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Abstract

This licentiate thesis concerns topics in non-interacting and interacting quantum physics in one
dimension. We present the notions of Wannier functions and tight-binding models. Quantum
walks are discussed, quantum mechanical analogues to random walks. We demonstrate the ideas of
Bloch oscillation and super-Bloch oscillation - revivals of quantum states for particles in a periodic
lattice subject to a constant force. Next, the Rabi model of light-matter interaction is derived.
The concept of quantum phase transitions is presented for the Dicke model of superradiance. The
idea of adiabatic elimination is used to highlight the connectedness of the Dicke model. Finally,
we present a one-dimensional interacting system of resonators and artificial atoms that could be
built as a superconducting circuit. Using adiabatic elimination as well as matrix product states,
we find the phase diagram of this model.
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Sammanfattning

Kvantoptik har inte bara lett till en kvantmekanisk först̊aelse av elektromagnetisk str̊alning, utan
ocks̊a en stegrande kontroll över den kvantmekaniska världen. Genom lasern, den optiska fällan
och kaviteter kan forskare idag bygga kvantmekaniska system efter ritning i laboratoriet. Optiska
gitter och supraledande kretsar är tv̊a av flera lovande plattformar för “kvantsimulation”, flexibla
system som kan användas som en sorts skalmodeller och ges egenskaper hos andra kvantsystem
som är sv̊arare att kontrollera och studera.

Den här licentiatavhandlingen berör tv̊a typer av kvantfysik i en dimension: dels icke-interagerande
kvantsystem där en partikel hoppar i ett gitter. Koncepten “slumpvandring” och en kvantmekanisk
motsvarighet presenteras. Bloch-oscillationer och super-Bloch-oscillationer förklaras. Vi demon-
strerar v̊ar metod för att skapa s̊adana effekter i periodiskt drivna kvantsystem. Dels presen-
terar vi v̊ar forsking om ett interagerande system av artificiella atomer som kan realiseras som en
supraledande krets. Med hjälp av adiabatisk eliminering och matrisprodukttillst̊and presenterar
vi ett fasdiagram för modellen.
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Introduction

The interaction of light and matter was a central question in the development of quantum mechanics
from the beginning. The ultraviolet catastrophe, spontaneous emission and the photoelectric effect
suggested early on that light comes in discrete pieces of energy, an idea that gradually evolved into
the idea of the photon. The quantized energy levels were understood and proven earlier for atoms,
a fully quantum mechanical understanding of light took longer.

In the research of quantum mechanical light, quantum optics had to create many important
technologies to grasp it. For instance, the maser and laser were central technologies and led to
the concept of coherent states [KS85]. Optical cavities [Wal+06] allowed controlled generation and
measurement of light fields. Optical traps and tweezers [Ash70], together with advanced cooling
techniques [Let+89; WDW78], lets researchers trap and control atomic gases. emphParametric
down-conversion and other non-linear optical processes are central to the field of quantum infor-
mation where entanglement and squeezing is generated to transport and control photonic quantum
states in precise detail for communication and cryptographic purposes. Optomechanics [MG09] and
exciton-polariton systems [CC13] are hybrid light-matter systems which are now developed.

Increased control of quantum light and matter means that we can construct quantum algorithms
for quantum systems and use them to solve problems. Quantum walks is one promising example,
and has the potential to speed up important algorithms in computational science [Amb+01].

Crystalline solids typically have lattice constants on the order of 10−10 m, making it hard and
impractical to read off details about their quantum state. Computer simulation of quantum me-
chanics is hard because it involves exponentially large vector spaces for calculations. Even finding
quantum mechanical ground states has been shown to be of NP-hard computational complexity.

When engineers are building a tiny and complicated machine, the sometimes build a scale model
in larger size. The larger size makes the model more accessible for experiments. An interesting
idea is to try and do the same thing with quantum mechanical systems. This is the basic idea
behind quantum simulation: to model a hard-to-grasp quantum system with another, which is
more accessible and easier to control and measure. Quantum simulators are already a powerful
tool in trying to understand phases of matter [CZ12]. It might one day become a way to control
and build quantum systems from the ground up. There are many types of experimental setups
that can serve as quantum simulators.

Optical lattices are periodic standing wave potentials of laser light [BDZ08; Jak+98]. The laser
forms an alternating-current Stark potential for a trapped and cooled atomic gas. The potential
mimics the lattice structure of solids, and the internal states of the atoms can be used to create
more elaborate structure. It is possible to control atoms by changing the lattice potential, even
addressing single atoms using lasers. This makes them useful for quantum simulation and one
candidate system for quantum computing [BDN12].

Superconducting circuits [HTK12] are circuits made from superconducting wire combined with
Josephson junctions. The circuit is cooled to temperatures where a quantum mechanical descrip-
tion becomes important. The quantized current and the electromagnetic field in the circuit can be
given different properties. For example, similar to atoms interacting with photons. This makes su-
perconducting circuits a flexible platform for quantum simulation. Another advantage of this setup
is that systems can be manufactured on integrated chips so that the design and implementation
process is quick.

The goal of this thesis is to present two topics that we have investigated. We have put a strong
focus on fundamental and even basic quantum mechanics, in order to give the thesis consistency
and explain the background to our research. The aim is first to present the neccessary background
for a reader trained in theoretical physics: concepts such as Bloch’s theorem, tight-binding models,
dipole gauge and matrix product states are presented. These introductory sections can probably
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ii INTRODUCTION

be skipped by the experienced reader. Figures have been produced by the author, if no other
attribution is given.

The first chapter focuses on non-interacting quantum systems in one dimension. The simple
case of a one-dimensional quantum walk is presented. The concepts of Bloch and super-Bloch
oscillations are demonstrated for tight-binding models, and we present our research on how these
phenomena can be discovered also in periodically driven quantum systems. The second chapter
concerns light-matter interactions in one-dimensional many-body systems. The Rabi and Dicke
models are presented. We show some results from our research into a generalization of the Dicke
model devised for a superconducting circuit.



Chapter 1

A single particle in a
one-dimensional lattice

In this chapter, we discuss problems which are related to single-particle quantum mechanics - there
is no interaction among different electrons or atoms for example. We limit ourselves to tight-binding
models. Such models are appropriate to describe weakly interacting electrons in condensed matter
physics [Aue94; AS10] or ultracold atoms in optical lattices [BDZ08; Jak+98]. We describe Bloch
oscillations and quantum walks by way of tight-binding models. Some unpublished results for
quantum walks are shown. We also discuss our own research on how tight-binding models can be
“emulated” in periodically driven quantum systems.

Consider a classical point particle with mass m, free to move in one direction and subject to
some forces [Bal10; Sak94]. We describe it by a Hamiltonian

H(p, x, t) = p2

2m + V (x, t), (1.1)

assuming that the external forces were conservative, i.e.

F (x, t) = − d

dx
V (x, t). (1.2)

Canonical quantization is a (heuristic) procedure to take a system in classical mechanics and
produce a quantum mechanical system from it [MS10]. It is a recipe, that tells us to first find
the canonical coordinates and their canonical momenta. For our particle, it is the position and its
momentum (x, p). According to recipe, we then promote these to Hermitian operators on a Hilbert
space and impose the canonical commutation relations

[x̂, p̂] = i, (1.3)

and the Hamiltonian operator corresponding to the Hamiltonian function is thereby

Ĥ(t) = p̂2

2m + V (x̂, t). (1.4)

The time-dependent and time-independent Schrödinger equations are then

i∂t |ψ〉 = Ĥ |ψ〉 (1.5)
Ĥ |ψ〉 = E(t) |ψ〉 . (1.6)

The set of eigenvectors of p̂, x̂ form two distinct eigenbases called the position and the momen-
tum eigenbases. In the position eigenbasis, x̂ |x〉 = x |x〉 and we can represent p̂ = −i∂x [Sak94].
ψ(x) = 〈x|ψ〉 is called the (position) wavefunction of the state. It takes its values in the complex
numbers, but |ψ(x)|2 is real-valued, and by convention normalized as

1



2 CHAPTER 1. A SINGLE PARTICLE IN A ONE-DIMENSIONAL LATTICE

∫ ∞
−∞

dx |ψ(x)|2 =
∫ ∞
−∞

dx 〈ψ|x〉 〈x|ψ〉 = 〈ψ|ψ〉 = 1. (1.7)

It can therefore be interpreted as a probability distribution [Bal10]. It is the closest to a
“position” of the particle we can get in the theory. According to the Born rule, it tells us the
probability for where to find the particle if we were to measure its position, x̂. A localized particle
is the special case when 〈x|ψ〉 ∝ δ(x−x0) for some x0 denoting the particle’s position. The particle
is more likely delocalized, in a linear combination of many positions.

The Schrödinger equation of a single particle in one dimension is already useful as a starting
point for understanding. It is easily extended to two or three dimensions. For periodic potentials,
we will see in the next section that the eigenvalues have a band structure. We note that even
if condensed matter physics deals with interacting electrons, there is much to learn from just
assuming the electrons to be free particles and studying the band structure [Aue94].

1.1 Periodic potentials and Bloch’s theorem
In case V (x) = V (x + a), the potential V (x) is said to be periodic. The Schrödinger equation is
then symmetric under translations by integer multiples of the lattice vector a:

T̂ (a)ĤT̂−1(a) = Ĥ, (1.8)

where T̂ (a) = exp(−iap̂) is the translation operator. According to Bloch’s theorem [NM76] it
also holds that the wavefunction of its eigenstates can be written as a product of a plane wave and
a periodic function:

ψq,n(x) = 〈x|ψ〉 = uq,n(x)eiqx, (1.9)

where uq,n(x) = uq,n(x+a). Such a wavefunction is called a Bloch wave. The quantum number
n = 0, 1, 2, . . . is called the band index and q ∈ [−π/a, π/a] is the quasi-momentum. The complete
set of eigenvalues En(q) is called the band spectrum of the model. Customarily, the bands are
plotted together within q ∈ [−π/a, π/a], which is referred to as the first Brillouin zone.

It is possible to index the system with momentum instead of quasi-momentum and band.
This is shown in figure 1.1. Pictorially, we “unfold” the bands into the higher Brillouin zones of
q /∈ [−π/a, π/a], which is called the extended band scheme.

1.2 Wannier functions and tight-binding models
The Bloch theorem shows that the energy eigenfunctions in a periodic potential are the Bloch waves,
which are extended in the spatial coordinate x but localized in quasi-momentum. Suppose now that
the particle is subject to, e.g. a sine potential with high amplitude V (x) = V0/(2ma2) sin(πx/a)2:
we expect the particle to be confined to the minima of the potential, i.e. spatially located at the
positions x = ia, a ∈ Z. The Wannier functions are defined as [Mar+12; NM76]

wX,n(x) =
∫

1BZ
dqeiqX

∑
m

Unm(q)ψq,m(x), (1.10)

and loosely correspond to the Fourier transform of the Bloch functions. X here are the Wannier
centers (minima of the potential) around which the Wannier functions are supposed to be located.
There is a set of Wannier function at each potential minimum X. Examples of the first two
Wannier functions for a sine potential V (x) = V0/(2ma2) sin(πx/a)2 is shown in figure 1.2. There
is no pre-determined way to choose the coefficients Unm(q), which can be written as a unitary
matrix U(q) for each quasi-momentum, and the definition leads to different Wannier functions. A
convenient choice is to make the Wannier functions “maximally located” [Mar+12]. Of course, the
Wannier functions are just the position representation of the Wannier states:
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Figure 1.1: Band spectrum of the first few bands of particles in a potential V (x) =
V0/(2ma2) sin(πx/a)2. To the left, the band spectrum has been plotted in the first Brillouin
zone (1BZ), to the right in the extended band scheme. The energy is in units of the recoil energy
Er = 1/(2ma2), while the quasi-momentum is in units of 2π/a. Note that energy gaps are opened
at q = ±π/a, corresponding to the reciprocal lattice vector of the sine potential.
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Figure 1.2: Absolute value of the first two Wannier functions wXn(x) (n = 0 to the left and n = 1
to the right). The Wannier center is X = 0 and the potential V (x) = V0/(2ma2) sin(πx/a)2. Plots
are drawn for the potential strengths V0 = 0.5, 5, 17, in units of the recoil energy.

wX,n(x) = 〈x|wX,n〉 (1.11)

and in the basis of Wannier states, the Hamiltonian can be written as

Ĥ ′ =
∑

X,n,Y,m

|wX,n〉 〈wX,n|Ĥ|wY,m〉 〈wY,m|

= −
∑

X,n,Y,m

t(X,n),(Y,m) |wX,n〉 〈wY,m| , (1.12)

Next, we assume the tight-binding approximation: t(X,n),(Y,m) is called the tunneling matrix.
The tunneling matrix here also contains contributions to the onsite energy (these are the diagonal
terms of the matrix). A Wannier state will be highly unlikely to tunnel over more than a few
potential maxima): we therefore only include tunneling between nearest neighbors in the nearest-
neighbor approximation. We also assume the single-band approximation to be valid: the tunneling
matrix elements between different bands is assumed to be small (this means that the energy
difference between the bands is large). We therefore only work with the lowest band, n = 0. The
Hamiltonian can now finally be written in the form of a tight-binding model:

ĤTB =
∑
i

(−Ji |i〉 〈i+ 1| + H.c.) +
∑
i

Vi |i〉 〈i| , (1.13)

where |i〉 := |wXi,0〉 is the state of a Wannier function located at the minimum Xi. Ji :=
t(Xi,0),(Xi+1,0) is the hopping integral or tunneling matrix which tells us the probability for a
Wannier state to hop to another Wannier center. Vi := −t(Xi,0),(Xi,0) is the onsite energy and is
constant for the sine potential. This Hamiltonian is used in condensed matter physics as a compact
description of electrons in a periodic lattice: even if real electrons are interacting it is sometimes
a good description.
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1.3 Random walks and quantum walks
Cconsider a classical particle again, which we call a “walker”. We denote its position by x and
assume the particle to be located at x = 0 at some time t = 0. We update the position in discrete
time steps. The rule for update is decided by singling a coin: depending on if the coin shows
heads or tails we move the particle to the left or right1. The result is called a random walk and
has applications in computer science [Amb+01]. Though each individual walk is random, we can
study the probability distribution of the walkers’ position at each time step: P (x, t). The rule for
updating the particle’s position randomly can be translated into a rule for how to update P (x, t).
Such a model is called a stochastic process.

As a simple example of a random walk, imagine the walker is moved a step ±1 according to
the outcome of a fair coin singling (50% probability of heads or tails). We can introduce one
independent2 random variable S(t) for each coin singling at the times t = 0, 1, 2, . . .. It then holds
that

E(S(t)) = P (s = +1)(+1) + P (s = −1)(−1) = 0 (1.14)
E(S(t)2) = P (s = +1)(+1)2 + P (s = −1)(−1)2 = 1 (1.15)

E(S(t)S(t′)) = E(S(t))E(S(t′)) = 0 for t 6= t′ (1.16)

where the last equality follows from assuming S(t), S(t′) to be independent random variables
for t 6= t′. The position of the particle at time t is then a random variable X(t) :=

∑t−1
i=0 S(i)

(assuming the particle starts at x = 0 at t = 0). We can calculate the expected position and
variance of the walker as

E(X(t)) =
t−1∑
i=0

E(S(i)) = 0 (1.17)

E((X(t)− E(X(t)))2) = E(X(t)2)− E(X(t))2

=
t−1∑
i=0

t∑
j=0

E(S(i)S(j)) =
t−1∑
i=0

E(S(i)2) = t, (1.18)

so on average, the walker gets nowhere! We find that the root-mean-square of the walkers
position is

δRMS :=
√

E((X(t)− E(X(t)))2) = t1/2. (1.19)

This is called diffusive scaling and is illustrated with a numerical experiment for this simple
model in figure 1.3. This shows that diffusion is not an effective method to “explore” a state space
(in this case the number line n ∈ Z) since the spread of paths (as measured by for example δRMS)
scales as the square root of the number of steps.

Consider a variation of random walks: quantum walks [Ven12; Amb+01]. In the last section
we saw that the absolute square of a wavefunction is interpreted as the probability for where to
find the particle. If we set P (x, t) = |〈x|ψ〉|2, we have a stochastic process that reflects a quantum
mechanical one. We will see that quantum mechanical effects can lead to a P (x, t) which differs
significantly. The reader may not immediately see any connection between random walks and
quantum walks, but by the end of this section, the two will be shown to be connected.

An isolated quantum system evolves deterministically: information is never destroyed and we
describe changes of the system with unitary operators. If the system is observed (in contact with
an environment), observations will be drawn randomly from a distribution given by the Born rule.
We say that the state “collapses” - or rather is projected - to the observed state. This randomness
of measurement is the closest we can get to the coin singling in the random walk. We have to
include in the description both the walker and the “quantum” coin which is singled. Making a
measurement on the coin would randomly reveal |↑〉 := |(heads)〉 or |↓〉 := |(tails)〉. It would also

1The “coin” can have any probability of “heads” or “tails”.
2The steps are assumed to not depend on each other.
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Figure 1.3: 1000 trajectories of a random walk given by the rule x(t + 1) = x ± 1, for 100 time
steps. To the right, a numerical (filled lines) and theoretical (dotted lines) calculation of δRMS

based on these trajectories.

destroy any coherences of the entire state. At the same time, measurement is necessary to get
information about the state. Therefore are interested what happens if a measurement is made
after a number of steps of unitary time evolution. Since we are interested in unitary evolution for
quantum walks, we don’t have to bother with ground states or even bounded Hamiltonians.3.

The paradigm model is the Hadamard quantum walk [Ven12; Amb+01]. Here, the walker is
initially prepared in the localized state |0〉, and then allowed to “walk” in the Hilbert space of
discrete positions |n〉 , n ∈ Z. The difference to the classical random walk is of course that the
walker is allowed to be in a superposition of these positions. The coin which can be in a state |c〉,
in general a superposition of the states |↑〉 := |(heads)〉 , |↓〉 := |(tails)〉. For unitary operators on
the coin, we use the convenient basis of the traceless, hermitian Pauli matrices.

At t = 0, the full system of the walker and the coin is prepared in the state

|ψ0〉 = |0〉 ⊗ |c〉 , (1.20)

where |0〉 is the position state and |c〉 is some coin state. In each step of the Hadamard walk,
first the “coin” is “singled” by applying the Hadamard operator

Ĉ = 1√
2

[
1 1
1 −1

]
= exp(−iQ̂). (1.21)

where we define Q̂ = i log(Ĉ) for later convenience. Since Ĉ is not diagonal in the coin space,
the system will be mixed by the “coin”. We then propagate the walker with

Ŵ =
∑
n

(|↑〉 〈↑| ⊗ |n〉 〈n+ 1|+ |↓〉 〈↓| ⊗ |n+ 1〉 〈n|) = exp(−i`P̂ ⊗ σz), (1.22)

3Hamiltonians must be bounded from below, in the sense that they must have a smallest eigenvalue, to be physical.
However, unbounded Hamiltonians can be useful to describe time evolution, for example of a system in free fall. An
interesting and somewhat controversial example of this is [Ger+10]
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where P̂ = i log(T̂ (`))/` is the generator of translation. While we have so far studied |〈x|ψ〉|2,
we will for quantum walks look at the probability for the walker to be at a certain position (with
the coin in any state):

Pn(t) := |〈n| ⊗ 〈↑ |ψ〉|2 + |〈n| ⊗ 〈↓ |ψ〉|2 . (1.23)

This is the quantity that we will compare with the probability distribution of a random walk.
In the Fourier basis, where P̂ , Ŵ are diagonal, the evolution operator of one step can be written

as

Û(p) = Ŵ (p)Ĉ =
[
e−i`p 0

0 ei`p

]
1√
2

[
1 1
1 −1

]
= 1√

2

[
e−i`p e−i`p

ei`p −ei`p
]
. (1.24)

The initial distribution of the walker can be written in this Fourier basis by inserting the
spectral decomposition of I =

∫ π/2
−π/2 dp |p〉 〈p| as

|ψ0〉 = |0〉 ⊗ |s〉 =
∫ π/2

−π/2
dp |p〉 〈p|0〉 ⊗ |s〉

=
∫ π/2

−π/2
dpeip0 |p〉 ⊗ |s〉 =

∫ π/2

−π/2
dp |p〉 ⊗ |s〉 , (1.25)

assuming |s〉 = |↓〉 for simplicity. Now we can do an eigenvalue decomposition of Û(p) and find
an expression for the final output state as:

Û(p) = λ1
p |λ1

p〉 〈λ1
p|+ λ2

p |λ2
p〉 〈λ2

p| ⇒

(Û(p))N |ψ0〉 =
(
(λ1
p)N |λ1

p〉 〈λ1
p|+ (λ2

p)N |λ2
p〉 〈λ2

p|
)
|ψ0〉 =

=

 1
2

(
1 + cos p√

1+cos2 p

)
eiωpN + (−1)N

2

(
1− cos p√

1+cos2 p

)
exp(−iωpp)

e−ip

2
√

1+cos2 p

(
eiωpN − (−1)Ne−iωpN

)
 , (1.26)

where ωp = arcsin(sin(p)/
√

2). To obtain the state in the position basis we need to Fourier
transform, e.g. numerically by discretization, or using the method of stationary phase. A plot of
Pn(t = 100) calculated using the latter method is shown in figure 1.4. For |s〉 = |↑〉 instead, the
asymmetric shape is mirror-reversed. It is possible to choose initial conditions such that Pn(t)
is symmetric instead. The other prominent feature is the jagged state where every other site is
populated: this can be explained by quantum interference. If the state is initialized as |ψ0〉 = |0〉⊗
|↓〉, it is then changed into a superposition |0〉⊗ (|↑〉 − |↓〉) /

√
2 = |0〉⊗|↑〉 /

√
2−|0〉⊗|↓〉 /

√
2. The

different terms acquire different signs and will be “walked” in different directions. In the subsequent
steps, terms with opposite phases (signs) can cancel each other, for example |0〉⊗|↓〉−|0〉⊗|↓〉 = 0.
This eventually builds up the pattern similar to the one in figure 1.4. Furthermore, the walker
is most likely to be measured along the edges - this is also an interference phenomenon. Finally,
asymptotics shows that Pn(t) decays for |n/t| > 1√

2 and is always peaked at n = ±t
√

2. This
shows that the width of the distribution is proportional to the time t. With a little more work,
we also find δRMS ∝ t - a ballistic scaling. The distribution expands with constant velocity. If we
introduce decohering noise or if one makes a measurement on the coin at each instant of time, we
instead recover a random walk, with diffusive scaling [Ven12].

There has been many realizations of quantum walks [Rya+05; Sch+09; Zäh+10]. We will
focus on [Kar+09], which realized a Hadamard quantum walk. In the experiment, two counter-
propagating beams of laser create a standing wave of light which traps the atoms - an optical lattice.
A small number of Cesium atoms were then placed in this potential. Two internal hyperfine states
of the Cesium atoms were used to implement the “coin” space. Microwave radiation was used
to change the hyperfine state of the atoms - the “coin flip”. An adiabatically slow change in the
polarization along the optical lattice was used to translate atoms of opposite hyperfine state in
different directions - the state-dependent “propagation” step.
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Figure 1.4: Asymptotic distribution of Pn(t = 100) of the Hadamard quantum walk, calculated
using numerical Fourier transforms with the initial state |ψ0〉 = |0〉 ⊗ |↓〉.
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Figure 1.5: Potential function V (x) = Fx + V0 sin2(πx/a) for Bloch oscillations (a particle in a
periodic potential subject to a constant force). Here the potential is plotted for F/V0 = 0.5.

1.4 Bloch oscillations

In this section, we leave quantum walks and instead discuss another striking quantum phenomenon
for non-interacting particles in one dimension. Consider such a particle in a periodic potential,
which is also subject to a constant force, for example from an applied electric or gravitational field.
A potential V (x) = Fx+V0 sin2(πx/a) can capture this situation, and is shown in figure 1.5. Our
intuition from classical mechanics is that the particle will start to accelerate, if the force is strong
enough to overcome the periodic lattice.

We will change to the Wannier basis, apply the single-band and tight-binding approximations
and work with the tight-binding model [Har+04]

ĤBloch =
∑
n

{(−J |n〉 〈n+ 1| + H.c.) + Fn |n〉 〈n|} , (1.27)

We change basis to Bloch states, defined by

|κ〉 = 1√
2π

∞∑
n=−∞

|n〉 einκ (1.28)

Ĥ(κ) = −J cos(κ) + F
d

dκ
, (1.29)

where κ ∈ [−π, π] is the quasi-momentum. The eigenvalues can be written as En = Fn. This
can also be seen directly from the Hamiltonian written in the position basis: the linear potential
is infinitely strong as n → ±∞, so it has to determine the spectrum. The shape of the eigen
wavefunctions will depend on the hopping J , however. Now, consider the time-evolution of a a
general initial state |ψ0〉 written in the eigenbasis:



10 CHAPTER 1. A SINGLE PARTICLE IN A ONE-DIMENSIONAL LATTICE

100 50 0 50 100
n

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

t/T
B

100 50 0 50 100
n

0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

0.0

0.2

0.4

0.6

0.8

Figure 1.6: Bloch oscillations in the tight-binding model (1.27). To the left: starting from a
completely localized state |ψ0〉 = |0〉 leads to “breathing motion”. To the right: starting from a
Gaussian distribution, the classical Bloch oscillations are recovered.

|ψ〉 = exp(−itĤBloch) |ψ0〉 =
∑
n

exp(−itEn) 〈n|ψ0〉 |n〉

=
∑
n

exp(−itFn) 〈n|ψ0〉 |n〉 . (1.30)

Periodically, for t = 2πm/F,m ∈ Z, all the oscillating exponential factors are 1 and the initial
state is perfectly regained! Note that this is due to the equidistant spectrum En = Fn. This
phenomenon of complete phase matching is called revival. If we initially have a state which is
completely localized, for example |ψ0〉 = |0〉, time-evolution will spread and contract the state
periodically, and is called breathing motion. If the state is extended, for example in a Gaussian
distribution |ψ0〉 =

∑
n exp(−an2) |n〉, it will instead oscillate sinusoidally over time - which is the

phenomenon traditionally referred to as Bloch oscillation4. Examples of the two types of oscillation
are shown in figure 1.6.

Another view of the same phenomenon is to consider the Brillouin zone. By calculating the
time-evolution operator in the Bloch basis, one can show that the tilting leads to a constant rate
of increase in quasi-momentum. But since the quasi-momentum is periodic, the state returns to
the same quasi-momentum after passing through the Brillouin zone with a period TBloch.

1.4.1 Super Bloch oscillations (beating)
If the coupling parameters J, V are modulated periodically, the time-scale T of the modulation
enters the problem. For example, if T ∼ J−1 such that the time-scale of the drive is similar to
the relevant time-scale of hopping, interference effects are possible and will occur on a time-scale
(J −T−1)−1. This is known as super-Bloch oscillations or simply beating [Har+04]. An example is

4Here we use the term “Bloch oscillation” to both the revivals and the oscillations when we time-evolve an
extended state. We have tried to make it evident if it is the general phenomenon or the sinusoidal oscillations that
is meant.
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the driven (classical or quantum) harmonic oscillator, where the drive period and natural oscillation
period interferes to produce modulations on a time-scale (ω ± ω0)−1.

1.5 Emulation in time-energy periodic systems
In [GL18], we show that driven quantum systems with equidistant spectrum can be thought of
as tight-binding models when some approximations hold. This is interesting, because it allows us
to translate concepts and ideas between the two types of systems. Bloch oscillations or quantum
walks can then be realized in very different types of quantum systems. We start by reviewing the
quantum theory of adiabaticity, before presenting our research.

1.5.1 Adiabaticity and the Berry connection
For time-independent (constant in time) Hamiltonians Ĥ, we can change to the energy eigenbasis
by finding a unitary transformation Û that diagonalizes the Hamiltonian:

i∂t |ψ〉 = Ĥ |ψ〉 ⇔ Û(i∂t)Û† Û |ψ〉︸ ︷︷ ︸
=|ψ̃(t)〉

= ÛĤÛ†︸ ︷︷ ︸
=D̂

Û |ψ〉 ⇔

i∂t |ψ̃〉 = D̂ |ψ̃〉 = E |ψ̃〉 , (1.31)

where D̂ is the Hamiltonian in the energy eigenbasis, where it is diagonal. For Hamiltonians with
explicit time-dependence, this eigenbasis is a function of time - called the adiabatic or instantaneous
eigenstates for reasons that will become clear shortly.

Û(t)(i∂t)Û†(t) Û(t) |ψ〉︸ ︷︷ ︸
=ψ̃

= Û(t)Ĥ(t)Û†(t)︸ ︷︷ ︸
=D̂(t)

Û(t) |ψ〉 ⇔

i∂t |ψ̃〉 =

D̂(t)− Û(t)i∂tÛ†(t)︸ ︷︷ ︸
=Â(t)

 |ψ̃〉 . (1.32)

Mathematically, we can describe this as a vector bundle: the instantaneous basis of states
(called “the fiber”) is defined for each point in time (called the “base space” - it does not have to
be time in general) [SG09]. Furthermore, an adiabatic eigenstate at one time has to evolve into a
linear combination of adiabatic eigenstates at some other point in time. The connection Â(t) tells
us how to connect them in practice, and is related to the curvature of the bundle. The specific
connection of time-evolving quantum mechanical state bundles is called the Berry connection. Note
that time-independent Hamiltonians can be diagonalized by a time-independent unitary and thus
have a “flat” connection, Â(t) = Û i∂tÛ

† = 0. This is one example of a trivial bundle - such bundles
are defined by having a zero Berry flux relative to all eigenstates |ψ̃〉:

γ(|ψ̃〉) =
∮
C
dt 〈ψ̃|Â(t)|ψ̃〉 = 0, (1.33)

that is: the path integral of the connection around any closed loop C is zero. When a bundle
has γ 6= 0 around some loop, it is called non-trivial. In this case there is a “twist” in the way
vector spaces at different base space points are connected. It can lead to physical results such as
the Aharanov-Bohm effect.

If Ĥ(λ(t)), dependent on the parameter λ(t) changes “slowly”, in the sense that the velocity∣∣λ̇(t)
∣∣ � 1, the contribution from Â(t) will be small. This is the reason why E

(ad)
n (t) := Dnn(t)

are called the adiabatic energies. To account for the error, we can define an adiabatic perturbation
series [SG09] in

∣∣λ̇(t)
∣∣−1. This means that even a “small” Â(t) will have a large effect if we wait

long enough. How long is determined by the speed
∣∣λ̇(t)

∣∣
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1.5.2 Time-energy Bloch oscillations
We have found [GL18] that some quantum systems exhibit Bloch oscillations even if they superfi-
cially look very different from the tilted tight-binding model we have described. In these systems,
it is the adiabatic eigenstates that play the role of the tilted lattice, and the Berry connection acts
like a hopping term between the different sites. This could provide an alternative way to realize
Bloch oscillations in the lab.

Consider a periodically time-dependent Hamiltonian Ĥ(t) = Ĥ0 + V̂ (t) such that V̂ (t) =
V̂ (t+T ). Furthermore, assume that the time average of each instantaneous eigenstate is a periodic
function of the index:

∫ T

0
E(ad)
n (t)dt ∝ n, (1.34)

where n = . . . ,−2,−1, 0, 1, 2, . . . We assume the system to evolve adiabatically in time. The
matrix elements of the Berry connection, in the basis of instantaneous eigenstates |ψ(ad)

n 〉 , n =
0, 1, 2, . . ., are

Θmn(t) = 〈ψ(ad)
m | (−i∂t) |ψ(ad)

n 〉 = 〈ψ
(ad)
m | (−∂tV̂ (t)) |ψ(ad)

n 〉
E

(ad)
m − E(ad)

n

∼ (m− n)−1, (1.35)

which follows from

∂t

(
Ĥ(t) |ψ(ad)

n 〉
)

=
(
∂tV̂ (t)

)
|ψ(ad)
n 〉+ Ĥ(t)

(
∂t |ψ(ad)

n 〉
)
⇔

〈ψ(ad)
m | ∂t

(
Ĥ(t) |ψ(ad)

n 〉
)
− 〈ψ(ad)

m | Ĥ(t)
(
∂t |ψ(ad)

n 〉
)

= 〈ψ(ad)
m |

(
∂tV̂ (t)

)
|ψ(ad)
n 〉 ⇔

i
(
E(ad)
n − E(ad)

m

)
〈ψ(ad)
m | ∂t |ψ(ad)

n 〉 = 〈ψ(ad)
m | (∂tV̂ (t)) |ψ(ad)

n 〉 . (1.36)

In this derivation, we made use of the product rule of derivatives and the identity ∂t |ψ(ad)
n 〉 =

iEn |ψ(ad)
n 〉. Observe that Θmn(t) = Θm−n(t). When the assumptions on periodicity and adiabatic

evolution hold, we can write down an effective Hamiltonian for the adiabatic states:

Ĥeff(t) ≈
∞∑

n=−∞
E(ad)
n (t) |ψ(ad)

n 〉 〈ψ(ad)
n |+ Θ1(t)

∞∑
n=−∞

(
|ψ(ad)
n 〉 〈ψ(ad)

n+1|+H.c.
)

+ . . . , (1.37)

where Θmn(t) are the matrix elements of the Berry connection with m − n = 1 according to
formula (1.35). In principle, there are higher “tunneling terms” Θ2(t),Θ3(t) et cetera, but these are
of lower order. Note the similarity between the effective Hamiltonian and the tight-binding model
of Bloch oscillations. Note that even if we do not truncate the adiabatic couplings Θ2(t),Θ3(t), . . .
such that all adiabatic states have some tunneling amplitude, we still see Bloch oscillations in these
systems. We will now show some concrete examples which exhibit time-energy Bloch oscillations
in this way. Both these examples are our own work, found in [GL18].

1.5.3 The driven harmonic oscillator
The first example that we have studied is the driven quantum harmonic oscillator. For sinusoidal
driving, the Hamiltonian is

Ĥ(t) = ω

(
n̂+ 1

2

)
+ J

â+ â†√
2

sin(Ωt) = ω

2
(
p̂2 + x̂2)+ Jx̂ sin(Ωt), (1.38)

where in the second equality we have used the quadrature representation:

x̂ = 1√
2
(
â+ â†

)
(1.39)

p̂ = 1√
2i
(
â− â†

)
(1.40)
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“Completing the square”,

ω

2
(
p̂2 + x̂2)+ Jx̂ sin(Ωt) = ω

2

(
p̂2 + (x̂+ (J/ω) sin(Ωt))2

)
− J2

2ω sin(Ωt)2, (1.41)

we see that the unitary operation x̂→ x̂−(J/ω) sin(Ωt) brings the Hamiltonian into a diagonal
form. The diagonalizing unitary of this transformation is the displacement operator

Û(t) = e−ip̂(J/ω) sin(Ωt) (1.42)
Û(t)x̂Û†(t) = x̂+ (J/ω) sin(Ωt). (1.43)

where we used the identity [Bal10]

e−ÂB̂eÂ = B̂ +
[
Â, B̂

]
+ 1

2!

[
Â,
[
Â, B̂

]]
+ . . . (1.44)

With such a displacement, we obtain:

Ĥeff(t) = Û(t)Ĥ(t)Û†(t)− Û(t)i∂tÛ†(t)

= ω

2
(
p̂2 + x̂2)− J2

2ω sin(Ωt)2 + JΩp̂
2ω cos(Ωt), (1.45)

where the last term is the Berry connection: it is not diagonal but couples the different states
in the adiabatic basis. The adiabatic energies are thus

E(ad)
n (t) = ω

(
n+ 1

2

)
− J2

2ω sin(Ωt)2, (1.46)

and the adiabatic states are

|ψ(ad)
n 〉 = e−ip̂(J/ω) sin(Ωt) |n〉 . (1.47)

In the adiabatic basis, the Berry connection has matrix elements

〈ψ(ad)
m | (−∂tV̂ (t)) |ψ(ad)

n 〉
E

(ad)
m − E(ad)

n

= −JΩ cos(Ωt) 〈ψ
(ad)
m | x̂ |ψ(ad)

n 〉
ωm− ωn

= JΩ cos(Ωt)
ω(n−m)

(√
nδn−m−1 +

√
n+ 1δn−m+1

)
√

2
, (1.48)

where we used the quadrature representation and the identities

â(t) |ψ(ad)
n 〉 =

√
n |ψ(ad)

n−1〉 (1.49)

â†(t) |ψ(ad)
n 〉 =

√
n+ 1 |ψ(ad)

n+1〉 (1.50)

Figure 1.7 shows breathing motion starting from an excited state and from the lowest adiabatic
eigenstate. Even if the breathing motion starts from the bosonic vacuum, periodic revivals appear.

1.5.4 The Landau-Zener model
In order to understand the next example of time-energy periodic systems, we give quick review of
the Landau-Zener model which is not time-energy periodic in itself. This problem appears either
in “quench” experiments where t can be an externally controlled parameter of time, or, e.g., in
semi-classical approximations of nuclei interacting with electrons [Wit05]. Consider a quantum
system with two-dimensional Hilbert space, with a Hamiltonian depending on a parameter t:
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Figure 1.7: Two cases, both showing breathing motion in the harmonic oscillator. To the left:
starting from an excited eigenstate |ψ(ad)

n 〉 , n = 100. To the right: from the lowest adiabatic state
|ψ(ad)
n 〉 , n = 0. The plot shows projection onto the adiabatic eigenstates. The typical sinusoidal

Bloch oscillations appear if we start from a state with a finite width in “energy space”, such as a
coherent state with high amplitude.
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Figure 1.8: Avoided Landau-Zener crossing of two energy levels. The gap of the avoided crossing
is of energy 2J . The diabatic energy levels are shown dotted.

ĤLZ(t) = λtσz + Jσx, (1.51)

where λ is related to the speed of the transition and J gives the size of the energy gap. The
adiabatic eigenvalues and eigenvectors are

E± = ±
√

(λt)2 + J2 (1.52)

|±〉 ∝
(
λt±

√
(λt)2 + J2, J

)T
. (1.53)

The Berry connection will have an off-diagonal matrix element

Θ+− = Θ−+ = i
〈+| ∂tĤLZ(t) |−〉

E+ − E−
= −i λJ2

2
√

(λt)2 + J2
. (1.54)

A plot of the adiabatic energies show that they form an avoided crossing for J 6= 0 (for J = 0
there is an actual crossing). As the system is driven through the crossing, the matrix elements
of the Berry connection (which is proportional to λ) tells us how much population is transferred.
The region where Θ+−(t) ∼ 1 is called the impulse region.

Zener calculated, provided you started in one diabatic state, the probability to transfer to the
other state as

PD = |〈+, t =∞|−, t = −∞〉|2 = e−πJ
2/λ, (1.55)

where |+, t =∞〉 is the adiabatic state at t =∞. [Lan32]



16 CHAPTER 1. A SINGLE PARTICLE IN A ONE-DIMENSIONAL LATTICE

1.5.5 The Landau-Zener grid model
As a second example of a time-energy periodic system, we consider a grid of Landau-Zener crossings.
There are many possible generalizations of the Landau-Zener model, but we choose to work with

Ĥ
(d)
LZg(t) = ω

(
Ŝzd×d ⊗ Î2×2

)
+ λt

(
Îd×d ⊗ σ̂z

)
+ J

(
Âd×d ⊗ σ̂x

)
=

=



. . .
...

...
...

. . .
...

...
...

. . . +ω + λt 0 0 . . . . . . J J J . . .

. . . 0 +λt 0 . . . . . . J J J . . .

. . . 0 0 −ω + λt . . . . . . J J J . . .
...

...
...

. . .
...

...
...

. . .
. . .

...
...

...
. . .

...
...

...
. . . J J J . . . . . . +ω − λt 0 0 . . .
. . . J J J . . . . . . 0 −λt 0 . . .
. . . J J J . . . . . . 0 0 −ω − λt . . .

...
...

...
. . .

...
...

...
. . .



, (1.56)

where ω is related to the energy difference between the adiabatic levels, λ is again the speed
and J is related to the gap of the avoided crossing. Î2×2 and Îd×d are two- and d-dimensional
identity matrices, Ŝzd×d = diag(d/2, . . . , 2, 1, 0,−1,−2, . . . ,−d/2) and Âd×d is a d× d matrix with
ones in every slot.

In the limit d→∞ such that the matrices become infinite-dimensional, the system is periodic
in time and energy. This is easiest seen in the special case J = 0: the spectrum is then given by
the set

Em,± = ωm± λt, m ∈ Z, (1.57)

which is invariant under the simultaneous translations t → t + kω/λ,m → m − k, for any
integer value of k. Because of this time and energy periodicity, on short time scales we should be
able to approximate it by a tight-binding model with tilted lattice, and we should expect Bloch
oscillations. The adiabatic energies and states for d =∞ have been calculated exactly by [NKN99].
We do not give the explicit expressions for the adiabatic states here, but the adiabatic energies are
informative:

E
(ad)
m,±(t) = ± ω

2π arccos
(
ω2 − π2J2

ω2 + π2J2 cos
(

2πλt
ω

))
+mω, m ∈ Z (1.58)

For J = ω/π, the energy levels are “flat”: E
(ad)
n = ω(n + 1/2)/2. The limits J � ω and

ω � J both lead to a grid-like structure of adiabatic energies forming, such that the diabatic
region becomes large. An example plot of the diabatic and adiabatic energies are shown in figure
1.9. The periodicity in time and energy is evident from the figure, so this type of spectrum fulfils
the criteria for time-energy Bloch oscillation as presented in section 1.5. The time average of the
energy level spacing is ω/2, so we expect a Bloch periodicity of TB = 4π/ω.

For d finite, we can numerically simulate the dynamics of a prepared initial state evolving
in t. Specifically, we will be interested in the population in each adiabatic eigenstate, Pn(t) =∣∣∣〈ψ(ad)

n |ψ〉
∣∣∣2 (note the similarity with the “wavefunction squared” as defined in sections 1 and 1.3).

Figure 1.10 show Pn(t). It is evident from the figure that the system undergoes periodic revivals
for short times, but the periodicity breaks down after many iterations and the system starts to
expand “diffusively”. We interpret the revivals as time-energy Bloch oscillations, albeit with a
distinct “angular” character. In this interpretation, it is natural that the oscillations break down
after many periods, as the adiabatic approximation is only valid for short times. In figure 1.11 we
also see a longer periodicity of the system - this is the “super-Bloch” oscillation. We remind the
reader that this periodicity can be seen as a beating effect between the Bloch oscillations and a
periodic modulation of the Hamiltonian. The adiabatic energies (1.58) are clearly not constant in
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Figure 1.9: Adiabatic (full lines) and diabatic (dotted lines) energy levels of the Landau-Zener grid
model.

time, so they do not correspond to a perfect linear slope, but are modulated and tilted over each
period. Because of this modulation, it is reasonable that we should see a beating effect.

Experimental realization of this model would require a system with a large number of equidis-
tant energies. A natural candidate isa harmonic oscillator coupled to a two-level system, which is
a variation on the Rabi model discussed in section 2.4. The interaction must couple every transi-
tion in the harmonic oscillator to the two-level system, with equal strength. This would be very
challenging in practice.
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Figure 1.10: Two-dimensional plot of
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Pn(t) showing Bloch oscillations.
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Figure 1.11: Two-dimensional plot of
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Pn(t) showing super-Bloch oscillations.
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Chapter 2

Atoms and fields in one dimension

In this chapter, our aim is to present a Schrödinger equation which is suitable for quantum optics,
highlighting where quantum optics comes from and what kind of problems it can hope to solve.
We will start with quantizing “matter”, continue with “light” and then connect the two. The
few-mode and two-level approximations are applied leading us to the Rabi and the Dicke models.
Through these two important Hamiltonians, the necessary background about the rotating wave ap-
proximation, mean-field theory, adiabatic elimination and quantum phase transitions are presented.
Finally, the results in our paper in progress [GL19] are presented.

2.1 Bound states and discrete energy levels
In atoms, the electrons are bound to the atomic core by Coulomb attraction [Sak94]. In quantum
mechanics, such bound states have a discrete set of energy levels, one of the most characteristic
features of quantum mechanics. We first review bound states, as presented in [Bal10]. Consider
equation (1.4), with a symmetric square well potential (let a, V0 > 0),

V (x) =
{
−V0 ( for − a < x < a)
0 ( otherwise).

(2.1)

Since the potential is defined piecewise, we solve the Schrödinger equation piecewise and stitch
together the solutions. The time-independent Schrödinger equation inside of the region −a ≤ x ≤ a
is

(
− 1

2m
d2

dx2 − V0

)
ψ(x) = Eψ(x), (for − a < x < a), (2.2)

with plane wave solutions ψ(x) = Ce±ikx, for k =
√

2m(E + V0) (for E > −V0). We divide
the solutions into symmetric: ψs(x) = A cos(kx) and anti-symmetric: ψa(x) = A sin(kx). Outside
of the well, the solution depends on the sign of E:

− 1
2m

d2

dx2ψ(x) = Eψ(x), (for x ≤ −a or a ≤ x). (2.3)

If E > 0, the solution can be written as plane waves just like within the well. These are called
free solutions. If −V0 < E < 0, the solutions are instead called bound states. Then ψ(x) = Be±αx,
where α =

√
−2mE > 0 is a real number. Since the wave function cannot diverge at infinity we

find that the solution is ψ(x) = Be−α|x| outside the well. The wavefunction and its first derivative
are required to be continuous. Where the two regions meet, for example at x = +a, we therefore
require (in the symmetric case):

{
Be−αa = A cos(ka)
−αBe−αa = −kA sin(ka)

⇒ α = k

tan(ka) (2.4)

21
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Figure 2.1: Bound states for a = 1,m = 1/2 are crossings of the curves α = −k/tan(k) (dotted
line) and α =

√
V0 − k2 (shown for V0 = 1/2 in blue, V0 = 25 in orange and V0 = 100 in green).

No bound states exist for V0 = 1/2.

We have a second equation from the relations with the energy:

{
k =

√
2m(E + V0)

α =
√
−2mE

⇒ α = ±
√

2mV0 − k2 (2.5)

Equating these we find the solutions to be the crossings in figure 2.1. The key point is that the
solutions are a discrete set. This holds generally for bound states.

In atoms, electrons are in bound states around the atomic core, but with a three-dimensional
potential, relativistic effects and other complications [Bal10; CDG98; Sak94]. In this thesis, we
only describe interaction in one dimension and leave out any discussion of spin. In this situation,
it is enough to describe the discrete energy levels with bound states of an effective particle in one
dimension, with Hamiltonian

Ĥatom = 1
2mp̂2 + V (x̂) =

∑
n

En |ϕn〉 〈ϕn| , (2.6)

for some mass m, and some unknown potential V (x). In the last equality, the Hamiltonian is
written in diagonalized form. This is then our simplified quantum description of the atom.

We will not only use this description for atoms, but for other localized quantum systems with
discrete, inharmonic energy levels. In superconducting circuits, it is possible to realize systems
with quantized electromagnetic flux [HTK12]. When we talk about such “artificial atoms” of d
energy levels, we will refer to them as qudits generally. When the two lowest energy levels can be
well separated, we will refer to them as qubits (after the word bit from computer science) and as
qutrits when three energy levels are considered. We now have to quantize electromagnetism before
we can connect it to the artificial atoms.
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2.2 Quantization of electromagnetism
In this section, our goal is to present a quantum theory of the electromagnetic field. The text is
based heavily on the presentation of [CDG98]. We start from Maxwell’s equations, and proceed to
eliminate dependent variables:

∇ ·E(r, t) = 1
ε0
ρ(r, t) (2.7)

∇ ·B(r, t) = 0 (2.8)

∇×E(r, t) = − ∂

∂t
B(r, t) (2.9)

∇×B(r, t) = 1
c2
∂

∂t
E(r, t) + 1

ε0c2
j(r, t). (2.10)

By a spatial Fourier transform of the first two Maxwell’s equations,

{
∇ ·E(r, t) = 1

ε0
ρ(r, t)

∇ ·B(r, t) = 0
⇒

{
ik ·E(k, t) = 1

ε0
ρ(k, t)

ik ·B(k, t) = 0,
(2.11)

it is evident that these equations fix the components of E(k, t),B(k, t) which are parallel to k,
since for the perpendicular components, k · E⊥(k) = 0 by definition and same for the magnetic
field. For each k, then, the transverse field has two independent components, which we think of as
polarization directions: we are free to choose a polarization basis ei(k), i = 0, 1 for the transverse
fields at each k.

2.2.1 Coulomb gauge
Electromagnetism has a gauge symmetry which stems from the fact that there are many possible
choices of 4-vector potentials Aµ = (φ,A), all leading to the same Maxwell’s equations. To choose
one of these potentials is referred to as gauge fixing, and leaves us with a minimal number of
independent variables, three independent scalar fields (or one 3-vector). We work in the non-
relativistic limit, so the Coulomb gauge is a practical choice. It is determined by the equation

∇ ·A(r, t) = 0. (2.12)

By a spatial Fourier transform of the vector potential, we see that the component parallel to
the momentum must be zero in this gauge:

k ·A(k, t) = k ·
(
A‖(k, t) + A⊥(k, t)

)
= 0⇒ A‖(k, t) = 0. (2.13)

Hence A⊥(k, t) are the independent degrees of freedoms and our generalized coordinates, hence
we from now on drop the subscript. We also assume that a polarization basis field has been chosen,
and it is in this basis that we write components of the fields.

2.2.2 Canonical quantization
Canonical quantization requires us to find the canonical momentum fields Π(k, t) to A(k, t). This
momentum field is simply

~Π(k, t) = ε0
d

dt
A(k, t) = −ε0E⊥(k, t). (2.14)

According to prescription, we then promote our generalized coordinates and momenta to her-
mitian operators on a Hilbert space and impose the commutation relations

[
Âi(k), Π̂j(k′)

]
= iδijδ

(3)(k− k′). (2.15)
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Here we have set h̄ = 1 as usual in this thesis. We also define the field annihilation operator

âi(k) = −i
√

ε0
2ω(k)

[
Π̂i(k) + iω(k)Âi(k)

]
, (2.16)

where ω(k) = c |k| > 0 is the angular frequency of the mode. The annihilation operator destroys
a photon of momentum k with polarization i. It has the following commutation relations with its
hermitian conjugate

[
âi(k), â†j(k

′)
]

= iδijδ
(3)(k− k′). (2.17)

We note that this algebra, for i = j, is that of the quantum harmonic oscillator (QHO), and
that the electromagnetic field is described by a set of (coupled) harmonic oscillators in the normal
modes.

The operators of the vector potential and the Hamiltonian will be needed later [MS10]:

Â(r) =
∫
d3k

∑
i

A0(k)
[
ei(k)âi(k)eik·r + ei(k)â†i (k)e−ik·r

]
(2.18)

ĤEM = ε0
2

∫
d3r

(∣∣∣Ê(r)
∣∣∣2 + c

∣∣∣B̂(r)
∣∣∣2) =

∫
d3k

∑
i

ω(k)
(
â†i (k)âi(k) + 1

2

)
, (2.19)

where A0(k) = (2ε0ω(k)(2π))−1/2.

2.2.3 The single-mode approximation in cavity and circuit QED
In many quantum optical experiments, a wavelength λ0 is selected by putting the radiation inside
a finite volume. This is done in different ways depending on the type of experimental setup.

Cavity QED is concerned with “quantum electrodynamics” of an optical cavity [Wal+06]. In
the simplest case, a cavity consists of two mirrors of reflectivity R, separated by some distance
L in a medium with refractive index n. In realistic cavities with small photon losses the mirrors
are curved in order to focus the cavity mode well inside the resonator. These are the Fabry-
Perót cavities. Light inside the cavity reflects on the mirrors and interferes with itself to create
a resonance condition: L = mλ0/2n, where m is an integer that labels the mode and determines
the corresponding wavelength. Around λ0, half wavelengths will fit into the cavity and resonate.
If the resonance is sharply peaked and the light is well-focused so that we can neglect transverse
variations, we can model the cavity field as a single mode. On short enough time-scales, no photons
have time to leak out through the mirrors and we can think of the cavity as an isolated quantum
system.

Circuit QED deals with superconducting circuits [HTK12], built from superconducting wires
which transport electromagnetic fields without resistance. They are cooled to temperatures on
the order of 10−2 Kelvin such that quantum mechanical effects become important. The current
within the conductor is then quantized. Josephson junctions are gaps in the wire madnye of
non-superconducting material. Cooper pairs, the effective excitations of superconductance, are
forced to tunnel across the junction. The tunneling can be used to construct systems with a
non-linear spectrum, with a set of discrete and isolated states. Thes as described in section 2.1.
Microwave cavities can be used to select radiation of a certain wavelength, or by using transmission
line resonators, which are pieces of superconducting wire that are partially isolated so that the
radiation is limited to standing waves just like in a cavity. An additional advantage is that using
polarization-dependent materials, a single polarization component can be selected.

In either setup, we end up with an electromagnetic Hamiltonian in the single-mode approxima-
tion:

ĤEM = ω0

(
â†â+ 1

2

)
(2.20)

Â = A0
(
â+ â†

)
, (2.21)

where ω0 = ω(k0) is the resonant angular frequency, A0 = A0(k0) and â = âi(k0). From now
on, we assume that we can isolate a single polarization component.
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2.2.4 The dipole approximation
Since optical radiation has a wavelength much larger than the radius of an atom, λ � rB, the
charge distribution around an atom, located at r = 0, experiences fields which are constant to a
good approximation [Sak94; Bal10]:

E(r) ≈ E(0) (2.22)
B(r) ≈ B(0). (2.23)

Therefore we can safely use the field operators at r = 0 and neglect spatial variations. This is
known as the dipole approximation.

2.3 Coupling matter and light by the minimal substitution
Since we have now separately found quantum mechanical descriptions of light and of the atom, we
are ready to understand their interaction [De +18; Bal10]. Our starting point is Lorentz force on
a charged particle with mass m and charge q:

F = qE + q

m
p×B, (2.24)

To find the potential of such a force, we modify our effective particle description (1.4) by making
a minimal substitution x̂→ x̂−qÂ and redefining the potential V (x̂) to include the electric potential
from the Lorentz force:

ĤC = 1
2m

(
p̂− qÂ

)2
+ V (x̂) + ĤEM

= 1
2mp̂2 + V (x̂) + ĤEM + q2

2mÂ2 + q

m
p̂Â (2.25)

We further assume the dipole and single-mode approximation (2.22) and neglect the zero-point
energy of the field such that the field operators are given by equations (2.20).

We now change gauge to the dipole gauge: this amounts to a transformation Û = exp(−iqx̂Â):

ĤD = ÛĤCÛ
† = 1

2mp̂2 + V (x̂) + q2A2
0ω0x̂

2 + iqA0ω0x̂
(
â− â†

)
= 1

2mp̂2 + Ṽ (x̂) + qA0ω0x̂
(
â+ â†

)
, (2.26)

where in the last equality we made a change of variables â→ −iâ and defined the new potential
Ṽ (x̂) = V (x̂) + q2A2

0ω0x̂
2.

2.3.1 The two-level approximation
We can diagonalize the atomic Hamiltonian in the dipole gauge and write

1
2mp̂2 + Ṽ (x̂) =

∑
n

En |ϕn〉 〈ϕn| (2.27)

x̂ =
∑
mn

〈ϕm|x̂|ϕn〉 |ϕm〉 〈ϕn| (2.28)

If we are still considering the bound states of this system, and if the energy splitting between
the atomic bound states is large, the higher energy levels can be neglected to good approximation.
It is then a good approximation to project onto, say, the two lowest-lying atomic states |ϕ0〉 , |ϕ1〉
[De +18; NC10]. We find the projected Hamiltonian

ĤR = ω0â
†â+ ω10

2 σz + gσx
(
â+ â†

)
, (2.29)
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where ω10 = E1 − E0 is the energy difference between the two lowest atomic states, σz =
|ϕ1〉 〈ϕ1| − |ϕ0〉 〈ϕ0|, σx = |ϕ0〉 〈ϕ1| + |ϕ1〉 〈ϕ0|, and g = 2qA0ω0 〈ϕ0|x̂|ϕ1〉. We will sometimes
refer to the σx and σz as spins: this is because the Pauli operators realize the spin algebra, and
not because we are dealing with a physical spin. This Hamiltonian is our final stripped-down
description of the atom-field system in the two-level approximation.

2.4 The Rabi model
The Hamiltonian (2.29) is also known as the Rabi model, the paradigm model of quantum optics.
It was only recently solved exactly in [Bra11]. The first two terms constitute the bare Hamiltonian,
Ĥ0. The bare Hamiltonian commutes with the excitation number operator:

N̂exc = n̂+ 1
2 σ̂

z. (2.30)

while the interaction term does not. The full Hamiltonian still commutes with the parity
operator

Π̂ = (−1)N̂exc , (2.31)

We say that the Hamiltonian has a parity or Z2 symmetry. The physical interpretation is
that atomic or bosonic excitations can be created or destroyed only in pairs by the action of the
Hamiltonian.

When applying a time-dependent unitary transformation

Û(t) = eitĤ0 (2.32)

to the Schrödinger equation, a “gauge term” appears by the same mechanism as in equation
(1.45) in the last chapter:

Ĥeff = eitĤ0ĤRe
−itĤ0 − ieitĤ0∂te

−itĤ0

= g
(
eiω10tσ+ + e−iω10tσ−

) (
e−iω0tâ+ eiω0tâ†

)
=

= g
(
e−i(ω0−ω10)tσ+â+ e−i(ω0+ω10)tσ+â† + H.c.

)
. (2.33)

note that this is known in time-dependent perturbation theory as going to the interaction
frame with respect to Ĥ0. The terms with frequency ω0 − ω10 are called the co-rotating terms
and commute with N̂exc. The terms with frequency ω0 + ω10 are called counter-rotating terms
and are the ones which do not conserve excitation number, for example by creating a photon
and raising the internal state of the two-level system at the same time. If we can assume that
ω0 ∼ ω10 - this known as resonance in quantum optics - the counter-rotating terms will have a
much larger frequency. On the much slower time-scale of the co-rotating terms, the excitation
number is then approximately conserved. The rotating wave approximation (RWA) is to neglect
the counter-rotating terms. In the original basis, this amounts to

σx
(
â+ â†

)
=
(
σ+ + σ−

) (
â+ â†

)
≈ σ+â+ σ−â†. (2.34)

All terms now commute with N̂exc, and the symmetry is enhanced to U(1). This higher symme-
try makes the system integrable. The enhanced symmetry means that if we apply a time-dependent
unitary transformation

Û(t) = eiγtN̂exc , (2.35)

to the Schrödinger equation, the RWA Hamiltonian - also known as the Jaynes-Cummings
model,
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ĤJC = ω0â
†â+ ω10

2 σz + g
(
σ+â+ σ−â†

)
, (2.36)

is invariant but there is a gauge term. We can choose γ = ω to eliminate the term ω0â
†â in the

new basis:

Ĥeff = eiω0N̂excĤJCe
−iω0N̂exc − ωN̂exc

= ∆
2 σ

z + g
(
σ+â+ σ−â†

)
, (2.37)

where ∆ = ω10−ω0 is called the detuning. The eigenstates can now be labelled by the quantum
numbers of spin and boson excitations:

|±, n〉 := |±〉 ⊗ |n〉 . (2.38)

The Hamiltonian is block diagonal in this basis, with blocks of the form

[ ∆
2 g

√
n+ 1

g
√
n+ 1 −∆

2

]
, (2.39)

which acts on the states |+, n〉 , |−, n+ 1〉. This leaves the first 1 × 1 block corresponding to
|−, 0〉 which has the single eigenvalue −∆/2. The eigenvalues of the 2× 2 matrix are

En,± = ±
(

∆2

4 + g2(n+ 1)
)1/2

. (2.40)

The first few of these eigenvalues are plotted as a function of g in figure 2.2, together with the
corresponding true eigenvalues. The figure is plotted near resonance: omega0 ∼ ω10 where the
RWA is expected to work best. For g = 0, the eigenvalues are simply those of the bare Hamiltonian,
E0
±,n = ωn± ω10/2. As g is increased beyond ≈ 0.2, we observe that RWA breaks down. In many

situations in quantum optics, g is small enough that this is not an issue. In the situations described
in this thesis however, we consider coupling strengths where RWA is not a good approximation.

2.5 The Dicke model
In 1954, Dicke considered a generalization of the Rabi model1 where N two-level dipoles are
identically coupled to a single boson mode [Dic54]. In particular, with this simple model he
explained the phenomenon of superradiance, which says that collective quantum coherences can
greatly enhance the decay rate of the excited dipoles. The Dicke Hamiltonian can be written as:

ĤD = ω0â
†â+

∑
i

{
ω10

2 σzi + g√
N/2

σxi (â+ â†)
}

= ω0â
†â+ ω10

2 Ŝz + g√
N/2

Ŝx(â+ â†) (2.41)

Ŝα :=
∑
i

σα, (2.42)

where by convention the light-matter coupling is defined in such a way that
√
Ng is constant

as g →∞. The Dicke model does not take into account any interaction between the atoms, which
is the reason why they together can be described by the “giant spin” Ŝα.

1Note that Dicke’s paper predates the one of Jaynes and Cummings who introduced the Rabi model.
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Figure 2.2: The first few energy eigenvalues of the Rabi model, near resonance: ω0 = 1.1, ω10 = 1.0.

2.5.1 A crash course on phase transitions
A phase transition is a property of a many-body system, in which the state of the system changes
in character as the temperature or some coupling strength is varied [Sac01; Gol92]. We will focus
on zero-temperature phase transitions and quantum systems, and leave temperature and classical
mechanics out of the picture. As an example, consider a finite lattice model of N lattice sites,
such as the tight-binding model (1.13), but allow multiple particles to occupy each lattice site
and interact. Further assume that the Hamiltonian depend on some coupling constant g. Then
the ground state energy Egs must also be a continuous function of g. For a finite lattice, the
eigenvalues must in fact be analytic functions of g [Sac01], except when there is a crossing of
energy levels (as for the Landau-Zener model with J = 0), such that the ground state and some
excited state exchange roles. If we allow the number of lattice sites to become very large, N →∞,
the ground state energy can develop discontinuous or even singular derivatives. N → ∞ is called
the thermodynamic limit, and if Egs(g) has discontinuous first, second or higher derivatives for
some value of g = gc - in the thermodynamic limit - we say that the system undergoes a quantum
phase transition. We call gc the critical coupling or critical point. The concept is still relevant for
finite sizes and finite temperatures - in this case there are corrections, that vanish as powers of the
system size.

If the first derivative of Egs(g) is continuous, we call the transition second-order or more
generally continuous. If the next derivative if discontinuous2, it can be shown that the phase
transition is associated with a symmetry Ŝ of the Hamiltonian, such that

[
Ŝ, Ĥ(g)

]
= 0. At the

critical point, the ground state changes from a symmetric state (Ŝ |ψ0〉 = |ψ0〉) to a symmetry-
breaking state (Ŝ |ψ0〉 6= |ψ0〉). The former corresponds to a normal phase while the latter is called
a symmetry-breaking phase.

We understand phases of matter by making measurements of their order. It is always possible to
find an observable which we measure to be zero in the normal phase and non-zero in the symmetry-
breaking. Such an observable is called an order parameter. For second-order transitions, the order
parameter will show universal scaling close to the critical point: the order parameter can be written

2There are “infinite-order” phase transitions where no symmetry is broken [Sac01]
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as O(g) = C(g − gc)β for some constant C and some real exponent β which is the same for all
systems sharing the same symmetries. This phenomenon is called universality and there are a
number of other quantities that follow similar scaling laws close to the critical point.

The discontinuous derivative is evidence of a qualitative change of the ground state, for example
between an organized and a disorganized phase. As g → gc, the correlation lengths of the system,
defined for each correlation function, become infinitely large. Intuitively, at the critical point
microscopic details are important and each site is correlated with every other. Only the symmetries
of the Hamiltonian are important at the critical point.

2.5.2 The superradiant phase transition
The Dicke model supports a Z2 symmetry just as the Rabi model: it is invariant under the unitary
transformations â→ −â, Ŝx → −Ŝx, Ŝz → Ŝz. The parity is defined analogously as

Π̂ = (−1)N̂exc (2.43)

N̂exc = â†â+ 1
2 Ŝ

z. (2.44)

This global symmetry can be spontaneously broken and the phase transition is called a super-
radiant phase transition for historical reasons. It is examined more closely in the next section,
2.5.3. It has been controversial whether this phase transition is really possible in the Dicke model.
[RWŻ75] has shown that the Thomas-Reiche-Kuhn sum rule,

∑
i 6=j

fij = 1 (2.45)

fij = − 2
m

|〈ϕi|p̂|ϕj〉|2

Ei − Ej
, (2.46)

prevents the transition. Here Ei, |ϕi〉 are the eigenstates and eigenvectors of the effective particle
in equation. The argument is that the sum rule limits the strength of the atom-field interaction,
which depends on the matrix elements 〈ϕi|p̂|ϕj〉, such that the critical value of g = gc cannot be
obtained in practice. Either way, to reach the coupling strengths where the Dicke model becomes
superradiant is challenging experimentally.

In recent years however, the no-go theorem has been re-explored. [Dim+07] and [Nag+10]
argued that the superradiant phase transition can be realized for driven cavity QED setups. [NC10]
argues that the no-go theorem can be circumvented for circuit QED systems. In [VGD14], boundary
conditions are used to find a loophole also for cavity QED. [De +18] and [Ste+] highlights that
the two-level approximation ruins the gauge invariance and argue that the superradiant transition
is not forbidden and accurately described in the dipole gauge, rather than Coulomb gauge.

2.5.3 Mean-field theory in the thermodynamic limit
The Dicke model has a special “dimensionality” or rather connectedness which affects the nature
of the phase transition: all the two-level systems are connected in an identical way to a single mode
[LI17].

We can define b̂ = â/
√
N and rewrite the Dicke model as a sum of N copies of the Rabi model:

ĤD = ω0â
†â+

∑
i

{
ω10

2 σzi + g√
N/2

σxi (â+ â†)
}

= 1
N

∑
i

{
ω0b̂
†b̂+ ω10

2 σzi + gσxi (b̂+ b̂†)
}
. (2.47)

In the thermodynamic limit
[
b̂, b̂†

]
→ 0, suggesting that “mean-field is exact” and the operator

b̂ can be replaced by a complex number α:
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ĤD = 1
N

∑
i

{
ω0 |α|2 + ω10

2 σzi + 2Re(α)gσxi
}
. (2.48)

The ground state energy is found as

Egs(α) = ω0 |α|2 −
√
ω2

10
4 + 4g2Re(α)2, (2.49)

where α has the value which extremizes the ground state energy. Assuming α to be real-valued:

d

dα
Egs(α) = 2ω0α−

1
2

8g2α√
ω2

10
4 + 4g2α2

!= 0

⇒ α =
{

0
±
√

g2

ω2
0
− ω2

10
16g2 (for g ≥ √ω0ω10/2).

(2.50)

For g < gc = √ω0ω10/2), α = 0 is the only minimum. Since α is our replacement for b̂, this
implies that 〈ψ0|â|ψ0〉 =

√
Nα = 0. This is called the “normal” phase of the Dicke model. The

photon number 〈ψ0|n̂|ψ0〉 is also low but non-zero. For g > gc, two minima develop for non-zero α
- these correspond to stable mean-field solutions. α = 0 becomes a maximum, which corresponds
to an unstable solution. g > gc is called the superradiant phase and the the field mode is then
“populated coherently”: 〈ψ0|â|ψ0〉 =

√
Nα 6= 0. We call this coherent because a coherent state,

such as laser light, also has 〈ψ0|â|ψ0〉 6= 0.
α is our order parameter for the phase transition. We can read off the critical exponent β = 1/2

by rewriting the equation for α:

α =

√
g2

ω2
0
− ω2

10
16g2 = 1

ω0

(
(g2 + g2

c )(g + gc)
)1/2 (g − gc)1/2. (2.51)

However it does not tell the full story: some expectation values and entanglement within the
giant spin have to be calculated by other means [Gar11].

2.5.4 Adiabatic elimination and time-scale separation
We write down the Heisenberg equations of motion for the bosonic mode: [BPM06]

∂tâ = i
[
ĤD, â

]
= i

(
−ω0â−

g√
N/2

Ŝx

)
. (2.52)

If ω0 � ω10 such that the model is in the large detuning limit, we expect time-scale separation:
the characteristic time scale of the bosons, given by the inverse of ω0, is much shorter. Intuitively,
the bosons react “infinitely fast” to changes in the large spin - the boson field follows the spin
“adiabatically”. We therefore assume the boson to be in its steady state. In the Heisenberg
equations of motion for the operator:

∂tâ
!= 0⇒ â = − g

ω0
√
N/2

Ŝx. (2.53)

We substitute this in the Dicke Hamiltonian to find

ĤD = g2

ω0(N/2)

(
Ŝx
)2

+ ω10

2 Ŝz − 2g2

ω0(N/2)

(
Ŝx
)2

= A
(
Ŝx
)2
−BŜz, (2.54)
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|1〉i |2〉i

|3〉i

s

Ω

Figure 2.3: A three-level quantum system or “qutrit” in a lambda configuration. Two states |1〉 , |2〉
are degenerate, while |3〉 is separated in energy by Ω. There is a coupling of the lower two states
of strength s.

which is a special case of the Lipkin-Meshkov-Glick model. Note that

(
Ŝx
)2

=
∑
ij

σxi σ
x
j , (2.55)

can be interpreted as an Ising interaction with “all-to-all” connectedness and equal coupling
strength between all pairs. We see that eliminating the boson field we end up with an effective spin
model where each spin couples to one another. It is this “full connectivity” which is responsible
for the “mean-field” nature of the superradiant phase transition.

2.6 The qutrit-resonator system
We have investigated light-matter interactions, first in the Rabi model between a single electro-
magnetic mode and a two-level system, then in the Dicke model for a mode and many two-level
systems. We saw that the “full connectivity” of the Dicke model led to a mean-field type of phase
transition, called “superradiant”. A typical quantum many-body system has a more limited con-
nectivity, and quantum fluctuations become important. For one-dimensional systems, quantum
fluctuations are especially strong due to the Mermin-Wagner theorem [Aue94].

In this section we will discuss our research in preparation [GL19] on a one-dimensional circuit
QED system which shares some properties with the Dicke model. A variation of the model was
already explored by [KB14]. Consider a one-dimensional array of qutrits (three-level systems).
Each qutrit is prepared such that two energy states are degenerate while the third is separated
in energy by some positive value Ω, sometimes called a lambda configuration because the energy
levels are often drawn like the greek letter Λ as in figure 2.3.

The Hamiltonian of the qutrits can be written as:

Ĥq =
∑
i

{
Ω |3〉i 〈3|i + s

(
|1〉i 〈2|i + |2〉i 〈1|i

)}
, (2.56)

where Ω > 0 and i = 0, 1, 2, . . . , N . The term proportional to s introduces an energy difference
between the two “lower” energy states of each qutrit.

Between each nearest-neighbor pair of qutrits (i, i + 1), we place a resonator which can be
modelled as a single (bosonic) harmonic oscillator mode, as described in section 2.2.3 (we neglect
the zero-point energy and ω > 0):

Ĥb =
∑

(i,i+1)

ωâ†(i,i+1)â(i,i+1) =
∑

(i,i+1)

ωn̂(i,i+1). (2.57)

For a qutrit, the photon can couple to the transitions 1↔ 2, 2↔ 3 or 3↔ 1. Here we make a
particular choice of connecting the left cavity to the 1 ↔ 3 transition and the right cavity to the
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(i− 1, i)

1 ↔ 3 |1〉i |2〉i

|3〉i

2 ↔ 3

(i, i+ 1)

Figure 2.4: Coupling of resonators and qutrits in the system, showing a subset of one qubit
surrounded by two resonators. Note that the resonators are here drawn as microwave cavities
while they can in principle also be of the transmission line type. Also note that the resonators
are themselves connected to other qutrits, which are connected to another resonator, in a one-
dimensional chain. For each qutrit, the left resonator is coupled to the 1↔ 3 transition, while the
right resonator is coupled to the 2↔ 3 transition of the qutrit.

2 ↔ 3 transition. A part of the setup is shown in figure 2.4. This choice leads to an interesting
chirality in the model - photons interact differently with the right and left qutrit. The interaction
Hamiltonian is thus:

Ĥq−b =
∑

(i,i+1)

g
(
â(i,i+1) + â†(i,i+1)

)(
|2〉i 〈3|i + |1〉i+1 〈3|i+1 + H.c.

)
, (2.58)

where we assume g to be real and positive without loss of generality. The full Hamiltonian is

Ĥ = Ĥq + Ĥb + Ĥq−b, (2.59)

and we will refer to Ĥ0 = Ĥq + Ĥb as the bare Hamiltonian of this model, while Ĥq−b is
called the interaction Hamiltonian. Then size of the systems is left unspecified, but circuit QED
systems can be made large without prohibitively larger cost or complexity [HTK12]. The main
difference between this model and the Dicke model is the type and flavor of connectedness: here
there are many bosonic modes, one for each resonator, and each one is connected to only two
qutrits. Another big difference is that the no-go theorem [RWŻ75] has no effect in this system due
to the one-dimensional connectivity [KB14].

2.6.1 Parity symmetry
Just as for the Rabi and Dicke model, excitations can only be created in pairs in this model. This
means that the system has a global Z2 symmetry â(i,i+1) → −â(i,i+1), |3〉i → −|3〉i. This means
that |3〉i 〈3|i → (− |3〉i)(−〈3|i) = |3〉i 〈3|i and (suppressing indices for this calculation)

(
â+ â†

)
|1〉 〈3| →

(
−â− â†

)
|1〉 (−〈3|) =

(
â+ â†

)
|1〉 〈3| (2.60)(

â+ â†
)
|2〉 〈3| →

(
−â− â†

)
|2〉 (−〈3|) =

(
â+ â†

)
|2〉 〈3| (2.61)

The unitary of this transformation is Π̂ = (−1)N̂exc , where the number of excitations is defined
as

N̂exc = −
∑
i

|3〉i 〈3|i +
∑

(i,i+1)

n̂(i,i+1) (2.62)

The line s = 0 is special because here the model supports one Z2 symmetry for each resonator.
The symmetry transformations are â(i,i+1) → −â(i,i+1), |1〉i → −|1〉i , |2〉i+1 → −|2〉i+1, and this
transformation can be applied for each nearest-neighbor pair (i, i+ 1).

2.6.2 Adiabatic elimination of the resonators
In the special case that g,Ω � ω, known as the dispersive regime, the resonator photons have a
much shorter characteristic time-scale ω−1. On the time-scale of the qutrits then, the resonators
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oscillate so rapidly that we can replace the fields by their steady-state values. From assuming
steady-state in the Heisenberg equations of motion,

∂tâ(i,i+1) = i
[
Ĥ, â(i,i+1)

]
= i
(
− ωâ(i,i+1) − g

(
|2〉i 〈3|i + |1〉i+1 〈3|i+1 + H.c.

) ) != 0

⇒ â(i,i+1) = − g
ω

(
|2〉i 〈3|i + |1〉i+1 〈3|i+1 + H.c.

)
, (2.63)

we can solve for the steady state of the bosonic operators in terms of the qutrit operators:

ωâ†(i,i+1)â(i,i+1) →
(−g)2

ω

(
|2〉i 〈3|i + |1〉i+1 〈3|i+1 + H.c.

)2
(2.64)

g
(
â(i,i+1) + â†(i,i+1)

) (
|2〉i 〈3|i + |1〉i+1 〈3|i+1 + H.c.

)
→ −2g2

ω

(
|2〉i 〈3|i + |1〉i+1 〈3|i+1 + H.c.

)2
,

(2.65)

where

(
|2〉i 〈3|i + |1〉i+1 〈3|i+1 + H.c.

)2
= |2〉i 〈2|i + |3〉i 〈3|i + |1〉i+1 〈1|i+1 + |3〉i+1 〈3|i+1 + 2

(
|2〉i 〈3|i + H.c.

)(
|1〉i+1 〈3|i+1 + H.c.

)
.

(2.66)

Assuming periodic boundary conditions - which we will do for the rest of this thesis - the first
four terms amount to a constant shift in energy and a shift of the energy difference Ω between the
internal qutrit levels. Neglecting the constant shift, the full Hamiltonian (2.59) is transformed into

Ĥ(ad) =
∑
i

{(
Ω− g2

ω

)
|3〉i 〈3|i + s

(
|1〉i 〈2|i + |2〉i 〈1|i

)
−2g2

ω

(
|2〉i 〈3|i + |3〉i 〈2|i

)(
|1〉i+1 〈3|i+1 + |3〉i+1 〈1|i+1

)}
. (2.67)

This model, which we will refer to as the effective qutrit model, still has the same global Z2
symmetry as the original one, as well as the local symmetries for s = 0. The correspondence in
symmetries means that universal critical exponents must be the same for both models.

2.6.3 The Lang-Firsov transformation and polarons
To understand electron-phonon interactions in the Holstein model [WF98], the Lang-Firsov trans-
formation was developed:

ÛLF [γ] = exp
(∑

i

(
γiâi ⊗ Θ̂i −H.c.

))
(2.68)

where Θ̂i ∝ n̂i is the electron number operator at ion site i, âi is the annihilation operator of
a phonon at site i and γi are complex parameters. If we choose Θ̂i to be a complex number, the
transformation is just a displacement operator of (phononic) coherent states. This is called static
displacement of the oscillators and for phonons physically corresponds to a physical displacement
of ions. The Lang-Firsov transformation is a more general dynamical displacement of the phonon
oscillators: the phonons are “displaced” towards the electron and form a “cloud” of phonons, a
bosonic quasi-particle called a polaron. Similar to mean-field theory and BCS theory, if these
particles abound at low enough temperature, phenomenologically we can expect them to condense
into a single quantum state. This is another way of saying that the many-body state can be
approximated by a classical field and quantum fluctuations around this field is small. The Lang-
Firsov transformation is often used as a variational state of the phonons,
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|ψ[γ]〉 = ÛLF [γ] |Ω〉 ⊗ |Ψe〉 , (2.69)

where |Ω〉 is the Fock vacuum of the phonons an |Ψe〉 is a general Fock state of the electrons.
The Θ̂i are chosen in some suitable way, such as

∑
i γin̂i and γi are then varied to minimize the

ground state energy of the electronic Hamiltonian. This calculation can be calculated by exact
diagonalization for small system sizes, with matrix product states for one-dimensional systems, or
with approximate methods.

We adapt the Lang-Firsov ansatz (2.69) to show that the phases of the qutrit-resonator system
can be described by an effective Hamiltonian involving only qutrit operators, for all values of the
couplings. We set

ÛLF [γ] = eS = exp

 ∑
(i,i+1)

(
γ(i,i+1)â(i,i+1) ⊗ Θ̂(i,i+1) −H.c.

) (2.70)

Θ̂(i,i+1) =
(
|2〉i 〈3|i + |1〉i+1 〈3|i+1 + H.c.

)
. (2.71)

and restrict γ(i,i+1) to be real and equal for all sites. The transformation acts on the annihilation
operators as

â(i,i+1) → â(i,i+1) + Θ̂(i,i+1), (2.72)

similarly to the adiabatic elimination. In the Lang-Firsov ansatz, we should take the expectation
value over the bosonic vacuum. Transforming the qutrit operators and taking this expectation
value, we obtain expressions like 〈Ω|e−S |m〉i 〈n|i eS |Ω〉. By using (1.44), these expression can be
expanded in multivariate power series of moments in p̂ = (â− â†)/

√
2i,

〈0|p̂n|0〉 =
{

Γ( n+1
2 )

π(n+1)/2 for n even
0 for n odd.

(2.73)

The series have no closed form solutions to our knowledge, but are convergent for all values of γ.
By reading off the first terms in the power series, it is apparent that the transformed Hamiltonian
is

ĤLF (γ) =
∑
i

{
Ω̃(γ) |3〉i 〈3|i + s̃(γ)

(
|1〉i 〈2|i + |2〉i 〈1|i

)
+2γg̃(γ)

(
|2〉i 〈3|i + |3〉i 〈2|i

)(
|1〉i+1 〈3|i+1 + |3〉i+1 〈1|i+1

)}
, (2.74)

where s̃(γ), Ω̃(γ) and g̃(γ) reduce to s,Ω, g for γ = 0. This shows that the Hamiltonian is
described by a qutrit model even for non-dispersive couplings 3.

2.6.4 Representation in terms of matrix product states
For gapped one-dimensional quantum systems, matrix product states (MPS) can describe the
system with arbitrary and controlled accuracy (see section A.3). For strongly correlated systems
(where the interaction cannot be neglected or treated using perturbation theory) it is one of the
few methods at hand.

As described in section A.4, the resonators have infinite-dimensional Hilbert spaces. As de-
scribed in the appendix, this means the MPS representation has to truncate the harmonic spectrum
and only allow a finite number of bosonic excitations at each site. Since both qutrit Hamiltoni-
ans found, (2.74) or (2.67), preserve all the symmetries of the model, we prefer to work with the
Hamiltonian from the adiabatic approximation (2.67) directly, in order to more effectively calculate
universal properties like critical exponents.

3This is not completely true. In the polaron description we have still assumed that the “dynamical correlations”
between the photon cloud and the qutrits are enough to accurately describe the state.



2.6. THE QUTRIT-RESONATOR SYSTEM 35

For the phase diagram however, the full qutrit-resonator model was used which we truncated
in the MPS representation. By numerical experiments, we found that around Nb = 16 was enough
to describe the system and further increasing the truncation led to no significant improvement.
The annihilation operator is then represented by the finite size matrix

â ≈


0
√

1 0 . . . 0
0 0

√
2 . . . 0

...
...

...
...

...
0 0 0 . . .

√
15

0 0 0 . . . 0

 (2.75)

To understand universal properties and phase boundaries it is practical to work with translation-
invariant or “infinite” MPS - which assumes translation invariance, avoids finite size effects, and in
some sense is already at the thermodynamic limit. Another advantage is that degenerate ground
states and spontaneous symmetry breaking is possible for translational invariant MPS but not for
finite size MPS [McC08].

We used the MPS as a variational state to find the ground state to high accuracy, using the
DMRG algorithm in our own implementation of the code JuMPS (see appendix: B). Throughout,
a truncation of singular values smaller than 10−8 was used to limit MPS bond dimensions when
possible (see appendix for discussion of singular value decompositions). We verified that this had
no effect on the results. When representing the full model including resonators, we found that a
unit cell of two resonators and two qutrits was necessary to represent the system. When working
with the qutrit-only Hamiltonian (2.67), two sites at a time was sufficient.

For the phase diagram, we used the fact that local expectation values converge quickly in
DMRG, compared to the full state or correlation functions. We ran 200 DMRG steps for each
value of the coupling parameters, with a bond dimension of b = 40. For sample points in all
phases, we verified by tests that this was enough to describe the state with low error. A coarse
grid of points in the s, g plane was chosen, while keeping ω = Ω = 1 fixed4. Correlation length,
von Neumann entanglement entropy (see equation (A.4)), expectation values and energy variance
were calculated at each step in the sweep and everything saved to data files. The calculation
was again repeated in a finer grid which we constructed using a edge recognition code around the
phase boundaries, as described in appendix B. All data points were then used to interpolate a
two-dimensional plot of each observable.

A “phase diagram” of the entanglement entropy is shown in figure 2.5, for the full Hamiltonian
and the effective qutrit model. The entanglement entropy and correlation length diverges at the
phase boundaries, which makes it easy to identify them in the figures. The phases have been
annotated: the normal (N), superradiant (SR), the dimerized (D) and the X phase. The normal
phase and phase X are characterized by not being superradiant or dimerized, as we shall see. It is
an open question whether the SR and D phases touch each other or separated by the N or X phases.
We cannot say whether N and X are distinct phases: we interpret both as symmetry-unbroken
phases, but the X phase has a much stronger entanglement. Since we have no results to present
yet, we leave the phase X out of the discussion.

Only the region s ≤ 0 is shown: the phase diagram is mirrored for s ≥ 0 except that the
superradiant order parameter alternates sign for odd and even sites (see section 2.6.5).

For universal properties of the qutrit-only model, a first guess of the ground state MPS in the
symmetry broken phase was calculated by running 1000 DMRG steps. This was then used as a
starting guess for the next value of s or g (whichever value swept over), and so on. This was
repeated, gradually increasing the maximum allowed bond dimension of the MPS. In the limits of
large bond dimension, we expect all expectation values to converge and energy variance ∆H2 → 0
as an indicator (see appendix, section A.9) for whether we have reached convergence.

2.6.5 The superradiant phase transition
The qutrit part of the Hamiltonian, (2.56), has energy eigenstates,

4Note that this condition is not the condition of resonance in our system, as it would have been for the Dicke
model.
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Figure 2.5: Von Neumann entanglement entropy calculated using DMRG for the full qutrit-
resonator model (2.59) (to the left) and for the effective qutrit model (2.67). The entanglement
entropy is calculated for many points in the s, g plane, keeping Ω = ω = 1, and a lighter color
represents stronger entanglement. The phases have been annotated: the normal (N), superradiant
(SR), the dimerized (D) and the X phase. Note the “topological” similarity between the phase
boundaries in the two plots.
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Figure 2.6: Expectation value of (−sign(s))i 〈ψ0|(|1〉i 〈3|i + |3〉i 〈1|i ) |ψ0〉, calculated for the effec-
tive qutrit model for ω = Ω = 1, s = −0.2.

|−〉 = |1〉 − |2〉√
2

(2.76)

|+〉 = |1〉+ |2〉√
2

(2.77)

|3〉 , (2.78)

of energy −s, s,Ω respectively. There is a simultaneous limit of s, g and Ω where, for s < 0, |−〉
has a significantly higher energy than the other two eigenstates. For g � Ω + s, the transition to
|−〉 is then far detuned and it is possible to adiabatically eliminate |−〉. When this is done, we get
model of two-level systems and resonators, which was shown to be in the Ising universality class
by [KB14]. For s > 0, we can instead eliminate |+〉, which leads to a model equivalent to the Ising
model but with anti-ferromagnetic couplings. The symmetry-breaking phase, which correspond
to the polarized phases of the Ising model, is here a superradiant phase where the resonators are
coherently populated. The order parameter is αi = (−sign(s))i 〈ψ0|â(i,i+1)|ψ0〉, similar to the
Dicke model. The difference to the Dicke model is clear however: here, each resonator connects
only to two qutrits. This is the fundamental reason that the qutrit-resonator model has a true
quantum phase transition. Another interesting feature is that, in this limit, the resonators lock
their phases in a ferro- or anti-ferromagnetic pattern, depending on the sign of s.

We believe that these superradiant phase transition lines extend to the two phases to the upper
left and right in our phase diagram 2.5. As proof of this, we used DMRG to calculate another
order parameter which behaves just as αi across our transition line, namely

(−sign(s))i 〈ψ0|(|1〉i 〈3|i + |3〉i 〈1|i ) |ψ0〉 .

We calculated the “magnetic” critical exponent of the transition by fitting the parameters
C, gc, β of a curve Θ(g − gc)C(g − gc)β , where Θ(x) is the Heaviside step function, to verify that
the transition line was in the Ising universality class. This calculation was initially done for the
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Figure 2.7: Expectation value of the dimerization Dq, calculated for the effective qutrit model for
ω = Ω = 1, g = 0.5.

full Hamiltonian (2.59), but suffered from instabilities and required very large bond dimension
b > 10000 to converge. As described in section 2.6.4, we therefore used the effective qutrit model
to calculate β more efficiently. We tuned across several points of the transition lines to the normal
(N) and X phases, and found that β = 1/8 for all of them. Figure 2.6 shows an example of the
transition from the superradiant phase to the X phase. The fit with β = 1/8 = 0.125 is excellent.
We conclude that the normal (N) and X phase are symmetry-unbroken phases with an Ising-type
transition to the superradiant (SR) phase.

2.6.6 The dimerized phase
In the dimerized phase (D), shown in 2.5, the superfluid order 〈ψ0|âi|ψ0〉 = 0. Instead, the
phase is characterized by 〈ψ0|n̂(i−1,i)|ψ0〉 − 〈ψ0|n̂(i,i+1)|ψ0〉 6= 0, a density modulation of period
2, which breaks translational symmetry. It also holds for the qutrits: Dq = 〈ψ0||1〉i 〈1|i |ψ0〉 −
〈ψ0||1〉i+1 〈1|i+1 |ψ0〉 6= 0. This order parameter is strictly zero in all other phases (N, SF, X).

Again using the effective qutrit model, we calculated expectation values across the transition
from the dimerized (D) to the normal (N) phase and to the X phase, and the result for the first
of these two transitions is shown in figure 2.7. The magnetic exponent of both these transitions
were also found to agree with β = 1/8 = 0.125. An interesting question is if the same global Z2
symmetry is broken as in the superradiant phases!

As mentioned above, when s = 0 the model has one Z2 symmetry for each resonator. This
means that the ground state will be highly degenerate. Around s = 0, the ground state is only
doubly degenerate, reflecting the global symmetry, but the energy gap to excited states will still be
small. This can lead to problems for the DMRG method, which is a type of minimization algorithm
and so can get stuck in a local minimum. Physically, we find a low-lying excited state rather than
the true ground state. For this reason, we should be skeptical about DMRG results around s = 0
and try to verify our results. We did this by: 1) comparing results of our DMRG code by running
the simulation with two well-tested DMRG libraries instead: the ALPS project [Dol+14] and Ian
McCulloughs Matrix Product Toolkit [McC18]. 2) calculating the energy variance of the state to
make sure the algorithm has converged to some eigenstate. 3) running simulations for very many
iterations and with high bond dimension, and comparing with our “naive” DMRG sweeps. 4)
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Breaking the local symmetries by introducing an energy difference between the lower two qutrit
levels. In all cases we could verify the existence of the dimerized phase.

Density modulations in one-dimensional fermionic systems interacting with bosons are known
as the Peierls effect or dimerization [AS10]. In the Hückel model of a one-dimensional chain of
atoms with a half-filled band of conduction electrons, small displacements of the atomic centers
are described by phonons. In the ground state, phonons become populated coherently in a pattern
of period 2. For phonons, this can be seen as a displacement of the atomic centers which doubles
the unit cell. The electrons also dimerize, forming a modulation in charge density 〈ψ0|ĉ†i ĉi|ψ0〉
of period 2. In the Hückel model however, the interaction with bosons (phonons) is of the form
(t + b̂i + b̂†i )ĉiĉi+1. This term involves an electron tunneling to the next side, where the hopping
strength is mediated by the phonon. A straightforward coherent-state mean-field ansatz of the
bosons turns this term into a normal hopping term. For our model, the interaction is more
complicated and prevents a straightforward mean-field solution.
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Chapter 3

Conclusions and outlook

In this thesis we have first discussed non-interacting or weakly interacting quantum systems in
one dimension. The interference effects of quantum walks and Bloch oscillations were revised. We
have then described our method of simulating such effects in time-energy periodic systems. We
have then discussed interacting light-matter systems and superradiant phase transitions. Finally,
we have investigated a one-dimensional model of a superconducting circuit where the superradiant
transition and some other exotic phases were found.

Some theoretical workers become expert on a single subject, while other work concerns the
connections and analogies between them. This thesis is perhaps of the latter sort. The connec-
tions and analogies that we find between the subjects are one of the benefits, and lead to different
perspectives that might be useful. This thesis hopefully revealed some of those interesting con-
nections. In the wider context, all different topics in this thesis can be seen as part of the general
trend in quantum optics towards quantum informatics and quantum control. The topics we have
examined are all dependent on “platforms” of quantum simulation such as optical lattices and
superconducting circuits. Novel ways of harnessing and extending these platforms are found every
week.

Quantum walks and Bloch oscillations are important phenomena in non-interacting quantum
systems. Our method of simulating them with the short-time dynamics of periodically driven
systems could be elaborated in several ways: first, we need to find a feasible experimental method.
Second, a method for simulating a general one-dimensional tight-binding could be examined. Third,
the protocol could be extended to two dimensional tight-binding models or more. Many quantum
algorithms are based on quantum walks: we could develop an experiment that would realise a
simple quantum algorithm using, e.g., the periodically driven vibrational modes of a trapped ion.

Our research on the qutrit-resonator chain will be concluded and submitted as a research article
shortly. Many questions remain, however. Especially the entangled and dimerised phases could
be examined more fully. A two-dimensional geometry is also possible to create with circuit QED.
In such a geometry, with a resonator placed at each “link”, even more interesting phases could
be realised. Computationally, the DMRG method is limited to one-dimensional systems and in
some cases also work for strip or cylinder geometries. The extensions to two- or three-dimensional
systems (PEPS) is interesting but suffers from serious limitations. DMRG can however describe
dissipative effects in one-dimensional systems, which would be present in a real superconducting
circuit. Time-dependent phenomena can also be efficiently simulated. Analytically, the RG method
and field theory could be used to understand the phases better.

We conclude that there is a large number of avenues of research. One of the most important
outcomes of the work however, is exposure to problems where no earlier solution existed. That
experience is essential for a student of both non-interacting and interacting quantum mechanics
and far beyond.
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Appendix A

Matrix Product States

A.1 The Schmidt decomposition
A quantum state consisting of two subsystems can in general be written as [NC00]

|A,B〉 =
∑
ij

cij |Ai〉 ⊗ |Bj〉 , (A.1)

where the states |Ai〉, for i = 1, . . . ,dim(HA) form an orthogonal basis of subsystem A and
|Bj〉, for j = 1, . . . ,dim(HB) form an orthogonal basis of subsystem B. cij can be viewed as a
matrix C, with complex-valued elements (C)ij = cij . The right hand side of (A.1) is a quadratic
form which can be factorized:

C = UΛV, (A.2)

where U (V ) is a left-unitary (right-unitary) matrix and Λ is a diagonal matrix of non-negative,
real singular values. This is called a singular value decomposition or a Schmidt decomposition. The
unitaries U†, V define the change of bases of the subsystems necessary to being able to Schmidt
decompose the state as

|A,B〉 =
∑
i

Λii |Ãi〉 ⊗ |B̃i〉 . (A.3)

Note that the singular value decomposition is not unique: the order of the singular values (and
rows and columns of the unitaries, respectively) can be permuted, and the overall phase of the
matrix elements of U, V can be chosen freely. We use the convention that the Schmidt values
λi := Λii are in increasing order and assume normalization

∑
i λ

2
i = 1. The number of singular

values, counted with multiplicity (the number of rows in Λ), is equal to the dimension of the
smallest subspace: max(dim(HA),dim(HB)).

A.2 Entanglement in the Schmidt decomposition
It is possible that the one or many Schmidt values are zero - a tensor product state has only one
non-zero Schmidt value, Λ = diag(1, 0, 0, . . . ), which is a hint that Λ is related to the entanglement
between the two subsystems. There are many possible measures of entanglement, of which the von
Neumann entropy is one. It can be shown that, with our convention,

SvN (ρ̂) = −
∑
i

λ2
i log(λ2

i ). (A.4)

A maximally entangled state of two two-dimensional subsystems is called a Bell state and can
be written compactly using the Schmidt decomposition. It has the form
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|Φ〉 =
∑

i={↑,↓},j={↑,↓}

cij |i〉 ⊗ |j〉 (A.5)

cij =
∑

k={↑,↓}

UikΛkkVkj , (A.6)

where Λ = 1√
2 I2×2 and we can choose U, V to be any 2 × 2 matrices leading to a normalized

state. The von Neumann entanglement is SvN = 2× (− 1
2 log( 1

2 )) = log(2). Generally, the maximal
von Neumann entropy is log(dim(Λ)).

A.3 Matrix product states
Consider a Hilbert space which is a tensor product space of some N local Hilbert spaces: H =
H(0) ⊗ H(1) ⊗ . . . ⊗ H(N). The interpretation is that the local degrees of freedom of the system
reside on discrete “sites” on a lattice. Given a choice of basis in each local Hilbert space |jk〉 , jk =
1, . . . ,dim(H(k)), a general state can be written as

|ψ〉 =
∑

{j0,...,jN}

c{j0,...,jN} |j0〉 ⊗ . . .⊗ |jN 〉 (A.7)

where the complex coefficients c{j0,...,jN} fully determine the state in this basis. If the dimen-
sion of each local space is d, the number of independent coefficients is m = dN − 1. Solving the
Schrödinger equation numerically, as an eigenvalue equation, can be done with the best numer-
ical methods available, such as the Lanczos algorithm [Leh97; Lan50], using O(tm2) operations,
where t is the average number of non-zero elements in a row. Even for sparse Hamiltonians, the
computational cost grows exponentially with the number of sites N .

A matrix product state (MPS) is a special state, which has the form [McC07; McC08; Sch11;
Pol15]

|ψ
{
Aj
}
〉 =

∑
j0,...,jN

Tr(Aj0 . . . AjN ) |j0〉 ⊗ . . .⊗ |jN 〉 (A.8)

where
{
Aj
}

are N complex-valued matrices. From now on, we keep the bases fixed and work
only with the coefficient matrices

{
Aj
}

. As the matrices appear in a particular order, MPS are
meaningful to describe one-dimensional many-body systems. It is possible to describe systems of
any connectivity with MPS, but not always practical. From now on, all systems described will be
assumed to be one-dimensional. For open boundary conditions, we replace the trace with a matrix
multiplication by row and column vectors such that

c{i0,...,iN} = v†LA
j0 . . . AjN vR (A.9)

A pictorial representation using Penrose notation1 is shown in figure A.2. Here the triangles
symbolize the tensors Aiab and lines depict indices. Lines which go between two tensors are summed
over, while lines with one free end are open slots. The downwards-facing lines are the physical
degrees of freedom of the MPS.

A.4 Infinite-dimensional local Hilbert spaces
The quantum harmonic oscillator is a system which has an infinite-dimensional Hilbert space. To
effectively describe such a system using MPS requires some care [JF07]. To represent this with
finite-dimensional matrix product states, the brutal option is to truncate the maximum number
of bosonic excitations to some finite value Nb. For large enough Nb, this should give accurate
predictions. Another option is to introduce auxiliary sites: we decompose the bosonic Hilbert
space into log2(Nb) two-dimensional Hilbert spaces. Couplings between bosons and qutrits are
then rewritten as couplings between qutrits and auxiliary sites. The advantage of this is that
it maximizes the advantages of the MPS representation - the disadvantage is that it is more
complicated.

1For more in-depth information on this notation see [Cvi08]
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A A A A

Figure A.1: A matrix product state in Penrose notation.

c(0) → Γ Λ c(1)

Γ Λ Γ Λ Γ Λ Γ

Figure A.2: The tensor train decomposition using successive Schmidt decompositions

A.5 The tensor train decomposition
A many-body state which has its degrees of freedom on a lattice, can always be rewritten in the form
of an MPS - for large enough bond dimension. This rewriting is known in applied mathematics
as a tensor train decomposition [Ose11]. It is practical only if the lattice is one-dimensional or
quasi-one-dimensional, as we will see.

Start by dividing the indices of c(0) = c{i0,...,iN} into α(0) = i0 and the “multi-index” β(0) =
{i1, . . . , iN}. c(0) can be interpreted as a matrix of numbers and Schmidt decomposed:

cα(0),β(0) =
∑
j

Uα(0),jΛ0
jjVj,β(0) (A.10)

Continue by again expanding the set of indices β(0) = (α(1), β(1)) and continue the procedure
for c(1)

{j,i1,...,iN} = Vj,{i1,...,iN} until we reach c(N). We will then have found that the complete state
has been decomposed into

∑
{j0,...,jN}

Γ(0)
i0

Λ(0,1)Γ(1)
i1

Λ(1,2) . . .Λ(N−2,N−1)Γ(N)
iN
|i0〉 ⊗ |i1〉 ⊗ . . .⊗ |iN 〉 (A.11)

Γ(k)
ik

in this expression are matrices (for ik fixed) and
(
Γ(k))

ab
are called site tensors. The index

ik is called the physical dimension, while the indices a, b are called bond dimensions. The sand-
wiched Λ(i,j) are diagonal matrices of singular values that carry information about entanglement.
As with the singular value decomposition, Λ(i,j) describe the entanglement if we cut the entire
system in half between sites i and j - this also puts a limit on the long-range entanglement in a
MPS. The dimensions of the matrices Λ(i,j) are called the bond dimensions of the MPS. A large
and very entangled Hilbert space will require a large bond dimension to describe it. Note that we
can reabsorb the diagonal matrices if this is more convenient: Ai = Γ(i)Λ(i,j). We will work with
both conventions. Also note that in the tensor-train decompositions, we can insert any unitary
matrix in a bond and leave the decomposition invariant:

AiAi+1 = AiU†UAi+1 (A.12)
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This means that the matrices are not uniquely determined: we need to impose some further
constraints. This is called gauge fixing in the MPS community. Two common constraints are left-
and right-orthogonalization.

A.6 Entanglement for gapped systems
For a quantum system in d dimensions, the entanglement will be proportional to the volume of the
system (here we restrict ourselves to some space where there is some notion of distance, area and
volume is applicable). A gapped system is defined by a spectrum which has a (possibly degenerate)
ground state and a finite gap to the first excited state. For such a state, it has been shown [CC05]
that the entanglement is instead proportional to the boundary or area of the state.

For discrete one-dimensional systems, the boundary is just the cut between two sites. Since it
does not change when we increase the size of the system, it can be expected that the entanglement
is constant in the thermodynamic limit! This is good news, since it means that gapped systems in
one dimension can be exactly described by MPS with finite bond dimension. The exception is when
we approach a critical point in the system, where the gap closes - where the “area law” no longer
holds and the system is instead described by conformal field theory [Pol+09; CC05].

In practice, this means that the size of an MPS can be limited by “truncating” the singular
values of each Λ(i,j) - all singular values ≤ ε are set to zero and the corresponding row and column
of the left and right site tensor can be omitted. For gapped states far from any critical point, a
state with relatively small truncated bond dimension works well.

A.7 Matrix product operators
For MPS, the action of a linear operator on a vector can be written as a tensor contraction,
and often the structure of the MPS simplifies calculations. For an operator acting on each site
separately, Û =

⊗
k=1,N Û

(k), the action is Γ(k)
ik
→
∑
jk
U

(k)
ik,jk

Γ(k)
jk

. This is called a one-body gate
in the MPS community. A general unitary can be seen as a N -body gate, a big tensor with N
input slots j1, . . . jN and N output slots i1, . . . iN . It is still possible to factorize the tensor, and
for gapped systems with (pseudo-)local interactions, this is quite efficient. As an example, for the
transverse field quantum Ising model we can factorize the Hamiltonian operator of an open chain
as:

Hi1,...iN
j1,...jN

= v†LM
i1
j1
M i2
j2
. . .M iN

jN
vR, (A.13)

where (M ik
jk

)ab is a tensor with four indices, here the contraction is written like matrix multi-
plication. Figure A.3 shows the contraction with a MPS in graphical Penrose notation. The tensor
M can be written as

(M ik
jk

)ab =

12×2 02×2 02×2
Jσx 02×2 02×2
hσz σx 12×2

 (A.14)

We can also make use of the Trotter decomposition for linear operators:

eδ(Â+B̂) = eδÂeδB̂ +O(δ2). (A.15)

For the transverse field quantum Ising model, we can write the Hamiltonian as a sum of odd
and even terms:

Ĥ =
∑
i odd

{Jσiσi + 1 + hσi}+
∑
i even

{Jσiσi + 1 + hσi} = Ĥe + Ĥo, (A.16)

where
[
Ĥe, Ĥo

]
6= 0, but each term within Ĥe commutes with each other and the same holds

for the odd part. The time-evolution operator for a small time step δt can be approximated as
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Figure A.3: Matrix product operators acting on an MPS

Û(δt) := e−iδtĤ = e−iδtĤee−iδtĤo +O((δt)2), (A.17)

where e−iδtĤe and the odd counterpart is a tensor product of commuting terms, each of which
only acts on pairs of neighbour sites, being made up of two-body gates. Together with tensor-train
decomposition, this makes it possible to efficiently time-evolve or use imaginary-time propagation
for MPS.

A.8 Transfer matrices
The transfer matrix of some site tensor A - which may be a contracted site tensor over a unit cell
of size ` - with respect to some operator O, is defined as

T (A,O)abcd =
∑
ij

AiabOij(A∗)
j
cd (A.18)

T (A, I) := T (A) is also called the transfer matrix. Viewed as a matrix Tab,cd, it contains a
lot of information about the state: the first eigenvalue of T (A) always satisfies |λ1| = 1, given
that the state is normalized. The second defines a maximal correlation length in the system via
1/log |λ2| := ξ [McC07; McC08; WGW15].

Local expectation values can be calculated in many ways from T (A,O), for example by taking
the trace:

〈ψ| Ô |ψ〉 = Tr(T (A,O))1/`, (A.19)

where ` is the number of sites in the unit cell.

A.9 Characteristic and moment-generating functions
The characteristic function of an observable Ô with respect to some state |ψ〉 is defined as [WGW15]

F (a) = 〈ψ| eiaÔ |ψ〉 (A.20)

while the moment generating function is defined as G(a) := F (−ia). The moments Mn :=
〈ψ| Ôn |ψ〉 can be calculated as

Mn = dn

dan
F (a)

∣∣∣∣
a=0

(A.21)

Note that the special case n = 1 is the expectation value of the operator. Since Trotter
decomposition gives us an efficient way of calculating eiaÔ |ψ〉 for an MPS, the moments can also
be calculated efficiently, as well as the cumulants which have a related generating function. An
especially useful cumulant is ∆Ĥ2 = 〈ψ|Ĥ2|ψ〉 − 〈ψ|Ĥ|ψ〉

2
. If the MPS wavefunction |ψ〉 is an

eigenstate of Ĥ, ∆Ĥ2 = 0.
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Figure A.4: Transfer matrix of an MPS unit cell

A.9.1 Time evolution and variational ansatz using MPS
Another virtue of MPS is that local information is stored locally. This means that local trans-
formations of the state can be done efficiently, which can be put to use in time evolution and
variational methods. A variational ansatz in quantum mechanics makes use of a trial state |ψ(α)〉,
parametrised by some α, and uses the variational theorem [Sak94]

E0 ≤ 〈ψ(α)|H |ψ(α)〉 := E(α) (A.22)

The variational parameters are chosen such that this bound comes as close as possible, by
solving

min
α
E(α) (A.23)

The (non-linear) minimisation itself is itself a computationally NP-hard task, E(α) may be a
very complicated function of many parameters. The choice of variational states is even harder
and a central to many-body physics. MPS has turned out to be a suitable choice for gapped one-
dimensional systems. It is the the entire set of matrices which are variational parameters α =

{
Aj
}

Physically, site tensors which are many sites apart in the lattice will be weakly correlated. The
minimization of these parameters can then be done independently, by starting from one end of the
chain and “sweeping” towards the other end, minimizing with respect to a few sites at a time. This
is the idea behind the modern DMRG algorithm: we construct a linear operator on a focus ofm sites
(sometimes called the superblock Hamiltonian for historical reasons) which contracts m nearby sites
with their local MPO:s and with two special tensors called the left and right environments. The
latter are then updated iteratively to approximate contributions from the full Hamiltonian coming
from the “environment” around the focus. An alternative method is the imaginary-time TEBD
algorithm which evolves the state in imaginary time using the Trotter decomposition described
above, keeping the norm of the state fixed. The result after many iterations is a projection onto
the ground state of the system.
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Figure A.5: Example usage of the JuMPS package, including model definition.

A.10 The JuMPS package
The JuMPS package is a library for creating and manipulating matrix product states, which
shortly will be released online for open access. It is written in the relatively new computational
programming language Julia [Bez+12]. Julia was chosen because of its high performance, which
rivals C++ and Fortran, the modern syntax and programming paradigm which borrows from both
imperative languages like Rust and R, and functional languages like Haskell and Lisp. This means
that the package could be implemented in under 1000 “standard lines of code” (SLOC) (under
1500 including library documentation and descriptive comments). Julia also has a growing, active
and supportive user base, which is important for future development.

Important features of the package are:

• new models are defined by the user in a simple syntax with a few lines of Julia code. The
library includes tests which are working examples of how to use the code for some common
cases.

• Julia is designed for parallelism and, e.g., GPU:s or cloud computing could easily be imple-
mented for the library.

• the code is hackable and extendable by redefining functions, which are often only a few lines
long. As an example, there is nothing in the layout which prevents defining an MPS on a
circle or cylinder geometry.

• the code is not limited to work with one or two site tensors at a time, any size of the “unit
cell” is possible.

• the fact that Julia works with types rather than general arrays of numbers makes the code
significantly faster and prevents errors from doing things with tensors which makes no sense
for MPS.

• there are flexible utility functions for the two most common algorithms: DMRG and (imag-
inary) time-propagation. These are already written using utility function which can be used
to create new algorithms or for tweaking the existing ones.

• the code is memory-efficient as it never stores the actual superblock Hamiltonian as a matrix,
but simply computes its action on MPS/state vectors. The code can work with matrix
product states and environment tensors stored in the flexible HDF5 format on disk. In this
mode, only the part of the MPS/environment tensors which is currently needed is loaded in
memory at any time.

• the code uses the moment-generating function technique for calculating expectation values
to high accuracy.
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Appendix B

Edge recognition

Edges in a figure can be found by a very simple technique. A gray-scale image can be represented
as a d× d matrix of real values A. We can shift the array elements of the matrix as

(A)i,j → (A)(i+a mod d),(j+b mod d) = (A′)i,j , (B.1)

and then compare A and A′ elementwise. In those pixels (i, j) where A 6= A′ are different
according to some criterion, we know that the image A changes in grayscale quickly. This can
be seen as taking the numerical gradient of A and selecting the area where |∇A| is large. The
technique works reasonably well for images with sharp contrast with white and black areas.
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Bloch-like energy oscillations
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We identify a type of periodic evolution that appears in driven quantum systems. Provided that
the instantaneous (adiabatic) energies are equidistant we show how such systems can be mapped
to (time-dependent) tilted single-band lattice models. Having established this mapping, the dy-
namics can be understood in terms of Bloch oscillations in the instantaneous energy basis. In our
lattice model the site-localized states are the adiabatic ones, and the Bloch oscillations manifest
as a periodic repopulation among these states, or equivalently a periodic change in the system’s
instantaneous energy. Our predictions are confirmed by considering two different models: a driven
harmonic oscillator and a Landau-Zener grid model. To strengthen the link between our energy
Bloch oscillations and the original spatial Bloch oscillations we add a random disorder that breaks
the translational invariance of the spectrum. This verifies that the oscillating evolution breaks
down and instead turns into a diffusive spreading. Finally we consider a trapped ion setup and
demonstrate how the mechanism can be utilized in order to prepare motional cat state of the ion.

PACS numbers: 45.50.Pq, 03.65.Vf, 31.50Gh

I. INTRODUCTION

Periodic driving of closed quantum systems typi-
cally lead to heating [1], and in some cases that the
steady state approaches infinite temperature. The time-
dependent drive induces a coupling between nearby en-
ergy eigenstates, and consequently the system shows an
energy diffusion. Such behavior is especially expected
in quantum many-body systems, or for systems showing
large anharmonities in its spectrum. However, for some
integrable systems a periodical driving may not lead to
an infinite temperature steady state, but a periodical so-
lution. A prime example is the driven harmonic oscillator
when employing the rotating wave approximation [2].

The harmonic oscillator is also the text-book example
of a closed (undriven) quantum system showing periodic
evolution. After multiples of the classical period 2π/ω
(with ω the oscillator frequency) we regain perfect re-
vivals of the initial state. This is the result of the equidis-
tant energy spectrum; all probability amplitudes return
back in phase at these instances. A less known example of
a closed system with an equidistant spectrum is that of a
tilted single-band lattice model. The spectrum forms a so
called Wannier-Stark ladder, unbounded from below and
above [3]. A particle in such a tilted lattice will not con-
tinuously accelerate (as it would classically), but rather
show a periodic motion called Bloch oscillations. By now,
Bloch oscillations have been demonstrated in numerous
systems [4]. In real experimental systems, however, the
single-band assumption is not strictly true, and the Bloch
oscillations will eventually die out.

In this work we discuss a type of periodic evolution that
we term ‘energy Bloch oscillations’. Instead of displaying
a real space oscillating behavior, in our case the system’s
energy will be oscillating. Thus, we consider a time-
dependent system where energy is not conserved. If the
spectrum of the undriven system is equidistant, then by
expressing the full Hamiltonian in the adiabatic basis we

find a ‘tilted’ single-band model. The site localized states
of the original Bloch Hamiltonian have been replaced by
energy localized adiabatic states, and thereby the mani-
festation of oscillations in the system’s energy. The dif-
ference compared to the original lattice Bloch model is
that we have time-dependent parameters. As we show,
despite this we still find perfect periodic evolution. How-
ever, the oscillations may, in some cases, be more remi-
niscent of ‘super Bloch oscillations’ that appear in driven
tilted lattices [5, 6]. To verify our predictions we consider
two different models, the driven harmonic oscillator [7],
and a Landau-Zener grid [8–10]. In both examples we
find clear evidence of energy Bloch oscillations. We also
show how the oscillations break down when we relax the
assumption of an equidistant spectrum. This leads to dif-
fusive spreading among the adiabatic energy states. As
an application of our results we imagine a trapped ion
system and demonstrate how motional cat states can be
prepared.

The outline of the paper is as follows. The next section
is devoted to the general theory, starting with recapitu-
lating the basics of Bloch oscillations and super Bloch
oscillations in the single-band model, and then present-
ing the formal description of energy Bloch oscillations.
Section III discusses the two examples, the driven har-
monic oscillator in Subsec. III A and the Landau-Zener
grid model in Subsec. III B. In the succeeding Sec. IV it
is shown how the method is used to prepare non-classical
states. Finally we summarize in Sec. V and give a dis-
cussion about experimental relevance.

II. GENERAL THEORY

A. Prelude - Bloch oscillations

Traditionally there are two different approaches for un-
derstanding the dynamics of a particle in a periodic po-
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tential and exposed to a constant force. The accelera-
tion theorem says that in the adiabatic regime the quasi-
momentum k grows linearly in time; k(t) = k0 + Ft. We
may thereby think in terms of the untilted model with
a time-dependent quasi-momentum. For a single band,
the energy is given by a band ε(k) defined within the
first Brillouin zone, and the dynamics is then explained
via the substitution ε(k) → ε(k0 + Ft). If the initial
state is localized in momentum, the wave-packet evolves
with a group velocity vg(t) = ∂ε(k)/∂k|k=k0+Ft. Since
quasi-momentum is defined over the periodic Brillouin
zone, the oscillating evolution follows [11]. The other ap-
proach is by introducing so called Wannier-Stark ladders
(one ladder for each band) which are complex equidistant
energies [3]. The decay of the Bloch oscillations steams
from Zener tunneling between different energy bands –
in the language of the acceleration theorem it marks the
breakdown of adiabaticity, while in the Wannier-Stark
approach the decay is reflected in the size of the imag-
inary parts of the spectrum. Then, for a single band
model there are no additional bands generating Zener
tunnelings, and the oscillations will sustain indefinitely.
For a tight-binding model we let J denote the tunnel-
ing amplitude between adjacent sites, and ω the onsite
energy shift representing the applied force, i.e. (~ = 1
throughout)

Ĥsb = −J
+∞∑

n=−∞
(|n〉〈n+ 1|+ |n+ 1〉〈n|)+ω

+∞∑

n=−∞
n|n〉〈n|.

(1)
Here |n〉 represents the Wannier state localized at site n.
The energies are [17]

Em = mω, m ∈ Z, (2)

which form the Wannier-Stark ladder (the vanishing
imaginary part implies that the oscillations do not de-
cay, as expected in this single band model). Note that
the energies are independent of J in the limit of an infi-
nite lattice as considered here. The eigenstates depend,
however, on J [18]

|ψm〉 =

+∞∑

n=−∞
Jn−m (2J/ω) |n〉, (3)

where Jn−m(2J/ω) is the Bessel function of the first
kind. Jn−m(2J/ω) quickly vanishes for |n−m| � 2J/ω.
Hence, the eigenstates are localized in contrast to the ex-
tended Bloch states (the localization length diverges as
1/ω though).

With the equidistant spectrum (2) it is clear that after
a period TBloch = 2π/ω, all energy eigenstates have re-
gained their original phase and there is a perfect revival
of the initial state. We may typically envision two types
of initial states: those localized in real space or those
localized in momentum space. In the latter case we re-
gain the typical oscillating behavior of the wave-packet
in real space, while in the other case we get the so called

Figure 1: (Color online) Time-evolution of the probability

density
√
Pn(t) for the model (1). Shown is the breathing

mode (a) and the oscillating mode (b). The reason for plot-
ting the square-root of Pn(t) is to better visualize the weakly
populated sites. For the breathing mode the initial state pop-
ulates only the site n = 0, while for the oscillating mode the
initial state is a Gaussian with a width σ = 10 (i.e. it popu-
lates ∼ 40 sites). The revivals at multiples of the Bloch pe-
riod TBloch = 2π/ω is evident. The width of the wave-packet
for the breathing mode and the amplitude for the oscillating
mode is determined by 4J

ω
| sin(t/TBloch)| [17]. The dimension-

less parameters used for this figure are J = 10 and ω = 1.

breathing modes. Examples of both the breathing and
the oscillating modes for the single-band tight-binding
model (1) are presented in Fig. 1. Shown is the density

Pn(t) = |〈n|ψ(t)〉|2, (4)

with the initial condition |ψ(0)〉 = |0〉 for (a) and a Gaus-
sian centered around n = 0 with width σ = 10 for (b).

Novel phenomena arise when the lattice, apart from
being tilted, is periodically driven. For an untilted lattice
the tunneling J is renormalized by a Bessel function [19].
The argument of the Bessel function depends on the pa-
rameters of the drive, and if these are tuned such that
the Bessel function is zero, the tunneling is fully sup-
pressed leading to a so called Bloch band collapse [20].
Thus, the particle transport may be greatly influenced
by the drive. When the lattice is tilted, there occur reso-
nances between the drive frequency Ω and corresponding
frequencies between the Wannier-Stark energies (2), i.e.

δΩn = Ω− nω, n = 1, 2, 3, ... . (5)

This is similar to the red/blue sideband driving in
trapped ion physics [21]. For the tilted lattice a beat-
ing between the involved frequencies takes place which
may result in extended motion in the lattice [5, 6]. In
particular, super Bloch oscillations describe oscillating
motion that may cover hundreds of lattice sites provided
that δΩn is small for some integer n. The period for the
super Bloch oscillation then becomes TsBloch = 2π/δΩn
and the amplitude scales as ∼ J/δΩn (instead of ∼ J/ω
for regular Bloch oscillations).
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B. Periodically driven quantum systems

We consider some driven system

Ĥ(t) = Ĥ0 + V̂ (t), (6)

where the drive is periodic with a period T , V̂ (t) =

V̂ (t+T ), and the two terms of the Hamiltonian do not in

general commute, i.e. [Ĥ0, V̂ (t)] 6= 0. Furthermore, the

spectrum of the bare Hamiltonian Ĥ0 has the equidis-
tant form En = nω with n ∈ Z (we take n to run over
both positive and negative integers, but we could impose
a lower bound n = 0 as in the example of the driven os-
cillator in the next section). The adiabatic states are the

instantaneous eigenstates of Ĥ(t),

Ĥ(t)|ψ(ad)
n (t)〉 = E(ad)

n (t)|ψ(ad)
n (t)〉 (7)

and E
(ad)
n (t) are the adiabatic energies. With the state

|ψ(ad)
n (t)〉 we may form a time-dependent unitary Û(t)

that diagonalizes Ĥ(t). This defines a change of basis

|ψ̃(t)〉 = Û(t)|ψ(t)〉, but since Û(t) is time-dependent

it will induce a ‘gauge term’ Â(t) in the transformed
Schrödinger equation

i∂t|ψ̃(t)〉 =
[
D̂(t)− Â(t)

]
|ψ̃(t)〉. (8)

Here the diagonal

D̂(t) = diag
(
E(ad)
m (t)

)
, (9)

and the gauge potential

Â(t) = iÛ(t)∂tÛ
†(t). (10)

This last term is also called the non-adiabatic coupling
term or the Berry connection [12, 13] depending on the
community. Its matrix elements expressed in the adia-
batic basis are simply

(
Â(t)

)
mn

= i〈ψ(ad)
m (t)|∂t|ψ(ad)

n (t)〉 ≡ Θmn(t). (11)

We can choose a gauge (the adiabatic states are defined
up to an overall time-dependent phase factor [12, 13])

such that Θnn(t) = 0. It should be clear that Â(t) is
responsible for the coupling of different adiabatic states,
and that the adiabatic approximation consists in Â(t) =
0.

The driving V̂ (t) is chosen such that the adiabatic en-
ergies fulfill (up to a possible overall constant shift)

εn ≡
1

T

∫ T

0

E(ad)
n (t)dt = nω. (12)

Hence, the driving constitutes a ‘dressing’ of the bare
energies Em that averages to zero over one period. Given

this property we see that (for n 6= m)

Θmn(t) = i〈ψ(ad)
m (t)|∂t|ψ(ad)

n (t)〉

=
〈ψ(ad)
m (t)|

(
∂tV̂ (t)

)
|ψ(ad)
n (t)〉

E
(ad)
m (t)− E(ad)

n (t)
∼ 1

m− n,

(13)
i.e. the non-adiabatic coupling typically falls off as (m−
n)−1. In general we also have Θmn(t) = Θm−n(t). In
other words, the element Θ1(t) will dominate the non-

adiabatic term Â(t). Using the above, the Hamiltonian
can be written as

Ĥ(t) =
∞∑

l=1

+∞∑

n=−∞
Θl(t)

(
|ψ(ad)
n (t)〉〈ψ(ad)

n+l (t)|+ h.c.
)

+

+∞∑

n=−∞
E(ad)
n (t)|ψ(ad)

n (t)〉〈ψ(ad)
n (t)|,

(14)
where h.c. stands for hermitian conjugate. When restrict-
ing the non-adiabatic couplings to Θ1(t) the adiabatic
Hamiltonian becomes

Ĥ(t) ≈ Θ1(t)

+∞∑

n=−∞

(
|ψ(ad)
n (t)〉〈ψ(ad)

n+1(t)|+ h.c.
)

+
+∞∑

n=−∞
E(ad)
n (t)|ψ(ad)

n (t)〉〈ψ(ad)
n (t)|.

(15)
By comparing this expression to the Hamiltonian (1) a
mapping between the two models is evident via the fol-
lowing correspondence

|n〉 ↔ |ψ(ad)
n (t)〉

J ↔ Θ1(t)

nω ↔ E
(ad)
n (t).

(16)

And similarly, Eq. (4) takes the form

Pn(t) = |〈ψ(ad)
n (t)|ψ(t)〉|2. (17)

What we have found is that in the periodically driven
model the site localized Wannier states |n〉 have been re-

placed by the adiabatic states |ψ(ad)
n (t)〉, which instead

are perfectly localized in energy. Without the time-
dependence the mapping is exact.

Note that the fact that we neglected couplings beyond
‘nearest neighbors’ does not change our argument, indeed
the Bloch oscillations still persist with higher order terms
as these would only affect the actual shape and ampli-
tudes of the oscillations. The time averaged energy gap
δn = εn+1 − εn (= ω) is clearly translational invariant in
the subscript n. This property suggests, just as for the
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Wannier-Stark ladder, that we should find a revival in
the system state after a time TEBloch = 2π/ω (where the
subscript EBloch denotes that the period occurs in the
energy space and not in the real space). The resulting
periodic evolution defines the energy Bloch oscillations.
Since the Hamiltonian is periodic with period T , we must

have E
(ad)
n (t) = E

(ad)
n (t + T ) and Θl(t) = Θl(t + T ).

Hence, if TEBloch � T we may expect that the evolu-
tion implies an inherent averaging of the parameters such
that the Bloch oscillations should be almost perfect as in
Fig. 1. On the other hand, the time-dependence of the
parameters could in principle give rise to some sort of
super Bloch oscillations due to beating of different char-
acteristic frequencies. In this respect, our model bears
similarities with the driven Bloch oscillation problem dis-
cussed in the previous subsection.

Let us give a final comment on the link between the
two models defined by the Hamiltonians (1) and (15). We
pointed out in the previous subsection that Bloch oscilla-
tions may be understood from the acceleration theorem,
which states that the quasi-momentum k grows linearly
in time, and since the quasi-momentum can be restricted
to the first Brillouin zone a periodic motion results (every
time the quasi-momentum hits the end of the Brillouin
zone it reenters on the opposite side). Now what would
be the counterpart of this behavior in our model? The
answer is that the Floquet quasi-energy εn, bounded to
(ω/2, ω/2] (corresponding Brillouin zone), replaces the
quasi-momentum [14].

III. EXAMPLES

A. Driven harmonic oscillator

The first system that comes to mind having an equidis-
tant spectrum is the harmonic oscillator. The Hamilto-
nian for the periodically driven oscillator is taken as

ĤdHO(t) = ωâ†â+ J
â† + â√

2
sin(Ωt), (18)

where the creation/annihilation operators obey the reg-
ular bosonic commutation

[
â, â†

]
= 1, and act on the

n-boson Fock states as â†|n〉 =
√
n+ 1|n + 1〉 and

â|n〉 =
√
n|n − 1〉. The first part corresponds to Ĥ0

and the second term to V̂ (t) of Eq. (6). Alternatively
we my consider the quadrature representation defined by

x̂ = â+â†√
2

and p̂ = −i â−â†√
2

, for which the Hamiltonian

takes the form

ĤdHO(t) = ω
p̂2 + x̂2

2
+ Jx̂ sin(Ωt), (19)

Even though the full time-dependent problem is ana-
lytically solvable [7], here we are more interested in ex-
pressing the Hamiltonian in the adiabatic basis. Never-
theless, one important general observation is that since

the Hamiltonian is quadratic in the boson operators any
initial Gaussian state will stay Gaussian when evolved
with this Hamiltonian. In particular, a coherent state
remains coherent for all times. This is certainly also
true when one would apply the rotating wave approxi-
mation to the above model [15]. However, contrary to
that situation, without the rotating wave approximation
the amplitude of the coherent state will not stay con-
stant – a necessity in order to observe the energy Bloch
oscillations.

By noticing that the ĤdHO(t) is nothing but a dis-
placed oscillator it is convenient to introduce the dis-
placement operator

D̂ (J sin(Ωt)/ω) = exp (−ip̂J sin(Ωt)/ω) , (20)

which transforms the Hamiltonian into

Ĥ ′dHO(t) = D̂ (J sin(Ωt)/ω) ĤdHO(t)D̂† (J sin(Ωt)/ω)

= ω
p̂2 + (x̂+ J sin(Ωt))

2

2
− J2

2ω
sin2(Ωt).

(21)
Thus, the adiabatic energies are just

E(ad)
n (t) = ωn− J2 sin2(Ωt)

2ω
, (22)

and the adiabatic states are |ψ(ad)
n (t)〉 =

D̂ (J sin(Ωt)/ω) |n〉 (i.e. displaced Fock states [16]).
Using the second identity of Eq. (13) it is straightforward
to also evaluate the non-adiabatic coupling terms

Θmn(t) =
〈ψ(ad)
m (t)|

(
∂tV̂ (t)

)
|ψ(ad)
n (t)〉

E
(ad)
m (t)− E(ad)

n (t)

= JΩ cos(Ωt)
〈m|D̂†(J sin(Ωt)/ω)x̂D̂(J sin(Ωt)/ω)|n〉

(m− n)ω

= JΩ cos(Ωt)
〈m| (x̂− J sin(Ωt)/ω) |n〉

(m− n)ω

=
JΩ cos(Ωt)

(m− n)ω

√
nδm,n−1 +

√
n+ 1δm,n+1√

2
,

(23)
where we have used that m 6= n. We note that in this spe-
cial case only Θ1(t) is non-zero, i.e. all couplings beyond
‘nearest neighbors’ vanish. Summing up, the Hamilto-
nian in the adiabatic basis becomes

ĤdHO(t) =
JΩ cos(Ωt)

ω

∞∑

n=0

(
|ψ(ad)
n (t)〉〈ψ(ad)

n+1(t)|+ h.c.
)

+

∞∑

n=0

ωn|ψ(ad)
n (t)〉〈ψ(ad)

n (t)|

(24)
up to an overall constant −J2 sin2(Ωt)/2. Note that the
sum does not run over negative n’s since the harmonic os-
cillator is bounded from below. This ‘edge’ of our lattice
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Figure 2: (Color online) The upper two plots, (a) and (b), dis-

play the probabilities
√
Pn(t) for respectively an initial Fock

state |ψ(0)〉 = |200〉 and an initial coherent state |ψ(0)〉 = |α〉
with an amplitude α =

√
200. The two cases correspond,

respectively, to the breathing and oscillating modes. The
appearance of Bloch oscillations is strikingly clear. In fact,
for this model we regain perfect revivals. In the lower plot
(c) we instead show the importance of the ‘translational in-
variance’. A random shift ξn of the bare energies En = ωn
have been included, with the random variable drawn from a
Gaussian distribution centered around 0 and with a variance
π/50. The initial state is the same as in (b), and we have
averaged over 10 ξn-realizations. We can see traces of the
Bloch oscillating motion at early times, but at later times the
wave-packet spreads out indicating a heating. The dimen-
sionless parameters are ω = 1, Ω = 1.2 (giving a Bloch period
TsEBloch = 2π/|ω − Ω| = 10π), and J = 0.5.

should not be a problem as long as we consider localized
states with 〈â†â〉 � 1.

At first sight, the expression (24) seems to suggest
that we should envision energy Bloch oscillations with
a period TEBloch = 2π/ω. However, the time-dependent
tunneling amplitude results in that we instead find su-
per Bloch oscillations with a period TsEBloch = 2π/δΩ =
2π/|ω − Ω|. This is demonstrated in Fig. 2 (a) and (b).
These plots are the counterparts of those of Fig. 1, i.e. (a)
shows the breathing mode and (b) the oscillating mode.
For the oscillating mode we consider an initial coherent
state |α〉 (i.e. an eigenstate of the annihilation opera-
tor, â|α〉 = α|α〉). The advantage with coherent states
is that they are easy to prepare experimentally, in com-
parison to highly excited Fock states which was used for
demonstrating the breathing mode.

Translational invariance is a necessity for Bloch oscilla-
tions to occur. In the original setting it gives rise to the
quasi-momentum restricted to the first Brillouin zone.
For the energy Bloch oscillations, the translational in-
variance appears as the equidistant spectrum (and in a
strict sense also in the (m−n)-dependence of the coupling
terms Θ(m−n)(t)). If we break the translational invari-
ance we expect also a breakdown of the energy Bloch
oscillations. There are numerous ways we can imagine to
do this, for example by considering an anharmonic spec-
trum. Here we randomly shift the undriven harmonic
oscillator energy levels

Ĥ0 =
∞∑

n=0

(ωn+ ξn)|n〉〈n|, (25)

where ξn is a random variable drawn from a Gaussian
distribution with zero mean and variance taken to be
σ = π/50. The results are shown in Fig. 2 (c), where
we used the same initial coherent state and parameters
as for plot (b) of the same figure. For short times we
still see remnants of the Bloch oscillations. However, as
time progresses the destructive interference between the
different paths become evident and we see a spreading
of the initially localized wave-packet such that more and
more adiabatic states get populated. Numerically we find
a
√
t-broadening, which one can expect due to the loss of

constructive interferences.

B. Landau-Zener grid

After the celebrated Landau-Zener model [22] there
have been numerous generalizations of it to multi-level
systems [8, 9, 23]. The one we consider forms a grid of
Landau-Zener transitions in the energy-time plane, i.e.
the adiabatic or diabatic energies forms a lattice struc-
ture as shown in Fig. 3 (a). Such a structure is obtained
from the Landau-Zener grid model defined by the Hamil-
tonian [8, 9]

Ĥ
(d)
LZg(t) = ω(Ŝz ⊗ I) + λt(I⊗ σ̂z) + J(A⊗ σ̂x), (26)

where σ̂x and σ̂z are the regular Pauli matrices, Ŝz is
a diagonal matrix with elements ...,−2,−1, 0,+1,+2, ...,
and A is a matrix with ones on every entry. The su-
perscript d labels that the Hamiltonian is written in the
diabatic basis (see below). Explicitly in the σ̂z eigenbasis
we have
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Ĥ
(d)
LZg(t) =




. . .
...

...
...

. . .
...

...
...

. . . +ω + λt 0 0 . . . . . . J J J . . .

. . . 0 +λt 0 . . . . . . J J J . . .

. . . 0 0 −ω + λt . . . . . . J J J . . .
...

...
...

. . .
...

...
...

. . .

. . .
...

...
...

. . .
...

...
...

. . . J J J . . . . . . +ω − λt 0 0 . . .

. . . J J J . . . . . . 0 −λt 0 . . .

. . . J J J . . . . . . 0 0 −ω − λt . . .
...

...
...

. . .
...

...
...

. . .




. (27)

Figure 3: (Color online) Diabatic (dotted black lines) and
adiabatic (solid red lies) energies. The upper plot (a) demon-
strates the Landau-Zener grid in the energy-time plane, while
the avoided crossings is more evident from the lower plot (b)
that zooms in on two energies over one period τper.

For a zero coupling J , the Hamiltonian is diagonal with

the time-dependent eigenvalues E
(d)
m±(t) = mω ± λt and

the corresponding eigenstates are the diabatic states

|ψ(d)
m±〉. The analytical expressions for the adiabatic

states |ψ(ad)
m± (t)〉 are complicated [9], but the expressions

for the adiabatic energies are rather simple,

E
(ad)
m± (t) = ± ω

2π
cos−1

(
ω2 − π2J2

ω2 + π2J2
cos

2πλt

ω

)
+mω.

(28)
The diabatic energies forms a grid in the E − t plane

with repeated exact crossings at the instants tj = jτper/2
for integers j and the period τper = ω/λ. A non-zero J
couples every positive diabatic state to every negative

diabatic state with equal strengths. This implies that
every crossing becomes avoided with a gap ∼ 2J . These
form the adiabatic energies which are shown in Fig. 3
together with the diabatic energies. It is convenient to
relabel the adiabatic states with a collective index l such
that m+↔ 2l and m− ↔ 2l + 1.

There are a few interesting observations to be made
regarding the adiabatic energies (28): (i) for J = ω/π

the energies become E
(ad)
l (t) = ω

2

(
l + 1

2

)
(using the

relabeling of the adiabatic states/energies), i.e. time-
independent and forming a (Wannier-Stark-like) ladder,
and (ii) a grid structure emerges also for strong coupling
|J | > ω/π that is very similar to that of the figure apart
from that it is shifted by half a period. A consequence of
the second property is that the evolution becomes highly
non-adiabatic also for J � ω.

Another important property of the model is its period-
icity, which is somewhat hidden. It is clear that the adi-
abatic spectrum is periodic with the period τper, but the
diabatic energies have a linear time-dependence and does
not seem periodic. The periodicity in the diabatic rep-

resentation translates into E
(d)
(m∓1)±(t) = E

(d)
m±(t + τper).

Thus, if time is shifted by τper simultaneously as the en-
ergy index is shifted by −1 the spectrum is invariant.
This is a true identity since the spectrum is assumed un-
bounded both from below and above.

If we assume that the avoided crossings are well sepa-
rated it is justified to consider non-adiabatic transitions
only between neighboring adiabatic states. We may then
approximate a single crossing by a two-level Landau-
Zener model [22]. Given that the system resides in a sin-
gle diabatic state before the crossing the Landau-Zener
formula PD = exp

(
πJ2/λ

)
gives the probability for pop-

ulation transfer to the other diabatic state. The full time-
evolution of the system can be seen as a grid of repeated
Landau-Zener crossings. If initially, say, the system is
prepared in a single diabatic or adiabatic state, as the sys-
tem goes through repeated crossings, one would expect
continued broadening of the energy uncertainty ∆E(t) =
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Figure 4: (Color online) Demonstration of the energy Bloch
oscillations (a) and super energy Bloch oscillations (b) in the
Landau-Zener grid model. In both cases we show the breath-
ing mode, the oscillating mode does not show as clear oscil-
lating structures. As for Fig. 2, the plots show

√
Pn(t), see

Eq. (17), for the different adiabatic states, and with the initial
state only populating the middlemost adiabatic state. The pe-
riodic evolution is evident even though there are differences
compared to Fig. 1. Especially interesting is that for the en-
ergy Bloch oscillations, the structure of the breathing model is
more diamond-shaped than for regular Bloch oscillation (see
Fig. 1 (a)). In (a) it is evident that some population is ’leak-
ing out’ causing incomplete revivals (even though it should be

remembered that we plot
√
Pn(t) for visibility and not Pn(t)

such that the weakly populated states get ‘magnified’). The
energy Bloch period is simply TEBloch = 4π/ω (4π since the
level spacing is ω/2 and not ω), while the super energy Bloch
oscillation period is found numerically to TsEBloch ≈ 2300/ω.
In both plots λ = 1, while the other dimension parameters
are ω = 0.5 and J = 0.2 in (a), and ω = 5 and J = 0.5 in (b).

√
〈ψ(t)|

(
Ĥ

(d)
LZg(t)

)2
|ψ(t)〉 − 〈ψ(t)|Ĥ(d)

LZg(t)|ψ(t)〉2. How-

ever, interferences between the different ‘paths’ that the
system takes through the grid should somehow influ-
ence the overall dynamics. In fact, the system is a
sort of multi-state Landau-Zener-Stückelberg interferom-
eter [24]. Thus, the evolution is reminiscent of a discrete
quantum walk [25]: the non-adiabatic transitions play
the role of moving the walker to the right/left (for us
up/down in energy). For a discrete quantum walk the
spreading is super-diffusive (ballistic), ∆E ∼ t, in con-
trast to a classical walker that is diffusive, ∆E ∼

√
t.

The difference with a standard discrete quantum walk
is that the different paths result in different dynamical
phases, which we know is the reason for the Bloch re-
vival. So the constructive interference that causes the
state to relocalize will counteract the spreading of the
wave-packet. Indeed, for short times we do find a super-
diffusive spreading like in a quantum walk, and also the
probability distribution (17) resembles that of a discrete
quantum walk [25]. But over longer times we see instead
the Bloch oscillations.

On average the distance between the adiabatic ener-
gies is ω/2 which should reproduce a Bloch period of
TEBloch = 4π/ω. In order to see the Bloch oscillations
clearly, we require that this period is larger than the

period τper = ω/λ of our model, see Fig. 3. As dis-
cussed in the previous section, when this is true we may

time-average E
(ad)
n (t) and Θ1(t) to get an exact mapping

between our model and the single-band Bloch Hamilto-
nian (1). Figure 4 (a) displays the results for a numer-
ical simulation of our model in this parameter regime.
We indeed see energy Bloch oscillations with the correct
period, even though the revival is not perfect. Further-
more, the shape of this breathing mode is not exactly like
that of Fig. 1 (a). This can be ascribed the explicit time-
dependence of the system parameters together with cou-
pling terms beyond nearest neighboring adiabatic states.

The fact that the parameters have a periodic time-
dependence suggests that our model is like a driven tilted
lattice, and hence, it should also be possible to see su-
per Bloch oscillations. Those should occur with a period
typically much larger than TEBloch and τper. By increas-
ing ω we are no longer in the Bloch oscillating regime
TEBloch � τper, and we then find breathing modes with
much larger periods, see Fig. 4 (b). To compare the
different time-scales in our system is harder than for a
driven tight-binding Bloch model, and as a consequence
it is not as easy to identify the period. Nevertheless, we
find a beating between TsEBloch and τper – perfect revivals
only occurs when the TsEBloch/τper is an integer. In ad-
dition, we have verified numerically that TsEBloch ∼ 1/ω
(the proportionality constant for the example of Fig. 4
(b) is roughly 2300 which can be compared to 4π for the
regular Bloch oscillations).

IV. PREPARATION OF CAT STATES

Returning to the Sec. II A of the single band tight-
binding model. According to the acceleration theorem,
the motion of the wave-packet, when localized in momen-
tum, is determined by the group velocity. We note that if
the tunneling amplitude J swaps sign, so will the group
velocity since the band ε(k) is flipped up-side-down. This
fact is used in the following where we propose how to pre-
pare motional cat states in a trapped ion system [21].

An advantage with the trapped ion setup is the flex-
ibility in monitoring desirable Hamiltonians by driving
different motional sidebands [21]. In particular, a two-
level ion in a harmonic trap is illuminated with a coher-
ent laser. The laser drive the transition between the two
internal states |±〉. Simultaneously, the momentum car-
ried by absorbed/emitted photons may induce creation
or annihilation of ionic vibration excitations. To avoid
internal transitions between the states |±〉, the laser is
assumed to be far detuned from these transitions. Due
to the internal ionic transitions being far detuned from
the applied laser, it is implied that we consider the gen-
eralized driven Harmonic oscillator Hamiltonian

ĤIon(t) = ωâ†â+ J
â† + â√

2
sin(Ωt)σ̂z, (29)

where σ̂z|±〉 = ±|±〉. Thus, whether the ion is in the
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Figure 5: (Color online) The motional Q-function (31) at half
the super Bloch period TsEBloch/2 for the initial state (30)
with either a coherent state, |ϕ〉 = |β〉 (a), or a Fock state,
|ϕ〉 = |n〉 (b). By considering an initial coherent state we
regain Bloch oscillating evolution as in Fig. 2 (b), while an
initial Fock state generates the breathing motion evolution
as in Fig. 2 (a). Interestingly, the characteristic phase space
features of the two states, Gaussian for a coherent state and
ring shaped for a Fock state, survive the evolution. In both
cases the two states are well separated with approximately
zero overlap 〈ϕ+|ϕ−〉 ≈ 0. The parameters are as in Fig. 2
(a) and (b) except Ω = 1.05, which results in a larger Bloch
oscillating amplitude and thereby larger phase space separa-
tion between the two states.

lower |−〉 or upper |+〉 internal state will determine the
sign of the driving term. From Eq. (24) we have that
such a sign change will also flip the sign of the tunneling
amplitude in the corresponding lattice model. Accord-
ingly, we expect opposite group velocities depending on
the internal |±〉 states.

Before demonstrating the outcome of having opposite
signs of J , we briefly mention what we mean by a “cat
state” [26]. The superposition of “dead” and “alive” im-
plies that the corresponding states, |ψ+〉 and |ψ−〉, should
not only be orthogonal but also well separated in a phase
space sense. In the seminal work on preparing cat states
in cavity QED [27], the cat comprises a superposition of
two photonic coherent states with equal amplitude but
different phases. The resulting cat state has the form
|ψ〉 = 1√

N

(
|αeiφ〉|+〉+ |αe−iφ〉|−〉

)
, where N is a nor-

malization constant, α is the coherent state amplitude, φ
the coherent state phase, and |±〉 the two internal atomic
states which are used to prepare the cat. To call this state
a cat one should have |α|2 � 1 and 〈αeiφ|αe−iφ〉 ≈ 0.
We note that the atom is then approximately maximally
entangled with the photon field.

Returning to our system, we consider the initial state

|ψ〉 = |ϕ〉 1√
2

(|+〉+ |−〉), (30)

where |ϕ〉 is some initial motional state, and propa-
gate it for a time t = TsEBloch/2 with the Hamil-
tonian (29), leading to a state |ψ(TsEBloch/2)〉 =
1√
N

(|ϕ+〉|+〉+ |ϕ−.〉|−〉). The result for a coherent state

|ϕ〉 = |β〉 is presented in Fig. 5 (a) by showing the Husimi

Q-function defined as

Q(α) =
1

π
〈α|ρ̂phon|α〉, (31)

with ρ̂phon = 1
N (|ϕ+〉〈ϕ+|+ |ϕ−〉〈ϕ−|) the reduced den-

sity operator for the ion’s motional state and |α〉 a co-
herent state with complex amplitude α = x + ip. The
splitting between the two states |ϕ±〉〈ϕ±| is evident, as
is the fact that the two states have different amplitudes
(i.e. the average number of phonons differ for the two
states, which follows since one of the states climbs up the
energy ladder while the other climbs down). Note further
that the two phase space blobs are Gaussian. In fact, the
resulting cat is comprised of two coherent states since un-
der time-evolution of the corresponding driven Harmonic
oscillator an initial coherent remains coherent [7].

The other scenario when we initialize the ion in a Fock
state is also interesting in terms of state preparation.
In the standard Bloch oscillation setup this corresponds
to populating all quasi-momentum states of the band.
The group velocity argument above does not make sense
in this situation. Nevertheless, the motional states still
split up in two parts in phase space, as depicted in Fig. 5
(b). It suggests that the two states |ϕ±〉〈ϕ±| are now
displaced Fick states [16], i.e. the characteristic ring
shape of the Q-function for a Fock state persists but
has been displaced from the origin. However, a closer
analysis shows that this observation is not exact, even
though many of the properties of displaced Fock states
are also carried by the states |ϕ±〉〈ϕ±|. By changing the
parameters in the simulation it is possible to make the
two “rings” of the Q-function in Fig. 5 (b) to not overlap
at all. Whether this state should be called a cat state
is questionable; on the one hand the two parts can be
well separated in phase space, but on the other the two
constituting parts are non-classical in nature (contrary
to large amplitude coherent states).

V. CONCLUDING REMARKS AND
DISCUSSIONS

By considering a class of periodically driven quantum
systems we have shown how perfect oscillating dynam-
ics can emerge. There is a mapping from these systems
to the tilted single-band model, which identifies the pe-
riodic behavior as Bloch oscillations. This new type of
Bloch oscillations appear in the space of adiabatic states.
Hence, the system’s instantaneous energy oscillates in
time. This phenomenon was verified by exploring two
different models. The first is a trivial driven harmonic os-
cillator, and the periodic evolution is perfect in this case.
In a strict sense, the obtained Bloch oscillations are su-
per Bloch oscillations which appear in driven tilted Bloch
oscillating systems as a beating mechanism between dif-
ferent frequencies. The second model, a Landau-Zener
grid, consists in repeated Landau-Zener crossings which
forms a grid in the energy-time plane. When given in
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the diabatic basis this model is not manifestly periodic
in time, but rather describe a linear quench. However,
this is only true in this particular basis, in the adiabatic
basis, for example, the periodicity becomes clear. For
this model, the energy Bloch oscillations are not as per-
fect, but they still dominate the evolution. When the
‘translational invariance’, imposed by the instantaneous
equidistant spectrum, is broken by a random ‘disorder’
we saw a breakdown of the energy Bloch oscillations and
a buildup of diffusive spreading.

Using trapped ion physics we proposed how to em-
ploy the energy Bloch oscillations in order to prepare
Schrödinger cat states, i.e. superpositions of states well
separated in phase space. In particular, with an initial
coherent vibrational state of the ion, after half a Bloch
period the ion’s motional state is in a superposition of
two coherent states. Similar ideas should be applicable
also in cavity/circuit QED setups.

The energy Bloch oscillations should be fairly straight-
forward to verify experimentally in various realizations of
driven Harmonic oscillators. We already in the text sug-
gested trapped ion systems for this purpose [21]. The
trapping potential is to a good approximation harmonic
up to hundreds of phonons and the periodic driving
is rather straightforward by tuning the laser frequency
to the correct side-bands. Naturally, the Bloch period
TEBloch should be considerably smaller than the charac-
teristic time-scales for possible dissipation of decoherence
regardless of system considered. As a coherent interfer-
ence phenomenon, any decoherence will demolish the os-
cillations. For trapped ions the characteristic frequency
is on the MHz scale, while motional heating rate and
ionic spontaneous emission rate of the excited state |+〉
are both on the Hz scale such that they can be completely
ignored [28]. Some decoherence arises also from fluctu-
ations in the trap parameters, but these are assumed

small on the interesting time scales. Another property of
trapped ions is that it is possible to initialize highly ex-
cited Fock states [29] needed if one studies the breathing
modes. For a driven high-Q cavity photon losses are in-
evitably present, but by considering realistic experimen-
tal parameters one finds that this should not cause any
problems. The life-time for a microwave cavity photon
can be as large as tenth of ms, and the photon frequency
ω ∼ 50 GHz [30]. Thus, it should be enough to drive the
cavity with a detuning δΩ = Ω− ω around MHz. In the
cavity setup is should be especially easy to detect the
energy Bloch oscillations by simply detecting the char-
acteristics of the cavity output field. Already the field
intensity 〈n̂out〉 will be oscillating with the Bloch period.

To experimentally realize the Landau-Zener grid model
would require a bit more work. As expressed in Eq. (26)
we have a large spin coupled to a qubit. We can alter-
natively replace the large spin with a harmonic oscilla-
tor, and the model is sort of a generalized quantum Rabi
model [31] with a very special ‘light-matter’ coupling.
The system with maybe the largest freedom in engineer-
ing such a coupling is that of trapped ions [21]. The de-
sired coupling according to the Hamiltonian (26) should
include every possible phonon transition; single phonon,
two phonons, and so on. This is certainly challenging,
but we do not rule it out.
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