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Abstract

T
he interest in wireless communications has grown constantly for the past
decades, leading to an enormous number of applications and services em-
braced by billions of users. In order to meet the increasing demand for

mobile Internet access, several high data-rate radio networking technologies have
been proposed to offer wide area high-speed wireless communications, eventually
replacing fixed (wired) networks for many applications.

This thesis considers cross-layer optimization of multi-hop radio networks where
the system performance can be improved if the traditionally separated network
layers are jointly optimized. The networks we consider have links with variable
transmission rates, influenced by the allocation of transmission opportunities and
channels, modulation and coding schemes and transmit powers. First, we formu-
late the optimal network operation as the solution to a network utility maximiza-
tion problem and review decomposition methods from mathematical programming
that allow to translate a centralized network optimization problem into distributed
mechanisms and protocols. Second, particular focus is given to networks employ-
ing spatial-reuse TDMA, where we develop detailed distributed solutions for joint
end-to-end communication rate selection, multiple time-slot transmission schedul-
ing and power allocation which achieve the optimal network utility. In the process,
we introduce a novel decomposition method for convex optimization, establish its
convergence and demonstrate how it suggests a distributed solution based on flow
control optimization and incremental updates of the transmission schedule. We de-
velop a two-step procedure for distributed maximization of computing the schedule
updates (maximizing congestion-weighted throughput) and suggest two schemes
for distributed channel reservation and power control under realistic interference
models. Third, investigate the advantages of employing multi-user detectors within
a CDMA/TDMA framework. We demonstrate how column generation techniques
can be combined with resource allocation schemes for the multi-access channel into
a very efficient computational method. Fourth, we investigate the benefits and chal-
lenges of using the emerging OFDMA modulation scheme within our framework.
Specifically, we consider the problem of assigning sub-carriers to wireless links in
multi-hop mesh networks. Since the underlying mathematical programming prob-
lem is computationally hard, we develop a specialized algorithm that computes
optimal near-optimal solutions in a reasonable time and suggest a heuristic for
improving computation at the price of relatively modest performance losses.
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Chapter 1

Introduction

T
he interest in wireless communications has grown constantly for the past
decades, leading to an enormous number of applications and services em-
braced by billions of users. Ubiquitous Internet and multimedia applications

suitable for cellular systems have been two of the engines that pushed the research
and industry societies to innovation and growth.

In order to meet the increasing demand for high-bandwidth network services,
high data rate radio networks have recently been proposed to replace wired net-
works in many applications. New families of standards, such as IEEE 802.11s and
IEEE 802.16, have been conceived to provide high-speed wireless communications
to a large number of users across wide areas. A new generation of standard-based
devices have been developed to offer a mobile and quickly deployable alternative to
the current cabled networks. Consequently, the design of efficient network control
mechanisms for optimizing the capabilities of complex networks is becoming an
increasingly critical aspect in networking.

1.1 Optimization of Communication Networks

Network functionalities and services are commonly classified and modelled through
the well-known Open System Interconnection (OSI) network model. Standardized
in 1984, the OSI model establishes a 7-layer protocol stack where each layer defines
the specifications for a particular network aspect and provides services to the upper
layers. Figure 1.1 show the layered hierarchy of the OSI stack where:

• The Physical layer deals with signal transmission over the channel.

• The Data Link layer provides the abstraction of a link and the ability to
transmit raw of bits over the channel. This layer is further split into two
sub-layers:

- Logical Link Control (LLC) which multiplexes protocols running atop the
data link layer and optionally provides flow control, acknowledgment,

1
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Figure 1.1: OSI Model.

and error recovery.

- Medium Access Control (MAC) that establishes which users is allowed to
access the media at any one time, and can be implemented by centralized
and distributed algorithms.

• The Network Layer introduces the concept of source-destination path and
handles the routing of data flow through the network.

• The Transport layer provides a virtual end-to-end channel.

• The remaining tree layers, less significant to the scope of this thesis, are
responsible to create sessions between users, to structure the information in
order for devices using different data representations to communicate, and to
define the user applications, respectively.

Modularity and simplification of the network design are guaranteed by per-
layer communications, i.e., given any two nodes in the network, layers at the same
level communicate with each other without knowing the inner working at the lower
layers, see Figure 1.1. Per-layer communication allows to optimize the operations of
each layer separately. However, in many systems there exists an inherent coupling
between the operation at different layers, e.g., in wireless networks adjusting the
resource allocation at the physical and MAC layers, such as transmit power or
transmission rights, changes the average link rates, influences the optimal routing,
and alters the achievable network utility. Under such coupling, optimizing only
within layers will not be enough to achieve the optimal network performance, thus
the control mechanisms at the transport, network, data link and physical layers
need to be jointly designed.
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1.1.1 Network Utility Maximization

Network utility maximization (NUM) has emerged as a powerful framework to op-
timize the performance of communication systems, see e.g., Kelly et al. (1998); Low
and Lapsley (1999); Low (2003); Xiao et al. (2004); Chiang (2005); Lin and Shroff
(2006). Given a set of end-users that share the network resources by communicat-
ing at a certain rate sp through a sequence of connected links forming a path from
source p, and given a set of utility functions up(·) describing the satisfaction level
of the user when transmitting at rate sp, a NUM problem typically takes the form

maximize
∑
p up(sp)

subject to
∑
p∈P(l) sp ≤ cl ∀l

smin ≤ sp ≤ smax ∀p

(1.1)

Here, cl is the link capacity, P(l) is the set of paths traversing link l, the inequality∑
p∈P(l) sp ≤ cl states that the total traffic across a link cannot exceed its capacity,

while the second set of inequality constraints defines the feasible end-rates. Making
the standard assumption on the concavity of the utility functions, problem (1.1)
becomes a concave maximization of separable terms under linear constraints, which
has long been studied in optimization theory, see e.g., Boyd and Vandenberghe
(2004).

Pioneered by Kelly et al. (1998) for wireline networks, successive studies by
Low and Lapsley (1999) have shown that applying standard duality theory for
solving problem (1.1) one finds a distributed solution which can be mapped onto the
idealized operations of TCP clients and active queue management (AQM) schemes.
In this formulation, dual variables play the role of link prices or congestion measures.
It has been argued that running most of the common TCP/AQM variants effectively
amounts to letting the network solve the utility maximization problem (1.1), cf.
Low (2003).

In wireless systems, the links capacity cl is not fixed a priori but depends in non-
trivial way on both MAC and physical layers. Nevertheless, the same methodology
can be readily extended to study performance limits of radio multi-hop networks,
cf. Johansson et al. (2003); Xiao et al. (2004); Chiang (2005); Johansson and Xiao
(2006); Lin and Shroff (2006). In this case, solving the network utility maximization
through TCP/AQM schemes requires cross-layer signaling, e.g., sending link-price
to the upper layers, to jointly coordinate the operation at the transport and net-
work levels with the underlying layers. Under this formulation, MAC and physical
layers capitalize on solving a weighted throughput maximization problem

maximize
∑
l λlcl

subject to cl ∈ C
(1.2)

where λl are dual variables form problem (1.1), while C represents the capacity
region. The operations at the MAC and physical layers involve the allocation
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Figure 1.2: Parametrization of utility functions.

of transmission opportunities and channels, modulation and coding schemes and
transmit powers. In the rest of this thesis we will use the term scheduling to refer
to the joint optimization of such resources through problem (1.2).

In addition, congestion control has become a key functionality in modern com-
munication networks to guarantee fairness and efficiency in the way the users act,
i.e each user must regulate the rate at which it injects data into the network so as
to utilize the entire network capacity avoiding, at the same time, to congest the
network and to make other users starve. The tradeoff between fairness and effi-
ciency may be mapped onto different shapes of the utility functions, and a compact
α-parametrization has been proposed by Mo and Walrand (2000):

u(sp, α) =

{
(1 − α)−1s1−αp , if α 6= 1;

log sp, otherwise.
(1.3)

Figure 1.2 shows the different shapes for various values of α. By setting α = 0,
the problem reduces to system throughput maximization. For α = 1, proportional
fairness among competing users is attained; while α = 2 yields the harmonic mean
fairness; finally, α→∞models the max-min fairness. We postpone a more accurate
description of some performance metrics to Chapter 3.

1.1.2 Cross-Layer vs Layering

The NUM formulation (1.1) for wireline communication networks capitalizes on the
fact that the link-rate allocation is fixed (the set C is a singleton). One of the central
ideas of this thesis is to remove this restriction and consider the joint end-to-end
and link-rate selection for wireless multi-hop networks. This ambition poses many
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challenges. Even developing realistic models for how medium access mechanisms,
modulation and coding schemes, and transmit power allocation influence the link
rates is non-trivial. The problem is compounded by the fact that we would like the
model to allow a tractable analysis and design of the associated resource allocation
mechanisms.

The traditional way of dealing with network design has been one of layering.
Here, the medium access and congestion control mechanisms are designed sepa-
rately, effectively reducing the set of potential link rate vectors to a singleton again.
Many technologies allow manual tuning of link rates (e.g. by off-line planning of fre-
quencies and transmission schedules) which can be used to improve overall system
performance. The cross-layer design approach takes this idea one step further and
advocates the joint design of resource allocation mechanisms in transport, routing
and physical layers. As we will see in this thesis, this joint optimization can be
achieved by limited signalling between layers (of congestion levels in particular)
and slight modifications of current protocols.

Breaking up the layered structure of the networking stack may also have nega-
tive consequences, partially in terms of maintenance and compatibility issues, but
also in terms of resulting performance. In particular, it has been observed that
cross-layer coordination protocols can introduce dependency relations and unin-
tended interactions, see Kawadia and Kumar (2005): in some situations, adaption
mechanisms in different layers can start working "against" each other, leading to
worse practical performance than in a layered network.

1.2 Scheduling in Wireless Networks

As mentioned in Section 1.1.1, network utility maximization provides a rigorous
methodology to design and analyze protocols solving the scheduling problem

maximize
∑
l λlcl

subject to cl ∈ C

Schemes solving this problem allocate the channel to users across time, frequency
and space, accounting for the effects of the multiple access interference (MAI) and
fall into the area of multiple access control (MAC) protocols.

A complete overview of MAC protocols is outside the scope of this thesis, but
it is useful to understand how they can be classified. Rom and Sidi (1989) map
multiple access protocols onto two major families: contention-based MAC protocols
and conflict-free MAC protocols. In contention-based schemes, users compete to
access a common resource, resulting in possible conflicts that the protocols han-
dle and resolve using either static and dynamic contention resolution techniques.
Aloha-based protocols and the various versions of the Carrier Sense Multiple Access
(CSMA) are examples of contention-based MAC protocols. Conflict-free schemes,
on the contrary, ensure that a transmission, whenever made, is successful, that is,
no collision occurs. In this case, the channel allocation is solved using a variety of
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techniques, including Time division Multiple Access (TDMA), Frequency division
Multiple Access (FDMA) and Spread-Spectrum (SS) based schemes, such as Code
Division Multiple Access (CDMA).

One of the challenges of this thesis is to define efficient, possibly distributed,
radio resource management schemes that solve the joint scheduling, rate and power
control problem under realistic models for interference generated by users trans-
mitting over a shared frequency spectrum. Structured development of scheduling
techniques relies on models of the underlying radio channel, the resource allocation
mechanisms, and their impact on the achieved link rates. Scheduling policies de-
rived using too simplistic models risk to result in poor performance. Moreover, too
detailed models might make the mathematical problem of analyzing and designing
protocols untractable. It is thus critical to strike a god balance between complex-
ity and accuracy of the model. For link scheduling in multi-hop radio networks,
two classes of communication models have emerged: protocol-based models and
SINR-based models.

1.2.1 Protocol-Based Models

Protocol-based models assume that the transmission range of each node is limited,
usually circular, beyond which no interference is caused. This description allows to
attack the problem from a graph-theoretical perspective that models the multiple
access interference without specifically considering the physical consequences of
simultaneously transmitted signals. Works using this approach, such as Yi and
Shakkottai (2004); Chen et al. (2005); Lee et al. (2005); Lin and Shroff (2006);
Lin et al. (2006); Lee et al. (2006b,a), model the interference explicitly as a graph
property and capitalize on either graph coloring or matching theory to allocate
either time slots or frequencies.

More formally, the network is described by an interference graph G = (V,E),
where adjacent nodes in V are connected by an edge in E. Given a set of col-
ors F (in our model, typically represents time slots or channels), a correct vertex
coloring of G is a color assignment c : V → F such that any two adjacent nodes
have a different color. Alternatively, edge coloring assigns different colors to edges
sharing a common vertex. Both vertex and edge coloring are closely related to the
definitions of correct packet reception and neighborhood. Given a node, its neigh-
borhood is defined as the set of nodes that it can directly interact with, while a
packet is assumed successfully received if there are no other active transmitters in
the receiver’s neighborhood. Typically, graph coloring based models of the inter-
ference can be overly pessimistic in that, in practice, even nearby communication
is tolerable if it takes place at sufficiently low power level; on the other hand, treat-
ing the interference as an intrinsic property of the network topology is generally
too optimistic because also week signals simultaneously transmitted can build up
significant interference, see Moscibroda et al. (2006) and references therein.

Two commonly used assumptions behind protocol-based models are
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A1 The data rate rl at each link is fixed.

A2 Each node can only send or receive from one other node at any time.

Under these assumptions, the scheduling problem (1.2) corresponds to a maximum
weighted matching problem, where links are weighted by λlrl. The formulation is
an extension of the basic matching problem that has been extensively studied since
the early 50s’. A matching is a subset of links such that not two links are incident
to the same node. A maximal matching is a matching where no more links can be
added without violating the assumptions above. Efficient algorithms solving the
matching in polynomial time go back to the 70s’, cf. Papadimitriou and Steiglitz
(1982). Recent studies, see e.g., Lin and Shroff (2006); Lin et al. (2006); Modiano
et al. (2006), suggest to apply matching theory for scheduling links in wireless
networks. Distributed solutions to problem (1.2), although relying on heuristics
algorithms to match links, have shown to achieve at least 1/2 of the optimal value,
cf. Lin and Shroff (2006).

The concept of weighted maximal matching is illustrated in Example 1.1, where
we further assume that all links use the same transmission rate, i.e., rl = rtgt. In

Example 1.1
A maximal weighted matching problem for protocol-based models can be formulated
as follows

maximize
∑
l λlr

tgt

subject to Assumptions A1 and A2
(1.4)

Figure 1.3 shows that the set of links M = {1, 8} is a maximal matching for the
given network and link weights.

λ1=8

λ5=1

λ4=1

λ6=1

λ2=1

λ3=1 λ7=1

λ8=5

λ9=1

λ10=1

Figure 1.3: Example of Maximal Weighted Matching.

Examples 1.2 and 1.3 illustrate that the assumptions A1 and A2 may not be enough
to ensure feasibility of the rate allocation in a real system.

Example 1.2
A critical drawback with the graph-based protocol models is the assumption that
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active links can transmit at a fixed rate rtgt irrespectively of the current radio
conditions. In practice, the link rates depend on the signal to interference and
noise ratio (SINR) experienced by the transmitter

cl(P) = f(SINRl(P)) (1.5)

The notation SINRl(P) reflects that in the majority of cases, concurrent transmis-
sions by other nodes is experienced as an increase of the noise level at the receiver.
Thus, the power allocation at a single node influences the SINR (and, hence, the
achievable link rates) across the network.
Typically, the function f in (1.5) is monotone increasing, so assumption A1 implies
the existence of a minimum SINR value, say γtgt, such that γtgt = f−1(rtgt).
When the SINR value drops below this threshold, it is no longer possible to sustain
reliable communication at the target rate. Although the intensity of interfering
signals decays (often quickly) with distance, the aggregate effect of many small
contribution can severely reduce the SINR at the receiver side.
For sake of illustration, assume that the matching from Example 1.1 represents
a feasible transmission group (i.e. SINRl ≥ γtgt), and consider the augmented
matching obtained by including link 12 in Figure 1.4. This link introduces addi-
tional interference at the receivers of links 1 and 8, which may cause the SINR levels
to drop below the target values, rendering the transmission group infeasible. The
situation might be improved if the system supports lower rates and a fallback rate
control strategy, but it is important to note that the graph-based models neither
predict when SINR targets cannot be met nor give any advice of how fall-back
strategies should be designed.

λ1=8

Extra interference

λ5=1

λ4=1

λ6=1

λ2=1

λ3=1 λ7=1

λ8=5

λ9=1

λ10=1

λ11=1 λ12=10

γ SINR1γ

r

tgt

tgt

r1max

Achievable

R
at

e

SINR drop

Rate lo
ss

Figure 1.4: Augmenting a matching may generate high interference and lead to sub-
stantial rate losses.
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Example 1.3
Tuning the neighborhood size leads to the definition of d-hop graph-based schedul-
ing (cf. Grönkvist (2005)), which guarantees a distance of d-hop between nodes us-
ing the same time slot or frequency, see also Moscibroda and Wattenhofer (2005a,b);
Moscibroda et al. (2006). Assumption A2 maps 1-hop graph-based scheduling. In
general, a reuse distance of 1-hop may lead to an undesirable resource allocation
where active receivers suffer the well known near-far effect as in Figure 1.5(a). This
problem, that typically affects densely populated networks, can be attenuated by
extending the reuse distances to more than one hop, leading to a d-hop graph-based
scheduling (cf. Grönkvist (2005)). Figure 1.5(b) shows that how a 2-hop scheduling
could mitigate the near-far effect.

6

5

9

101

2

11

12

3 4 7 8

(a) Near-far effect due to 1-hop graph-based
scheduling.

6

5

9

101

2

11

12

3 4 7 8

(b) Near-far effect solved with 2-hop graph-
based scheduling

Figure 1.5: Examples of k-hop graph-based scheduling.

1.2.2 Interference-Based Models

More realistic, although more complex, models take into account the signal and
interference levels at the receiver side by modelling the physical phenomena behind
the propagation of radio signals. Interference-based models exploit the SINR as
metric of quality. Simple approaches, as the one in Example 1.2, assume a node
is able to successfully receive a packet if the SINR is above a fixed communication
threshold, i.e., SINR ≥ γtgt. More practical schemes approximate the relation (1.5)
with a piecewise constant function of the SINR, i.e., by defining multiple discrete
rate levels. A somewhat idealized model is to let the number of rate levels to
infinity, leading to a continuous mapping.

In some cases, the effect of the multiple access interference can be either mit-
igated by planning and use of appropriate MAC schemes. For instance, cellular
systems exploit cell-planning to minimize the extra-cell interference by dividing a
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limited frequency pool into subsets and by assigning them to base stations by en-
suring a sufficiently large reuse distance between cells. The problem becomes more
difficult in the case of licence free bandwidths, such as the 2.4GHz band, where
different systems coexist without coordination. In general, interference-based mod-
els appears more appropriate than graph-based models to design radio resource
management schemes capable of dealing with the effect of MAI. In Example 1.4
we show how a MAC scheme aware of the interference effects may make up for the
issues incurred with graph-based models.

Example 1.4
We consider again the scenario in Example 1.2 where, after augmenting the initial
maximal weighted matching M = {1, 8} with link 12, the feasibility of the rate
allocation would have been lost. An interference-based MAC protocol might require
one of the links to turn off the transmission so as to recover feasibility of the rate
allocation {0, rtgt} on the remaining links, see Figure 1.6. Which link to turn
off is a complex decision involving both links weight, rate targets and multi-access
interference caused. In our example, the final transmission group {1, 12}, although
not maximal in terms of cardinality, represents a feasible solution that maximizes
the weighted throughput problem (1.4). Alternatively, it might (or may not) be
possible to recover feasibility for the augmented matching M = {1, 8, 12} by
applying power and rate adaption schemes, eventually in combination with fall-
back strategies to recover lower rates.

λ1=8

λ5=1

λ4=1

λ6=1

λ2=1

λ3=1 λ7=1

λ8=5

λ9=1

λ10=1

λ11=1 λ12=10

Figure 1.6: Example of structured interference-based scheduling.

Modelling Interference

In Examples 1.1-1.4 all the nodes share a common radio channel. We can now make
more explicit the dependency of the link capacity on the SINR expressed in (1.5)
as follow

cl(P) =W log(1 +KSINRl(P)) (1.6)
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for some some positive constant K, while the SINR is defined as1

SINRl =
GllPl

σl +
∑
m 6=l

GlmPm
(1.7)

Here, Glm describes the channel gain between the transmitter of link m and the
receiver of link l. Using non-orthogonal channels, the scheduling problem (1.2) is
in general non-convex and therefore difficult to solve. However, the problem can be
efficiently approximated under two conditions: high- and low-SINR.

In the case of high-SINR regime, the link capacity can be approximated as

cl(P) ≈W log(KSINRl(P)) (1.8)

This approximation renders problem (1.2) convex in the variables Pl and solvable
via geometric programming (GP). Chiang (2005) has shown that solving prob-
lem (1.2) for high SINR yields a distributed power control algorithm that couples
with existing TCP-like protocols to increase end-to-end throughput and energy
efficiency in the network. Although distributed, this solution relies on message
gossiping though the entire network to sustain continuous power control and rate
adaption while users simultaneously transmit, i.e., scheduling is not provided.

In Low-SINR regime, also referred to as linear regime, the link rate is approxi-
mated by a linear function of the SINR, i.e.,

cl(P) ≈ KSINRl(P) (1.9)

Time Hopping Ultra Wide Band (THUWB) and low gain CDMA systems are exam-
ples of networks operating in linear regime. Under the assumption of fine-grained
rate adaption, the optimal solution to problem (1.2) for high-rate networks (where
the goal is to maximize rates under power constraints) and for low power networks
(where the goal is to minimize the average consumed power while meeting mini-
mum rate constraints) is a {0− Pmax} power control algorithm, cf. Radunović and
Boudec (2005). Moreover, for high-rate network with only peak-power constraints,
{0− Pmax} allocation turns out to be the only optimal power control strategy.

Discrete-rate Allocation

The approximations (1.8) and (1.9) define continuous (or fine-grained) rate adap-
tion schemes. In practical systems, however, nodes can choose among a finite set of
discrete transmission rates according to the sustainable SINR level. Simple schemes,
as in Examples 1.1-1.4, may offer one (or a few) rates. Various MAC schemes can
be engineered using this simple rate allocation policy as guideline, with complexity
growing exponentially with the number of links and rate levels. A more detailed
formulation of this problems will be given in Chapters 2 and 3, as well as their

1More details about this representation will be given in chapter 2.
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application in a centralized optimization framework. Making the scheduling prob-
lem (1.2) part of a completely distributed optimization framework that does not
rely on the previous approximations will be the purpose of Chapter 4.

1.3 Problem Formulation and Application Scenarios

In this thesis, we investigate centralized and decentralized mechanisms that jointly
optimize the operation of the transport, network, data link and physical layers in
multi-hop radio networks. The design problem is posed as a utility maximization
problem subject to link rate constraints that involve power allocation and transmis-
sion scheduling over both time and frequency. We will consider systems where all
transmission share a single frequency band as well as systems where the bandwidth
is divided into multiple channels.

A first aim is to establish the achievable performance (in terms of through-
put and aggregate utility) of cross-layer optimized multi-hop wireless networks. In
our methodology, this translates into formulating the appropriate models mapping
resource allocation decisions into overall system performance, as well as special-
ized techniques for finding the optimal resource allocation and its performance. A
second aim is to develop solutions to the resource allocation problems which can
be translated into distributed mechanisms and protocols. Distributed solutions
will in general require signalling and coordination between devices and functional
units. Thus, a third aim is to investigate the impact of various advanced radio
resource management techniques on the system performance, trying to develop an
understanding of to what extent local signal processing can reduce the need for
global coordination and to what degree single-channel single-radio solutions can
be extended to systems with multiple channels and multiple radio interfaces. Our
work is driven by three specific application scenarios: STDMA wireless networks,
CDMA/TDMA systems with multi-user detectors and WiMax networks.

1.3.1 STDMA Networks

Bandwidth is the fundamental resource of any communication systems. Due to
severe international legislations, namely standards, the system bandwidth is a fixed
design parameter, therefore it is of fundamental importance to optimize its usage
in order to satisfy as many user as possible with the required quality of service.
To this end, the frequency band can be reused over time and space. For instance,
TDMA protocols divide the time into intervals (slot), and schedule each user to
access the channel in a separated time slot. Although this avoids interference, it
is wasteful use of the spectrum and the need for long schedules (to accommodate
for all users) may lead to large latency. Spatial-reuse TDMA (S-TDMA) is an
extension of TDMA that allows spatially separated radio terminals to transmit
simultaneously when the interference they incur on each other is not too severe.
Centralized algorithms for S-TDMA scheduling have a long history (e.g., Hajek
and Sasaki (1988); Funabiki and Takefuji (1993); Grönkvist (2000); ElBatt and
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Ephremides (2002)), while the interest in ad hoc networks has pushed the research
towards distributed solution to the scheduling problem, cf. Chlamtac and Lerner
(1985); Pond and Li (1989); Cidon and Sidi (1989); Grönkvist (2003); Muqattash
and Krunz (2003). Operational systems using S-TDMA include, for instance, the
soldier phone, see e.g Bittel et al. (1996), while it has been recently shown the
advantages of S-TDMA also in applications for sensor networking, cf. Hoesel et al.
(2004).

1.3.2 Multi-user Detectors

CDMA is the dominating technology in today’s cellular standards and in many
other wireless sytems. CDMA differs from the classical time or frequency division
multiple access schemes (TDMA and FDMA) in the sense that all users share the
same frequency band at the same time by using different coding sequences to encode
their information. Typically, the receiver treats the multiple access interference as
additional noise, which reduces the quality of the reception and, in the worst case,
makes the receiver circuits unable to decode the information. Multi-User Detectors
(MUD) have been developed to mitigate this issue. Multi-user detectors do not
treat other users’ transmissions as noise but as digital signals that can be removed
from the received signal before making data decision. This technique, referred as
to successive-interference cancellation (SIC), is a non-linear type of multi-user de-
tection, in which users are decoded successively. The approach successively cancels
the strongest remaining user by re-encoding the decoded bits, and - after making
an estimate of the channel - the interfering signal is generated at the receiver. This
is then subtracted from the received waveform. New users do not encounter mul-
tiple access interference, leading to significant gain in terms of capacity over the
conventional receivers, cf. Verdu (1986).

1.3.3 WiMax Networks

The IEEE 802.16 family of standards, cf. Committee. (2004), often referred to
as WiMax, has been conceived to provide high-speed wireless communications to a
large number of users across wide areas. Standards-based devices will offer a mobile
and quickly deployable alternative to the current cabled networks, cf. Ghosh et al.
(2005), combining communications in the frequency bands 10− 66 GHz and 2− 11
GHz with multiple access technologies that enable both single- and multi-carrier
division of the available spectrum. Backhaul and local services are offered using
point-to-multipoint or mesh topologies, where mesh provides the framework for
multi-hop networking.

The basic WiMax architecture defines subscriber stations (user devices), base
stations, and wired backhaul services to deliver high data-rate to the end-users.
In a point-to-multipoint configuration, the base station is the only transmitter op-
erating in the downlink, while a set of subscribers share the medium during the
uplink communication; in mesh mode, on the contrary, traffic can also be routed
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directly between subscribers and there is not a strict distinction between uplink
and downlink. To increase coverage at relatively low cost, the standard specifies
both single-carrier and multi-carrier physical layer technologies. WirelessMAN-SCa
and WirelessHUMAN are the parts of the standard that define the single carrier
modulation scheme, in which a common channel is shared by all users through cen-
tralized or decentralized channel access mechanisms. OFDM and OFDMA digital
modulations are exploited to divide the system bandwidth into a narrowband over-
lapping sub-carriers so as to transform the frequency selective fading channel into
several flat fading sub-channels.

1.4 Contributions

The order of the author indicates the workload, where the first author did most of
the work. The contributions are as follows

• Chapter 3 gives an introduction to decomposition techniques based on:

B. Johansson, P. Soldati and M. Johansson: Mathematical De-
composition Techniques for Distributed Cross-Layer Optimization of Data
Networks, IEEE Journal on Selected Areas in Communications, 24(8) :
1535− 1547, August 2006.

• Chapter 4 presents distributed cross-layer optimization and radio resource
allocation for single-carrier wireless networks based on:

P. Soldati, B. Johansson and M. Johansson: Distributed Cross-
Layer Coordination of Congestion Control and Resource Allocation in S-
TDMA Wireless Networks, Wireless Networks, Springer Ed. (submitted)

P. Soldati, B. Johansson and M. Johansson: Distributed Opti-
mization of End-to-End Rates and Radio Resources in WiMax Single-
Carrier Networks, IEEE Globecom, San Francisco, LA USA, December
2006.

P. Soldati, B. Johansson and M. Johansson: Proportionally Fair
Allocation of End-to-End Bandwidth in STDMA Networks, ACM Mo-
biHoc, Florence, Italy, May 2006.

• Chapter 5 introduces cross-layer optimization of multi-hop radio networks
using multi-user detectors based on:

S. Loretti, P. Soldati and M. Johansson: Cross-Layer Optimization
of Multi-Hop Radio Networks with Multi-User Detectors, IEEE Wireless
Communications and Networking Conference, New Orleans, CA USA,
March 2005.
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• Chapter 6 investigates the performance limits of wireless with multi-radio
multi-frequency systems using the material of

P. Soldati and M. Johansson: Network-Wide Resource Optimiza-
tion of Wireless OFDMA Mesh Networks with Multiple Radios, IEEE
International Conference on Communications ICC, Glasgow, Scotland,
June 2007.

1.5 Outline

In this chapter, we have shortly introduced the topics that have driven the research
of this thesis. Each specific finding will be thoroughly presented in each part of the
thesis. Chapter 2 describes the network model and assumptions. Chapter 3 gives
a general overview of the main decomposition techniques adopted throughout the
thesis, and shortly review some results that have inspired our findings. In Chapter 4
we present a novel approach to distributed cross-layer optimization and resource
allocation for single-carrier wireless networks. Chapter 5 extends the centralized
cross-layer optimization framework to multi-hop radio networks with multi-user de-
tectors, while in Chapter 6 we present a network-wide resource optimization scheme
for wireless OFDMA mesh networks with multiple Radios. Finally, Chapter 7 con-
cludes the thesis with a summary of the main achievements and thought for natural
extensions and future work.





Chapter 2

Model and Assumptions

A
valid model represents the hook between a physical system and the math-

ematical tools with which one wishes to analyze its performance. Detailed
modelling of complex systems is often overwhelming and leads to choose

between accuracy and simplicity. On the one hand, there is the desire of precisely
describing as many aspects of the system as possible, on the other hand the will
of keeping the problem complexity low. Moreover, the interplay between model
and applicable analysis tools is not always clear, and the desire of using specific
mathematical tools may encourage to adopt simplifying assumptions to the extent
that their physical relevance becomes questionable. An appropriate compromise
among these aspects is thus essential.

The performance of communication networks depends on the interplay between
parameters at different layers of the OSI model, such as end-to-end rate selection
at the transport layer, transmission scheduling and MAC protocols at the data link
layer and transmit power and channel state at the physical layer. A model for these
dependencies will be developed next.

2.1 Network Topology

We consider a network consisting of a constellation of geographically distributed
radio units, i.e., nodes, located at fixed positions in the plane. Each node is assumed
to have infinite buffering capacity and can transmit, receive and relay data to other
nodes over wireless multi-hop links.

We describe the network topology by a directed graph, with nodes labelled
n = 1, . . . , N and communication links labelled l = 1, . . . , L. A link is represented
by an ordered pair (i, j) of distinct nodes, i.e., an arc in the topology graph. The
presence of link (i, j) means that the network is able to send data from node i
to node j. The network topology can be specified by a node-arc incidence matrix

17
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A ∈ R
N×L, whose entry anl is associated with node n and link l via

anl =





1, if node n is the transmitter of link l

−1, if node n is the receiver of link l

0, otherwise;

We notice that each column of A describes a specific link with only two nonzero
entries, namely 1 and −1, that identify the transmitter and receiver, respectively.
Each row characterizes a node by its outgoing and incoming links. To make this
explicit, we define O(n) as the set of outgoing links from node n and I(n) as the
set of incoming links to node n, as in Example 2.1.

Example 2.1
Figure 2.1 shows a network where four nodes are connected through six links. The
corresponding nod-arc incidence matrix is

A =




−1 1 0 0 0 0

0 0 −1 1 0 0

1 −1 1 −1 1 −1

0 0 0 0 −1 1




Note that row 1, corresponding to node 1, has two non-zero entries. The −1 at
the first column means that link 1 is incoming to the node, while the +1 in the
second column encodes that link 2 is outgoing form the node. In the notation
above, I(1) = {1} and O(1) = {2}.

6

5

1

2

3

4

1

2

3 4

Figure 2.1: Example of network topology represented by a node-arc incidence matrix.

2.2 Communication Model

The communication model describes the aspects related to physical and data link
layers, such as radio channel, interference, the mapping between link quality and
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data transmission rate. In the basic formulation, we consider a system where all
nodes are equipped with onmidirectional antennas and share the same frequency
band, so that interference will occur when multiple links transmit simultaneously.
Extensions of this model that consider nodes equipped with multi-user detectors
and multi-radio/multi-frequency capabilities will be further described in the last
chapters of this thesis.

2.2.1 Channel Model

Detailed modelling of the wireless channel is extremely difficult due to background
noise, attenuation of the received power (fading), interference and their impact
on the achievable link rate. For example, the attenuation of the received power
is in general unpredictable due to the aleatoric phenomena that typically occur
during radio transmissions, such as lack of line of sight communication, diffraction,
diffusion, reflection and scattering, resulting in multi-path propagation of the trans-
mitted signals, cf. Proakis (1995) and Figure 2.2. Channel attenuation is usually
decomposed into:

1. Path loss: The theoretical attenuation of the signal radiated by a transmitter
in free space that would occur if all variable factors were disregarded. It
depends on frequency and distance only.

2. Slow fading: Shadowing, or large-scale fading, represents the average signal
power attenuation due to obstructions within the environment between trans-
mitter and receiver, such as terrain contours, forests, clumps of buildings, or
movements of users over large areas.

3. Fast Fading: Multi-path fading, or small-scale fading, occurs due to small
movements or obstacles, on the order of the signal wavelength, and can dra-
matically affect both amplitude and phase of the received signal.

In case of mobility of terminals and objects, all these components will become time
varying.

In this thesis we will consider a snapshot network scenario and use a determin-
istic fading model of the channel attenuation. This can be seen as either a snapshot
view of a time-variant channel or an average long-term behavior. To this end, let
Glm = klmd

−ν
lm be the direct link gain between the transmitter of link m and the

receiver of link l. Here, dlm is the physical distance between the transmitter of
link m and the receiver of link l, ν is a constant path loss exponent whose value
depends on the compliance of territory, and klm is a normalization constant which
reflects the radio propagation properties of the environment, but also allows us to
account for the effects of coding and spreading gain (in a CDMA setting), and
beam-forming, see e.g. Tompis and Goldsmith (2002); Johansson and Xiao (2006).

Receiver noise and interference generated by users sharing the same temporal or
frequency resource can significantly affect the quality of the transmission in terms of
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Figure 2.2: Example of the main phenomena involved in multi-path propagation:
reflection, scattering, diffraction.

achievable data rate. We will use the signal to noise and interference ratio (SINR)
as quality measure. To this end, let σl be the thermal noise power at the receiver
of link l and assume each transmitter be subject to the simple power constraint
0 ≤ Pl ≤ Pmax. The SINR of link l as

γl(P) =
GllPl

σl +
∑
k 6=lGlkPk

(2.1)

where P = (P1 . . . PL)
T

is the vector of power allocation, while Il =
∑
k 6=lGlkPk

is the interference experienced at the receiver of link l. Note that in (2.1) we
have implicitly assumed that all interference signals are treated as noise. This
assumption will be relaxed in Chapter 5 when we consider successive interference
cancellation and multi-user detection.

2.2.2 Mapping SINR and Achievable Bit Rate

We assume that transmitter-receiver pairs vary their transmission rate based on
the SINR to meet a given performance metric. We view each link as a single-user
Gaussian channel with Shannon capacity

cl(P) =W log(1 + γl(P)) (2.2)

where W is the system bandwidth. Under the Shannon assumption, bits trans-
mitted with this rate are received with asymptotically small bit error probability
(BER), cf. Tompis and Goldsmith (2002). Alternatively, one can interpret cl as the
maximum data rate that meets a given BER requirement under a specific modula-
tion scheme such as MQAM, cf. Goldsmith (2004); Chiang (2005). Equation (2.2)
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(a) Multiple transmission rates.
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(b) Single transmission rate.

Figure 2.3: Example of piecewise affine functions for multi-level rate allocation.

defines a continuous mapping between the power allocation vector P, via the re-
sulting SINR at the receiver, to the achievable data rate. When data is assumed
to be split continuously, the transmission rate represents the number of bits that
can be transferred over the link. In practice, packets would need to be split with
variable length and repacked with new headers for re-sequencing the original data
at the receiver side, but we disregard these issues, see Neely (2003) for a detailed
discussion.

The mapping (2.2) is difficult to realize in practice. First, the Shannon capacity
is achievable only in the limit. Second, the continuous SINR-rate mapping would
require an infinite number of codes. Most practical communication schemes will
substantially achieve lower rates, especially when the coding block size is limited,
see Dolinar et al. (1998). Relying on a finite databank of codes, the rate curves can
be represented through a piecewise constant function of the sustainable SINR as
shown in Figures 2.3(a) and 2.3(b). In order to capture this effect, we model the
attainable data rate on link l as

rl = r
(i)
tgt,l if γ

(i)
tgt,l ≤ γl(P) ≤ γ

(i+1)
tgt,l

(2.3)

with r
(0)
tgt,l = 0, γ

(0)
tgt,l = 0 and γ

(i)
tgt,l < γ

(i+1)
tgt,l , where r

(i)
tgt,l and γ

(i)
tgt,l denote the ith

discrete rate level and the associated SINR respectively. In practice, the transmis-
sion rate is adapted to the SINR that can be sustained. Adaptive rate allocation
schemes provide high spectral efficiency by transmitting at high speed under favor-
able channel conditions, while reducing the throughput when the channel degrades.

Practical implementation of such schemes requires a combination of adaptive
code and modulation techniques, which for a fixed BER adapt the number of con-
stellation points to the channel state, i.e., they increase the number when the re-
ceiver is not in a fade, whereas they switch to a scheme with less symbols otherwise,
cf. Webb and Steele (1995); Goldsmith and Chua (1997); Neely (2003); Georgiadis
et al. (2006).
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In essence, we consider a particular case of (2.3), though we would only need
this restriction in decentralized schemes. We assume that links offer a single rate
rtgt
l = W log(1 + γtgt) when the SINR at the receiver exceeds a communication

threshold γtgt, the same for each link/node. To capture this effect, we will use the
model

rl =

{
rtgt, if γl(P) ≥ γtgt

0, otherwise
(2.4)

Thus, link l transmits at rate rtgt if the SINR level at its receiver exceeds the
threshold, and stays silent otherwise. This model implicitly assumes a fixed target
decoding error probability and coding modulation scheme, while the transmit power
is the only resource that is to be adapted.

The rate selection (2.4) leads to a finite number of achievable link-rate vectors

c(k) = (r1 . . . rL) k = 1, . . . ,K

where rl ∈ {0, r
tgt}. By time-sharing between the achievable link-rate vectors, we

can achieve the following polyhedral rate region

C =

{
c =

∑
αkc

(k) | αk ≥ 0,
∑

k

αk = 1, k = 1, . . . ,K

}
(2.5)

Here, the time-sharing coefficients αk represent the fraction of schedule in which
rate vector c(k) is activated. In the following, we will use the short-hand notation
c ∈ C to denote that c is an achievable long-term average link rate. Although K
may be as large as 2L, interference and the restriction that nodes can communicate
with at most one other node at a time drastically reduce the number of link-rate
vectors that can be supported.

In Example 2.2 we compare continuous and discrete rate allocations under two
common operating scenarios, e.g., high- and low-SINR regime, to capture the im-
pact of the rate allocation and MAC on the achievable rate region.

Example 2.2
Figure 2.4 pertains to a wireless network with two transmitters subject to individual
peak-power constraints and operating in the high-SIR regime (upper row) and low-
SIR regime (lower row) respectively. The leftmost picture at each row shows the
achievable instantaneous rate region under continuous power and rate allocation
while the middle picture illustrates the (finite) set of feasible rates (marked by dots)
under a discrete rate allocation. The rightmost picture compares the instantaneous
rate region with the long-term average rate regions achievable by combining discrete
rate allocation with time-sharing (the dark region). In the high-SIR case, the
quantization effect from using a finite set of rates forces the long-term rate region
to be strictly smaller than the instantaneous rate region under continuous power and
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Figure 2.4: Rate region under high-SINR and low-SINR regimes.

rate allocation. In the low-SIR regime, scheduling is instrumental for mitigating
multi-access interference and achieving good average transmission rates on both
links. Thus, while continuous rate and power allocation is beneficial when all users
experience good channel quality, scheduling is instrumental to protect users from
bad performance in case of high interference.

2.3 Modelling Transport and Network Layers

To complete our model, we need to describe the operations and constraints at the
transport and network layers.
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At the transport layer, we assume the network to be saturated, i.e., nodes are
assumed to always have data to send to the other nodes. The exact operation of
protocols residing at this layer, such as the rate selection performed by TCP-like
protocols, are not explicitly covered in this model.

Multi-path and shortest path routing protocols are used to describe the op-
erations at the network layer. We use a multicommodity network flow model to
describe the multi-path routing of each data flow through the network from the
source to the destination. This formulation assumes that flows are lossless across
links and that the data traffic can be split arbitrarily at nodes as long as the flow
conservation law is satisfied. The model aims to capture the long-term average be-
havior of data transmissions, ignoring many details of transmission protocols and
forwarding mechanisms. Each node can send data to many destinations and receive
data from many sources, both across multiple paths.

We identify the flows by their destinations, i.e., flows with the same destination
are considered as a single commodity regardless of their sources. We assume that
the destination nodes are labelled d = 1, . . . , D where D ≤ N . For each destination

d, we define a source-sink vector s(d) ∈ R
N whose nth (n 6= d) entry, s

(d)
n , denotes

the non-negative data rate injected to the network at node n (the source) destined
for node d (the sink). In light of the flow conservation law, the sink flow at the

destination is given by s
(d)
d = −

∑
n6=d s

(d)
n . We let x

(d)
l be the amount of traffic on

link l destined for node d, and call x(d) ∈ R
L the flow vector for destination d. At

each node n, the components of the flow vector and the source-sink vector for the
same destination satisfy the conservation law

∑

l∈O(n)

x
(d)
l −

∑

l∈I(n)

x
(d)
l = s(d)n , ∀(d, n)

which can be compactly written as

Ax(d) = s(d) ∀d

where A is the node-arc incidence matrix earlier defined. Finally, we require that

the total amount of traffic on link l,
∑
d x

(d)
l does not exceed the link capacity cl.

Altogether, our model imposes the following constraints on the variables x(d) and
s(d)

Ax(d) = s(d) ∀d∑D
d=1 x(d) � c c ∈ C

x(d) � 0, s(d) �d 0 ∀d

(2.6)

where � denotes componentwise inequality, �d means componentwise inequality
except for the dth component, and c is the vector of link capacities.

It is sometimes natural to keep the routes between the source-destination pairs
fixed, and only allow the source rates to vary. In this case, we label the source-
destination pairs by integers p = 1, . . . , P , and let sp denote the data rate commu-
nicated between source-destination pair p. The fixed routing case can be specified
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by a link-route incidence matrix matrix R ∈ R
L×P , with entries

rlp =

{
1, if data between pair p is routed across link l

0, otherwise

The vector of total traffic across links is given by Rs and the network flow model
imposes the following set of constraints on the end-to-end data rate vector s

Rs � c, s � 0, c ∈ C (2.7)

where the capacity region C described by the convex hull (2.5) defines the feasibility
of the capacity vector c, while the end-to-end rates s must be nonnegative.

2.4 Summary

In this chapter we have derived a model for multi-hop radio networks capable of
capturing some crucial aspects of the interplay between different layers of the OSI
model. In essence, we have shown that optimal routing of data flows executed at
the network layer and the requirements of the users’ sessions in terms of end-to-end
communication rate at the transport layer are coupled through the definition of link
capacity with the radio resource management schemes handled at the physical and
MAC layers. In the next chapter we will show that the overall optimal performance
of the network can only be achieved by simultaneous optimization of routing and
resource allocation.





Chapter 3

Network Utility Maximization and

Mathematical Decomposition Techniques

N
ow that we have defined a structured model capable of capturing the main
features of radio multi-hop communication networks, we are ready to for-
mulate the problem we wish to solve. The formulation itself is quite general

and fits many design problems. After an initial discussion on the influence of the
communication model on the problem complexity, we review mathematical tech-
niques suitable to solve this type of problem and we present solutions to three
particular instances.

3.1 Network Utility Maximization

The optimal operation of communication networks under user cooperation and
cross-layer coordination can be posed as a network utility maximization (NUM)
problem. Following the structure of Section 2.3, we distinguish between free-
multipath and fixed-singlepath routing.

Let u(·) be an utility function of the end-to-end rates s. Using the flow con-
straints (2.6), the problem of finding the jointly optimal end-to-end communication
rates, routing, power allocation and transmission scheduling can be expressed as

maximize u(s)

subject to Ax(d) = s(d) ∀d∑D
d=1 x(d) � c c ∈ C

x(d) � 0, s(d) �d 0 ∀d

(3.1)

where the optimization variables are collected in the vectors (x, s) and, eventually,
the capacity vector c.

Keeping the routes between the source-destination pairs fixed, the above prob-
lem can be rewritten in a simpler form. In this case, we make use of (2.7) to
formulate the optimal network operation as the solution to the following network

27
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utility maximization problem

maximize u(s)

subject to Rs � c

s � 0 c ∈ C

(3.2)

where the function u(·) is maximized by jointly optimizing the end-to-end rate s and
long-term link capacity vector c, subject to network flow constraints (Rs � c) and
feasibility constraints on the end-to-end rates and capacities, i.e., s non-negative
and c ∈ C.

3.1.1 Performance Metrics

In this thesis we only refer to the case where the utility function u(·) is concave.
Furthermore, if the traffic constraints define a convex set of inequalities, and the
variables s and c vary within convex sets, problems (3.1) and (3.2) fall in the well
know family of convex optimization problems, for which it is known that any lo-
cal maximum is also an global maximum and efficient centralized solutions can be
found, cf. Boyd and Vandenberghe (2004). Furthermore, network utility maxi-
mization is a quite general framework capable of including many important design
problems by opportunely shaping the objective functions so as to match desired
performance metrics, at least when the problems are considered from a centralized
viewpoint, i.e., an optimization problem solved on a single computer. Here, we will
refer only to two type of performance metrics.

Aggregate Utility: The aggregate utility is defined as the sum of the individual
utility functions up(·) associated with each source-destination pair p. We assume
that up(·) to be increasing and strictly concave function of the end-to-end rate sp,
with up → −∞ as sp → 0+. The aggregate utility maximization problem can be
formulated as

maximize
∑
p up(sp)

subject to constraints in (3.2)

In particular, letting up(·) = log(·) yields proportionally fair allocation of the end-
to-end bandwidth, whereas by defining up(·) as the end-to-end rate sp itself, the
formulation yields the system throughput, cf. Kelly et al. (1998).

Uniform Capacity: One important metric not immediately captured in (3.1)
and (3.2) is the uniform capacity, i.e., the maximum aggregate communication
rate when every node communicates with every other node in the network with a
common rate, cf. Tompis and Goldsmith (2002). Under the convexity on C it is
straightforward to compute the maximum end-to-end rate sustainable by all source-



3.1. Network Utility Maximization 29

destination pairs simultaneously as

maximize τ

subject to sp = τ ∀p

constraints in (3.2)

The uniform capacity is obtained by multiplying the optimal value by N(N − 1).

3.1.2 Physical Layer Model and Convexity

Applying network utility maximization to performance analysis and protocol design
of radio multi-hop networks yields either simple or extremely difficult problems ac-
cording to the form of the capacity region C, which is determined by the underlying
channel model and MAC schemes. If C is convex, NUM formulation yields a con-
vex optimization problem solvable by applying convex optimization theory. More
complicated, therefore more challenging, is the case where C is not convex. In this
section we briefly describe the impact of both channel model and MAC schemes
on the overall problem complexity, pointing out some commonly used tricks to
transform the original problem into more convenient forms.

A simple formulation occurs for radio systems using orthogonal channels, where
the constraints

Rs � c c ∈ C (3.3)

can be rewritten as

∑

p

rlpsp ≤Wl log

(
1 +

Pl
σlWl

)
l = 1, . . . , L

Here, the channel bandwidthWl and the background noise σl are positive constants.
Since the above inequalities define convex constraint functions, problems (3.1)
and (3.2) are convex optimization problem, hence readily solvable.

On the contrary, for interference-limited channels, the constraints (3.3) become

∑

p

rlpsp ≤W log(1 + γl(P)) l = 1, . . . , L

which are not convex in P. In this case, convexity is lost due to the expression of the
signal to interference ratio γl(P), which makes hard to solve problems (3.1) and (3.2)
in their original form. However one can render the problem convex by re-formulating
it with a proper combination of variables change and logarithmic transformation of
both sides of the inequalities, see e.g., Papandriopoulos et al. (2007). Alternatively,
under special circumstances the region C can be approximated with a convex form
using only variable transformation. In particular, in high-SINR regime we can write

log(1 + γl(P)) ≈ log(γl(P))
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Combining such approximation with an exponential variables change renders prob-
lems (3.1) and (3.2) convex, cf. Johansson et al. (2003); Chiang (2005).

None of the previous cases takes into account the possibility of scheduling ra-
dio resources, either over time or frequency. Nevertheless, scheduling is a common
technique implemented in many MAC schemes to improve the system performance.
Re-writing the constraints (3.3) in order to account for time sharing between achiev-
able link-rate vectors, such as in Chapter 2, yields

Rs �
∑

k

αkc
(k)

∑

k

αk = 1

where the time-sharing coefficients αk represent the fraction of schedule in which
rate vector c(k) is activated and are to be optimized. The problem complexity is
strictly related to the expression of the link rate vectors c(k) and hence to the MAC
protocols used to generate them, see, e.g., Chen et al. (2006); Johansson and Xiao
(2006).

3.2 Decomposition Methods

Decomposition is a mathematical technique that allows us to subdivide a large op-
timization problem into smaller subproblems which can then be solved separately,
either sequentially or in parallel, and coordinated by a higher level master prob-
lem, as in Figure 3.1. The classical rationale for using decomposition is to exploit
problem structure to improve computationally efficiency. Our purpose is different:
we aim at using decomposition to decouple global resource constraints and derive
distributed resource allocation mechanisms and protocols with provably optimal
performance which are amendable to implementation in real systems.

Most of the decomposition methods can be classified into two families: primal
decomposition and dual decomposition. Primal techniques, also called resource-
directive allocation (cf. Holmberg (1994)), directly attack the original problem by
defining a master problem which assigns the global resource to subproblems. The
subproblems are then solved by adjusting the local (primal) variables, and sensi-
tivity information (how much the overall optimal value of the subproblem could
be improved, should it receive a small increase in resource allocation) is fed back
to the master problem which updates the resource allocation. In contrast, dual
(or price- directive) methods apply decomposition to the Lagrange dual problem.
The associated master problem sets the price of the global resource, while the sub-
problems claim resources to optimize their objective minus the total resource cost
(cf. Holmberg (1994)). Low (2003) uses the term primal-dual algorithm to mean
that both the primal problem and the Lagrange dual problem are solved simulta-
neously. More generally, primal-dual decomposition refers to methods that try to
exploit both primal and dual structures by combining resource directive and price
directive techniques.

We will consider primal, dual and primal-dual approaches and their applications
to networking problems using the formulation (3.2). The terms primal and dual
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Original Optimization 

Problem
Master Problem

SubproblemSubproblem Subproblem

Figure 3.1: Primal-dual decomposition subdivides the original optimization problem
into two levels: master problem and several subproblems

are here used in the mathematical programming sense, and we refer the reader to
Johansson et al. (2006) for a more thorough overview. Alternative interpretations
of the terms primal and dual can be found in Palomar and Chiang (2007).

3.2.1 Primal Decomposition

Primal decomposition is particularly suitable for problems where fixing the coupling
variables to some value allows us to decompose the optimization into smaller sub-
problems. Consider the network utility maximization problem (3.2). If the variables
c were fixed, the allocation of the end-to-end rates could be solved in distributed
manner as detailed in Section 3.3.1. For radio communication networks, where c in
general is not fixed, problem (3.2) can be re-written in terms of its primal function

ν(c) = max
s
{u(s) | Rs � c, s � 0}

The optimal network utility can be found by solving the primal problem

maximize ν(c)

subject to c ∈ C
(3.4)

When solving (3.4) with an iterative method such as gradient ascent, the master
problem generates a sequence of feasible resource allocation vectors c(k).

3.2.2 Dual Decomposition

Dual decomposition is applied when relaxing the coupling constraints permits to
separate the optimization problem into smaller subproblems. The network moves
towards its optimal operating point by pricing the common resource, while the
subproblems react by claiming resources accordingly for both their benefit and the
cost they can sustain. In practice, we apply Lagrange relaxation to the coupling
constraint Rs � c of (3.2), and form the partial Lagrangian

L(s, c,λ) = u(s)− λTRs + λT c (3.5)
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The dual function is then defined as

g(λ) = max
s�0, c∈C

L(s, c,λ)

which, in this case, is separable in the variable s and c, making the problem split
into two subproblems: a network subproblem

maximize u(s)− λTRs

subject to s � 0
(3.6)

and a resource allocation subproblem

maximize λT c

subject to c ∈ C
(3.7)

The optimal operations of the network layer maximizes the utility u(s) minus a
total resource cost λTRs by solving problem (3.6), while the physical and MAC
layers attempt to maximize the total revenue by solving problem (3.7). We notice
that the latter takes the familiar form of the scheduling problem initially introduced
in Chapter 1. Finally, the dual problem of (3.2)

minimize g(λ)

subject to λ � 0
(3.8)

sets the prices for the common resource, i.e., the optimal values of the dual variables,
acting as the master problem. Solving (3.8) with an iterative method, such as a
subgradient method, generates a sequence of price vectors λ(k) which converge to
the optimal price. At the optimal price, the subproblems claim the amount of
resources that yields the optimal utility of the original problem.

3.2.3 Primal-Dual Decomposition

Primal-dual decomposition combines price directive and resource directive alloca-
tions. A class of methods, called mixed decomposition, applies price directive and
resource directive techniques at the same time, i.e. a decomposition is supplied by
pricing part of the common resource and by allocating some other resources, (cf.
Obel (1978)). In Chapter 4, we will make use of a special class of these methods
called cross decomposition, initially proposed by Roy (1983). Cross decomposition
alternates between price directive and resource directive schemes, and there is no
master problem involved. In general, the convergence of pure cross decomposition
schemes is not guaranteed, however there is a subclass of method, called mean value
cross decomposition, for which convergence has been proved recently by Holmberg
and Kiwiel (2006).
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3.2.4 From Distributed Optimization to Protocols

Decomposition methods often provide inspiration to transform centralized solu-
tions into more attractive distributed protocols. Milestone papers by Kelly et al.
(1998) and Low and Lapsley (1999) have shown that applying decomposition tech-
nics to solve the network utility maximization in wired communication systems
leads to decentralized protocols where the updating of end-to-end user rates and
link-price can be mapped onto the idealized operations of TCP clients and active
queue management (AQM) schemes. Inspired by these works, many researchers
have posed their attention to multi-hop radio communication networks trying to
achieve similar results. Despite that the uncertainty of the underlying radio chan-
nel significantly complicates the problem, a wide variety of centralized optimization
methods that coordinate multiple layers of the OSI protocol stack have been sug-
gested to compute the achievable performance problems like (3.1) and (3.2), see e.g.
Lin and Shroff (2006); Johansson and Xiao (2006). Unfortunately, these schemes
are quite far from the distributed resource management protocols needed in prac-
tice. Centralized solutions require to solve a global optimization problem that is
usually difficult, tend to incur large signalling overhead, introduce a single point-
of-failure (the network control node) and scale poorly with the number of network
nodes. Nevertheless, big steps towards decentralized protocols have been achieved
recently, for instance by exploiting message gossiping (cf. Chiang (2005); Modiano
et al. (2006)) or distributed resource scheduling, see e.g., ElBatt and Ephremides
(2002); Yi and Shakkottai (2004); Lin and Shroff (2006); Soldati et al. (2006a,b).

3.3 Examples

To complete this chapter, we describe three results on network utility maximization
which we will explore and extend in this thesis. Starting from two distributed
solutions to optimization flow control for wired and radio networks respectively, we
finally present a centralized end-to-end flow congestion control for multi-hop radio
networks.

3.3.1 Optimization Flow Control and TCP/IP

A mathematical formulation of a distributed end-to-end flow control scheme over
TCP/IP in wired networks has been developed in Kelly et al. (1998); Low and
Lapsley (1999). It is argued that the optimal network operation solves the network
utility maximization problem

maximize
∑
p up(sp)

subject to Rs � c

s � 0

(3.9)

where the variables are collected in the end-to-end rate vector s, while the link
capacity vector c is assumed to be fixed.
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A distributed solution to this problem can be derived via dual decomposition.
Introducing Lagrange multipliers λ for the capacity constraints Rs � c we can
form the Lagrangian

L(s,λ) =
∑

p

up(sp) +
∑

l

λl(cl −
∑

p

rlpsp) =

=
∑

p

up(sp)− qpsp +
∑

l

λlcl

where qp =
∑
l rlpλl can be interpreted as the total congestion price along route p.

Since the Lagrangian is separable in the end-to-end rates sp, the dual function

g(λ) = sup
s�0
L(s,λ)

can be evaluated by letting sources optimize their rates individually based on the
total congestion price qp, i.e., by letting

sp = arg max
z≥0
up(z)− qpz (3.10)

Moreover, the dual problem to (3.9)

minimize g(λ)

subject to λ � 0

can be solved by the projected gradient iteration

λ
(k+1)
l =

[
λ

(k)
l + ω(k)

(
∑

p

rlps
(k)
p − cl

)]+

where {ω(k)} is a step length sequence and [·]+ denotes projection onto the pos-
itive orthant. Note that links can update their congestion prices based on local
information: if the traffic across link l exceeds the capacity cl, the congestion price
increases; otherwise it decreases. Convergence of the dual algorithm has been es-
tablished in Low and Lapsley (1999). The distributed updates of end-to-end rates
and link prices can be mapped onto the idealized operations of TCP clients and
AQM schemes, and it has been argued that running the appropriate TCP and AQM
protocols effectively amounts to letting the network solve the utility maximization
problem, cf. Low and Lapsley (1999).

3.3.2 An Extension to Wireless Networks

Our interest is on end-to-end flow control over wireless networks, where the links
capacities are not fixed a priori, but depend in a non-trivial way on both MAC
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and physical layers. In the spirit of (3.9), we can rewrite the utility maximization
problem as

maximize
∑
p up(sp)

subject to Rs � c

s � 0 c ∈ C

(3.11)

where c ∈ C makes explicit the dependence of the capacity (maximum data rate)
on an individual link on the medium access scheme and the allocation of radio
communication resources to the transmitters of the links.

Let consider the special case of a radio system that exploits orthogonal channels.
In this case, the link capacity cl depends on the transmit power Pl and channel gain
Gll as follows

cl(Pl) =W log(1 +GllPl) l = 1, . . . , L (3.12)

We further assume that the instantaneous power at each node is limited to Ptot,
which translates into an additional set of constraints

∑

l∈O(n)

Pl ≤ Ptot n = 1, . . . , N (3.13)

Following the mathematical steps of the previous example, we can form the La-
grangian

L(s, c,λ) =
∑

p

up(sp)− qpsp +
∑

l

λlcl(Pl)

and observe that it is separable in the variables s and c, hence the dual function
can be subdivided into two subproblems

g(λ) = sup
sp≥0

{
∑

p

up(sp)− qpsp

}

︸ ︷︷ ︸
end-to-end rates

+ sup
cl∈C

{
∑

l

λlcl(Pl)

}

︸ ︷︷ ︸
scheduling

The first subproblem is equivalent to the rate allocation problem for TCP/IP in
wired networks seen in Section 3.3.1 and it solved letting sources optimize their
rate as in equation (3.10). The second problem can be written as

maximize
∑L
l=1 λlcl(Pl)

subject to
∑
l∈O(n) Pl ≤ Ptot n = 1, . . . , N

Pl ≥ 0 l = 1, . . . , L

(3.14)

The problem can be made more explicit by using (3.12) and (3.13) to rewrite the
condition c ∈ C. Since the objective function in (3.14) is separable in Pl, the
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problem splits into N subproblem, one for each node, of the form

maximize
∑
l∈O(n)

λlW log(1 + αlPl)

subject to
∑
l∈O(n)

Pl ≤ Ptot

Pl ≥ 0 l ∈ O(n)

(3.15)

Therefore, due to channel orthogonality, the problem has a simple distributed so-
lution where nodes allocate transmit powers Pl to their outgoing links with the
unique restriction on the instantaneous total power, regardless the allocation of the
other nodes, while sources adjust their end-to-end rate based on the total conges-
tion prices qp. The optimal power vector can be found using water-filling strategy,
see Boyd and Vandenberghe (2004) for more details.

3.3.3 Wireless Networks with Discrete Rate Selection and
Scheduling

The previous examples demonstrate that there exist simple distributed solutions to
the network utility maximization problem if the capacity region C takes a simple
form. As we have argued in Section 3.1.2 scheduling users, either over time or
frequency, is a key technique for increasing system capacity. The price to pay in
order to capitalize on scheduling is an increase of the problem complexity due to
the combinatorial mature of scheduling users.

We now consider the problem of finding the jointly optimal end-to-end commu-
nication rates, routing, power allocation and transmission scheduling for multi-hop
wireless networks using the model in Chapter 2. A centralized solution that com-
bines dual decomposition with a column generation procedure, has been proposed
in Johansson and Xiao (2006). Since this advanced methodology will be the basis
for the centralized and distributed protocols given in the next chapters, we will
review it briefly below.

As argued in Section 3.1.2, we rewrite c =
∑K
k=1 αkc

(k), transforming prob-
lem (3.11) as follows

maximize
∑
p up(sp)

subject to Rs � c

c =
∑K
k=1 αkc

(k) s � 0∑K
k=1 αk = 1 α � 0

(3.16)

We refer to this optimization problem in variables s and α as the full master
problem. Although this is a convex optimization problem (maximizing a concave
function subject to linear constraints), this formulation is inconvenient for several
reasons. First, C may have a very large number of vertices so explicit enumeration
of these quickly becomes intractable as the size of the network grows. Second, even
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when explicit enumeration is possible, (3.16) may have a large number of variables
and can be computationally expensive to solve directly. To this end, consider a
subset CK = {c(k) | k ∈ K} of extreme points of C, where K ⊆ {1, . . . ,K},

maximize
∑
p up(sp)

subject to Rs � c

c =
∑
k∈K αkc

(k) s � 0∑
k∈K αk = 1 αk ≥ 0, k ∈ K

(3.17)

We call (3.17) the restricted master problem, since this formulation optimizes over
the restricted set of rate vectors c ∈ CK where CK ⊆ C. The problem (3.17) is a
restriction of the full problem (3.11) and its solution provides a lower bound ulower

of the optimal value uopt of the full problem. The column generation method allows
us to sequentially improve the lower bound by adding a new extreme point to CK,
so that this set gradually becomes a better approximation of (the relevant parts of)
C, and ulower converges to uopt.

The key for updating CK is the Lagrange duality. Let λ be the vector of Lagrange
multipliers for the capacity constraints Rs � c, and consider the Lagrangian

L(s, c,λ) =
∑

p

up(sp)− qpsp +
∑

l

λlcl

where, as in the previous section, qp =
∑
l rlpλl. Let (s⋆,α⋆) be an optimal solution

to (3.17), so that c⋆ =
∑
k∈K α

⋆
kc

(k), and let λ⋆ be the associated Lagrange
multipliers for the capacity constraints. Since the constraints in (3.17) are affine,
feasibility of the restricted master problem implies strong duality, cf. Boyd and
Vandenberghe (2004), and that ulower can be expressed as

ulower = L(s⋆, c⋆,λ⋆) =
∑

p

sup
sp≥0
up(sp)− q

⋆
psp + sup

c∈CK

∑

l

λ⋆l cl

with q⋆p =
∑
l rlpλ

⋆
l . We can estimate how far ulower is from optimality by generating

a corresponding upper bound. This can be done by considering the dual formulation
of (3.11). More specifically, by weak duality, for any λ � 0 the value

g(λ) = sup
s�0,c∈C

L(s, c,λ) =
∑

p

sup
sp≥0
up(sp)− qpsp + sup

c∈C

∑

l

λlcl

provides an upper bound to uopt. In particular, we consider the bound due to λ⋆

uupper =
∑

p

sup
sp≥0
up(sp)− q

⋆
ps+ sup

c∈C

∑

l

λ⋆l cl (3.18)

The difference uupper−ulower serves as a measure of the accuracy of the current
solution. We consider (s⋆,α⋆) to be the optimal solution of (3.16) if the difference
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drops below a predefined threshold. If the current solution does not satisfy the
stopping criterion, we can conclude that C is not well enough characterized by the
extreme points in CK, and a new vertex c(k) must be added before the procedure
is repeated.

When adding a new extreme point, we would like to choose a vertex of C which
allows ulower to improve as much as possible. If we view ulower as a function of c,
λ⋆ is a subgradient of ulower at c⋆, see e.g., Johansson and Xiao (2006), so it is
natural to add the extreme point that solves

maximize λ⋆Tc

subject to c ∈ C
(3.19)

Note that this problem is solved at MAC level, and that each extreme point c(k)

corresponds to set of links that can transmit simultaneously. Besides, the remaining
part of equation (3.18)

maximize
∑
p up(sp)− q

⋆
psp

subject to s � 0
(3.20)

is equivalent to the source subproblem in the optimization flow control, and thus
solved on the transport level. Note that problems (3.19) and (3.20) corresponds
to the scheduling subproblem and the network subproblem earlier discussed in Sec-
tion 3.2.2, respectively. While the restricted master problem and the network sub-
problem are both convex optimization problems that can be solved efficiently (in
polynomial time), the bottleneck of the column generation procedure is often the
scheduling subproblem. The scheduling subproblem can be adjusted in order to
describe many MAC schemes, and, as argued in Section 3.1.2, in most of the cases
it is not a convex problem.

The column generation algorithm can now be summarized as follows. Given an
initial set of vertices of C, we solve the restricted master problem to get a lower
bound on the performance and the optimal Lagrange multipliers for the capacity
constraints. To evaluate the upper bound, we solve the scheduling and network
subproblems. If the bounds are sufficiently close, we terminate the algorithm. Oth-
erwise, we add the vertex generated by the scheduling subproblem and start the next
iteration. As shown in Johansson and Xiao (2006), this algorithm converges to the
optimal network configuration (transmission groups, time slot fractions, transmit
powers and end-to-end rates) in a finite number of steps. Moreover, an interesting
property of the optimal solution is that the optimal schedule is obtained by time-
sharing between at most L+ 1 transmission groups (this is a direct consequence of
Carathéodory’s theorem, cf. Radunović and Boudec (2004)).

3.4 Summary

Network performance can be increased if the traditionally separated network lay-
ers are jointly optimized. Recently, network utility maximization has emerged as a
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powerful framework for studying such cross-layer issues. In this chapter we have re-
viewed and explained three distinct techniques that can be used to engineer utility-
maximizing protocols: primal, dual, and cross decomposition. These techniques
extend the theoretical toolbox available for studying network utility maximization
problems, motivate alternative network architectures, and suggest layered network
architectures and protocols where different resource allocation updates should be
run at different time-scales. In addition, we have detailed how these techniques
can be used to design utility-maximizing mechanisms for different networking tech-
nologies, i.e., we have applied decomposition methods to engineer fully distributed
protocols for wireless networks with orthogonal channels and we have revisited a
centralized approach to optimize radio networks that relies on scheduling.





Chapter 4

Distributed Optimization of Single-Carrier

Networks

I
n this chapter we will develop a decentralized solution to the joint optimization
of end-to-end communication rates, routing, power allocation and transmission
scheduling problem. The design problem is posed as an utility maximization

problem subject to link rate constraints. We introduce a novel decomposition tech-
nique for convex optimization, establish its convergence, and demonstrate how it
suggests a distributed solution to the network utility maximization problem based
on optimization flow control and incremental updates of the transmission schedule.
We then develop a two-step procedure for making the schedule updates completely
distributed and discuss the implementation aspects related to the proposed solu-
tion. Finally, we remove assumption on arbitrarily length of the schedule and show
how the protocol can abide the specification of the emerging IEEE 802.16 standard
for wireless communications referred to as WiMax. Although the final protocols
are suboptimal, we isolate and quantify the performance losses incurred by each
simplification and demonstrate strong performance in examples.

4.1 From Centralized to Decentralized Optimization

We consider the formulation of network utility maximization problem for multi-hop
radio networks defined in the previous chapter as

maximize
∑
p up(sp)

subject to Rs � c

c ∈ C s � 0

(4.1)

where the variables are collected in the end-to-end rate vector s and the link capac-
ity vector c. Several features of the column generation method used in Chapter 3
refrain us from making immediate use of it in solving the joint congestion control
and resource allocation problem (4.1): firstly, the approach relies on a centralized

41
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solution; secondly, the schedule is assumed to have variable time-slot durations of
arbitrary precision (i.e., the durations are not restricted to be integer multiples of
a basic time slot length); and third, it assumes that we can solve the scheduling
subproblem to optimality, which requires centralized information and is computa-
tionally hard. In this section, we will remove the two first hurdles by introducing a
distributed optimization scheme that builds up the transmission schedule incremen-
tally, adding a new transmission group in each iteration. Distributed transmission
group formation will be discussed in the following sections.

It is important to understand that the classical approach of dual decomposition
by Low and Lapsley (1999); Kelly et al. (1998) cannot be used for computing a
multiple time-slot schedule. The main reason is that the dual function

g(λ) =
∑

p

sup
sp≥0
up(sp)− qpsp + sup

c∈C

∑

l

λlcl

is linear in cl and will return a single transmission group in each iteration. Each
such transmission group will only activate a small set of links, and the associated
rate vector is very different from the optimal average-rate vector (which typically,
due to the fairness constraints encoded in the utility functions, has non-zero average
rates on all links). The theory for Lagrange duality does not give any guidance on
how to recover a multiple time-slot schedule from individual transmission groups
generated in this way, and a different approach is needed.

4.1.1 A Cross Decomposition Aprroach

An alternative approach for solving the network utility maximization problem (4.1)
can be developed applying primal decomposition technique and re-writing it as

maximize ν(c)

subject to c ∈ C

where

ν(c) = {max
∑
p

up(sp) | Rs � c, s � 0}

For a fixed link capacity vector c, the function ν(c) can be evaluated via the opti-
mization flow control algorithm, i.e., by letting the optimization flow control scheme
derived in Section 3.3.1 converge. As shown in Appendix A, under certain assump-
tions ν(c) is differentiable with respect to c with derivative λ, (the equilibrium
link price vector for the network flow subproblem). Thus, in order to update the
schedule and hence the link capacity vector c, it is natural to add the transmission
group computed by the scheduling subproblem

maximize λT c

subject to c ∈ C
(4.2)
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Algorithm 1 Cross Decomposition

1: Let k = k0 and c(k0) ≻ 0.
2: loop
3: Evaluate ν(c(k)) by solving the optimization flow control problem (3.9), and

let λ(k) be the associated equilibrium link prices.
4: Compute a new transmission group c(k+1) by solving the scheduling subprob-

lem (4.3) for λ(k).
5: Augment the schedule with this transmission group and compute the associ-

ated c(k+1).
6: Let k = k + 1.
7: end loop

to the schedule. Effectively, this corresponds to a conditional gradient step in the
ascent direction of ν(c) (see Appendix A). The augmented schedule is then applied
to the system and the optimization flow control scheme is run until convergence
before the procedure is repeated. Contrary to the centralized approach, this scheme
does not optimize time-slot durations at each iteration, but simply augments the
schedule by new transmission groups. To describe the algorithm in detail, let c(k) be
the transmission group computed in step k and let c(k) denote the average link-rate
vector for a schedule consisting of k time-slots of equal length, i.e.,

c(k) =
1

k

k∑

t=1

c(t)

For technical reasons (there must exist a ρ > 0 such that c(k) � ρ for all k) we have
to add one more constraint to the scheduling problem. This modified scheduling
problem is

maximize (λ(k))T c(k)

subject to c(k) ∈ C

c(k) � ρ

(4.3)

in the variable c(k). An initial schedule can, for example, be constructed by letting
k0 = L and using a pure link-based TDMA schedule, i.e., a schedule of length L
allocating a single slot to each link. For our algorithm, summarized in Algorithm 1,
we have the following result

Theorem 4.1.1. Let u⋆ be the optimal value of the centralized cross-layer design
problem (3.11). Algorithm 1 converges in the sense that limk→∞ ν(c

(k))→ u⋆.

Proof. See Appendix A.
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Figure 4.1: Algorithm 1 with scheduling subproblem solved to optimality.

This scheme falls into the class of cross decomposition methods, cf. Holmberg
(1994). Relatively little is known about the convergence of these methods, and no
result seems to be available in the literature about the convergence of our scheme.
The closest approach for which convergence has been established seems to be mean
value cross decomposition, cf. Holmberg and Kiwiel (2006). In principle, these
methods do not make use of the most recent equilibrium link prices in each iteration,
but solves a scheduling subproblem based on the average link price vector over all
iterations. However, as demonstrated by Holmberg (1992) (and confirmed below),
these methods have slower convergence than our proposed scheme. In contrast to
the off-line algorithm presented by Johansson and Xiao (2006), which converges
in a finite number of steps, convergence of the cross-decomposition is only in the
limit. Although we do not have any hard complexity results for the algorithm, it
is closely related to Frank-Wolfe methods, see e.g., Bertsekas (1999), which require
O(1/ε) iterations to reach an accuracy of ε.

The positive constant ρ in (4.3) can be chosen to be arbitrarily close to zero.
Simulations indicate that the the computed average link-rates c(k) never tend to
zero, and in practice the additional constraint on c(k) appears unnecessary. In-
deed, in all examples, we have used the original scheduling subproblem (4.2) rather
than its modified variant. The practical performance of the cross decomposition ap-
proach for the sample 10-node/36-link network described in Section 4.3 is illustrated
in Figure 4.2. While the centralized algorithm with variable time-slot lengths con-
verges in a small number of iterations, the convergence of the cross-decomposition
approach is only in the limit. We can also see that the suggested scheme appears
to have a faster convergence than the mean-value cross-decomposition. Note that
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Figure 4.2: Lower bound trend with a large number of extreme points.

in this first stage, the scheduling subproblem is still solved to optimality using the
formulation for fixed-rate and variable power proposed in Appendix C.1.

The cross decomposition method suggests the following sequential approach for
solving the cross-layer design problem (4.1): based on an initial schedule with long-
term average rate c(k0) ≻ 0, we run the optimization flow control until convergence
(this may require us to apply the schedule repeatedly). We will refer to this as the
data transmission phase. During a subsequent negotiation phase we try to find the
transmission group with largest congestion-weighted throughput, and augment the
schedule. The procedure is then repeated with this revised schedule as depicted
in Figure 4.1. Our theoretical analysis applies to the case when we augment the
schedule indefinitely, while in practice one would like to use schedules with limited
frame length. We will return to this issue in Section 4.4 and demonstrate strong
performance even when we limit the schedule length and replace, rather than add,
time-slots to the frame.

4.2 Principles of Distributed Transmission Scheduling

To make the joint congestion and resource allocation fully distributed, the schedul-
ing subproblem must be solved without relying on a global controller and global
network information; each device must be able to decide whether to transmit in the
time slot under negotiation or not, basing its decision on only local information.
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Since the scheduling subproblem

maximize
∑
l λlcl

subject to c ∈ C

is linear in cl, an optimal solution can always be found as a vertex of the capacity
region, and solving the scheduling subproblem thus amounts to finding the most
advantageous transmission group (and the associated power allocation P) in a dis-
tributed way. The solutions that we propose to apply during the negotiation phase
share the following two logical steps:

1. Find a candidate transmission group that attempts to maximize the objective
function

∑

l

λlcl

while satisfying the primary constraints of activating at most one incoming
or outgoing link to each node.

2. Determine a power allocation that allows simultaneous activation of the most
advantageous subset of transmitters in the candidate transmission group,
while satisfying the secondary interference constraints

γl(P) ≥ γtgt

This may require some links to leave the candidate set. Any set of active trans-
mitters that satisfies both primary and secondary interference constraints is
called a feasible transmission group.

The idea of the two-step procedure is to separate the combinatorial problem of
distributing transmission rights to satisfy the primary interference constraints from
the problem of adjusting transmit powers to combat secondary interference, as
highlighted in Example 4.1.

Example 4.1
Figures 4.3(a) and 4.3(b) show a possible outcome of the two-step procedure for
distributed transmission scheduling. The candidate transmission group resulting
from phase-1 is the links set {1, 3, 8}. However, activating link 3 may generate
strong interference on the receiver of link 1, thus during the second step it might be
forced to drop its transmission, resulting in the feasible transmission group {1, 8}.
In the worst case the feasible solutions are TDMA-like, i.e. {1}, {3} or {8}.
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Figure 4.3: Example of two-step procedure.

4.2.1 Forming Candidate Transmission Groups

As shown in Hajek and Sasaki (1988), a candidate transmission group with maxi-
mum weighted throughput can be found in polynomial time. However, these algo-
rithms require global topology information and, to the best of the author’s knowl-
edge, no distributed algorithm is known that solves the problem exactly (cf. Wat-
tenhofer and Wattenhofer (2004)).

Rather, we propose to use a greedy scheme where the link with highest priority
in a two-hop link neighborhood assigns itself membership to the candidate set. To
allow links to make this decision, we assume that the transmitters of each link
forwards information about its link price to the receiving node. Let I(n) and O(n)
denote the set of incoming and outgoing links to node n, respectively. Each node
n maintains the maximum link price λn on its outgoing links,

λn = max
l∈O(n)

λl (4.4)

Neighboring nodes, in turn, exchange information about their maximum link price
λm. Let N (n) denote the set of neighboring nodes to n and l be the link associated
with λn,max

λn,max = max
m∈n∪N (n)

λm (4.5)

Based on this information a node n can automatically decide whether activate l or
stay silent:

• If l belongs to I(n) then none of n’s outgoing links can be activated.

• If l belongs to O(n) then node n could activate l since it has the priority over
two hop distance.

A more complete discussion on the implementation issues that can arise with this
type of scheme is deferred to Appendix B.

Before we proceed to discuss distributed solutions for forming feasible transmis-
sion groups, it is instructive to investigate the performance losses that we incur by
separating the joint power control and scheduling subproblem into two steps, as well
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Figure 4.4: Performance as function of schedule length for optimal scheduling and
two-step scheduling with optimal and greedy candidate set formation.

as the performance loss due to the greedy formation of candidate sets. Figure 4.4
shows the performance of the cross decomposition approach combined with the
two-step procedure for transmission scheduling (also in this case we abort the iter-
ation after 360 iterations). We can observe a clear performance loss (approximately,
4.7%) from introducing the two-step procedure, even though we solve the candidate
formation and power allocation subproblems to optimality based on global network
information. Moving from optimal candidate set formation to a distributed greedy
scheme based on local information gives rise to another, although comparatively
smaller, performance loss (an additional 1.9%), see Table 4.8 for details.

4.2.2 Forming Feasible Transmission Groups

Once a link has identified itself as a member of the candidate set, it will start
contending for transmission rights. We will consider two approaches in which links
enter the transmission group one-by-one, adjusting their transmit powers to maxi-
mize the number of simultaneously active links. The first approach uses a variant
of the RTS-CTS packet exchange, while the second one exploits a distributed power
control.
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Figure 4.5: Algorithm 1 with decentralized solution of the scheduling subproblem via
two-step procedure.

Channel Reservation via RTS-CTS

This scheme, which is based on Muqattash and Krunz (2003), uses a channel archi-
tecture where two non-overlapping frequency bands are used for control and data
transmissions, respectively. This assumption allows a terminal to transmit and re-
ceive simultaneously over the data and control channels since no interference can
occur among them. As in the IEEE 802.11 standard, the channel access strategy
exploits a reservation mechanism based on request-to-send (RTS) and clear-to-send
(CTS), but the packets are defined according to the modified format shown in
Figure 4.6. Thus, by overhearing and decoding control packets, nodes can collect
relevant status information about their local surrounding including the number of
already active links in a time slot, their transmission power and interference mar-
gins (i.e., the additional interference that already active receivers can tolerate).
Furthermore, the control packets are sent at maximum power to allow nodes to
estimate path gains. Specifically, assume that the transmitter of link l can decode
a CTS-message sent by the receiver on link m, and that the received power is P rml.
The transmitter of link l can then estimate the path gain Gml as

Ĝml =
P rml
Pmax
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Figure 4.6: Structure of RTC-CTS packets.

By exchanging RTS-CTS messages between transmitter and receiver, links can
decide if they can enter the transmission group without causing too much inter-
ference to already active links in their local surroundings. To describe the precise
transmitter and receiver behavior, let l be a link in the candidate set, and denote
its transmitter and receiver by Txl and Rxl, respectively. Txl initiates the reserva-
tion by sending an RTS packet which also informs the receiver about the maximum
power P l it can use without causing too much interference at active links and
without violating its transmit power limits. This value is computed as

P l = min
m∈Ls
{Pmax,

Im

Ĝml
}

Here Ls denotes the set of links for which the transmitter has overheard RTS-
CTS messages, Im is the announced interference margin of link m and Ĝml is the
estimated path gain between the transmitter of link l and the receiver of link m,
see Figure 4.7.

By listening to the control channel and keeping track of local links that have
succeeded in reserving transmission rights, Rxl can estimate the interference Îl that
it will experience during the data transmission phase and deduce the minimum
transmit power P l that Rxl needs to use as

P l =
γtgt(σl + Îl)

Gll

Clearly, link l can only receive transmission rights if P l < P l. Although one could
potentially use the above information for power control, the original scheme by
Muqattash and Krunz uses fixed transmit power levels

P nom
l = (1 + ǫ)

γtgtσl
Gll
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Figure 4.7: Estimates of interference caused by link l on already active links m and n.

Here, the second term is simply the transmit power that is needed to sustain the
SINR target in the absence of interference and ǫ is an additional factor used to allow
for multi access interference. The appropriate value of ǫ depends on the underlying
technology; an approach for estimating ǫ under 802.11 and a CA-CDMA scheme
is described in Muqattash and Krunz (2003). When the power levels are fixed to
the nominal levels, P nom

l < P l means that the multiple access interference in the
vicinity of the receiver is greater than the one allowed by the link budget, therefore
the transmission over the link can not be activated and Rxl replies with a negative
CTS. If P l < P

nom
l < P l, then it is possible for Rxl to receive the signal of Txl

while not disturbing any of the ongoing transmissions in its vicinity. In this case,
Rxl replies with a positive CTS message, indicating that the transmitter should
use the nominal power P nom

l . In addition, the receiver computes the interference
margin I l via the relationship

GllP
nom
l

σl + Il + I l
= γtgt

where Il is the current interference level at the receiver of link l. A simple calculation
gives that

I l =
GllP

nom
l

γtgt
− Il − σl

We would like to emphasize that one of the main limitations of the original
channel reservation algorithm is the high number of RTS-CTS control packet that
needs to be exchanged in a large network if all links participate in the negotiation.
In this case several collisions of control packets could occur and the reservation
mechanism becomes ineffective and could even fail, cf. Muqattash and Krunz (2003).
Our approach alleviates this problem by proceeding in two steps, so that only a
small subset of links (the candidate set) exchange RTS-CTS control packets. This
reduces the load on the control channel and improves scalability of the approach.
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There are several simple extensions to the original scheme by Muqattash and
Krunz (2003). As discussed above, one could allow the receiver to suggest an
alternative power level if P nom

l < P l < P l. Furthermore, if it is known that the
optimal power allocation policy is to use maximum power or stay silent (as is the
case in ultra-wideband systems), one could remove the allowed power field in the
CTS message. However, none of these extensions will be pursued in this thesis.

Channel Reservation via DPC/ALP

As an alternative to the RTS-CTS based reservation mechanism, we will explore
transmission group formation based on the distributed power control with active
link protection (DPC/ALP) algorithm by Bambos et al. (2000). The DPC/ALP
algorithm is an extension of the classical distributed power control algorithms (e.g.,
Foschini and Miljanic (1993)) which maintains the quality of service of operational
links (link quality protection) while allowing inactive links to gradually power up in
order to try to enter the transmission group. As interference builds up, established
links sustain their quality while incoming ones may be blocked and rejected channel
access.

The original DPC/ALP algorithm was proposed for cellular systems. It exploits
local measurements of SINRs at the receivers and runs iteratively over a sequence
of time slots. To describe the algorithm in detail, we introduce A(j) and I(j) as the
set of active and inactive links at time j respectively, and let γl(j) be the measured
SINR on link l at time j. The DPC/ALP algorithm operates by updating the
transmit powers Pl(j) at time j according to

Pl(j) =






δPl(j − 1)γtgt/γl(j) if l ∈ A(j − 1)

δPl(j − 1) if l ∈ I(j − 1)

(4.6)

where δ > 1 is a control parameter. Links change status from inactive to active
when their measured SINR exceeds the target. Inactive nodes that consistently fail
to observe any SINR improvement enters a voluntary drop-out phase and go silent,
see Bambos et al. (2000) for details. Notice that the concepts of local surrounding
and local information do not play any role here, since the admission control is based
on effective SINR measurements only.

In the cellular system model, links that enter the active set remain active dur-
ing the full call (or data transfer) duration without regard to congestion levels in
inactive links. We will not use the DPC/ALP in this way, but only in the ne-
gotiation phase when links in the candidate set contend for transmission rights.
The negotiation phase is initialized by letting I0 equal the candidate set. Links
then execute the DPC/ALP algorithm for a short period of time, divided into J
mini-slots corresponding to the iteration times above. At the end of such a period

we get a feasible transmission group A
(k)
J which is assigned transmission rights for

the slot under negotiation. To increase the likelihood of forming a transmission
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group with high congestion-weighted throughput, we can let links toss a coin to
decide whether to start executing the DPC/ALP algorithm or to wait. By letting
the waiting probability be a decreasing function of the link congestion level, highly
loaded links will tend to start ramping up transmit powers before lightly loaded
ones.

The DPC/ALP algorithm was developed for systems with a relatively small
number of links and could consume substantial amounts of energy if a large number
of links would use it to contend for transmission rights. The two-step procedure
makes up for this issue by limiting the number of links that are active in the power
negotiation phase.

4.3 Numerical Examples for S-TDMA Networks

We are now ready to evaluate the different variants of the joint congestion con-
trol and S-TDMA scheduling developed in the previous sections. These distributed
schemes will rely on cross-decomposition (TCP/AQM with incremental schedule up-
dates) combined with the heuristic algorithms for distributed transmission schedul-
ing and power control described in Section 4.2. To achieve proportional fairness,
we will assume logarithmic utility functions throughout. We will isolate and quan-
tify performance losses in detail for a network consisting of 10 nodes and 36 links;
statistics from a larger set of network is summarized in the end of the section.

All networks are generated using the procedure described in Johansson and Xiao
(2006) and reviewed in Appendix D.3. Since our channel reservation algorithms are
heuristic, secondary interference may cause the SINR to drop below the threshold
for certain links. When this happens, we follow our model from Chapter 2 and
allocate the link zero rate, but note that the distributed algorithms would exhibit
better performance if links could resort to a lower link rate in this case. It is im-
portant to understand, however, that the proportionally fair performance objective
guarantees non-zero end-to-end rate for all connections.

Performance Losses Due to Cross Decomposition and Fixed Time Slot
Lengths

For easy reference, we begin by reviewing the results and performance evaluations
from Sections 4.1. The base line for our evaluations is the performance of the
centralized optimization (4.1) based on global network information described in
Chapter 3. An optimal schedule can always be constructed that uses (at most) L+1
transmission groups, but this is only true if the system can support variable-length
time slots. In contrast, the cross decomposition approach allows us to incrementally
construct a schedule with fixed time slot lengths. As demonstrated in Section 4.1,
the cross decomposition approach recovers the optimal performance as the number
of time slots tends to infinity and appears to converge faster and more stably
than the mean-value cross decomposition. Table 4.8 shows the performances of



54 Distributed Optimization of Single-Carrier Networks

Total utility %

Optimal solution 98.99 −−

Cross decomposition 95.41 −3.62

Mean value cross dec. 94.44 −4.59

Optimal subproblems 90.89 −8.18

Greedy candidate set 89.04 −10.06

Table 4.8: Performance losses of cross decomposition and two-step procedure. Note
that step-2 of the two-step procedure is still solved to optimality, i.e., we feed the
centralized optimization problem of Appendix C.1 with the candidate set returned from
step-1 to handle the secondary interference constraints.

the centralized approach, along with the cross-decomposition approaches when the
iteration is aborted after 360 iterations.

Performance of the Two-Step Scheduling

Our schemes for solving the joint transmission scheduling and power allocation
problem rely on a two-step procedure: first we form a candidate set of links that
satisfy the primary interference constraints and then we let these links negotiate
transmit powers to arrive at a feasible transmission group.

Table 4.8 shows the performance of the cross decomposition approach combined
with the two-step procedure for transmission scheduling (also in this case we abort
the iteration after 360 iterations). We observe a clear performance loss, even when
we solve the candidate formation and power allocation subproblems to optimality
based on global network information. Moving from optimal candidate set formation
to a distributed greedy scheme based on local information gives rise to another,
although comparatively smaller, performance loss.

Performance of the RTS-CTS Scheme

We will now consider the performance of the complete distributed solution based
on TCP/AQM with incremental schedule updates based on greedy candidate set
formation and RTS-CTS-based power allocation and channel reservation. The al-
gorithm performs best when global information is available at each node. However,
as shown in Figure 4.9 and Table 4.10, even when global information is available,
the performance stabilizes after a small number of iterations. One of the reasons
for this is the use of fixed transmit power levels which may force links to stay silent
even if they could enter the transmission group without causing too much inter-
ference on active links. When only very local information is available, collisions
of data packets can occur due to erroneous estimation of the external interference
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Figure 4.9: Total utility trend for RTS-CTS reservation mechanism and DPC/ALP.

level. In this case, the RST-CTS reservation scheme can not ensure an acceptable
performance and the total utility trend appears unstable.

Performance of the DPC/ALP Approach

Next, we consider the distributed resource allocation when the transmission group
formation is performed using the DPC/ALP approach. Figure 4.9 demonstrates
that the distributed approach with DPC/ALP has a stable trend with small, but
consistent, performance improvements in each iteration. In general, our numerical
experiments have shown a better behavior of DPC/ALP in comparison with the
RTS-CTS mechanism, in particular when the latter is forced to use local information
only. The precise performance of DPC/ALP and RST-CTS with global and local
information are shown in Table 4.10. The protocol based on DPC/ALP has a
total performance loss of 15.4% compared to the centralized solution, while the
performance of RTS-CTS lies 20.2% and 26.4% below the optimal.

Performance for a Set of Sample Networks

We have evaluated the performance losses of distributed scheduling with limited
schedule length (the cross decomposition approach with optimal solution to sub-
problems) and of the distributed scheme based on DPC-ALP for a set of 10 ran-
domly generated 10-node networks. In this case, the performance loss of the cross
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Total utility %

Optimal solution 98.99 −−

DPC/ALP 83.69 −15.45

RTS-CTS global info 78.97 −20.22

RTS-CTS local info 72.86 −26.39

Best contention-based 64.39 −34.95

Table 4.10: Performance losses of distributed protocols.

decomposition ranged from 2 − 15% with an average of around 11.7%. The dis-
tributed solution based on DPC-ALP came within 13−20% of the optimal (central-
ized variable slot-length) performance, with an average performance loss of 18.7%.

Comparison with Alternative Approaches

Finally, we compare the performance our schemes with two alternative approaches:
the optimal, variable time-slot length TDMA schedule (i.e., the optimal solu-
tion when spatial reuse of transmission opportunities is not supported) and cross-
decomposition using transmission group formation based on a flow-contention graph
(i.e., using a crude model of the secondary interference in the transmission group
formation). The latter adopts a flow-contention graph to solve the channel ac-
cess aspect, and implicitly assumes the existence of a power control algorithm that
maintains a constant data rate in face of fading and other channel imperfections,
which in practice could lead powers to exponentially increase in order to maintain
the required SINR target. A flow-contention graph is constructed by assuming that
links only interfere with each other whenever either the sender or receiver of one is
within the interference range of the sender or transmitter of the others. Basically,
in a flow-contention graph two links contend each other to get access to the channel
if they are within each other’s carrier sensing range, see e.g. Chen et al. (2005);
Yi and Shakkottai (2004); Lee et al. (2005), while all other interference terms are
neglected.

Figure 4.11 shows the performance of cross-decomposition with contention based
scheduling. The link scheduling is based on the contention graph, while the achieved
data rates depend on the actual signal-to-interference ratios as described in Chap-
ter 2. The plot reveals that the approach is very sensitive to the size of the carrier
sensing range: if too small, the link scheduling activates too many links, resulting
high interference levels and small achieved rates with a very poor overall perfor-
mance; if too large, then we will recover the TDMA performance. It is possible
to get reasonable performance by proper tuning of the carrier sensing range, but
such tuning is questionable and may be sensitive to the underlying network topol-
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Figure 4.11: Total utility trend for flow contention-based approach for various values
of the carrier sensing range R, starting from R = d0 to R >> d0, where d0 corresponds
to the maximum distance between a pair of node in order to establish a link.

ogy. Moreover, the performance is substantially worse than the interference-based
scheduling policies, and the results are much more sensitive to the carrier sensing
range than the RTS-CTS scheme. Figure 4.12 summarizes the performance of the
various approaches and reveals that the suggested schemes improve significantly
over the state-of-the art solutions.

4.4 Generating Finite-Length Schedules

The theoretical analysis developed in the previous sections aims for fixed time-slot
durations, and improves the accuracy by augmenting the schedule length indefi-
nitely (see Figure 4.13) so that the convergence of the cross-decomposition approach
proposed in Sections 4.1 is only in the limit. In practice one would like to use sched-
ules with limited frame length. Based on this scheme, in this section we derive a
heuristic for constructing finite-length schedules with fixed time-slot length. The
idea for generating fixed-length schedules is inspired by column dropping schemes
used in advanced column generation codes, cf. Murphy (1973). Although several
convergent column generation schemes exist, they rely on the centralized solution
to the lower bound computation in the column generation procedure and require
global coordination by all nodes when deciding what transmission group to drop.
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Figure 4.12: Comparison of total utility for optimal and distributed schemes, compared
to the alternative schemes of optimal TDMA and graph-based scheduling.

A natural heuristic is to apply the cross decomposition approach in a ”rolling
horizon” fashion. Specifically, we propose to fix the number of time-slots in the
schedule and sequentially replace the oldest transmission group by the most recently
generated. Figures 4.14 and 4.15 and Table 4.16 demonstrate the performance of
a rolling horizon optimization with both optimal centralized transmission group
formation and the DPC-ALP scheme for our sample network. By Caratheodory’s
theorem, we know that an optimal schedule can be constructed using L+1 time slot
when their durations can be adjusted with arbitrary precision. For fixed time-slot
durations, there will be a quantization effect (compare Figure 4.13 but the accu-
racy can be improved by increasing the schedule length. Our numerical experience
suggest that 2L-3L time slots appears to be a reasonable schedule length.

The figures illustrate how the rolling horizon scheduling shows more rapid per-
formance improvements than the original approach. We believe that this is due
to the fact that old transmission groups (generated with outdated system infor-
mation) are purged from the schedule. However, due to the finite schedule length
and fixed time-slot duration, the solution cannot achieve the performance of the
centralized scheme. As discussed above, these effects are reduced as the schedule
length increases, but a performance difference persists. Moving from centralized to
decentralized transmission schedule (Table 4.16) we also obtained a significant im-
provement in comparison with the original algorithm. Although the performance
of the rolling horizon scheduling has been consistently strong, we have not been



4.5. Distributed Scheduling in WiMax Networks 59

c
1

c
2

Figure 4.13: The capacity region is the convex hull of all feasible transmission groups
(marked by circles in the plot). By Caratheodory’s theorem, any point in the capacity
region (such as the square) can be represented as the convex hull of L+ 1 transmission
groups. However, with L+ 1 timeslots of fixed and equal durations, the rate vector is
restricted to lie at the barycenter of the associated L-dimensional simplex (marked by
a diamond) With more timeslots, the accuracy improves, but a quantization effect will
persist.

able to prove any hard theoretical bounds on its performance.

4.5 Distributed Scheduling in WiMax Networks

In this section we demonstrate how our complete solution immediately apply to
WiMax single-carrier (SC) mesh networks by describing the basic functionalities
that needs to be implemented at sources, queues, and transmitters.

In WiMax-SC mesh networks, devices can be characterized by a set of neigh-
bors, defined as the nodes with whom it has a direct links. Neighbors of a node
lie one hop far apart and form the neighborhood. In addition, a two-hop extended
neighborhood is defined as the set containing all the neighbors of the neighborhood.
The standard IEEE 802.16 (cf. Committee. (2004)) proposes two ways of solving
the distributed scheduling in mesh systems: a coordinated distributed scheduling,
where all nodes coordinate their transmissions in their two-hop neighborhood by
broadcasting their own schedules (available resources, requests and grants) and an
uncoordinated distributed scheduling for ad-hoc setup of schedules in a link-by-link
basis Committee. (2004). Both coordinated and uncoordinated distributed schedul-
ing employ a three-way handshake mechanism based on request-grant exchange.

The mathematical analysis conducted in Section 4.2 suggests that a coordi-
nated distributed scheduling based on congestion information within the two-hop
extended neighborhood is the most appropriate. The congestion information re-
quired in our scheme can replace the available resource information in the standard
message format for the distributed scheduling. Although nodes can exchange in-
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Figure 4.14: Rolling horizon optimization performance with centralized transmission
scheduling.

formation about their current schedules, this information is not really needed in
our scheme: during each negotiation phase, it is always the oldest transmission
group that is up to negotiation. To abide to the standard, we propose to form
transmission groups by local greedy maximization of the objective function

∑

l

λlcl

in which transmission rights are assigned to links that have the largest λ within their
two-hop extended neighborhood. This greedy scheme is inspired by the centralized
optimal solution Hajek and Sasaki (1988) and has been used also by others, e.g., Lin
and Shroff (2006). This approach disregards interference, but guarantees that each
node sustains transmission on at most one incoming or outgoing link at a time.

4.5.1 Numerical Evaluation

We generate test networks using the procedure described in Appendix D.3, but
adapt the path loss exponent to 3.5 to reflect an urban scenario, and employ
{0 − Pmax} power control to abide the standard requirements. Logarithmic util-
ity functions are used to achieve proportionally fair end-to-end rates. Since our
algorithms are heuristic, interference may cause the SINR of active links to drop
below the threshold for certain links. When this happens, we assume that links can
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Figure 4.15: Rolling horizon optimization performance with distributed transmission
scheduling via DPC/ALP.

Total utility %

Optimal solution 98.99 −−

Optimal scheduling, horizon 3L 97.78 −1.22

Optimal scheduling, horizon 2L 96.28 −2.73

Distributed DPC/ALP, horizon 3L 89.40 −9.68

Table 4.16: Performance losses using a rolling horizon optimization.

resort to a lower rate based on the actual SINR according to the Shannon formula
in Chapter 2. Table 4.17 summarizes the simulation results.

Centralized scheduling

The baseline for our evaluations is the performance of the centralized optimiza-
tion (4.1) based on global network information. Figure 4.19(a) demonstrates that
the performance of the centralized approach, the cross-decomposition approach,
and the rolling horizon scheduling for schedule lengths of 2L and 3L is in line with
the results previously achieved. Here, the main difference with Figure 4.14 is that
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Total utility %

Optimal solution 95.88 −−

Optimal scheduling {0, Pmax}, horizon 3L 95.14 −0.77

Optimal scheduling {0, Pmax}, horizon 2L 94.80 −1.13

Cross decomposition, optimal sched. {0, Pmax} 93.45 −2.35

Distr. power control DPC-ALP, horizon 2L 88.33 −7.87

Distr. scheduling {0, Pmax}, horizon 2L 81.33 −16.22

TDMA scheme 57.07 −40.49

Table 4.17: Performance losses of rolling horizon for WiMax-SC networks using
{0, Pmax} power control.

the scheduling subproblem is solved to optimality using {0− Pmax} power control
according to Appendix C.2.

Decentralized scheduling

The complete solution combines the rolling horizon schedule construction with the
greedy distributed transmission group formation. The result for the same net-
work scenario is shown in Figure 4.19(b). In this case, we can no longer see the
rapid performance improvements from the rolling horizon scheduling under opti-
mal transmission group formation, and the distributed scheme stabilizes with a
distinct performance loss compared to the optimal solution. However, the perfor-
mance improvements over a TDMA scheme is substantial, and some performance
loss should be expected since the WiMax solution does not account for interference
in the transmission group formation. For comparison purpose, we have evaluated
the performance of a distributed scheme that accounts for interference. To this end,
the transmission group formation is performed using a variant of the distributed
power control with active link protection by Bambos et al. (2000), which is not
easily implementable in the current standard. As can be seen in Figure 4.19(b) and
Table 4.17, the performance improvements of this scheme are significant. Similar
evaluations have been made for a large set of networks with comparable results.

4.6 Implementation Aspects

The previous sections have derived the basic functionalities needed to align trans-
port and physical layers in S-TDMA wireless multi-hop networks. These functional-
ities include an end-to-end rate allocation based on link price feedback, mechanisms
for updating and maintaining a transmission schedule including resource allocation
to maximize weighted throughput, and an active queue management algorithm to
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Figure 4.18: Augmenting the schedule: Each step, k, consists of two phases: a data

transmission phase, in which data is transmitted until the optimization flow control
algorithm converges to yield λ(k); and a negotiation phase, where transmission rights
for a new slot are negotiated on the control channel while transmissions are continuing
according to the current schedule on the data channel. When the negotiations are done,
the new slot is added to the schedule and the procedure continues with step k + 1.

coordinate transport and lower layers. These modules could be implemented in
several ways, on different time-scales, and with slightly different overall goals.

One natural implementation is in terms of TCP/AQM on the fast time-scale
and incremental schedule updates on the slow time-scale. Similarly to the case
of TCP in fixed networks, practical congestion control mechanisms will only work
according to the theoretical analysis for long-lived flows. One can argue that the
discrepancy is even larger in our case, since the theoretical analysis assumes that
the rate allocation converges before the schedule is updated. However, one should
note that the resource allocation and queue management schemes act on aggregate
traffic. If the aggregate traffic rates between wireless ingress and egress routers re-
act on congestion information similarly to (3.10), e.g. the aggregate rate decreases
with increasing congestion, the complete scheme could be justified as jointly opti-
mizing aggregate end-to-end bandwidth and scheduling in the network (for some
appropriate utility functions). For back-haul wireless networks, this appears to be
a reasonable assumption.

Alternatively, the proposed solution could be considered as a signalling and
negotiation scheme for proportionally fair end-to-end bandwidth allocation between
ingress and egress routers. One then associates logarithmic utility functions to
each pair of source-destination nodes. Rather than actually updating the end-
to-end rates, routers signal rate requests (updated according to the source-rate
mechanism in the optimization flow control), while nodes update link prices based
on rate requests rather than actual traffic. After a number of iterations, the actual
schedule is updated by solving the link-price weighted throughput problem. We
will not investigate such negotiation schemes further here, but focus on schemes
that react on actual congestion levels.
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4.7 Summary

This chapter has used decomposition techniques to solve the problem of joint con-
gestion control and resource allocation in spatial-TDMA wireless networks. By
posing the problem as a utility maximization problem subject to link rate con-
straints which involve both transmission scheduling and power allocation, we have
proceeded systematically in our development of transparent and distributed proto-
cols. In the process, we have introduced a novel decomposition method for convex
optimization, established its convergence for the utility maximization problem, and
demonstrated how it suggests a distributed solution based on TCP/AQM on a fast
time-scale and incremental updates of the transmission schedule on a slower time-
scale. We have developed a two-step procedure for finding the schedule updates,
and suggested two schemes for distributed channel reservation and power control
under realistic interference models. Finally, we have proceeded systematically in
our development of transparent distributed resource management schemes that fit
into the WiMax standard. Although the final protocols are suboptimal, we have
isolated and quantified the performance losses incurred in each simplification step
and demonstrated strong improvements over the state-of-the art solutions.
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(a) Utility as function of schedule length for the centralized approach, cross
decomposition, and rolling horizon scheduling. The scheduling subproblem is
solved to optimality using global network information.
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(b) Performance of combined rolling-horizon scheduling and greedy transmis-
sion group formation.

Figure 4.19: Rolling Horizon.





Chapter 5

Cross-Layer Optimization of Wireless

Networks With Multi-User Detectors

D
istributed transmission protocols are very attractive due to high scalability
and robustness to node failure. Nevertheless, distributed cross-layer design
in spirit of Chapter 4 exploits simple rate allocation schemes and relies on

message passing to coordinate terminals, incurring severe signaling overhead often
comparable with the amount of information that is to be exchanged in centralized
schemes, see e.g., Chiang (2005); Modiano et al. (2006). Recent results by Andrews
and Hasan (2004) have shown that low complexity successive interference cancel-
lation receivers increases the throughput over conventional CDMA and idealized
CSMA networks by a factor of two to three. The intriguing question arises if it is
worth to pay a little extra to design more advanced receiver technology so as to rely
on less global coordination and capitalize on more efficient rate allocation scheme.

To understand these issues, we investigate the advantages of employing multi-
user detectors (MUD) within a CDMA/TDMA framework and we compare the
optimal performance with what can be achieved by nodes equipped with single-
user detectors. To this end, we consider a simplified medium access scheme where
nodes take turns receiving data from all their neighbors, cf. Shrader and Giles
(2002). Under this assumption, we compute the optimal network performance ob-
tainable by simultaneous optimization of end-to-end rates, routing and physical
layer parameters (node schedule without reuse, transmit powers and decoding or-
der at the receivers). We demonstrate how the column generation method from
Johansson and Xiao (2004) can be combined with the resource allocation scheme
for the multi-access channel developed in Tse and Hanly (1998) into a very efficient
computational method that allows us to compute the limits of performance for
networks of significant sizes. The method is applied to a simple network scenario
and performance benefits of multi-user detectors and cross-layer coordination over
alternative schemes are evaluated. The computational experiments partly confirm
the results from Tompis and Goldsmith (2002), as we observe large performance
improvements of both multi-user detectors and cross-layer coordination.

67
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User 1 User 2

Data

Signature

waveforms

Transmitted

signals 

Figure 5.1: Example of DS-CDMA where two users exploit different signature wave-
forms to expand their signal bandwidth.

5.1 CDMA Technology

As mentioned in Chapter 1, CDMA differs from the classical TDMA and FDMA
schemes in the sense that all users share the same frequency band (unlike FDMA)
at the same time (unlike TDMA). Before transmission, the user information is
separated on the basis of distinct signature waveforms, i.e., signals with bandwidth
much larger than the information data. In order to avoid interference among user
data, the waveforms should be mutually orthogonal to each other. To achieve this,
CDMA is a spread spectrum technique, in that the signal bandwidth is expanded
before transmitting, as in Figure 5.1. Many CDMA techniques have been proposed
in literature, e.g., DS-CDMA, FH-CDMA, TH-CDMA and MC-CDMA, each of
which differs in the way the users’ signature waveforms are designed. Here, we
only refer to the most popular technique, Direct-Sequence CDMA, where pseudo-
random sequences acting like signature waveforms are assigned to users, dropping
the condition on the orthogonality.

5.1.1 Receivers in CDMA Systems

At the receiver side, the information is obtained as the sum of all received broadband
signals. The aim is to restore the signal (of one or several users), usually corrupted
by the channel, back to its original form. DS-CDMA receivers can be classified
into Single-User Detectors (SUD) and Multi-User detectors (MUD). Single user
receivers detect the data from one user at a time, whereas multi-user receivers jointly
detect information from several users. A further distinction classifies the single- and
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Figure 5.2: Example of demodulation in DS-CDMA .

multi-user receivers as centralized and decentralized receiver respectively, cf. Verdu
(1986).

Single-User Detectors

Single-user detector (SUD receiver), also called correlation receiver, is a filter matched
to a desired signal. In order to recover the data of a certain user, the received sig-
nal is correlated with the signature waveform associated with the user, see e.g.,
Figure 5.2, whereas other user signals are treated as noise. Ideally, the correlation
between different signatures is zero (or very small) and the receiver can recover the
desired information. In practice, signals transmitted from different users are cor-
related, making the receiver be suboptimal due to the multiple access interference.
Moreover, the design of orthogonal (or very low correlated) code sequences requires
warrantees of synchronism at the base station that are hardly fulfilled due to the
different transmission delay that affect the user signals, cf. Ahlén et al. (2002).

Multi-User Detectors

Multi-user detectors (MUD receivers) mitigate the issues related to the single-user
case by not treating other users’ transmission as noise but as digital signals and
by exploit interference cancellation techniques to sequentially decode and remove
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Figure 5.3: TDMA schedule that dictates what node should act as receiver at any
given point in time. Each node receives data from (possibly all) its neighbors, while
the other transmitters stay silent.

user signals (starting from the strongest and ending with the weakest one) from the
received signal before making data decision. The result is a significant gain in terms
of capacity and robustness to near-far problems over the conventional receivers,
cf. Verdu (1986); Khairnar and Nema (2005). Multi-user detectors jointly combine
demodulation and interference cancellation to improve the detection of a desired
set of signals and need no side information except the training sequence, cf. Ahlén
et al. (2002).

Multi-user detectors can be modelled as an uplink multiple access channel where
K transmitters, each one with power Pk, transmit to a common receiver over a
channel with power gain Gkk. For a two-user multi-access with additive gaussian
white noise σ at the receiver, the capacity region is the closed convex hull of all
vectors (c1, c2) satisfying the following constraints

ck ≤W log2

(
1 +
GkkPk
σ

)
, k = 1, 2 (5.1)

c1 + c2 ≤W log2

(
1 +
G11P1 +G22P2

σ

)
(5.2)

The extension to higher number of users follows similarly.

5.2 A Model for Cross-Layer Design

Due to the characteristics of the multiple access technology that we are consid-
ering, we need to extend the basic communication model described in Chapter 2.
Specifically, we consider a simplified access scheme where a TDMA schedule dic-
tates what node should act as receiver at any given point in time. Consider a
configuration where node n receives data from (possibly all) its neighbors, while
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the other transmitters stay silent as in Figure 5.3. Then,

cl = 0 for all l 6∈ I(n) (5.3)

In spirit of (5.1) and (5.2), the communication rates on links incoming to node n
must satisfy the capacity constraints of the Gaussian multi-access channel,

∑

l∈Sn

cl ≤W log2

(
1 +

∑
l∈Sn
GllPl

σn

)
∀Sn ⊆ I(n) (5.4)

Here, Gll is the effective power gain between the transmitter and receiver of link
l, σn is the thermal noise at the receiver at node n, and Pl is the transmit power
of link l. Note that there is one inequality for every subset Sn of incoming links
to node n, and that there are 2Mn − 1 such subsets where Mn = |I(n)| is the
number of incoming links to node n. The capacity region for the links incoming
to node n has exactly Mn! vertices in the positive orthant, each achievable using
successive decoding using one of the possible orderings of the links (see, e.g., Cover
and Thomas (1991); Tse and Hanly (1998)). Although this is a theoretical limit,
modern coding technology allow practical systems to approach these bounds. For
example, a packet of 1000 bits that is encoded at rate 1/3 can reach within 1.5 dB
in signal-to-interference ratio of the theoretical limit, see e.g., Dolinar et al. (1998);
Shrader and Giles (2002). We assume that all transmitters are subject to the simple
power limit 0 ≤ Pl ≤ Pmax, and let

Cn = co
{(
c1 · · · cL

)
satisfying (5.3), (5.4), 0 ≤ Pl ≤ Pmax

}

denote the set of achievable long-term average communication rates when node n
acts as receiver, and let

C = co{Cn}

be the set of long-term average link rate vectors achievable by time-sharing between
receiving node. Since the capacity region Cn of the multi-access channel is a convex
polytope, so is C and any c ∈ C can be written as a convex combination of its
K =

∑N
n=1Mn! vertices c(k), i.e.„

c =

K∑

k=1

αkc
(k)

for some positive scalar αk ≥ 0 with
∑
k αk = 1. Finally, let u(·) be a concave utility

function of the end-to-end rates s. As argued in Chapter 3, the simultaneously
optimal combination of end-to-end rates, routing, and physical layer parameters
can then be found by solving the following convex optimization problem

maximize u(s)

subject to Ax(d) = s(d) x(d) � 0, s(d) �d 0 ∀d∑D
d=1 x(d) � c

(5.5)
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Here, the aim is not to derive distributed transmission protocols, but to compute the
performance gain of MUD. To this end, we aim to maximize the uniform capacity
as defined in Chapter 2, and we limit to explain the methodology for cross-layer op-
timization with fixed routing; the extension to multi-path routing follows similarly
to Johansson and Xiao (2004). The cross-layer design problem for fixed routing
and uniform capacity is to

maximize τ

subject to R1τ � c c ∈ C
(5.6)

5.3 Cross-layer Coordination via Column Generation

Problem (5.6) can be solved using an extention of the column generation technique
described in Chapter 3. In addition, we adopt node-based TDMA scheduling (where
a single node is selected to receive in each time slot) to solve the scheduling problem

maximize λT c

subject to c ∈ C
(5.7)

Despite the fact that the capacity region is characterized by an exponential number
of constraints, Tse and Hanly (1998) demonstrated that for cellular system each
point on the boundary of the region can be achieved by successive decoding and
that the weighted throughput problem (5.7) can be solved with stunning efficiency.
In particular, the optimum is attained at the vertex corresponding to decoding
signals in order of increasing λ’s and can be computed in time O(Mn logMn) using
a greedy algorithm. The solution can be viewed as the generalization of the water-
filling construction for single-user channels to multi-access channels with arbitrary
number of users. To describe the algorithm we define

f(Sn) =W log2

(
1 +

∑
l∈Sn
GllPmax

σn

)

which is simply the maximum aggregate rate that can be assigned to the links
in the set Sn, when extra-node interference is treated as noise. The optimal rate
allocation can now be computed as in Algorithm 2.

Even though an optimizer for the weighted throughput problem can always
be found at a vertex of the capacity region, the optimal link rate vector for the
cross-layer problem is not necessarily one of the vertices, and we must consider
time-sharing between decoding orders.

Algorithm 2 does not directly apply to CDMA ad hoc networks where several
receivers may be active at the same time. However, using node-based TDMA
scheduling, problem (5.7) splits into n resource allocation subproblems, i.e., one for
each node, that attempt to maximize

maximize
∑
l∈I(n) λlcl

subject to c ∈ Cn
(5.9)
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Algorithm 2 Optimal greedy resource allocation

1: Find a permutation π on I(n) such that

λπ(1) ≥· · · ≥ λπ(Mn) (5.8)

2: Let cl = 0 for all l = 1, . . . , L, k = 0 and set S
(0)
n = ∅

3: loop
4: k = k + 1
5: Compute

S
(k)
n = S

(k−1)
n ∪ π(k)

cπ(k) = f(S
(k)
n )− f(S

(k−1)
n )

6: end loop If k =Mn.

Algorithm 6.1, can be applied to each of the problems (5.9) and to quantify the
achievable revenue of each receiver, and finally the node with the best revenue∑
l∈I(n) λlcl is selected to receive data from (possibly all) its neighbors in the

current time slot.

5.3.1 The ”Star Method”

A simplified approach for rate allocation in multi-hop radio networks with multi-
user detectors that solve this problem was proposed by Shrader and Giles (2002).
The simplifications result from the fact that signals are decoded in a fixed order (in
order of decreasing received power) and that all active links use the same transmis-
sion rate. To this end, we let Ql = GllPmax be the received power on link l, and let
π′ be any permutation of the set I(n) such that

Qπ′(1) ≥· · · ≥ Qπ′(Mn)

Then, Shrader and Giles show that the exponential set of constraints in (5.4) can
be reduced to the Mn inequalities

rn ≤
W

k
log2

(
1 +

∑k
l=1Qπ′(l)

σn

)
(5.10)

The communication rate for the links incoming to node n is taken as the maximum
value of rn that satisfies the above inequalities.

5.4 Numerical Examples

We are now ready to evaluate the performance gain of combining cross-layer coor-
dination with MUD. To this end, we apply the methodology to a high-speed indoor
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Figure 5.4: Increase in uniform capacity from incorporating multi-user detectors as a
function of network size.

wireless LAN scenario generated according to the specifics in Appendix D.3, and
compare the optimal performance with what can be achieved by nodes equipped
with single-user detectors. In addition, we evaluate the benefits of moving from
shortest-hop routing to optimal multi-path routing, and the benefits of cross-layer
coordination compared to alternative approaches.

5.4.1 Single-User Detectors vs. Multi-User Detectors

In our first investigation, we try to evaluate the performance benefits that can
be reaped from equipping nodes with multi-user detectors. For the single-user
detector, we compute the cross-layer optimized S-TDMA performance using the
approach from Chapter 2. We assume that active links use a single common rate
ctgt = W log2(1 + γtgt), if the signal-to-interference ratios at their receivers ex-
ceeds the target γtgt. Active transmitters use power control to combat near-far
effects and to increase spatial re-use as in the exact model and solution method
proposed in Chapter 2 and 3 respectively. Since our scheduling method for MUD
systems does not employ spatial reuse of time slots, one may conjecture that any
initial performance boost in the MUD approach will diminish as the number of
network nodes, and thus (due to the way we generate scenarios) the geographical
area on which nodes communicate, grows. The relative performance improvement
as function of network size is shown in Figure 5.4. The plot shows the average
performance improvement for 20 cross-layer optimized networks. Contrary to our
intuition, for networks with connectivity 0.5 (i.e.,the average number of node pairs
that are connected by direct links, see Appendix D.3 for more details), no trend can
be discerned. In fact, for networks up to 30 nodes, the performance improvement
stays flat at around 80%.
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Figure 5.5: Optimal maximum equal rate and uniform capacity vs. number of network
nodes.

5.4.2 Uniform Capacity, Transport Capacity and Network Size

Next, we investigate the how the achievable maximum equal rate and uniform
capacity depends on the number of nodes in the network. The results for networks
of 6 to 30 nodes are shown in Figure 5.5. For each network size, we have generated
20 sample networks, optimized their uniform capacity, and plotted the average value
of the performance indicators. We observe that the maximum equal rate decays
steadily, roughly proportional to N−1.8.

5.4.3 Benefits of Cross-Layer Coordination in MUD Networks

Our final investigation concerns the benefits of cross-layer optimization for net-
works with multi-user detectors. Our first observation is that advanced routing
schemes seems of secondary importance for improving uniform capacity in networks
with multi-user detectors. By generating over 200 10-node networks with varying
connectivity, and comparing the optimal performance of networks with optimized
routing and shortest path routing, we found that the performance increases never
exceeded 6%.

Since the performance improvements of free routing were minimal, the intrigu-
ing question arises if cross-layer coordination is needed in wireless networks with
multiuser detectors. A complete answer to this question is out of the scope of this
thesis, but an indication can be obtained by comparing the performance of the
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Figure 5.6: Performance increase of cross-layer optimized system vs. the star method
with shortest-path routing.

cross-layer optimized networks with free routing with the performance of networks
operating under shortest-hop routing and the Star method for capacity allocation.
The results of such an investigation is shown in Figure 5.6. Indeed, we observe a
clear benefit of cross-layer coordination, with performance improvements increasing
almost linearly from 40% for 6- node networks to over 250% for 30-node networks.

5.5 Summary

In this chapter we have extended the approach to cross-layer optimization of wireless
networks developed in Chapter 3 to a class of multi-hop radio networks that employ
multiuser detectors. We have considered a simplified medium access scheme where
nodes take turns receiving data from their neighbors and shown how to compute the
optimal network performance that can be obtained by simultaneous optimization of
end-to-end rates, routing and physical layer parameters (time-slot allocations in the
node schedule, transmit powers and decoding order at the receivers). The approach
combines a column generation procedure for network-wide optimization with a op-
timal greedy resource allocation into a very efficient computational method that
allows us to compute the limits of performance for networks of significant sizes.
Using the approach, we have evaluated the benefits of multi-user detectors on a
simple scenario. In this case, the introduction of multi-user detectors gave perfor-
mance improvements of around 80% over a wide range of network sizes. Cross-layer
coordination appears to be very beneficial, allowing large capacity improvements
over other existing schemes.



Chapter 6

Resource Optimization of Wireless OFDMA

Mesh Networks with Multiple Radios

T
he multiple access technology strongly affects the system capacity. In the
previous chapters we have seen that for a single-carrier scenario, the net-
work capacity can be increased by allowing links to share the medium via

spatial reuse of time slots (cf. Grönkvist (2000, 2003); Johansson and Xiao (2006);
Soldati et al. (2006b)), or adopting new type of intelligent receivers able distin-
guish the users’ signals, e.g., Loretti et al. (2005). In this chapter we investigate
the advantages of splitting the system bandwidth in multiple carriers and the po-
tential of the emerging Orthogonal Frequency Division Multiplexing (OFDM) and
Orthogonal Frequency Division Multiple Access (OFDMA) modulation schemes.

6.1 Introduction

OFDM is a spectrally efficient digital modulation technique that divides the system
bandwidth into a number of overlapping narrowband sub-carriers so as to transform
the frequency selective fading channel into several flat fading channels. Users trans-
mit their data over all the subcarriers to capitalize on channel diversity. Multiple ac-
cess is obtained by allowing users to transmit in different symbol periods. OFDMA
is similar to OFDM in that it divides the system bandwidth into sub-carriers, but
it goes one step further by grouping multiple sub-carriers into sub-channels. A user
might transmit using all the sub-carriers (as in OFDM), or multiple clients might
transmit simultaneously using subsets of sub-carriers to exploit location-dependent
channel diversity and frequency selectivity. Adaptive sub-carrier allocation com-
bined with adaptive bit loading and power control for maximizing user throughput
or minimizing energy consumption in OFDMA-based networks has been under the
attention of several researchers (cf. Ghosh et al. (2005); Song and Li (2005a,b)).
However, to the best of our knowledge, no study has analyzed the effects of radio
resource management on the end-to-end user requirements in OFDMA-based net-
works, i.e., how the link scheduling (time slot and sub-carrier assignment), power
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control and rate adaption schemes can be designed to optimize the end-to-end rate
requirements. The channel assignment problem in multi-channel multi-radio wire-
less mesh networks has been studied in Das et al. (2005); Kyasanur and N.Vaidya
(2004); Dravers et al. (2004), but only using simplistic interference models where
the ability of two nodes to communicate reliably depends only on their distance, i.e.
protocol models. In contrast, we use a more realistic model where the link quality
depends on the actual signal to interference and noise ratio (SINR).

Specifically, we consider the problem of assigning sub-carriers to wireless links in
multi-hop mesh networks where nodes have the capability to use a maximum (fixed)
number of radio interfaces. We exploit an SINR-based power-rate relationship and
define the optimal network operation in terms of a utility maximization problem
subject to link capacity constraints, power and rate control and time-frequency
assignment. Spatial reuse of subcarriers is allowed to increase the capacity of the
network. In order to mitigate the multiple access interference that arises due to
simultaneous transmissions, power control is used to maintain the quality of active
links so as to sustain a desired data rate in each subcarrier. Finding the optimal
solution to this problem is computationally hard, and appears to be out of reach for
commercial optimization solvers already for very small networks. To this end, we
develop a specialized algorithm that allows to compute optimal and near-optimal
solutions in reasonable time and suggest a fast heuristic that results in relatively
modest performance losses. This allows us to compute the performance limits of
multi-radio wireless OFDMA mesh networks and provides a benchmark for alter-
native (more practical) strategies.

6.2 Network Model

Due to the evident differences between single- and multi-carrier systems, we first
need to revisit an partially extend the network model presented in Chapter 2. The
modifications hereby proposed aim to model the multi-carrier system so as to easily
call to mind the notation for single-carrier scenario. We consider a multiple carrier
wireless mesh networks with nodes located at fixed positions. Each node is assumed
to have infinite buffering capacity and the ability to transmit, receive and relay data
to other nodes using up to Kn radio interfaces.

6.2.1 Network Topology and Offered Link Rates

As previously, we represent the network topology by a directed graph, with nodes
labelled n = 1, . . . , N , and links labelled l = 1, . . . , L and describe the network
topology by a node-arc incidence matrix A ∈ R

N×L.
Contrary to single-carrier, the system bandwidth W is divided into a number F

of equally sized and non-overlapping channels. When multiple links share the same
channel to transmit, interference will occur. In each channel, a node can select a
link to either transmit or receive data from (at most) one other node. To model
this, let Glmf be the effective link gain between the transmitter of link m and the
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receiver of link l when using channel f , let σlf be the thermal noise power at the
receiver of link l and Plf be the power used by its own transmitter. We assume
that each transmitter is subject to a simple power limit 0 ≤ Plf ≤ Pmax, and we
define the signal to noise and interference ratio of link l as

γlf (Pf ) =
GllfPlf

σlf +
∑
m 6=l

GlmfPmf
(6.1)

where Pf =
(
P1f · · · PLf

)T
denotes the channel power allocation vector. The

matrix P = [P1 . . . PF ] summarizes the power allocation in the entire frequency
spectrum. We consider each link as a single-user Gaussian channel with Shannon
capacity clf (Pf ) = W

F
log(1 + γlf (Pf )). We assume that a link is able to transmit

reliably when its SINR is over a predefined threshold γtgt, which also defines a
unique link rate rtgt = W

F
log(1 + γtgt). To this end we introduce the following rate

allocation policy

rlf =

{
rtgt, if γlf (Pf ) ≥ γtgt

0, otherwise
(6.2)

Thus in each channel, a node n may transmit with link l at rate rtgt if the SINR
level at its receiver exceeds the threshold, and must stay silent otherwise. Since a
node can simultaneously transmit on multiple channels, the total transmission rate
experienced by a link l can be modelled as

rl =
F∑
f=1

rlfxlf ∀l = 1, . . . , L (6.3)

where xlf = 1 if channel f is used by link l, and 0 otherwise. This leads to a finite
number of feasible link-rate vectors

c(k) = (r1 . . . rL) k = 1, . . . ,K

where rl id given by (6.3). Although K may be as large as (Kn+1)L, most networks
will, due to interference and other technological constraints, support substantially
fewer link rate vectors. By time-sharing between a given set of link rate vectors
{c(k) | k ∈ K}, we can achieve the following polyhedral rate region

CK =

{
c =

∑

k∈K

αkc
(k) | αk ≥ 0,

∑

k∈K

αk = 1

}

Here, the time-sharing coefficients αk represent the fraction of schedule length in
which rate vector c(k) is activated. If CK contains all feasible rate-vectors, we will
simply drop the superscript and use the short-hand notation c ∈ C to denote that
c is an achievable long-term average link rate. The allocation of time slots and
sub-carriers to links can be represented as in Figure 6.1.

Finally, the end-to-end rates ad link-rate constraints follows the description in
Chapter 2, Section 2.3 for fixed routing case.
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TimeFreq.

Links

Figure 6.1: Model of time and frequency for link scheduling.

6.3 Cross-layer Optimization

The model described in Section 6.2 allow us to keep the compact notation adopted
in Chapter 2 for single-carrier systems. Consequently, we can formulate the cross-
layer optimization for multi-carrier multi-radio mesh networks using the network
utility maximization problem defined in Chapter 3

maximize
∑
p up(sp)

subject to Rs � c

c ∈ C s � 0

(6.4)

where the optimization variables are the end-to-end data rates s and the links
capacity vector c.

As we have seen in Chapter 3, a centralized solution to this problem can be found
by combining dual decomposition technique with a column generation method. The
basic idea behind this methodology is to sequentially compute lower and upper
bounds to the network utility by restricting the optimization problem (6.4) to a
subset of link-rate vectors CK ⊆ C, and to generate new link-rate vectors so that
to guarantee the convergence of the lower and upper bounds. The lower bound is
computed by optimizing the end-to-end rates s and the time-sharing coefficients α
for the current set of link-rate vectors. The upper bound is computed via duality:
let λ be the vector of Lagrange multipliers for the capacity constraints Rs � c in
the lower-bound computation and consider the Lagrangian

L(s, c,λ) =
∑

p

up(sp)− qpsp +
∑

l

λlcl

where qp =
∑
l rlpλl. An upper bound to the network utility can be computed by

maximizing L(s, c,λ). This problem decomposes into two subproblems: a schedul-
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ing subproblem

maximize λTc

subject to c ∈ C
(6.5)

and a network subproblem

maximize
∑
p up(sp)− qpsp

subject to sp ≥ 0
(6.6)

By adding the optimal solution c⋆ ∈ C of (6.5) to the set of link-rate vectors (i.e.,
letting CK = CK∪c⋆) and repeating the optimization one can guarantee convergence
to the optimal solution in a finite number of iterations.

6.3.1 The Multi-Radio Multi-Channel Scheduling Problem

Unlike the solution proposed in Chapter 3, the opportunity of nodes to use multiple
radio interfaces combined with the multiple channels offered by the OFDMA mod-
ulation scheme makes the computational cost of the scheduling subproblem (6.5)
rather high, already for relatively small networks. In order to model the multi-radio
capabilities of a node we define two matrices X ∈ {0, 1}L×F and Y ∈ {0, 1}N×F

whose entries are

xlf =

{
1 if link l transmits over channel f

0 otherwise

ynf =

{
1 if node n transmits or receives over channel f

0 otherwise

In each channel, a node can either transmit or receive data from at most one other
node, i.e.,

∑
l∈I(n)∪O(n)

xlf ≤ ynf n = 1, . . . , N f = 1, . . . , F (6.7)

Moreover, in each time slot a node is allowed to transmit using up to Kn radio
interfaces, hence

F∑
f=1

ynf ≤ Kn n = 1, . . . , N (6.8)

In each channel, a feasible transmission group is defined as a set of links and an
associated power allocation Pf such that the signal to interference and noise ratios
of the active links exceed the target. In other words, active links must satisfy

GllfPlf
σlf +

∑
m 6=l

GlmfPmf
≥ γtgt
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Using the same arguments as in Chapter 2, Appendix C.1, the above constraint
can be written as

GllfPlf + (1− xlf )Mlf ≥ γ
tgt


σlf +

∑

m 6=l

GlmfPmf


 (6.9)

for a sufficiently large constantMlf . We chooseMlf = γtgt(σlf +
∑
m 6=lGlmfPmax)

and rewrite (6.9) for all f and l in a more compact form as

Axx + App � b (6.10)

where the vectors x = vec(X) 1 and p = vec(P) describe the link scheduling and
power allocation respectively, while the matrices Ax, Ap and the vector b model
the constraints (6.9) for all links in all frequencies.

The multi-radio multi-channel scheduling problem (6.5) can then be written as
the mixed-integer linear program (MILP)

maximize
∑
l λl
∑
f xlf r

tgt

subject to Axx + App � b

(6.7), (6.8)

0 ≤ Plf ≤ Pmax ∀l, f

xlf ∈ {0, 1} ∀l, f

ynf ∈ {0, 1} ∀n, f

(6.11)

6.3.2 Efficient Frequency Assignment via Column Generation

The mixed-integer linear programming (MILP) (6.11) jointly optimizes the link
scheduling and power allocation over F channels, and needs to be solved at each
iteration of the column generation in order to find a new link-rate vector c to add
to the set CK. Unfortunately, the computation times for solving the scheduling
subproblem grows very quickly with the number of links and channels, and it is
hard to get computational results in reasonable time even with state-of-the art
mathematical programming software.

In Björklund (2006), the author has proposed to solve resource allocation prob-
lems of a similar type to (6.11) by a variation of a column generation technique
proposed by Mehrotra and Trick (1996). Although the aim in Björklund (2006) is
to minimize the schedule length in an STDMA network, it can be adapted to our
case where we have a maximum schedule length of F transmission groups, i.e., one
for each channel. To this end, let T = {tk| tk ∈ {0, 1}L, k = 1, . . . ,K} be the
set of feasible transmission groups (i.e., satisfying (6.9) and the power constraints),

1We define vec(X) , [x11, . . . , xL1, x12, . . . , xL2, . . . , x1F , . . . , xLF ]T .
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define λ̃ = λrtgt and δk = λ̃T tk and rewrite (6.11) as

maximize
∑
k∈T δkzk

subject to Wz � 1Kn∑
k∈T zk ≤ F zk ∈ {0, 1}

(6.12)

where W = [w1 . . .wK ] with wk = |A|tk and zk ∈ {0, 1}. The first set of con-
straints ensures that at most Kn radio interfaces are used at each node, while the
second set ensures that at most F feasible transmission groups are allocated.

Let T K ⊆ T be a subset of transmission groups and consider the LP relaxation
of the associated restriction of (6.12)

maximize
∑
k∈T K δkzk

subject to Wz � 1Kn∑
k ∈T K zk ≤ F zk ∈ [0, 1]

(6.13)

When this master problem has been solved, we need to identify if the objective func-
tion can be improved by adding a new transmission group. Let µ be the Lagrange
multiplier vector for the constraints Wz � 1Kn and consider the Lagrangian

L(z, µ) =
∑

k∈T K

δkzk − µ
T (Wz− 1Kn) =

=
∑

k∈T K

(λ̃T − µT |A|)tkzk + µT1Kn (6.14)

When the master problem may be improved, it is natural to add the transmission
group that solves

maximize (λ̃T − µT |A|)t

subject to (6.9), 0 ≤ Plf ≤ Pmax ∀l, f

t ∈ {0, 1}L
(6.15)

and repeat the master problem. The column generation procedure for solving the
scheduling subproblem (6.5) then follows the same principles as the column gener-
ation for the overall problem (6.4) (see Section 6.3). The procedure is summarized
as Algorithm 3. Upon termination, a feasible channel allocation is computed by
solving (6.13) with an integer restriction on the z-variables. Although this integer
solution is not necessarily optimal, it has turned out to be optimal or near-optimal
for all cases we have considered. Optimality can be enforced by implementing the
full branch-and-price procedure described in Mehrotra and Trick (1996). To gener-
ate provably optimal solutions, we have used the result of the column generation to
warm-start a commercial branch-and-bound solver. The branch-and-bound solver
is often able to prove optimality within a very small number of iterations.
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Algorithm 3 Subcarrier allocation via column generation

1: let T 0 be an initial feasible channel allocation, ǫ be a small constant and k = 0.
2: loop
3: k = k + 1
4: solve (6.13) to get a lower bound ulower of the optimal solution of prob-

lem (6.12).
5: solve (6.15) to get a new feasible channel allocation tk and use (6.14) to

obtain an upper bound uupper.
6: T K = T K ∪ {tk}
7: end loop if uupper − ulower ≤ ǫ
8: use T K to solve (6.13) with integer restrictions on zk to obtain a feasible

channel allocation for problem (6.5).

The overall solution we propose can be considered as a multi-level column gen-
eration procedure: on the outer level, we optimize end-to-end rates and time-slot
allocations. Each iteration of this procedure requires the solution of a scheduling
subproblem across sub-carriers and transmit powers which, in turn, is solved by a
column generation technique.

6.4 A Greedy Heuristic for Channel Allocation

Although the technique proposed in Section 6.3.1 improves the overall performance
of the cross layer optimization compared to the direct use of an integer programming
solver, both solutions remain far from being suitable for real applications due to
the considerable computational effort they require.

As an alternative, we propose a heuristic approach that solves the link scheduling
problem separately for each channel f . The single channel assignment problem can
be formulated as follows:

maximize
∑
l λlxlf ctgt

subject to Axfxf + Apfpf � bf∑
l∈I(n)∪O(n) xlf ≤ 1

0 ≤ Plf ≤ Pmax l = 1, . . . , L

xf ∈ {0, 1}L

(6.16)

where the vector xf corresponds to the f th column of the matrix X, while Axf , Apf
and bf summarize the SINR-based constraints of type (6.9) for the link scheduling
on channel f .

To enforce the limitation on the number of radio interfaces per node, we solve
the the assignment problem (6.16) sequentially for each channel until either all
channels have been allocated or some nodes have assigned all their available radios.
When a node has assigned all its radios, it is removed from the network and the
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Algorithm 4 Greedy channel allocation

1: let f = f0, i = 0, c(k) = 0, N = {1, . . . , N}, Ñ = {∅}.
2: loop
3: solve (6.16) to obtain link-rate vector cf for channel f
4: c(k) = c(k) + cf .
5: for all n ∈ N update the number of allocated radios. If n has reserved Kn

interfaces, move n from N to Ñ .
6: load new frequency: i = i+ 1, f = fi
7: end loop if either f = F or N = {∅}.

procedure continues on the reduced network topology. This algorithm terminates
when all channels are assigned or all nodes have used their radios, see Algorithm 4.

Note that while the column generation procedure attempts to compute a price
for using the radios in each node (formally, the Lagrange multiplier vector µ) our
greedy heuristic effectively sets the price to infinity when a node has been assigned
all its radios. It is possible that better heuristics can be derived using better pricing
schemes, although no such investigation has been carried out in this thesis.

6.5 Numerical Examples

We can now evaluate the performance of the three approaches for solving the joint
end-to-end rate optimization, scheduling, rate and power adaption scheme in multi-
channel multi-radio wireless mesh networks proposed in the previous sections. To
achieve proportional fairness we will assume logarithmic utility functions through-
out. We will isolate and quantify the performance of the optimal solutions, the
scheduling subproblem solved using an inner column generation, and the heuristic
approach in terms of achieved total aggregate utility and computation time.

6.5.1 Results for a Sample Network

We will show in detail the results achieved for a network consisting of 8 nodes and
36 links generated using a modified version of the network generator adopted in the
previous chapters, see appendix D.3 for details.

The results obtained for this particular network are shown in Figure 6.2 and
are summarized in Tables 6.3 and 6.4. The computation time required from the
optimal solution exceeds 24 hours, whereas the solution proposed in section Sec-
tion 6.3.1 approaches the optimal solution in a reasonable time (about 17 minutes).
Moreover, the greedy channel allocation described in Section 6.4 drastically reduces
the computation time to only one minute leading to a performance loss of about
4.6% with respect to the optimal solution.
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Figure 6.2: Performance in terms of total aggregate utility.

Total utility %

Optimal solution 76.5891 −−

Inner column gen. 76.5889 −1.82 · 10−4

Greedy Heuristic sched. 73.0052 −4.68

Table 6.3: Performance in terms of total aggregate utility.

6.5.2 Experience from a Larger Set of Networks

We have evaluated the performance of the three variants of the joint congestion
control, scheduling, rate and power adaption scheme for a set of randomly gener-
ated 10-node multi-channel multi-radio wireless mesh networks. In this case, the
performance loss of the inner column generation is within 1 − 2 · 10−4% of the
optimal performance and a computation time within 15− 20 minutes. The greedy
channel allocation came within 3−12% of the optimal performance, with an average
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Hours Minutes Seconds

Optimal solution 24+ −− −−

Inner column gen. −− 17 12

Greedy Heuristic sched. −− 1 2

Table 6.4: Performance in terms of computation time.

performance loss of 8.4% and a computation time of 1− 2 minutes.

6.6 Summary

This chapter has investigated the problem of joint end-to-end rate optimization and
radio resource management in OFDMA mesh networks with multiple radios. We
have posed the problem as a utility maximization problem subject to link-rate con-
straints, power control and transmission scheduling both in terms of time slot and
channel allocation. Due to the computational complexity of the optimal solution,
we have developed an alternative solution approach that achieve a near-optimal
performance reducing at the same the computation effort. This methods allow us
to solve problem instances that are outside the reach of commercial mathematical
programming solvers. Moreover, we have proposed a heuristic scheme that at-
tempts to reduce the computation time even further while maintaining the overall
system performance close to the optimal. Simulation results have shown that the
first scheme achieves a near-optimal (less than 2 · 10−4% of performance loss) so-
lution while reducing the computation time from days to 15− 20 minutes, whereas
the heuristic reduces the computation time to the order of a few minutes with a
reasonable small price in terms of performance loss.





Chapter 7

Conclusions

I
n this chapter we briefly review the main achievements of this thesis and outline
possible directions for future research.

7.1 Conclusions

Network performance can be increased if the traditionally separated network layers
are jointly optimized. Recently, network utility maximization has emerged as a
powerful framework for studying such cross-layer issues. This thesis consists of four
main contributions in this area, which can be summarized as follows:

First, we have reviewed and explained three distinct techniques for optimization
problems that can be used to engineer utility-maximizing protocols: primal, dual,
and cross decomposition. These techniques extend the theoretical toolbox available
for studying network utility maximization problems, motivate alternative network
architectures than the prevailing dual-based approach, and suggest protocols and
resource allocation mechanisms which should be run at different time-scales. De-
composition methods allow to decouple global resource constraints, and to derive
distributed resource allocation mechanisms and protocols with provably optimal
performance amendable to implementation in real systems (often using slight ex-
tension of current solutions).

Second, we have used decomposition techniques for developing distributed algo-
rithms to the problem of joint congestion control and resource allocation in spatial-
TDMA wireless networks. By posing the problem as a utility maximization prob-
lem subject to link rate constraints which involve both transmission scheduling and
power allocation, we have proceeded systematically in our development of transpar-
ent and distributed protocols. In the process, we have introduced a novel decom-
position method for convex optimization, established its convergence for the utility
maximization problem, and demonstrated how it suggests a distributed solution
based on TCP/AQM on a fast time-scale and incremental updates of the trans-
mission schedule on a slower time-scale. Finally, we have derived a heuristic for
constructing finite-length schedules with fixed time-slot length and showed how the
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protocol can abide the specifications of the emerging WiMax standard. Although
the final protocols are suboptimal, we have isolated and quantified the performance
losses incurred in each simplification step and demonstrated strong improvements
over the state-of-the art solutions.

Third, in order to understand the benefits of relying on more advanced receiver
technology so as to reduce the need for coordination and capitalize on more efficient
rate allocation schemes, we have extended the approach to cross-layer optimization
of wireless networks to a class of multi-hop radio networks that employ multiuser
detectors. We have demonstrated how the column generation method from Jo-
hansson and Xiao (2004) can be combined with the resource allocation scheme for
the multi-access channel developed in Tse and Hanly (1998) into a very efficient
computational method that allows us to compute the limits of performance for
networks of significant sizes. Numerical simulations have demonstrated that the in-
troduction of multi-user detectors gave performance improvements of around 80%
over single-user detector solutions for a wide range of network sizes. Cross-layer
coordination appears to be very beneficial, allowing large capacity improvements
over other existing schemes.

Fourth, we have investigated the problem of joint end-to-end rate optimization
and radio resource management in OFDMA mesh networks with multiple radios.
We have posed the problem as a utility maximization problem subject to link-rate
constraints, power control and transmission scheduling both in terms of time slot
and channel allocation. Due to the computational complexity of the optimal solu-
tion, we have developed an alternative approach for finding near-optimal resource
allocations at drastically reduced computational cost. These methods allow us to
solve problem instances that are outside the reach of commercial mathematical pro-
gramming solvers. In addition, we have proposed a heuristic scheme that attempts
to reduce the computation time even further while maintaining the overall system
performance close to the optimal.

7.2 Future Work

Although the theory for network utility maximization is evolving quickly, much
work remains to be done. This includes developing better tools for analyzing pro-
tocol dynamics to guarantee stable and efficient system behavior, and improved
support for understanding the dependencies that the protocols introduce between
networking layers. On the practical side, complete implementations of the NUM-
based protocols should be developed and their performance should be assessed in
network simulators under realistic traffic and radio models, bringing the theory one
step closer to real-world deployments. In the following, we will discuss these and
other issues as inspiration for future research.
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7.2.1 Distributed protocols for STDMA

There are many natural extensions to our work on distributed end-to-end conges-
tion control and radio resource management in STDMA wireless networks. First,
the equilibrium results presented in Chapter 4 should be complemented with an
analysis of the dynamical properties of the distributed solution in the presence of
network delays. The algorithms have been derived under assumptions of saturated
traffic, i.e., considering bit-level rather than flow-level performance. Although bit-
level optimal policies tend to work well also for stochastic traffic (see, e.g., Lin and
Shroff (2006)), a queueing-theoretic analysis of the stability properties of the scheme
should be conducted. Further, detailed models of the protocols suggested by our
theoretical analysis should be developed and their practical performance should be
evaluated in network simulations under more realistic radio environments. In par-
ticular, it would be interesting to compare the practical performance of solutions
relying on dynamic and static scheduling. On the one hand, dynamic scheduling
allows the physical layer to be opportunistic and could harvest statistical multi-
plexing gains. On the other hand, the interplay between opportunistic schedulers
and transport layer is non-trivial and careless combinations could result in lower
performance than non-opportunistic use of the channel Klein et al. (2004). In addi-
tion, using more realistic radio environments, one should extend the investigation
to stability and robustness analysis in order to capture the sensitivity of the proto-
cols to channel fluctuations (cf. Chiang (2005)). Finally, we have only considered
transmission group formation for single-rate links. Since most modern radio tech-
nologies offer rate adaption, it would be interesting to derive distributed methods
for scheduling variable-rate links. The computational experiments in Johansson and
Xiao (2006) indicate that the performance benefits of variable link rates could be
substantial. Recently, a folklore has emerged among researchers that fixed transmit
powers combined with advanced scheduling and rate adaption techniques would be
more advantageous than variable transmit powers, limited rate selection and global
coordination if signaling overhead would be accounted for. Accounting for signaling
overhead in the design and analysis of protocols, potentially verifying or disproving
this folklore, could be a rewarding direction for future research.

7.2.2 Wireless Networks With Multi-User Detectors

One should bear in mind that these evaluations of cross-layer optimization of multi-
hop radio networks with multi-user detectors developed in Chapter 5 consider one
simple scenario and no attempt is made to draw conclusions on the performance
limits of more general networks. Indeed, an important topic for future research
is to complement the computational investigations on the scenario model with a
more thorough theoretical analysis to explain and confirm our observations. We
also note that we have only presented results for uniform capacity, and that the im-
pact of multi-user detectors on many other performance aspects (such as schedule
length, delay, power consumption and alternative fairness criteria) have been left
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unexplored. Also in the case of MUD, we should extend our investigation to more
realistic radio environments and analyze stability and robustness to channel fluctua-
tion. Finally, we developed centralized methods and used ideal multi-user detectors.
It remains to be seen if these results can be translated into distributed protocols
in the spirit of Chapter 4 for more practical detector structures (cf. Sankaran and
Ephremides (2002)).

7.2.3 Wireless OFDMA Mesh Networks with Multiple Radios

Our work on network-wide resource optimization of wireless OFDMA mesh net-
works with multiple radios developed in Chapter 6 can be extended in many ways.
We first notice that the problem formulation (6.11) might be modified to account
for total power constraint for each node. Second, one might investigate distributed
(sub)optimal solution approaches where nodes explore the link quality in the avail-
able sub-carriers and select a channel allocation negotiating with a group of neigh-
boring nodes only. Finally, a more complex channel model should be analyzed in
order to better capture the effect of the OFDMA modulation scheme on the channel
features and link assignment.



Appendix A

Proofs

A.1 Convergence of the Cross Decomposition Method

T
o prove convergence of the cross decomposition algorithm in Chapter 4 we
need the following additional assumptions: (1) all links are bottlenecks, (2)
the routing matrix has full row rank, and (3) that the scheduling subproblem

can be solved to optimality. The first assumption can be fulfilled by requiring that
all links have at least one flow using only that link. First we consider some basic
properties of ν(c) defined as

ν(c) = max
Rs�c, s≻0

∑

p

up(sp)

Also define the dual function, g(c,λ), as

g(c,λ) = max
s≻0

∑

p

up(sp)− λ
T (Rs− c)

Lemma A.1.1. For every positive capacity vector, there exists a strict interior
point s̄ to (3.11) and strong duality holds.

Proof. A strict interior point s̄ satisfying s̄ ≻ 0 and Rs̄ ≺ c can be constructed by
setting the elements in s̄ to

s̄p = min
l

cl
L
− ǫ > 0, p = 1, . . . , P

where ǫ is a small positive constant. Since a strict interior point exists, Slater’s con-
dition for constraint qualification is satisfied, hence strong duality holds Bertsekas
(1999).

Lemma A.1.2. g(c,λ) is concave and continuous in c for all λ � 0

Proof. Follows since g(c,λ) is linear in c.
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Lemma A.1.3. ν(c) is concave, and subgradient to ν(c) at c is given by the optimal
Lagrange multipliers, λ⋆, for the capacity constraint in the definition of ν(c).

Proof. See Bertsekas (1999).

Lemma A.1.4. The optimal Lagrange multipliers λ⋆ for the capacity constraint
in the definition of ν(c), with c ≻ ρ ≻ 0, are bounded and belong to a convex and
compact set Λ(ρ).

Proof. Follows analogously to Problem 5.3.1 in Bertsekas (1999).

Lemma A.1.5. The optimal Lagrange multipliers λ⋆ for the capacity constraint
defining ν(c) are unique.

Proof. The Karush-Kuhn-Tucker (KKT) conditions are

u′(s⋆(c)) = RTλ⋆(c)

Rs⋆(c) = c

The latter expression holds by the assumption that all links are bottlenecks. The
observation that the source rate s⋆(c) is unique since the objective functions are
strictly concave together with the fact that R has full row rank implies that λ⋆(c)
is unique.

Theorem A.1.6. ν(c) is differentiable for all c ∈ C, c ≻ ρ ≻ 0, and the derivative
is λ⋆(c).

Proof. ν(c) can now be expressed as

ν(c) = min
λ∈Λ(ρ)

max
s≻0

∑

p

up(sp)− λ
T (Rs− c) = min

λ∈Λ(ρ)
g(c,λ)

where the set Λ(ρ) is compact (Lemma A.1.4), the optimal Lagrange multipliers
λ⋆(c) are unique (Lemma A.1.5), and g(c,λ) is continuous and concave in c for all
λ ∈ Λ(ρ) (Lemma A.1.2). Furthermore, for every optimal Lagrange multiplier λ⋆,
g(·,λ⋆) is differentiable at c, i.e.,

∂g(c,λ⋆)

∂ci
=
∂

∂ci

∑

p

up(s
⋆
p)− λ

⋆T (Rs⋆ − c) = λ⋆i

Now Danskin’s theorem Bertsekas (1999) gives the desired result.

Remark 1. Since a ρ fulfilling c ≻ ρ ≻ 0, can be found for all c ∈ C, c ≻ 0, the
theorem above gives that ν(c) is differentiable for all c ∈ C, c ≻ 0.

Lemma A.1.7. The derivative of ν(c) is continuous
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Proof. Using the KKT conditions and the implicit function theorem, it can be
shown that λ is differentiable with respect to c. This means that λ is continuous
in c, and the derivative is therefore continuous in c. See Bertsekas (1999) for
details.

Theorem A.1.8. Let u⋆ be the optimal value of the centralized cross-layer design
problem (3.11). Algorithm 1 converges in the sense that limk→∞ ν(c

(k))→ u⋆.

Proof. The update rule for c(k) can be re-written as

c(k+1) =
k

k + 1
c(k) +

1

k + 1
c′ = (1− ωk)c

(k) + ωkc
′

where ωk = 1/(k + 1) and c′ is found as the solution to the congestion-weighted
throughput problem

maximize λT c′

subject to c′ ∈ C

c(k) ≥ ρ

Since λ is a gradient of ν(c(k)) at c(k), this is a conditional gradient method with
an open loop step-size rule Dunn (1978) that satisfies

ωk+1 =
ωk
ωk + 1

, ω0 = 1

Since λ⋆ is continuous and the domain is compact (since c(k) ∈ C and c(k) ≥ ρ),
the derivative of ν(c(k)) is uniformly continuous. By Theorem 1 in Dunn (1978),
limk→∞ c(k) = c⋆ and limk→∞ ν(c

(k)) = u⋆. Thus, Algorithm 1 converges to the
optimal solution.





Appendix B

Getting Local Agreements

T
he first phase of the distributed algorithm proposed Section 4.2 requires
nodes to locally exchange information on congestion levels or queues length
to reach an agreement on possible active transmitter-receiver pairs, cf. Sec-

tion 4.2.1. To this end, we propose a simple protocol, named Do-ut-Des, that
resolves this preliminary phase by trying to exchange as few packets as possible.
Although this solution may recall the operations of the RTS-CTS based protocols,
in this case we want nodes to collect information from all neighbors hence synchro-
nization of the transmissions (for instance through mini-slot assignments) appears
instrumental. Do-ut-Des is a two-phase procedure

• DO-Phase: Nodes evaluate λn as in (4.4), encode it in a Do-packet with the
corresponding link ID-number and broadcast it to all 1-hop neighbors.

• DES-phase: Each node collects the information contained in the received Do-
packets and evaluates λn,max as in (4.5). Hence two alternatives are possible:

1. If λn = λn,max, then the node is a potential transmitter and waits for
its intended receiver to acknowledge with a Des-packet.

2. If λn 6= λn,max and the corresponding link is in I(n), then node n acts
as potential receiver, encodes the ID-number of the most congested in-
coming link in a Des-packet and broadcasts it to all 1-hop neighbors.

This simple algorithm allows terminals to get two-hop information by broad-
casting packets over only 1-hop distance. In addition, only a few Des-packets will be
effectively sent, whereas potential transmitters that overhear multiple Des-packets
can use the information therein to eventually decline the transmission if the respec-
tive outgoing link is not the most congested. Once the candidate transmission group
is formed, the successive distributed power control will yield a feasible transmission
group.
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A B C D E

λ1=1

λ7=1λ8=1λ9=1λ11=2 λ10=3

λ5=3λ2=5 λ3=4 λ6=2λ4=4

λ12=1

Des-packet Des-packet Des-packet

Figure B.1: Example of Do-ut-Des.

Node DO-Phase DES-Phase

A λA = λ2 = 5 λA,max = max{λ1, λA, λB} = λA Potential Tx, wait DES

B λB = λ3 = 4 λB,max = max{λA, λB, λC} = λA Potential Rx, send DES

C λC = λ4 = 4 λC,max = max{λB, λC , λD} = λC Potential Tx, wait DES

D λD = λ5 = 3 λD,max = max{λC , λD, λE} = λC Potential Rx, send DES

E λE = λ6 = 2 λE,max = max{λD, λE , λ7} = λD Potential Rx, send DES

Table B.2: Do-ut-DES phase for example in Figure B.1.

Example B.1
Figures B.1 and B.3 show a portion of a network were each link has been labeled
with the corresponding λ. The scenarios differ only for the value of λ1.
DO-Phase: Nodes from A to E evaluate their own most congested outgoing link,
i.e., λA, . . . , λE in Tables B.2 and B.4, encode the corresponding λn with the link
ID-number in a Do-packet and broadcast it ever 1-hop distance.
DES-Phase: each node evaluates λn,max and makes a decision. In this case, nodes
A and C realize to be potential transmitters over links 2 and 4 respectively, hence
they wait for the intended transmitters to acknowledge. Nodes B,D and E act
as potential receivers, i.e., over links 2, 4 and 5 respectively, and broadcast a Des-
packet.
After collecting all Des-packets, nodes A andC have been acknowledged as potential
transmitters and elect themselves as member of the candidate transmission group.
At the same time, node D, that had elected itself as potential receiver during the
DES-phase, realizes that it has been selected as potential transmitted by node E.
In this circumstance, no action is taken since λD is not equal to λD,max, i.e., node
D keeps its status of potential receiver. When this happens, the receiver of an
active link is at least 4-hop far apart from the nearest active transmitter, as shown
in Figure B.3 and Table B.4, otherwise a 2-hop distance is the normal result, as
shown in Figure B.1.
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A B C D E

λ1=7

λ7=1λ8=1λ9=1λ11=2 λ10=3

λ5=3λ2=5 λ3=4 λ6=2λ4=4

λ12=1

Des-packetDes-packet Des-packet Des-packet

Figure B.3: Example of Do-ut-Des with 4-hop reuse distance.

Node DO-Phase DES-Phase

A λA = λ2 = 5 λA,max = max{λ1, λC , λB} = λ1 Potential Rx, send DES

B λB = λ3 = 4 λB,max = max{λB , λC , λB} = λA Potential Rx, send DES

C λC = λ4 = 4 λC,max = max{λA, λB, λC} = λC Potential Tx, wait DES

D λD = λ5 = 3 λD,max = max{λC , λB, λE} = λB Potential Rx, send DES

E λE = λ6 = 2 λE,max = max{λD, λE , λ7} = λD Potential Rx, send DES

Table B.4: Do-ut-DES phase for example in Figure B.3.

A B C D E

λ1=1

λ7=0λ8=0λ9=0λ11=0 λ10=0

λ5=5λ2=2 λ3=3 λ6=0λ4=4

λ12=0

Des-packet

Figure B.5: Special case of Do-ut-Des with no reuse.

Example B.2
Consider the unlucky case in Figure B.5, where the links price have a special order.
In this case, the Do-ut-Des procedure would result inefficient, yielding only the most
congested link in the network as candidate for transmission, i.e., λ5. The reason for
such a bad result is that for all nodes (but nodes D and E), the link corresponding
to λn,max does not belong either to I(n) or O(n), making the node unable to make
a decision on its own status. As a remedy, nodes might take a decision according to
the first link in I(n) ∪ O(n) having λ smaller than λn,max. Although this unlucky
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circumstance would certainly reduce the spacial reuse, a feasible (TDMA) solution
would still be yielded.



Appendix C

Centralized Scheduling Problems

A
s argued in Chapter 1, designing efficient solutions to the radio resource
management problem is one of the most challenging aspects in network-
ing. Consider again the formulation of the scheduling problem posed as a

weighted-throughput maximization

maximize λT c

subject to c ∈ C

where C is defined as in Chapter 2. It is instructive to shortly review two central-
ized solution to the above problem that have been used throughout this thesis for
comparison purposes. We refer to Johansson and Xiao (2006) for a more detailed
description of these MAC schemes and similar approaches.

C.1 Fixed-Rate Variable-Power

We first consider a scheme where active links transmit at rate rtgt using a power
allocation Pl that can be optimized in order to fulfill the SINR requirement

GllPl
σl +

∑
m 6=l

GlmPm
≥ γtgt

This condition can be expressed in a mathematical programming framework by
introducing a set of boolean variables

xl =

{
1, if link l is active

0, otherwise

so that the communication constraint can be rewritten as

GllPl + (1− xl)Ml ≥ γ
tgt



σl +
∑

m 6=l

GlmPm



 l = 1, . . . , L (C.1)
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for a sufficient large constantMl. Following the hint of Johansson and Xiao (2006),
we chose the value Ml = γtgt(σl +

∑
m 6=lGlmPmax) and rewrite the interference

constraints as

−GllPl + γ
tgt
∑

m 6=l

GlmPm + γtgt(σl +
∑

m 6=l

GlmPmax)xl ≤ γ
tgt
∑

m 6=l

GlmPmax

Using a more compact for, we can rewrite the constraints as

Axx + App � b (C.2)

where Ax and Ap describes the terms related to the integer variables x and power
allocation p, respectively. Hence the most advantageous transmission group that
can be activated during each time slot is found maximizing λTx subject to the
constraints (C.2) and power constraints, that is by solving

maximize λTx

subject to Axx + App � b

0 ≤ Pl ≤ Pmax l = 1, . . . , L

xl ∈ {0, 1} l = 1, . . . , L

(C.3)

which is a mixed-integer linear program (MILP) in the variable xl and Pl.

C.2 Fixed-Rate Fixed-Power

The computational effort required to solve problem (C.3) can be reduced by fixing
the transmission power to the peak value Pmax. In this formulation, active links
transmit at a fixed rate rtgt using their maximum power, or stay silent otherwise. To
formulate this scheme in a mathematical programming framework, the transmission
constraint (C.1) can be rewritten as

GllPmaxxl + (1− xl)Ml ≥ γ
tgt



σl +
∑

m 6=l

GlmPmax



 l = 1, . . . , L

Choosing Ml = γtgt(σl +
∑
m 6=lGlmPmax) + GllPmax, the resulting transmission

constraints become

(σl +
∑

m 6=l

GlmPmax)xl +
∑

m 6=l

GlmPmaxxm ≤
∑

m 6=l

GlmPmax + (γtgt)−1GllPmax

(C.4)

Thus, in each time slot the optimal transmission group can be found solving

maximize λTx

subject to (C.4) l = 1, . . . , L

xl ∈ {0, 1} l = 1, . . . , L

(C.5)



Appendix D

Network Generator

T
he theoretical framework developed in this thesis have been evaluated through
numerical simulations based on sample networks randomly generated on a
square perimeter and letting nodes communicate with a direct link with

every other node that is within a threshold distance. The basic network generator
uses parameters that correspond to a high-speed indoor wireless LAN, using the
entire 2.4000− 2.4835 GHz ISM band. Modifications have been carried out to fit
the WiMax systems operating in urban environment.

D.1 Radio Link Model

We assume that all transmitters are equipped with single omindirectional antennas,
are subject to a peak power constraint of Pmax = 100mW and share the entire
frequency band W = 83.5 MHz. We model the deterministic fading by defining the
transmission gain between the transmitter ling m and the receiver of link l as

Glm = Klmd
−ν
lm

where the path-loss exponent is set to ν = 3 for high-speed indoor wireless LAN
scenario, and ν = 3.5 for urban environment. The constant Klm is

Klm = GtGrL0

where Gt and Gr represent the antenna gains at the transmitter and receiver,
respectively, while L0 is the path loss at a distance of a miter from the transmitter.
In all scenarios, we assume unit antenna gains, i.e., Gt = Gr = 1 and let L0 =
2 · 10−4. These parameters roughly correspond to the UMTS indoor scenario with
mobiles placed in a single floor but where we have neglected the log-normal fading
term.

We approximate the background noise as σ = kFTW , where F is the receiver
noise figure, k is the Boltzman’s constant, T is the absolute temperature of a
receiver circuit and W is the communication bandwidth. We assume a noise figure
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of 10 to compensate for the increased background noise in an office environment,
let T = 290K and get σ = 3.34 · 10−12. Furthermore, we use the Shannon capacity
to define a the basic rate level as

rtgt =W log(1 + γtgt) (D.1)

where W is the entire communications bandwidth of 83.5MHz, while we use, some-
what arbitrarily, a communication threshold for the SINR γtgt = 10 to generate
the base rate. The corresponding transmission rate is rtgt = 288.9 Mbps.

D.2 Network Topology

All network topologies are generated by randomply placing nodes on a square a side
of D meters. Links are introduced between every pair of nodes that can sustain
the SINR-target when all other nodes are silent. This corresponds to a maximum
distance between communicating nodes of

dmax =

(
PmaxK

σγtgt

) 1

ν

which gives 84.2m and 44.7m for ν = 3 and ν = 3.5, respectively. The dimension of
the square is then adjusted so that the randomly placed nodes form a network with
desired connectivity degree. We define the connectivity as the average number of
node pairs that are connected by direct links

ρ =
L

N(N − 1)

Specifically, we require that each sample network is fully connected, i.e., there is at
least one path between any pair of nodes, and that the connectivity ρ matches a
desired target number.

D.3 Model Extension for Multi-Radio Multi-Channel

Systems

In Chapter 6, the basic network generator has been modified in order to roughly
meet the requirement of the IEEE 802.16 standard (cf. Committee. (2004)). In
particular, we investigate the ISM frequency band 2.4000−2.4835 GHz by splitting
the system bandwidth in F = 10 equally sized sub-carriers, and we assume nodes
to be equipped with Kn = 4 radios. For each link, let the maximum transmission
power be Pmax = 100mW, the path loss exponent ν = 3.5 and the thermal noise
at the receivers σ = 3.34 × 10−12. We use a single SNR-target γtgt = 10 and, for
simplicity, we use the Shannon capacity formula rtgt = W

F
log2(1 + γtgt) to relate

rate to the SNR-target.
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