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Abstract
Because of the generation of polaritons, which are quasiparticles possessing the
characteristics of both photonics and electronics, active photonic materials offer
a possible solution to transfer electromagnetic energy below the diffraction limit
and further increase the density of photonic integrated circuits. A theoretical
investigation of these exciting materials is, therefore, very important for practical
applications.
Four different kinds of polaritons have been studied in this thesis, (1) surface
polaritons of negative-index-material cylindric rods, (2) exciton polaritons of semiconductor quantum dots, (3) localized plasmon polaritons of metallic nanoshells,
and (4) surface plasmon polaritons of subwavelength hole arrays in thin metal films.
All these types of polaritons were found to strongly affect the optical properties of
the studied active photonic materials. More specifically, (1) for two-dimensional
photonic crystals composed of negative-index-material cylindric rods, the coupling
among surface polaritons localized in the rods results in dispersionless anti-crossing
bands; (2) for three-dimensional diamond-lattice quantum-dot photonic crystals,
the exciton polariton resonances lead to the formation of complete band gaps in
the dispersion relationships; (3) for metallic nanoshells, the thickness of the metal
shell strongly modifies the localized plasmon polaritons, and therefore influences
the degree of localization of the electromagnetic field inside the metallic nanoshells;
(4) for subwavelength hole arrays in thin metal films, high-order surface-polariton
Bloch waves contribute significantly to the efficient transmission.
To numerically simulate these active photonic materials, we introduced three
approaches, (1) an extended plane-wave-based transfer-matrix approach for negativeindex-material media, (2) a plane-wave method for semiconductor quantum-dot
photonic crystals, and (3) an auxiliary-differential-equation finite-difference timedomain approach for semiconductor quantum-dot arrays. A brief perspective is
also given at the end of this thesis.
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Chapter 1
Introduction
Nature and Nature’s laws lay hid in night: God said, Let Newton be!
and all was light.
Alexander Pope, 1688-1744.

The historical development of the nature of light is very dramatic. The Greek
philosophers believed that light is made up of particles. This particle picture of
light was sustained and further improved by Isaac Newton. Based on this picture,
he successfully explained reflection and refraction. However, it was very difficult
for him to interpret interference. Slightly later, the Dutch scientist Christiaan
Huygens developed the wave theory, in which light was propagated as some sort
of waves. This theory was adopted by Thomas Young to correctly explain the
interference fringes in a double slit experiment. Another and also the final vindication of the wave theory came with James Clerk Maxwell. In the 1860s, he
synthesized the basic physics of electricity and magnetism into the four Maxwell
equations, and further deduced that an electromagnetic wave would propagate at
a speed which equals that of light. However, this wave picture of light failed to
interpret the ”blackbody spectrum” of thermal radiation and the photoelectric
effect around the end of the 19th century. Max Planck and Albert Einstein then
postulated that light consisted of harmonic oscillators with a range of discrete frequencies, and each oscillator had a fundamental energy quantum. Therefore, light
was again to be understood as a stream of particles, later to become known as
photons. What had actually been shown, however, was that light is a wave that
has properties associated with particles. Later, Louis de Broglie proposed that
material particles also have wave-like properties. In the mid 1920s, a general wave
theory of the behavior of matter (including light), wave mechanics, was developed
by Schrödinger and Heisenberg independently. Today, the behavior of both matter
and light is understood to have dual aspects: they are in some sense both particles and waves, and which aspect best describes their behavior depends upon
the circumstances [1, 2].
One striking conclusion can be deduced from wave mechanics, that is, when the
9
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dimensions of an optical component become close to the wavelength of the light,
the light propagation is obstructed by optical diffraction [2]. This effect limits the
minimum size of optical devices such as lenses and fibers, as well as the density
of photonic integrated circuits. These restrictions of optics in the subwavelength
regime have, in the past, been a constraint for researchers. They have been more
and more crucial for the fast developing industry. Microships and contemporary
optical data storage media are being produced at the limit of the conventional
optical possibilities [3, 4, 5, 6, 7, 8, 9, 10].
In order to create a new generation of devices that satisfy the demand for increased data transmission and processing capacity as well as enable a paradigm
shift to allow the continuity of Moore’s law, extensive efforts have been spent
to achieve nano-scale optical components for low-loss ultrahigh-density photonic
integrated circuits. Meanwhile, in the search of new physical mechanisms of transferring electromagnetic (EM) energy below the diffraction limit, a wealth of active
photonic materials have been investigated. In the following we will study three
kinds of active photonic materials, including negative dielectric materials, lowdimensional semiconductor structures and nano-sized metallic structures. Due to
the strong coupling of EM waves with electric dipole-carrying excitations, polaritons will be generated within these active materials. Because polaritons have the
characteristics of both photonics and electronics, they offer a solution to alleviate
the diffraction limit.

1.1

Negative index materials (NIMs)

NIMs, which were first speculated by Russian physicist Victor Veselago in 1967,
are characterized simultaneously by a negative permittivity ² and a negative permeability µ and therefore a negative refractive index n in certain frequency ranges
[11].Veselago further pointed out that many anomalous effects can exist in these
materials, such as a reversed Doppler shift, reversed Cerenkov radiation, negative
radiation pressure, and inverse Snell’s law of refraction [11]. In 2000, Smith and
co-workers fabricated the first artificially negative dielectric materials in microwave
frequencies, combining a wire structure with a negative ² and a split-ring-resonator
structure with a negative µ [12].
NIMs show many interesting properties and have many practical applications.
The most important so far is the superlens, pointed out by John Pendry in 2000.
Owing to the negative refractions of two surfaces, a parallel slab of a NIM will
form an optical image without geometrical distortions. The key to this lens lies
in the fact that the surfaces of the NIM support surface polaritons (SPs) that
can effectively couple to the exponentially decaying short-range evanescent EM
fields that carry the information on the subwavelength details of an object. It is
this resonant enhancement of the evanescent fields by the SPs that allows them
to propagate longer distances and reach the image plane of the superlens. NIM
lenses therefore can provide image details with a resolution beyond the diffraction
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limit, to which all positive-index lenses are subject [13, 14].

1.2

Quantum dots

Modern semiconductor processing techniques allow an artificial creation of quantum confinement of a few electrons, holes or excitons in all three spatial directions.
Such finite systems, named quantum dots, have much in common with atoms, yet
they are man-made structures, designed and fabricated in the laboratory. It is
for this reason that QDs are also called ”artificial atoms” or ”designer atoms”.
Generally, the characteristic size of a QD can be as small as 2 to 10 nm, corresponding to 10 to 50 atoms in diameter and a total of 100 to 100,000 atoms within
the volume. At these small sizes, the materials have particular properties such
as discrete quantized energy spectra, atomic density of states and spatially localized wave functions. Moreover, the peak emission frequency of a QD is extremely
sensitive to both its size and composition.
Because of these superior electronic and optical properties, QDs have many
important applications: (1) They can operate like single-electron transistors and
show the Coulomb blockade effect; (2) They have been suggested to implement
qubits for quantum information processing; (3) Due to the high quantum yield,
they can be employed in diode lasers, amplifiers, active waveguides; (4) Many
biophotonic applications such as bioimaging; (5)they can be mixed into liquid
solution, or blended into ink, as biosenses. [15, 16, 17, 18, 19, 20, 21].

1.3

Metallic nano structures

In the past few years, partially owing to the rapid improvement of nanofabrication
and nanocharacterization techniques, surface plasmon polaritons (SPPs) have been
extensively investigated both theoretically and experimentally. SPPs are charge
density waves on the surface of materials with free electrons propagating along the
interface of this conductor and a dielectric medium [22]. Because of its pure imaginary wave vector in the normal-to-the-interface direction, the amplitude of SPP
decays exponentially with increasing distance into each medium from the interface,
which means that the SPP is bound to the interface. This feature provides the
opportunity to confine light to subwavelength metallic structures. It is the field
confinement that leads to the enhancement of the EM field at the interface, which
in turn results in the extraordinary sensitivity of SPPs to surface conditions. This
induces many surface-enhanced optical phenomena such as enhanced Raman scattering, which has been used by biochemists to detect the presence of a molecule on
a surface, furthermore second harmonic generation and SP-enhanced fluorescence.
In order to utilize SPPs, many different metallic nano structures have been
designed and fabricated, such as nano wires[23], nano particle chains [24], metal
strips, and nanoshells. These structures have potential applications for creating

12
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subwavelength optical devices (such as lenses [25, 26, 27, 28], nano optical beamsplitters [29], waveguides [24, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42], light
sources [43, 44, 45, 46, 47], and some active devices [48, 49, 50, 51, 52, 53, 54, 55]),
as well as enabling the miniaturization of optical components to size dimensions
of their electronic counterparts in the sub-100-nm-size region [4, 5, 6, 7, 56]. SPPs
therefore have the potential applications in scaling down optical, electro-optical,
and photonic devices. These works have led to a new branch of photonics using
SPPs, sometimes just referred as plasmonics.

Chapter 2
Numerical approaches
Optics is either very simple or else it is very complicated.
Richard P. Feynman.

Several powerful and reliable numerical methods have been developed to solve
Maxwell equations which describe the interaction between EM waves and active
photonic materials. A far-from-complete list of these approaches include: (1) Discrete dipole approximation (DDA) method, which is particularly useful to describe
isolated nano-particles with arbitrary shape and complex surrounding environments [57]; (2) Classical Mie scattering theory, often used in the scattering of plane
electromagnetic waves from isotropic spheres or two-concentric spheres [58, 59]; (3)
Time-dependent local density approximation, which is a first-principles method
capable of providing the dielectric function of metallic nano-particles [60, 61]; (4)
Coupled dipole approximation (also called dipole-dipole approximation), which
applies to the theoretical investigation of image formation in near-field optical microscopy [62]; (5) Finite element method (FEM), often used to solve Maxwell differential equations in the frequency domain[63];(6) Plane wave method, frequently
employed to simulate periodic structures[18, 64, 65, 66, 67, 68, 69]; (7) Finitedifference time-domain (FDTD) method, a direct time-domain solution of Maxwell
differential equations on spatial grids or lattices [70, 71, 72, 73, 74, 75, 76, 77, 78];
(8) Fourier modal method (also called couple modal method or modal method by
Fourier expansion), frequently used to calculate the transmission spectrum of periodic structures, such as metallic gratings and metal-nano-particle photonic crystals
[79, 80, 81, 82].
In the following sections, we will present brief descriptions about the Fourier
modal method for the negative-index-material photonic crystals, the plane wave
method for quantum-dot photonic crystals, and the auxiliary-differential-equation
finite-difference time-domain approach for quantum-dot arrays.
13
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Figure 2.1: Schematic draw of division of a two-dimensional square-lattice photonic
crystal.

2.1

Fourier modal method

An important class of active photonic components, such as metallic gratings [83]
and metallic photonic crystals (PCs) [84, 85, 86, 87, 88, 89], contain periodic
structures. Metallic PCs, also named as metallic photonic band gap materials,
have many interesting optical properties and important potential applications in
the optical, microwave and infrared wavelength regions [64, 90, 91]. One such
important property is to mould and control the flow and distribution of surface
plasmon polariton (SPP) waves at the microscopic level.
The original Fourier modal method was developed twenty years ago to study
one- and two- dimensional gratings. In order to treat nano-scale periodic structures, especially metal gratings and metallic PCs, this rigorous method has been
adapted to more complex and dispersive periodic structures [80, 81]. Its fundamental physical background is: (1) Divide the whole PC structure into thin slices along
the z-axis direction, within each slice ² and µ are approximated as z-independent
(they can be xy-dependent); (2) It is assumed that each slice is surrounded by two
thin air films with zero thickness; (3) Expression of the EM field in the air films
by Bragg waves; (4) Expression of the EM field in each slice by the eigenmodes in
the slice; (5) Use of the boundary conditions between EM fields in the slice and
two neighboring air films to obtain the transfer matrix or the scattering matrix;
(6) Use of the obtained matrix to calculate the transmission spectrum of the PC.
The photonic band structures of the PC can be further obtained by using Bloch’s
theorem. A schematic drawing of the division of a two-dimensional PC is shown
in Fig.2.1.
Following the algorithm presented in Paper I of this thesis, we here repeat the
Fourier modal method.

2.1. FOURIER MODAL METHOD

2.1.1
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Three dimensional structures

A partitioned lamellar slice in a general three-dimensional (3D) PC can be approximated as a two-dimensional (2D) grating. We denote the primitive lattice of
the grating by two unit vectors a1 and a2 , the corresponding reciprocal lattice by
b1 and b2 . An incident plane wave is assumed to propagate along the z-axis with
a wave vector k0 = (k0x , k0y , k0z ). The EM field at an arbitrary point r can be
expressed as a superposition of Bragg waves:
X
E(r) =
Eij (z)ei(kij,x x+kij,y y) ,
(2.1)
ij

H(r) =

X

Hij (z)ei(kij,x x+kij,y y) ,

(2.2)

ij

where the Bragg wave vector kij = (kij,x , kij,y ) = (k0x , k0y ) + ib1 + jb2 , Eij (z) and
Hij (z) are expansion coefficients of the EM field to be determined.
In the following we present a detailed description on how the eigenmodes of the
EM field within a 2D lamellar grating slice are obtained on the plane-wave basis,
and how the transfer-matrix connecting fields at two sides of the grating slice is
related to these eigenmodes. We start from Maxwell equations
∇ × E(r) = ik0 µ(r)H(r),
∇ × H(r) = −ik0 ²(r)E(r).

(2.3)

Here ²(r) and µ(r) are periodic functions of the grating slice, they are homogeneous
along the z axis within the slice. We can rewrite the above equation into six partialdifferential equations for (Ex , Ey , Ez ) and (Hx , Hy , Hz ). Ez and Hz can be further
deleted from these six equations, since the physical parameters within each lamellar
slice are independent of z. This leads to the following four coupled equations
· µ
¶¸
1 ∂ 1 ∂
∂
∂
Ex =
Hy −
Hx
+ ik0 µHy ,
(2.4)
∂z
−ik0 ∂x ² ∂x
∂y
· µ
¶¸
1 ∂ 1 ∂
∂
∂
Ey =
Hy −
Hx
− ik0 µHx ,
(2.5)
∂z
−ik0 ∂y ² ∂x
∂y
· µ
¶¸
1 ∂ 1 ∂
∂
∂
Hx =
Ey −
Ex
− ik0 ²Ey ,
(2.6)
∂z
ik0 ∂x µ ∂x
∂y
· µ
¶¸
∂
1 ∂ 1 ∂
∂
Hy =
Ey −
Ex
+ ik0 ²Ex .
(2.7)
∂z
ik0 ∂y µ ∂x
∂y
We can further write down the plane-wave expansion expressions for dielectric
permittivity and magnetic permeability [79],
X
²(r) =
²ij eiGij ·r ,
(2.8)
ij
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²−1 (r) =

X

iGij ·r
,
²−1
ij e

(2.9)

ij

µ(r) =

X

µij eiGij ·r ,

(2.10)

ij

X

iGij ·r
µ−1
.
ij e

(2.11)

−ikij,x X −1
²
(kmn,x Hmn,y − kmn,y Hmn,x )
k0 mn ij;mn
X
+ik0
µij;mn Hmn,y ,

(2.12)

µ−1 (r) =

ij

Here Gij = ib1 + jb2 . We then yields
∂
Eij,x =
∂z

mn

∂
Eij,y =
∂z

−ikij,y X −1
²
(kmn,x Hmn,y − kmn,y Hmn,x )
k0 mn ij;mn
X
−ik0
µij;mn Hmn,x ,

(2.13)

mn

∂
Hij,x =
∂z

ikij,x X −1
µ
(kmn,x Emn,y − kmn,y Emn,x )
k0 mn ij;mn
X
−ik0
²ij;mn Emn,y ,

(2.14)

mn

∂
Hij,y =
∂z

ikij,y X −1
µ
(kmn,x Emn,y − kmn,y Emn,x )
k0 mn ij;mn
X
+ik0
²ij;mn Emn,x .

(2.15)

mn

We here introduce column vectors E = (· · · , Eij,x , Eij,y , · · · )T and H = (· · · , Hij,x , Hij,y , · · · )T ,
so Eqs. (2.12-2.15) can be written into a concise matrix form
∂
E = T1 H,
∂z
∂
H = T2 E,
∂z
where the matrices T1 and T2 are defined as
µ
¶
−1
2
i
kij,x ²−1
k
k
µ
−
k
²
k
mn,y
ij;mn
ij,x
mn,x
ij;mn
0
ij;mn
ij;mn
T1
=
−1
−kij,y ²−1
k0 kij,y ²ij;mn kmn,y − k02 µij;mn
ij;mn kmn,x
¶
µ
2
i
−kij,x µ−1
kij,x µ−1
ij;mn
ij;mn kmn,y
ij;mn kmn,x − k0 ²ij;mn
T2
=
−1
kij,y µ−1
k0 k02 ²ij;mn − kij,y µij;mn kmn,y
ij;mn kmn,x

(2.16)

(2.17)
(2.18)
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It is easy to see that replacing µij;mn or µ−1
ij;mn by δij;mn (thus corresponding to
a position-independent µ), the above matrices reduce to the ones in Ref. [80].
From the two matrices of Eq. (2.17,2.18), the eigenmodes in the slice, expressed
by eigenvalues β 2 and eigenvectors Sa , are obtained by solving −P = −T1 T2 . Here
we only choose β with Im(β) ≥ 0, which means that the forward propagating
wave is absorbed by the media, instead of being amplified, for the sake of simple mathematical treatment. The eigenmode corresponding to βj2 is written as
+
−
+
−
Ei0 = Ea,i
(z) + Ea,i
(z), where Ea,i
(z) = Ei+ eiβi (z−zi ) , Ea,i
(z) = Ei− e−iβi (z−zi ) . For
+
−
the moment, Ei and Ei are unknown. Furthermore, we define column vectors
£
¤T
£
¤T
+
−
Ea+ = . . . , Ea,i
(z), . . . , and Ea− = . . . , Ea,i
(z), . . . . The electric field column vector E can now be expressed by the superposition of all the eigenmodes
E = Sa (Ea+ + Ea− ). The corresponding magnetic field column vector can be obtained through H = T1− ∂E/∂z ≡ Ta (Ea+ − Ea− ).
A matching of the boundary conditions of the EM field between the grating
slice and two neighboring air films, yields the transfer matrix
µ
¶−1 µ iβh
¶µ
¶
a11 a12
e
0
a11 a12
T =
,
(2.19)
a21 a22
0 e−iβh
a21 a22
where h is the thickness of the slice, a11 = (Sa−1 S0 + Ta−1 T0 )/2, a12 = (Sa−1 S0 −
Ta−1 T0 )/2, and a21 = a12 , a22 = a11 . S0 and T0 are the counterparts of Sa and Ta
in an air film. S0 is a unit matrix, and T0 is a block-diagonal matrix.
Since e−iβh may lead to numerical instability for backward propagating waves
[80], we use the scattering matrix here, which can be derived in the following way.
We rewrite the above equation as
µ
¶ µ + ¶ µ iβh
¶µ
¶µ + ¶
a11 a12
Ωi
e
0
a11 a12
Ωi−1
=
,
(2.20)
−iβh
a21 a22
Ω−
0
e
a
a
Ω−
21
22
i
i−1
where Ωi and Ωi−1 are the electric fields in the two air films.
−
iβh
iβh
a11 Ω+
a11 Ω+
a12 Ω−
i + a12 Ωi = e
i−1 + e
i−1 ,

(2.21)

−
−iβh
−iβh
a12 Ω+
a12 Ω+
a11 Ω−
i + a11 Ωi = e
i−1 + e
i−1 .

(2.22)

In order to avoid e−iβh , Eq. (2.22) is re-formulated as
+
−
iβh
eiβh a12 Ω+
a11 Ω−
i +e
i = a12 Ωi−1 + a11 Ωi−1 .

We thus arrive at
µ
¶µ + ¶
¶ µ + ¶ µ iβh
e a11 −a12
Ωi−1
a11
−eiβh a12
Ωi
=
.
−
iβh
iβh
Ωi−1
−a12 e a11
Ω−
−e a12
a11
i

(2.23)

(2.24)

It can be shown that the inverse matrix of the left coefficient matrix has a form
similar to
µ
¶
p1 p2
(2.25)
p2 p1
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so that
a11 p1 − eiβh a12 p2 = I,

(2.26)

a11 p2 − eiβh a12 p1 = 0.

(2.27)

iβh
From the second equation, we obtain p2 = a−1
a12 p1 . Combining with the first
11 e
equation, the scattering matrix is finally obtained
µ
¶
p1 t1 + p2 t2 p1 t2 + p2 t1
S=
,
(2.28)
p1 t2 + p2 t1 p1 t1 + p2 t2
iβh
iβh
iβh
a12 ]−1 ,
a12 [a11 − eiβh a12 a−1
a12 ]−1 , p2 = a−1
where p1 = [a11 − eiβh a12 a−1
11 e
11 e
11 e
iβh
t1 = e a11 , and t2 = −a12 .

2.1.2

Two dimensional structures

For a 2D periodic structure, the slice is approximated as an one-dimensional lamellar grating. Assuming that the material is homogeneous along the x axis and
thereafter periodic along the y axis, the field components are (Ex , Hy , Hz ) for the
transverse magnetic (TM) mode, while for the transverse electric (TE) mode, they
are (Hx , Ey , Ez ). For the TM mode, the matrices T1 and T2 are given as
T1j,m = ik0 µj;m ,
T2j,m = ik0 ²j;m −

i
kj,y µ−1
j;m km,y .
k0

(2.29)

while for the TE mode, they can be written as
T1j,m = −ik0 µj;m +
T2j,m = −ik0 ²j;m .

2.1.3

i
kj,y ²−1
j;m km,y ,
k0
(2.30)

Negative-index-material structures

We continue to study negative-index-material (NIM) PCs whose ² and µ (both
are negative) are frequency-dependent. In order to qualitatively explain how our
method simulates NIM periodic structures, we consider an one-dimensional structure, which is also referred to as a multilayer structure.
We assume that the structure is periodic along the z axis and homogeneous
in the xy plane. When a plane wave is incident along the z axis, the TE and
TM modes are degenerate. Consider the TM mode as an example, T1 and T2 then
reduce to a number, and T1 = ik0 µ, T2 = ik0 ². Hence, the 1×1 matrix −P = k02 µ²,
2
2
and the corresponding eigenvalue β
p Sa = 1 and Ta = β/k0 µ.
p = k0 µ². Therefore,
the
For NIM media, β is given as k0 |µ²|, and
p Ta = |µ²|/µ. Furthermore,
p
elements of the transfer matrix a11 = (1 + µ/ |µ²|)/2, and a12 = (1 − µ/ |µ²|)/2.
Comparing a positive-index-material (PIM) medium (²p > 0 and µp > 0) with
a NIM medium (²n = −²p and µn = −µp ), it can be found that a11 of the PIM
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equals a12 of the NIM, and a12 of the PIM equals a11 of the NIM. Assume ²p = 1
and µp = 1. The PIM transfer matrix is then given as
µ ik h
¶
e 0
0
TPIM =
,
(2.31)
0
e−ik0 h
and the NIM transfer matrix is
µ
TNIM =

¶
e−ik0 h
0
,
0
eik0 h

(2.32)

where h is the thickness of the slice. Notice that the phase variation in the PIM
is entirely opposite to that in the NIM, i.e., the phase decreases when the wave
propagates in the PIM, while it increases in the NIM, which is one of many unique
properties of NIM media.

2.1.4

Advantages and disadvantages

Because the independent variable in the numerical calculations is the frequency
rather than the wave vector of the incident EM wave, the Fourier modal method
can effectively simulate dispersive periodic structures, even when their permeability and permittivity are all frequency-dependent and negative. Furthermore,
combining with the supercell method, this method can also simulate defective periodic structures, such as PC-based waveguides [80], microcavities and fibers [92].
We can also utilize the symmetry of the simulated structure to substantially relieve
the requirement of calculation capability as was already pointed out in Ref.[80].
On the other hand, this method is found to converge very slowly for TM polarization, because the EM fields, the permittivity and the permeability are all
expanded by Fourier series. In order to obtain accurate and reliable results, one
must pay attention to the way of formulating the products of Fourier series involved
in the eigenmode problem [79, 93]. In addition, too many matrix operations also
increase the calculational burden.

2.2

Plane wave method for modeling quantumdot photonic crystals

Recently, quantum-dot (QD) arrays have been found to strongly manipulate an
EM wave whose wavelength is even tens times the radius of the QDs [18, 66, 67, 68].
The QD-based optical devices, therefore, provide a possible way to decrease the
size of devices and increase the integral density of optical circuits [18, 67]. This
possibility has sparked a wealth of research, both experimentally [19, 94, 95, 96]
and theoretically [97, 98, 99, 100, 101, 102, 103, 104].
The underlying physical mechanism of QD-based devices is the exciton-polariton
resonance [105]. A confined exciton can be optically excited in the QD by an
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incident EM wave. When a photon and an exciton interact in the dispersioncrossover region, a combined quasi-particle, normally known as an exciton polariton, is formed [106]. Because excitons in a macroscopic system spread through
the whole structure with an appropriate dispersion, they must be treated with a
nonlocal theory [105, 107]. Furthermore, the corresponding dielectric polarization
in the linear response theory is given by
Z
P(r, ω) = T (ω)Φ(r) Φ(r0 )E(r0 , ω)dr0 ,
(2.33)
where Φ(r) := Φ(re , rh ) is the ground-state wavefunction of the exciton excited in
QD, the coefficient T (ω) is given by
²0 ²b ωLT ω0 a3B
.
2π 2
ω0 − ω 2 − 2iωδ

(2.34)

Here ωLT and aB are the exciton longitudinal-transverse splitting and Bohr radius
in the corresponding bulk semiconductor, respectively. ²b is the dielectric index
of the well material, i2 = −1, δ corresponds to the absorption of the light, and
R is the radius of the quantum dot. ω0 is the frequency of ground-state exciton
resonance of QD, which is given by
ω0 =

~π 2
1
1
Eg
+
(
+
),
2
~
2m0 R e me mh

(2.35)

when the QD is assumed as a spherical square quantum well. Here Eg is the band
gap in the corresponding bulk semiconductor, e is the elementary charge, me and
mh are the electronic effective mass and hole effective mass, respectively.
To numerically simulate the interaction between EM waves and QD-based devices, a plane-wave-expansion method was frequently employed. This approach
was initially proposed in Ref.[66], and further extended to investigate complex
structures in Ref.[67, 68]. In the following section, we will describe the extended
approach in detail.

2.2.1

Plane wave method

We start from the Maxwell equations (without free charges and the current due to
spatial transfer of free charges)
³ ω ´2
∇ × [∇ × E(r)] =
D(r) ,
c
∇ · D(r) = 0.
(2.36)
The relationship between D and E is taken in the form (in units of the meterkilogram-second system) [108]
D(r) = ²b E(r) + Pexc (r),

(2.37)
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Figure 2.2: Schematic drawing of a single-layer quantum-dot array.

where ²b is the dielectric index of the QD. To simplify the Maxwell equations,
we neglect the tiny difference between dielectric indices of the well and barrier
materials [109]. This assumption is realistic for many semiconductor materials
such as III-V GaAs/Alx Ga1−x As QDs. The dielectric polarization of a compound
lattice is given by
Z
X
Pexc (r) =
T (ω1 )
Φ1,a (r) Φ1,a (r0 )E(r0 )dr0
(2.38)
a

+T (ω2 )

X

Z
Φ2,a+∆a (r)

Φ2,a+∆a (r0 )E(r0 )dr0 .

(2.39)

a+∆a

Here a are the sublattice primitive translation vectors, and ∆a is the vector describing the distances between the two identical sublattices. Φi,a (r) = Φi,0 (r − a)(i =
1, 2) is the envelope function of an exciton excited in the ath QD. In addition,
the distance between QDs in the PC is assumed to be large enough to localize the
exciton. Thus, we can neglect the overlap of the exciton envelope functions Ψi,a
and Ψj,a0 (i, j = 1, 2) with a 6= a0 and excitons excited in different QDs are assumed
to be coupled only via the EM field.
Using the relation that divE = −(1/²b )divPexe , we can obtain
½
¾
1
2
2
2
∇ E(r) + k E(r) = −k0 P(r) + 2 ∇ [∇ · P(r)] ,
(2.40)
k
√
where k0 = ω/c, k = k0 nb = ωnb /c and nb = ²b .
Expanding the vector function Eq (r) in the Fourier series
X
Eq (r) =
ei(q+g)·r Eq+g ,
(2.41)
g

where g are the reciprocal lattice vectors, the volume integral inside QD can be
transformed into
Z
X
I1,q+g Eq+g ≡ eiq·a Λ1 ,
Φ1,a (r)E(r)dr = eiq·a
g
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Z
Φ2,a+∆a (r)E(r)dr = eiq·a

X

I2,q+g Eq+g ≡ eiq·a Λ2 ,

(2.42)

g

where

Z
I1,q+g =

Φ1,0 (r)ei(q+g)·r dr ,

Z

Φ2,0 (r)ei(q+g)·r ei(q+g)·∆a dr.

I2,q+g =

(2.43)

P
P
iq·a
iq·a
The sum
and
satisfy the translational
a Φ1,a (r)e
a+∆a Φ2,a+∆a (r)e
symmetry and can be presented as
X

iq·a

Φ1,a (r)e

=

a

X
a+∆a

X

e

g
iq·a

Φ2,a+∆a (r)e

I∗
i(q+g)·r 1,q+g

=

v0

X
g

,

I∗
i(q+g)·r 2,q+g

e

v0

,

(2.44)

where v0 is the volume of the primitive unit cell. The system of linear equations
for the space harmonics Eq+g can be written in the form
£
¤
|q + g|2 − k 2 Eq+g
µ
¶·
¸
∗
∗
T (ω2 )
T (ω1 )
I2,q+g
I1,q+g
1
2
2
= k 0 Λ1
+ Λ2
1 − 2 (q + g)
v
v
k
0
0
µ
¶
∗
∗
T
(ω
)
T
(ω
)
I
I
1
2
1,q+g
2,q+g
= k02 Sb Λ1
+ Λ2
.
(2.45)
v0
v0
b
b
Here S(Q)Λ
1 is a vector with the components Sαβ Λ1,β , and S(Q)Λ2 is a vector with
Qα Qβ
the components Sαβ Λ2,β . We define Sαβ = δαβ − k2 , where α, β = x, y, z, δαβ
£
¤
is the Kronecker symbol. Dividing both parts of Eq.(2.45) by |q + g|2 − k 2 ,
multiplying them by I1,q+g and summing over g:
X
I1,q+g Eq+g = Λ1
g
k02

X

b + g) ¡
¢
S(q
2
∗
|I
|
T
(ω
)Λ
+
I
I
T
(ω
)Λ
1,q+g
1
1
1,q+g
2
2
2,q+g
v0 g |q + g|2 − k 2
c1 (ω, q)Λ1 + R
c2 (ω, q)Λ2 ,
= R
(2.46)
=

where
2 X
b + g)
S(q
c1 (ω, q) = k0
R
|I1,q+g |2 T (ω1 ) ,
v0 g |q + g|2 − k 2
2 X
b + g)
S(q
∗
c2 (ω, q) = k0
R
I1,q+g I2,q+g
T (ω2 ).
2
2
v0 g |q + g| − k

(2.47)
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£
¤
In a similar way, dividing both parts of Eq. (2.45) by |q + g|2 − k 2 , multiplying
them by I2,q+g and summing over g :
X
I2,q+g Eq+g = Λ2
g
k02

X

b + g) ¡
¢
S(q
∗
|I2,q+g |2 T (ω2 )Λ2 + I2,q+g I1,q+g
T (ω1 )Λ1
2
v0 g |q + g| − k 2
c3 (ω, q)Λ1 + R
c4 (ω, q)Λ2 ,
= R
(2.48)
=

where
2 X
b + g)
S(q
∗
c3 (ω, q) = k0
T (ω1 ) ,
R
I2,q+g I1,q+g
v0 g |q + g|2 − k 2
2 X
b + g)
S(q
c4 (ω, q) = k0
R
|I2,q+g |2 T (ω2 ).
2
2
v0 g |q + g| − k

We arrive at the vector equations
³
´
c1 (ω, q) Λ1 = R
c2 (ω, q)Λ2 ,
I −R
³
´
c4 (ω, q) Λ2 = R
c3 (ω, q)Λ1 ,
I −R

(2.49)

(2.50)

where I is a 3 × 3 unit matrix. We can rewrite the above equations as
D6×6 X = 0,

(2.51)

where


D6×6




=




1 − R1,11 −R1,12
−R1,13
−R2,11
−R2,12
−R2,13
−R1,21 1 − R1,22 −R1,23
−R2,21
−R2,22
−R2,23
−R1,31
−R1,32 1 − R1,33 −R2,31
−R2,32
−R2,33
R3,11
R3,12
R3,13
R4,11 − 1
R4,12
R4,13
R3,21
R3,22
R3,23
R4,21
R4,22 − 1
R4,23
R3,31
R3,32
R3,33
R4,31
R4,32
R4,33 − 1





.



(2.52)

X is a column vector that can be transposed as
(Λ1,x , Λ1,y , Λ1,z , Λ2,x , Λ2,y , Λ2,z )T .

(2.53)

The exciton-polariton dispersion ω(q) satisfies the equation
DetkDk = 0.

(2.54)

Consider the spherical QDs with radius R, where R À aB so that one may
neglect the distortion of internal motion of the electron-hole pair in the exciton
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and the envelope function of an exciton can be approximated by the exciton ground
state wavefunction [66, 109]
µ
¶
r −r
1
π|r − a|
1
− ea h
B ,
√
p
(2.55)
Ψa (re , rh ) =
sin
e
R
|r − a| 2πR
πa3B
where

me re + mh rh
me + mh
is the exciton center of mass, and a is the center of the QD. So we have
µ
¶3/2
2R1
sin |Q|R1
I1,Q = π
,
aB
|Q|R1 [π 2 − (|Q|R1 )2 ]
µ
¶3/2
2R2
sin |Q|R2
iQ·∆a
I2,Q = e
π
.
aB
|Q|R2 [π 2 − (|Q|R2 )2 ]
r=

(2.56)

(2.57)

We then obtain
16ωLT R13 ω 2 ω1
σ11,αβ (Ω, K) ,
πv0 ω 2 − ω12
16ωLT (R1 R2 )3/2 ω 2 ω2
σ12,αβ (Ω, K) ,
R2,αβ (Ω, K) =
πv0
ω 2 − ω22
16ωLT (R1 R2 )3/2 ω 2 ω1
R3,αβ (Ω, K) =
σ21,αβ (Ω, K) ,
πv0
ω 2 − ω12
16ωLT (R2 )3 ω 2 ω2
σ22,αβ (Ω, K),
R4,αβ (Ω, K) =
πv0
ω 2 − ω22
R1,αβ (Ω, K) =

(2.58)

where
σst,αβ (Ω, K) =

X f (|b + K|Rs ) f (|b + K|Rt ) Sαβ (b + K)
b

Ω2 − Ω2 (b + K)

π 2 sin x
f (x) =
,
x(π 2 − x2 )
Ω=ω,
c|Q|
,
Ω(Q) =
nb

ei(s−t)(b+K)·∆a ,

(2.59)

with α, β = x, y, z, and s, t = 1, 2. Now we are ready to calculate the dispersion
relation.

2.2.2

Advantages and disadvantages

The implicit periodicity of the plane-wave basis makes the plane wave method
ideal to study QD photonic crystals. Moreover, the dispersion relation can be very
effectively calculated. However, the spectra as well as the resonance modes can
not be obtained. Furthermore, the plane wave method is very time-consuming.
For a given K (or ω), we should run the calculation many times to find the ω (or
K) satisfying the equation of DetkDk = 0.

2.3. FINITE-DIFFERENCE TIME-DOMAIN METHOD

2.3
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Finite-difference time-domain method

Starting from the pioneering work of Yee in 1966 [70], the numerical technique of
the FDTD has been employed successfully and extensively to solve Maxwell curl
equations directly in the time domain on space grids. Many kinds of complex
structures can be simulated by FDTD, such as metallic waveguides, cavities, highspeed computer circuit boards and photonic crystals. FDTD is an accurate and
robust approach because the sources of numerical errors are well understood and
can be bounded. It is also a systematic approach. The problem of modeling a new
structure is reduced to a problem of mesh generation rather than the potentially
complex reformulation of an integral equation [71]. Based on these features, FDTD
has been frequently used to study active photonic materials and obtain all kinds
of information of interest. In the following section, we will describe this method
to some extent.

2.3.1

Basic algorithm

We denote a space point in a uniform rectangular lattice as (i, j, k) = (iδx, jδy, kδz),
where, δx, δy, and δz are spatial increments in the x, y, and z directions, respectively, i, j, and k are integers, as shown in Fig.2.3. The time dimension is also
discretized to be t = nδt. A function u of space and time evaluated at a discrete
point in the spatial grid and at a discrete time point
u(iδx, jδy, kδz, nδt) = uni,j,k ,

(2.60)

Here, centered finite-difference (central-difference) expressions for the space
and time derivatives are used. Consider the first-order partial derivative of u in
the x-direction, evaluated at the fixed time nδt
uni+1/2,j,k − uni−1/2,j,k
∂u(iδx, jδy, kδz, nδt)
=
+ O[(δx)2 ].
∂x
δx

(2.61)

Notice the ±1/2 increment in the i subscript (x-coordinate) denotes the space
finite-difference over ±1/2δx. Similarly,
n+1/2

n−1/2

ui,j,k − ui,j,k
∂u(iδx, jδy, kδz, nδt)
=
+ O[(δt)2 ].
(2.62)
∂t
δt
By applying the above notations, Maxwell curl equations in three dimensions
can be approximated as,


n+1/2
n+1/2
σ0
δt
Hz |i,j+1/2,k −Hz |i,j−1/2,k
δt
1 − 2²i,j,k
²i,j,k
i,j,k
δy

.
E |n +
(2.63)
Ex |n+1
0
0
n+1/2
n+1/2
i,j,k =
σi,j,k
δt x i,j,k
σi,j,k
δt
Hy |i,j,k+1/2 −Hy |i,j,k−1/2
1 + 2²i,j,k
1 + 2²i,j,k −
δz


n+1/2
n+1/2
σ0
δt
δt
Hx |i,j,k+1/2 −Hx |i,j,k−1/2
1 − 2²i,j,k
²i,j,k
i,j,k
δz

.
Ey |n+1
E |n +
(2.64)
n+1/2
n+1/2
0
0
i,j,k =
σi,j,k
δt y i,j,k
σi,j,k
δt
Hz |i+1/2,j,k −Hz |i−1/2,j,k
1 + 2²i,j,k
1 + 2²i,j,k −
δx
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Figure 2.3: Illustration of a standard Yee lattice used for FDTD, in which different
field components use different locations in a grid. The electric field components
correspond to the edges of the cube, and the magnetic field components to the
faces.

Ez |n+1
i,j,k =

n+1/2

Hx |i,j,k

n+1/2
Hy |i,j,k

n+1/2
Hz |i,j,k

=

=

=

1−

0
σi,j,k
δt
2²i,j,k

1+

0
σi,j,k
δt
2²i,j,k

1−

ρ0i,j,k δt
2µi,j,k

1+

ρ0i,j,k δt
2µi,j,k

1−

ρ0i,j,k δt
2µi,j,k

1+
1−
1+

Ez |ni,j,k +

²i,j,k

1+

0
σi,j,k
δt
2²i,j,k



δt
n−1/2

Hx |i,j,k

n−1/2
Hy |i,j,k
ρ0i,j,k δt
2µi,j,k
ρ0i,j,k δt
2µi,j,k



δt

n−1/2
Hz |i,j,k
ρ0i,j,k δt
2µi,j,k

+

+

+

n+1/2

−

1+

Ã

1+

ρ0i,j,k δt
2µi,j,k

Ey |n
−Ey |n
i,j,k+1/2
i,j,k−1/2

−
Ã

ρ0i,j,k δt
2µi,j,k

δt
µi,j,k

(2.65)

δy

ρ0i,j,k δt
2µi,j,k

δt
µi,j,k



δx
.
n+1/2
n+1/2
Hx |i,j+1/2,k −Hx |i,j−1/2,k

µi,j,k

1+

n+1/2

Hy |i+1/2,j,k −Hy |i−1/2,j,k

Ã

δz
Ez |n
−Ez |n
i,j+1/2,k
i,j−1/2,k

(2.66)

.

(2.67)

,

(2.68)

!

δx
Ex |n
−Ex |n
i,j,k+1/2
i,j,k−1/2
δz

Ex |n
−Ex |n
i,j+1/2,k
i,j−1/2,k

−

.

δy

Ez |n
−Ez |n
i+1/2,j,k
i−1/2,j,k

−

!

δy
Ey |n
−Ey |n
i+1/2,j,k
i−1/2,j,k

!

δx

where ², σ 0 , µ, and ρ0 are material parameters. Clearly, the value of a field component at time (n + 1) depends only on its value at n and the values of the other field
components at n at the adjacent points. The computation of a field component
can therefore be processed at one spatial point at one time.
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Boundary conditions

The basic consideration of FDTD approach to solve Maxwell equations is that
many systems of interest are defined in ”open” regions where the spatial domain
of the EM field is unbounded in one or more spatial directions. A suitable boundary
is therefore needed to minimize the computational space. Many kinds of boundary
conditions have been proposed including the perfect electrically (magnetically)
conducting boundary conditions, the radiation boundary conditions, the Bloch
boundary conditions, and the absorbing boundary conditions. In the following we
will discuss the perfectly-matched-layer (PML) absorbing boundary condition and
the Bloch boundary condition.
(1) PML is one of the most important and powerful absorbing boundary conditions. It is based upon a splitting of electric or magnetic field components in the
absorbing boundary region with the possibility of assigning losses to the individual
split field components [110]. The net effect of this layer is to create a nonphysical
absorbing medium adjacent to the outer-most FDTD mesh boundary. The PML
has a wave impedance which is independent of the field propagation direction and
the frequency of outgoing scattered waves.
In three dimensions, all six Cartesian field components are split, and the resulting PML modification of Maxwell equations yields 12 equations, as follows:
µ0

∂Hxy
∂(Ezx + Ezy )
+ σy∗ Hxy = −
∂t
∂y

∂Hxz
∂(Eyx + Eyz )
+ σz∗ Hxz =
∂t
∂z
∂(Exy + Exz )
∂Hyz
+ σz∗ Hyz = −
µ0
∂t
∂z
∂Hyx
∂(Ezx + Ezy )
µ0
+ σx∗ Hyx =
∂t
∂x
∂Hzx
∂(Eyx + Eyz )
µ0
+ σx∗ Hzx = −
∂t
∂x
∂Hzy
∂(Exy + Exz )
µ0
+ σy∗ Hzy =
∂t
∂y
µ0

²0

∂Exy
∂(Hzx + Hzy )
+ σy Exy =
∂t
∂y

∂(Hyx + Hyz )
∂Exz
+ σz Exz = −
∂t
∂z
∂Eyz
∂(Hxy + Hxz )
²0
+ σz Eyz =
∂t
∂z
∂(Hzx + Hzy )
∂Eyx
+ σx Eyx = −
²0
∂t
∂x
²0

(2.69)
(2.70)
(2.71)
(2.72)
(2.73)
(2.74)
(2.75)
(2.76)
(2.77)
(2.78)
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∂Ezx
∂(Hyx + Hyz )
+ σx Ezx =
∂t
∂x
∂Ezy
∂(Hxy + Hxz )
²0
+ σy Ezy = −
∂t
∂y
²0

(2.79)
(2.80)

where σ and σ ∗ are variables describing the absorption of PML.
(2) Bloch boundary conditions. When the structure under the investigation is
periodic, the Bloch theorem can be applied, i.e., the EM field propagating in this
structure can be expressed by:
E(r + a) = eik·a E(r),

(2.81)

where k is the corresponding Bloch wave vector, and a are the periodic lattice
constants. In the FDTD scheme, this means that for a periodic system along the
z direction,
Ex (x, y, z + nδz) = eikz ×nδz Ex (x, y, z),
(2.82)
here kz is the Bloch wave vector, and nδz is the periodic lattice constant along the
z direction.

2.3.3

Incident wave sources

There are many excitation sources for different practical situations. (1) Hardsource E and H fields in one- and two-dimensional grids; (2) J (electric) and M
(magnetic) current sources in three-dimensional lattices; (3) The total-field/scatteredfield (TF/SF) formulation for plane-wave excitation in one-, two-, and three dimensions; (4) The waveguide sources. Among these sources, the TF/SF technique
is very popular which permits numerical FDTD modelling of a long-time-duration
pulsed or sinusoidal illuminations at an arbitrary plane-wave propagation direction.

2.3.4

Auxiliary differential equation method

The interaction between light and nonlocal QDs can be described by time-dependent
Maxwell equations that coupled to an equation for the light-induced excitonic polarization current in the QD [2],
∂H
∇ × E = −µ0
,
∂t
∂E
∇ × H = ²0
+ J,
∂t
∂P
.
J=
∂t

(2.83)

Here E is the electric field vector, H is the magnetic field vector, J is a current
density corresponding to the nonlocal polarization P of QD.
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In order to obtain the relation between the current J and the polarization P,
Eq.(2.33) is rewritten as
P(r, ω) =

ω02

A
Enew (r, ω),
− ω 2 − 2iωδ

where A = π²0 ²b ωLT ω0 , and the new variable Enew (r, ω) is defined as
Z
π|r0 − a|
dr0
π|r − a|
) sinc(
)E(r0 , ω) 3 ,
sinc(
R
R
R

(2.84)

(2.85)

with sinc(x) = sin(x)/x. It should be stressed that the dielectric permittivity of
QD is then very similar to that of Lorentz-type medium.
Next the polarization current density J(ω) is introduced as,
J(r, ω) ≡ −iωP(r, ω) =

ω02

−Aiω
Enew (r, ω),
− ω 2 − 2iωδ

(2.86)

with i2 = −1. Fourier transforming the above equation, its time-domain analog
can be written as
d2
d
d
(2.87)
ω02 J(t) + 2δ J(t) + 2 J(t) = A Enew (t).
dt
dt
dt
With discrete time step ∆t, and notation Jn ≡ J(n∆t), its time-difference expression is then given by
Jn+1 = ap Jn + bp Jn−1 + cp [En+1/2
− En−1/2
new
new ],

(2.88)

where
2 − ω02 ∆t2
,
1 + δ∆t
δ∆t − 1
bp =
,
1 + δ∆t
A∆t
cp =
.
1 + δ∆t
On the other hand, following the Ampere’s law,
ap =

d
E(t) + J(t),
dt
its finite-difference expression can be written as,
∇ × H(t) = ²0 ²b

En+3/2 = En+1/2 +

∆t
[∇ × Hn+1 − Jn+1 ].
²0 ²b

(2.89)

(2.90)

(2.91)

Eq.(2.88) with Eq.(2.91) therefore can be utilized to simulate the nonlocal
polarization of QD in two steps: (1) From Jn , Hn and En−1/2 obtain En+1/2 ; (2)
n−1/2
n+1/2
From En−1/2 and En+1/2 obtain Enew and Enew and therefore Jn+1 , meanwhile,
from En+1/2 and Hn obtain Hn+1 . Note that the electric field E is synchronous
with J in Ref.[71] while it here is separated by ∆t/2. Through numerical validation,
we found that our equations are stable and effective. Moreover, they can further
be in favor of simplifying the finite-difference expression of the electric field E.
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Discrete Fourier transform

To obtain frequency-domain information, we should transform the temporal response of the finite-difference time-domain (FDTD) simulation to the frequency
domain by using a discrete Fourier transform (DFT). Assuming µ(n∆t) is the time
response of one of the six electromagnetic components calibrated from the FDTD
technique, its DFT is given by
U (N, ω) =

N
X

µ(n∆t) exp(−inω∆t),

(2.92)

n=0

where ∆t is the FDTD time interval (also called sampling interval), N is the total
time steps used in the simulation, and i2 = −1. If the signal collection time is
infinitely long (so that N goes to infinity), we can obtain its discrete-time Fourier
transform (DTFT),
U (∞, ω) =

∞
X

µ(n∆t) exp(−inω∆t),

(2.93)

n=−∞

which provides an approximation of the continuous-time Fourier transform of a
continuous-time function µ(t)
Z ∞
µ(t) exp(−iωt)dt.
(2.94)
U (ω) =
−∞

According to the Nyquist-Shannon sampling theorem, for a given bandlimited
continuous-time signal µ(t) that is uniformly sampled at a sufficient rate, there remains sufficient information in the samples that the original continuous-time signal
can be perfectly reconstructed mathematically from only those discrete samples
[111]. This holds even if all of the information in the signal between samples is
discarded. Considering the calibrated signal µ(n∆t) of the FDTD simulation as
an example, if its bandwidth is B, and the sampling interval ∆t satisfies
B∆t < 1,

(2.95)

we can reconstruct the original continuous-time signal µ(t) perfectly from the
infinite-length sequences of µ(n∆t) (n → ∞), and further obtain its Fourier spectrum whose frequency resolution is not limited. On the other hand, based upon
the condition for numerical stability
√ in three-dimensional FDTD, the sampling interval ∆t must be bigger than ∆x/ 3c, here ∆x is the grid size [71]. It is therefore
very easy to satisfy the limitation B∆t < 1 in our FDTD calculation.
However, it is impossible to collect an infinite-length sampled signal in a realistic FDTD simulation, and we can only obtain a finite-length µ(n∆t) with n ≤ N .
According to the uncertainty principle, this finite sampling time duration results in
an inadequate frequency resolution in the corresponding Fourier spectrum, which
is reciprocal to N ∆t [111]. Thus, to achieve a reasonable frequency resolution, it
is necessary to run the simulation for a sufficiently long time.
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The Padé approximation

When simulating high quality-factor cavities with the FDTD technique, many
parametric model based approaches have been proposed to alleviate the limited
frequency resolution of the discrete Fourier transform (DFT), including the Prony’s
method[112], the generalized pencil-of function method [113] and the Padé approximation [114, 115, 116]. Following the algorithm presented in [114, 115, 116], we
here briefly describe the Padé approximation.
The spectral response P (ω) of the calibrated time-domain data µ(n∆t) is generally obtained by
N
X
P (ω) =
µ(n∆t) exp(−inω∆t)
(2.96)
n=0

This P (ω) can be further represented by a sum of pole series
P (ω) = Pp (ω) + Pnp (ω),

(2.97)

where the term Pp (ω) contains all the poles of P (ω), and Pnp (ω) represents the
remainder. However, the P (ω) is obstructed by the uncertainty principle discussed
in Appendix A.
To improve the accuracy of the frequency response, the recursion-scheme diagonal Padé approximation is employed instead of the DFT to obtain the spectral
response. We assume P (ω) ≈ Pp (ω) can be approximated by a rational function
¸
·
ηN (z)
,
(2.98)
P (ω) =
θN (z) z=e−iω∆t
where N is assumed as an even number. The numerator and denominator polynomials, ηN (z) and θN (z), are given by
ηN (z) =

N
X

αn z n ,

n=0

θN (z) =

N
X

βn z n .

(2.99)

n=0

In order to obtain the unknown coefficients αn and βn , a recursion scheme is
used [116]. Two sequences ηj (z) and θj (z) are introduced, and they satisfy the
following recursion relation,
zη2j−1 (z)η̄2j−2
,
η̄2j−1
zθ2j−1 (z)η̄2j−2
θ2j (z) = θ2j−2 (z) −
,
η̄2j−1
η̄2j η2j−1 (z) − η̄2j−1 η2j (z)
,
η2j+1 (z) =
η̄2j − η̄2j−1
η2j (z) = η2j−2 (z) −
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θ2j+1 (z) =

η̄2j θ2j−1 (z) − η̄2j−1 θ2j (z)
,
η̄2j − η̄2j−1

(2.100)

where η̄j is the coefficient of the highest power of z in ηj (z), that is, z N −b(j+1)/2c .
In addition, the starting values are given by
η0 (z) =
η1 (z) =

N
X
n=0
N
−1
X

µ(n∆t)z n ,
µ(n∆t)z n ,

(2.101)

n=0

and θ0 (z) = θ1 (z) = 1.
Clearly, in Eq. (2.98), P (ω) is given by η0 (e−iω∆t )/θ0 (e−iω∆t ), whereas the Padé
approximation is ηN (e−iω∆t )/θN (e−iω∆t ). It should be stressed that the original
time-dependent FDTD output µ(n∆t) is usually decimated to result in a shorter
sequence to save the calculational burden of the Padé approximation. The total
number N of time steps in the FDTD, may therefore be larger than the N used
in Eq. (2.98).

2.3.7

Advantages and disadvantages

This auxiliary-differential-equation FDTD approach is more powerful than the
plane wave method mentioned above. It can be utilized to simulate arbitrary
quantum-dot based structures, periodic or non-periodic. Furthermore, spectra as
well as resonance modes can be obtained by using this approach.
On the other hand, our method have all the disadvantages of the original
FDTD method: (1)Calculational burden. To find the exact frequencies of excitonpolariton resonances, the total number of time steps used is generally on the order
of magnitude of 105 . (2) A discretization error is an implicit error induced by
the finite-difference approximation of Maxwell curl equations. In order to achieve
reasonable results, fine meshes therefore must be employed. Recently, a subpixel
smooth approach has been proposed to alleviate this discretization error [75].

2.4

Summary

In this chapter, we described three numerical approaches which can be employed
to simulate different kinds of active photonic materials:
(1) The extended plane-wave-based transfer-matrix method. It can be utilized
to compute the band structures and transmission spectra for photonic crystals
(PCs) with dispersive components, especially negative index materials, included in
the periodic units. This approach is very general, since it can treat PCs in arbitrary
Bravais lattices composed of materials with arbitrary dielectric permittivities and
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magnetic permeabilities. By combining with the supercell method, it can further
simulate defective PCs such as PC-based waveguides and microcavities.
(2) The plane wave method. This method can calculate the dispersion relationship of three-dimensional quantum-dot periodic structures.
(3) The auxiliary-differential-equation finite-difference time-domain approach.
The exciton-polariton resonances in quantum-dot optical devices can be simulated
by this approach. It can also calculate the spectra as well as the resonance mode
distributions.
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Chapter 3
Negative index materials (NIMs)
How can a particle go through both slits? Nobody knows, and it’s best
if you try not to think about it.
Richard P. Feynman.

3.1

Brief review

Consider light interacting with a naturally occurring homogeneous medium. This
process can be totally described by two macroscopic parameters of the medium,
that is, the electric permittivity ² and the magnetic permeability µ. It should be
stressed that these two parameters are valid only at the macroscopic level, because
a natural material is generally composed of atoms and is inhomogeneous at the
atomic or molecular length-scales. On the other hand, if the light has a wavelength
much larger than the atomic length-scales, the atomic details lose importance in describing the macroscopic response (time-averaged and spatially-averaged responses
averaged over sufficiently long times and sufficiently large spatial volumes), and
the inhomogeneous medium can be then conceptually replaced by an effective homogeneous material. Furthermore, we can define its macroscopic refractive index
n
n2 = ²µ,
(3.1)
and n determines the velocity v of light propagation inside such a material by
v = c/n.
Usually natural optical materials have positive ² and µ, and then positive n,
such as water and glass. In 1967, the Russian physicist Victor Veselago first
considered the case of a medium that had simultaneously negative ² and µ at
a given frequency and concluded that this medium should then have a negative
refractive index n [11]. It must be emphasized that, according to the KramersKrönig relations (see Appendix), a non-dispersive NIM would imply that time runs
backwards for light in the medium, and dispersionless material parameters ² < 0
or µ < 0 therefore cannot exist. Furthermore, negative ² or µ for static fields
35
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(a)

(b)

E
K

E

K

H

H

ε > 0, µ > 0

ε < 0, µ < 0

Figure 3.1: The vectors E, H and K form (a) a right-handed triad in positive-index
medium, and (b) a left-handed triad in negative-index medium.

would imply that the energy density
² 0 ² 2 µ0 µ
|E| +
|H|2 < 0,
2
2

(3.2)

which is clearly impossible. Negative ² and µ are generally induced by resonant
effects and they are necessarily dispersive and dissipative. Hence, negative ² or
µ discussed here means that its real part is negative and its imaginary part is
negligible.
Consider the Maxwell equation for a plane wave with wave vector k and angular
frequency ω,
k × E = ωµ0 µH ,
k × H = −ω²0 ²E,

(3.3)

where E and H are electric and magnetic fields. If we assume a medium with
negative ² and µ, the vectors E, H and k will then form a left-handed triad, as
shown in Fig.3.1. Therefore, such materials are also popularly termed as lefthanded materials, although this does risk a confusion with the terminology of
chiral optical materials. Furthermore, using the definition that the wave vector
k = nω/cn̂, where n̂ is the unit vector along E × H, it appears that in a NIM, the
Poynting vector S = E × H and the phase vector k, are anti-parallel. Therefore,
such materials are also named as negative-phase-velocity materials.
Many anomalous effects can exist in these materials, as pointed out by Victor
Veselago, such as a reversed Doppler shift, reversed Cerenkov radiation, negative
radiation pressure, and inverse Snell’s law of refraction [11]. Consider a system
consisting of two semi-infinite media with positive refractive index n+ and negative
refractive index n− separated by a planar interface, as shown in Fig.3.2. When a
light beam propagates inside the positive-n media and is refracted at the interface,
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z

θ+

θ−

n+

x

n−

Figure 3.2: Schematic depiction of the negative refraction at an interface between
a positive-n medium and a negative-n medium.

the refraction angle can be obtained by using Snell’s law of refraction, n+ sin θ+ =
n− sin θ− . Clearly, θ+ here has a sign opposite to that of θ− .
Based on the inverse Snell’s law of refraction in NIMs, Pendry predicted in
2000 that a thin NIM film should behave as a ”superlens”, providing image detail
with a resolution beyond the diffraction limit, to which all positive-n lenses are
subject [13]. Conventional positive-n lenses require curved surfaces to bend the
rays emanating from an object to form an image. Yet, Pendry noted that NIM
lenses are not subject to the same constraint: a planar slab of a material with
an n of −1 could also produce an image. For this lens, as shown in Fig.3.3,
diverging rays from a nearby object are negatively refracted at the first surface
of the slab, reversing their trajectory so as to converge at a focus within the
material. The rays diverge from this focus and are again negatively refracted at
the second surface, finally converging to form a second image just outside the slab.
Although it produces an image, the planar lens differs from conventional curvedsurface lenses in that it does not focus parallel rays and has a magnification that
is always unity. Due to this reason, Lakhtakia proposed the concept of nihility
where the NIM annihilates the surrounding normal material. Therefore, a more
accurate description of NIMs could be the concept of negative space [117].
Because NIMs are very difficult to find in nature, such materials remained
completely hypothetical for almost 33 years. A significant breakthrough was announced in 2000, when an artificially structured medium (namely meta-material)
displaying simultaneously negative ² and µ was fabricated by Smith and co-workers
[12]. This artificial medium combined a wire structure with a negative ² and a
split-ring-resonator structure with a negative µ in a given region of wavelength,
as shown in Fig.3.4. Because the wavelength of light is much larger than the
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ε = −1
µ = −1
n = −1





Figure 3.3: A negative-n medium bends light to a negative angle relative to the
surface normal. Light formerly diverging from a point source in the object plane
is reversed and converges back to a point. Released from the medium, the light
reaches a focus for a second time in the image plane.

characteristic length-scale of this meta-material, the light does not resolve these
individual meso-structures, and the effective homogeneous medium theory can be
employed here, that is, the response of this inhomogeneous composite medium to
applied EM fields is much like a homogeneous material, and can be characterized
by two effective parameters ² and µ, and one effective refractive index n.
Because NIMs show many anomalous properties, and many practical applications such as superlenses [13] and subwavelength optical waveguides [118], it
has become a hot topic of scientific research and debate over the past few years
[9, 10, 14, 119, 120]. The science journal included it among the ten most significant
breakthroughs of the recent years [121].

3.2

Surface polaritons of NIM media

The electromagnetic (EM) field of an object consists of two components, propagating waves and near-field evanescent waves that decay exponentially as a function
of the distance from the object. These evanescent waves carry the finest details
of the object, but their recovery by conventional positive-n lenses is minimal and
only possible at the very near field. In other words, the image formed by conventional lenses comprises only the propagating waves, and the evanescent waves are
effectively removed. Therefore, the maximum resolution in the image is not better
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Figure 3.4: Elements used for construction of the NIMs. A split-ring-resonator
structure (a) is arranged into an array (b); a straight wire structure is shown in
(c). A new element used for electric response is shown in (d). The orientation of
the external electric field is shown. This new electric particle is also arranged in a
planar array for an effective response. Reprinted from Ref.[120].

than roughly one-half of the illuminating wavelength (the diffraction limit),
∆≈

2πc
2π
=
= λ,
kmax
ω

(3.4)

where kmax is the modulus of the wave vector in free space [2].
Unlike the conventional positive-n lenses, a NIM lens can recover both the
propagating and the evanescent waves, due to the excitation of surface polaritions
(SPs) at both interfaces of this lens [13]. Lets recall that SPs are EM surface
waves propagating close to the interface separating two different media with an
amplitude that decays in an exponential fashion perpendicularly to the interface
and into both media. A simple description of the imaging process is: an evanescent
wave decaying away from an object grows exponentially in the lens; on exciting
the lens, the wave decays again until it reaches the image plane. Therefore, the
resolution limit of the planar negative-n lens is not restricted by the diffraction
limit, and only determined by how many evanescent waves from the object can
be recovered. It is for this reason that negative refraction can make a perfect lens
[13].
Because of its importance in the understanding of the superlensing phenomena,
the properties of SPs of NIM media have been intensively investigated [122, 123,
124, 125, 126]. Many different structures have been studied, including plane interfaces [122, 123], cylinders [122] and spheres [126]. In the following the dispersion
relations of SPs of semi-infinite NIM media are considered. Detailed derivations
can be found in Ref.[123].
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Consider a simple system consisting of a dielectric material with a frequencyindependent permittivity ²1 and permeability µ1 in one half-space (x < 0), and
a NIM medium with a complex ²(ω) and µ(ω) in the other half-space (x ≥ 0).
Furthermore, the free electron representation of ²(ω) and µ(ω) is employed,
ωp2
,
(3.5)
ω2
F ω2
µ(ω) = 1 − 2
,
(3.6)
ω − ω02
where ωp is the frequency of bulk longitudinal electron excitations.
Consider first the case of TE polarization (Hy , Ex , Ez ). The EM fields in the
region x < 0 are of the form
²(ω) = 1 −

H(1) = ey Aek0 x eihz ,
Ac
E(1) =
(hex + ik0 ez )ek0 x eihz ,
ω²1

(3.7)

and
H(2) = ey Be−kx eihz ,
Bc
(hex − ikez )e−kx eihz
E(2) =
ω²(ω)

(3.8)

in the region x > 0. Here ex , ey , ez are unit vectors in the x, y and z directions,
respectively. The wavevector components are given by
·
¸1/2
ω2
2
k 0 = h − ² 1 µ1 2
,
c
·
¸1/2
ω2
2
k = h − ²(ω)µ(ω) 2
.
(3.9)
c
The boundary conditions at x = 0 require the tangential components of E and
H to be continuous. This yields the surface dispersion relation
k
k0
+
= 0.
(3.10)
²(ω) ²1
In a similar way, the dispersion relation for the TM polarization (Ey , Hx , Hz ) is
k
k0
+
= 0.
µ(ω) µ1

(3.11)

For SPs the field amplitudes decay in an exponential fashion as one moves away
from the interface into both media. Therefore both k0 and k have to be real, and
from the above equations it follows that the SPs are restricted to regions in which
the following two equations hold,
ω2
h > ² 1 µ1 2 ,
c
2

h2 > ²(ω)µ(ω)

ω2
.
c2

(3.12)

3.3. NEGATIVE REFRACTION IN PHOTONIC CRYSTALS

3.3

41

Negative refraction in photonic crystals

Starting from the pioneering works of Yablonovich [90] and John [91] in 1987, the
past decades have witnessed an extended development in photonic crystals (PCs),
also known as photonic band gap (PBG) materials. The dielectric constituents
of these materials are periodically arranged in space, either in one, two, or three
dimensions, with important applications in the optical, microwave and infrared
fields [64]. One of their important properties is to mold and control the flow
and distribution of the light at the microscopic level. In the PCs, the synergetic
interplay between the microcavity resonance within each constituent and the Bragg
scattering resonance among constituents leads to the formation of the PBG, within
which no propagating electromagnetic (EM) modes are allowed.
Negative refraction effect can be taken place in PCs, that is, a propagating ray
incident on this structure appears to undergo negative refraction at the interface
[127, 128, 129, 130, 131, 132, 133, 134, 135, 136], see Fig.3.5. This effect can
usually be dismissed as a diffraction grating effect if it occurs only for certain wave
vectors. But there is a regime when this happens to all propagating waves within a
certain frequency band, referred to as all-angle negative refraction [9, 10, 128]. To
interpret the underlying mechanism, Notomi pointed out that an effective index
of refraction, in the sense of Snell’s law, may be assigned to a strongly modulated
two-dimensional (2D) PC [127]. Furthermore, this effective index could even be
negative when the corresponding dispersion relation has downward curvature, or
negative second derivative, near the Γ point. In terms of Snell’s law, a 2D PC may
therefore be approximated as a negative index homogeneous medium. Notice that
this kind of approximation is generally valid for the optical bands, while the long
wavelength approximation holds only for the acoustical band. [137, 138, 139, 140,
141, 142, 143, 144, 145, 146].
To calculate these effective refractive indices in 2D PCs, an analytic approach
has been introduced in Ref. [69]. In light of this approach, a remarkable physical
insight can be further obtained. In the following the important results will be
briefly repeated.
Consider the TM mode first. The dispersion relation ω = ωn (k), near Γ point
is determined by the following standard eigenvalue equation
· 2 2
¸
c |k|
ω2
M
+
M
X
=
X.
(3.13)
2
1
ω2
c2
Two matrixes, M1 and M2 , are given by
M1 (G, G0 ) = |G||G0 |η(G − G0 ),

(3.14)

M2 (G, G0 ) = |G||G0 |η(G)η(−G0 ),

(3.15)

respectively. The function η(G) is obtained through Fourier transforming the
inverse permittivity 1/²(r),
Z
1
1
η(G) =
exp (−iG · r) dr,
(3.16)
Vc Vc ²(r)
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Refracted beam

  

Figure 3.5: Left panel: negative-refracted beams constructed from constantfrequency contours and conservation of surface-parallel wavevectors. Thick arrows
indicate group-velocity directions, and thin arrows stand for phase-velocity directions. Right panel: diagram of refracted rays in the actual crystal. Reprinted from
Ref.[128].

where G are the reciprocal lattice vectors and the integral runs over the unit cell
with volume Vc .
Two significant features can be deduced: (1) Replacing ω 2 /c2 |k|2 by ²−1
eff −
η(0), Eq.(20) in reference [138], corresponding to the long-wavelength limit, can
be derived; (2) ω is a function of |k| instead of k, that is
ωn (k) = ωn (Γ) + f (|k|).

(3.17)

The band near the Γ point is therefore spectrally isolated, and the corresponding
EFSs are circular. Furthermore, an isotropic effective index can be defined and
used in the sense of Snell’s law. However, when two or three modes have the
same eigenfrequency, namely degenerate, the EFSs are never circular, similar to
the effective mass approximation in the electron band theory. In a semiconductor,
when degeneracy occurs, the energy surface near the band edge is never spherical,
but warped[147].
To calculate the effective index neff = ±c|k|/ω, where ± means that the EFS
increases (decreases) in radius with increasing frequency, Eq.(3.13) is rewritten as
n2eff X

=

2
−1 ω
M2 [ 2 I

c

− M1 ]X.

(3.18)

Clearly, the dependence of neff on ω is very complicated. Using the isotrope around
a nondegenerate ωn (Γ), one simple approach may be utilized: choosing an arbitrary
wave vector k close Γ, ωn (k) can be then obtained by using Eq.(3.13).
Next lets consider the TE-polarized mode. Its dispersion relation near the
Brillouin-zone center can be obtained by solving:
¸
· 2 2
ω2
c |k|
M
+
M
X
=
X,
(3.19)
4
3
ω2
c2
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with two matrixes M3 and M4
M3 (G, G0 ) = G · G0 η(G − G0 ),

(3.20)

b · G)(k
b · G0 )η(G)η(−G0 ).
M4 (G, G0 ) = (k

(3.21)

b = k/|k| is the direction of propagation. The dispersion relation near Γ
Here, k
can be then expressed as
ωn (k) = ωn (Γ) + f (k).
(3.22)
Clearly, ω is a function of wave vector k (including both modulus and propagation
direction). The optical band is then anisotropic near the Brillouin-zone center,
and so as the EFSs. Hence, an effective refractive index cannot be defined in the
sense of Snell’s law. It can be interpreted by the fact that the TE mode is strongly
affected by the inhomogeneous dielectric medium. However, if a PC possesses a
high symmetry, it is possible that we obtain a circular EFS [138].
To conclude, for an arbitrary two-dimensional PC around the nondegenerate
ωn (Γ), an effective refractive index can always be assigned to the TM mode but
not to the TE mode.

3.4

Summary

A brief review of negative-index materials was presented in this chapter. Moreover,
surface polaritons generated in these interesting media were considered, so also the
negative refraction in photonic crystals.
We have studied the photonic band structure and the corresponding transmission spectrum of a two-dimensional negative-index-material (NIM) photonic
crystal by the extended plane-wave-based transfer-matrix method. From the detailed comparison between the periodic structure and a single NIM cylindric rod,
it has been shown that due to the coupling among the surface polaritons localized
in neighboring NIM rods, many anti-crossing bands exist in this periodic structure. Moreover, a topographical continual dispersion relation is found in a part
of the NIM frequency region, accompanied by many anti-crossing bands, which
has been explained by the long-wavelength approximation. The effect of the filling
fraction of the NIM rods on the optical properties of photonic crystals has also
been studied.
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Chapter 4
Exciton polaritons of quantum
dots
4.1

Introduction

Low-dimensional nanometer-scale systems have defined a new research area in
condensed-matter physics during the last 20 years. Modern semiconductor processing techniques allow the artificial creation of quantum confinements of only
a few electrons, holes or excitons (bound pairs of conduction band electrons and
valence band holes) in all three spatial directions. Such finite systems, named
quantum dots (QDs), have much in common with atoms, yet they are man-made
structures, designed and fabricated in the laboratory. It is for this reason that
QDs are also called ”artificial atoms” or ”designer atoms”.
Due to the strong confinement induced by its zero dimension, a QD generally
has a discrete quantized energy spectrum as well as spatially localized wave functions. Moreover, QDs have a sharper density of states than higher-dimensional
structures. In addition, by controlling the geometrical size and shape, their properties are relatively easy to be engineered. Therefore, QDs have many superior
electronic and optical properties, and many important applications: (1) they can
operate as a single-electron transistor and show the Coulomb blockade effect; (2)
they have been suggested as implementations of qubits for quantum information
processing; (3) due to the high quantum yield, they can be employed in diode lasers,
amplifiers, active waveguides and biological sensors [15, 16, 17, 18, 19, 20, 21].

4.2

Exciton polaritons

An exciton is a bound state of a conduction band electron and a valence band
hole in a semiconductor. One of its formation processes is: An electron is excited
first by a photon from the valence band into the conduction band. It is further
attracted by the Coulomb force of the missing electron (hole) in the valence band.
Because the exciton results from the binding of the electron with its hole, its energy
45
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is then slightly smaller than that of the unbound electron and hole.
An exciton polariton is the basic optical excitation of any semiconductor system, resulting from the mixing of a photon with an exciton. Exciton states are
always coupled to the EM field via the linear radiation-matter interaction Hamiltonian. Exciton polaritons are therefore the resulting eigenmodes of the Maxwell
equation coupled to the material equations describing the excitons in a semiconductor structure [106].
The theory of exciton polaritons of a QD has been described in Ref.[66]. The
main results are repeated here.
Consider a QD composed of a quantum-well material embedded in a barrier
material. In the absence of external fields, the exciton composed of a conductionband electron re and a valence-band hole rh is described by a Hamiltonian of the
form
~2 ∇2e
~2 ∇2h
e2
H0 = −
+ U (re ) −
+ U (rh ) −
(4.1)
2m0
2m0
4π²|re − rh |
where U (re ) and U (rh ) are the lattice potentials for the electron and hole and ²
is the dielectric constant. Here we neglect the difference between the dielectric
constants of the quantum barrier and well materials. Due to the Coulomb interaction between the electron and the hole, we construct the exciton eigenstate from
a linear combination of electron and hole states
X
AnK (ke , kh )ψke (re )ψkh (rh )
(4.2)
ΨnK (re , rh ) =
ke ,kh

where K = ke + kh is the total wave vector of exciton state n, ψke (re ) and ψkh (rh )
are single-particle wavefunctions of the conduction-band electron and valence-band
hole,
1
1
(4.3)
ψke (re ) = √ eike ·re uc (re ) , ψkh (rh ) = √ eikh ·rh uv (rh )
N
N
according to the Bloch’s theorem, where N is the number of lattice cells of the
crystal so that uc (re ) and uv (rh ) are normalized per lattice cell. We have neglected
the contributions from other remote bands which is valid for the most commonly
used semiconductor materials.
Neglecting the exchange interaction between the electron and the hole, it was
shown [148, 149]
¸
·
e2
+ Vc (re ) + Vv (rh ) ψnK (re , rh ) = EψnK (re , rh )
Ec (−i∇e ) − Ev (−i∇h ) −
4π²|re − rh |
1 X
ψnK (re , rh ) =
AnK (ke , kh )ei(ke ·re +kh ·rh )
(4.4)
Ω k ,k
e

h

where Ω is the volume of the system, Vc (re ) and Vv (rh ) are additional confinement
potentials for electrons and holes in the QDs. Ec (−i∇e ) and Ev (−i∇h ) are the
expressions obtained by replacing ke and kh in the single-particle conduction- and
valence-band energies Ec (ke ) and Ev (kh ) by −i∇e and −i∇h , respectively.
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For an optical absorption process in which an allowed electric dipole transition creates an exciton ΨnK from a filled valence band, the wave function of the
initial state is simply unity, which is denoted by Ψ0 in the formalism of second
quantization. We express
|Ψke ,kh (re , rh )i ≡ ψke (re )ψkh (rh ) = αk+e βk+h |Ψ0 (re , rh )i

(4.5)

in which an electron has been raised to the conduction band at ke , leaving a hole
in the valence band at kh . The exciton state can now be written as
X
X
|ΨnK (re , rh )i =
|Ψke ,kh ihΨke ,kh |ΨnK i =
AnK (ke , kh )αk+e βk+h |Ψ0 i (4.6)
ke ,kh

ke ,kh

The first-order perturbative Hamiltonian is
Z
V = d(r) · E(r, t)dr

(4.7)

where d(r) is the dipole-moment operator of the exciton
d(r) = −ere δ(r − re ) + erh δ(r − rh )

(4.8)

We express the time-dependent wave function
|re , rh , ti = |Ψ0 (re , rh )i + c(t)|ΨnK (re , rh , t)i

(4.9)

where ~ωnK = hΨnK |H0 |ΨnK i is the exciton energy, hΨ0 |H0 |Ψ0 i = 0 is the energy
of the ground state (the filled valence band). ΨnK (re , rh , t) = ΨnK (re , rh )e−iωnK t .
By inserting Eq. (4.9) into the time-dependent Schrödinger equation
i~

∂
|re , rh , ti = (H0 + V )|re , rh , ti
∂t

(4.10)

we obtain directly
dc(t)
1
i~
= hΨnK (re , rh )|
dt
2

Z
d(r) · E(r)dr|Ψ0 (re , rh )i ei(ωnK −ω+iγ)t

(4.11)

where we have neglected the term corresponding to the less-likely photon emission
during the creation process of the exciton and expressed the optical radiation as
E(r, t) = E(r) cos (ωt), ~ω is the photon energy. The nonradiative damping rate
γ of the excitonic state has also been added. Notice that
Z
hΨnK (re , rh )| d(r) · E(r)dr|ΨnK (re , rh )i = 0
(4.12)
due to the symmetry consideration. At steady state of t = ∞,
Z
1
c(∞) =
hΨnK (re , rh )| d(r) · E(r)dr|Ψ0 (re , rh )i
2~(ωnK − ω + iγ)

(4.13)
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The excitonic contribution to the dielectric polarization is given by

PnK (r) = hre , rh , ∞|d(r)|re , rh , ∞i = hΨnK (re , rh )|d(r)|Ψ0 (re , rh )ic∗ (∞) + c.c.
(4.14)
Since hΨnK (re , rh )|pe |Ψ0 (re , rh )i = iωnK m0 hΨnK (re , rh )|re |Ψ0 (re , rh )i, where
m0 is the free electron mass, the dipole moment becomes
−i
hΨnK (re , rh )|pe · E(re )|Ψ0 (re , rh )i
ωnK m0
(4.15)
By expressing the momentum operator as
X
pe =
αk+e βk+h hψke (re )|pe |ψkh (rh )iδre ,rh
(4.16)

hΨnK (re , rh )|re · E(re )|Ψ0 (re , rh )i =

ke ,kh

and by Eq. (4.5), the matrix element of the momentum is
X
A∗nK (ke , kh )hψke (re )|pe |ψkh (rh )i·E(r)δre ,rh
hΨnK (re , rh )|pe ·E(re )|Ψ0 (re , rh )i =
ke ,kh

where
hΨ0 |

X
0
k0e ,kh

αk0e βk0

h

X

(4.17)
αk+e βk+h |Ψ0 i =

ke ,kh

X

(4.18)

ke ,kh

For the spatial variation of the excitation field is small, e.g., E(r) = Eq eiq·r
with small q, it is then easy to show that the matrix element becomes
Z
Z
∗
hΨnK (re , rh )| pe · E(re )dr|Ψ0 (re , rh )i = ψnK
(r, r)pcv · E(r)dr
(4.19)
when pcv = huc (r)|p|uv (r)i, referred as the dipole momentum between conduction
and valence bands, is approximated as constant over the range of k involved. Here
ψnK (re , rh ) is the exciton envelop function determined by Eqs. (4.4).
Similarly
hΨnK (re , rh )|d(r)|Ψ0 (re , rh )i =
so that
e2 pcv
ψnK (r, r)
PnK (r) =
2
m20
2~(ωnK − ω + iγ)ωnK

iepcv
ψnK (r, r)
ωnK m0

(4.20)

Z
∗
ψnK
(r0 , r0 )pcv · E(r0 )dr0 + c.c.

(4.21)

We further define
² ωLT πa3B (ω0 − ω)
4π²~2
e2 p2cv
mc mv
3
,
T
(ω)
=
, aB =
=
,
²
ω
a
LT B
mc + mv
µe2
π~ω02 m20
(ω0 − ω)2 + γ 2
(4.22)
where mc and mv are electron and hole effective masses so that µ is the reduced
effective mass of exciton. aB and ωLT are exciton Bohr radius and longitudinaltransverse splitting.
µ=
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Summary

In this chapter, I briefly reviewed the exciton polaritons of semiconductor quantum
dots (QDs). My contributions in this area are the following:
(1) We performed nonlocal investigations about exciton-photon couplings in
three-dimensional QD photonic crystals and a complete photonic band gap has
been found in the band structure of a diamond lattice. The width of such a
band gap can be broadened by increasing the filling ratio of the QDs (increasing
the QD radius or/and decreasing the lattice constant of the photonic crystal).
By decomposing the diamond lattice into two interlacing face-centered-cubic (fcc)
sublattices, we found that by significantly modifying the QD radius in one fcc
sublattice (the diamond lattice therefore changed to the zinkblende lattice), the
band structure of the new zinkblende lattice became the sum of two individual fcc
sublattices. However, a huge exciton-photon coupling is observed near the band
gaps of the two individual fcc sublattices when the radii of the QDs in the two fcc
sublattices approach each other, resulting in a complete band gap of the diamond
structure.
(2) An auxiliary-differential-equation, finite-difference, time-domain approach
was introduced for the first time to simulate exciton-polariton resonances in arbitrary QD based optical devices. Furthermore, we employed this approach to study
the effect of the period of QD arrays. Because of the generation of exciton polaritons, the QD arrays are shown to significantly manipulate light with a wavelength
around the ground-state exciton resonance of the constituent QDs. The optical
properties of a single-layer QD array is found to be largely determined by the Mie
resonance of the constituent QDs. On the other hand, the optical properties of
double-layer QD arrays is characterized by the quasi-dipoles formed by two QDs
positioned in each of the two layers.
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Chapter 5
Surface plasmon polaritons in
metallic structures
A plasmon is a quasiparticle resulting from the quantization of plasma oscillations,
which are density waves of the charged carriers in a conducting medium such as
a metal or a doped semiconductor. Surface plasmons, i.e., plasmons confined
to surfaces, interact strongly with light, resulting in a polariton, called surface
plasmon polariton (SPP). SPPs occur and propagate in a wave-like fashion at
the interface between a material with a negative permittivity, usually a metal or
doped dielectric, and a dielectric material with a positive permittivity, where the
free electrons in the negative-permittivity medium are collectively moving back
and forth.
Because of its pure imaginary wave vector in the normal-to-the-interface direction, the amplitude of an SPP decays exponentially with increasing distance
into each medium from the interface (see Fig.5.1), which means that the SPP is
bound to the interface. This feature provides us with an opportunity to confine
light to subwavelength structures. It is this field confinement that leads to the
enhancement of the EM field at the interface, which in turn results in the extraordinary sensitive dependence of the SPP properties on the surface conditions. This
induces many surface-enhanced optical phenomena such as enhanced Raman scattering, which has been used by biochemists to detect the presence of a molecule
on a surface, second harmonic generation, and SP-enhanced fluorescence. Moreover, SPP has been considered as a potential means of transmitting information on
computer chips, since the plasmons propagate considerably faster than electrons
and can be channeled with conductive paths similar to those on existing chips.
In addition, SSPs have both the capacity of photonics and the miniaturization of
electronics. They create the ability to combine the superior technical advantages
of photonics and electronics on the same chip [4].
SPPs have been studied since the turn of the last century. In the 1940’s Fano
studied SPPs at optical frequencies in an attempt to explain the Wood’s anomalies in metal diffraction gratings. Following the exciting work of Ritchie [22] in
1957 and Stern and Ferrell in 1960, SPPs have been widely recognized in the field
51
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Figure 5.1: Surface plasmon polaritons at the interface between a metal and a
dielectric material have a combined electromagnetic wave and surface charge character as shown in (1). They are transverse magnetic in character (H is in the y
direction), and the generation of surface charge requires an electric field normal
to the surface. This combined character also leads to the field component perpendicular to the surface being enhanced near the surface and decaying exponentially
with distance away from it (b). (c) The dispersion curve for a surface plasmon
polariton mode shows the momentum mismatch. Reprinted from Ref.[177]

of surface science. In the past few years, the rapid improvement and the better availability of nanofabrication techniques such as electron-beam lithography,
ion-beam milling and self-assembly, together with modern nanocharacterization
techniques including dark-field and near-field optical microscopies, and the emergence of a growing number of specific theories, models and quantitative numerical
simulation tools, have lead to a resurgence of interest in this field. Many different dielectric and metallic nanostructures have been designed and fabricated, such
as nano-wires[23], nanoparticle chains [24], metal strips, and nanoshells. These
structures have the potential applications for creating subwavelength optical devices (such as plasmonic lenses [25, 26, 27, 28], nano optical beamsplitters [29],
surface plasmonic waveguides [24, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42],
plasmonic light sources [43, 44, 45, 46, 47], and some active plasmonic devices
[48, 49, 50, 51, 52, 53, 54, 55]). They then enable the miniaturization of optical
components to size dimensions of their electronic counterparts in the sub-100-nmsize region as well as the direct integration of the optical components with microand nanoscale electronic systems [4, 5, 6, 7, 56].

5.1

Dispersion relationship of surface plasmon
polaritons

The dispersion relationship of an SPP at a dielectric-metal interface is described
by Maxwell equations. Consider a simple system consisting of a dielectric material
with a positive permittivity ²d in one half-space (z < 0), and a metal with a
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complex dielectric function ²metal in the other half-space (z ≥ 0). The dispersion
relationship of a transverse magnetic (TM) EM wave that propagates along the
interface (z = 0) of this structure is given by
·
¸1/2
²d ²metal
ω
ksp =
,
(5.1)
c ²d + ²metal
where ω is the frequency of the EM wave, and c is the speed of light in vacuum.
This equation shows that the square root is larger than one when the frequencydependent ²metal has the opposite sign to ²d . On the other hand, due to the fact
that the magnetic properties of dielectrics and metals are both positive and equal
to one, SPPs cannot exist under a transverse electric (TE) excitation wave [3].

5.2

Optical excitation of surface plasmon polaritons

In order to excite a SPP by a TM polarized light incident on a planar metal surface
from the adjacent dielectric medium, momentum conservation must be satisfied so
that the component of the wave vector of the incident light parallel to the surface
k|| equals to the SPP wave vector ksp . However, as shown in Fig.5.1(c),
ksp > k||

(5.2)

so that light illuminating a negative-permittivity material surface through a positivepermittivity dielectric medium cannot directly couple to SPPs, and special experimental arrangements must be designed to provide the necessary momentum conservation [3]. To match the momenta, we can choose one of three principal techniques.
The first technique uses a prism and total internal reflection (Kretschmann [150]
and Otto [151] configurations), which are widely used today in surface characterization and measurement of optical constants of metals. The second one involves
field scattering from topological defect-like small holes in a thin film. The third
technique makes use of periodic corrugations in the metal surface, where the periodicity of the structure leads to quasiphase matching, i.e., the wave vector of an
excited SPP wave can be written as
2π
2π
(5.3)
Ksp = K|| + p ux + q uy ,
Lx
Ly
where ux and uy are the unit reciprocal lattice vectors of the periodic corrugation,
Lx and Ly are the primitive lattice constants, and p and q are integer numbers
determining the SPP propagation direction [152].
In Fig.5.2, we numerically simulate the SPP excitation in the Kretschmann
configuration by using the finite-difference time-domain method. A thin silver
metal film having a thickness of 50 nm is illuminated through a dielectric prism
(glass with a relative permittivity of 2.25) at an angle of incidence greater than the
critical angle of total internal reflection. The illuminating plane wave is excited
along the y direction at y = 0.
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Figure 5.2: Excitation of SPPs in the Kretschmann configuration. The vacuum
wavelength of the incident electromagnetic wave is 800 nm. The plot shows the
spatial distribution of the amplitude of electric field at a time of 9.63 fs after the
injection of the incident wave at y = 0 along the y direction.

5.3

Localized plasmon resonances in metallic nanoparticles

The optical properties of metal nanoparticles show striking differences with respect
to the ones of metallic bulk and thin films because of the excitation of localized
plasmon resonances around the surfaces. One of the major difference is that the
resonant wavelength of a metal nanoparticle can be tuned by changing its geometry
shape. This property was adopted by the ancient people to fabricate the colorized
glass windows and ceramic pottery. The Lycurgus cup (Byzantine empire, the
fourth century AD) shown in Fig. 5.3, is one of the most-cited masterpieces. Because of the small gold nanoparticles embedded in the glass, the cup displays a
striking red color when being viewed in transmitted light, while it shows green in
reflection configuration.
The fundamental physical mechanism of resonant EM behavior of metal nanoparticles is the confinement of the conduction electrons to the small three-dimensional
volume of the particle. For a particle with a diameter d which is far less than the
wavelength λ of the incident light, namely d ¿ λ, the conduction electrons inside the particle move all in phase upon light excitation, leading to the buildup
of polarization charges on the particle surface. These charges act as an effective
restoring force, and result in a resonance occurring at a specific frequency, namely
the particle dipole plasmon frequency. Thus, a resonantly enhanced field builds up
inside the particle, which in the small particle limit is homogeneous throughout
its volume, producing a dipolar field outside the particle. This leads to an enhanced absorption and scattering cross section for EM waves, as well as a strongly
enhanced near field in the close vicinity of the nanoparticle surface. It is this reso-
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Figure 5.3: The Lycurgus glass cup (Byzantine empire) shows the bright red color
of gold nanoparticles via transmitted light, and the green color via reflected light.
(the British museum)

nantly enhanced near field from which most of the promising applications of metal
nanoparticles stem [7].
There has been a tremendous progress in the fabrication and functionlization of solid metallic nanoparticles, and many kinds of nanoscale structures have
been fabricated including triangular prisms [153], cubes [154], disks [155], rods
[156], wires [157], and nanoshells [158, 159]. Among them, metallic nanoshells are
maybe the most interesting ones and useful for developing nanoparticle structure
[57, 66, 160, 161, 162, 163, 164, 165, 166]. It consists of a spherical dielectric
core surrounded by an ultrathin conducting metallic shell, see Fig. 5.4(a). More
recently, this geometry has been extended into multilayered concentric nanoshells
that show far more complex hybridized resonances whose spectral profiles span
from the infrared spectrum to thermal wavelengths [166].
The EM response of nanoshell obeys quantitatively the classical Mie scattering theory [59], with an additional contribution to the plasmon linewidth from
the electron scattering at the inner and outer interfaces of the shell layer [161].
By varying the composition and dimensions of the layers of the nanoparticles,
nanoshells can be designed and fabricated with plasmon resonances from the visible to the infrared regions of the spectrum, and the magnitude of the local EM
field at the surface can also be properly manipulated. Fig. 5.4 (b) shows the relationships between the total scattering cross section and the wavelength of three
types of Au (gold) nanoshells. Moreover, the plasmon resonance is very sensitive
to the local chemical environment of the interface, leading to the possibility of sen-
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Figure 5.4: (a) Schematic metal nanoshell geometry. (b) The dependence of the
total scattering cross section of a gold nanoshell on the radius r of the dielectric
core. The thickness t of the gold shell is fixed as 2 nm, and the dielectric constant
of the dielectric core is 5.44.

sitive optically based chemical detectors. Therefore, this structure is important in
surface-enhanced Raman scattering (SERS) and surface nonlinear processes [167].
In fact, it has demonstrated that strong SERS, at least by an enhancement factor
of 1010 , is very possible [162]. Because metal nanoshells can be easily tuned to
have strong scattering or absorption properties in the near infrared regions where
light penetration through tissue is optimal, they have already had many biomedical
applications such as confocal imaging, iridotomy, and photothermal coagulation
[160, 168].

5.4

Surface plasmon polaritons in subwavelength
hole arrays

In 1998 Ebbesen et al. reported an experiment in which light was shone through
subwavelength hole arrays in a silver film [83]. The holes had a diameter d between
150 nm and 1000 nm and a spacing L about 600-1800 nm. Fig.5.5 shows the zerothorder transmission spectrum obtained from a near-infrared spectrometer. The peak
at 326 nm corresponds to the normal bulk silver plasmon. More interesting are the
high transmission peaks when the wavelength of the light is larger than L. The
maximal transmitted intensity occurs at 1370 nm, almost ten times the diameter
of an individual hole in the array. The transmission efficiency of light with such a
wavelength was believed to be orders of magnitude higher than that predicted by
standard aperture theory [169] (however, as pointed out recently [170, 171, 172],
this theory is not suitable here, because it holds only for perfect-electric-conductormodal (PEC) metals, and the optical properties of PECs are very different from
that of real metals [173]).
Because of many potential applications such as near-field microscopy and flat-
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Figure 5.5: (a) Schematic drawing of a free-standing metal film perforated with
a square array of square air holes. h is the thickness of the metal film, the hole
has a square cross section of a × a, and the square array has a period of L. (b)
Zeroth-order transmission spectrum of a subwavelength hole array in a silver film.
Here, the hole diameter is 150 nm, the silver film thickness h is 200 nm, and the
period L is 900 nm. Reprinted from Ref.[83].

panel displays and the misleading efficient transmission mentioned above, Ebbesen’s work has sparked a wealth of research activities experimentally [174, 175, 176,
177] as well as theoretically [63, 152, 173, 178, 179, 180, 181, 182, 183, 184, 185].
Furthermore, various complicated structures have been proposed, such as aperiodic
arrays of subwavelength apertures [174] and arrays of dielectric spheres embedded
in metal films [186].
In attempts to understand the underlying physical mechanisms, partially because the subwavelength structures are subjected to variable parameters like the
thickness of the metal film and the shape of the hole, many reasonable explanations about Ebbesen’s experiments have been presented. A far-from-complete list
of these explanations includes: (1) resonant excitation of surface plasmon polaritons at the metal surface [63, 152, 173, 178, 179, 180, 181, 182, 183, 184, 185],
which is most widely-held; (2) the appearance of localized waveguide resonances
[187]; (3) the dependence of the resonances on the hole geometric shape (shape
resonance) [176]; and (4) the interference of diffracted evanescent waves generated
by subwavelength features at the surface [170, 171, 172].

5.5

Summary

A brief review about the concept of surface plasmon polaritons (SPPs) was given
in this chapter, including history and recent developments. Furthermore, optical
properties of metallic nano particles as well as subwavelength hole arrays in thin
metal films were discussed.
The following results have been obtained from the works presented in this
thesis:
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(1) We theoretically analyzed the generation of SPPs at the external surfaces
of metal-film-coated semiconductor quantum dots (QDs) in order to explore the
field enhancement useful for multi-photon imaging. It is shown that the creation
of the SPPs greatly modifies the electromagnetic (EM) field distribution around
the QDs. For CdS QDs we found an optimal condition for creation of SPPs when
the metal thickness amounts approximately to 10 percent of the QD radius. The
metal-film-induced enhancement of the EM field intensity inside the QD greatly
stimulates the multiphoton absorption process and the subsequent luminescence
of the QDs.
(2) We studied the enhanced EM field transmissions through subwavelength
hole arrays in metal thin films, with different hole sizes and metal-film thicknesses,
by analyzing the near-field distribution at the specific resonant frequencies as well
as the corresponding Fourier spectra. Due to the scattering by the holes, high-order
SPP Bloch waves are found to focus the EM energy into the hole area, leading
to the enhanced resonance transmission. The magnitude and bandwidth of the
resonance transmission are determined partially by the number of the SPP waves
that contribute to the focusing effect. Furthermore, an interesting “quantization
effect” has been observed in the Fourier spectrum of the field distribution: The
wave vectors of the SPP waves that contribute to the focusing effect are quantized
as functions of the geometric shape of the holes. Every detail of the subwavelength
hole array structure, including the hole geometrical size, the period of the hole
array, the polarization of the incident EM wave, the material properties and the
thickness of the metal film, determines the SPP waves collectively and selectively
to maximize the localization of the electromagnetic energy inside the hole, i.e., the
energy “focusing” process.

Chapter 6
Overview and Perspective
In Nature’s infinite book of secrecy/ A little I can read.
William Shakespeare, Anthoney and Cleopatra.

Totally six papers are included in this thesis. Generally, they can be grouped
into three parts: (1) An extended plane-wave-based transfer-matrix method is introduced (Paper I) to investigate two-dimensional photonic crystals composed of
negative-index-material (NIM) cylindric rods (Paper II); (2) Two approaches, the
plane-wave expansion approach (Paper III) and the general auxiliary-differentialequation finite-difference time-domain approach (Paper IV), are utilized to study
the exciton polaritons of quantum dot periodic structures; (3) The effect of surface plasmon polaritons in metallic nanoshells (Paper V) and metal-thin-film subwavelength hole arrays (Paper VI) have been studied.
Part I: In Paper I, an extended plane-wave-based transfer-matrix method is
introduced to compute the band structures and transmission spectra for photonic
crystals (PCs) with dispersive components, especially magnetic and left-handed
materials, included in the periodic units. This approach is very general, since it
can treat PCs in arbitrary Bravais lattices composed of materials with arbitrary
dielectric permittivities and magnetic permeabilities. By combining with the supercell method, this method can further simulate defective PCs such as PC-based
waveguides and microcavities. A detailed derivation of this approach is presented
in this paper, as well as two examples including two dimensional magnetic PCs
and left-handed PCs.
In Paper II, we have studied the photonic band structure and the corresponding
transmission spectrum of a two-dimensional NIM PC, using the extended planewave-based transfer-matrix method described in Paper I. From the detailed comparisons between the periodic structure and a single NIM cylindric rod, it has
been shown that due to the coupling among the surface polaritons localized in the
neighboring NIM rods, many anti-crossing bands exist in the NIM periodic structure. Moreover, a topographical continual dispersion relation is found in part of
the NIM frequency region, accompanied by many anti-crossing bands, something
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that was explained by the long-wavelength approximation. The effect of the filling
fraction of the NIM rods on the optical properties of the PCs were also studied.
Part II: In Paper III, nonlocal investigations have been performed on excitonphoton couplings in three-dimensional quantum-dot (QD) PCs and a complete
photonic band gap has been found in the band structure of a diamond lattice.
The width of such a band gap can be broadened by increasing the filling ratio of
the QDs (increasing the QD radius or/and decreasing the lattice constant of the
PC). By decomposing the diamond lattice into two interlacing face-centered-cubic
(fcc) sublattices, we have found that by significantly modifying the QD radius in
one fcc sublattice (the diamond lattice therefore changed to the zinkblende lattice),
the band structure of the zinkblende lattice become in principle the sum of two
individual fcc sublattices. However, a huge exciton-photon coupling is observed
near the band gaps of the two individual fcc sublattices when the radii of the QDs
in the two fcc sublattices approach each other, resulting in a complete band gap
of the diamond structure.
In Paper IV, a general auxiliary-differential-equation finite-difference timedomain approach is utilized to study the exciton-polariton resonances in QD based
nano-size optical devices. This method can be employed to calculate the spectra
as well as the resonance mode distributions of the optical devices. In this paper,
we considered the optical properties of QD arrays. The effect of the period of the
array is studied. Furthermore, the optical properties of a single-layer QD array is
found to be largely determined by the Mie resonance of its constituent QD. On
the other hand, the optical properties of a double-layer QD array is characterized
by the quasi-dipole formed by two QDs coming from two layers, respectively.
Part III: In Paper V, we have theoretically analyzed the creation of surface
plasmon polaritons (SPPs) at the external surfaces of metal-film-coated semiconductor QDs in order to explore the field enhancement useful for multi-photon
imaging. It is shown that the creation of the SPPs greatly modifies the electromagnetic (EM) field distribution around the QD. For CdS QDs we find an optimal
condition for creation of SPPs when the metal thickness amounts approximately
to 10 percent of the QD radius. The metal-film-induced enhancement of the EM
field intensity inside the QD greatly stimulates the multiphoton absorption process and the subsequent luminescence of the QDs. We believe this is of relevance
in bioimaging applications of QDs as luminescent labels, as the necessary field
enhancements for multiphoton absorption is obtained without any added risk of
laser damage of the specimen.
In Paper VI, we have studied the enhanced EM field transmissions through
subwavelength hole arrays in thin metal films, with different hole sizes and metalfilm thicknesses, by analyzing the near-field distribution at the specific resonant
frequencies as well as the corresponding Fourier spectra. Due to the scattering by
the holes, high-order SPP Bloch waves are found to focus the EM energy into the
hole area, leading to the enhanced resonance transmission. The magnitude and
bandwidth of the resonance transmission are determined partially by the number
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of SPP waves that contribute to the focusing effect. Furthermore, an interesting
“quantization effect” has been observed in the Fourier spectrum of the field distribution: The wave vectors of the SPP waves that contribute to the focusing effect
are quantized as functions of the geometric shape of the holes.
Perspective While substantial progress has been made on the investigation of
active photonic materials, a number of problems remain, which will be exploited
in the near future. More specifically,
(1) Metallic split ring resonators are the elements typically used to fabricate
artificial negative-index materials. However, the natural losses in metals, induced
by the movement of free electrons in the metals, will absorb the incident light to
degrade the optical response of negative-index materials. To overcome this limitation, we need to consider different paradigms in the design of negative-index
materials. Very recently, chiral media have been suggested to alleviate this problem [188, 189]. Another possible method is utilizing quantum effects. For instance,
by means of quantum interference effects similar to electromagnetically induced
transparency, negative refraction with minimal absorption has been proposed recently by Kästel et al. [190]. Since the natural losses of semiconductors can be
very small, the quantum effects of semiconductor nanocrystals, quantum dots for
example, may be a potential method to realize negative refraction with low loss.
(2) Up to now, the numerical simulations of quantum-dot optical devices are
only based on semiclassical linear response theory. To include more complex optical
phenomena, more accurate theories must be developed. For instance, optical Bloch
equations can be employed to treat the classical light (described by Maxwell equations) and quantum dot (described by time-dependent Schrödinger equation) interaction. We therefore need to solve Maxwell equations and Schrödinger equation
self-consistently. One possible numerical algorithm for that is the finite-different
time-domain method.
(3) Metallic nanostructures are expected to provide one of the most promising
means to fabricate the next-generation photon-electron mixed integrated circuits.
However, as happens in artificial negative-index materials, the intrinsic losses of the
metal will degrade and limit their applications. On the other hand, the macroscopic
bulk permittivity of metals will no longer be valid when the characteristic size of the
metallic particle is only several nanometers. We then need a more accurate theory,
like density-functional theory, for example, to describe the optical properties.
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Chapter 7
Appendix: Basic concepts
included in this thesis
There are many basic concepts and formulas mentioned in this thesis. They are
so popular that one can find them from many textbooks on university physics, for
example, Ref.[2]. Therefore, I just list them here, plus brief explanations.

7.1

Maxwell equations

A rational theory for the propagation of light, combining for the first time a unified
treatment of electric field and magnetic fields, was developed by James Clerk
Maxwell in the 1860s. Maxwell equations are a set of four individual equations for
the electric and magnetic intensity field E and H and the electric and magnetic
induction fields D and B.
(1) The first equation describes Gauss’law for electricity, whose integral and
differential forms are
Z
I
D · dS =
ρdV ⇐⇒ ∇ · D = ρ,
(7.1)
V

S

which states the fact that the surface integral of D over any closed surface S is
proportional to the enclosed charge ρ.
(2) The second one describes Gauss’ law for magnetism,
I
B · dS = 0 ⇐⇒ ∇ · B = 0,
(7.2)
S

which states that the integral of B over any closed surface is zero. This is the
mathematical expression of the fact that no magnetic monopoles have ever been
discovered.
(3) The third one describes Faraday’s law of induction,
I
Z
∂B
∂B
E · dl = −
· dS ⇐⇒ ∇ × E = −
,
(7.3)
∂t
C
S ∂t
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which expresses that the line integral of E over any closed path C is proportional
to the rate of change of B in the enclosed region.
(4) The last one describes Ampere’s law,
I
Z
Z
∂D
∂D
H · dl =
· dS + j · dS ⇐⇒ ∇ × H =
+ j,
(7.4)
∂t
C
S ∂t
S
which states that the line integral of H over any closed path is proportional to the
rate of change of D and electric current j in the enclosed region.

7.2

Conservation laws

Two conservation laws can be further derived from Maxwell equation, that is,
(1) The conservation of charge: Adding the time derivative of Eq.(7.1) and
the divergence of Eq.(7.4), we find
Z
Z
∂ρ
∂
ρdV = − j · dS ⇐⇒
+ ∇ · j = 0,
(7.5)
∂t V
∂t
S
which expresses the fact that an increase or decrease of charge in a given volume
V with enclosing surface S is effected by the transport of charge, namely electric
current, through the boundaries of V .
(2) The conservation of energy, also called Poynting’s theorem after John
Henry Poynting. Its differential form is generally written as
∇ · (E × H) + E ·

∂D
∂B
+H·
+ j · E = 0,
∂t
∂t

(7.6)

which can be easily derived from the Faraday’s and Ampere’s laws. Here the
second term is the power consumed for the buildup of electric field, the third term
is the power consumed for the buildup of magnetic field and the last term is the
power consumed by the Lorentz force acting on charge carriers.
If we further assume D = ²E and B = µH, with time-independent ² and µ,
the above equation is then simplified as
∇·S+

∂u
+ j · E = 0,
∂t

(7.7)

where S = E × H is the Poynting vector representing the flow of energy, and
u = [E · D + H · B]/2 is the energy density. The underlying physics of this
equation can be easily found from its integral form,
Z
I
Z
∂
udV,
(7.8)
S · dS +
j · EdV = −
∂t V
S
V
which says, for a given volume V with enclosing surface S, the energy inside varies
in two ways, the transport of energy and the total work done by the electromagnetic
field on the electronics. It should stress here that the magnetic field does no work.
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Boundary conditions at a surface of discontinuity

The vector D at a surface of discontinuity should satisfy
n · (D1 − D2 ) = ρ,

(7.9)

where ρ is the surface charge density, and n is the unit normal vector. It states
that, in the presence of the surface charge density ρ, the normal component of D
changes abruptly across the surface.
For the vector B, it should satisfy
n · (B1 − B2 ) = 0,

(7.10)

that is, the normal component of B is continuous across the surface of discontinuity.
For the vector E, it satisfies
n × (E1 − E2 ) = 0,

(7.11)

that is, the tangential component of E is continuous across the surface.
Finally, the vector H satisfies
n × (E1 − E2 ) = j,

(7.12)

where j is the surface current density. It expresses that , in the presence of a surface
current density j, the tangential component of the vector H changes abruptly.

7.4

Linear medium

The fields in Maxwell equations, that is, the vector fields E, H, D and B, are
related through constitutive relations
B = µµ0 H ,
D = ²0 E + P,

(7.13)

where µ0 = 4π × 10−7 (henrys/meter) is the free-space magnetic permeability, µ is
the relative permeability, and ²0 = 8.854 × 10−12 (farads/meter) is the free-space
electric permittivity. P is called the polarization.
When light propagates in a dielectric medium, the electric field causes distortion in the atomic structure, creating local dipole moments, and thereby induces
a polarization field P. In general, P is dependent on time history, spatial inhomogeneous, medium density fluctuations, and field intensity of the incident light.
For small to moderate values of the electric field amplitude, and when they are no
resonances between the electric field and the medium, P is linear in E, and the
medium is then called linear medium.
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In the simplest case when the medium is isotropic and responds instantaneously
to the electric field, P relates to E in the following way,
P = ²0 χE,

(7.14)

where χ is the electric susceptibility. The electric induction fields D is therefore
also linear in E,
D = ²0 E + P = ²0 (1 + χ)E = ²0 ²E,
(7.15)
where ² is called the relative permittivity.
For a light propagates in a nonmagnetic medium, the electric field E is described
by
∂
∂2D
∇ × ∇ × E = − (∇ × B) = −µ0 2 .
(7.16)
∂t
∂t
If the medium is further a linear medium, the above general propagation equation
can be simplified as
n2 ∂E
∇2 E = 2
,
(7.17)
c ∂t
where we used the relation ∇ × ∇ × E = ∇(∇ · E) − ∇2 E and further ∇ · E =
∇ · D/²0 ² = 0. In addition, the dimensionless n, which is defined as
p
√
n = ² = 1 + χ,
(7.18)
is called the refractive index, which determines the effective velocity v = c/n of
light propagation in this medium. Clearly, the refractive index of a linear medium
is generally real and greater than unity.

7.5

Dispersive medium

Let us consider a medium, which does not respond instantaneously to stimulation
by light, but has a memory of the whole time history, its polarization can be
therefore written as
Z ∞
P(t) = ²0
χ(t − τ )E(τ )dτ.
(7.19)
−∞

Because of causality, that is, a medium cannot respond to a light before it is
applied, χ(t−τ ) should be zero for τ > t. Fourier transforming the time-dependent
P, we obtain its frequency-domain counterpart
Z ∞
P(t)eiωt dt
P(ω) =
−∞
¸
Z ∞ ·Z ∞
iωt
χ(t − τ )e dt E(τ )dτ
= ²0
−∞
Z ∞
Z−∞
∞
iωt
χ(t)e dt
E(τ )eiωt dτ
= ²0
0

−∞
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= ²0 χ̂(ω)E(ω).

(7.20)

Here, because of the mentioned causality condition, χ̂(ω) is given as
Z ∞
Z ∞
iωt
χ̂(ω) =
χ(t)e dt =
χ(t)eiωt dt.
−∞

(7.21)

0

In order to describe the properties of dispersive materials, many models have
been proposed:
Lorentz Model. χ(ω) of a Lorentz-type medium has one or more pairs of
complex-conjugate poles. For the single pole pair case, we have
²p (ω) = ²∞ +

(²s − ²∞ )ωp2
,
ωp2 − ω 2 + 2iωδp

(7.22)

where ²s is the static permittivity, ²∞ is the permittivity at infinite frequency, ωp
is the pole location, and δp is the dumping factor.
Drude Model. For a single-pole Drude medium, we have
ωp2
,
²(ω) = 1.0 −
ω(ω + iγ)

(7.23)

where ωp is the bulk plasma frequency, γ is the damping rate.

7.6

Kramers-Krönig relations

With the application of Cauchy’s theorem, it can be shown that χ̂(ω) must be
complex. Furthermore, its real part χ̂1 (ω) and imaginary part χ̂2 (ω) are related
through the Kramers-Krönig relations,
Z ∞
Z ∞
1
χ̂2 (ω 0 ) 0
2
χ̂2 (ω 0 )ω 0 0
χ̂1 (ω) = P
dω
=
P
dω ,
(7.24)
0
π
π
ω 02 − ω 2
−∞ ω − ω
0
Z ∞
Z ∞
1
χ̂1 (ω 0 ) 0
χ̂1 (ω 0 )ω 0
2
χ̂2 (ω) = P
P
dω
=
dω ,
(7.25)
0
π
π
ω 2 − ω 02
−∞ ω − ω
0
where the Cauchy principal value P is defined as
µZ ω−ε Z
Z ∞
= lim
+
P
−∞

ε→0

−∞

∞

¶
.

(7.26)

ω+ε

Clearly, the real and imaginary parts of χ̂(ω) (so as n(ω)) are not independent, so
that the full function can be reconstructed given just one of its parts.
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