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Sammanfattning 

Vid tillverkningsteknik kan förutsägelse av fel vara fördelaktigt av flera anledningar. Att veta när 

maskinen kommer att börja orsaka avvikelser som uppstår utanför den accepterade toleransen 

kan kraftigt minska mängden defekta produkter. Dessa fel är ofta orsakade av fixturerna, det 

materialet och slitaget av maskinverktyget. 
Idag används statistiska metoder främst för att förutspå detta, något som ger bra resultat men ofta 

inte utförs eftersom det kräver stora mängder data. Många produktionslinor tillåter inte att stora 

mängder produkter dras undan för mätning eftersom det kommer att störa flödet av linjen och 

därigenom orsaka en större förlust jämfört med några defektprodukter. Därför är behovet av 

metoder som använder en mindre mängd data en intressant aspekt att undersöka. 

Denna rapport avser att undersöka hur algoritmen GM(1,1) kan användas för att förutspå fel i 

produktionslinor. Fel som kan uppstå och som avhandlas i följande rapport inkluderar 

systematiska orsakade av felaktigheter med inställningar på arbetsverktyget samt fel orsakade 

utav nötning på arbetsverktyget, arbetet har grundat sig i att undersöka hur effektiv GM(1,1) är 

för att förutspå ojämnheter på ytan i ett arbetsstycke.  

GM(1,1) har tidigare använts inom områden som ekonomi, medicin och samhällsanalyser för att 

förutse risker och tillväxt. Inom produktion har sådant tidigare gjorts bland annat genom 

traditionella statistiska analyser samt genom approximationer utifrån verktygets geometri. Det 

förstnämnda är någonting som kräver stora mängder data för att ge gedigna resultat, något som 

ofta gör att det inte lönar sig för företag att utföra detta. GM(1,1) har visat sig fungera väl med 

små mängder data och denna rapport avser att undersöka denna modells lämplighet för att 

förutspå dessa fel och se om ett intervall för toleranser kan tas fram. 

Denna studie har tagit fram förslag på modeller samt problemformuleringar som kan utgås ifrån 

när modellera olika typer av produktionsfel när man ska förutspå dessa med GM(1,1).  
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Abstract 
In manufacturing engineering, predicting errors can be beneficial for several reasons, knowing 

when the machine will start to cause deviations occurring outside the accepted tolerance can 

greatly reduce the amount of defect products. These errors are often caused by the fixtures, the 

blank as well as abrasion of the machine tool. 

Today, statistical methods are primarily used to predict this, something that gives good results 

but is often not performed because it requires large sample sizes. Many production lines does not 

allow withdrawal of larger samples for measurement since it will interfere with the flow of the 

line thus causing a larger loss compared to a few defect products. Therefore, the need of 

prediction methods that uses a smaller amount of samples is of great interest. 

This report aims to investigate how the algorithm GM(1,1) can be used to predict errors in 

production lines. The work has been based on examining how effective GM(1,1) is to predict 

unevenness on the surface of the machines part. 

GM(1,1) has previously been used in areas such as economics, medicine and social analyzes to 

predict risks and growth. In production, such has been done in the past through, among other 

things, traditional statistical analyzes and approximations based on the geometry of the tool. The 

former is something that requires large amounts of data to produce solid results, something that 

makes companies not do these kinds of studies. GM(1,1) has proven to work well with small 

amounts of data and this report intends to investigate the suitability of this model to predict these 

errors and see if an interval for tolerances can be obtained.  

The findings in this study supports the idea to some extent that grey models, specifically the 

GM(1,1) can be useful to predict certain errors/changes in manufacturing. 
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NOMENCLATURE 

In the following chapter the nomenclature is presented, necessary symbols and abbreviations 

will be described. 

Abbreviations 

CAD Computer Aided Design 

CC CloudCompare 
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1  INTRODUCTION 

In this chapter an explanation to the problem as well as necessary background information will 

be provided and an explanation of the method that will be used to obtain both the samples that 

will be used and a description of the model. 

 

1.1 Background 

In manufacturing engineering being able to predict tolerance and the dimensions of a produced 

good is of high importance. The concept of predicting errors for both financial planning and 

quality reasons, it is important to check if the product holds the quality demanded. The definition 

of quality in this sense is that the product is within the accepted tolerance interval. Errors can 

occur for multiple reasons, that may or may not be measured directly. Examples of this is heat 

due to friction in the machining process, vibrations and tool wear – where the latter depends on 

the former two. Because there are so many variables and it is hard to see what variable causes 

which error. Analysing the effects of these variables is usually done using traditional statistical 

analysis. An issue with this is the need of large sample sizes and in cases where products are 

very expensive or given situation it can be relevant to be able to predict using a small sample 

size.  

A method that is used for this is called GM(1,1) which is a non-statistical grey forecasting-

model. Previously grey forecasting has been used frequently in fields such as medicine, finance 

and population growth models. In this thesis the concept of Grey number theory will be applied 

to see if a relevant prediction of the errors can be obtained using a small sample size.  

In companies, predictions are not always done, much of the reason for this is that the predictions 

are often costly, and it is often not accurate enough and if they are accurate it is not certain that 

there is anything one can do about it. Therefore, the companies often rely on the machines, 

sometimes they break earlier than expected sometimes they live twice the expected time. The 

benefits of not predicting often outweighs the benefit of predicting. This is likely due to the 

inefficiency of the current models used to predict. 

For economical and efficiency reasons small samples are preferred when predicting in 

manufacturing. The benefit of the GM(1,1)-algorithm is that it is suitable for small sample 

prediction which makes it a suitable candidate for this problem.  

The concept of grey models was developed by professor Deng Julong at the Huazhong 

University of Science and Technology in 1988 to predict incomplete systems, these incomplete 

systems, or grey systems as they are called, refers to the system neither being black or white but 

rather in a grey-zone, i.e. systems with little information or information that is not possible to 

measure. In reality, most systems are grey, not least manufacturing systems. 

There are several ways of using the GM(1,1)-algorithm in order to try to predict these system. A 

basic model will be proposed in this thesis as well as an example of further development of the 

1.2 Purpose 

The purpose of this paper is to see whether grey systems can be applied to predict manufacturing 

errors or not, and more specifically on what kind of errors it can be applied. In order to see if the 

GM(1,1)-model can be used to predict errors in manufacturing of different parts with different 

kind of errors in engineering. Both systematic and random surface errors will be taken into 
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account and the the usage of grey models for predicting this will be evaluated and how this could 

potentially be done. 

Using this and previous work in the area this paper aims to evaluate the potential of grey models 

in general, and present pros and cons with this type of work compared to the methods used 

today. 

 

1.3 Delimitations 

Data of this kind is highly confidential, and it is it not possible to receive actual data from 

companies for various reasons. Therefore, an assumption of surfaced errors as well as systematic 

dimension-errors from production engineering will be made.  

Furthermore, because of the resource limitations, samples cannot be compared to anything else 

than the actual sample models. This might seem of lesser magnitude, but in reality grey models 

are complex, and to really see the efficiency of the GM(1,1) it needs to be applied to a real 

manufacturing line. Therefore, the evaluation of the GM(1,1)’s potential to be applied on 

manufacturing engineering will mostly be based on the research done on previous fields. 

Other delimitations include the model itself, where coordinates are just sampled in one direction. 

The workpiece in reality is in 3D and needs to be sampled all around. 

1.4 Method 

The initiation of this study came after discussions with the supervisor about predictions in 

manufacturing as well as attending lectures and other thesis presentations. The idea is that error 

predictions are not always done because traditional statistical analysis require a large amount of 

data. The companies have a lot of information in their system but does not use it. 

A research on previous work in the area is done to evaluate this method and an attempt will be 

done to connect it to this type of problem. Information about Grey Models as well as errors in 

manufacturing will be created.  

 

The beginning of the work consists of reading about Grey Models and Grey Theory in general, 

getting information about the process and the Code. Further reading includes reading up on 

tolerances, manufacturing errors and how these occur; and figure out what kind of errors that 

might be suitable for the GM(1,1), all the literature used is referenced to in the text. From there, 

the code is written in MATLAB and the models including the error is created. The focus of the 

literature study has been to gather enough information to see the general possibilities of the 

GM(1,1). 

 

Furthermore; since there are no real values so that one can confirm the results, the Case 1 is 

created under ideal conditions with a fixed error rate in order to see the effectiveness as well as 

to give an example of how the problem formulation could be set up, to further confirm the 

reliability of the code in this report, the values from the perfect scenario is sent to Professor 

Yong Wang for confirmation, where he has developed an improved version of the GM(1,1). To 

further confirm the application of the GM(1,1) for manufacturing errors, references to studies 

consisting of sequences mathematically similar to those in manufacturing will be given but also 

some work that has been done in the field of manufacturing. The method of the thesis is such that 

given the problematic point of view with regards to prediction in manufacturing errors (large 

sample sizes), the report aims to give an example of how one can predict and get around many of 

the issues. The algorithm itself was directly developed in MATLAB from the equations given in 

the literature (Mondal & Pramanik, 2015).  
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1.5 Research questions 

1. What type of variation patterns exist in manufacturing, and what methods are currently 

used to predict these? 

2. For each of the patterns, can a prediction of the pattern be made using few samples? 

3. For which patterns is the GM(1,1) suitable for? 

 



 14 

2  FRAME OF REFERENCE 

In this chapter information about the necessity of prediction in manufacturing engineering will 

be presented as well as theory and previous case studies where GM(1,1) have been used for 

prediction will be explained. 

2.1 Errors and prediction models in manufacturing 

Several types of errors exist in manufacturing. Some of them are human errors, such as setup, 

incorrect NC-drawings, poor maintenance of machines etc. Also, errors due to manufacturing 

technology such as tool break and material-based categories such as water damage. Many of 

these errors do follow a pattern which possibly can be predicted, such as tool wear, and others – 

such as human errors the sequence would naturally not follow a systematic pattern. (Ollikainen 

& Varis, 2006) 

 

As mentioned in previous chapters, randomness is accepted to some extent in grey models, 

however it cannot solely predict these by the nature of randomness. Errors occurring from human 

failure are hard to predict and does not necessarily follow a pattern. The same goes for vibrations 

on a surface. These types of errors can cause a repeating pattern but are not increasing or 

decreasing. A challenge in this thesis will be to find a way to eliminate the issue when the 

random error is of larger magnitude than the systematic. 

 

The errors that exists in manufacturing processes occurs due to temperature differences, 

vibrations, noise. These errors can occur because of many things and are hard to foresee. Errors 

over the surface occurs due to deviations in the center position of the actual machining tool. 

Cutter deflection and runout are reasons for these deviations. (Yun, Ko Hoon, Dong-Woo, & 

Ehmann, 2002) 

 

Below (Figure 1) is a graph from (Lin & Lin, 2001) who depicts measurements of a cylinders 

circularity, that changes over time and which was predicted using the GM(1,1). The key in this is 

that all the samples followed a systematic pattern, this makes it suitable for the GM(1,1).  

 

 

Figure 1. Actual and predicted values for cylinder (Lin & Lin, 2001) 



 15 

 

Another non-statistical method was developed for estimation of surface errors. In a test where a 

prediction was to be done with regards to cut depth.  

 

The conditions for the test is listed below: 

 

Depth of cut Width of cut Feed Spindle RPM 

5.0 5.0 0.05000 1000 

Table 1. Cutting conditions for the milling test. 

 

 

 

Figure 2. Surface errors in milling processes. 

 

 

 

The cutting tool moves alongside the x-axis and creates a surface error in y-direction, increasing 

along the z-axis. In the graph the prediction (orange) was compared to the measured values 

(blue)1.  

An approximation for surface errors under ideal cases can be done by approximating the 

trajectory of a milling process as a circular shape rather than a trochoidal. In reality this will not 

work unless the diameter of the cutter is much bigger than the feed.  

Instead, to predict, the method needs to use cutting edge positions and detect when the cutting 

edges pass the surface of the workpiece.  

This kind of prediction tries to estimate the surface of the machined object by using the actual 

milling tool instead of using the actual machined piece. The issue with this is that it is hard to 

forecast vibration, heat and other variables that might affect the outcome over time. By using 

samples of the product rather than the tool these errors will to some extent be taken into account, 

since the finished product will be a result of all these. 

                                                 
1 The predicted and measured values were extracted from the source PDF using GetData Graph Digitizer. 
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Other previous models include a station-level error modelling program where the software 3DCS 

was used, which is a modelling software that uses different statistical distributions as a basis for 

the prediction. This method requires data of each station or relevant knowledge to assess a given 

station with relevant variation for each of the errors. How the model is created is therefore 

directly related to how well it will predict. It is such that the more data that is available of the 

different errors. This is a common way to predict and provides accurate results given that the 

actual range of variations for the different errors are used. (Agapiou, Steinhilper, Gu, & 

Bandyopadhyay, 2003) The results for this study is shown in Figure 3 

 

 

Figure 3. Prediction of errors using 3DCS. (Agapiou, Steinhilper, Gu, & Bandyopadhyay, 2003) 
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The problem of many parameters is a common problem in manufacturing and several ways to get 

around this problem exist. In a study a state evolution model was created to first estimate the 

optimal parameters (machine settings) using Monte-Carlo simulations and to be able to predict 

tool wear the estimated optimal settings were used to predict the tool wear. This was done for 

several different machine settings and the results showed to be of high accuracy as can be seen in 

Figure 4. The question however remains how efficient this method is in terms of time it takes 

and the amount of measurement, the tool wear itself will. (Wang & Gao, 2016) 

 

 

Figure 4. Prediction of tool wear prediction using Monte Carlo simulations. (Wang & Gao, 

2016) 
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Another common error in manufacturing engineering is the stair stepping effect, which often 

occurs in the layered manufacturing technology. It is the principle of ‘stairs’ that occurs when 

pieces are stacked onto each other in an attempt to create a 3D figure. Naturally, this means that 

the surface will be of lesser quality than those produced with an NC-machine. In these cases, a 

traditional statistical model was created to estimate the errors. It first uses data to determine the 

distribution of the errors, which naturally requires a lot of data as can be seen in Figure 5. This 

study lights further issues with the need of large samples. The results were however very good, 

the distribution of the surface was identical to that of the prediction and the error was less than 

1µm. (Ahn, Kim, & Lee, 2009)  

 

 

Figure 5. Surface roughness depending on the surface angle (measured). (Ahn, Kim, & Lee, 

2009) 

 

 

2.2 GM(1,1) in manufacturing 

Previously the GM(1,1) has been used to predict errors in manufacturing with regards to thermal 

errors. Here it is proposed that prediction models for these kinds of problems can be very 

difficult to create. The reason for this is the large number of variables that is included in thermal 

errors, it can depend on various things ranging from how it is processed to the cooling agent 

used. Therefore, trying to analyze how these different factors will affect the quality of the 

product is not very effective. This is where the GM(1,1) is suggested, since it doesn’t need these 

variables and instead tries to predict the outcome by creating a fitting line using very few 

samples of the product. It was also concluded that the model excluded randomicity good. It did 

however show that depending on the model used for the input had an impact on the result, which 

further shows that the interpretation of the problem and modelling is of high importance. (Li, 

Yang, Zhang, & Tong, 2006) 

 

Another common issue in manufacturing companies is the prediction in the beginning of a 

process, where little info is available. This is somewhere the GM(1,1) can be of importance 

because of its ability to forecast with little data available. A variant of this model, BGM(1,1) was 

proposed to handle very little data sets. This is just one of many ways the GM(1,1) can be 

improved. The results of this study however showed better results than two common forecasting-

models used in manufacturing engineering and further proposed the possibilities of using grey 

models in manufacturing. (Chang, Li, Huang, & Chen, 2015) 
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2.3 Grey Prediction models 

The grey model, abbreviated GM, is an algorithm that belongs to the grey system theory family. 

The most commonly used model for forecasting and prediction is the GM(1,1). The grey models 

are all denoted GM(n,h), where n stands for the order of the pseudo D.E. and h is the number of 

variables in the equation. 

 

The model attempts to detect an exponential pattern in the series for its prediction. Therefore, to 

be able to use it the data must contain some sort of exponential pattern. Another necessity is that 

the data input is positive and increasing, for this however, the GM(1,1) has its ways to operate 

within. Real problems must in some way be manipulated to be applied to the algorithm. Data-

sets of this type is not unusual at all, and because the input is smoothed, such values can become 

very inaccurate. (Kayacan, Ulutas, & Kaynak, 2010) There is also methods where the GM(1,1) 

can be manipulated to create an interval in order to handle chaotic sequences. (Sifeng & Lin, 

2004) 

2.3.1 How does the model eliminate randomness? 

An observation describing the price of a product 𝑋(0) = (10, 17, 14, 18, 25) will after 

smoothening become  𝑋(1) = (10, 27, 41, 59, 84).  The smoothening of the values is described 

by the equation 𝑋(1)(𝑘) = ∑ 𝑥(0)(𝑖)𝑘
𝑖=1  (𝑘 = 1,2, … , 𝑛) as mentioned in previous chapter. What 

it does is that the second place in the 𝑋(1)(2) will consist of the sum of the first and second 

observation in 𝑋(0), namely 10 + 17 = 27, 𝑋(1)(3) will consist of the sum of the first, second 

and third; 10+17+14=41 etc. By doing this an increasing sequence is created and a potential 

exponential pattern is revealed and therefore randomness becomes weakened. This is where its 

potential for manufacturing engineering lies.  

 

Furthermore, methods to get around larger randomness have been developed. The method that 

will be tested in this thesis is the method where a wrapping or a developing band. (Sifeng & Lin, 

2004) 

2.4 Prediction 

Being able to predict things is beneficial for several reasons, whether it is market prediction, 

demand prediction or prediction of manufacturing errors it serves several benefits such as 

customer satisfaction, decreased batch sizes but most importantly it gives the company the 

benefit of knowing when tools need to be changed to prevent a significant amount of defect 

products. The GM(1,1) takes one variable into consideration, which is suitable for detecting 

random errors. Since the errors are random, i.e. we do not know where on the surface these will 

occur this model is suitable, and the depth of the error will be the variable to be considered. 

The theory of grey models developed in 1988 and was to close the gap between social sciences 

and natural sciences. Things such as human behavior, operation mechanism and the human body 

are examples of grey systems.  
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The concept of the model is the following: (Xiaojia Wang) 

Let 𝑋(0) = {𝑥(0)(1), 𝑥(0)(2), … , 𝑥(0)(𝑛)} be the sequence that one wants to use. For this 

particular thesis these numbers will be the deviation of the coordinates from the slope of the 

cone. 

One accumulation is made: 

𝑋(1) = {𝑥(1)(1), 𝑥(1)(2),⋯ , 𝑥(1)(𝑛)} 

Here 𝑋(1)(𝑘) = ∑ 𝑥(0)(𝑖)𝑘
𝑖=1  (𝑘 = 1,2, … , 𝑛), 𝑋(1)(𝑘) is the one-accumulatiotion series of 

𝑋(0)(𝑘) and is called 1-AGO. This is done to smoothen the values so that smaller randomness is 

eliminated. 

𝑥(1), which is the forecasted value of the first entry satisfies the first order D.E. 

𝑑𝑋(1)

𝑑𝑡
+ 𝑎𝑋(1) = 𝑏 

Here the coefficients a, b are parameters that needs to be estimated. To estimate these the D.E. is 

solved with the least square method: 

�̂�(1)(𝑘 + 1) = [𝑥(0)(1) −
𝑏

�̂�
] 𝑒−𝑎𝑘 +

𝑏

�̂�
 

Here �̂� = [𝑎, 𝑏]𝑇 = (𝐵𝑇𝐵)−1𝐵𝑇𝑌 where the matrix is: 

[
 
 
 
 
 
 −

1

2
((𝑥(1)(1) + 𝑥(1)(2)) 1

−
1

2
((𝑥(1)(2) + 𝑥(1)(3)) 1

⋮ ⋮

−
1

2
((𝑥(1)(3) + 𝑥(1)(4)) 1]

 
 
 
 
 
 

 

 

𝑌𝑁 = (𝑋(0)(2), 𝑋(0)(3),⋯ , 𝑋(0)(𝑛))𝑇 

By then applying the IAGO, which is the inverse accumulated generation operation. We get the 

solution: 

�̂�(0)(𝑘) = [𝑥(0)(1) −
𝑏

𝑎
] (1 − 𝑒𝑎)𝑒−𝑎(𝑘−1) 

�̂�(1)(1) = 𝑥0(1),   𝑘 = 2, 3, … , 𝑛 

The GM(1,1)-algorithm has been proven to work with regards to predicting things with little 

data. An example of this is a study (Mondal & Pramanik, 2015) which predicted the suicide rate 

of Indian women given data for previous years. The GM(1,1) was compared to the other two 

popular grey models, the Verhulst Model and the GM(2,1) and the results are presented on the 

following page. 
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 Year Real 

value 

GM(1,1) Verhulst GM(2,1) 

Model 

value 

Error R 

(%) 

Model 

value 

Error R 

(%) 

Model 

value 

Error R 

(%) 

Model 

setup 

stage 

2006 44225 44225 0 45128 -2.04 44225 0 

2007 44750 45098 -0.78 46067 -2.94 46103 -3.02 

2008 44825 45989 -2.6 47048 -4.96 46542 -3.83 

2009 45560 46898 -2.94 48071 -5.51 47084 -3.35 

Post 

setup 

stage 

2010 46000 47825 -3.79 49139 -6.82 47751 -3.81 

2011 49201 48771 0.87 50256 -2.14 48576 1.27 

2012 50400 49736 1.32 51424 -2.03 49592 1.60 

2013 51695 50721 1.88 52649 -1.85 50846 1.64 

Table 2. Suicide rates among Indian women. 

  

From this study it can be concluded GM(1,1) is generating smaller errors than the Verhulst and 

GM(2,1) model. As can be seen the values in the model setup stage are increasing with a similar 

percentage each time.   

Furthermore, other studies have shown that it is accurate in predicting fuel usage, especially 

when using small sample sizes (Zhou, 2013). In Grey prediction modelling, a small sample is 

preferred over a larger sample since the latter will generate more errors. This effect of sample 

sizes has been studied in a report and it was concluded that small sample sizes generate smaller 

errors (Tianxiang, 2009). Additionally, it has been able to successfully predict values of 

diagnostic symptoms (Tabaszewski & Czeslaw, 2015) showing that its suitability reaches over 

several different fields in science as long as the problem is formulated in a fitting manner. 

In a research article by BioMed Research International where the GM(1,1)-model was 

successfully used to predict the postprandial glucose in type 2 diabetes (Wang, Wei, Sun, & Li, 

2016) it was concluded that the original data set determines the accuracy of the GM(1,1)-model. 

The closer the growth trend is to exponential growth; the higher the model’s prediction-accuracy 

will be. 
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Therefore, it is of high importance that any problem approached with this algorithm, the problem 

formulation should be set up in this way.  

For uneven or chaotic sequences, a way of solving this can be done using a ‘wrapping band’ 

according to (Sifeng & Lin, 2004).  

 

Let now instead 𝑋(0) = {𝑥(0)(1), 𝑥(0)(2),… , 𝑥(0)(𝑛)} be the line with an uneven (yet somewhat 

exponentially increasing). If one can find two smooth fitting curves 𝑓𝑙(𝑡) 𝑎𝑛𝑑 𝑓𝑢(𝑡) that can 

wrap the uneven sequence, then one can predict a range for the future values to fall within. 

Where the indexing stands for lower and upper bound function. These respective sequences 

connect the low points and upper points of the of the curve according to Figure 6. 

 

 

Figure 6. Wrapping band for uneven sequences 

 

To determine this, one creates a subsequence according to the Example 4.3. in (Sifeng & Lin, 

2004) where bike retails were studied. Four different subsequences 𝑋1
(0)

, 𝑋2
(0)

, 𝑋3
(0)

, 𝑋4
(0)

 is 

created where 𝑋1
(0)

= 𝑋(0) and the GM(1,1)-model is established for each of these. For each of 

these differential equations the parameters 𝑎 and 𝑏 are created according to the theory of the 

GM(1,1). From the four subsequences the two sequences with the smallest respectively largest 𝑎 

value; −𝑎𝑚𝑖𝑛 and −𝑎𝑚𝑎𝑥, will be used to determine the upper and lower bound sequences for 

the interval prediction. The subsequences all consist of different sub-sequences of the original 

sequence.  

 

2.5 Tolerances and its relations to grey theory 

When producing a part, the product is defined by the nominal size. The nominal size is the actual 

desired measurement of the part. However, there is no machine that can produce the part within 

the nominal measurement, tolerances are an interval of errors accepted without the product being 

classified as a defect. When you assemble two parts, it is important that the two parts follow a 

certain standard so that the parts can guarantee assembly. The specific standard for machined 
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parts (where material is removed to form the wanted part) is called ISO 2768. The ISO 2768 

consists of standards for the following (Engineers Edge, 2018): 

• Linear Dimensions 

• External Radius and Chamfer Heights 

• Straightness and Flatness 

• Perpendicularity 

• Symmetry 

• Runout 

Given a certain tolerance, a prediction of a production process can determine when the 

production will start to deviate from the desired tolerance interval. Tolerances are formulated in 

accepted deviation both positively and negatively (or one of these) according to: 

±0.05 

The number represents the amount of deviation accepted from the workpiece, and the sign 

represents the direction from the nominal value of which the deviation is accepted. What this 

means is that if the measurement in the design drawing is 40mm, then all products ranging 

between 39.95mm-40.05mm is considered good, and products outside of this interval is 

considered defect. In grey number theory, this is the upper and lower boundaries of the grey 

interval. The idea of this is to see if the GM(1,1) grey model is good enough to predict the points 

of the sixth model to obtain information about whether or not the sixth model falls within this 

grey interval and by repeating this process being able to detect the deviations before they are too 

many. (Lin & Lin, 2001)  The case study in this thesis will mainly focus on the linear dimensions 

part. 
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3 CASE BASED INVESTIGATION OF GM(1,1) FOR 
PART FEATURE PREDICTION 

In this chapter the process as well as the model of the essay will be explained. 

 

3.1 Process 

 

The process of this essay will be split up into 5 different steps: 

 

1. Obtaining information about the algorithm that is to be used. 

2. Obtaining information and necessary practical knowledge about the software’s that is 

needed for this work. What software’s? Is help from more skilled people necessary? 

3. Examining this algorithm and map the case of this thesis to previous work related to this 

subject. Is the input argument in this thesis comparable to the input arguments of 

previous work on this subject? If not, how can it be fixed? 

4. Executing the work and present the results. 

5. Evaluate the results, are they reliable? What do they tell us? Does the previous work 

confirm these results? 

 

The report will be written alongside these steps, and it is necessary to constantly review step 1 

and 2 during the process. 

 

3.2 The Model 

 

An overview of the model is described in Figure 7.  

 

For case 1 a cone will be assigned pre-determined values where the bottom part of the cone will 

be systematically having a different radius, thus creating a different slope on each cone. 

Alongside this cone points will be marked and this will be used as a basis for the algorithm. The 

theory behind this is to see if the GM(1,1) can detect the systematic errors assigned to them.  
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Figure 7. Methodology of Case 1. 

 

 

 

 

Since errors in manufacturing engineering do not always follow a perfect scenario. A second 

case will be created where the same values used in case 1 is skewed, and the theory of creating 

an interval for these values will be made according to (Sifeng & Lin, 2004). 

 

The main model in this thesis is the cone, where the cone-dimensions due to tool wear will 

change over time. 5 cones will be created starting with pre-determined measurements. The 

bottom radius will then be changed for each cone, which will change the angle of the side. 

Samples of each cones outer layer will be taken and made.  

 

The dimensions for the cone will consist of a top radius of 2, bottom radius of 4 and a height of 

3. The bottom radius will then increase with 5 % per workpiece due to tool wear over time where 

the idea is to see if these changes can be observed with the GM(1,1)-method. A side view of the 

model is created to estimate the surface slope for each of the samples.  

 

5 points will then be selected the slope on each one of the samples. The points selected will have 

the same y-coordinates. This will give us a 5-number sequence at each level.  

 

The numbers will be approximated with a linear slope alongside the cone for each one of the 

points according to the model seen in Figure 8 where the axis have been set as accordingly.   

 

 

 

Figure 8. Cone with axis 
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Below is the measurements listed for the the cone. The slope of the cone is based on a linear 

formula as explained in Figure 8: 

 

y-coordinate Cone 

1 

x-

value 

Cone 

2 

x-

value 

Cone 

3 

x-

value 

Cone 

4 

x-

value 

Cone 

5 

x-

value 

0 0 0 0 0 0 

0.75 0.5 0.525 0.5513 0.5788 0.6078 

1.5 1 1.05 1.1025 1.1576 1.2155 

2.25 1.5 1.575 1.6538 1.7364 1.8233 

3 2 2.1 2.205 2.3153 2.4310 

Table 3. Values of the cone 

 

 

Here the bottom radius is 4 and the top radius is two. This gives us a relationship between the x 

and y-points as: 

 
𝑦

𝑘𝑛
= 𝑥 

Where 𝑛 = 1, 2, 3, 4, 5 and 𝑘 =
3

2∗1.05𝑛−1 

 

From this, the x-values can be extracted for each known y-value. These x-values will be used as 

the basis for the GM(1,1)-estimation.  

Furthermore, a second scenario where these values will be skewed to create a chaotic sequence 

in order to see if an interval for its values will be created. The basis for this will be a segment 

used in (Sifeng & Lin, 2004) where an interval prediction is used to predict an uneven, yet 

increasing sequence for annual bike sales. 
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4 RESULTS  

In this chapter the results of the study will be presented as well as brief explanations to the 

results. 

 

 

The GM(1,1) estimation for these values is presented below: 
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5 
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94 
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98 

1.5

75 
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91 
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47 
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88 
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08 
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513 
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25 
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11 
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49 
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23 
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74 
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34 
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05 
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98 
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65 

0 0 0.5
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62 

0.57

87 

1.1

576 

1.17

23 

1.15

74 

1.7
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61 
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153 

2.34

47 
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77 

0 0 0.6
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58 
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76 

1.2

155 

1.22

18 

1.21

52 

1.8

233 

1.83

27 

1.82

29 

2.4

310 

2.44

36 

2.43

43 

  0.6

381 

0.63

67 

0.63

80 

1.2

763 

1.27

33 

1.27

60 

1.9

144 

1.91

00 

1.91

40 

2.5

526 

2.54

67 

2.55

69 

Table 4. Predicted values using GM(1,1) 

 

The actual input-value is presented in the shaded column and the corresponding estimated value 

using the GM(1,1) in the 2 white columns to the right of it, the first column uses the code 

developed for this thesis, and the second column is the improved GM(1,1) developed by 

Professor Yong Wang. The numbers in black text was used for the input in the GM(1,1)-model, 

and the number in green text represents the actual value of the next cylinder in the sequence. 

Similarly, the numbers in black in the white columns represents the result of the smoothed 

values, and the red the forecasted value. As can be seen the GM(1,1) predicts exponentially 

increasing sequences with high accuracy. 

Taking the the bottom coordinates from the cone in the sequence above. ‘2, 2.1, 2.205, 2.3153, 

2.4310, 2.5526’ and swapping the coordinate of the second measurement from 2.1 to 1.9 we 

obtain the following skewed sequence, this time, we use the 6th value as well so that the 

subsequences does not lack information: 

𝑋(0) = (𝑥(0)(1), 𝑥(0)(2), 𝑥(0)(3), 𝑥(0)(4), 𝑥(0)(5), 𝑥(0)(6))

= (2, 1.9, 2.205, 2.3153, 2.4310, 2.5526) 

4 subsequences are created. 

 

𝑋1
(0)

= (𝑥(0)(1), 𝑥(0)(2), 𝑥(0)(3), 𝑥(0)(4), 𝑥(0)(5), 𝑥(0)(6))

= (2, 1.9, 2.205, 2.3153, 2.4310, 2.5526) 
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𝑋2
(0)

= (𝑥(0)(1), 𝑥(0)(2), 𝑥(0)(3), 𝑥(0)(4), 𝑥(0)(5)) = (2, 1.9, 2.205, 2.3153, 2.4310) 

𝑋3
(0)

= ( 𝑥(0)(2), 𝑥(0)(3), 𝑥(0)(4), 𝑥(0)(5), 𝑥(0)(6)) = ( 1.9, 2.205, 2.3153, 2.4310, 2.5526) 

𝑋4
(0)

= ( 𝑥(0)(3), 𝑥(0)(4), 𝑥(0)(5), 𝑥(0)(6)) = ( 2.205, 2.3153, 2.4310, 2.5526) 

 

According to the theory the −𝑎𝑚𝑖𝑛 and −𝑎𝑚𝑎𝑥 are calculated for each of these sequences. These 

are computed with the code given in Appendix A1 in MATLAB. 

 

𝑎1 = −0.0575 

𝑎2 = −0.0653 

𝑎3 = −0.0455 

𝑎4 = −0.0561 

 

Therefore  

−𝑎𝑚𝑖𝑛 = min{0.0575, 0.0629, 0.0455, 0.0561} = 0.0455 = −𝑎3 

−𝑎𝑚𝑎𝑥 = max{0.0575, 0.0629, 0.0455, 0.0561} = 0.0629 = −𝑎2 

 

The corresponding 𝑏-values for each of these are 𝑏3 = 2.0126 and 𝑏2 = 1.7224. 

 

Using Appendix A2 we can compute the upper and lower value in MATLAB: 

 

Because the starting coordinate of the lower limit of the band is 𝑥(0)(2) we obtain: 

 

�̂�𝑙
(1)(𝑘 + 2) = (𝑥(0)(2) −

𝑏3

𝑎3
) 𝑒𝑎3𝑘 +

𝑏3

𝑎3
 

�̂�𝑙
(0)(𝑘 + 2) = �̂�𝑙

(1)(𝑘 + 2) − �̂�𝑙
(1)(𝑘 + 1) 

This gives us �̂�𝑙
(0)(7) = 2.5762 as the lowest predicted value for the seventh point. 

 

Similarly we use the starting point of the coordinate for the upper limit, which is 𝑥(0)(1) and 

obtain: 

�̂�𝑢
(1)(𝑘 + 1) = (𝑥(0)(1) −

𝑏2

𝑎2
) 𝑒𝑎3𝑘 +

𝑏2

𝑎2
 

�̂�𝑢
(0)(𝑘 + 1) = �̂�𝑢

(1)(𝑘 + 1) − �̂�𝑢
(1)(𝑘) 

 

This gives us an upper limit of �̂�𝑢
(0)(7) = 2.6111. 

 

This means that the predicted interval for these values lie between the two values �̂�𝑙
(0)

(7) =

2.5762 and �̂�𝑢
(0)(7) = 2.6111. 
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5  DISCUSSION AND CONCLUSIONS 

5.1 Discussion 

Depending on what the examined parts function is; if it is simply a size issue (i.e. the effective 

length of the part) or of importance that the surface is even the effectiveness of the GM(1,1) will 

be different. In the latter case, this will be problematic since the errors will not necessarily follow 

any systematic increase. Predicting surface errors with few samples is therefore better by using 

an analysis of the milling tool as mentioned previously in the report. 

 

The result for the first case showed to be very efficient, however, many sequences does not look 

like that and the challenge lies in creating a good interval prediction using the interval-

prediction. 

 

A key-factor in applying grey model theory to manufacturing engineering, is to find a way to 

interpret and formulate the problem into fitting the requirements of the grey model and will be 

the most prominent challenge when trying to model parts in manufacturing. This is of course 

important regardless of the mathematical model used, but since the sample size is small for these 

models The GM(1,1) is in most cases used for increasing sample sequences, taking samples from 

the top of the point cloud will have varying magnitudes and not strictly increasing. Logically, 

this will be an issue when trying to predict coordinates. Therefore it will be of high importance 

that the coordinates are chosen in a way so that it resembles a smooth sequence. Some of the 

errors described in the report are more complex, especially the surface errors that occur from the 

method used, such as the stair stepping effect. However, knowing these can potentially be used 

to smoothen the measured values of a particular object, so that the GM(1,1) can predict 

 

Another factor that needs to be taken into account when deciding whether the method is suitable 

or not is that we need to know, for the specific case what tolerance is needed. If the tolerance-

demand is very small, maybe a standard grey-model is not suitable. The model demonstrated in 

this thesis cannot confirm its results since there are no real samples to compare with. 

 

As can be seen in Table 2 and Table 3 the type of sequences that the GM(1,1) is used to predict 

is increasing which is the standard for this model. 

 

The interesting aspect is how this can be implemented. An issue with small samples is that an 

error might not be sufficient enough to detect a pattern; naturally tool wear takes time and simple 

random deviations will be of larger magnitude than the actual systematic error from the tool 

wear. A way this issue can be solved is that one picks a sample for a fixed interval as described 

in Figure 4. This will also solve the problem of needing to interrupt the production line in order 

to get large amounts of data, something that normally is an issue with manufacturing companies: 

they are sitting on all the data needed but will not use it because it simply is not efficient. 

 

 

Figure 4. Choosing the samples. 
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If, however this is not an option, for instance in manufacturing in small quantities of expensive 

parts the interval prediction can be used and the frequency of which one picks the samples can be 

decreased. The use of the interval prediction is beneficial when random errors are of similar 

magnitude as the systematic errors. Then, the desired tolerance can be set into the graph of the 

wrapping band according to Figure 5.  

 

 

Figure 5. Predicting tolerances using an interval. 

 

Unlike the standard GM(1,1), this method of creating sub-sequences in order to estimate an 

interval for the tolerance is new in manufacturing engineering and unproven.  

 

5.2 Issues to address 

One of the big issues with this is that a lot of data necessary for making this research high is held 

confidential to the general public. Due to this lack of transparency from companies it is 

necessary to have knowledge in how these errors occur to create relevant models for this project. 

Having knowledge in the areas necessary will improve the results of this thesis regarding the 

usefulness of GM(1,1) for predicting errors in manufacturing processes. 

 

A problem with the GM(1,1) algorithm in MATLAB, is the value of the alpha-parameter in the 

code. Depending on how it is varied it gives different results. However, it is usually set to 0.5 or 

0.62, but this is not necessarily the optimal value for all kind of problems. Therefore, one needs 

more research particularly on manufacturing errors in order to make a good prediction. 

5.3 Conclusions 

The results show that the GM(1,1) seems to be able to approximate the results of the tested areas 

in this thesis with high accuracy. However, to answer this more thoroughly more research needs 

to be done in this field, testing different scenarios and different kind of errors. Based on previous 

research and the models created in this thesis, the conclusion is that this model can be suited for 

testing surface errors that change over time, and less suited for errors that are completely 

random. To conclude, grey models can and should be tested more in the field of manufacturing 

engineering to predict errors. 
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From this thesis the following conclusions with respect to the research questions can be drawn. 

 

1. Several different manufacturing errors exist, random in terms of human errors, 

exponentially increasing errors due to tool wear/heat and vibrations.  

2. The GM(1,1) can predict errors with exponential growth with high accuracy, even with a 

small number of samples. However it cannot predict completely random sequences, and 

human errors who follow a different pattern than systematic cannot be predicted. 

3. Because of the small sample size, the quality of the prediction is highly dependent on the 

input. 

4. The GM(1,1)-model is best suited for exponential sequences, but for sequences where an 

exponential pattern is present together with a random error that causes a chaotic 

sequence, a method for interval prediction have been proposed in order to predict the 

interval. 

 

The GM(1,1) grey model is not suitable for predicting up-and-down topological surface errors or 

other random errors that does not have a time dependent increase or decrease. 

Doing a research of this kind is hard due to the confidentiality of companies and the ability to 

obtain real data, however it is suggested that this kind of research is done in a larger scale where 

it is actually applied to real scenarios.  

It is also difficult to choose the grey variable such that it allows for a good prediction, previous 

knowledge in the area is required for this. 

The research done on previous studies in these areas shows a definite benefit of using a grey 

model to predict errors in manufacturing engineering. It shows that it can predict exponential 

errors with good accuracy.   
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6  RECOMMENDATIONS AND FUTURE WORK 

In this chapter, recommendations on more detailed solutions and/or future work in this field are 

presented.  

For future work, it is suggested that a larger model is sampled into a point cloud of the desired 

object and sampling a lot of points alongside the surface for measurement is a good way of 

estimating different samples, since the surface can differ throughout the entire model. Different 

kind of measurements is preferable, such as circularity which often a good way of measuring 

tolerances. An example of how this point cloud can look like is seen in Figure 6 below. 

 

Figure 6. Point Cloud of Cone sampled in CC. 

 

Once 5-6 samples are taken according to the process described in Figure 4 the cloud can be 

created according to Figure 6 in CC after being created in CAD since CC does not allow for 

more complex models. The same process can then be repeated as done in this thesis but 

analysing more of the part. Most likely, the more points that are created the more likely it is that 

several of the sequences will be chaotic – therefore the interval prediction would be a good 

alternative.  

Further suggestion includes variations and the use of improved versions of the GM(1,1)-model, 

that have a higher accuracy and the original used in this thesis, there are several suggestions in 

the literature. (Sifeng & Lin, 2004) 

A good recommendation for future work is to do this thoroughly where we have people of both 

manufacturing engineering and mathematical background. To have two highly skilled people in 

respective field work on this and develop models for different scenarios in manufacturing. There 

are a lot of improved versions for the GM(1,1)-model that have been proved to fit different kind 

of models.  

As an example, a person with background in manufacturing engineering can make the relevant 

questions, describe relevant scenarios and questions that could be of importance for the industry, 

while a skilled mathematician can create and modify the model afterwards. 

An interesting aspect to examine is to make a real experiment, where a surface is milled with a 

work tool where different sizes are tested during different RPM to then be measured. The data 

from each of these can then be compared to see if a relevant prediction can be made to see if a 
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prediction for tool wear can be found over time. The results in this project suggests that the 

GM(1,1) Grey Model is relevant for prediction of these kind of errors. 

 

To eliminate randomness further, such as surface errors occurring as shown in Figure 2 could be 

combined together with a GM(1,1) model to predict the surface of the parts, since such errors 

will be repeating for each piece.   



 35 



 36 

7  REFERENCES 

 

 

 
Agapiou, J. S., Steinhilper, E., Gu, F., & Bandyopadhyay, P. (2003). Modeling Machining Errors 

on a Transfer Line to Predict Quality. Journal of Manufacturing Processes Vol. 5/No. 1. 

Ahn, D., Kim, H., & Lee, S. (2009). Surface roughness prediction using measured data and 

interpolation in layered manufacturing. Journal of Materials Processing Technology. 

Chang, C.-J., Li, D. C., Huang, Y.-H., & Chen, C.-C. (2015). A novel gray forecasting model 

based on the box plot for small manufacturing data sets. Applied Mathematics and 

Computation, Volume 265, 400-408. 

Engineers Edge. (2018). Retrieved from 

https://www.engineersedge.com/mechanical,045tolerances/general_iso_tolerance_.htm 

Kayacan, E., Ulutas, B., & Kaynak, O. (2010). Grey system theory-based models in time series 

prediction. Expert Systems with Applications, 1784-1789. 

Li, Y., Yang, J., Zhang, H., & Tong, H. (2006). Application of Grey System Model to Thermal 

Error Modeling on Machine Tools. School of Mechanical Engineering, Shanghai 

JiaoTong. 

Lin, Z.-C., & Lin, W.-S. (2001). The Application of Grey Theory to the Prediction of. The 

International Journal of Advanced Manufacturing Technology. 

Mondal, K., & Pramanik, S. (2015). The Application of Grey System Theory in Predicting the 

Number of Deaths of Women by Committing Suicide - a Case Study. Journal of Applied 

Quantitative Methods. 

Ollikainen, M., & Varis, J. (2006). Human errors play a remarkable role in sheet metal industry. 

MECHANIKA. 

Sifeng, L., & Lin, Y. (2004). Interval Predictions. In L. Sifeng, & Y. Lin, Grey Systems Theory 

and Applications (pp. 135-139). Springer. 

Tabaszewski, M., & Czeslaw, C. (2015). Using a set of GM(1,1) models to predict values of 

diagnostic symptoms.  

Tianxiang, S. N. (2009). On the properties of small sample of GM(1,1) model.  

Wang, P., & Gao, R. X. (2016). Stochastic Tool Wear Prediction for Sustainable Manufacturing. 

Procedia CIRP, Vol. 48. 

Wang, Y., Wei, F., Sun, C., & Li, Q. (2016). The Research of Improved Grey GM (1, 1) Model 

to Predict the Postprandial Glucose in Type 2 Diabetes. BioMed Research International. 

Yun, W.-S., Ko Hoon, J., Dong-Woo, C., & Ehmann, K. F. (2002). Development of a virtual 

machining system, part 2: prediction and analysis of a machined surface error. 

International Journal of Machine Tools & Manufacture. 

Zhou, H. (2013). Generalized GM (1, 1) model and its application in forecasting of fuel 

production.  

 

. 

 

  



 37 



 38 

APPENDIX A: SUPPLEMENTARY INFORMATION 

 

A1. GM(1,1) MATLAB-code 
 

 

clear all; 
clc 
alpha=0.62; 
%x0=[3 7 13 21 34]; 
%x0=[1.608 1.637 1.658 1.688 1.724 1.772]; 
%x0=[0.5 0.525 0.5513 0.5788 0.6078] 
%x0=[1 1.05 1.1025 1.1576 1.2155]; 
%x0=[1.5 1.575 1.6538 1.7364 1.8233]; 
%x0=[2 2.1 2.205 2.3153 2.4310]; 
%x0=[5.50792 16.5812 36.2671 53.3889 65.3048]; 
%x0=[0.5 0.525 0.5513 0.5788 0.6078]; 
%x0=[820 840 835 850 890]; 
%x0=[5.0810 4.6110 5.1177 9.3775 11.0574 11.3524]; 
%x0=[2 1.9 2.205 2.3153 2.4310 2.5526]; 
x0=[2 1.9 2.205 2.3153 2.4310]; 
%x0=[1.9 2.205 2.3153 2.4310 2.5526]; 
%x0=[2.205 2.3153 2.4310 2.5526]; 
[xx,Sz]=size(x0); 
xval=AGOgen(x0); 
x1=xval(1:5); 
Zseq=ZGen(x1,alpha); 

  
for i=1:Sz-1 
  YY(i)=x0(i+1); 
end 
Y=YY'; 

  
for k=1:Sz-1 
    BB(k)=-Zseq(k); 
end 
col2=ones(1,Sz-1); 
B=horzcat(BB',col2'); 

  
acap=inv((B'*B))*B'*Y; 
x01=x0(1); 
xcap0=IAGOregen(acap,x01,Sz); 
Error= ErrEstimate(x0,xcap0(1:5)); 

  
%%%%%%%%%%%%%%Displays the variables%%%%%%%%%%%%%%%%%%% 
x=1:1:Sz; 
%%%%%%% scale vs initial value (x0) %%%%%%%%%%%%%%%% 
ax1=subplot (3,1,1) ,plot(x,x0) 
xlabel(ax1,'x0'); 
title('Smoothing of the input value') 

  

  

  
%%%%%%% (3,1,2) is x a scale vs value (x1)%%%%%%%%%%%%%%%% 
ax2=subplot(3,1,2), plot(x,x1); 
xlabel(ax2,'x1'); 
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%%%%%%% (3,1,3) is x1 vs predicted value (xcap0) %%%%%%%%%%%%%%%% 
ax3=subplot(3,1,3), plot(x1,xcap0(1:5))  
xlabel(ax3,'xcap-0'); 

  
function [AGOseq]=AGOgen(x0) 
[Ro,Co]=size(x0); 
AGOseq(1)=x0(1); 
for i=2:Co+1 
      AGOseq(i)=AGOseq(i-1)+x0(i-1); 
    end 
end 

  
%%%%%%%%%%%%%These are based on the equations in the paper regarding suicide 

rates in india%%%%%%%%% 
function [IAGOre]=IAGOregen(Acap,x01,Sz) 
a=Acap(1); 
b=Acap(2); 
K=1-exp(a); 
h=1; 
for k=1: Sz 
      tmpSeq(k)=K*(x01-b/a)*(exp(-(a *(k+h-1))));  %%h has no effect    
end 
tmpSeq(k+1)=K*(x01-b/a)*(exp(-(a *(k+h))));%Prediction of the sixth value 
    IAGOre=tmpSeq; 
end 

  
function [Zseq]=ZGen(x1,alpha) 
[Ro,Co]=size(x1); 
%Zseq(1)=x1(1); 
for i=1:Co-1 
      Zseq(i)=alpha*x1(i)+alpha*x1(i+1); 
    end 
end 

  

  
function [Err]=ErrEstimate(x0,xEs) 
[Ro,Co]=size(xEs); 

  
for i=2:Co 

     
   % E(i)=abs((x0(i)-xEs(i))/(x0(i))) *100; 
   E(i)=abs((x0(i)-xEs(i))/(x0(i))); 
end 
   Err=sum(E); 

  
End 
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A2. GM(1,1) interval prediction 

Calculate and b-values using the code in A1. 
 

clear all 
clc 
%variables 
a3=-0.0629; 
b3=1.7214; 
k=6; 
n=2; 
x0=2; 
%equation 
xtop11=(x0-b3/a3)*exp(-a3*k); 
xtop12=(x0-b3/a3)*exp(-a3*(k-1)); 
xtop0=xtop11-xtop12; 
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