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SAMMANFATTNING 

 

Vid konstruktion av flygplan är det nödvändigt att kunna beräkna egensvängningsformer och 

egenfrekvenser för strukturen. För att göra detta anpassas ett flygplans finita element-modell 

till vibrationstestresultat med hjälp av optimering. Speciellt för flygplan som kan bära flera 

uppsättningar extern nyttolast måste denna justeringsprocess göras för alla 

nyttolastkonfigurationer. I detta examensarbete utforskas möjligheten att justera olika 

flygplanskonfigurationer samtidigt mot deras respektive testresultat. Den här metoden 

säkerställer att den slutliga finita element-modellen är identisk för alla konfigurationer. Efter 

genomförandet i företagets program testas metoden på två konfigurationer. Resultaten 

jämförs med de från separat anpassning av modellerna med samma designparametrar. 

Jämförelsen visar att samtidigt modelljustering är lovande. Ett bättre val av designparametrar 

krävs för att förbättra resultaten. 
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ABSTRACT 

 

When designing an airplane, it is necessary to know precisely the vibration modes of the 

structure. To do so, the Finite Element model of the airplane is adjusted to ground vibration 

tests results using optimization. Particularly, for airplanes able to carry several external 

payloads, this adjustment process must be performed for all payloads configurations. In this 

Master Thesis, the possibility of adjusting simultaneously different airplane configurations to 

their respective tests results is explored. Such a method ensures that the final Finite Element 

model is the same in all configurations. After implementation in the company’s software, this 

method is subsequently tested over two configurations. The results obtained are compared 

to those from separate adjustment of the models with the same variable parameters. 

Comparison shows that simultaneous model adjustment is promising. A better choice of 

variable parameters is required to improve results. 
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NOMENCLATURE 

 

Notations 

Symbol Description 

K Stiffness matrix 

M Mass matrix 

𝜔 Frequency 

B Transformation matrix 

λ Design variable 

E Young’s modulus 

𝜃 Penalty coefficient (frequency) 

𝜙 Penalty coefficient (modal shape) 

𝜎𝑎 Measured displacements at sensors (experimental model) 

X Computed displacements at the nodes (Finite Element model) 

H Hessian matrix 

G Gradient 

𝑁𝑏 Number of modes in reduced basis of the Finite Element model 

𝑁𝑒𝑥𝑝 Number of modes measured in the experimental model 

𝑁𝑏𝑚𝑜𝑑𝑒𝑙𝑠 Number of models considered in the multi-model programme 

V Descent direction in optimization 

𝜏𝑜𝑝𝑡 Optimal step length in optimization 

  
   

Abbreviations 

DOF: Degrees Of Freedom 

FE: Finite Element 

N.A: Not Applicable 

DV: Design Variable 

MAC: Modal Assurance Criterion 

 

Symbols 

A quantity that is underlined once is a vector (e.g. 𝑋). 

A quantity that is underlined twice is a matrix (e.g. 𝑀). 
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1. INTRODUCTION 

 
 

1.1. Background 

Aircraft structures possess natural vibration modes that are related to their mass and 

stiffness. Knowing precisely these modes, in both frequency and shape, is 

compulsory to understand and predict the dynamic behaviour of the structure. In 

particular, vibration modes of airplanes are involved in a dynamic phenomenon called 

flutter that causes structural failure. This dynamic aeroelastic phenomenon, 

corresponding to the in-flight coupling of at least two vibration modes at a certain 

speed, is a major risk for the airplane and therefore a stringent design constraint. As 

it must never be experienced during flight tests (and, obviously, during regular flights 

afterwards), flutter speed must be calculated with high accuracy during the design 

phase.  

These calculations involve precise knowledge of the vibration modes. Thanks to a 

Finite Element model of the airplane, it is possible to predict these modes. However, 

due to the fact that modelling is only a representation of reality, these predictions are 

just approximations of the real modes. To get their actual values, ground vibration 

tests are performed on an instrumented real airplane structure. It is then necessary to 

modify the Finite Element model in order to find the actual modes in calculations. 

This step is called modal adjustment of the Finite Element model to the tests results. 

Some complications may arise for airplanes that can carry different payloads under 

their wings. Depending on the choice of payloads, the plane is said to be in a given 

configuration. Of course, these multiple configurations have different stiffness and 

mass cases, hence different vibration modes characteristics. For each configuration 

that is to fly, flutter calculations need to be performed to ensure there is no risk in the 

flight domain. Hence, the Finite Element models of the different configurations need 

to be adjusted to their tests results. However, some modelling problems may occur at 

this step. Let’s take, for example, two configurations with the same payloads but 

different payload mass cases. These configurations only differ in real life by their 

mass but, after adjustment, their Finite Element models might also differ by their 

stiffness. This type of result indicates that this adjustment do not describe correctly 

the physics of the structure, which is not satisfying. 
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1.2. Purpose 

The aim of this study is to propose a modal adjustment method that can be used on 

several aircraft configurations simultaneously. In this adjustment strategy, the same 

parameters of the different models are allowed to vary and forced to take the exact 

same values. Therefore, these parameters will reach the same final values at the end 

of adjustment in all the models. Having more precise models would be of great help 

for, among others, flutter predictions. Indeed, the airplane would need less flight tests 

to open its flight domain, which would save time and costs. Moreover, “unified” 

models over several sub-configurations of the aircraft (i.e. same payloads, but 

different mass cases) would also be beneficial as not all the sub-configurations can 

be tested: it would then be possible to extend an adjusted model to a close sub-

configuration and still get correct results. Moreover, better models –in the sense that 

they better represent the physics of the structure, would also be interesting to 

improve modelling of the airplane for the next designs. 

 

 

1.3. Method 

The first part of the Master Thesis work consisted in getting familiar with the 

company’s software Elfini, how Finite Element models are built in it and how 

calculations and modal adjustment are performed. Then, Elfini was modified to add 

Young’s Modulus to the list of variable parameters, as this characteristic offers 

multiple advantages for adjustment. Afterwards, Elfini was modified again to be able 

to consider several models at the same time in the adjustment process. Some 

configurations were then selected for adjustment; their models were computed and 

were first adjusted to their own test results separately. The final step consisted in 

adjusting these different models simultaneously and comparing the results of the two 

strategies. 
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2. FRAME OF REFERENCE 
 

 

2.1. Dynamic equation and modal reduction 

When designing complex structures like an airplane, the Finite Element method is 

widely used. By discretizing the structure, this method allows computation of 

quantities of interest such as displacements, stresses, strains or vibration modes. 

The precision and duration of calculations depend on several parameters, such as 

the number of elements composing the model and the type of elements chosen. For 

more details on the Finite Element method, the reader is invited to read [1]. 

The dynamic equation of a Finite Element model, in the case of undamped free 

vibrations, can be written as (see [1]): 

𝑀 �̈�(𝑡)  +  𝐾 𝑋(𝑡) = 0 

 

Where 𝑀 is the mass matrix of the model, 𝐾 its stiffness matrix and 𝑋(𝑡) the vector of 

displacements of the different degrees of freedom (translations and/or rotations) of 

the model. In this study, structural damping is not modelled in the dynamic equation. 

An ansatz is made that the solution is harmonic (see [1]), which can be written using 

complex notation: 

𝑋(𝑡) = 𝑋𝑒𝑖𝜔𝑡  

Where 𝜔 is the frequencies of the solution. 

 

By injecting the general solution into equation (2.1), it comes: 

( 𝐾  − 𝜔2𝑀 )𝑋  = 0 

 

If the system has a number 𝑁 of degrees of freedom (DOF), then 𝐾 and 𝑀 are 𝑁𝑥𝑁 

symmetric square matrices. By solving equation (2.3) one gets 𝑁 eigenvectors 𝑋𝑖 and 

their associated frequencies 𝜔𝑖 (with i from 1 to N).  

These eigenvectors form a vector basis of the displacements of the system (see [2]) 

As the vibration modes of lowest frequencies have the greatest contribution to the 

dynamic behaviour of a system (see [2]), it is possible to truncate this basis and 

restrict it to a chosen number of the first modes. This method, called modal reduction, 

reduces the size of the system and gives good approximate results. To give an idea 

of the potential gains, the original number of DOF of the aircraft Finite Element (FE) 

(2.3) 

(2.2) 

(2.1) 
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model used for dynamics is typically around 100 000 (hence the full modal basis has 

100 000 vectors and the mass and stiffness matrices are 100000x100000 matrices) 

whereas the reduced basis is typically made of about 100 of the first modes only. As 

the modes are generally computed with an iterative process, the more modes are 

computed, the higher the precision on the first modes. Hence, to get high enough 

precision on the modes used in the reduced basis, it is necessary to first compute a 

greater number of modes and then truncate the basis.  

In this report, the number of modes that constitute the reduced basis will be noted 𝑁𝑏. 

This number should be large enough so that there is little difference when expressing 

the displacements of interest as linear combinations of the modes of the reduced 

basis or as linear combination of the modes of the full basis. If there are too few 

modes, displacement values are wrong: this is called modal truncation errors. 

Let the transfer matrix between the Finite Element basis and the reduced basis be 

called 𝐵. It is a 𝑁x𝑁𝑏 matrix, and the columns of 𝐵 are the components of the modes 

of the reduced basis in the Finite Element basis (i.e. each column indicate how the 𝑁 

degrees of freedom of the system behave in each mode): 

𝐵 =  (   𝑣1 … 𝑣𝑖 … 𝑣𝑁𝑏    ) 

Where the 𝑣𝑖 are the modes that compose the reduced basis. 

The stiffness and mass matrices in the reduced basis can then be written as:  

𝑘 =  𝐵𝑇 ⋅  𝐾 ⋅ 𝐵 

𝑚 = 𝐵𝑇 ⋅  𝑀 ⋅ 𝐵 

 

These reduced matrices are of size 𝑁𝑏x𝑁𝑏, hence they are a lot lighter in memory 

space than their 𝑁x𝑁, non-reduced counterparts. They are used extensively in this 

study. 

The displacements in the reduced basis 𝑥 are given by: 

𝑋 = 𝐵 𝑥 

 

Injecting equation (2.6) into equation (2.3) and left multiplying by 𝐵𝑇, one gets the 

expression of the dynamic equation in reduced basis: 

( 𝑘  − 𝜔2𝑚 ) 𝑥  = 0 (2.7) 

(2.4) 

(2.5) 

(2.6) 
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2.2. Dynamic Super Elements and sub-structuration 

 

2.2.1. Principle 

The airplane studied in this report can carry different payloads (e.g. fuel tanks) under 

its wings. Two different modelling methods (see Figure 1) arise at this point. The first 

option is to create a global mesh that comprises the plane and its payloads. 

Calculations are then carried on the whole model. 

The other option -which is used in this study- is to create separately the respective 

meshes of the plane and the payloads, calculate separately their associated reduced 

bases to form Dynamic Super Elements thanks to sub-structuring methods, and then 

assemble these Dynamic Super Elements into a “merged” model.  

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1 - Global Mesh method and Dynamic Super Elements assembly method 

 

+ + + 

Dynamic Super Element of the Airplane 

Dynamic Super Elements of the payloads 

Method 2: Dynamic Super 

Elements assembly 

Method 1: Global mesh of the airplane 

and its payloads 
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Dynamic Super Elements are built from the different Finite Element sub-models 

(payloads and airplane without payloads). The degrees of freedom of the sub-models 

can be gathered into two categories: frontier degrees of freedom and internal 

degrees of freedom (see Figure 2). 

 

 

Figure 2 - Internal and frontier Degrees of Freedom 

 

Frontier DOF are the DOF located at the interface between the different sub-models, 

while internal DOF are all the other degrees of freedom of the sub-model. 

The general principle of sub-structuring methods for Dynamic Super Elements 

assembly is to describe the displacements of the internal DOF of a sub-model so 

there is no contribution from the frontier DOF. Reciprocally, the displacements of the 

frontier DOF do not depend on the internal DOF: they are therefore used as pivots 

between sub-models to combine their respective stiffness and mass matrices. 

Reorganization of these matrices is then necessary to align the corresponding 

frontier DOF. 

First, both eigenmodes of the sub-model and "frontier modes" are calculated. 

"Frontier modes" correspond to the static response of the internal DOF to unitary 

solicitations at the frontier DOF (either unitary force or unitary prescribed 

displacement, depending on the method), one frontier DOF after the other.  

Two sub-structuring methods can be used. In Craig-Chang method (see [3]), the 

eigenmodes are calculated with a free interface (no boundary conditions on the 

frontier DOF), while the "frontier modes" are calculated with imposed unitary 

displacements at the frontier DOF.  

Legend: 

        Internal DOF 

        Frontier DOF 
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In Craig-Bampton method (see [4]), the eigenmodes are calculated with a clamped 

interface while the "frontier modes" are calculated with imposed unitary forces at the 

frontier DOF. 

In this study, Craig-Bampton method was used to create Dynamic Super Elements of 

the payloads, while Craig-Chang method was used for the aircraft Dynamic Super 

Element. 

 

Once the eigenmodes and frontier modes of a sub-model have been calculated, they 

are gathered into a reduced basis that forms the Dynamic Super Element. The 

reduced mass and stiffness matrices are rearranged to align frontier DOF between 

the different sub-models. The reduced mass and stiffness matrices of all sub-models 

are then merged to give the matrices of the global model. 

 

2.2.2. Advantages of the Dynamic Super Elements assembly method 

With this method, the final model is much lighter in memory space than a global 

mesh and is hence faster to compute.  

A second advantage is that the vibration modes of the different sub-models are 

calculated separately. It is therefore possible to select the adequate number of 

modes of each payload that are needed in the final model. This way, some modes of 

the payloads that are interesting (e.g. for flutter calculations) can be included in the 

merged model. On the contrary, in the global mesh method, if a certain mode should 

be included in the study, then all modes of the total structure that have a lower 

frequency need to be computed first. This would lead to a very large modal basis with 

parasite modes, and therefore to very long computations. 

The final advantage is that once the aircraft and different payloads Dynamic Super 

Elements have been computed, it is very fast and easy to switch from one set of 

payloads to another just by assembling the right Dynamic Super Elements. 
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2.3. Modal adjustment 

Ground vibrations tests are performed on a built airplane to measure the actual 

vibration modes of the structure. During these tests, several accelerometers are set 

on chosen parts of the structure to get the best identification of vibration modes. 

Vibrating pots are placed on the plane and are programmed to vibrate over a 

frequency spectrum that covers the interval of frequencies of interest. All along the 

test, the accelerations of the sensors (hence the response of the structure) are 

acquired, along with the vibrating pots inputs (frequency and loading). Software is 

then used to identify the modes that have been excited. 

Results in frequency and modal shape are quite often slightly different between 

computations and measurements. Indeed, creating a numerical model of a real 

structure leads invariably to some approximations. As an example, Finite Element of 

different kinds (plates, beams, etc.) are chosen to represent some areas depending 

on the major type of loads that the design engineer considers applied on these areas. 

Another example is that mechanical play between parts is not considered. 

In order to improve the precision of the predicted vibration modes, the numerical 

model has to be adjusted to the tests results. This operation is called modal 

adjustment. The principle of it is to transform the FE model in a way that the 

calculated vibration modes get as close to the measured modes as possible (both in 

deformed shape and frequency). A reasonable goal for adjustment is to achieve a 

maximum difference of 1% between calculated and measured frequencies.  Ideally, 

the Finite Element model should also be modified as little as possible from the 

original one. 

One can adjust the FE model to the experimental model (also called aim model) by 

manually modifying some parameters of the FE model (e.g. thickness of plate 

elements, area of bar elements, etc.), see how it affected the computed modes, and 

iterate until satisfying values are reached. This method is clearly not efficient when it 

comes to large, complex models, but it can still give a rough idea of how selected 

areas of the model impact the modes. 

Regarding complex structures, optimization methods are used to automatically 

minimize the differences between the FE model and experimental model in both 

modal shapes and frequencies. A cost function is built to represent those differences 

and is then minimized by an optimization algorithm. This is the method used in this 

study. 
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2.3.1. Design variables 

First, the parameters (e.g. thickness of a plate element, area of beam elements…) 

that the optimization algorithm is allowed to change in the model must be defined. 

The variations of these parameters are described by quantities called Design 

Variables (DV), noted 𝜆, such that, at iteration k and for parameter P: 

𝑃𝑘  = 𝑃0 ⋅
𝜆𝑘

𝜆0
  

Hence, the values to be optimized are not the parameter themselves, but 

multiplicative coefficients, initialized at 1, that are applied to the parameter values.  

Before optimization, the derivatives of the mass and stiffness matrices with respect to 

the Design Variables are calculated at the initial parameters values by the finite 

differences method.  

Due to the Design Variables definition:  

𝜕𝐾

𝜕𝑃
⋅ 𝛿𝑃 =

𝜕𝐾

𝜕𝜆

𝜕𝜆

𝜕𝑃
⋅ 𝛿𝑃 =

𝜕𝐾

𝜕𝜆

1

𝑃0
𝛿𝑃 =

𝜕𝐾

𝜕𝜆
⋅ 𝛿𝜆 

 

These matrix derivatives are then written in the reduced basis. 

The optimization method called later in the algorithm will act on the DV to minimize 

the cost function, and the derivatives of the reduced matrices will be used in the 

optimization process for linear variations of the reduced mass and stiffness matrices.   

 

 

2.3.2. Basis refinements 

Depending on the type of analysis performed, the reduced basis can be refined. For 

modal adjustment, the following deformed shapes can be added to the basis:  

𝑢𝑖𝑗 = 𝑘
−1 [

𝜕𝑘

𝜕𝜆𝑖
] ⋅ 𝑣𝑗 

Where 𝑣𝑗 is the j-th mode of the reduced basis. 

These deformed shapes describe how mode 𝑣𝑗 is modified when the stiffness matrix 

varies with design variable 𝜆𝑖. They are hence particularly useful to describe precisely 

the effect of parameters variations on the modes, which improves convergence of the 

adjustment algorithm (see 2.3.5). 

 

(2.8) 

(2.9) 

(2.10) 
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2.3.3. Cost function 

The cost function representing the differences between the FE model predictions and 

the GVT results is built in two steps. 

First, the displacements that are measured by the sensors for each experimental 

mode i (written 𝜎𝑎𝑖 ) need to be compared to the displacements of the FE model. 

Hence, the nodes of the FE model that are the closest to the actual position of the 

sensors are picked. From this selection, only the DOF of the picked nodes that are 

the same as the ones of the sensors are kept. As an example, if only the acceleration 

along the z-axis of a sensor is acquired, then only the DOF of translation along the z-

axis of the closest node will be kept. 

Then, the matrix  𝜎𝑡 is defined as the rows of the transfer matrix 𝐵 that correspond to 

the picked DOF. For any displacement 𝑥  in the reduced basis (i.e. a linear 

combination of the modes of the basis), the quantity 𝜎𝑡 ⋅  𝑥 gives the corresponding 

displacement of the monitored DOF in the Finite Element basis. 

 

Let 𝑁𝑒𝑥𝑝  be the number of measured modes on which the FE model is to be 

adjusted. It can be either all modes that were measured in the experiment, or just 

those of interest (e.g. only the modes of a particular payload). 

For each of the measured modes i, the goal is to find a reduced displacement 𝑥𝑖 that 

minimizes the difference between the displacements measured at the sensors and 

the displacements at the selected DOF. Hence, it is solution of: 

min
𝑥𝑖
‖𝜎𝑎𝑖 − 𝜎𝑡 ⋅  𝑥𝑖‖

2

 

To ensure that the candidate displacement 𝑥𝑖 is close to an eigenmode of the original 

FE model with a frequency equal to the measured frequency 𝜔𝑎𝑖 , 𝑥𝑖  should be 

solution of: 

min
𝑥𝑖
‖𝑘 ⋅  𝑥𝑖 − 𝜔𝑎𝑖

2 ⋅ 𝑚 ⋅ 𝑥𝑖‖
2

 

 

As these two quantities are positive, each 𝑥𝑖 should be solution of: 

min 
𝑥𝑖
 ( ‖𝜎𝑎𝑖 − 𝜎𝑡 ⋅  𝑥𝑖‖

2

+ ‖𝑘 ⋅  𝑥𝑖 − 𝜔𝑎𝑖
2 ⋅ 𝑚 ⋅ 𝑥𝑖‖

2

) 
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It is possible to add penalty coefficients to give more weight to the first member of the 

equation (modal shape adjustment) or to the second member (frequency 

adjustment), which can be written:  

min 
𝑥𝑖

𝜙𝑖 ‖𝜎𝑎𝑖 − 𝜎𝑡 ⋅  𝑥𝑖‖
2 + 𝜃𝑖 ‖𝑘 ⋅  𝑥𝑖 − 𝜔𝑎𝑖

2 ⋅ 𝑚 ⋅ 𝑥𝑖‖
2

 

 

The solution 𝑥𝑖  of equation (2.11) can be found (see Appendix A) by solving the 

following equation: 

( 𝜎𝑡
𝑇 𝜎𝑡 + 𝜃𝑖 ( 𝑘

𝑇𝑘 − 2 𝜔𝑎𝑖
2 𝑚𝑇𝑘 + 𝜔𝑎𝑖

4  𝑚𝑇𝑚  )) ⋅  𝑥𝑖    =  𝜙𝑖 𝜎𝑡
𝑇 𝜎𝑎𝑖 

 

The first step of adjustment is therefore to determine these 𝑥𝑖  by solving equation 

(2.12) for each mode.  

Once the 𝑥𝑖  are known, the following step is to determine how the FE model should 

be changed such that the 𝑥𝑖 become eigenmodes of the modified FE model, with the 

right eigenfrequencies. The unknowns are now the values of the Design Variables 𝜆.  

 

The cost function to be minimized is hence built based on the reduced dynamic 

equation (2.7):  

𝑓(𝜆) =  ∑ ‖  (𝑘 +
𝜕𝑘

𝜕𝜆
 𝜆)  xi  − 𝜔𝑎𝑖

2 (𝑚 +
𝜕𝑚

𝜕𝜆
 𝜆)  𝑥i ‖

2𝑁𝑒𝑥𝑝

𝑖=1

 

Where 𝜆 is the vector of DV variations. 

 

It is possible to rearrange this equation to get the following quadratic form (see 

Appendix B):  

𝑓(𝜆) =
1

2
𝜆𝑇 𝐻  𝜆 − 𝐹𝑇 𝜆 + 𝑑 

Where 𝐻 is the hessian (symmetric) matrix of the cost function, 𝐹 is a linear term and 

𝑑 is the constant part. 

 

(2.11) 

(2.12) 

(2.13) 

(2.14) 
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Some variation intervals are then defined for the Design Variations to limit the 

difference between the original model and the adjusted one. These linear constraints 

can be written in matrix form: 

𝐶 𝜆 ≥ 𝑐0 

 

Hence the total constrained optimization problem can be written as:  

{
min
𝜆
(
1

2
𝜆𝑇 𝐻  𝜆 − 𝐹𝑇 𝜆 + 𝑑 )

𝐶 𝜆 ≥ 𝑐0
 

 

The problem is solved by the company’s projected gradient method described 

hereunder, based on [5]. 

 

2.3.4. Optimization method 

First, the algorithm enters the feasible domain to get a starting point 𝜆0 that verifies 

the inequality constraints. 

Then, a sequence (𝜆𝑘)𝑘 of points is built until convergence is reached. To go from 

point 𝜆𝑘  at iteration 𝑘  to the next one, two quantities need to be computed: the 

descent direction 𝑉𝑘 and the optimal step length 𝜏𝑜𝑝𝑡,𝑘, so that:  

𝜆𝑘+1 = 𝜆𝑘 + 𝜏𝑜𝑝𝑡,𝑘 ⋅ 𝑉𝑘 

 

The descent direction 𝑉𝑘  is obtained by projecting the gradient 𝐺  of the function 

evaluated at current point 𝜆𝑘 into the subspace of active constraints, and taking its 

opposite. This ensures that direction 𝑉𝑘 is indeed a descent direction ( 𝑉𝑘
𝑡 ⋅ 𝐺 < 0 ) 

and that the next point is in the feasible domain (as it remains inside the subspace of 

active constraints, which is the equality case in the constraints). 

(2.15) 

(2.16) 
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Figure 3 - Descent direction in the algorithm 

 

The step length is determined by calculating the different distances 𝜏𝑖,𝑘 between the 

current point 𝜆𝑘 and the constraints i that are in the direction of 𝑉𝑘. The optimal step 

length 𝜏𝑜𝑝𝑡,𝑘  is then the largest distance among the ones calculated (hence it 

maximizes the distance without breaking any constraint). 

𝜏𝑜𝑝𝑡,𝑘 = max
𝑖
 {𝜏𝑘,𝑖 } 

 

When the current point is located at the intersection of several active constraints, 

quantities called residuals, noted 𝑟, are calculated from the following formula: 

𝑟  = − [Nac
t  𝑁𝑎𝑐]

−1

 𝑁𝑎𝑐
𝑡 ⋅ G 

Where 𝑁𝑎𝑐 is the matrix made of the vectors normal to the active constraints, which 

are denominated 𝐷𝑗 in Figure 4. 

Residuals are the components of the gradient in the basis made of the vectors 

normal to the active constraints. If any component of 𝑟  is negative, then the 

associated constraint is dropped and the algorithm starts again, finding a new 

descent direction and a new step length. 

An example is given in Figure 4: the current point is at the intersection of two active 

constraints, (1) and (2). Residuals are calculated and 𝐺  is expressed as a linear 

combination of the 𝐷𝑖: 

𝐺 = 𝑁𝑎𝑐 𝑟 =  𝑟1𝐷1 + 𝑟2𝐷2 

(2.17) 
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Where 𝑟1 is negative and 𝑟2 is positive. Hence constraint (1) is dropped in the next 

iteration of the algorithm. 

 

Figure 4 - Point at the intersection of two active constraints; constraint (1) is dropped. 

 

 

If all components of 𝑟 are positive and 𝑉 = 0 (i.e. the projection of the gradient on the 

subspace of active constrains is null), then the current point is the optimum (see [5], 

Theorem 4). 

Figure 5 and Figure 6 display examples of minimum points. On Figure 5, the 

minimum is located on a single active constraint and the gradient is in the direction of 

the normal vector of the constraint (so 𝑉 = 0 and 𝑟1 > 0). On Figure 6, the minimum 

is at the intersection of two active constraints (𝑉 = 0 and both 𝑟1 and 𝑟2 are positive). 
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Figure 5 - "Free" optimum 

 

Figure 6 - Optimum at the intersection of active constraints 

 

 

Figure 7 shows an example of a sequence of points found by the algorithm: 

-Starting from 𝜆0, the algorithm finds the next point 𝜆1 with a gradient descent until 

constraint (1) is touched.  

-To get point 𝜆2, the gradient is projected on the subspace of constraint (1) and the 

descent direction 𝑉1 is taken as the opposite of the projection. Then the optimal step 

length is calculated so that constraint (2) is touched.  
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-At point 𝜆2, active constraints are (1) and (2). Residuals are calculated, and it is 

found that 𝑟1 is negative and 𝑟2 is positive. Constraint (1) is therefore dropped, and 

the algorithm searches for next point 𝜆3  with constraint (2) as the only active 

constraint. 𝑉2 is hence the opposite of the projection of the gradient on constraint (2). 

The optimal step length calculation leads to the determination of 𝜆3, where constraint 

(3) is touched. 

-At 𝜆3, the residuals are calculated again. This time, both 𝑟2 and 𝑟3 are positive so no 

constraint can be dropped. As 𝑉3 = 0, 𝜆3 is the optimum point.  

 

 

 

 

2.3.5. Convergence test 

Once the projected gradient has found a minimum 𝜆 for the cost function (based on 

the optimum test on 𝑉 and 𝑟 described above), a convergence test is performed. The 

convergence criterion is based on the variations of the Design Variables between two 

calls to the projected gradient algorithm. The following criterion was used in this 

study:  

 

Figure 7 - Sequence of points given by the algorithm 

Starting point 

Optimum 
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‖∑(Δ𝜆𝑖)
2

𝑁𝑑𝑣

𝑖=1

‖ < 𝜖 

Along with the normalized version: 

‖∑(Δ𝜆𝑖)
2

𝑁𝑑𝑣

𝑖=1

‖ < 𝜖𝑟𝑒𝑙 ‖∑𝜆𝑖
2

𝑁𝑑𝑣

𝑖=1

‖ 

Where 𝜖  and 𝜖𝑟𝑒𝑙 are chosen small (typically around 1.E-04). The first criterion is 

absolute variation, while the second is variation scaled by the initial values to 

continue iterations in cases where the initial values were already small. 

If these criteria are not fulfilled, it means that the values of 𝜆 have changed 

significantly from last iteration, and hence that the model has to be modified so that 

the 𝑥𝑖 are modes of the modified model. The reduced mass and stiffness matrices of 

the model are therefore updated by a linear variation approximation: 

{
 
 

 
 𝑚 (𝜆0 + Δ𝜆) =  𝑚 (𝜆0) +

𝜕𝑚

𝜕𝜆
 Δ𝜆

𝑘 (𝜆0 + Δ𝜆) =  𝑘 (𝜆0) +
𝜕𝑘

𝜕𝜆
 Δ𝜆

 

In these equations, 
𝜕𝑚

𝜕𝜆
 and 

𝜕𝑘

𝜕𝜆
 are those calculated before optimization, at the initial 

parameter value (see 2.3.1).  

 

New eigenmodes are then calculated from the new reduced matrices by solving the 

reduced dynamic equation (2.7):  

[𝑘 (𝜆0 + Δ𝜆) − 𝜔
2 𝑚 (𝜆0 + Δ𝜆)] 𝑥 = 0 

 

As long as convergence is not reached, displacements (including 𝑥𝑖) continue to be 

expressed in the original reduced basis. This is where the basis refinements 

introduced in 2.3.2 become useful, as they help to describe the modification of 

modes due to the variation of the Design Variables. The cost function (2.13) is then 

built again with the current Design Variables values, based on the new 

eigenfrequencies and shapes, and minimized. 

If one of the convergence criteria is fulfilled, it means that the current reduced 

stiffness and mass matrices (updated by consecutive linear variations) do not need to 

(2.18) 

(2.19) 

(2.20) 
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be changed any longer to give computed modes close to the measured ones. Hence 

the last value of 𝜆 is the vector that was looked for. 

The whole FE model needs then to be updated. The reason is that during 

optimization iterations the reduced mass and stiffness matrices are considered to 

vary linearly, but this approximation is only valid for small variations of the design 

variables. Updating the CATIA model by directly changing the values of the 

associated parameters will give the real values of the modified stiffness and mass 

matrices –and hence, modes. 

The CATIA file of the model is therefore modified, based on the optimum values of 

the Design Variables that were found. All calculations are carried out again from the 

start (stiffness matrix calculation, modes calculations, basis reduction, stiffness and 

mass matrices derivatives calculation, assembly of Dynamic Super Elements…) to 

get the correct new modes. This update step is called external iteration in this report. 

After that step, adjustment can be performed again, with linear variations around the 

new starting point and a new reduced basis in which the optimization problem will be 

solved. 

 

The whole modal adjustment process is summed up in 

Figure 8. 
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Adjusted FE 

model 

Finite Element solving : 

𝐾,𝑀, 
𝜕𝑀

𝜕𝜆
, 
𝜕𝐾

𝜕𝜆
 

Transformation in reduced basis: 

𝑘,𝑚, 
𝜕𝑚

𝜕𝜆
, 
𝜕𝑘

𝜕𝜆
 

Shape adjustment and constraint on model change  

min 
𝑥𝑖

𝜙𝑖 ‖𝜎𝑎𝑖 − 𝜎𝑡 ⋅  𝑥𝑖‖
2 + 𝜃𝑖 ‖𝑘 ⋅  𝑥𝑖 −𝜔𝑎𝑖

2 ⋅ 𝑚 ⋅ 𝑥𝑖‖
2
 

 

Cost function elaboration 

min 
𝜆

∑ ‖  (𝑘 +
𝜕𝑘

𝜕𝜆
 𝜆)  Yi  − 𝜔𝑎𝑖

2 (𝑚 +
𝜕𝑚

𝜕𝜆
 𝜆)  Yi ‖

2𝑁𝑒𝑥𝑝

𝑖=1

 

Cost function transformation and constrained 

minimization 

{
min
𝜆
(
1

2
𝜆𝑇 𝐻  𝜆 − 𝐹𝑇 𝜆 + 𝑑 )

𝐶 𝜆 ≥ 𝑐0
 

Projected gradient method 
𝜆 candidate 

Convergence test 

‖∑(Δ𝜆𝑖)
2

𝑁𝑑𝑣

𝑖=1

‖ < 𝜖 

Reduced matrices update 

{
 
 

 
 𝑚 ← 𝑚 +

𝜕𝑚

𝜕𝜆
 Δ𝜆

𝑘  ←   𝑘 +
𝜕𝑘

𝜕𝜆
 Δ𝜆

 

CATIA model update : 

properties are changed 

according to the values of 𝜆 

 

Figure 8 - Modal adjustment algorithm process 

No 

Yes 

𝑥𝑖 

𝜆 
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2.3.6. Modal Assurance Criterion 

To determine if the experimental and computed modal shapes are similar, a Modal 

Assurance Criterion (MAC) can be used. This criterion describes how close to each 

other two vectors 𝑎𝑖 and 𝑎𝑗 are. It is calculated as follows (see [6], p.257): 

𝑀𝐴𝐶𝑖,𝑗 = 
(𝑎𝑖

𝑡 ⋅ 𝑎𝑗) ²

(𝑎𝑖
𝑡 ⋅ 𝑎𝑖) (𝑎𝑗

𝑡 ⋅ 𝑎𝑗)
  

 

From this definition, it comes that when 𝑎𝑖 = 𝑎𝑗 their MAC is 1, while when 𝑎𝑖 ⊥ 𝑎𝑗 

their MAC is 0.  

Applied to modal shapes, the closer to 1 their MAC is, the closer to each other the 

two shapes involved are. This criterion was used along with plots of the deformed 

shape, which are not displayed in this report. 

 

 

 

2.3.7. Towards flutter calculations 

Once the FE model has been adjusted to ground vibration tests results, it gives more 

accurate predictions on modes and hence on dynamic aeroelastic behaviour. In 

particular, using both the adjusted structural model and the aerodynamic model of the 

airplane, flutter calculations can be performed (see Figure 9).  

Flutter is a dynamic aeroelastic behaviour caused by fluid-structure interaction. It 

consists in the coupling of different structural modes (e.g. wing torsion and wing 

bending modes) (see [7]). At a certain speed, one of these coupled modes diverges, 

which leads to structural failure. Flutter calculations on FE models enable the aircraft 

designer to determine the coupled modes and the speed at which flutter is supposed 

to happen. Frequencies and damping of the modes at different speeds are 

computed: flutter appears when damping of a mode becomes positive (i.e. this mode 

diverges). 

Accurate flutter predictions are of very high importance in plane design. Indeed, as 

flutter is a failure mode of the aircraft, it must never be experienced during flight. 

Flutter speed must not be reached, so predictions must be conservative, and safety 

factors are applied on the flutter speed so that the aircraft, crew and passengers are 

not in danger during flights. 

(2.23) 



30 
 

 

 

 

 

 

 

 

 

 

 

 

Figure 9 - Process on models before flutter calculations 

 

 

To validate flutter calculations, flight tests are carried out at different speeds lower 

than the flutter speed. Damping and frequencies of the modes involved in the 

predicted flutter phenomenon are measured during these tests and compared to 

calculated damping and frequencies at same speeds. 

 

Aerodynamic 

model 

Flutter predictions 

Adjusted FE 

model 

+ 

Structural (FE) 

model 

Ground vibration 

tests (GVT) 

Modes 

prediction 
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3. PROCESS 

 
3.1. Implementation of Young’s modulus as a Design Variable 

At the beginning of the Master Thesis, the only Design Variables (DVs) allowed for 

optimization were the thickness of plate elements, the cross-section area of beam 

elements, and the number of layers of composite elements. However, using these 

DVs would lead to geometry change. It seems more reasonable to modify the 

stiffness of the elements, not their geometry which is assumed well defined. 

Modifying Young’s Modulus has an effect on the element’s response to any type of 

solicitation (traction, bending, etc.). 

For this reason, it was decided to add Young’s Modulus to the list of allowed DVs, so 

I modified the company’s software in consequence. 

Identically to what was implemented for other DVs, differentiation of stiffness with 

respect to Young’s Modulus was calculated by the finite differences method. It 

consists in linearizing the variations of the quantity to be differentiated, over a small 

interval around the current point. As an example, the differentiation of stiffness 𝐾 with 

respect to Young’s modulus 𝐸, calculated at 𝐸 = 𝐸0, is:  

 

𝜕𝐾

𝜕𝐸 | 𝐸=𝐸0
 ≈  

𝐾(𝐸0 ⋅ (1 + 0.5𝛿)) − 𝐾(𝐸0 ⋅ (1 − 0.5𝛿))

𝐸0 ∗ 𝛿
 

 

With 𝛿 set at 0.01, this corresponds to a linearization over a [-0.5% ; +0.5%] interval 

around value E0. 

It is interesting to note that, in the case of a Youngs’ Modulus Design Variable, the 

mass of the elements does not change with the variation of Young’s Modulus: 

𝜕𝑚

𝜕𝐸
= 0 

 

To check the implementation of Young’s Modulus as a DV, a simple case was tested: 

the FE model of a payload was modified by manually changing the value of Young’s 

Modulus of a plate element. This modified FE model was then adjusted to the original 

FE model (used here as an “experimental” model) and the final value of Young’s 

Modulus of the modified element was compared to the original value. 

In the case that was tested, Young’s modulus of the modified plate element started at 

81% of the initial value. The variation interval of the Design Variable was 

(3.1) 

(3.2) 
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 0.8 ≤  𝜆 ≤  1.2. After each external iteration (i.e. CATIA model update), the current 

value of the Design Variable was stored to get the relative error at each step. 

 

3.2. Implementation and use of multi-model adjustment  

 

3.2.1. Principle 

As described in Chapter 2, the plane selected in this study can carry several 

payloads under its wings. The combination of the plane and a defined set of payloads 

is called a configuration.  

Several sub-configurations can subsequently be defined, depending on: 

-the presence of payloads, 

-the mass case of the payloads, 

-the mass case of the plane. 

 

The aim of this study was to improve the existing modal adjustment method in order 

to adjust simultaneously FE models to their respective tests results, so that the final 

adjusted FE models share the same modifications. 

For a sub-configuration k, the cost function is (according to equation (2.14)): 

1

2
𝜆𝑇 𝐻𝑘  𝜆  −  𝐹𝑘

𝑇 𝜆 + 𝑑𝑘   

Due to the fact that the design variables 𝜆 are chosen common to all models and that 

all cost function are positive, it is possible to sum the different cost functions of the 

models and get a total cost function under the form:  

1

2
 𝜆𝑇 𝐻𝑡𝑜𝑡  𝜆− 𝐹𝑡𝑜𝑡

𝑡  𝜆 + 𝑑𝑡𝑜𝑡 

With 

𝐻𝑡𝑜𝑡 = ∑ 𝐻𝑘

𝑁𝑏𝑚𝑜𝑑𝑒𝑙𝑠

𝑘=1

 

and 

𝐹𝑡𝑜𝑡 = ∑ 𝐹
𝑘

𝑁𝑏𝑚𝑜𝑑𝑒𝑙𝑠

𝑘=1

 

 

(3.3) 

(3.4) 
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The constraints on the design variables are also the same, so the following 

optimization problem is obtained: 

{
min
𝜆
(
1

2
𝜆𝑇 𝐻𝑡𝑜𝑡  𝜆 − 𝐹𝑡𝑜𝑡

𝑇 𝜆 + 𝑑𝑡𝑜𝑡 )

𝐶 𝜆 >  𝑐0
 

 

While a model adjustment method already existed and was used at Dassault 

Aviation, it was only dealing with one FE model and one experimental model at the 

same time. Hence, I modified the software to perform multi-model adjustment as 

described above. 

 

3.2.2. Selection and creation of the models to be adjusted. 

One of the aims of this study, from the company’s point of view, was to obtain a 

unified FE model of a certain payload, in different configurations, hence different 

mass cases, without degrading the adjustment of other modes.  

Two configurations that included this payload were therefore selected, based on 

available tests results and numerical data. Due to their different mass cases, the 

type, order and characteristics of the measured modes were different. 

The following step was to build the FE models of these two configurations, along with 

the model based on experimental results of the tests. 

Judicious Design Variables needed to be selected. To do so, a preliminary 

computation of the eigenmodes of the two FE models was done. Using a 

visualization tool, it was possible to see, for each mode, which parts of the mesh 

deformed -hence, contributed- the most. Young’s Moduli of these parts, grouped in 

small areas, were therefore chosen as Design Variables. They were placed 

symmetrically on the aircraft, and forced to take the same values on the two sides of  

the aircraft. The variations interval for all design variables was 0.8 ≤  𝜆 ≤  1.2, except 

for some beam elements representing the links between different parts (hence a 

complex modelling area for which the real properties are difficult to determine) and 

for which variations allowed were 0.02 ≤  𝜆 ≤  50. 

 

 

 

 

 

(3.5) 
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3.2.3. Adjustment criteria 

After each external iteration of the model (i.e. update of the CATIA models after 

adjustment), new modal shapes and frequencies were obtained and compared to the 

aim values based on two criteria: 

-the difference between adjusted frequency and aim frequency should be less than 

1%, 

-the MAC value of the adjusted modal shape and aim modal shape should be more 

than 0.9. 

The plots of the modal shapes (not displayed in this report) of both the experimental 

and FE models were also compared. 

If these criteria were not fulfilled, then the new adjusted FE model was adjusted again 

to tests results, and so on. 

 

For each sub-configuration, one of the computed modes was adjusted to its 

measured counterpart. The two sub-configurations were then adjusted 

simultaneously for these same modes, Design Variables being forced to take the 

same values in the two models. The results of the two strategies were then 

compared. In both separate and simultaneous adjustments, five external iterations 

were done to check convergence of the adjustment and compare calculation time.  
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4. RESULTS 

 
4.1. Results of the implementation of Young’s Modulus as a DV 
 

The results of the validation test of the implementation of Young’s Modulus as a DV 

are described hereunder. They correspond to the adjustment of the modified FE 

model to the original FE model (see 3.1). The values of Young’s Modulus Design 

Variable (i.e. Young’s Modulus of the modified element) are shown in Figure 10 as a 

percentage of the value of Young’s Modulus of the same element in the original 

model, which is the aim value. The values displayed are those obtained after each 

CATIA model update. Model update number 0 corresponds to the initial value. 

 

 

 

Figure 10 - Young's Modulus values during adjustment 

 

The relative error in Young’s Modulus between the two models is plotted in Figure 11. 

A detailed view of the last two values is displayed in Erreur ! Source du renvoi 

introuvable.. 
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Figure 11 - Relative error of Youngs’ Modulus after model update 
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4.2. Results of the test of the multi-model capability 

The results of adjustment of the selected mode of sub-configuration A and the 

selected mode of sub-configuration B are displayed in Figure 12 and 14, respectively. 

 

 

Figure 12 – Relative error in frequency in the adjustment of a mode of Subconfiguration A 

 

 

Figure 13 - Relative error in frequency in the adjustment of a mode of Subconfiguration B 
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The Modal Assurance Criterion between the selected measured mode and the 

computed mode, in sub-configurations A and B are displayed in Figure 14 and Figure 

15, respectively. 

 

 

Figure 14 - Modal Assurance Criterion between measured and computed mode in sub-configuration A 

 

 

Figure 15 - Modal Assurance Criterion between measured and computed mode in sub-configuration B 
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The variations of the Design Variables before and after adjustment of sub-

configuration A and B are shown in Figure 16 and Figure 17, respectively. The 

graphs were restricted to [-100% ; +100%] variations for visibility. 

 

Figure 16 - Variations of Design Variables before and after adjustment of subconfiguration A 

 

 

Figure 17 - Variations of Design Variables before and after adjustment of subconfiguration B 
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The results of simultaneous adjustment of sub-configurations A and B to their 

respective tests are displayed in Figure 18. 

 

Figure 18 - Relative error in frequency in simultaneous adjustment of Sub-configurations A and B 

 

The Modal Assurance Criteria of the measured and experimental modes in the two 

sub-configurations during simultaneous adjustment are shown in Figure 19. 

 

Figure 19 - Modal Assurance Criterion in simultaneous adjustment of Sub-configurations A and B 
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Comparison of the relative errors in frequencies between the two methods is shown 

in Figure 20 for sub-configuration A and Figure 21 for sub-configuration B. 

 

Figure 20 - Comparison of separate and simultaneous adjustment for sub-configuration A 

 

 

Figure 21 - Comparison of separate and simultaneous adjustment for sub-configuration B 
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The variations of Design Variables before and after simultaneous adjustment are 

displayed in Figure 22. 

 

Figure 22 - Variations of DVs before and after simultaneous adjustment of subconfigurations A and B 

 

 

The values of relative errors in frequency between some non-adjusted computed 

modes and their measured counterparts in sub-configuration A, during separate and 

simultaneous adjustment, are displayed in Table 1 and 2, respectively. 

Table 1- Relative errors of some non-adjusted modes in Sub-configuration A (separate adjustment) 

Number of CATIA 
model updates 

Relative error in frequency (%) 

Mode M1 Mode M2 Mode M3 

0 1.32 4.01 2.47 

5 2.72 4.87 3.03 

 

Table 2 - Relative errors of some non-adjusted modes in Sub-configuration A (simultaneous adjustment) 

Number of CATIA 
model updates 

Relative error in frequency (%) 

Mode M1 Mode M2 Mode M3 

0 1.32 4.01 2.47 

5 2.75 4.96 3.11 
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5. DISCUSSION AND CONCLUSIONS 

 

5.1. Discussion 

 

5.1.1. Discussion on the results of the test of Young’s Modulus as a Design Variable 
 

Before the first optimization, the difference between Young’s Modulus of the 

degenerated element and the original one was 19%. At the end of the first 

optimization, the Design Variable value that was found was the maximum bound, 1.2. 

This lead to a 2.7% difference between the two models. The degenerated model was 

updated and optimization was run again. At the end of the second optimization, the 

difference was only 0.06% and, at the end of the third optimization, the difference 

was 0.003%.  

 

The optimization process was hence considered to have reached convergence. The 

results are satisfying as good precision was achieved in only three model updates. 

Comparison was made with the same test case and with thickness as the Design 

Variable: results are similar in final precision and number of iterations. 

 

 

5.1.2. Discussion on the results of the test of the multi-model capability 

In separate adjustment of sub-configuration A, adjustment of the computed mode to 

its measured counterpart is good and fast, going from 1.3% relative error in 

frequency to 0.02% in five external iterations. The Modal Assurance criterion 

decreases a bit, from 0.921 to 0.915, but stays above 0.9, which is good. This means 

that shape adjustment is not as good as frequency adjustment in this case. 

In separate adjustment of sub-configuration B, results of frequency adjustment are 

not as good as in adjustment of sub-configuration A: the relative error in frequency 

increases slightly from an original value of 0.98% to 1.08%. This means that the 

elements of the mesh selected for adjustment might not be influent enough. The 

algorithm however kept the MAC between measured and computed mode to the very 

high 0.999 original value. 

In these two separate adjustments, the variations of the Design Variables are not the 

same: as an example, values of Design Variables number 2, 4, 5 and 12 increase 

during adjustment of sub-configuration A while DV number 8 and 23 decrease; it is 

the opposite in adjustment of sub-configuration B. Design Variable 29 (beam element 

with large DV variations allowed) displays huge variations: +572% in adjustment of 

sub-configuration A and +993% in sub-configuration B. This might indicate that it has 

little influence on the adjustments. As there is no penalty associated with DV 
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variation, the algorithm will always try to improve results of adjustment, even at the 

cost of large variations. 

 

In multi-model adjustment, the same mode of sub-configuration A is also well 

adjusted in frequency to the measured mode: the initial error before adjustment is 

1.2% and it drops to 0.03% after 5 model updates. Convergence towards the aim 

frequency for sub-configuration A is faster in simultaneous adjustment than in 

separate adjustment (see Figure 20).The mode of sub-configuration B is slightly 

degraded in frequency, but less than in separate adjustment (see Figure 21): the 

relative error goes from 0.98% to 1.02%.  

Regarding modal shape adjustment, the Modal Assurance Criterion (MAC) is slightly 

decreased in sub-configuration A during adjustment and constant in sub-

configuration B. Both are higher than 0.9, indicating a high similarity in modal shapes 

between experimental and computed modes. Values are similar to those in separate 

adjustment. 

Two conclusions can be drawn from this. Firstly, it is possible to adjust the mode of 

sub-configuration A without degrading the results of the selected mode of sub-

configuration B. Secondly, the parameters allowed to vary in optimization seem to be 

not sufficient to adjust properly the selected mode of sub-configuration B, hence 

more elements (or more judiciously chosen ones) should be selected. The Design 

Variables that vary a lot in separate adjustment (e.g. Design Variables 29 and 30) 

have more limited variations in simultaneous adjustment: DV number 29 has a 

variation of 135% and DV number 30 has a 6% variation, which seem more 

reasonable. 

Calculation time of the simultaneous adjustment process was found to be shorter (by 

around 15%) than the sum of the calculation times of the two separate adjustments. 

Indeed, in simultaneous adjustment, only one optimisation is done (on a more 

complex cost-function though), while in separate adjustment there are as many 

optimisations as there are models to adjust. Having better calculation times is an 

interesting result, especially from an industrial point of view. 

 

In both simultaneous and separate adjustment, the relative error between the non-

adjusted modes and their measured counterparts increase in a similar way (see 

Tables 1 and 2). A better method would be to adjust these other modes as well. A 

calculation (not included here) was carried out on sub-configuration A with four 

modes to adjust, but results were not satisfying: either the Design Variables were too 

constrained to properly adjust the different modes or more variables were needed. In 

the latter case, these variables should be chosen so that they have effects on only 

some of the modes and not on the others. 
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5.2. Conclusions and learning outcomes 

During this Master Thesis, two main tasks were achieved. Firstly, Young’s Modulus of 

Finite Element was added to the list of allowed Design Variables for optimization. 

This gives more flexibility to the selection of elements, allowing especially selection of 

large areas of the mesh, and it also ensures that the geometry of the mesh does not 

change. 

Secondly, working from the existing modal adjustment function of Dassault Aviation’s 

software, an adjustment process was developed, along with the ability to adjust 

simultaneously different models to their respective tests results. This capability is 

very promising as it will ensure that all adjusted models will be the same after 

adjustment. Hence, these adjusted models will better represent the dynamics of the 

airplane in the different selected configurations. The results obtained so far on two 

sub-configurations are interesting: it was possible to adjust simultaneously one mode 

per sub-configuration. One of the two sub-configurations was better adjusted than the 

other. Relative error in frequency seems to decrease faster in simultaneous 

adjustment than in separate adjustment. However the frequencies of other, non-

adjusted modes of the two sub-configurations were degraded during adjustment, 

which indicates that more work is needed. Especially, selection of more judicious 

elements is required. 

 

This Thesis gave me the opportunity to extend my knowledge on dynamics and on 

structural optimization, building from the courses I attended to at KTH and at Ecole 

des Ponts ParisTech. The subject of modal adjustment was very interesting as its 

aim is to correlate the Finite Element model to test results on real structures, hence 

improving the modelling of the airplane. This implies to always think about the 

physics of the structure. Another interesting aspect of the Thesis was that it gave me 

a vision of both global and local behaviour of the structure, that is to say how 

changing a part of the model impacts the vibration modes of the whole structure. 

Finally, a challenging aspect was that this subject and its stakes were of great 

interest from the company’s point of view. Getting unified Finite Element models over 

different sub-configurations will mean better modelling of the dynamics of the 

airplane, which will lead to less flight test points required for flutter validation (hence 

less time and costs for the same quality level) and to modelling improvements for 

future airplane design. 
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6. RECOMMENDATIONS AND FUTURE WORK 

 

Currently, the multi-model strategy has the constraint that all models should have the 

exact same Design Variables. A possible improvement could be to allow additional 

Design Variables in specific models. Then, in models without these Design Variables, 

one could add null 𝑘 and 𝑚 derivatives associated to these Design Variables. Hence, 

in the multi-model optimizer, all Design Variables could be used for minimization of 

the cost function, but they would not act on all the models. 

Another idea for improvement would be to set up another cost function: currently, the 

problem corresponds to minimizing the difference between the measured and 

calculated shapes, under the constraint that the Design Variables should not vary too 

much (so that the adjusted FE model is not too different from the original FE model). 

Inversely, one could propose a cost function such that the problem would correspond 

to minimizing the variation of the Design Variables (hence minimizing the difference 

between the adjusted FE model and the original FE model), under the constraint that 

the measured and calculated deformed shapes should be close, and that the 

measured and calculated frequencies should be close as well. However, as 

derivatives of the constraints are calculated in the algorithm, this method would 

require calculating the derivatives of the eigenvectors (shapes) and the eigenvalues 

(frequencies), which is more complex. 

A last idea would be to improve the selection of nodes for the comparison of the 

deformed structure between the FE model and the experimental one. Currently, the 

FE nodes that are the closest to the position of the sensors in tests are selected. 

However, they do not always match perfectly this position. It could be interesting to 

be able to select several nodes that round the position of a sensor and build from 

them a new node that is collocated with the sensor, and for which the displacement 

are interpolated from the nodes used to create it. That would probably increase the 

precision of adjustment. 
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APPENDIX A 

This appendix proves the following relation: 

        min
𝑥𝑖
  𝜙𝑖 ‖𝜎𝑎𝑖 − 𝜎𝑡  𝑥𝑖‖

2

+ 𝜃𝑖 ‖𝑘 𝑥𝑖 −𝜔
2 𝑚 𝑥𝑖‖

2
  

 
⇔ ( 𝜙𝑖  𝜎𝑡

𝑇  𝜎𝑡  + 𝜃𝑖 [ 𝑘
𝑇𝑘 − 2 𝜔2𝑚𝑇𝑘  + 𝜔4 𝑚𝑇𝑚]  )  𝑥𝑖  = 𝜙𝑖𝜎𝑡

𝑇 𝜎𝑎𝑖 

 

Developing the initial relation, one gets: 

          𝜙𝑖 ‖𝜎𝑎𝑖 − 𝜎𝑡 𝑥𝑖‖
2

+ 𝜃𝑖 ‖𝑘 𝑥𝑖 −𝜔
2 𝑚 𝑥𝑖‖

2
  

 
 
⇔   𝜙𝑖 [ (𝜎𝑎𝑖 − 𝜎𝑡 𝑥𝑖)

𝑇

 (𝜎𝑎𝑖 − 𝜎𝑡 𝑥𝑖)] + 𝜃𝑖[(𝑘 𝑥𝑖 −𝜔
2  𝑚𝑥𝑖)

𝑇
 (𝑘 𝑥𝑖 −𝜔

2  𝑚 𝑥𝑖) ]  

 
 
⇔ 𝜙𝑖 [ 𝜎𝑎𝑖

𝑇𝜎𝑎𝑖 − 2 𝜎𝑎𝑖
𝑇𝜎𝑡 𝑥𝑖 + 𝑥𝑖

𝑇𝜎𝑡
𝑇 𝜎𝑡 𝑥𝑖] + 𝜃𝑖 [ 𝑥𝑖

𝑇𝑘𝑇𝑘𝑥𝑖 − 2 𝜔
2𝑥𝑖

𝑇𝑘𝑇𝑚 𝑥𝑖 + 𝜔
4𝑥𝑖

𝑇 𝑚𝑇𝑚 𝑥𝑖) ]  

 

Finding the minimum of the initial relation is equivalent to cancelling the derivative: 

min
𝑥𝑖
 (𝜙𝑖 ‖𝜎𝑎𝑖 − 𝜎𝑡  𝑥𝑖‖

2

+ 𝜃𝑖 ‖𝑘 𝑥𝑖 −𝜔
2 𝑚 𝑥𝑖‖

2
 )   

 
⇔ 

𝑑 (𝜙𝑖 ‖𝜎𝑎𝑖 − 𝜎𝑡 𝑥𝑖‖
2

+ 𝜃𝑖 ‖𝑘 𝑥𝑖 −𝜔
2 𝑚 𝑥𝑖‖

2
)

𝑑𝑥𝑖
= 0  

 
⇔ 𝜙𝑖 [ 0 − 2 𝜎𝑎𝑖

𝑇  𝜎𝑡  + 2 𝑥𝑖
𝑇𝜎𝑡

𝑇 𝜎𝑡 ] + 𝜃𝑖 [ 2 𝑥𝑖
𝑇𝑘𝑇𝑘 − 4 𝜔2𝑥𝑖

𝑇𝑘𝑇𝑚 + 2 𝜔4𝑥𝑖
𝑇 𝑚𝑇𝑚 ) ]  = 0 

 

Dividing by 2, one gets: 

 
⇔ 𝜙𝑖 [ − 𝜎𝑎𝑖

𝑇  𝜎𝑡  +  𝑥𝑖
𝑇𝜎𝑡

𝑇𝜎𝑡 ] + 𝜃𝑖 [  𝑥𝑖
𝑇𝑘𝑇𝑘 − 2 𝜔2𝑥𝑖

𝑇𝑘𝑇𝑚 +  𝜔4𝑥𝑖
𝑇 𝑚𝑇𝑚 ) ]  = 0 

 
⇔ 𝑥𝑖

𝑇( 𝜙𝑖  𝜎𝑡
𝑇 𝜎𝑡  + 𝜃𝑖 [ 𝑘

𝑇𝑘 − 2 𝜔2𝑘𝑇𝑚 + 𝜔4 𝑚𝑇𝑚 ]  )    = 𝜙𝑖 𝜎𝑎𝑖
𝑇𝜎𝑡 

 

And transposing the final equation : 

 
⇔ ( 𝜙𝑖  𝜎𝑡

𝑇 𝜎𝑡  + 𝜃𝑖 [ 𝑘
𝑇𝑘 − 2 𝜔2𝑚𝑇𝑘  + 𝜔4 𝑚𝑇𝑚]  )  𝑥𝑖  = 𝜙𝑖𝜎𝑡

𝑇 𝜎𝑎𝑖  
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APPENDIX B 

This appendix describes the transformation of the cost function into its quadratic 

form: 

‖(𝑘 +
𝜕𝑘

𝜕𝜆
𝜆)𝑌𝑖 − 𝜔

2(𝑚 +
𝜕𝑚

𝜕𝜆
𝜆)𝑌𝑖‖

2

=
1

2
 𝜆𝑇𝐻𝜆 − 𝐹𝑇𝜆 + 𝑑 

 

Starting from the initial term: 

‖(𝑘 +
𝜕𝑘

𝜕𝜆
𝜆)𝑌𝑖 − 𝜔

2(𝑚 +
𝜕𝑚

𝜕𝜆
𝜆)𝑌𝑖‖

2

 

= ‖(𝑘 − 𝜔2𝑚)𝑌𝑖 + (
𝜕𝑘

𝜕𝜆
𝜆 − 𝜔2

𝜕𝑚

𝜕𝜆
𝜆)𝑌𝑖‖

2

 

= ‖(𝑘 − 𝜔2𝑚)𝑌𝑖 + (
𝜕𝑘

𝜕𝜆
− 𝜔2

𝜕𝑚

𝜕𝜆
)𝑌𝑖 ⋅ 𝜆‖

2

 

 

Writing 𝐴 = (
𝜕𝑘

𝜕𝜆
− 𝜔2

𝜕𝑚

𝜕𝜆
)𝑌𝑖  and 𝐵 =  (𝑘 − 𝜔2𝑚)𝑌𝑖 : 

= ‖𝐴𝜆 + 𝐵‖
2
 

= (𝐴𝜆 + 𝐵)
𝑇
 (𝐴𝜆 + 𝐵) 

= 𝜆𝑇𝐴𝑇𝐴𝜆 + 𝜆𝑇𝐴𝑇𝐵 + 𝐵𝑇𝐴𝜆 + 𝐵𝑇𝐵 

 

As 𝜆𝑇𝐴𝑇𝐵 is a scalar, it is equal to its transposed value: 

= 𝜆𝑇𝐴𝑇𝐴𝜆 + 2 𝐵𝑇𝐴𝜆 + 𝐵𝑇𝐵 

 

With 𝐻 = 2 𝐴𝑇𝐴,  𝐹 = −2 𝐵𝑇𝐴 and 𝑑 = 𝐵𝑇𝐵, the quadratic form is obtained: 

=
1

2
 𝜆𝑇𝐻𝜆 − 𝐹𝑇𝜆 + 𝑑 



75,7$�75,7$�6&,�*58���������

ZZZ�NWK�VH


