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ABSTRACT  

Most fighters use the convergent-divergent nozzle configuration to accelerate into the 

supersonic realm. This nozzle configuration greatly increases the thrust potential of the 

aircraft compared to the simpler convergent nozzle. The nozzle design is not only crucial for 

thrust, but also for the drag since the afterbody drag can be as high as 15% of the total. 

Engine manufacturers optimize the engine and the nozzle configurations for the uninstalled 

conditions, but these may not be optimal when the engine is installed in the aircraft. The 

purpose of this study is to develop a methodology to optimize axisymmetric nozzle settings in 

order to maximize the net thrust. This was accomplished by combining both simulations of 

thrust and drag. The thrust model was created in an engine performance tool, called EVA, 

with the installed engine performance of a low bypass turbofan jet engine at maximum 

afterburner power setting. The drag model was created with CFD, where the mesh was built 

in ICEM Mesh and the simulations were run with the CFD solver M-Edge. Five Mach 

numbers in the range from 0.6 to 1.6 were simulated at an altitude of 12 km. The results 

showed that the afterbody drag generally decreased when increasing jet pressure ratio at both 

subsonic and supersonic velocities. At subsonic conditions, increasing nozzle area ratio for 

underexpanded nozzles would decrease the drag. Increasing nozzle area ratio for fully 

expanded or overexpanded nozzles would instead increase the drag to an intermediate point 

from where it would decrease. At supersonic condition, increasing nozzle area ratio would 

generally cause reduction in drag for all cases. The optimization showed that a net thrust 

increase of 0.02% to 0.09% could be gained for subsonic conditions while the supersonic 

optimization had negligible gain in thrust.  

Keywords: Low-bypass turbofan, afterburner, convergent-divergent nozzle, afterbody drag 

& computational fluid dynamics. 
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SUMMARY 

High performance and small frontal area are two important criteria for military fighters. 

Many military aircraft use either turbojet engines or afterburning low-bypass turbofan 

engines to combine compact design with high level of propulsion. The thrust is created 

through a nozzle that expands the engine exhaust flow. There are different types of nozzles. 

Military fighters often use a convergent-divergent nozzle with adjustable throat and exit area. 

The variable nozzle geometry increases the exhaust flow velocity and thereby the thrust. 

Theoretically, the area ratio between the throat area and the exit area of the nozzle can be 

calculated for optimal gross thrust. However, the optimal nozzle setting may change when 

the engine is installed in an aircraft because of the aerodynamic drag during flight. The main 

part affected by the nozzle settings is the afterbody of an aircraft where the flow interaction 

between the nozzle and the freestream flow mainly occurs. Designing nozzles is a complex 

but important task because the afterbody drag can account for up to 15% of the total aircraft 

drag.  

In this study, a methodology has been developed to optimize the installed net thrust by 

finding the optimal axisymmetric nozzle settings for different freestream Mach numbers at 

an altitude of 12 km. The effects of varying nozzle area ratio and jet pressure ratio on the 

afterbody drag were also studied. The study object was a low bypass turbofan engine at 

maximum afterburner power setting and a variable convergent-divergent nozzle installed in a 

conceptual aircraft.  Five Mach numbers in the range of 0.6 to 1.6 were tested.  

In the first stage, an uninstalled gross thrust model for the engine was developed. An engine 

performance tool called EVA was used to determine the nozzle inlet conditions at different 

Mach numbers. A fixed nozzle throat area was then determined for each Mach number. 

Thereafter, nozzle area ratio was varied from 1.05 to 2.05 with a step size of 0.001 and the 

corresponding gross thrust and jet pressure ratio were calculated.  

In the next step, a drag model was created to examine the change in afterbody drag at 

different nozzle area ratios and jet pressure ratios. At every specific Mach number, five nozzle 

area ratios were tested. In addition, the jet pressure ratio was varied for four points from 0.75 

to 2. For each nozzle geometry and Mach number a nozzle mesh was created and merged 

with the conceptual aircraft mesh created in ICEM Mesh.  In total, 100 cases were executed 

with the CFD solver M-Edge. The two models were then combined and used in the 

optimization to find the optimal net thrust. 

At subsonic speeds, the result showed that the afterbody drag was reduced as jet pressure 

ratio increased. The reduction in drag was obtained because of the jet plume effects that got 

more dominant as jet pressure ratio increased. Furthermore, the drag decreased for 

underexpanded nozzles as nozzle area ratio increased. However, increasing nozzle area ratio 

for jet pressure ratio equal to 0.75 and jet pressure ratio equal to 1 increased the afterbody 

drag to a certain point before it started to decrease.   

At supersonic speeds, the same favourable effect of increasing jet pressure ratio was 

observed. However, shock waves were formed upon both edges of the external nozzle flap. 

Increasing jet pressure ratio pushed the shock wave at the rear part of the external flap 



 

upstream and this pressurized a larger part of the afterbody surface, which therefore reduced 

the drag.  The results also showed that increasing nozzle area ratio generally reduced the drag 

at supersonic speeds. The main reason behind the decrease in drag was because of the shock 

wave in the beginning of the external flap. The shock wave got stronger as nozzle area ratio 

increased which increased the pressure over a larger part of the afterbody surface and this 

decreases the drag. 

The results indicated that the optimal nozzle setting for an installed engine did not differ 

much from the optimal uninstalled nozzle setting. The gain in net thrust, by changing the 

nozzle geometry, was less than 0.1% for the entire Mach number range tested in this study. 

The methodology developed showed reasonable results in agreement with previous studies. 

However, there is still a need to validate the results in order increase the reliability of the 

study.   
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NOMENCLATURE  

Symbol Description Unit 

ηAB Afterburner efficiency - 

ℎ Altitude 𝑚 

𝑎𝑚𝑏 Ambient condition - 

𝛼 Angle of attack - 

𝐴 Area 𝑚2 

𝐶𝐷 Cross-diffusion 
𝑘𝑔

𝑚3 ∙ 𝑠2
 

𝜌 Density 
𝑘𝑔

𝑚3
 

𝐷 Diffusion coefficient 
𝑚2

𝑠
 

𝐶𝐷 Discharge coefficient − 

𝐹𝐷 Drag N 

𝐶𝑑 Drag coefficient - 

𝜇 Dynamic viscosity  
𝑘𝑔

𝑚 ∙ 𝑠
 

𝜇𝑡 Eddy viscosity 
𝑘𝑔

𝑚 ∙ 𝑠
 



 

Symbol Description Unit 

e Exit - 

𝛽 External flap angle ° 

𝑭 Force vector 𝑁 

∞ Freestream - 

𝑊𝑓 Fuel mass flow 𝑘𝑔/𝑠  

𝐹𝐴𝑅 Fuel to air ratio - 

𝜑 General variable - 

𝑆𝜑 
General variable source 

term 
- 

∇ Gradient - 

𝐹𝐺 Gross thrust 𝑁 

�̇� Heat W 

�̇� Heat transfer rate 
𝐽

𝑠
 

𝑖 Internal energy 
𝐽

𝑘𝑔
 

𝛿𝑖𝑗 Kronecker delta - 

QLHV Lower heating value 
𝑀𝐽

𝑘𝑔
 

𝑀 Mach number − 

𝑚 Mass 𝑘𝑔 

�̇� Mass flow 𝑘𝑔/𝑠 

𝛼1 Menter SST coefficient - 

𝛼2 Menter SST coefficient - 

𝛽1 Menter SST coefficient - 

𝛽2 Menter SST coefficient - 

𝜎𝑘1 Menter SST coefficient - 

𝜎𝑘2 Menter SST coefficient - 

𝜎𝜔1 Menter SST coefficient - 

𝜎𝑘1 Menter SST coefficient - 

𝜎𝑘2 Menter SST coefficient - 

𝜎𝜔1 Menter SST coefficient - 

𝜎𝜔2 Menter SST coefficient - 

𝒈 
Net body forces per unit 

of mass 

𝑁

𝑘𝑔
 

𝐹𝑁 Net Thrust 𝑁 



 

Symbol Description Unit 

𝒏 Normal vector - 

𝑒 Nozzle exit - 

𝑃𝑟 Prandtl number - 

𝑃𝑘 
Production of turbulent 

kinetic energy 

𝐽

𝑠
 

�̇�𝑣𝑖𝑠𝑐𝑜𝑢𝑠 Rate of added heat 
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𝜆 Second viscosity 
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Specific fuel 
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𝑠
 

𝑝 Static pressure 𝑃𝑎 

𝑇 Static temperature 𝐾 

𝜏 Stress tensor - 

𝑆 Surface - 

𝑘𝑡 Thermal conductivity 
𝑊
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𝐶𝐹 Thrust coefficient − 

𝑡 Time 𝑠 

𝜌0 Total density  
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𝐸 Total energy 𝐽 
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𝑇0 Total temperature 𝐾 
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𝐽
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𝐼 Turbulence intensity - 
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Symbol Description Unit 

𝑃𝑟𝑡   
Turbulent Prandtel 
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𝑅 Universal gas constant 
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𝑈 Velocity 
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𝑠
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𝑉 Volume 𝑚3 
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ABBREVIATIONS 

Abbreviation Description 

APA American Psychological Association – Referece system 

CD Convergent-Divergent (nozzle) – A combination of a 
convergent and a divergent duct 

CFD Computational Fluid Dynamics – Simulation method 
for simulating fluids mechanics 

EVA EnVironment Assessment – A tool for novel 
propulsion system assessment 

JPR Jet Pressure Ratio - The ratio between the jet exit-
static pressure and the ambient pressure  

MDH Mälardalens Högskola – Mälardalen university 

NAR Nozzle Area Ratio – The ratio between nozzle throat 
area and nozzle exit area 

SFC Specific Fuel Consumption – Ratio of the fuel mass 
flow and the thrust 

RANS Reynolds Average Navier-Stokes – Fluid flow 
equations 
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1 INTRODUCTION 

Modern fighter aircrafts use gas turbine engines that are incorporated into the fuselage that 

can propel the vehicle to even supersonic velocities. The nozzle is the instrument at the rear 

of the gas turbine with a certain geometry that allows the engine exhaust gases to expand and 

create useful thrust. The fundamental principle of how it operates is relatively simple but 

modelling its installed effect on afterbody drag becomes complex.  

The rear part of the aircraft afterbody, is called nozzle external flaps can account for as much 

as 15% of the total drag over the body (Bergman, 1974). The afterbody is therefore certainly a 

significant component to consider when developing the aerodynamic design and 

configurations of the aircraft. A balance between maximizing the internal performance of the 

nozzle while minimizing the external drag of the afterbody must be obtained to ensure 

optimal performance. This proves challenging as improving on one may come at the sacrifice 

of the other (Carson Jr. & Lee Jr., 1981). 

Additional challenge with aircraft design comes from the necessity to make them capable of 

operating in different flight conditions. The aircraft will be exposed to varying ambient 

conditions, as well as operating at different capacities during take-off and landing, subsonic 

cruise, supersonic cruise and maneuvering. 

For the nozzle to be able to sufficiently accelerate the exhaust flow for any capacity or 

condition, the internal geometry is designed to be adjustable. The specific nozzle 

configuration is determined with the engine operating conditions at the nozzle inlet. These 

are the total states and mass flow. The variable nozzle geometry is therefore a tool to optimize 

the nozzle function, but it will also affect the external flow and drag over the afterbody. 

Drag has adverse effect on operation as it leads to lower potential thrust and reduced 

efficiency. Fuel efficiency has significant implications on economy and design of the aircraft 

that could spiral into a feedback loop. Reduced fuel efficiency leads to increased fuel capacity 

necessity, which increases the weight of the aircraft and that results in even worse fuel 

efficiency. The aerodynamic design of the nozzle is therefore also an important element to 

consider when optimizing of the aircraft design for effects such as fuel efficiency. 

1.1 Problem description and study object 

Propulsion systems for aircraft vary depending on the certain operating conditions. Fighter 

aircrafts mainly use two jet engine types, which are turbojets and low-bypass turbofans, and 

these most often use a convergent-divergent (CD) nozzle. An afterburning low-bypass 

turbofan allows military aircrafts to combine two benefits: A high level of thrust with a small 

frontal area (Zukoski, 1978).  
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Engine manufactures supply the engine with the nozzle designed for maximum thrust. 

Although, the engine may not necessarily be optimized when installed in the aircraft. There 

will be drag effects over the afterbody, which may change the optimal point of operation for 

maximum thrust. The afterbody drag level is determined by the nozzle configuration, since it 

decides the afterbody geometry and the exhaust flow. At a specific operating condition, the 

nozzle has a fixed throat area. It makes the nozzle exit area the key factor in deciding the 

shape of the afterbody. This study develops a methodology for determining the optimal 

nozzle exit area for high-altitude cruising at maximum afterburner setting.  

The studied object is a conceptual low bypass turbofan jet engine in the thrust class of the 

General Electric F414 engine (Gunston, 2004). It is a two-shaft low bypass turbofan engine 

with an afterburner for increased levels of thrust from the installed axisymmetric convergent-

divergent nozzle. The engine is attached to a conceptual fighter aircraft geometry that was 

obtained from an open source CAD (GrabCad, 2018). The conceptual model is designed to 

resemble the fighter aircraft EADS Mako/HEAT. 

 

 

Figure 1.1: Conceptual design of the aircraft  

 

There is no single definition of what the aircraft afterbody should be defined as. Figure 1.2 

shows the surface considered as the aircraft afterbody in this study. The end of the afterbody 

is called the external flap. In some studies, the external flaps are called aircraft boattail. The 

nozzle geometry varies at different settings since the external flap angle, or even known as 

boattail angle, is proportional to NAR.   
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Figure 1.2: Aircraft afterbody at NAR=1.8 

 

 

 

Figure 1.3: external flap angle 𝛽  

1.2 Aim 

The aim of this report is to present a methodology for optimizing net thrust for the 

afterburning low-bypass turbofan engine in a conceptual aircraft model by finding the 

optimal axisymmetric nozzle configuration for different Mach numbers at an altitude of 

12 km and 𝛼 = 0°. This will be accomplished by simulating the engine performance with EVA 

and MATLAB, and the drag forces over the afterbody with Computational Fluid Dynamics 

(CFD) using ICEM Mesh and M-Edge. 
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1.3 Research questions 

How will different axisymmetric nozzle geometries affect afterbody drag at different 

freestream Mach numbers? 

What effects will the nozzle exhaust flow have on afterbody drag? 

What will be the differences between uninstalled and optimal installed engine performance? 

1.4 Delimitations 

The nozzle configuration will be optimized only for an angle of attack of 0°, an altitude of 

12 km and with a specific fixed nozzle throat area for each specified freestream Mach 

number. This is because computational resources for a more extensive profile are not 

available. If they were, separate cases for different throat areas and varying altitudes could 

have been added to simulate a complete mission profile. However, the specific altitude 

should not have a great impact on results and the same conclusions would most likely be 

made.  

The freestream Mach number range is chosen to be from 0.6 to 1.6. Any lower Mach numbers 

will have less effect on net thrust because the drag forces will be small. The upper Mach 

number limit of 1.6 is chosen, as the conceptual aircraft is not thought to exceed such speeds. 

Furthermore, the intake duct in the fictive aircraft is not designed to manage supersonic 

speeds. Therefore, the engine inlet static pressure was set to values that ensured that air mass 

flow passed through the intake duct.    

The thrust will only be simulated at maximum afterburner power setting as to enhance the 

trends in the drag model. This is achieved by adding a conceptual afterburner that increases 

the total temperature in the nozzle inlet to 2000 K. 

The nozzle geometry is determined with the length dimensions from (Carson Jr. & Lee Jr., 

1981). The use of this theoretical design is to avoid studying the finess ratio as an additional 

parameter when a reasonable design concept could be used instead. 
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2 METHOD 

The purpose of this section is to provide the reader with information about how this study 

was conducted. It will include descriptions of study design, literature review and ethical 

considerations. Firstly, the different approaches to address the problem are defined in the 

study design. Secondly, the methods used to search for appropriate literature will be 

explained in the literature review. Finally, the ethical principles considered in this study will 

be introduced. 

2.1 Report structure 

The following main chapters will be presented in this report: Introduction, method, literature 

study, methodology development, results, analysis, conclusions and future work. The MDH 

report template for energy technology was used and the APA reference guide was followed. 

According to Malcolm Chiswick (2004) experiencing difficulties to comprehend the content 

in scientific papers are most of the time related to the structure and presentation of the 

paper.  To improve the comprehensibility throughout the report, instructions from Rolf 

Ejvegård’s book “Vetenskaplig metod” was used. 

2.2 Study design 

This study was a part of a master thesis at MDH during the period 2019-04-25 to 2019-08-

23. It was a case study and a modelling task that was performed in collaboration with Saab in 

Linköping, in order to examine the significance of variable nozzle geometry when installed in 

an aircraft. The object to study in this master thesis was the afterbody of a conceptual fighter 

aircraft with an afterburning low-bypass turbofan engine. Access to Saab’s workspace, 

competence, equipment and data was made available for the purpose of the study.  

 

Figure 2.1: Flow scheme showing an overview of the study approach  

 

Project 
planning & 

Problem 
definition

Development 
of research 
questions

Literature 
review

Uninstalled 
engine 
Performance

• EVA off-design 
points

• MATLAB script

Drag 
simulations 

• Drag forces 
(CFD)

Installed 
Performance 

• Optimization

Data analysis 
& reporting



6 

At first a proper problem definition was identified, and research questions were then 

formulated with the aim of framing interesting aspects of the problem. Literature was then 

reviewed to identify key elements and theories. Afterwards, an operating scheme for the CD 

nozzle was created. The operating scheme was based on isentropic relations for a CD nozzle 

and a gas turbine simulation model.  

The tool used to simulate the gas turbine is called EVA and it simulated the conditions at the 

nozzle inlet. The total temperature into the nozzle was assumed be raised to 2000 K by an 

afterburner. These conditions were the backbone of constructing a mathematical model for 

the isentropic relations in MATLAB. The aim of the model was to find an appropriate nozzle 

throat area and uninstalled gross thrust at a specific operating condition.   

A set of five operating conditions was later selected to frame a Mach number range of 0.6 to 

1.6 at an altitude of 12 km. For each operating condition a fixed throat area was determined 

by employing the operating scheme. Different nozzle area ratios (NAR) were then examined 

to determine the uninstalled engine performance.  

To investigate the installed engine performance, a drag model was created with CFD for a 

model of the aircraft and nozzle. At each Mach number, five NAR at; 1.05, 1.3, 1.55, 1.8 and 

2.05, were used to examine the impact of variable nozzle exit area. Four different JPR were 

also examined for each area ratio. In total, 25 different nozzle configurations were modelled 

and a total of 100 simulations were executed. 

The uninstalled engine performance and the drag forces were then combined to find the 

optimal installed engine performance at the different operating conditions. The aircraft body 

used in this study is fictive due to ethical consideration described in section 2.4.  Further 

description of how each program was used will follow in the methodology section.  

2.3 Literature review  

The literature study was constructed continuously during the study to ensure that important 

theories and equations were included. The aim of the literature study was to increase the 

theoretical knowledge of the subject. Using earlier studies empathises the credibility by 

supporting the arguments presented in discussions and conclusions.  

Firstly, fundamental principles mainly from books were described to present broad 

information about gas turbines and fluid mechanics. This was made in order to create a 

foundation for the methodology and result sections where data and models were introduced. 

Finally, the literature review was dedicated to research articles and books that could be 

valuable when comparing and discussing the results. Additionally, brief research regarding 

the selected software was made. The choice of sources was handled with care to increase the 

credibility of the study and minimize the risk of including any uncertain information. The 

literature review was mainly based on books, websites and some scientific papers. The main 

databases used for finding the scientific articles were the “Scopus”, “Google Scholar” and 

“ScienceDirect”. National Aeronautics and Space Administration (NASA) website was used as 

compliment to the previous named references.  
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2.4 Ethical consideration 

Ethics of research concerning honesty, objectivity, integrity, carefulness and, most significant 

for this study, confidentiality were considered. Generally, ethical principles are mostly 

discussed in combination with medical or social researches. However, most guidelines can be 

applied to any scientific study.  

The data from this study is only gathered from conceptual cases and is not associated with 

any real application. Nevertheless, the results, discussions and conclusions from this study 

may be considered when creating a methodology to simulate and optimize nozzles.  
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3 LITERATURE STUDY 

In this literature study, fundamental theories behind fluid mechanics, gas turbine engines 

and CFD are presented. 

3.1 Jet engine  

Jet engines increase the internal energy of the gases in order to accelerate them through a 

nozzle and thereby generate thrust. (Walsh & Fletcher, 2004; Saravanamuttoo et al, 2001; 

Rolls Royce, 2005). Basically, air is inhaled into the engine, compressed, burned with fuel in 

a combustion chamber and then expanded out through the turbine and nozzle (Shevell, 1989; 

Lefebvre & Ballal, 2010; Mattingly, 1996). Different gas turbine stations and station 

numbering used in this study is shown in Figure 3.1. The compressor consists of several 

stages to safely increase the pressure while not risking any backflow. It receives its energy 

from a turbine through the torque of a shaft between them. There are various types of jet 

engines: Turbofan, turbojet and ramjet are some examples. 

Many fighter aircrafts currently use 2-shaft turbofan engines. The main difference compared 

to a simple jet engine is that these types of engines include two separate turbines and two 

separate compressors. A low-pressure turbine is connected to a separate shaft than the high-

pressure turbine. The low-pressure turbine also drives a fan located at the front of the engine. 

In a turbofan, the intake air is divided into two flows where some of it continues into the core 

while the remaining air bypasses. Depending on the aircraft type, the bypass air is then either 

used for cooling or for thrust in a cold nozzle.  

The cold nozzle is generally adopted in configurations with high-bypass ratios. In low-bypass 

application on the other hand, the air is most often used for cooling purposes or in a mixer to 

improve the propulsion efficiency (Walsh & Fletcher, 2004; Saravanamuttoo et al, 2001). 

Since fuel economy and noise reduction are not always priorities in military fighters, low-

bypass turbofans are more favorable (Nicolas, 1997; NASA, 2015a). Afterburnung low-bypass 

turbofan engines produce a large amount of thrust from the highly accelerated jet stream, 

which allows for high flight velocities and compact engine designs (Austin Spang & Brown, 

1999; Walsh & Fletcher, 2004). However, to secure an appropriate design, there are some 

constraints on how low the bypass must be. More airflow passing through the core requires 

more compressor work to reach efficient combustion (Priyant Mark & Selwyn, 2016).  

Military fighter aircrafts mainly use CD nozzles. There are two types of CD nozzles: The first 

is mechanically locked without the ability to change NAR. The second is the variable nozzle 

type investigated in this study, which allows the throat area and the exit area to be adjusted 

individually and therefore change NAR. 
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Figure 3.1: Gas turbine station numbering  

3.1.1 Convergent-divergent nozzle 

The axisymmetric CD nozzle is the combination of a convergent duct followed by a divergent 

duct. The location at the transition is called the throat and this is where the cross-section area 

is the smallest throughout the nozzle. The relation between the area of the duct and the fluid 

velocity is derived from the continuity equation for isentropic inviscid adiabatic flow by 

Anderson Jr (2007) and is 

  𝑑(𝜌𝑈𝐴) = 0 (3.1) 

 

The resulting area-velocity relation is  

  𝑑𝐴

𝐴
= (𝑀2 − 1)

𝑑𝑈

𝑈
  

(3.2) 

  

The decreasing cross-sectional area in the converging part of the nozzle increases the fluid 

velocity for subsonic flow. The fluid velocity also decreases with increasing area for subsonic 

flow. For supersonic flow the velocity instead increases with increasing axial area but the 

velocity decreases with decreasing axial area. If the Mach number is 𝑀 = 1, the right-hand 

side of equation (3.2) equal to zero. This corresponds to a mathematical extreme point, where 

there is no change in cross-sectional area. This is the throat of the nozzle.  

The CD nozzle utilizes this principle to accelerate the flow to supersonic conditions by first 

accelerating the flow from subsonic velocity in the converging duct, to sonic velocity at the 

throat and then finally to supersonic velocity in the diverging duct (Anderson Jr, 2007). Just 

as the CD nozzle can be utilized to accelerate the flow from subsonic to supersonic velocity, 

the principle also allows for deceleration from supersonic to subsonic velocity with the same 

CD nozzle configuration (Anderson Jr, 2007). 

Another important equation, which relates the Mach number with the ratio of the duct area A 

to the sonic throat area A*, is called the area-Mach number relation (Anderson Jr, 2007; 

Munson et al., 2013). It is derived from the mass continuity for isentropic flow. This equation 

can be used to find the local Mach number at any location in the nozzle.  

  

(
𝐴

𝐴∗
)

2

=
1

𝑀2 [ 
2

𝛾 + 1
(1 +  (

𝛾 − 1

2
) 𝑀2)]

𝛾+1
𝛾−1

 

 
(3.3) 
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Two solutions can be obtained when using equation (3.3), one for the convergent region of 

the nozzle when M<1 and one for the divergent region of the nozzle when M>1. The relation 

between the Mach number, total conditions and static conditions for pressure, temperature 

and density can be calculated for an isentropic nozzle with the following equations for 

compressible flow (Anderson Jr, 2007). 

  
𝑝

𝑝0
= (1 +

𝛾 − 1

2
𝑀2)

−
𝛾

𝛾−1
 

 
(3.4) 

 

  𝑇

𝑇0
= (1 +

𝛾 − 1

2
𝑀2)

−1

 
 

(3.5) 

 

  
𝜌

𝜌0
= (1 +

𝛾 − 1

2
𝑀2)

−
1

𝛾−1
 

 
(3.6) 

 

3.1.2 Choked flow 

There is a limit to the maximum mass flow of a fluid through a CD nozzle. This phenomenon 

starts at the throat at sonic conditions and continues in the divergent part of the nozzle when 

the fluid downstream can no longer communicate with the flow upstream. This is because the 

maximum speed at which the information of the fluid properties propagates through the flow 

is at the speed of sound. In the divergent part of the nozzle, the flow is supersonic, and the 

fluid moves faster than the speed of sound. This makes the fluid properties at the throat and 

upstream independent of the fluid properties downstream. Any further expansion of the flow 

in the divergent nozzle, that increases velocity and reduces pressure, will not increase the 

mass flow rate any further. When this happens, the flow is choked and the mass flow rate is 

determined by the throat area independent of how low the exit pressure is (Anderson Jr, 

2007; Munson et al., 2013). 

3.1.3 Compressible flow & shock waves 

Flows within the supersonic region are subject to shock waves because of the compressibility 

of the fluid. Shock waves are rapid compression processes that change the properties of the 

flow across them (Anderson Jr, 2007). The two different types of show waves are: Normal 

shock waves and oblique shock waves. The velocity decreases across both types of shock 

waves, but it decreases down to subsonic velocity for normal shock waves. The total pressure 

also decreases across the shock waves. Because there is no work performed total enthalpy 

and total temperature is constant. The static conditions also change across the shock wave, 

increasing the static pressure, static temperature, density as well as the entropy. 

Shockwaves occur in many locations over the aircraft body and become more prominent as 

Mach number increases. Notably, they occur both at the intake and also inside the nozzle. 

There will be normal shockwaves or oblique shockwaves either outside, in the entry or down 
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the intake duct depending on the design. This happens when the flow changed from 

supersonic velocity in the freestream to subsonic velocity in the intake. Inside the nozzle will 

either be a normal shock wave, depending on the conditions in the nozzle, or oblique shock 

waves in the divergent nozzle and jet plume. 

3.1.4 Gross thrust 

The thrust is the force that propels the aircraft forward and is created by the momentum and 

the pressure difference of the exit stream. If the exit pressure is larger than the ambient 

pressure, the surplus of pressure will create additional force over the exit area of the nozzle 

(Walsh & Fletcher, 2004; NASA, 2015c). The gross thrust can be calculated as  

  𝐹𝐺 = �̇�9 ∗ 𝑈9  +  (𝑝9 − 𝑝𝑎𝑚𝑏) ∗ 𝐴9 (3.7) 

 

3.1.5 Afterburner 

To avoid installing large engines that increases the weight and the size of a fighter aircraft, an 

afterburner can be used as an alternative (Kundu, Price & Riordran, 2016; Walsh & Fletcher, 

2004). An afterburner is a second combustions system that burns fuel with the remaining 

oxygen in the gas flow after the turbine (Zukoski, 1978). The exhaust gas temperature 

therefore increases significantly. This is often necessary to produce the massive amount of 

thrust that allows the fighter to accelerate to supersonic velocity (Saravanamuttoo et al, 

2001).  

Afterburners are installed before the exhaust nozzle and are connected to the turbine by a 

diffuser that decreases the fluid velocity of incoming air from the turbine (Saravanamuttoo et 

al, 2001; Zukoski, 1978).  The application of an afterburner requires the nozzle throat to be 

adjustable as the throat area must be larger when the afterburner is in operation.  

The increase in thrust is not obtained without trade-off (Saravanamuttoo et al, 2001; 

Zukoski, 1978). Since the pressure is much lower after the turbine, the combustion that takes 

place in the afterburner will not necessarily be as efficient as in the combustor. Evidently, 

using the afterburner will increase SFC drastically but the fighter will have much more 

capability when accelerating and manoeuvring (Saravanamuttoo et al, 2001; Zukoski, 1978).  

3.2 Factors that impact performance 

An aircraft engine is usually developed separately from the other components of the plane. 

The engine will therefore not necessarily be of optimal design when installed in the aircraft. 

The best engine configurations vary depending on the aircraft design.  

Some examples of the losses in the installed engine are aerodynamic drag, viscous losses and 

pressure losses. These all have negative impact on performance. In other words, the engine 
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performance will be contingent on the operating conditions of the aircraft (Anderson Jr, 

2012; Munson et al., 2011; Kundu et al., 2016). 

 

The forgoing losses entail a decrease in generated thrust from the propulsion system and 

increased fuel consumption when the engine is installed in the aircraft. The total thrust losses 

due to installation effects can reach up to 15 % in fighter aircrafts. These losses will vary at 

different operating condition. For example: At take-off the thrust losses are between 7 -10 %, 

while cruising the corresponding value is typically 3-5 % (Kundu et al., 2016). 

3.2.1 Aerodynamic drag  

As an aircraft moves through the surrounding air it faces resistance by forces acting in the 

opposite direction of its flight path (Mattingly et al. 2000; Kundu et al., 2016). These forces 

are called drag forces and they are a penalty that arises for objects that is moving through any 

fluid. There are different types of drag forces. One is the form drag or also known as pressure 

drag that is created when the air is being pushed away from the aircraft (Anderson Jr., 2012). 

Another type is viscous drag that is associated with the friction forces over the aircraft surface 

(Anderson Jr., 2012; Mattingly et al. 2000). 

Additional drag forces that must be considered are induced drag and wave drag (Anderson 

Jr., 2012). Induced drag is the result of the lifting force over the surface of the body, mainly 

the wings of the aircraft. Wave drag on the other hand is limited to transonic and supersonic 

flight. Accelerating to supersonic velocity causes shock waves around the aircraft that induces 

a large amount of drag.  

Drag coefficient is an indicator of how easy the aircraft can move through air. It is defined as 

the relation between the drag force and the dynamic pressure and reference area 

𝐶𝑑 =
𝐹𝐷

(
𝜌𝑈2

2 ) 𝐴
 

(3.8) 

 

The drag coefficient over the aircraft is at its highest level at the point when the speed of 

sound limit is broken (Carson Jr. & Lee Jr., 1981). This is a result of the formation of shock 

waves over the plane at this velocity. The shock waves are a result of a rapid compression of 

the air by the aircraft that creates a massive change in air properties, such as pressure 

difference over the shock wave. This large variation in pressure causes an increase in drag. 

This is the reason aircrafts avoid cruising at transonic velocity. When the aircraft exceeds the 

speed of sound, however, most parts of the plane are travelling at supersonic speeds, which 

helps preventing boundary layer separation. (Carson Jr. & Lee Jr., 1981) 

3.2.2 Afterbody drag  

The drag over the external flaps of afterbody could account for about 15% of the total aircraft 

drag, depending on conditions and configuration (Bergman, 1974). It depends on several flow 

and geometrical factors and is difficult to estimate analytically. Two of the major effects that 
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are present is the jet plume effect and the entrainment effect (Carson & Lee, 1981). The jet 

plume effect reduces drag by pressurizing the end of the afterbody and the entrainment effect 

increases drag by increasing the external velocity over the afterbody, which reduces the 

pressure. These are mainly dependent on NAR and JPR. 

3.2.2.1. Area ratio 

The external flap angle changes with the variable nozzle exit area. Decreasing the external 

flap angle at the hinge simply increases the nozzle exit area. It is often determined as a 

relation between the exit area and the throat area.  

𝑁𝐴𝑅 =
𝐴9

𝐴8
 

 
(3.9) 

 

Increasing the external flap angle increases the jet plume effect by changing the direction of 

the surface pressure more towards the upstream axial direction. Increasing the external flap 

angle also increases the entrainment effect. Compton and Runckel (1970) attribute this 

occasion to the greater external flow turn at smaller NAR. This turning of the flow increases 

the velocity of the fluid and therefore reduces the pressure over the afterbody. The net result 

from increasing the afterbody angle at subsonic flow tends to reduce drag up to an angle 

where the flow starts separating and the drag starts to increase as a result of the separation 

(Tran et al., 2019). Therefore, increasing the afterbody angle generally causes more 

favourable jet interference (Compton & Ruckel, 1970).  

3.2.2.2. Pressure ratio 

The jet effects have various influences on drag depending on freestream Mach number and 

nozzle pressure ratio, because they decide the structure of the flow on the aircraft afterbody. 

The nozzle pressure ratio is defined as the relation between the nozzle total inlet pressure and 

the static exit pressure  

𝑁𝑃𝑅 =
𝑝07

𝑝9
 

 
(3.10) 

 

JPR can also be used to define the exhaust flow 

𝐽𝑃𝑅 =
𝑝9

𝑝𝑎𝑚𝑏
 

 
(3.11) 

 

It is important to notice the difference between NPR and JPR. NPR is the relation between 

the total pressure and the static exit pressure, while JPR is the ratio between the static exit 

pressure and the ambient pressure. Both NPR and the JPR can be used to describe the flow 

through the nozzle, and they are correlated with each other. A JPR less than 1 is an indication 

of overexpanded nozzle. While a JPR larger than 1 is a sign of underexpanded and if the JPR 

is equal to 1 then the flow is fully expanded.  
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Both underexpanded and overexpanded flows mean lower nozzle efficiency. In the case of 

underexpanded flow, the expansion will continue outside of the nozzle through expansion 

waves, which do not contribute to thrust. While if the flow is highly overexpanded, shock 

waves will occur in the nozzle and cause reduced efficiency.  

 
 

(a) 

 
 

(b) 
 

(c) 

Figure 3.2: (a) overexpanded (b) Fully expanded (c) underexpanded 

Increasing JPR reduces the entrainment effect as the expanding jet diameter increases and 

the flow turning acceleration decreases. Increasing JPR also increases the jet plume effect 

that pressurizes the end of the afterbody. The high jet diameter helps to move the freestream 

acting upon the afterbody away from the centreline (Bergman, 1974; Compton & Runckel, 

1970). Therefore, the flow will recompress more on the afterbody surface compared to design 

conditions. 

At supersonic conditions, the exhaust flow creates a trailing shock wave over the afterbody 

(Carson & Lee, 1981; Donovan & Lawrence, 1957). The shock location over the afterbody is 

dependent on the JPR andincreasing it will force the shock wave upstream.  

Increasing JPR therefore tends to have a favourable effect on the afterbody drag for both 

subsonic and supersonic conditions (Bergman 1974; Reubush, 1974; Harrington, 1969). 

Although, the positive effects of JPR are not as noticeable at small afterbody angels during 

either supersonic or subsonic conditions (Carson & Lee, 1981). 

3.2.3 Nozzle performance  

With the isentropic relations, shown in 3.1.1 and the thrust equation in section 3.1.4, the total 

states can be calculated for each station in the nozzle. It is however not realistic to assume 

isentropic conditions when estimating nozzles performance. When accounting for losses, the 

characteristics of the nozzle will differ. Some losses to mention are the losses caused by 

incomplete flow expansion and pressure losses due to viscous effects. In the coming sections 

some coefficients used to measure the real performance of nozzles will be described. These 

variables are highly dependent on the specific nozzle design.  

3.2.3.1. Discharge coefficient CD 

When fluid flows through a pipe, duct or any other fixed surface, a layer around the walls of 

the surface will develop (Munson et al., 2011). This layer is called the boundary layer. Friction 

losses are created in the boundary layer because of the interaction between the surface and 

the fluid. 
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The principle of boundary layer is most important when explaining the discharge coefficient. 

Due to friction losses, the effective area, through where the fluid passes, differs from the real 

geometric area of a nozzle. It means that the viscous effects prevent the fluid from passing 

through the actual geometric area (Mattingly, Heiser & Pratt, 2000; Dixon & Hall, 2014). 

This flow behavior will cause a variation between the real mass flow and the theoretical mass 

flow and thereby create losses in thrust. The definition of the discharge coefficient can simply 

be expressed as the ratio of the real mass flow to the theoretical mass flow through the nozzle.  

  
𝐶𝐷 =

�̇�𝑟𝑒𝑎𝑙

�̇�𝑖𝑑𝑒𝑎𝑙
 

(3.12) 

 

Since the area is the main influencing variable on the discharge coefficient, it can also be 

expressed as a function of the effective flow area and the actual geometric area. 

  
𝐶𝐷 =

𝐴𝑒𝑓𝑓

𝐴𝑔𝑒𝑜
 

(3.13) 

 

3.2.3.2. Velocity coefficient CX 

As mentioned earlier, the velocity of the flow increases both in the convergent and the 

divergent region of the nozzle at choked conditions. For non-ideal calculations, the velocity 

coefficient is used as an indicator of the degree of velocity losses caused by the viscous effects 

in the nozzle. These losses occur due to shear stress, which is a force that hinders the 

movement of a flow. When the fluid is in contact with a pipe or a surface it slows down due to 

shear stress from the roughness of the pipe wall (Anderson Jr, 2012; Munson et al., 2011). 

The pressure will then drop and therefore reduce the exit velocity. The fundamental principle 

behind this phenomenon is the viscosity of fluids and in some cases the density.  

Higher viscosity means larger friction force, which restricts the fluid from flowing (Munson 

et al., 2011). The temperature has a major impact on the viscosity of fluids and most gases 

will flow more easily at lower temperatures, while liquids tends to have higher viscosity at 

low temperatures.  

The velocity coefficient can be defined as the ratio between the actual velocity and the ideal 

velocity of the exhaust gas at the nozzle exit (Mattingly et al. 2000). Since the thrust is 

dependent to the jet velocity, this parameter, as well as the discharge coefficient, will have an 

impact on the nozzle performance.  

  
𝐶𝑋 =

𝑈9

𝑈9𝑖𝑑𝑒𝑎𝑙
 

(3.14) 

 

The denominator is the ideal velocity that can be achieved in the case if losses are neglected 

and the nominator is the actual velocity of the exhaust gas. The normal range for the velocity 

coefficient is between 0.95<Cx<0.98 (Sforza, 2012). 
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3.2.3.3. Thrust coefficient CF 

Supersonic flight requires high-pressure ratio over the nozzle, which makes it crucial to use a 

convergent-divergent nozzle to reduce the thrust losses (Mattingly et al. 2000; Walsh & 

Fletcher, 2004). The ratio between the real thrust and the ideal thrust is described by the 

thrust coefficient. It is another variable that is used to evaluate the performance of nozzles. 

(Mattingly et al. 2000; Walsh & Fletcher, 2004). 

  
𝐶𝐹 =

𝐹𝐺𝑟𝑒𝑎𝑙

𝐹𝐺𝑖𝑑𝑒𝑎𝑙
  

(3.15) 

 

The term in the denominator is the ideal thrust produced when the flow expands completely 

to equal the ambient pressure, and where no viscous losses and mass flow losses occur 

(Mattingly et al. 2000; Walsh & Fletcher, 2004). 

3.3 Computational fluid dynamics 

CFD is the method of using numerical algorithms to compute and determine the behavior of 

fluids. CFD simulations are created from two main elements: Pre-processing and solving. 

Pre-processing is the first step where the computational domain is first determined and 

where the geometry of the region is then created and subdivided into smaller domains or 

cells in a mesh (Versteeg & Malalasekera, 2007). The physical properties of the domain and 

the settings of the mesh are then also determined. 

The solver then uses numerical solution technique to approximate the unknown flow 

variables and then solve the algebraic equations as partial differential equations (Versteeg & 

Malalasekera, 2007). The numerical solution then presents results that that can be 

interpreted in different manners. This is a third element beyond CFD called post-processing. 

It is a method to visualize the solution and to present clear illustrations of how the flow 

develops or how the heat changes through the fluid. 

The theory behind fundamental fluid mechanics for the Eulerian description will be 

presented in the following section. The conservative governing equations for transient three-

dimensional fluid flow and heat transfer of compressible Newtonian fluids are derived for 

mass transfer, momentum and energy. A turbulence model and the solution method of finite 

volume will then lastly be described. 

3.3.1 Continuum mechanics 

The Eulerian description depicts fluid motion at points in space and time within a fixed 

control volume instead of following an individual particle through the fluid (Rao, 2017). The 

control volume V with a surface S consists of infinitesimally small volume elements dV and 

infinitesimally small area elements dS. The physics of such systems can be modelled by 

continuum mechanics that describes the system as a continuous mass instead of a discrete 

atomic structure of individual particles (Rao, 2017). The substance that is modelled is 
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therefore assumed to completely fill the volume it occupies, but where dV is still large enough 

to be considered a continuous medium. 

There can be closed systems that are defined as having no transfer of properties outside of 

the system boundaries such as matter, momentum or energy. The closed nature of such 

systems allows for three conservation principles to be applied as the conservation of mass, 

momentum and energy (Anderson Jr, 2007). These principles all follow the first law of 

thermodynamics which states that the total energy in a closed system must remain constant. 

This allows for the derivation of equations that determine the fundamental physical 

principles of a fluid moving through a fixed control volume. These final equations are called 

the governing equations and are known as Navier-Stokes equations of continuity, momentum 

and energy. They will be derived as done by Anderson Jr (2007). 

3.3.2 Continuity equation 

Mass can not be created nor destroyed. The continuity equation is derived from the 

conservation of mass and it follows the physical principle that mass must remain constant in 

a closed system. Therefore, it follows that the net mass flow out of a control volume through 

its surface must equal the rate of change of the mass inside the control volume.  

Let V be an arbitrary control volume with surface S. It has a surface element dS with the 

normal vector n that is oriented to point out of the control volume.  

 

Figure 3.3: Control volume V with surface element dS 

The vector surface area element is then dS=ndS. Let 𝑼 = [
𝑢
𝑣
𝑤

] be the local velocity vector and 

𝜌 the density, then the mass flow across the area element dS is 

  𝜌𝑼𝒅𝑺 = 𝜌𝑼 ∙ 𝒅𝑺 
 

(3.16) 

The net flow of mass out of V through dS is then ∯ 𝜌𝑼 ∙ 𝒅𝑺
 

𝑆
. Applying the divergence theorem 

then gives 
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∯(𝜌𝑼 ∙ 𝒅𝑺)

 

𝑆

= ∰ ∇ ∙ (𝜌𝑼) 𝑑𝑉

 

𝑉

 

 
 

 
(3.17) 

The mass contained within the volume element dV is 𝜌𝑑𝑉 and the total mass inside V is 

therefore ∰ 𝜌𝑑𝑉
 

𝑉
. The rate of decrease of the mass inside V is 

  
−

𝜕

𝜕𝑡
∰ 𝜌 𝑑𝑉

 

𝑉

= − ∰
𝜕𝜌

𝜕𝑡
 𝑑𝑉

 

𝑉

 
 

(3.18) 

 

The net mass flow out of the control volume through the surface and the rate of change of the 

mass inside the control volume is  

  
∰ ∇ ∙ (𝜌𝑼)𝑑𝑉

 

𝑉

+ ∰
𝜕𝜌

𝜕𝑡
 𝑑𝑉

 

𝑉

= 0 
 

(3.19) 

 

This can be simplified as 

  
∰ [

𝜕𝜌

𝜕𝑡
+ ∇ ∙ (𝜌𝑼)] 𝑑𝑉

 

𝑉

= 0 
 

(3.20) 

 

Since V is an arbitrarily chosen volume then the only way the integral can be equal to zero is 

when the expression in the brackets are equal to zero. Therefore, the equation can be reduced 

to 

  𝜕𝜌

𝜕𝑡
+ ∇ ∙ (𝜌𝑼) = 0 

 
(3.21) 

 

This is the Navier-Stokes continuity equation as a partial differential equation. 

3.3.3 Momentum equation 

Newton’s second law of motion states that the sum of all forces acting on a body is equal to its 

time rate of change of momentum. It can be written in the general form as 

  
𝑭 =

𝑑

𝑑𝑡
(𝑚𝑼) 

 
(3.22) 

Consider the right-hand side as the rate of change of momentum over time of a fluid as it 

flows through V. This rate of change is the sum of two terms. The first is the net change of 

momentum out of the control volume V over the surface S. The second is the rate of change of 

momentum over time due to unsteady fluctuations of flow properties inside V. These two 

terms are derived from the continuity equation, which represents the mass flow, then by 

scalar multiplication with the velocity vector U, the momentum is obtained.  
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  𝑑

𝑑𝑡
(𝑚𝑼) = ∯(𝜌𝑼 ∙ 𝒅𝑺)𝑼

 

𝑆

+
𝜕

𝜕𝑡
∰ 𝜌 𝑼𝑑𝑉

 

𝑉

 
 

(3.23) 

The forces acting on the fluid comes from two sources. The first source is the body forces 

acting inside V such as gravitational, electromagnetic or inertial forces for example. The 

second source is the surface forces acting on S such as pressure forces and shear stresses. Let 

g represent the net body forces per unit of mass that is exerted on the volume element dV. 

The total body forces exerted within V are then ∰ 𝜌𝒈𝑑𝑉
 

𝑉
. The total pressure over S is 

− ∯ 𝑝𝒅𝑺
 

𝑆
. The total force that is experienced by a fluid that is flowing through V is the sum of 

the body forces, the pressure forces and the viscous forces. 

  
𝑭 = ∰ 𝜌𝒈𝑑𝑉

 

𝑉

− ∯ 𝑝𝒅𝑺

 

𝑆

+ 𝑭𝑉𝑖𝑠𝑐𝑜𝑢𝑠 
 

(3.24) 

The integral form of the momentum equations is then obtained by combining the previous 

equations as  

  
∯(𝜌𝑼 ∙ 𝒅𝑺)𝑼

 

𝑆

+
𝜕

𝜕𝑡
∰ 𝜌 𝑼𝑑𝑉

 

𝑉

= ∰ 𝜌𝒈𝑑𝑉

 

𝑉

− ∯ 𝑝𝒅𝑺

 

𝑆

+ 𝑭𝑉𝑖𝑠𝑐𝑜𝑢𝑠 
 

(3.25) 

By applying the divergence theorem, and separating the surface pressure into static pressure 

p and the stress tensor 𝝉, the equation can be rewritten as 

  
∰ [

𝜕

𝜕𝑡
(𝜌𝑼) + ∇ ∙ (𝜌𝑼𝑻𝑼) + ∇ ∙ p − ∇ ∙ 𝝉 − 𝜌𝒈 − 𝑭𝑉𝑖𝑠𝑐𝑜𝑢𝑠] 𝑑𝑉

 

𝑉

= 0 
 

(3.26) 

 

The stress tensor 𝝉 models the viscous stresses over the surface of a body as  

𝝉 = [

𝜏𝑥𝑥 𝜏𝑥𝑦 𝜏𝑥𝑧

𝜏𝑦𝑥 𝜏𝑦𝑦 𝜏𝑦𝑧

𝜏𝑧𝑥 𝜏𝑧𝑦 𝜏𝑧𝑧

] 
 

(3.27) 

 

The viscous stresses can be understood by first defining the shear stress at the surface 

parallel to a body as 

𝜏𝑦 = 𝜇
𝜕𝑢

𝜕𝑦
 

 
(3.28) 

 

The viscous stresses over the surface is then defined as 

𝜏𝑥𝑦 = 𝜏𝑦𝑥 = 𝜇 (
𝜕𝑢

𝜕𝑦
+

𝜕𝑣

𝜕𝑥
) 

 

 
(3.29) 

𝜏𝑥𝑧 = 𝜏𝑧𝑥 = 𝜇 (
𝜕𝑢

𝜕𝑧
+

𝜕𝑤

𝜕𝑥
) 

 
(3.30) 
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𝜏𝑦𝑧 = 𝜏𝑧𝑦 = 𝜇 (
𝜕𝑣

𝜕𝑧
+

𝜕𝑤

𝜕𝑦
) 

 

 
(3.31) 

 

The viscous stresses normal to the surface of the body is then defined as  

𝜏𝑥𝑥 = 𝜆(𝛻 ∙ 𝑼) + 2𝜇 (
𝜕𝑢

𝜕𝑥
) 

 

 
(3.32) 

𝜏𝑦𝑦 = 𝜆(∇ ∙ 𝑼) + 2𝜇 (
𝜕𝑣

𝜕𝑦
) 

 

 
(3.33) 

𝜏𝑦𝑦 = 𝜆(∇ ∙ 𝑼) + 2𝜇 (
𝜕𝑤

𝜕𝑧
) 

 

 
(3.34) 

 

Where 𝜆 is know as the second viscosity and often substituted as −
2

3
𝜇. For the same 

reasoning as for the continuity equation, equation (3.26) must be identically zero at all points 

in the flow and can therefore be written as 

  𝜕

𝜕𝑡
(𝜌𝑼) + ∇ ∙ (𝜌𝑼𝑻𝑼) = −∇ ∙ p + ∇ ∙ 𝝉 + 𝜌𝒈 + 𝑭𝑉𝑖𝑠𝑐𝑜𝑢𝑠 

 
(3.35) 

 

This is the instantaneous Navier-Stokes momentum equation. 

3.3.4 Energy equation 

The governing equation for energy is derived from the first law of thermodynamics, which 

states that energy can neither be created nor destroyed. Applying this law to a control 

volume, the rate of change of energy for the fluid flowing through V must be equal to the rate 

of heat added and work done to V. The total rate of volumetric heating can be expressed as 

∰ 𝜌�̇�𝑑𝑉
 

𝑉
+ �̇�𝑣𝑖𝑠𝑐𝑜𝑢𝑠, and the rate of work on a moving body is  

  �̇� = 𝑭 ∙ 𝑼 (3.36) 

 

Considering the right-hand side of the integral form of the momentum equation (3.25), the 

total rate of work done on the fluid inside V is expressed by scalar multiplication of the 

velocity vector U for the surface forces, the body forces and the viscous forces. 

  
𝑼 [∰ 𝜌𝒈𝑑𝑉

 

𝑉

− ∯ 𝑝𝒅𝑺

 

𝑆

+ 𝑭𝑉𝑖𝑠𝑐𝑜𝑢𝑠] = − ∯ 𝑝𝑼 ∙ 𝒅𝑺

 

𝑆

+ ∰ 𝜌(𝒈 ∙ 𝑼)𝑑𝑉

 

𝑉

+ �̇�𝑣𝑖𝑠𝑐𝑜𝑢𝑠 
 

(3.37) 
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The random motion of the atoms and molecules in the fluid is denoted as the internal energy 

per unit of mass 𝑖. A moving fluid inside is V with the velocity vector V has a kinetic energy. 

The sum of the internal and kinetic energies is called the total energy and the net flow of this 

across surface S can be expressed as ∯ (𝜌𝑼 ∙ 𝒅𝑺)
 

𝑆
(𝑖 +

𝑈2

2
). The total energy E can be expressed 

as (𝑖 +
𝑈2

2
) and the change of the total energy inside V over time due to transient variations of 

the variables can be expressed as 
𝜕

𝜕𝑡
∰ 𝜌 𝐸𝑑𝑉

 

𝑉
. The integral form of the energy equation can 

be expressed as an equality between rate of change of the energy inside V over time and the 

net rate of flow of energy across S with the rate of total heat addition and the rate of total 

work done on the fluid. 

  
∯(𝜌𝑼 ∙ 𝒅𝑺)

 

𝑆

𝐸 +
𝜕

𝜕𝑡
∰ 𝜌 𝐸𝑑𝑉

 

𝑉

 

= ∰ 𝜌�̇�𝑑𝑉

 

𝑉

+ �̇�𝑣𝑖𝑠𝑐𝑜𝑢𝑠 − ∯ 𝑝𝑼 ∙ 𝒅𝑺

 

𝑆

+ ∰ 𝜌(𝒈 ∙ 𝑼)𝑑𝑉

 

𝑉

+ �̇�𝑣𝑖𝑠𝑐𝑜𝑢𝑠 

 
 

(3.38) 

 

By applying the divergence theorem and setting the volume integral to be equal to zero for all 

points, the partial differential equation for the energy equation can be simplified to 

  𝜕

𝜕𝑡
𝜌𝐸 + ∇ ∙ (𝜌𝐸𝑼) = 𝜌�̇� − ∇ ∙ (𝑝𝑼) + 𝜌(𝒈 ∙ 𝑼) + 𝑄′̇ 𝑣𝑖𝑠𝑐𝑜𝑢𝑠 + 𝑊′̇ 𝑣𝑖𝑠𝑐𝑜𝑢𝑠 

 
(3.39) 

 

The heat flux can be expressed in terms of volumetric heating such as absorption or emission 

of radiation. The heat transfer across the surface can be expressed as thermal conduction as 

  𝑄′̇ 𝑣𝑖𝑠𝑐𝑜𝑢𝑠 = 𝑘𝑡𝑇(∇ ∙ ∇𝑇) 

 

 
(3.40) 

 

The rate of work done on the fluid due to viscous stresses can be expressed as 

  𝑊′̇ 𝑣𝑖𝑠𝑐𝑜𝑢𝑠 = (∇ ∙ 𝝉) ∙ 𝑼𝑇  
(3.41) 

 

The viscous stresses can be expressed with the dynamic viscosity and the second viscosity as 

done for the momentum equation. The general energy equation for unsteady, compressible, 

three-dimensional, viscous flow can then be expressed as 

𝜕

𝜕𝑡
𝜌𝐸 + ∇ ∙ (𝜌𝐸𝑼) = 𝜌�̇� − ∇ ∙ (𝑝𝑼) + 𝜌(𝒈 ∙ 𝑼) + 𝑘𝑡𝑇(∇ ∙ ∇𝑇) + (∇ ∙ 𝝉) ∙ 𝑼𝑇 

 

 
(3.42) 

 

This is the Navier-Stokes equation for energy. 
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3.3.5 Turbulence modelling 

A unit of measurement of the relative importance of inertia forces and viscous forces for fluid 

flow is represented by the Reynolds number (Versteeg & Malalasekera, 2007). When the fluid 

is flowing in an orderly fashion in adjacent layers the flow is called laminar, which occurs for 

lower Reynolds numbers (Versteeg & Malalasekera, 2007). When the Reynolds numbers 

instead enters the regime of larger values, the flow begins to behave in a random and chaotic 

way (Versteeg & Malalasekera, 2007). This flow is called turbulent and its unsteady motion 

makes the velocity and the other flow properties adapt this complicated behaviour. Due to 

the nature of turbulent flow, it is incredibly difficult to model and predict. 

In practice, it is often enough to calculate the time-average properties of a flow that follows 

the same expression. The flow property for the velocity vector is denoted as 𝑼𝑖 and it is the 

sum of the steady mean component �̅�𝑖 and the fluctuating component 𝑼′𝑖.  

  𝑼𝑖 = �̅�𝑖 + 𝑼′𝑖 (3.43) 

 

The Navier-Stokes equations for continuity and momentum can be written as time-average 

for turbulent flow. The Reynolds average Navier-Stokes equations (RANS) for continuity and 

momentum can be written in Cartesian tensor form as  

𝜕𝜌

𝜕𝑡
+ ∇𝑖 ∙ (𝜌𝑢𝑖) = 0 

 
(3.44) 

 

𝜕

𝜕𝑡
(𝜌𝑼𝑖) + ∇𝑗 ∙ (𝜌𝑼𝑖𝑼𝑗) = −∇𝑖 ∙ 𝑝 + ∇𝑗 ∙ 𝝉𝒊𝒋 + ∇𝑗 ∙ (−𝜌𝑼′𝑖𝑼′𝑗̅̅ ̅̅ ̅̅ ̅̅ ) 

 
(3.45) 

 

The −𝜌𝑼′𝑖𝑼′𝑗
̅̅ ̅̅ ̅̅ ̅̅ ̅ term is of the Reynold stresses in the RANS equations. These are modelled with 

the Boussinesq assumption (FOI, 2007). 

−𝜌𝑼′
𝑖𝑼

′
𝑗

̅̅ ̅̅ ̅̅ ̅̅
= 𝜇𝑡 [

𝜕𝑼𝑖

𝜕𝑥𝑗
+

𝜕𝑼𝑗

𝜕𝑥𝑖
−

2

3
(∇𝐔)𝛿𝑖𝑗] −

2

3
𝜌𝑘𝛿𝑖𝑗 

 
(3.46) 

 

3.3.6 Menter SST 𝒌 − 𝝎 turbulence model 

A common turbulence model is the Menter SST k − ω model. M-Edge (Eliasson, 2002) 

(former CFD solver Edge) uses an alternative version that is blending the standard k − ε in 

the outer part of the boundary layer with the Wilcox k − ω in the near part of the boundary 

layer (FOI, 2007). This transforms the k − ε model into the k − ω with an added cross-

diffusion term from Kok (2000) and with different coefficients. The turbulent kinetic energy 

is defined in (FOI, 2007) as 

𝑘 =
1

2
𝑼𝑖𝑼𝑖
̅̅ ̅̅ ̅̅  

(3.47) 
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The specific turbulent dissipation rate is defined in CFD-online (2014) as 

𝜔 =
𝜖

𝑘𝛽∗
 

(3.48) 

 

The turbulence dissipation 𝜖 is for compressible flow defined in CFD-online (2014) as 

𝜖 =
1

�̅�
𝜏𝑖𝑗

𝜕𝑼𝑖
′′

𝜕𝑥𝑖

̅̅ ̅̅ ̅̅ ̅̅ ̅̅
 

(3.49) 

 

The transport equations for the turbulent kinetic energy is 

  𝜕(𝜌𝑘)

𝜕𝑡
+ ∇ ∙ (𝜌𝑼𝑗𝑘) − ∇ ∙ ((𝜇 + 𝜇𝑡𝜎∗)𝑘,𝑖) = 𝑃𝑘 − 𝛽∗𝜌𝜔𝑘 

(3.50) 

 

The transport equation for the specific dissipation rate is  

  𝜕(𝜌𝜔)

𝜕𝑡
+ ∇ ∙ (𝜌𝑼𝑗𝜔) − ∇ ∙ ((𝜇 + 𝜇𝑡𝜎)𝜔,𝑖) = 𝛾

𝜔

𝑘
𝑃𝑘 − 𝛽∗𝜌𝜔2 + 𝐶𝐷 

(3.51) 

 

Where the turbulent eddy viscosity is 

𝜇𝑡 = 𝜌
𝑘

𝜔
 

 
(3.52) 

 

The production term is  

𝑃𝑘 =
𝜕𝑼𝑖

𝜕𝑥𝑗
(𝜇 [

𝜕𝑼𝑖

𝜕𝑥𝑗
+

𝜕𝑼𝑗

𝜕𝑥𝑖
−

2

3
(𝛻𝑼)𝛿𝑖𝑗] −

2

3
𝜌𝑘𝛿

𝑖𝑗
) 

 
(3.53) 

 

The cross-diffusion term is  

𝐶𝐷 = 𝜎𝑑

𝜌

𝜔
𝑚𝑎𝑥 (0,

𝜕𝑘

𝜕𝑥𝑘

𝜕𝜔

𝜕𝑥𝑘
) 

 
(3.54) 

  

3.3.7 Finite volume method 

In the finite volume method, the continuous differential equations of the governing equations 

are discretized over smaller control volumes that are divided from a larger domain (Versteeg 

& Malalasekera, 2007). These control volumes may be created in many different geometrical 

shapes such as cuboids or tetrahedrons. They are first defined as node points in the domain 

and the grid between these node points is called the mesh. The steady state transport 

equation for a general variable 𝜑 is discretized for the combined diffusion and convection by 

removing the transient term 
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  ∇ ∙ (𝜌𝜑𝑼) = ∇ ∙ (𝐷∇ ∙ 𝜑) + 𝑆𝜑 (3.55) 

 

The diffusion coefficient is denoted as 𝐷 and the source term is denoted as 𝑆𝜑. Integration 

over the control volume and applying the divergence theorem yields  

  
∯(𝜌𝜑𝑼) 𝒅𝑺

 

𝑆

= ∯(𝐷∇ ∙ 𝜑)𝒅𝑺

 

𝑆

+ ∰ 𝑆𝜑

 

𝑉

𝑑𝑉 
 

(3.56) 

This equation represents the flux balance in the control volume where left-hand side 

represents the net convective flux and the right-hand side represents the net diffusive flux 

with the generation or destruction of the property 𝜑.  

Imagine a one-dimensional control volume at point P with neighbouring points 𝑊 to the left 

and 𝐸 to the right, a cross section area A with the left face 𝑤 and the right face 𝑒. 

 

 

Figure 3.4: Illustration of a one-dimensional control volume 

 

Integration over this control volume gives 

  
(𝜌𝑢𝐴𝜑)𝑒 − (𝜌𝑢𝐴𝜑)𝑤 = (𝐷𝐴

𝑑𝜑

𝑑𝑥
)

𝑒
− (𝐷𝐴

𝑑𝜑

𝑑𝑥
)

𝑤
+ 𝑆𝜑 

 
(3.57) 

 

The cross-section area A is constant over this control volume and can therefore be reduced 

from the equation. It can then be rewritten as 

  
(𝜌𝑢𝜑)𝑒 − (𝜌𝑢𝜑)𝑤 = (

𝐷

𝛿𝑥𝑒
) (𝜑𝐸 − 𝜑𝑃) − (

𝐷

𝛿𝑥𝑤
) (𝜑𝑃 − 𝜑𝑊) + 𝑆𝜑 

(3.58) 

 

The cell face values for the convective term for each side of the control volume can be 

calculated from the node points with linear interpolation as 

  
𝜑𝑒 =

(𝜑𝑃 + 𝜑𝐸)

2
 

(3.59) 
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𝜑𝑤 =

(𝜑𝑊 + 𝜑𝑃)

2
 

(3.60) 

Applying the interpolation gives 

(𝜌𝑢)𝑒

(𝜑𝑃 + 𝜑𝐸)

2
− (𝜌𝑢)𝑤

(𝜑𝑊 + 𝜑𝑃)

2
= (

𝐷

𝛿𝑥𝑒
) (𝜑𝐸 − 𝜑𝑃) − (

𝐷

𝛿𝑥𝑤
) (𝜑𝑃 − 𝜑𝑊) + 𝑆𝜑 

(3.61) 

 

The central differencing expression for the discretized convection-diffusion equation can 

then be simplified as 

  𝑎𝑃𝜑𝑃 = 𝑎𝐸𝜑𝐸 + 𝑎𝑊𝜑𝑊 + 𝑆𝜑 

 

(3.62) 

Where 

𝑎𝐸 = (
𝐷

𝛿𝑥𝑒
) −

(𝜌𝑢)𝑒

2
 

 

(3.63) 

𝑎𝑊 = (
𝐷

𝛿𝑥𝑤
) +

(𝜌𝑢)𝑤

2
 

 

(3.64) 

𝑎𝑃 = (
𝐷

𝛿𝑥𝑒
) +

(𝜌𝑢)𝑒

2
+ (

𝐷

𝛿𝑥𝑤
) −

(𝜌𝑢)𝑤

2
 

 

(3.65) 

 

The central differencing expression is the result of the discretization of one node. This 

discretization is performed over each node in the system, which represents one equation each 

for the equation system of the entire control volume. The finite volume method for one 

dimension can then be performed for the other dimension to calculate three-dimensional 

properties in each node.  



26 

4 METHODOLOGY DEVELOPMENT 

In this section the methodology development for finding the optimal nozzle settings is 

described. It consists of three main sections: The simulations of engine performance, the 

simulation of the drag model and optimization of the thrust model in combination with the 

drag model.  

4.1 Engine Performance  

How the uninstalled engine performance was simulated with the engine performance tool 

EVA and MATLAB will be described in the following section.  

4.1.1 Choice of software  

There are several aircraft engine performance tools that could be used for the purpose of this 

study. However, the choice was made to use EVA because of accessibility. It is a tool 

developed to calculate gas turbine engine performance using specifications of major gas 

turbine components and the flight conditions as input parameters (Kyprianidis, Colmenares 

Quintero, Pascovici, Ogaji, Pilidis & Kalfas, 2008). The code utilizes the information supplied 

by the user to predict engine performance. A design point and various off-design points can 

then be excuted. Each off-design point corresponds to a specific operating condition.  

The output from the program is the engine performance, including parameters such as 

temperatures, pressures and mass flow at different stations of the gas turbine engine. The 

merits of the code are that the tool is user-friendly and is capable of finding the engine 

performance in a short amount of time compared to other tools (Kyprianidis et al., 2008). 

The tool is currently not commercially available and is mainly used for educational purposes. 

The disadvantage with EVA is that the code does not incorporate a CD nozzle module. This 

required a complementary MATLAB script for adding a CD nozzle instead.  
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Figure 4.1: Screenshot of various off-design input parameters for EVA 

4.1.2 Engine performance simulation  

The purpose of the EVA simulations was to predict the conditions at the afterburner inlet in 

station 6 for the assessment of the nozzle dimensions performed in MATLAB. In other words, 

the values from EVA were the basis for determining the throat area at different Mach 

numbers. Five steady state off-design simulations were executed in total.  

The off-design inputs were based on the operating condition examined in this study. The 

altitude was set to 12 km while five Mach numbers in the range 0.6 to 1.6 were simulated. The 

values of interest at the afterburner inlet are the mass flow, the total pressure, the total 

temperature, fuel to air ratio and fuel mass flow. EVA also requires a target variable when 

simulating the gas turbine engine. Therefore, fan speed was the target variable used in this 

study. It was set to its maximum speed of 10250 rpm. 

4.1.3 MATLAB model  

After simulating the afterburner inlet conditions, a MATLAB model was created. In the first 

stage, since EVA did not account for the afterburner, the values from EVA were used to find 

the fuel to air ratio into the nozzle. Afterwards, the total states and FAR were utilized to 

calculate the choked throat area. In the next step, a model to simulate the gross thrust at 

different NAR was developed. The NAR range tested in this study was between 1.05 and 2.05 

at each Mach number. 

4.1.3.1. Nozzle inlet conditions 

The nozzle inlet pressure and mass flow calculated by EVA are shown in Table 4.1. An 

afterburner was assumed to raise the nozzle inlet temperature to 2000 K. Therefore, a new 

fuel to air ratio was calculated. The equation to calculate the fuel mass flow is 

𝑊𝑓6 = �̇�6 ∗ (h7 − h6)/(QLHV ∗ ηAB) (4.1) 
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Where h is the enthalpy, ηAB is the afterburner efficiency, which was set to 99%, and QLHV is 

the lower heating value for jet fuel that is equal to 43.032 MJ/kg. The sum of the afterburner 

mass flow and the combustor mass flow divided by the total gas flow that corresponds to the 

fuel to air ratio at the nozzle inlet.  

𝐹𝐴𝑅7 =
𝑊𝑓36 + 𝑊𝑓6

�̇�6 − 𝑊𝑓36
 

(4.2) 

 

 

Table 4.1: Nozzle inlet conditions at different freestream Mach numbers  

Mach Number Total 
temperature 

𝑻𝟎𝟕 [K] 

Total pressure 
𝒑𝟎𝟕 [Pa] 

Mass flow �̇�𝟕 
[kg/s] 

Fuel to air 
ratio 𝑭𝑨𝑹𝟕  

[-] 

0.6 2000 94925 21.46 0.03421 

0.8 2000 109008 24.34 0.03425 

1.2 2000 154448 33.35 0.03442 

1.4 2000 188400 39.86 0.03455 

1.6 2000 232082 48.05 0.03468 

 

4.1.3.2. Throat area determination  

Using the input values shown in Table 4.1, a design point throat area was determined at each 

freestream Mach number. Assuming isentropic flow through the nozzle and by utilizing the 

mass continuity, the throat area could be calculated as 

𝐴8 =
�̇�8

(
𝑝08

√𝑅 ∗ 𝑇08

) ∗ √𝛾8 ∗ (
𝛾8 + 1

2 )
−

𝛾8+1
𝛾8−1

 
(4.3) 

 

Isentropic conditions mean that the total temperature and total pressure through the nozzle 

is constant. The heat capacity ratio at the throat is 𝛾8. 
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Table 4.2: Throat area at different Mach numbers 

Mach Number Throat area 
[m2] 

0.6 0.258 

0.8 0.255 

1.2 0.247 

1.4 0.242 

1.6 0.236 

 

4.1.3.3. Uninstalled gross thrust 

The uninstalled gross thrust at specific nozzle inlet conditions and throat areas varies for 

different nozzle area ratios. As NAR increases, the flow expands more as a result of increasing 

the flow area. As can be read in the literature study, the flow can be underexpanded, 

overexpanded or fully expanded depending on the expansion rate.   

At each NAR and nozzle inlet conditions given in table Table 4.1, the Mach number at the 

nozzle exit was first determined. The jet velocity, static pressure and static temperature were 

then calculated by applying equations (3.4)-(3.6). Using these variables, the gross thrust at 

each NAR was then calculated using equation (3.7). The procedure was then repeated for 

each NAR and freestream Mach number. To develop a model for the uninstalled gross thrust, 

an area ratio range of 1.05 to 2.05 with a step size of 0.001 was simulated. The computational 

domain for one Mach number is shown in Figure 4.2.  

Finally, performance coefficients were used to account for pressure and viscous losses. CF, CD 

and Cx were calculated using equations (3.12)-(3.15). The CFD results were used as the real 

values in the equations. For increased accuracy and reliability, the velocity coefficient was 

curve fitted with exponential fitting in MATLAB.  

𝐹𝐺𝑟𝑒𝑎𝑙 = �̇�9 ∗ 𝐶𝐷 ∗ 𝑈9 ∗ 𝐶𝑋 + 𝐴9 ∗ 𝐶𝐷 ∗ (𝑝9 − 𝑝𝑎𝑚𝑏) (4.4) 
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 Figure 4.2: Simulation scheme for engine performance for a Mach number 

 

4.2 Drag simulation  

CFD was used to develop a drag model over the afterbody at different Mach numbers, NAR 

and JPR. Therefore, meshes for each NAR and throat area were created and used to solve a 

total of 100 cases with the CFD solver M-Edge. The cases were developed around the Mach 

numbers, so for each Mach number there were 20 cases. Figure 4.3 illustrate the 

computational domain for one Mach number. As mentioned before five Mach numbers were 

simulated in this study. Every Mach number has the same computational domain as the one 

shown in the figure below.  Each case in M-Edge was run for 15 000 iterations and then post 

processed afterwards, by exporting illustrative images. 

Mach number Throat area

NAR=1.05 JPR1 FG1

NAR=1.05+0.001 JPR2 FG2

NAR=1.05+0.001 x 2 JPR3 FG3

NAR=1.05+0.001 x 3 JPR4 FG4

.

.

.

.

.

.

.

.

.

NAR=2.05 JPRn FGn
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Figure 4.3: CFD simulation scheme at different Mach numbers 

4.2.1 Aircraft geometry and mesh 

The aircraft geometry, shown in appendix 1, was processed for the CFD simulations. It was 

first patched to remove any gaps in the surface. The intake lips were rounded to allow for 

better flow into the intake ducts. The sharp rear edges on the wings and fin were then cut-off 

and replaced with 0.01 m wide edges. The purpose for removing sharp edges was to improve 

the quality of the mesh, mainly the prism layers. The large base surface on the rear of the fin 

was then removed, as there was concern that it could have a large effect on the afterbody drag 

by disturbing the flow. The rear bases of the horizontal stabilizers were then shortened as 

much as possible, up to the stabilizers, and the cylindrical afterbody before the nozzle was 

slightly elongated following the same curve structure. These two changes were made to be 

able to fit the interface of the nozzle at the end of the aircraft, as otherwise it would have 

overlapped with the horizontal stabilizer bases. The interface was then created as a 

cylindrical enclosure at the end of the nozzle that would stretch 31.7 m in length behind the 

aircraft and 8 m in radial width. With the aircraft geometry ready, a farfield was created as a 

cuboid that encapsulated the geometry while being large enough to not let its boundaries 

affect the flow over the aircraft geometry. The volume inside the farfield was set as a fluid and 

the volume inside the aircraft geometry was set as an orphan, which would delete the volume 

mesh inside the aircraft geometry after generation. The geometry was scaled up so that a 

wingspan of 8.25 m would be a 1:1 ratio of the live model. 

M0 Throat area

NAR=1.05

JPR= 0.75

JPR= 1

JPR= 1.5

JPR= 2

NAR =1.3

JPR= 0.75

JPR= 1

JPR= 1.5

JPR= 2

NAR = 1.55

JPR= 0.75

JPR= 1

JPR= 1.5

JPR= 2

NAR = 1.8

JPR= 0.75

JPR= 1

JPR= 1.5

JPR= 2

NAR = 2.05

JPR= 0.75

JPR= 1

JPR= 1.5

JPR= 2
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The first step, when creating the mesh, was to generate an unstructured surface mesh from a 

volume mesh with the Octree method.  This method enclosed the geometry inside a cuboid 

that was then split into smaller and smaller tetrahedral elements. The tetrahedral volume 

elements were then projected onto the geometry surface to create triangle surface elements. 

The volume elements were then deleted, leaving the surface mesh of the geometry remaining. 

The surface elements were then smoothed to increase the mesh quality to at least 0.5. The 

quality criteria is determined by the ratio of the element area with the longest element edge. 

Therefore, longer elements give worse quality rating while an element such as an isoscelece 

triangle would have a quality rating of 1.0. 

The volume mesh was then generated from the high-quality surface mesh with the Delaunay 

method, which grows the volume elements from the surface mesh until the geometry is filled. 

The complete volume mesh was then smoothed to a mesh quality of at least 0.4. The quality 

criteria is the same for the tetrahedral elements as for the triangle elements, just with an 

additional dimension, where longer tetrahedral elements have worse quality. 

Lastly the prism layers were generated over the wall surfaces of the geometry. Four layers 

were first generated and then split into new layers. The first layer closest to the surface was 

split into thirty-five, the second layer was split into five, the third layer was split into three 

and the fourth layer furthest away from the surface was split into two for a total of forty-five 

layers. The prism layers were then redistributed with a growth rate of 1.175 and with a first 

layer height of 15e-6 m. The first layer height and growth rate were chosen for the aircraft 

mesh as to match the nozzle mesh for better continuity. The final aircraft mesh consisted of 

about 10 million nodes and 29 million elements.  

 

Figure 4.4: Aircraft and interface mesh 
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4.2.2 Nozzle geometry and mesh  

A MATLAB script developed by Saab was used to create different meshes for the nozzle and 

afterbody. The nozzle geometries used to create the afterbody meshes were based on the 

nozzle throat areas and the area ratios presented in sections 4.1.3. Moreover, the nozzle 

convergent and divergent lengths were brought from a study conducted by NASA (Carson Jr. 

& Lee Jr., 1981) as reasonable conceptual nozzle geometry. The inlet area was set to be 0.2914 

m2, to match the inlet area calculated by EVA, while the base-thickness was set to 0.02 m. An 

illustration of the nozzle geometric details is shown in Figure 4.5. Observe that the values are 

rounded up in the figure.  

 

Figure 4.5: Nozzle geometry 

In total twenty-five different nozzle meshes were created, one for each throat area and area 

ratio. The nozzle interface extended 31.7 m behind the nozzle exit and in a radius of 8 m 

around the nozzle. Following the geometry and interface declaration, a structured mesh was 

created. The working principles for the mesh creation were to use the geometry to build a set 

of blocks containing elements where each block made up a part of the geometry or the 

interface. The blocks consisted of a number of edges, which in turn were defined by a number 

of nodes. The script was constructed to find suitable distribution of nodes for different shapes 

in order to carry out a sufficient resolution. A total of 33 million nodes and 33 million 

elements were used to create each configuration. 

 

Figure 4.6: Nozzle mesh 
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4.2.3 Merging meshes 

The unstructured mesh for the aircraft and the structured mesh for the nozzle were then 

merged together for each case to create the final meshes. These were then partitioned and 

preprocessed where the mesh nodes were divided into either 256 or 128 partitions. The mesh 

was also divided into four grid levels of coarseness. The mesh partitioning allows the solver to 

solve the equation systems at each node in parallel to save computational time. 

4.2.4 Boundary conditions  

The boundary conditions were then defined for different surfaces in the geometry. There are 

mainly four boundary condition categories for M-Edge: Connectivity boundary conditions, 

symmetry boundary conditions, wall boundary conditions and external boundary conditions.  

4.2.4.1. Wall boundary conditions  

The walls of the geometry were modelled as adiabatic with friction. This means that there 

would be no energy leaking through the walls, such as into the internal hollow of the aircraft 

geometry. 

4.2.4.2. Farfield 

The dimensions of the farfield extends 100 m above and below the aircraft, 100 m to each 

side of the aircraft, 100 m in front of the aircraft and 200 m behind the aircraft. The outer 

mesh layer of the farfield is shown in appendix 1. The boundary conditions were set as the 

freestream conditions for each Mach number. The freestream conditions at different Mach 

numbers can be seen in Table 4.5-Table 4.6. 

4.2.4.3. Engine inlet  

The boundary condition at the engine inlet was set as a pressure outlet where the static 

pressure was set for each Mach number. As the air is inhaled into the engine through the 

intake duct, pressure losses will occur. Duct design and flight speed are two factors that have 

an impact on the pressure recovery. At supersonic velocity, shock waves develop by the intake 

as the freestream velocity is reduced to subsonic. This also produces pressure losses from the 

compression phase of the fluid. 

The boundary condition pressure was first calculated with the assumption to slow down the 

flow to Mach 0.5 at the engine intake. Duct pressure losses of 95% and normal shock wave 

losses of total pressure between 99% - 90% were assumed. But, since the aircraft intake 

geometry used in this study was not fit for supersonic flight, these pressure values at the 

engine intake caused the CFD simulations to blow up for the supersonic cases. The engine 

inlet static pressure for the supersonic cases was therefore set as the same as for the subsonic 

case at Mach 0.6 seen in the table below. This prevented solutions to blow up but caused 

increased velocity at the engine intake beyond Mach number 0.5. 
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Table 4.3: Engine static inlet pressure 

Mach Number Engine static 
inlet pressure 
[Pa]  

0.6 20 162 

0.8 24 095 

1.2 20 162 

1.4 20 162 

1.6 20 162 

 

 

The intake mass flow ratio was then calculated for each freestream Mach number as the ratio 

between the freestream mass flow and the intake mass flow.  

𝐴∞

𝐴𝑖𝑛𝑡𝑎𝑘𝑒
=

�̇�𝑖𝑛𝑡𝑎𝑘𝑒

𝜌∞𝑈∞𝐴𝑖𝑛𝑡𝑎𝑘𝑒
 

(4.5) 

 

As can be seen in Table 4.4 the masss flow ratio is low. This is a result of the intake duct not 

being designed to manage supersonic speeds. 

 

Table 4.4: Intake mass flow ratio for each Mach number 

Mach Number Mass flow 
ratio 

0.6 0.707 

0.8 0.530 

1.2 0.353 

1.4 0.303 

1.6 0.265 
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4.2.4.4. Nozzle inlet 

The total temperature at the inlet of the nozzle was set to 2000 K to simulate the temperature 

increase as the afterburner at maximum power setting would produce. The total pressure was 

then determined at the nozzle inlet by backwards calculations with the isentropic relations 

for JPR and NAR at the nozzle exit. The total pressure for each case is shown in appendix 2.  

M-Edge allows the user to define which type of gases passes through a boundary. Therefore, 

at the farfield, the gas chosen was air. However, the exhaust flow was assumed to contain the 

added jet fuel, which changes the properties of the fluid. The new specific heat ratio was 

interpolated from gas tables with both the temperature and fuel to air ratio. 

The fluid model was chosen as thermally perfect gas where the internal energy is a function of 

the temperature and where no chemical reaction or ionization takes place. The specific heat 

ratio then becomes a function of temperature, which is more accurate at higher temperatures 

and for multiple species (FOI, 2007). 

4.2.5 Probes and evaluation surface 

Probes and a surface for monitoring the results were added to allow for more data to be 

evaluated. The forces over the afterbody surface were also monitored in order to evaluate the 

afterbody drag. The purpose of the evaluation with the probes was to illustrate the 

convergence of the results. They were placed a few centimetres above the surface around the 

afterbody, through the interface boundary, throughout the jet of the exhaust flow and inside 

the throat and exit of the nozzle. 16 probes were placed around one half of the nozzle, 20 

probes were placed in the exit jet stream, 11 were placed through the threshold of the 

interface and 4 were placed in the throat and exit area of the nozzle. 

The evaluation surface was placed in station 9 at the nozzle exit to evaluate some of the 

parameters. The mean values of the properties at the evaluation surface were calculated from 

integration over the entire evaluation surface area.  

4.2.6 Initialization 

The input data for M-Edge was then set for the freestream, the aircraft, the species and the 

turbulence model. The freestream data was determined with the air properties at an altitude 

of 12 km. The freestream velocity at Mach 0.6 to 1.6 was set for each case at corresponding 

Mach numbers. The rest of the freestream data was then set for the different freestream 

variables. 
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Table 4.5: Freestream velocity 

Mach Number Freestream 
velocity [m/s]  

0.6 177.114 

0.8 236.152 

1.2 354.228 

1.4 413.266 

1.6 472.304 

 

 

Table 4.6: Freestream data 

Freestream data Unit 

𝛾  1.4 - 

𝐶𝑝 1004.5 𝐽

𝑘𝑔 ∙ 𝐾
 

𝜇 1.4436e-5 𝑁 𝑠/𝑚2 

𝑃𝑟 0.72 - 

𝑃𝑟𝑡  0.90 - 

𝑝𝑎𝑚𝑏 19 930 𝑃𝑎 

𝑇𝑎𝑚𝑏 216.65 𝐾 

 

 

The turbulence model used in M-Edge was the RANS-based model Menter SST k-omega with 

2nd order turbulent upwind scheme (Menter, 1994; Menter, Kuntz & Langtry, 2003). The 

closure coefficients, the viscosity ratio 
𝜇𝑡

𝜇
 and the turbulence intensity 𝐼 that were used are 

shown in the table below. The viscosity ratio and the turbulence intensity were estimated as 

for typical flow situations. 
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Table 4.7: Menter SST k-omega coefficients, viscosity ratio and turbulence intensity 

Menter SST k-omega 
coefficients and input 
variables 

𝛼1 0.55317 

𝛼2 0.4403547 

𝛽1 0.075 

𝛽2 0.0828 

𝛽∗ 0.09 

𝜎𝑘1 0.85 

𝜎𝑘2 1.0 

𝜎𝜔1 0.5 

𝜎𝜔2 0.856 

𝜇𝑡

𝜇
 1.0 

𝐼 0.08 

4.3 Optimization of nozzle operation 

Net thrust was calculated by combining the gross thrust model with the drag model. The net 

thrust was first solved as a function of Mach number for a range of different NARs from 1.05 

to 2.05, with increments of 0.001. Each NAR at the specific Mach number corresponded to a 

specific JPR from the engine performance model. Both the NAR and the JPR were then used 

to find the gross thrust and drag from each respective model with linear interpolation and 

linear extrapolation.  

The thrust model was a three-dimensional data set of gross thrust, NAR and JPR, which 

required two-dimensional interpolation. The drag model was a four-dimensional data set 

between drag, Mach number, area ratio and pressure ratio. Since JPR from the thrust model 

could exceed the JPR range tested in the drag model, one-dimensional extrapolation was 

used to extend the range of the model. The extrapolation used the linear relationship between 

the last two entries at the boundaries of the model to find any value outside the data set. 

 



39 

The net thrust was then calculated by subtracting the drag from the gross thrust. This 

resulted in data sets of net thrust over different area ratios for different Mach number. The 

optimal value for the thrust could then be determined as the maximum value in the data set, 

along with its corresponding area ratio. The difference between the area ratio for the 

maximum net thrust and gross thrust was then calculated. The difference in optimal 

uninstalled net thrust and the installed net thrust for the same area ratio was then calculated. 

The net thrust optimization for a specific Mach number was then repeated with the same 

interpolation and extrapolation techniques for a range of Mach numbers from 0.6 to 1.6 with 

an increment of 0.05. This resulted in a model for the optimization potential at different 

Mach numbers in this range. 

  



40 

5 RESULTS 

In this section the results from the study will be presented. The results consist of two 

separate parts: The first is the drag force simulations and the second is the optimization. To 

avoid having an extensive result section and keeping the CFD part short and informative, 

only figures that are of direct value for the analysis are included. More figures from the 

results can be found through the appendix. 

5.1 External performance 

The pressure distribution over the afterbody surface varies at different operating conditions 

and nozzle configurations. Mach number, JPR and NAR are the main factors influencing the 

pressure distribution. In turn, the pressure distribution has a major impact on the afterbody 

drag. A series of figures illustrating the pressure distribution over the afterbody are presented 

below. The aim is to capture the influence of varying the Mach number, NAR and JPR. The 

pressure range used in the figures is selected to visualize the pressure distribution over the 

afterbody.  Hence, the nozzle exit pressure in the figures can not be visualized clearly.  

 

5.1.1 Subsonic condition  

 

Figure 5.1: Pressure distribution over the aircraft body at Mach=0.8, NAR=1.55 & JPR=2 
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Figure 5.2: Pressure distribution over the afterbody at Mach=0.8, NAR=1.55 & JPR=0.75 

 

 

Figure 5.3: Pressure distribution over the afterbody at Mach=0.8, NAR=1.55 & JPR=2 
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Figure 5.4: Pressure distribution over the afterbody at Mach=0.8, NAR=2.05 & JPR=2 

5.1.2 Supersonic condition 

 

Figure 5.5: Pressure distribution over the aircraft body at Mach=1.4, NAR=1.55 & JPR=2 
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Figure 5.6: Pressure distribution over the afterbody at Mach=1.4, NAR=1.55 & JPR=0.75 

 

 

Figure 5.7: Pressure distribution over the afterbody at Mach=1.4, NAR=1.55 & JPR=2 
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Figure 5.8: Pressure distribution over the afterbody at Mach=1.4, NAR=2.05 & JPR=2 

 

 

Figure 5.9: Normal shock wave inside the nozzle at M=1.4, NAR=1.05 & JPR=0.75 
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5.1.3 Drag model  

The tables below present the normalized afterbody drag from the CFD simulations for the 

100 cases examined in this study. At each Mach number the drag is normalized with respect 

to the largest nozzle area setting at NAR=2.05 and fully expanded exhaust flow at JPR=1. 

Table 5.1: Normalized afterbody drag in Newton at Mach 0.6 from the CFD simulations 

                  JPR 

NAR 

0.75 1 1.5 2 

1.05 -11.45 -29.47 -60.22 -117.36 

1.3 38.45 0.84 -73.74 -146.26 

1.55 54.67 10.65 -75.14 -151.63 

1.8 58.60 6.17 -82.09 -154.30 

2.05 53.44 0.00 -87.93 -154.64 

 

Table 5.2: Normalized afterbody drag in Newton at Mach 0.8 from the CFD simulations 

                 JPR  

NAR 

0.75 1 1.5 2 

1.05 -6.81 -86.68 -156.06 -265.80 

1.3 22.64 -29.95 -174.60 -316.75 

1.55 86.03 2.02 -166.55 -317.09 

1.8 109.17 5.01 -171.20 -327.65 

2.05 114.10 0.00 -184.77 -333.85 

 

Table 5.3: Normalized afterbody drag in Newton at Mach 1.2 from the CFD simulations 

                   JPR  

NAR 

0.75 1 1.5 2 

1.05 713.28 761.48 652.17 407.00 

1.3 775.92 711.98 375.68 70.60 

1.55 780.27 597.05 195.14 -126.56 

1.8 611.34 346.69 -87.23 -454.94 

2.05 310.97 0.00 -370.62 -1080.11 
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Table 5.4: Normalized afterbody drag in Newton at Mach 1.4 from the CFD simulations 

                  JPR  

NAR 

0.75 1 1.5 2 

1.05 709.32 832.18 711.20 448.06 

1.3 836.50 733.89 366.10 75.18 

1.55 674.06 510.37 154.09 -128.02 

1.8 418.17 233.93 -130.51 -401.78 

2.05 212.78 0.00 -370.20 -624.24 

 

 

Table 5.5: Normalized afterbody drag in Newton at Mach 1.6 from the CFD simulations 

                   JPR  

NAR 

0.75 1 1.5 2 

1.05 800.08 978.92 858.65 616.09 

1.3 874.26 765.45 481.96 215.74 

1.55 580.08 465.79 225.46 -24.65 

1.8 319.50 190.52 -75.04 -331.60 

2.05 149.82 0.00 -296.71 -559.86 

 

 

Table 5.6: Maximum and minimum normalized afterbody drag in Newton 

Mach Max drag Min drag 

0.6 58.60 -154.64 

0.8 114.10 -333.85 

1.2 780.27 -1080.11 

1.3 836.50 -624.24 

1.6 978.92 -559.86 
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5.2 Engine performance  

The uninstalled engine performance was simulated in MATLAB. The engine operating 

condition, at maximum fan speed, decided the nozzle inlet total states and the throat area. 

The nozzle area ratio examined at specific operating condition was in the range of 1.05 to 

2.05. Increased area ratio contributes to higher expansion ratio. The following figures 

demonstrate the variation in JPR at different nozzle area ratios for different operating 

conditions.    

 

Figure 5.10: JPR as a function of NAR at Mach 0.6 

 

Figure 5.11: JPR as a function of NAR at Mach 0.8 
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Figure 5.12: JPR as a function of NAR at Mach 1.2 

 

Figure 5.13: JPR as a function of NAR at Mach 1.4 

 



49 

 

Figure 5.14: JPR as a function of NAR at Mach 1.6 

5.3 Optimization  

The gross thrust and the net thrust at different Mach numbers are shown in Figure 5.15-

Figure 5.19. The dashed line shows the gross thrust at different NAR, while the red line shows 

the corresponding net thrust for the same NAR. The gross thrust was calculated as described 

in section 4.1.3.3. The net thrust is the gross thrust minus the normalized drag and was 

calculated as described in section 4.3. Figure 5.21 shows the gain in net thrust that can be 

achieved if the design is optimized together with the drag force. 

 

 

Figure 5.15: FG and FN at Mach 0.6 
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Figure 5.16: FG and FN at Mach 0.8 

 

 

Figure 5.17: FG and FN at Mach 1.2 
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Figure 5.18: FG and FN at Mach 1.4 

 

 

Figure 5.19: FG and FN at Mach 1.6 
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Figure 5.20: Difference between installed and unistalled optimal area ratio at different Mach 
numbers 

 

Figure 5.21: Thrust gain when using the optimal installed NAR 
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Figure 5.22: Thrust gain in percent when using the optimal installed NAR 

 

Figure 5.23: Difference between installed and uninstalled optimal jet pressure ratio at different 
Mach numbers 
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6 ANALYSIS 

This section presents analysis of the conducted research and of the final results. The first part 

evaluates the suitability of the method. The second part evaluates the reliability and accuracy 

of the results. 

6.1 Mesh evaluation 

The geometry that was used is from an arbitrary aircraft model. The choice was between 

either using a simple cylindrical body with a rounded nose or a model that was resembling an 

aircraft. The choice was made to use a conceptual aircraft model to develop the methodology 

based on the most realistic case available. 

The mesh quality was developed to level of 0.5 in quality rating for the surface triangle 

elements and 0.4 in quality rating for the volume tetrahedral elements. As explained before, 

the quality rating is calculated by dividing the longest element edge with the elements area. 

This level was considered to be sufficient as there were not any poor elements present that 

could cause disturbance in the flow. The prism layer quality was not as good, with elements 

of <0.01 in quality rating. Despite their poor quality, the prism layers were not smoothed as 

not to risk any distortion in the layers that could create worse elements.   

As mentioned previously, the nozzle length was taken from the theoretical nozzle in the 

NASA report written by Carson Jr. & Lee Jr. (1981). This was done to avoid having to 

simulate different nozzle lengths. The nozzle lengths compared to its largest diameter, called 

finess ratio, also have an impact on drag (Reubush & Runckel, 1973). The nozzle in this study 

also has a velved external flap geometry that is illustrated in appendix 1, while the theoretical 

NASA nozzle is cylindrical, as depicted in Figure 4.5. The velved geometry of the external flap 

may also be a parameter of significance for the afterbody drag (Shrewsbury, 1968).  

6.2 Subsonic results  

The results from the CFD simulations are shown in Table 5.1 and Table 5.2, where some 

trends are displayed for subsonic velocities. As explained, the exhaust flow contributes to 

change in the shape of the flow over the afterbody. This shows a first trend as when the JPR 

increases, the drag decreases. This is true for all subsonic cases. A second trend is that the 

drag decreases with increasing NAR for underexpanded nozzles with JPR of 1.5 and 2.0, 

except for the case at Mach=0.8, JPR=1.5 and NAR=1.55. At this point the drag increases, 

before it starts decreasing again when NAR increases. A third trend for the overexpanded 

nozzle is that the drag instead increases with increasing NAR until a turning point comes. 

From there, at NAR of either 1.55 or 1.8, the drag then instead starts to decrease. Although, 

the cases for Mach=0.8 at JPR=0.75 doesn’t show this behaviour as drag only increases with 

increasing NAR. This means that there could have either been a turning point seen in the 
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drag model if it would have been more extensive, or that there doesn’t exist one for this Mach 

and JPR. 

By looking further at the reason behind the first trend, it is apparent that the increase in JPR 

tends to pressurize the external flap surface and therefore reduce the drag. The pressure 

distribution over the external flap, for NAR=1.55 and different JPR, is shown in Figure 5.2 

and Figure 5.3. It can be seen that the pressure over the external flap surface is higher and 

extends over a larger part of the afterbody at JPR=2 compared to JPR=0.75. The explanation 

of this pressure behaviour is that the jet plume effect gets more dominant as the exhaust flow 

diameter increases when JPR is increased. This effect leads to more recompression of the 

pressure over the external flap surface and this creates a thrust force in the opposite axial 

direction of the drag. Also, decreasing NAR will close the external flap and point the surface 

pressure normal more towards the axial thrust direction. 

Reducing JPR also increases the jet entrainment effect because the jet diameter is reduced. 

This leads to higher velocity over the external flap surface, which reduces pressure and 

increases drag. These effects are noticed for the entire subsonic NAR range tested in this 

study.  

The increase in NAR seems to decrease the drag for underexpanded nozzles with JPR=1.5 

and JPR=2.0. Previous studies mentioned in section 3.2 shows that increasing NAR reduces 

both the jet plume and the entrainment effects. Since the drag decreases, the entrainment 

effect is reduced more than the jet plume effect. Increasing NAR for the nozzles with 

JPR=0.75 and JPR=1.0 increases the drag to a certain point, from where it will start to 

decrease. This shows that the jet plume effect decreases the most up until this point and that 

the entrainment effect decreases the most afterwards. 

At the hinge between the afterbody and the external flap is an edge that starts to obstruct the 

afterbody flow more as NAR increases. The results show that increasing NAR pressurizes the 

upper part of the external flap and the afterbody upstream of the hinge more. Increasing the 

pressure over the converging afterbody geometry just upstream of the hinge leads to reduced 

afterbody drag. The external flap at the hinge will have a slightly diverging geometry at large 

NAR because of its velved geometry. Increasing the pressure over this part of the afterbody 

will instead increase the drag over the velved external flap, although this effect should have 

small significance.  

The results show that, within the range of Mach, JPR and NAR, changing the JPR have the 

biggest impact on the normalized drag. The next largest impact comes from the difference in 

Mach number and the least impact comes from NAR. The difference in the normalized drag 

for subsonic flow for JPR=0.75 is about 50 N, for JPR=1.5 it is about 100 N and for JPR=2.0 

it is about 150 N. While different JPR at the same NAR does show a significant change in 

drag, different NAR at the same JPR does not. The range of different normalized drag values 

for JPR and Mach 0.6 is about 100 N. While, for Mach 0.8 it is about 250 N. While the drag 

range depending on NAR for Mach 0.6 is only about 40 N and for Mach 0.8 only about 100 

N. The difference in Mach number for subsonic conditions therefore have a relatively big 

impact on the changes in the normalized drag, except for JPR=1. 
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6.3 Supersonic results 

The results indicate the same effect of changing JPR on the drag force at supersonic speeds 

compared with those for subsonic speeds seen in Figure 5.6 and Figure 5.7. Drag generally 

decreased as JPR increased, as a result of the jet plume effect explained earlier. However, at 

supersonic speeds a number of shock waves arise at different locations of the aircraft body 

that can be seen in Figure 5.5. Two noticeable shock waves are the ones at the hinge of the 

external flap and at the rear or base of the nozzle, as illustrated in Figure 5.6. These occur for 

the entire supersonic Mach number range tested. By comparing the effect of changing the 

JPR at a constant Mach number and NAR, it can be observed that the location of the rear 

external flap shock wave is pushed upstream as JPR increases. Figure 5.6 and Figure 5.7 

demonstrate this occurrence. A possible explanation for this is again the jet plume effect. The 

growth in jet diameter compresses the external flow and force the shock wave upstream. This 

will lead to lower drag since larger part of the external flap will be pressurized. The benefit of 

changing JPR is limited to the afterbody part that is behind the shock wave. This is because 

of the compressible flow properties that limit the propagation of information upstream to the 

speed of sound for the fluid.   

By inspecting Table 5.3 to Table 5.5, it can be observed that at NAR=1.05 and JPR=0.75, the 

drag do not follow the trend described above. The reason is that a normal shock wave is 

formed inside the nozzle because of the low NPR of the nozzle. The shock wave changes the 

static pressure at the nozzle outlet, which in turn contributes to a change in the jet plume 

shape. Hence, the drag at this specific condition does not correspond to that of an 

overexpanded nozzle. However, the optimization is not affected by this deviation since the 

engine does not operate at that low NAR and JPR.  

Another general trend noticed at supersonic speeds other than the lowest NAR and JPR is the 

decreasing drag when increasing NAR. There are several effects that contribute to the drag 

reduction at larger NAR. The first is the edge at the hinge of the external flap. When 

increasing NAR beyond a certain point, the shape of the afterbody will be more diverging at 

the front that will create a shock wave at the beginning of the external flap. This shock wave 

will get stronger as the nozzle area ratio increases, and this will pressurize the external flap 

more as seen between Figure 5.7 and Figure 5.8. 

Another effect that is influencing the drag is the movement of the shock wave at the rear part 

of the afterbody. As NAR increases the shock wave at the rear part moves further 

downstream, which reduces the afterbody pressure. The shock wave keeps moving 

downstream until it reaches only the base of the nozzle, which reduces the pressurization 

over the external flap. The rear shock location is therefore shown to be dependent on both the 

NAR and JPR, where increasing NAR moves the shockwave downstream and increasing JPR 

moves the shockwave upstream. 

The results show that the difference in Mach number for supersonic conditions have 

relatively less impact on the normalized drag for supersonic conditions compared to the 

significance of JPR and NAR. Between subsonic and supersonic conditions, there is a leap in 

the range of the normalized drag as can be seen in Table 5.6. The difference in the normalized 

drag between supersonic Mach numbers is generally about 100 N for each step. The impact of 



57 

both NAR and JPR could be more than ten times as much for a certain Mach number. This 

phenomenon is thought to be because NAR and JPR have the most effect on the shock 

locations over the afterbody. 

6.4 Optimization  

As shown in the results section, there are some minor differences between the uninstalled 

and the installed optimal net thrust. The results show that benefit of adjusting the nozzle 

configuration is less than 0.1 % for all operating conditions examined in this study. As shown 

from the drag model at subsonic speeds, it is generally favourable to decrease NAR in order 

to accomplish an increase in net thrust. On the other hand, it is generally better to increase 

NAR for supersonic speeds to get higher net thrust, as can be seen in Figure 5.20. 

The results indicate that the benefit of drag reduction by varying NAR and JPR are 

proportional to the losses in gross thrust in the nozzle. As described in the previous section, 

the drag is at its lowest level at any given NAR when JPR=2.0 for the range tested in this 

study. However, the losses in gross thrust at this condition, because of the underexpansion, 

seem to be equal to the drag reduction.  

Some of the optimization results required extrapolation beyond the drag model to find values 

that corresponded to certain NAR and JPR. Because the extrapolation is linear between the 

last two values in the set, any extrapolated value beyond will follow the same linear trend. 

This does not ensure accurate trend values far from the data set as the trends further away 

may change in ways that cannot be predicted from the data alone. Although, any extrapolated 

value that is not too far out of the data set is still reasonable as the behavior close to the 

boundaries should not deviate much. The reason why extrapolation was applied was that 

developing a model with a JPR above 2.0 and NAR above 2.05 was out of scope for this study. 

Since the nozzle inlet boundary conditions into the CFD simulation was calculated with 

isentropic relations, the losses due to possible normal shock waves created in the nozzle at 

low NPR were not accounted for. In most cases the resulting JPR from CFD simulations and 

the theoretical calculation showed almost complete agreement. But, there were two 

conditions that showed an irregular behaviour. The deviations were noticed for the entire 

Mach number range at NAR=1.05 and JPR=0.75, and NAR=1.3 and JPR=0.75.  

By examining the reasons behind the deviations, it was noticed that a normal shock wave 

occurred in the nozzle as shown in Figure 5.9. It was created because of the low NPR at the 

earlier mentioned area ratios. The shock wave contributed to a large change in the exhaust 

gas conditions. It causes the static pressure in p9 to increase and for the velocity to decrease 

remarkably. This shock wave, as it was not accounted for in the theoretical calculations, 

meant some disturbance in the drag model and the calculations of the nozzle performance 

coefficients. The shock wave was not accounted for because of a lack of data of either the 

static nozzle inlet pressure or the shock location. 

The velocity coefficient model shows volatile behavior when looking at the exact values in the 

model. The velocity coefficient values were between 96-97% for all nozzle inlet conditions, 
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except for the two mentioned earlier. The corresponding values at the irregular cases were 

low at 70% and 90% respectively. Therefore, curve fitting was applied to the data set to 

return a more predictable and accurate representation of how the actual velocity coefficient 

would behave in real flows. 

Improving accuracy of the results for the coefficients can be done by wind tunnel testing 

instead of CFD simulations. This should increase the reliability of the results by removing 

potential problems such as solution convergence, but at the expense of more resources. 

6.5 Validity of the data 

The convergence of the CFD simulations has varying results for different conditions. For the 

supersonic cases at Mach 1.4 and 1.6, the results show satisfying convergence of the surface 

drag in the evaluation surface and pressure in the probes. Although, there is no clear 

convergence for Mach 0.6 and 0.8. The subsonic cases show a trend where there is no 

divergence of the evaluated results, but instead periodic oscillation at a certain level. This is 

illustrated in appendix 3, which shows the last 2500 iterations. The lack of convergence 

reduces the accuracy of the results, but meaningful values can still be gathered by calculating 

the mean values of the last 2500 iterations. 

The supersonic cases at Mach 1.2 shows mainly fine convergence but for two cases: NAR=1.8, 

JPR=2.0 and NAR=2.05, JPR=1.5 there is suddenly diverging behavior that is not periodic 

oscillation over the freestream of the nozzle. This is show to happen in appendix 3 for the last 

2500 iterations. This reduces accuracy a lot and creates unreliable results for these two cases. 

Although, they do not show any completely diverging behavior and the drag model results for 

these two cases do not seem to be out of order as it follows the same trends as the rest of the 

results. 

Difficulty to converge a solution could be attributed to three factors: Poor mesh quality, the 

input values and the solution method. The mesh quality is previously discussed to have a high 

chance of being of sufficient standard, as both the volume mesh and surface meshes are 

completely free from poor quality elements. 

The boundary condition at the engine inlet has previously been explained in the method to be 

sensitive for solution convergence. The static pressure at the engine inlet was first estimated 

with reasonable assumptions of a target Mach number, duct losses and shock wave losses. 

However, due to the poor duct design, there were much larger pressure losses than estimated 

for higher Mach numbers and the pressure was set too high for the first simulation 

experiments. This stopped any flow from passing through the engine inlet boundary, which 

caused disturbance in the inlet duct flow and ultimately caused the supersonic solutions to 

diverge. The solution for this problem was to lower the engine inlet boundary condition 

pressure enough to ultimately allow for the flow to pass though the duct without any 

problem. This led to unreasonably high Mach numbers at the inlet, but diverging solutions 

were avoided. Even though the inlet pressure was estimated to be low, the mass flow ratio for 

the inlet was still very small as can be seen in Table 4.4. Therefore, the poor inlet duct design 
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presented some disconnect between how a real aircraft would be designed. But, because it is 

the afterbody of the aircraft that is being researched, the inlet duct design is predicted to not 

have an impact of any noticeable degree that would change the results because of the distance 

between the areas. Also, the mass flow ratio would be the same for any Mach number, so the 

results would also not be affected because the conditions would be the same. With the impact 

of the boundary inputs only present for the supersonic cases, it is reasonable to assume it is 

not a factor for poor convergence.  

The final factor that could be changed is the solution method if better convergence for the 

subsonic solutions is desired. The turbulence model with RANS and the SST Menter k-omega 

was chosen as it is commercially established. It may be more difficult to get a converging 

solution for subsonic flow without changing or modifying the solution method. But, because 

valid results could still be determined by calculating the mean value for the last iterations, 

and the effort and resources to pursue any better accuracy was not made, since it was 

determined as not necessary. If the demand for higher accuracy was crucial, this could be the 

best next step.  
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7 CONCLUSIONS 

The aim of this study was to examine the impact of nozzle settings on optimal net thrust for a 

conceptual fighter aircraft. An engine performance model and a separate drag model were 

developed for this optimization. The engine performance model was based on engine 

operating conditions and varying NAR. For the drag model however, five different NAR from 

1.05 to 2.05 and four different JPR from 0.75 to 2.0 were tested at five different Mach 

numbers from 0.6 to 1.6. A total of 100 CFD cases for the drag model were simulated. 

The results showed that the effects that have a major impact on the external flow over the 

nozzle are the entrainment effect, the jet plume effect and pressurization from shock wave 

location. The analysis shows distinct trends for the behavior of the external nozzle flow for 

both subsonic and supersonic flows. 

1) The external nozzle geometry affects the afterbody drag in different degrees for 

different Mach numbers. At subsonic conditions, increasing NAR for underexpanded 

nozzles will reduce the drag. Increasing NAR for fully expanded or overexpanded 

nozzles will increase the drag to an intermediate point from where it will instead 

decrease. At supersonic conditions, increasing NAR will generally decrease the drag 

for most cases, except for the smaller NAR at JPR=0.75. This deviation is caused by 

the formation of a normal shock wave at the nozzle exit. 

2) The nozzle exhaust flow has a clear impact on the afterbody drag. As JPR is increased, 

the more the drag is decreased. This is apparent for both subsonic and supersonic 

conditions. The only exception is for the smaller NAR at JPR=0.75. This deviation is 

also caused by the normal shock wave formation at the nozzle exit. 

3) The final thrust optimization shows that slightly closing the nozzle and reducing the 

NAR leads to a potential net thrust increase from 0.02% to 0.09% for subsonic flow. 

The optimization for supersonic flow shows that the optimal net thrust is attained 

when slightly opening the nozzle. Although, the gain in thrust is small enough to be 

considered negligible.  

4) The developed methodology for the modelling methods, the simulation methods and 

the optimization method showed to be effective as reasonable results were found, that 

agreed with what previous literature suggested. Although, the results need validation 

to increase the reliability. This can be done with methods such as from wind tunnel 

testing. 
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8 FUTURE STUDIES 

Exploring further development and future improvements can be performed in several 

different areas. The drag model can be expanded beyond the scope of this study cover more 

parameters and further range by running more cases than performed in this study. Accuracy 

can also be improved by running more cases in between the intervals. An example of 

expanding the study is to include different altitudes in the models to simulate a complete 

mission profile that a fighter jet would experience. 

Future work in validating the conclusions is necessary for interpreting reliable results. 

Comparing the results with wind tunnel testing is the best method for gathering reliable data, 

although this comes at the cost of more resources. 

Further work in increasing the convergence of the CFD model could be performed by first 

investigating possible adjustments in the geometry and changing the boundary conditions 

inputs to be more suitable. Further investigation could be made to look into more stable 

solution methods. 

The number of studied nozzle geometry parameters could also be expanded. The finess ratio 

could be added to investigate the effects nozzle length has on the optimal nozzle 

configuration. The velved radius of the external flap could also be researched to determine its 

effect on afterbody drag. 
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APPENDIX 1: AIRCRAFT GEOMETRY AND MESH  

 

Original aircraft geometry 

 

 

Original aircraft geometry 

 



 

 

 

Farfield enclosure 

 

Aircraft and interface mesh length 

 



 

 

 

 Unstructude aircraft mesh and structured interface mesh 

 

 

Intake mesh 

 



 

 

 

Afterbody mesh 

 

 

Afterbody mesh 

 



 

 

 

Nozzle mesh  

 

Nozzle mesh  

 



 

 

 

Nozzle mesh  

 

  



 

 

APPENDIX 2: NOZZLE INLET CONDITIONS FOR THE 

CFD SIMULATIONS  

A8 [m2] NAR JPR P09 [Pa] Mach 
number 

(M9) 

0.236 1,05 0,75 35841 1.25 

0.236 1,05 1 47789 1.25 

0.236 1,05 1,5 71683 1.25 

0.236 1,05 2 95577 1.25 

0.236 1,30 0,75 61551 1.63 

0.236 1,30 1 82068 1.63 

0.236 1,30 1,5 123101 1.63 

0.236 1,30 2 164135 1.63 

0.236 1,55 0,75 86842 1.85 

0.236 1,55 1 115789 1.85 

0.236 1,55 1,5 173684 1.85 

0.236 1,55 2 231579 1.85 

0.236 1,80 0,75 113670 2.01 

0.236 1,80 1 151560 2.01 

0.236 1,80 1,5 227340 2.01 

0.236 1,80 2 303120 2.01 

0.236 2,05 0,75 142242 2.15 

0.236 2,05 1 189656 2.15 

0.236 2,05 1,5 284483 2.15 

0.236 2,05 2 379311 2.15 

0.242 1,05 0,75 35843 1.25 

0.242 1,05 1 47791 1.25 

0.242 1,05 1,5 71686 1.25 

0.242 1,05 2 95581 1.25 

0.242 1,30 0,75 61555 1.63 

0.242 1,30 1 82073 1.63 

0.242 1,30 1,5 123110 1.63 

0.242 1,30 2 164147 1.63 

0.242 1,55 0,75 86850 1.85 

0.242 1,55 1 115799 1.85 

0.242 1,55 1,5 173699 1.85 

0.242 1,55 2 231599 1.85 

0.242 1,80 0,75 113682 2.01 

0.242 1,80 1 151576 2.01 

0.242 1,80 1,5 227363 2.01 



 

 

A8 [m2] NAR JPR P09 [Pa] Mach 
number 

(M9) 

0.242 1,80 2 303151 2.01 

0.242 2,05 0,75 142258 2.15 

0.242 2,05 1 189677 2.15 

0.242 2,05 1,5 284516 2.15 

0.242 2,05 2 379354 2.15 

0.247 1,05 0,75 35845 1.25 

0.247 1,05 1 47793 1.25 

0.247 1,05 1,5 71689 1.25 

0.247 1,05 2 95585 1.25 

0.247 1,30 0,75 61559 1.63 

0.247 1,30 1 82079 1.63 

0.247 1,30 1,5 123119 1.63 

0.247 1,30 2 164158 1.63 

0.247 1,55 0,75 86857 1.85 

0.247 1,55 1 115810 1.85 

0.247 1,55 1,5 173715 1.85 

0.247 1,55 2 231619 1.85 

0.247 1,80 0,75 113693 2.01 

0.247 1,80 1 151591 2.01 

0.247 1,80 1,5 227387 2.01 

0.247 1,80 2 303183 2.01 

0.247 2,05 0,75 142274 2.15 

0.247 2,05 1 189699 2.15 

0.247 2,05 1,5 284549 2.15 

0.247 2,05 2 379398 2.15 

0.255 1,05 0,75 35847 1.25 

0.255 1,05 1 47795 1.25 

0.255 1,05 1,5 71693 1.25 

0.255 1,05 2 95591 1.25 

0.255 1,30 0,75 61565 1.63 

0.255 1,30 1 82087 1.63 

0.255 1,30 1,5 123130 1.63 

0.255 1,30 2 164173 1.63 

0.255 1,55 0,75 86867 1.85 

0.255 1,55 1 115823 1.85 

0.255 1,55 1,5 173735 1.85 

0.255 1,55 2 231646 1.85 

0.255 1,80 0,75 113709 2.01 



 

 

A8 [m2] NAR JPR P09 [Pa] Mach 
number 

(M9) 

0.255 1,80 1 151612 2.01 

0.255 1,80 1,5 227418 2.01 

0.255 1,80 2 303223 2.01 

0.255 2,05 0,75 142296 2.15 

0.255 2,05 1 189728 2.15 

0.255 2,05 1,5 284592 2.15 

0.255 2,05 2 379456 2.15 

0.258 1,05 0,75 35847 1.25 

0.258 1,05 1 47796 1.25 

0.258 1,05 1,5 71694 1.25 

0.258 1,05 2 95592 1.25 

0.258 1,30 0,75 61566 1.63 

0.258 1,30 1 82088 1.63 

0.258 1,30 1,5 123133 1.63 

0.258 1,30 2 164177 1.63 

0.258 1,55 0,75 86870 1.85 

0.258 1,55 1 115826 1.85 

0.258 1,55 1,5 173739 1.85 

0.258 1,55 2 231652 1.85 

0.258 1,80 0,75 113712 2.01 

0.258 1,80 1 151616 2.01 

0.258 1,80 1,5 227425 2.01 

0.258 1,80 2 303233 2.01 

0.258 2,05 0,75 142301 2.15 

0.258 2,05 1 189734 2.15 

0.258 2,05 1,5 284602 2.15 

0.258 2,05 2 379469 2.15 
 

 

 

 

 

 



 

 

APPENDIX 3: CFD DRAG AND PRESSURE 

CONVERGENCE 

 

Drag coefficient on the afterbody surface at NAR=1.05 and JPR=1.5. 

 

 

 



 

 

Drag coefficient on the afterbody surface at NAR=1.3 and JPR=1.5. 

 

Drag coefficient on the afterbody surface at NAR=1.55 and JPR=1.5. 

 

 

 

 



 

 

Drag coefficient on the afterbody surface at NAR=1.8 and JPR=1.5. 

 

Drag coefficient on the afterbody surface at NAR=2.05 and JPR=1.5. 

 

 

 



 

 

Drag coefficient on the afterbody surface at NAR=1.8 and JPR=2.0. 

 

Pressure in probe at the underside of the afterbody at NAR=1.05 and JPR=1.5. 

 

 

 

 



 

 

Pressure in probe at the underside of the afterbody at NAR=1.3 and JPR=1.5. 

 

Pressure in probe at the underside of the afterbody at NAR=1.55 and JPR=1.5. 

 

 

 



 

 

Pressure in probe at the underside of the afterbody at NAR=1.8 and JPR=1.5. 

 

Pressure in probe at the underside of the afterbody at NAR=2.05 and JPR=1.5. 

 

Pressure in probe at the underside of the afterbody at NAR=1.8 and JPR=2.0.  

 

 



 

 

APPENDIX 4: VELOCITY COEFFICIENT  

 

The velocity coefficient at Mach 0.6. The y-axis shows the coefficient and the x-axis represents NAR. 
The blue line is the interpolated values and the red line is the curve fitting value. 

’ 

The velocity coefficient at Mach 0.8. The y-axis shows the coefficient and the x-axis represents NAR. 
The blue line is the interpolated values and the red line is the curve fitting value. 

 



 

 

 

 

The velocity coefficient at Mach 1.2. The y-axis shows the coefficient and the x-axis represents NAR. 
The blue line is the interpolated values and the red line is the curve fitting value. 

 

The velocity coefficient at Mach 1.4. The y-axis shows the coefficient and the x-axis represents NAR. 
The blue line is the interpolated values and the red line is the curve fitting value. 

 

 



 

 

 

The velocity coefficient at Mach 1.6. The y-axis shows the coefficient and the x-axis represents NAR. 
The blue line is the interpolated values and the red line is the curve fitting value. 

  



 

 

APPENDIX 5: SKIN FRICTION AND PRESSURE 

DISTRIBUTION 

 

 

Skin friction coefficient 

 

Skin friction coefficient 

  



 

 

 

 

 

Pressure distribution over the aircraft at Mach=0.8, NAR=1.05, JPR=0.75 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

APPENDIX 6: CFD RESULTS FOR M=0.8 & NAR=1.55 

 

Pressure distribution over the afterbody JPR=0.75 

 

 

Pressure distribution over the afterbody JPR=1 

 



 

 

 

Pressure distribution over the afterbody JPR=1.5 

 

 

Pressure distribution over the afterbody JPR=2 

 

  



 

 

APPENDIX 7: CFD RESULTS FOR M=0.8 & JPR=2 

 

Pressure distribution over the afterbody NAR=1.05 

 

 

Pressure distribution over the afterbody NAR=1.3 

 



 

 

 

Pressure distribution over the afterbody NAR=1.55 

 

Pressure distribution over the afterbody NAR=1.8 

 



 

 

 

Pressure distribution over the afterbody NAR=2.05 

 

 

  



 

 

APPENDIX 8: CFD RESULTS FOR M=1.4 & NAR=1.55 

 

 

Pressure distribution over the afterbody JPR=0.75 

 

 

Pressure distribution over the afterbody JPR=1 

 



 

 

 

Pressure distribution over the afterbody JPR=1.5 

 

 

Pressure distribution over the afterbody JPR=2 

 

  



 

 

APPENDIX 9: CFD RESULTS FOR M=1.4 & JPR=2 

 

Pressure distribution over the afterbody NAR=1.05 

 

 

Pressure distribution over the afterbody NAR=1.3 

 

 



 

 

 

Pressure distribution over the afterbody NAR=1.55 

 

 

Pressure distribution over the afterbody NAR=1.8 

 



 

 

 

Pressure distribution over the afterbody NAR=2.05 
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