital-orbital
transition from the equivalent core hole Kohn-Sham (ECH-KS) density functional
theory approach. The ECH-KS approach can greatly improve the eﬃciency of
simulations of shake-up satellites, and makes itself be a feasible way to simulate
the shake-up satellites for large-scale systems at a high theoretical level.
The validity and applicability of ECH-KS method have been well demonstrated
in Paper VI via the simulations of shake-up satellites of carbon fullerenes and
nanotubes, which is probably the largest system that have ever been calculated at
ﬁrst principles levels.
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3.3

Ultraviolet Photoelectron Spectroscopy

For large molecules, accurate descriptions for their UPS spectra seem to be very
diﬃcult. In this thesis, the simulation of UPS is based on the Gelius model[55, 56],
which may be the only feasible model for large systems. The usefulness of the
Gelius model for UPS has been well documented[27, 55–58].
Based on (a) Born-Oppenheimer approximation, (b) the sudden approximation,
(c) the plane wave approximation for the free electron and (d) the photoionization
cross section of the j-th molecular orbital should be independent of the interatomic
shape of the molecular orbital and should be expressed as a sum of atomic terms,
i.e.,
X
σAj ,
(3.22)
σjMO =
A

Gelius[55, 56] proved that the intensity of the j-th molecular orbital IjMO for photoelectron spectroscopy could be written as follows
IjMO ∝

X

PAλj

A,λ

AO
σAλ
.
σAAO
λ
0 0

(3.23)

Here PAλj is the gross atomic population on atom A from the atomic Aλ orbital
in the j-th molecular orbital
X
PAλj = Cλj ,j
Cλ0j ,j Sλ0j ,j .
(3.24)
λ0j
AO
σAλ
is the atomic Aλ subshell photoionization cross section that could be obtained
from Ref. [59] and σAAO
is the photoionization cross section of a particular atomic
0 λ0
subshell A0 λ0 .

3.4

X-ray Emission Spectroscopy

In X-ray emission spectroscopy, it is often accepted to separate the ionization
and the emission events, as the ionization does not pose further conditions to the
electron decay. The transition probability of XES can be evaluated as[60]:
¯D ¯X ¯ E¯2
¯
¯
¯
3¯
(3.25)
rk ¯ Ψf ¯ ,
I ∝ E ¯ Ψi ¯
where E is the transition energy, Ψi and Ψf are the initial core-hole state and ﬁnal
valence hole state, respectively.
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Eq. (3.25) could be further simpliﬁed if we just the one-electron transition rk
between the core-hole orbital and the k-th occupied orbial:
I ∝ E 3 |hφcore hole |rk |φk i|2 .

(3.26)

According to the ﬁnal state rule in Chapter 3.1.1, the emission spectra could
be obtained by considering the ﬁnal state wave functions, which is actually a
valence hole state but could be approximated as the ground state. This means
that φcore hole and φk in Eq. (3.26) are evaluated in the neutral ground state, the
valence relaxation is thus neglected.

3.5

Resonant Inelastic X-ray Scattering

The resonant inelastic X-ray scattering process can be considered as a quasisimultaneous two-photon absorption-emission process, whose cross section is expressed by the Kramers-Heisenberg scattering amplitude[61, 62]:
¸
·
X
(dνk · e1 )(e2 · dkn (ν)) (e2 · dνk )(dkn (ν) · e1 )
0
+
Fνn (ω, ω ) =
.
αωνk ωnk (ν)
0+ω
ω
−
ω
ω
νk + iΓνk
νk
k
(3.27)
1
Here, we have used atomic units (h = me = e = 1, α = 137
). The indices k
represent a core level, n a valence occupied level, and ν an unoccupied level. dνk
describes the probability for the absorption (k → ν) and dkn (ν) the probability
for the emission (n → k) transitions. The remaining terms ω and ω 0 and e1 and
e2 are the frequencies and the polarization vectors of the incoming and emitted
photons. Γνk is the lifetime of the intermediate state.

The ﬁrst term in [· · · ] of Eq. (3.27) is also denoted as the resonant anomalous
scattering term, and is responsible for a resonance in case ω equals ωνk . The second
term, the non resonant scattering term, is important only far from resonance and
can therefore be neglected at resonance. The diﬀerential cross section of RIXS for
scattering in a solid angle is[24, 25, 63],
X X ω0
d2 σ
=
|Fνn (ω)|2 ∆(ω − ω 0 − ωνn , Γνn ),
dω 0 dΩ
ω
ν
n

(3.28)

where dΩ is the solid angle of photon scattering, ωνn is the resonant frequency of
the optical transition n → ν and Γνn is the ﬁnal-state life time broadening. The
∆ function can be written as
∆(ω, Γ) =

π(ω 2
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Γ
.
+ Γ2 )

(3.29)
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Eq. (3.28) describes the X-ray ﬂuorescence spectra excited by monochromatic
X-ray beams. To describe a realistic experimental situation, we must consider the
convolution[24, 25, 63]
Z
d2 σ
dσ(ω 0 , ω0 )
= dω 0 Φ(ω − ω0 , γ)
(3.30)
dΩ
dω dΩ
of the diﬀerential cross section with the incoming photon distribution function
Φ(ω − ω0 , γ) centered at frequency ω0 . A simple Gaussian form is usually used to
represent the incoming photon distribution function in numerical simulations[25]
#
" µ ¶
r
2
1 ln 2
Ω
ln 2 ,
(3.31)
Φ(Ω, γ) =
exp −
γ
π
γ
where γ is the half width at half maximum (HWHM).
Notice that the lifetime broadening, Γνn , of the optical transition n → ν is negligibly small in comparison with the width of X-ray transitions Γνk . This allows us
to use Γνn = 0 and to replace the ∆ function in Eq. (3.28) by the Dirac δ-function
δ(ω − ω 0 − ωνn ) and the convolution of Eq. (3.30) thus becomes[24, 63]
dσ(ω 0 , ω0 ) X ω 0
=
|Fνn (ω)|2 Φ(ω 0 + ωνn − ω0 , γ),
(3.32)
dΩ
ω
νn
which is restricted only by the width γ of the spectral function Φ of incoming
X-rays and the instrumental resolution.
According to the energy conservation law reﬂected by the δ(ω − ω 0 − ωνn ) function,
the frequency ω 0 of the emitted X-ray photons exhibits a Raman shift (or Stokes
shift) relative to the frequency ω of the incoming photon:
ω 0 = ω + ωνn ,

(3.33)

where ωνn is the frequency of the transition n → ν.
For samples in gas or solution phases it is necessary to average the cross section
(3.32) over all molecular orientations. This is equivalent to averaging the quantity
|Fνn (ω)|2 which we now consider. Luo et al.[24, 63] have developed a general
average procedure:
H
h|Fνn |2 i = λνn = F λFνn + GλG
νn + Hλνn ,

with


X
X
ββ
γγ∗
F

=
,
λ
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βγ βγ∗
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βγ

X
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(3.35)
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and
βγ
=α
Fνn

X

ωνk ωnk (ν)

k

dβνk dγkn (ν)
.
ω 0 − ωnk + iΓνk

The F , G and H factors are

2
∗ 2
 F = −|e1 · e2 | + 4|e1 · e2 | − 1,
G = −|e1 · e∗2 |2 − |e1 · e2 |2 + 4,

H = 4|e1 · e∗2 |2 − |e1 · e2 |2 − 1.

(3.36)

(3.37)

And ﬁnally, the averaged cross section is given by[24, 63]
hσ(ω 0 , ω0 )i =

X ω0
νn

=

ω

X ω0
νn

ω

λνn Φ(ω 0 + ωνn − ω0 , γ)
0
H
(F λFνn + GλG
νn + Hλνn )Φ(ω + ωνn − ω0 , γ).

(3.38)
H
From Eq. (3.38), the expressions of molecular parameters λFνn , λG
νn , λνn and the F ,
G, H factors, we can see that the cross section of RIXS has a strong dependence
on the polarization of the absorbed and emitted photons, and on the symmetries
of the electronic levels involved. The general symmetry selection rules for RIXS
have been expressed by means of group theory[24, 63].

The simulations of RIXS spectra are also carried out on the basis of the ground
state electronic levels by Eq. (3.38), where, diﬀerently from the XES case, two
transitions have to be taken into consideration.
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Applications
In the following, the applicability of our developed computational methods will
be demonstrated by investigating several carbon based molecular materials. More
details can be found in Papers II-IX.

4.1

Azabenzene Family

The azabenzene family comprises low-Z aromatic molecules structurally related
and isoelectronic to benzene wherein one or more CH groups in the six-membered
ring is replaced by a nitrogen atom. In this manner, pyridine is the simplest one
with one N atom substituted, followed by pyridazine, pyrimidine and pyrazine with
2 N atoms substituted in the 1,2-, 1,3- and 1,4- positions and s-triazine which has
3 N atoms substituted in the 1,3,5- positions, as shown in Figure 4.1.
Pyridine, s-triazine and pyridazine are starting materials in the synthesis of compounds used as intermediates in making insecticides and herbicides. Pyridazine,
pyridine and pyrazine are also found within the structure of several pharmaceutical drugs. Pyrimidine is the precursor of the cytosine, thymine, and uracil in
DNA and RNA bases. Hence, their spectroscopic properties are the base for the
understanding of larger systems in which they are embedded.
In Paper II, we have carried out the NEXAFS spectra measurements on these
ﬁve diﬀerent azabenzenes in the gas phase, and have further performed theoretical
simulations of the NEXAFS spectra for these molecules to interpret the diﬀerent
ﬁne structures observed experimentally, and to understand the basis of chemical
bondings among these molecules.
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Figure 4.1: The geometries of pyridine (C2v ), pyrimidine (C2v ), pyridazine (C2v ),
pyrazine (D2h ) and s-triazine (D3h ).

4.2

Metal-doped Tetracyanoethylene

In the growing ﬁeld of spintronics (spin-based electronics)[64, 65], there is strong
need for development of ﬂexible light-weight magnets[66]. Organic-based magnets
are attractive candidates since they are so-called “designer magnets” which means
that their properties are possible to tune by organic chemistry. V(TCNE)x , x ∼ 2,
belongs to one of these organic-based magnetic systems, M(TCNE)x (M stands for
metal, M=V, Mn, Fe etc., TCNE = tetracyanoethylene)[67–71] and is particularly
interesting since it is a semiconductor and has a Curie temperature well above
room temperature[67, 71].
Therefore, it becomes necessary to gain the knowledge of the electronic structures
of V(TCNE)x for its further investigations and applications. Because the extreme
air sensitivity of V(TCNE)x , it is thus diﬃcult to perform measurements of this
compound. By means of a novel in situ deposition method, Tengstedt et al. have
solved the oxidation problems and characterized the occupied electronic structure
of ultra-thin V(TCNE)x ﬁlms using photoelectron spectroscopy (PES), resonant
photoemission, X-ray absorption spectroscopy (XAS) and X-ray magnetic circular
dichroism (XMCD)[72].
However, due to the lack of knowledge regarding the physical structure of the
compound[73], it is impossible to perform accurate theoretical calculations of the
ground state electronic structure that would be extremely valuable for the interpre38
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tation of the PES and X-ray absorption data. One way to circumvent this problem
is to study the organic building block of the compound, TCNE [structure as shown
in Figure 4.2(a)]. Alkali-doped TCNE can serve as a useful model system for the
more complex V(TCNE)x organic-based magnet, as the occupied and unoccupied
electronic structures of TCNE and alkali-doped TCNE can be calculated with great
accuracy using modern theoretical techniques. Such studies have been performed
by Tengstedt et al.[72, 74, 75] recently, in which the rubidium-doped TCNE has
been chosen as a model system to interpret the occupied electronic structure of the
more complex V(TCNE)x system. Their results indicate that there is a signiﬁcant
hybridization between the occupied V(3d) and the frontier occupied π-electronic
states of the TCNE, and a more covalent bonding character between the vanadium
and the TCNE molecules could be expected[72, 75]. However, these previous studies have not addressed the nature of the unoccupied density of states, which is of
key importance in spintronic devices as it inﬂuences electron injection and electron
transport properties of the material.

Figure 4.2: The structures of (a) TCNE and (b) Na+ (TCNE)− used in our studies.

Therefore, the aim of Paper III is to model the unoccupied density of states
of V(TCNE)x , using Na-doped TCNE [shown in Figure 4.2(b)] as a model system following the successful approach demonstrated for the occupied electronic
structure[72, 74, 75]. In this paper, we present a combination of experimental
and theoretical results that give information about the unoccupied levels in TCNE
and at which part of the molecule they are localized. Sodium-doped thin ﬁlms of
TCNE have been prepared and characterized with PES, NEXAFS and theoretical
calculations. The emphasis in this study is on the NEXAFS part, since the occupied electronic structure of TCNE, (TCNE)− and V(TCNE)x has been clariﬁed by
the recent studies mentioned[72, 74, 75]. The experimental and theoretical NEXAFS results on (TCNE)− and Na+ (TCNE)− are used to interpret the V(TCNE)x
NEXAFS data1 obtained from ﬁlms deposited by the recently developed technique
1

As mentioned in previous study of rubidium-intercalated TCNE[74], the on-site Coulombinteraction (strength ∼2 eV) prevents the formation of doubly charged TCNE regardless of
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for in situ preparation of oxygen-free ﬁlms based on chemical vapor deposition
(CVD)[72].
The combined results from the model system and V(TCNE)x suggest that the lowest unoccupied molecular orbital with density on the nitrogen atoms in V(TCNE)x
has no signiﬁcant hybridization with vanadium and is similar to the so-called singly
occupied molecular orbital of the TCNE anion. This suggests that the LUMO of
V(TCNE)x is (TCNE)− or vanadiumlike, in contrast to the frontier occupied electronic structure. The completely diﬀerent nature of the unoccupied and occupied
frontier electronic structure of the material will most likely aﬀect both charge
injection and transport properties of a spintronic device featuring V(TCNE)x .

4.3

Fullerenes

Fullerenes are a family of carbon allotropes, spherical aromatic molecules[76]. The
fullerene C60 was ﬁrst discovered by Kroto et al. in 1985[3]. C60 is the smallest
but the most stable and abundant fullerene molecule. It has Ih symmetry, and
can be viewed as a truncated icosahedron with twenty hexagons and twelve pentagons as shown in Figure 4.3(a). The next stable homologue is C70 as shown in
Figure 4.3(b), followed by higher fullerenes such as C76 , C78 , C80 , C82 , and C84 [76].

C5

C3
C2

C4

C1

(a)

(b)

Figure 4.3: Structure of C60 (Ih ) and C70 (D5h ). The ﬁve nonequivalent carbon atoms
of C70 are labeled as C1 – C5.
doping level and results in the formation of a Coulomb gap around the Fermi level upon doping,
so there is no need to consider the doubly charged TCNE in the studies.
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In general, for higher fullerenes, the isomers which satisfy the isolated pentagon
rule (IPR) will be stabilized against structures with adjacent pentagons[76, 77].
The number of IPR-satisﬁed isomers is, for example, ﬁve for C78 , seven for C80 , nine
for C82 (as shown in Figure 4.4), and 24 for C84 . Therefore, isomer identiﬁcation is
the fundamental interest of fullerene science. One way to do it is to calculate the
relative energies of diﬀerent isomers. However, to help experimentalists to select
out the isomers, spectroscopy becomes important. Theoretical calculations that
can provide direct comparison with experimental spectra will be very valuable.

Shortest RCC
Longest RCC
Average RCC

Shortest RCC
Longest RCC
Average RCC

C82:1 (C2)

C82:2 (Cs)

C82:3 (C2)

1.365
1.470
1.433r0.027

1.363
1.472
1.433r0.026

1.371
1.470
1.433r0.025

C82:4 (Cs)

C82:5 (C2)

C82:6 (Cs)

1.369
1.472
1.433r0.025

1.366
1.471
1.433r0.024

1.367
1.473
1.433r0.024

C82:7 (C3v)
Shortest RCC
Longest RCC
Average RCC

C82:8 (C3v)

1.362
1.473
1.433r0.024

1.365
1.469
1.432r0.019

C82:9 (C2v)
1.367
1.476
1.433r0.022

Figure 4.4: Optimized structures of C82 isomers at B3LYP/6-31G(d,p) level. The
statistics of bond length (in Å) are also given under each isomer.
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Hence, we have presented a detailed description of electronic structures of C82
isomers via diﬀerent spectroscopic techniques in Paper IV: UPS, NEXAFS, XPS,
XES and RIXS. Most spectroscopic techniques show clear isomer dependence which
may help experimentalists to select out the isomers[58].
Notice that fullerenes have spherical empty space inside the carbon cage. Take the
smallest fullerene C60 as an example, the diameter of the cage is almost 0.4 nm after
considering the van der Waals radius of carbon (0.17 nm)[78]. The volume of this
carbon cage is large enough to hold foreign atoms, which has been conﬁrmed by
Heath et al.[5] in 1985 a few days after the discovery of C60 . These fullerene derivatives are named as endohedral metallofullerenes which means fullerenes with metal
atom(s) encapsulated, and have attracted wide interest during the past years[78]
because of their potential usage in physics, chemistry and other interdisciplinary
areas such as materials and biological sciences.
After inserting the metal atom into the fullerene cage, electron transfer will occur
from the encaged metal atom to the carbon cage, which substantially alters the
electronic and magnetic properties of the fullerenes[78]. The structures and electronic properties of endohedral metallofullerenes have been the subject of particular interesting both experimentally and theoretically since their ﬁrst discovery in
1985[5]. The maximum entropy method with Rietveld analysis (MEM/Rietveld) of
synchrotron X-ray powder diﬀraction data[79] has been extensively used for structural determination of endohedral metallofullerenes[80–89]. From the MEM/Rietveld
analysis of synchrotron X-ray powder diﬀraction data of Y@C82 , La@C82 , and
Sc@C82 , Takata et al. suggested that the metal atom was located at an oﬀ-centered
position on the C2 axis adjacent to a hexagonal ring of the C82 cage in agreement
with a theoretical suggestion[90]. However, from the MEM/Rietveld analysis for
both Eu@C82 and Gd@C82 an anomalous structure in which the metal atom is
located on the C2 axis but adjacent to the C–C double bond on the opposite side
of the C2v -C82 cage has also been reported[88, 89]. These data are not in agreement with earlier experimental studies[91] and theoretical calculations[90, 92, 93].
However, the third generation synchrotron radiation X-ray sources signiﬁcantly
improved earlier powder diﬀraction experiments and the structure previously recognized as Sc3 @C82 has now been revised to Sc3 C2 @C80 [94], a structure originally
determined by means of NMR spectral analysis and single crystal X-ray structural
determination of its derivative[95]. In addition, a recent NMR study of Sc2 C84 and
a single crystal X-ray analysis of its derivative reveal that the fullerene structure
is Sc2 C2 @C82 [96, 97] rather than the widely accepted Sc2 @C84 [87].
This long-time debate on the structure of Gd@C82 leads us to investigate the position of Gd ion in the cage by X-ray absorption near-edge structure (XANES)
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as well as DFT calculations in Paper V. Four diﬀerent structures (as shown in
Figure 4.5) proposed previously by experimental and theoretical studies have been
considered in our studies. The present study reveals that the Gd ion lies above the
hexagon on the C2 axis as a normal structure, and Gd oscillates around its equilibrium position with an amplitude that increases when temperature increases[98].

(b) C2-hexagon (0)

(a) C2-bond (+54.5 Kcal/mol)

(d) C-pentagon (+6.9 Kcal/mol)

(c) CC-hexagon (+1.0 Kcal/mol)

Figure 4.5: The four proposed Gd@C82 structures in the literature: (a) the C2 -bond
structure suggested by the MEM/Rietveld method[88]; (b) the C2 -hexgaon structure determined by the extended X-ray absorption ﬁne structure (EXAFS) study[91]; (c) the
CC-hexagon given by the theoretical calculations[93]; (d) the C-pentagon structure suggested in Ref. [99]. The numbers in the parenthesis are the relative energy with respect
to the most stable structure C2 -hexgaon.

Finally, in Paper VI, the carbon 1s shake-up spectra of fullerenes C60 , C70 , and
the C2v isomer of C82 have been investigated by using the ECH-KS method. The
good agreement between the spectra of C60 from the ECH-KS, ECH-TDDFT calculations, and experiment shows the validity of the proposed ECH-KS approach,
which might be the only feasible way to simulate the shake-up satellites for largescale systems at a high theoretical level. Diﬀerent shake-up satellite proﬁles have
been observed for C60 , C70 and C82 (C2v ) which results from the changes in the
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chemical environment for carbon atoms in diﬀerent fullerenes. The shake-up spectrum of the metallofullerene Gd@C82 (C2v ) has also been investigated using the
ECH-KS method. Its spectrum shows strikingly diﬀerent features compared with
that of empty C82 cage, which is mainly because of the charge transfer from the
metal ion to the carbon cage and the charge redistribution over the cage. Diﬀerent
mechanism of charge-transfer contributions to the lowest shake-up satellites of C60 ,
C70 , C82 (C2v ) and Gd@C82 (C2v ) have also been revealed.

4.4

Carbon Nanotubes

Carbon nanotubes have attracted much attention due to their outstanding mechanical and electrical properties[4] in recent decades. Many theoretical studies have contributed to the understanding of structures and properties of singlewalled carbon nanotubes with inﬁnite length[2, 100–110]. However, the lengths
of experimentally synthesized SWCNTs are usually ﬁnite with an average length
of several hundred nanometers[111]. Recently, the 10 to 50 nm long SWCNTs
devices[112, 113], sub-20 nm short channel carbon nanotube transistors[114] and a
40-nm-gate carbon nanotube ﬁeld-eﬀect transistor (CNFET)[115] have been fabricated experimentally.
It is desirable to have a good theoretical understanding of the properties of ﬁnite
SWCNTs. A particular interesting aspect of ﬁnite SWCNTs is the quantum ﬁnitesize eﬀects of the HOMO-LUMO gap. Previous studies[20, 116–119] have shown
that the band gap maxima of an ﬁnite armchair single-walled nanotube (ASWNT)
exhibit well-deﬁned oscillations as a function of the length of the nanotube with a
period of 3a/2 (a = lattice constant of the graphene sheet). As for chiral SWCNTs,
Zhu et al.[120] have found that band gaps of most chiral SWCNTs exhibited a
monotonic decrease as a function of the length by using a nearest-neighbor tightbinding model. In contrast, by using the extended Hückel (EHMO) method, Liu et
al.[121] have reported that for SWCNTs (p,q) characterized by p = k + l, q = k − l,
0 ≤ l ≤ k, and k = 1, 2, . . . , the HOMO-LUMO gaps oscillate for even CNT
sections (each section containing a ring of atoms deﬁned by the diameter of the
tube) while there is no oscillations for SWCNTs (p,q) characterized by p = k + l,
q = k − l − 1, 0 ≤ l ≤ k, and k = 1, 2, . . . . Recently, Liang et al.[122–124] have
studied the electronic structures and optical properties of a series of SWCNTs
with diﬀerent sizes at the PM3 and Hartree-Fock levels. Recent experimental[125–
127] and theoretical[101, 108] studies have revealed that the predicted band-gap
energies as well as exciton binding energies from tight-binding (TB) calculations
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diﬀer substantially from those measured in experiments. However, studies with
highly correlated ﬁrst principles methods for ﬁnite carbon nanotubes are scarce.
Encouraged by the successful investigations on electronic structures of SWCNT(5,5)
using the developed CIS procedure[20, 21], we extended the applications of CIS to
semiconductor SWCNTs, including (6,5) and (8,3) tubes, in Paper VII. The (6,5)
tube is claimed to be the dominant structure in semiconducting SWCNTs formed
in the CoMoCAT preparation method[128], while the (8,3) tube is used to examine
the possible chiral dependence. The maximal length calculated is 100 nm which
is usually the average length of experimentally synthesized SWCNTs[111]. The
length dependence of electronic structures of ﬁnite (6,5) and (8,3) tubes are evaluated. The electronic structures of (6,5) and (8,3) tubes are found to be converged
around 20 nm. The calculated band-gap energies of 100 nm long nanotubes are in
good agreement with experimental results. The valence band structures of (6,5),
(8,3) as well as (5,5) tubes are also investigated by means of UPS, XES and RIXS
spectra theoretically. The UPS, XES and RIXS spectra become converged already
at 10 nm. The length-dependent oscillation behavior is found in the RIXS spectra
of (5,5) tubes, indicating that these spectra may be used to determine the size and
length of metallic nanotubes. Furthermore, the chiral dependence observed in the
simulated RIXS spectra suggests that RIXS spectra could be a useful technique
for the determination of chirality of carbon nanotubes.
Furthermore, in Paper VI, the shake-up satellites of one metallic and two semiconductor SWCNTs models: (5,5), (6,5) and (7,6) are simulated using the ECH-KS
method, which is probably the largest system that have ever been calculated at the
ﬁrst principles levels. The simulated shake-up spectra are in good agreement with
experimental data, which again demonstrate the accuracy of the ECH-KS method,
and indicate that this method may be quite useful to assist experimentalists to interpret the experimental results of the large-scale molecules. In Paper VIII, we
have further simulated the NEXAFS spectra of diﬀerent SWCNTs with diameter below 1.45 nm by using the Z + 1 approximation. The simulated NEXAFS
spectra display obvious chiral dependence, which indicates that this spectroscopic
technique could also be useful for the determination of chirality of carbon nanotubes.

4.5

Hydrogen-terminated Nano Clusters

The quantum conﬁnement eﬀect is one of the most essential properties of nanomaterials[129,
130], which predicts that with increasing particle size the band gap should decrease.
The eﬀect is useful for understanding the size dependence of electronic structures
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of nanostructures and for eﬀective design of nanoscale devices. Recently, the validity of the quantum conﬁnement model for hydrogen terminated nanodiamond
(ND, as shown in Figure 4.6) clusters has been under debate[131–134]. Several
experimental and theoretical studies on small ND particles (less than 1.5 nm in
diameter)[133–135] have shown that quantum conﬁnement eﬀects would disappear
in NDs when the size is larger than 1 nm since its band gap becomes smaller than
that of bulk diamond[133]. It is, however, also found in other experimental studies
that quantum conﬁnement in ND clusters persists up to 27 nm [131] or 4 nm[132],
respectively. A recent DFT calculation[136] on small hydrogen-terminated ND
clusters revealed that for small NDs, the structural shape and C/H ratio (the
number of carbons in comparison with the number of hydrogens) play a more
important role than the actual size of the cluster in determination of band gap.
ND clusters with sizes of 2 to 5 nm are the commonly used diamond materials in
various applications[132, 137, 138]. However, with the confusion around the mall
ND clusters, electronic structures of larger clusters are largely unknown.

Figure 4.6: Structure of diamondoid. The black sphere denotes the origin of the diamondoid. The twelve dark grey spheres are in the same face-centered-cubic Bravais
lattice of the black origin.

In Paper IX, we report hybrid density functional theory studies for hydrogenterminated ND clusters varying from 0.76 nm (29 carbons) to 7.3 nm (20,959
carbons) in diameter to examine quantum conﬁnement eﬀects on both surface,
associated with C-H bonds, and core states. An important size factor, which
describes the ratio between the number of atoms within the outer shell associated
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with hydrogen terminations and the inner core of the cluster, is identiﬁed which
dictates the size dependent behavior of the electronic structure. The change of the
ratio becomes saturated at the size of 1.5 nm, where a sudden change of electronic
properties takes place. Beyond the threshold of 1.5 nm, the size dependence of
both states becomes regular and can be well described by a general formula that
depends on the diameter, the surface area and the total volume of the nano lcusters.
With it, the calculated electron eﬀective masses for the nanodiamond and silicon
nanocrystals are all in good agreement with experiment. It thus shows that for
nanostructures quantum conﬁnement eﬀect is no longer a simple function of the
number of atoms involved.
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Future Outlook
The way ahead is long; I see no ending, yet high and low I’ll search
with my will unbending.
Qu Yuan

5.1

Estimations of HOMO and LUMO

As described in Chapter 2.3 and Paper I, during the CIS calculations, a speciﬁc number σ is a prerequisite, around which the interesting eigenvalues will be
computed. However, this requirement is sometimes unfeasible, moreover, we are
usually just concerned with the energy gap between HOMO and LUMO. Therefore, it may be convenient if only the HOMO and LUMO are evaluated in the CIS
calculations.
If we consider the Fock/KS matrix Fe in an orthogonal basis set1 , we can perform
puriﬁcation scheme on Fe[139] to obtain the density matrix ρe. Then, the smallest
eigenvalue in magnitude of Feρe is exactly the HOMO of Fe, and LUMO becomes
the smallest algebraic eigenvalue of Fe(I − ρe)[140].

1

The Fock/KS matrix F in the nonorthogonal basis set can be transformed into the orthogonal
form via Cholesky decomposition. Suppose the overlap matrix S = LLT , where L is a lower
triangular matrix. Let Z = L−1 , then the orthogonal Fock/KS matrix is Fe = ZF Z T .
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5.2

TDDFT Calculations in the Time Domain

The aforementioned CIS calculations are carried out for ground states. However, as
most interesting phenomena are involved with excited states, the studies on excited
states of large-scale molecules thus become important and interesting. Recently, a
localized-density-matrix (LDM) method[141–144] has been developed to solve the
time-dependent Hartree-Fock (TDHF) and TDDFT equations, which is claimed to
achieve linear-scaling of computational time. The starting point of this method is
the equation-of-motion (EOM) of the reduced single-electron density matrix ρ(t):
µ
¶
d
i h̄ + γ ρ(t) = [h(t) + f (t), ρ(t)].
(5.1)
dt
Here a phenomenological parameter γ is introduced to simulate the dephasing
process. h(t) is the Fock matrix[142]
X
hij (t) = tij + vijxc (t) +
ρkl (t)Vijkl ,
(5.2)
Z
tij =
Z

· kl
¸
1 2
∗
drφi (r) − ∇ + U (r) φj (r),
2

drφ∗i (r)v xc [n](r, t)φj (r),
Z
Z
1
φ∗ (r0 )φl (r0 ),
=
dr dr0 φ∗i (r)φj (r)
|r − r0 | k

vijxc (t) =
Vijkl

(5.3)
(5.4)
(5.5)

with tij being the one-electron integral between atomic orbitals i and j, Vijkl the
two-electron Coulomb integrals. v xc [n](r, t) is the exchange-correlation potential,
which is deﬁned as the functional derivative of the exchange correlation functional
Axc [142],
δAxc [n]
δE xc [nt ]
v xc [n](r, t) ≡
∼
= v xc [nt ](r),
(5.6)
δn(r, t)
δnt (r)
where nt denotes the electron density evaluated at the time t. Using the adiabatic
approximation, the unknown functional Axc is approximated by the exchangecorrelation functional E xc of time-independent Kohn-Sham theory.
f (t) represents the interaction between an electron and the external ﬁeld E(t), and
its matrix elements can be evaluated as
½
fij (t) = eE(t) · hi|r̂|ji,
(5.7)
E(t) = E(t) exp(ik · r − iω0 t),
where E(t) denotes the laser-pulse shape function, ω0 is the center frequency of
the laser, and k is the propagation wave vector.
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ρ and h may be partitioned into two parts:
½
ρ = ρ(0) + δρ(t),
h = h(0) + δh(t),

(5.8)

where ρ(0) and h(0) is the DFT ground state reduced single-electron density matrix
and the Fock matrix in the absence of the external ﬁeld, δρ(t) and δh(t) is the
external ﬁeld induced single-electron density matrix and Fock matrix,
X
δρkl (t)Vijkl ,
(5.9)
δhij (t) = δvijxc +
kl

where (within the local
Z
xc
δvij =
Z
=
Z
=

density approximation)[142]

drφ∗i (r)δv xc [nt ]φj (r)
Z
δv xc [nt ]
dr dr0 φ∗i (r)φj (r)
δnt (r0 )
δnt (r0 )
Z
δv xc [nt ] X ∗ 0
φk (r )δρkl φl (r0 )
dr dr0 φ∗i (r)φj (r)
0
δnt (r ) kl
X
xc
=
,
δρkl (t)Vijkl
kl

Z

xc
Vijkl

Z

δ 2 E xc [nt ] ∗ 0
φ (r )φl (r0 )
δnt (r)δnt (r0 ) k
Z
δv xc [nt ] ∗
=
drφ∗i (r)φj (r)
φ (r)φl (r),
δnt (r) k

=

dr

dr0 φ∗i (r)φj (r)

and thus,
δhij (t) =

X

xc
(t)).
δρkl (t)(Vijkl + Vijkl

(5.10)

kl

Eq. (5.1) can be rewritten as,
ih̄δ ρ̇ + iγ(ρ(0) + δρ) = [h(0) , δρ] + [δh, ρ(0) ] + [f, ρ(0) ] + [f, δρ] + [δh, δρ].
The EOM of ﬁrst-order-induced single-electron density matrix δρ(1) is,
µ
¶
d
i h̄ + γ δρ(1) = [h(0) , δρ(1) ] + [δh(1) , ρ(0) ] + [f, ρ(0) ].
dt

(5.11)

(5.12)

By introducing the rotating frame, i.e., δρ(1) ≡ exp(−iω0 t)δρ(1) , δh(1) ≡ exp(−iω0 t)δh(1) ,
and δf (1) ≡ exp(−iω0 t)f , Eq. (5.12) can be transferred into,
µ
¶
d
i h̄ + γ − iω0 δρ(1) = [h(0) , δρ(1) ] + [δh(1) , ρ(0) ] + [f , ρ(0) ],
(5.13)
dt
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which can be solved by fourth-order Runge-Kutta method[145] or Chebyshev expansion method[144].
Within the dipole approximation, the ﬁrst-order polarization is[141]
P(1) (t) = Tr(Pδρ(1) )
= exp(−iω0 t)Tr(Pδρ(1) )
X
= − exp(−iω0 t)
ehi|r̂|jiδρ(1) ji .

(5.14)

ij

The optical absorption spectrum could be obtained either by performing a Fourier
transformation on P(1) (t), or using ﬁlter diagonalization method[144, 146–148].
Our next project is thus to implement the above LDM method in the developed
program Ergo[149] to do TDDFT calculations in the time domain for large-scale
molecules.
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Appendix A
Eight Queens Puzzle ©
A chess board has 8 rows and 8 columns. The queen can move as far as she pleases,
horizontally, vertically, or diagonally as shown in Figure A.1(a). The eight queens
puzzle asks how to place 8 queens on the chess board so that no two queens may
attack each other in one move.
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Figure A.1: (a) Sketch of the way that a queen can move. (b) One possible solution to
the eight queens puzzle.

The eight queens puzzle can be extended to N -queens puzzle, which considers how
to place N queens on a N × N chess board. The number of diﬀerent ways the
queens can be placed for n = 1, 2, 3, . . . , 8 are 1, 0, 0, 2, 10, 4, 40, 92, . . . . If
solutions that diﬀer only by symmetry operations (rotations and reﬂections) of the
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chess board are counted as one, the number of diﬀerent ways are 1, 0, 0, 1, 2, 1,
6, 12, 46, 92, . . . [150].
In my opinion, it could be a way to kill time by thinking about the 12 distinct
solutions to the eight queens puzzle ©.
Mathematically speaking, the N -queens puzzle can be transferred into the problem
of permutations of an N integers array. The combination and permutation are
classical problems in combinatorial mathematics. When I ﬁrst tried to design an
algorithm to calculate the determinant in Eq. (3.21), the permutation method
came into my mind naturally, which is of course a bad algorithm for this problem!
An improvement of computer software might be much more important than that
of hardware; in a similar way, the computer software setback might also result in
worse situations than that of hardware.
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