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This thesis explores the question of why life can not be revived when death occurs
due to lack of resources. For example, why can't something as simple as E.coli be
revived after its death? The hypothesis is that death is not defined by the end of
metabolism itself, but rather a continued metabolism which in turn destructs the
entity itself. Consequently, a virus should not be capable of ”dying” due to its lack of
metabolism.
To study self replication, a recent mathematical model utilising Gillespie's algorithm
and differential equations has been explored. Using this model, real systems such as
the Formose reaction can be modeled. Furthermore, an analytical analysis has been
carried out in order to study what impact a side reaction will have on a self replicating
system's total growth rate. The result of the analysis states that the growth rate of a
self replicating system peaks when all the reactions have the same reaction rate, and
declines as the reaction rate of a side reaction increases.
In conclusion, a self replicating system that either contains a side reaction or is
coupled with another self replicating system can suffer an irreversible death. The
reason for this is the metabolism that occurs when the resources have been depleted.
At this point, other reactions not belonging to the main metabolism can destroy the
self replication. This argument strengthens the hypothesis that a virus does not die in
the same way as a living cell, as it does not have a metabolism of its own.
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Populärvetenskaplig sammanfattning
Det här examensarbetet försöker svara på frågan om varför något levande som
dör som en följd av brist på resurser inte kan återupplivas. Varför kan exempelvis
inte den enkla bakterien E.coli återupplivas genom att tillföra nya resurser?
För att kunna diskutera döden behöver man först komma överens om hur
liv ska definieras. Det råder ingen konsensus om exakt hur en sådan definition
skulle se ut, men två huvudegenskaper som ofta brukar nämnas är metabolism
och fortplantning (självreplikering).
Fortplantning är ett grundläggande villkor för att liv ska kunna uppstå och
överleva. Exempelvis delar sig celler i organismer för att växa, men också för
att ersätta gamla och skadade celler. Delningen sker genom att cellen skapar en
kopia av sig själv genom att följa en uppsättning gener (också känt som DNA).
Instruktionerna som ligger lagrade i generna utförs sedan av den så kallade
metabolismen, som i sin tur består av ett antal kemiska reaktioner. Det är
emellertid fortfarande oklart hur DNA kunde bildas från första början. För att
genomföra metabolism behövs DNA, men för att bilda DNA behövs metabolism.
Flertalet teorier har försökt förklara hur liv kunde fortplanta sig under ett
tidigt stadium. Teorierna brukar klassificeras i två olika grupper: genetik
först och metabolism först. I en nyligen framtagen modell som utgår från
att metabolismen kom först modelleras kemiska system utifrån systemens olika
reaktioner och dess motsvarande reaktionshastighter. Författarna till modellen
hävdar att komplexa molekyler som DNA på så vis kan utvecklas stegvis från
mycket enkla sjävlreplikerande system som helt saknar genetik.
Målet med den föreliggande studien är att studera varför det är omöjligt
att återuppliva självreplikerande system (så som en levande cell) efter att det
en gång har dött. Syftet med att använda en modell som förklarar hur liv
kunde fortplanta sig utan genetik är att förenkla ett komplext system så mycket
som möjligt. Genom att ta bort genetiken kan självreplikering studeras med
avseende på metabolismen. Formosereaktionen är ett exempel på ett enkelt
självreplikerande system. Att förstå varför ett sådant system inte går att återuppliva kan ge en förklaring på varför exempelvis celler i en organism inte går att
återuppliva.
Hypotesen i det föreliggande examensarbetet är att liv inte dör till följd
av att metabolismen upphör, utan att självreplikeringen upphör. Exempelvis
kan metabolismen fortfarande fortsätta i en cell när dess resurser tar slut, men
följden kan då bli att andra reaktioner som inte tillhör självreplikeringen "tar
över", och gör det omöjligt för cellen att återuppta självreplikeringen även om
resurser återinförs.
Vidare har Formosereaktionens (som består av ett antal kemiska reaktioner)
totala tillväxttakt analyserats matematiskt med avseende på systemets motsvarande
reaktionshastigheter. Slutsatsen är att systemet växer snabbast då alla reaktionshastigheter är lika. Systemet analyserades även när en sidoreaktion inkluderades. Resultatet av den analysen visade att tillväxttakten minskade när reaktionshastigheten på sidoreaktionen ökade.
Sammanfattningsvis har formosreaktionen modellerats utifrån den ovan nämi

nda modellen. Genom att introducera en sidoreaktion till systemet bekräftades
hypotesen om att det är metabolismen som gör det omöjligt att återuppliva
ett självreplikerande system utifrån den givna modellen. Dessutom kopplades
ytterligare ett självreplikerande system samman med Formosereaktionen. Att
de är sammankopplade innebär i det här fallet att de båda systemens reaktioner hade flera gemensamma molekyler. Detta gjordes för att efterlikna ett
mer verklighetstroget scenario, där olika självreplikerande system inte bara innehåller sidoreaktioner, utan ofta också är kopplade samman med andra system.
Även i det fallet var det omöjligt att återuppliva det självreplikerande systemet.
Enligt de föreliggande modelleringarna är det metabolismen som är orsaken till
en oåterkallelig död. Det stärker i sin tur teorin om att det finns en fundamental
skillnad mellan ett virus och en levande cell. Således kan inte ett virus dö på
samma sätt som en levande cell, och kan därmed inte heller betraktas som ett
levande väsen.
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1
1.1

Introduction
What is death?

The question of why all living organisms die [1] has puzzled mankind since the
beginning of time. Apart from the fundamental mechanisms of dying, there is
also a philosophical question of why death occurs. Steve Jobs, the founder of
Apple, stated that "No one has ever escaped it. And that is as it should be,
because death is very likely the single best invention of life" [2].
In multicellular organisms, cell death plays a vital role in order for the organism to grow and maintain its health. Cell death be utilised to discard old
an damaged tissue. Another purpose of cell death is to create different shapes
and sizes of tissue. By letting specific cells die in a controlled manner, it is
possible to sculpture for example a hand during embryonic development. These
examples both represent apoptosis, a concept describing programmed cell death
which was first introduced in 1972 by Kerr, Wyllie, and Currie [17].
Furthermore, it has also been suggested that ageing, and thus death itself,
just like apoptosis is genetically programmed [18]. Some arguments that speak
for this theory include regulation of over population, a theory usually attributed
to Weismann [19]. However, others claim the opposite, namely that there is such
thing as an ageing gene. Instead of dying a programmed death due to an ageing
gene, one possibility is that organisms simply would age as an effect of poor
programming. That is, longevity has not been a priority from an evolutionary
point of view. For example, an organism in its natural habitat is very likely to
be consumed by a predator in the same habitat. Therefore, it might be more
efficient to put resources into reproduction rather than longevity [20].
The counterpart to apoptosis is called necrosis, and denotes uncontrolled cell
death. That is to say, cell death that is not caused by any type of programming,
but external factors such as trauma or infection. However, this type of cell
death most often occurs as a consequence of energy depletion (i.e. lack of
resources), resulting in a battered metabolism [21]. The result of necrosis is often
inflammation spreading to neighbouring cells. Incidentally, the inflammatory
response of necrosis distinguishes it from apoptosis [22].
But in order to study death, it is vital to first agree upon a definition for
what is considered to be alive. In fact, the most intuitive understanding of death
might very well be defined as what happens after life ends. Although there is
no universally adopted definition regarding the matter, most researchers would
probably agree on the fact that two of the most distinctive properties of life are
metabolism and self replication [3].
Self replication is a fundamental condition in order for life to emerge and
survive. For example, cell division not only helps an organism grow, but also
helps with maintenance by replacing old and damaged cells. The cell creates a
copy of itself by following a certain blueprint (genes), which for all known living
organisms is known as the nucleic acid DNA [4]. The instructions are in tur
carried out by the metabolism, which consists of a set of chemical reactions [5].
However, it still remains unclear how DNA could assemble in the first place.
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Metabolism needs DNA, and DNA needs metabolism. It is therefore often
assumed that the genes were represented by the simpler molecule RNA before
the existence of DNA [6]. But even so, it is still unlikely that RNA could
assemble spontaneously in the first place. Hence, it has also been suggested
that the RNA molecule too might in fact have had a predecessor during the
early stages of life [7].
Several theories have been suggested to address this issue. Examples include Wächterhäusers Iron–sulfur world hypothesis [8–12] and RAF (reflexively
autocatalytic and food-generated) theory [13]. Furthermore, these theories are
usually divided into two different categories: the genetics first hypothesis and the
metabolism first hypothesis. A recent study which explores the latter approach
has been carried out by Liu and Sumpter [14]. In their model, a chemical reaction system accounting for energetics, kinetics and the conservation law has
been studied. Moreover, Liu and Sumpter claim not only to have constructed
a general model demonstrating that self-replicating systems are common, but
they also provide theoretical evidence supporting the claim that self-replicating
entities such as RNA can emerge step-by-step from spontaneous reactions.
The aim of the present study is to investigate why life can not be revived
after death (i.e. why it is not possible to resume self replication). Thus, the
above mentioned model will be used as a framework throughout the thesis.
Furthermore, the purpose of employing a model explaining how life can self
replicate without genetics is to simplify a complex system as far as possible.
By removing the genetics, the self replication can be studied focusing strictly
on the metabolism. The Formose reaction, also known as the Butlerov reaction
[15], is an example describing a simple system which is able to self replicate
[16]. Understanding why such a system can not be revived might provide an
explanation to why it is impossible for a dead cell to resume self replication even
if the resources are reintroduced.
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1.2

Can the dead be brought back to life?

Since self replication is a fundamental requirement for life, an entity can not
be considered to be alive without it. The approach of the presented thesis is
therefore to study a system of chemical reactions from the perspective of self
replication.
Furthermore, the aim of the thesis is to answer the question of why a simple
self replicating system can not be brought back to life (i.e. resume self replication) according to the given model. From this perspective, it is also interesting
to reflect upon how the death of a simple living system such as a cell differs from
the death of a virus. Viruses can be found everywhere where there is life [23],
and might in fact play an important role in controlling ecological systems such
as aquatic and soil environments [24, 25]. However, the question of whether a
virus qualifies as a living entity has been frequently debated over the years [26].
One argument that speaks against the claim that viruses qualify as a life form
is their lack of an internal metabolism [27]. In other words, a virus performs its
self replication strictly intercellulary [28, 29], and hence does not fulfil the two
above mentioned criterions possessed by a life form.
An example of a simple multicellular organism is the E.coli bacteria, which
can be found in the intestines of vertebrates [30]. When an E.coli runs out of
resources, it will stop self replicating. Even if the resources are reintroduced to
the bacteria, it will not be able to continue self replicating. Thus, the bacteria
can be considered to be "dead". In contrast to the E.coli bacteria, a virus
has no metabolism of its own, but hijacks the metabolism of a host cell. One
could argue that a virus dies together with its host cell. However, the virus
will be able to continue self replicating once it enters a new living cell. Hence,
there is a fundamental difference between the death of a living entity such as
the E.coli and a virus. The hypothesis is that a living cell starts dying, i.e.
stops self replicating, when its resources are depleted. The metabolism, which
consists of main reactions and side reactions, will however continue even after
the resources are depleted. Thus, other substances vital to the self replication
process may be consumed by side reactions, making it impossible to revive the
cell even if the resources are reintroduced. A virus on the other hand possess
no metabolism, and will therefore be "just as dead" when it leaves an old dead
cell for a new living one. As mentioned above, a cell death caused by energy
depletion (i.e. lack of resources) would correspond to necrosis. Studying self
replication utilising the given model could therefore help to understand the
mechanisms of necrosis.
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1.3

Description of the analysis

The analyses are all performed utilising the model proposed by Liu and Sumpter
[14]. A brief description of the model is described in chapter two, which includes
a review of general concepts (such as notations), but also a detailed example
on how ordinary differential equations can be set up according to a chemical
system and its corresponding reaction rates.
The third chapter consists of a mathematical analysis of a chemical system,
which can be done by constructing ordinary differential equations (ODEs) from
the system. First, the Formose reaction is analysed without a side reaction.
After that, the side reaction is also taken into consideration. The general idea
of the analysis is to find an approximation to the system of ODEs such that it
can be rewritten as a system of linear equations, which in turn makes it possible
to analyse the growth rate of a chemical system by solving the eigenvalues for
the linear equations.
In the fourth chapter, a numerical analysis of the Formose reaction is performed. The numerical analysis is carried out using Gillespie’s algorithm. The
result is then compared to the numerical solution of the corresponding system
of ODEs. First, the Formose reaction alone is considered, whereupon a side
reaction is added to the system. The aim of introducing this reaction to the
system is to investigate whether the system will collapse if the resources are
limited. By limiting the resources, the dynamics of the system may change,
since the reaction rates depend on the total amount of each respective molecule.
If all intermediate molecules are consumed, it will not be possible to revive the
system by reintroducing the resource molecules.
In the fifth chapter, a coupled system is considered. That is, two separate
systems (both self-replicating on their own) are coupled together.
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2
2.1

The model
General concepts

In the employed model, the molecules describing the reactions are represented by
their integer mass. The reactions can in turn either describe a decomposition or
a synthesis reaction. In the first case, a larger molecule decays into two smaller
ones (e.g 4 → 2 + 2), and in the latter case two smaller molecules combine
into a larger molecule (e.g 2 + 2 → 4). Incidentally, the two previous described
reactions form a so called reaction pair.
However, the representation is used strictly for convenience. One could easily change the notation of the molecules in order to include the concept of
stereochemistry. Furthermore, only reactions that obey the principle of mass
conservation are allowed (for example, the reaction 4 → 2 + 3 can not occur).
An example system describing the Formose reaction is given below. Molecule 1
denotes formaldehyde, 2 glycolaldehyde, 3 glyceraldehyde and 4 denotes tetrose.


1 + 2 → 3
1+3→ 4
(1)


4→ 2+2
The basic idea of the model is to represent a system in terms of its chemical
reactions, where each chemical reaction is associated with a certain reaction
rate. To do so, the theory of transition state chemistry is utilised. Hence,
every molecule i is associated with a standard Gibbs free energy of formation,
denoted G◦i . The likelihood that a specific reaction will occur can therefore be
calculated from the two different Gibbs energies of the corresponding molecules.
As illustrated below in figure (1), the barrier ψ describes a "threshold value",
which needs to be overcome in order for a reaction to occur. A lower value of
ψ will make a reaction occur more often than the same reaction with a higher
value of ψ. Moreover, a reaction can either be spontaneous or non-spontaneous.
To give a concrete example, the synthesis reaction is considered. In order for it
to be spontaneous, the Gibbs energy of the product molecule must be lower than
the sum of the reactants Gibbs energies. Similary, a decomposition reaction is
spontaneous if the product molecule has a larger Gibbs energy than the sum of
the two reactant molecules.

5

(a) Spontaneous synthesis reaction.

(b) Non-spontaneous synthesis reaction.

Figure 1: Transition diagram describing a synthesis reaction. The illustrations
are reprinted from Liu and Sumpter [14] with permission.
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The reaction rate for the synthesis reaction (γ+ij ) and the reaction rate for the
decomposition reaction (γ−ij ) can be expressed by the equations below [14].
‡

γ+ij = βe−κ∆Gij ·

Ni · Nj
Ni · Nj
≡ ω+ij ·
S+N
S+N

‡

γ−ij = βe−κ∆G−ij · Ni+j ≡ ω−ij · Ni+j

(2)

where the difference in Gibbs energy formation for the synthesis reaction G‡+ij ,
and the decomposition reaction G‡−ij , are given by:
G‡+ij

(
ψij ,
=
ψij + G◦i+j − (G◦i + G◦j )
(

G‡−ij =

ψij ,
ψij − G◦i+j + (G◦i + G◦j )

if G◦i + G◦j > G◦i+j
if G◦i + G◦j ≤ G◦i+j
if G◦i+j > G◦i + G◦j
if G◦i+j ≤ G◦i + G◦j

Furthermore, the constants β and κ are given by
(
β ≡ RT /(NA h)
κ ≡ 1/(RT )
where R denotes the gas constant, T the temperature, NA Avogadros constant
and h Planck’s constant. The number of solvent molecules is denoted S, and
affects the reaction rate of the synthesis reaction. However, the number of
solvent molecules is kept at a constant level of S = 0 throughout this thesis.
The two reaction molecules are denoted Ni and Nj respectively, and the total
amount of molecules present in the chemical system is denoted N . Thus, the
expression for the synthesis reaction rate can be simplified to the equation stated
below.
‡
Ni · Nj
Ni · Nj
≡ ω+ij ·
(3)
γ+ij = βe−κ∆Gij ·
N
N
Hence, it is possible to simulate the dynamics of a chemical system over time
using Gillespie’s algorithm [31]. Moreover, a system of ordinary differential
equations (ODEs) can be set up from the different reaction rates. These ODEs
can be solved to verify the results of the simulation. However, the solutions to
the ODEs are deterministic, meaning that certain behaviours might only appear
in the stochastic simulation.
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2.2

Ordinary differential equations

A set of ordinary differential equations (ODEs) can be constructed from a chemical systems combined with the reaction rates described in equation (3) and (2).
To give a concrete example of how a system of ODEs can be constructed from
the current setting, the Formose reaction described in system (1) is considered.
Moreover, the resource molecule N1 is assumed to be constant for this example.
A detailed description of how the amount of each molecule changes over time is
given below.
• Molecule N1 is the resource molecule and assumed to be constant (i.e.
one resource molecule is fed to the system once it is consumed from a
pool containing infinite many molecule 1). Thus, the change over time
will be zero, and the ODE for N1 will be
Ṅ1 = 0
• Molecule N2 occurs in the synthesis reaction 1 + 2 → 3 (where one
molecule 2 is consumed) and the decomposition reaction 4 → 2 + 2
(where two molecule 2 are created). In the synthesis reaction, the reaction
rate is ω+12 N1 N2 /N , and the reaction rate for the decomposition reaction
is ω−22 N4 . Hence, the ODE describing how the amount of N2 changes
over time will be
Ṅ2 = −ω+12 N1 N2 /N + 2ω−22 N4
• Molecule N3 only occurs in the synthesis reaction 1 + 3 → 4,
where one molecule 3 is consumed. Furthermore, the reaction rate is
ω+13 N1 N3 /(S + N ). Hence, the ODE describing how the amount of N4
changes over time will be
Ṅ2 = −ω+13 N1 N3 /N
• Molecule N4 occurs in the synthesis reaction 1 + 3 → 4 (where one
molecule 4 is created) and the decomposition reaction 4 → 2 + 2 (where
one molecule 4 is consumed). In the synthesis reaction, the reaction rate
is ω+13 N1 N3 /N , and the reaction rate for the decomposition reaction is
ω−22 N4 . Hence, the ODE describing how the amount of N4 changes over
time will be
Ṅ4 = ω+13 N1 N3 /N − ω−22 N4
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3
3.1

An analytical analysis of the Formose reaction
with unlimited resources
Without a side reaction

The general idea of the analysis is to find an approximation to the system of
ODEs such that it can be rewritten as a system of linear equations, i.e.
Ṅ (t) = AN (t), where A is an n × n constant matrix and


N1 (t)
 N2 (t) 

N (t) = 
 ··· 
Nn (t)
By solving the eigenvalues and eigenvectors for these linear equations, it is
possible to find the general solution, described below in equation (4), using the
Matrix method [32].
N (t) = C1 eλ1 t v 1 + C1 eλ2 t v 2 + · · · + Cn eλn t v n

(4)

λ1 , λ2 , · · · , λn are the eigenvalues and v 1 , v 2 , · · · , v n the corresponding eigenvectors. C1 , C2 , · · · , Cn are constants associated with each eigenvalue, which
can be solved by introducing initial conditions to the ODEs. Moreover, if the
general solution described in equation (4) is plotted in a log-normal scale (i.e.
logarithmic scale on the y-axis and normal scale on the x-axis), the eigenvalue
will correspond to the slope of the graph. Thus, the growth rate of the system
can be analysed by investigating the eigenvalues.
To give a concrete example of how a chemical system can be analysed analytically, the Formose reaction described in system (1) below is considered with
unlimited resource molecule 1. Moreover, all reaction rates are set to be equal
(ω). As described in section (2.2), the system of ODEs describing the Formose
reaction can be written according to system (5) below.


ωN1 N2


Ṅ2 = 2ωN4 −


N







ωN1 N3
ωN1 N2

−
Ṅ3 =
N
N






ωN1 N3


Ṅ4 =
− ωN4


N
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(5)

Moreover, the reservoir of molecule 1 is assumed to be unlimited, and N1
therefore remains at a constant level of N1 = Q = 105 molecules. Since the
total number of molecule 1 is much larger than the other molecules (Q ≈ N ),
the following approximation is performed:
Q
≈1
N
Thus, system (5) can be approximated with the system of linear equations
described below.
  
 
Ṅ2
−ω
0
2ω
N2
Ṅ3  =  ω −ω
0  N3  ⇐⇒
0
ω −ω
N4
Ṅ4

 
Ṅ2
−1
Ṅ3  = ω  1
0
Ṅ4

0
−1
1

 
N2
2
0  N3 
−1 N4

The eigenvalues can now be solved by using the characteristic equation below
[33].

det A − λ1 = 0


−1
where A = ω  1
0
Hence, the eigenvalues λ will be given by:

λ+1
0
ω

−1

λ+1

0

−1



0
−1
1


2
0
−1

−2
0
λ+1

=0


By solving equation (6), the following three eigenvalues can be obtained.

√

3


2
−
1
ω
λ
=
1

λ2 ≈ −(1.63 + 1.09i)ω


λ ≈ −(1.63 − 1.09i)ω
3
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(6)

However, only λ1 is real. The two remaining eigenvalues are both complex
with negative real parts. To demonstrate why the complex eigenvalues can be
neglected, equation (4) is considered. If there is one real eigenvalue k1 and one
complex eigenvalue k2 in the system, the solution will be on the form N =
Aek1 t + Bek2 t . A and B denote two constants, and the imaginary part of k2
is denoted φ for convenience. Using Euler’s formula [32], the same equation
can be written accordingly: N = Aek1 t + BeRe(k2 )t + B cos(φt) + Bi sin(φt).
Since the growth rate of a chemical system is considered, the imaginary term
i sin(φt) is not relevant. Furthermore, B cos(φt) corresponds to oscillation, and
will never be larger than B. The only terms left are hence Aek1 t + BeRe(k2 )t .
However, as t → ∞, BeRe(k2 )t will approach zero due to the fact that Re(k2 ) is
negative, and the term Aek1 t given by the real eigenvalue will dominate. Thus,
only real eigenvalues are considered from this point on. Next, the corresponding
eigenvectors can be calculated.

A − λ1 1 v = 0
(7)
By solving equation (7), the eigenvector for λ1 is given by

1
11 
 
v = α 23 
 
12
3
2


where α denotes the normalisation constant, and can be calculated according
to
1
α= r
1 1
12 + 2 4
23 23
Now, the solution can be written on the closed form described in equation (4).
 
1


N2 (t)
11 
√
3
3
N3 (t) = Cα 
 2  ew( 2−1)t
 
N4 (t)
12
3
2
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3.2

Including a side reaction

The aim of introducing a side reaction to the system is to study whether the side
reaction has any effect on a self replicating system such as the Formose reaction.
That is, how will the introduction of a side reaction impact the growth rate of
e.g the Formose reaction? Therefore, the side reaction 2 + 5 → 7 is taken into
consideration from this point on. Thus, the reaction now reads according to
system (8) below:


1+2→



1 + 3 →

4→



2+5→

3
4
2+2

(8)
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Furthermore, the amount of both molecule 5 and the resource molecule 1 are
kept at a constant of 105 . Thus, the derivative in time for these two molecules
will be equal to zero. Since the total number of molecules 1 and 5 is much larger
than the other molecules, the following two approximations are performed:

N1
1
≈
N
2
N5
1
≈
N
2
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Hence, the system of ODEs becomes:

!


ω
+
ω
+12
+25


Ṅ2 = 2ω−22 N4 − N2


2









ω+12 N2 − ω+13 N3


Ṅ3 =
2




ω+13 N3


Ṅ4 =
− ω−22 N4


2








Ṅ7 = ω+25 N2
2

(9)

Molecule 7 is a residue from the side reaction, and not of interest for this
analysis (since we consider the growth rate of the Formose reaction). Hence,
system (9) can be written on the system of linear equations described below,
 

Ṅ2
−(ω12 + κ)
0
Ṅ3  = 1 
ω12
−ω13
2
0
ω13
Ṅ4

 
4ω−22
N2
0  N3 
−2ω−22
N4

(10)

where κ = ω25 and describes the reaction rate of the side reaction 2 + 5 → 7.
Below, three different cases of system (10) will be analysed.
• Equal reaction rates: κ = 0, ω12 = ω22 = ω13 .
• Different reaction rates: κ = 0, ω12 6= ω22 6= ω13 .
• Varying the reaction rate of the side reaction: κ ≥ 0, ω12 6= ω22 6=
ω13 .
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3.2.1

Equal reaction rates

The corresponding system of linear equations can be described accordingly. By
solving the eigenvalues and eigenvectors for the system, the closed form described in equation (4) can be obtained.

 
Ṅ2
−1
ω
Ṅ3  =  1
2
0
Ṅ4

0
−1
1

 
4
N2
0  N3 
−2 N4

(11)

Figure 2: Number of molecules in system (8) after 6·10−10 seconds. The plot describes the solution obtained by sovling system (11) on the form of equation (4).
The slope of the three lines all corresond to the real eigenvalue λ ≈ 0.157928ω.
The constant C was obtained by introducing the initial condition N2 (0) = 1.
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3.2.2

Different reaction rates

In order to study how the different reaction rates ω12 , ω22 and ω13 affect the
value of λ, a plot can be constructed. For convenience, the following notations
are introduced


ω12 ≡ ω
ω22 ≡ bω


ω13 ≡ cω
where a b and c are constants.
according to the system below.
 
Ṅ2
Ṅ3  = ω
2
Ṅ4

Now, the linear equations can be expressed

−1
1
0

 
0
4b
N2
−c
0  N3 
c −2b
N4

Thus, the eigenvalues can be calculated by solving the following equation.
(λ +

ω
ωb
ω 3 bc
)(λ +
)(λ + ωc) −
=0
2
2
2

The value of the eigenvalue λ can be viewed as a function dependant on ω, b and c,
i.e. λ = f (ω, b, c). In order to project λ on a two dimensional surface, the reaction rates are set according to the equation below.
ω(1 + b + c) = ωγ
Thus, a two dimensional surface can be plotted with b and c on the two axes,
where the value of λ is represented by a colour scheme.
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Figure 3: The maximum eigenvalues λ plotted against the different reaction
rates b and c. Furthermore, the black lines mark different values of γ (i.e.
γ = {1.5, 2, 2.5, 3}).

According to figure (3), the eigenvalues λ are highest when the reaction rates
a and b are equal. This can be observed by studying the marked lines indicating
the value of γ. Moreover, the largest eigenvalue is obtained when γ = 2 and
a and b are equal. Thus, the greatest eigenvalue (and thereby also the highest
growth rate of the system), is obtained when the reaction rates are all equal,
i.e. ω = b = c.
3.2.3

Varying the reaction rate of the side reaction

Finally, the approach used in the previous case can be used once again. This
time the value of κ is varied as well. The idea is to represent the eigenvalue λ
by a color scheme. That is, a cartesian coordinate system is considered, where
a describes the x-axis, b describes the y-axis and κ describes the z-axis. Thus,
there will be one plane for every value of κ, and the colouring of the plane will
represent the eigenvalues λ.
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Figure 4: The maximum eigenvalues λ plotted against the different reaction rates ω, b, c and κ. Furthermore, the value of κ was set to κ =
{0, 0.2ω, 0.4ω, ..., 1.0ω}
.

By studying figure (4), one can observe that the case when κ = 0 produces
the same result as observed in figure (3). Furthermore, a higher value of κ (the
reaction rate of the side reaction) results in lower eigenvalues λ. In fact, there
are no eigenvalues greater than zero for the case when κ ≥ ω. In other words,
there will be no growth in the system for this case. The case when κ = ω will
therefore be denoted as the critical value. When this critical value is reached, a
self replicating system will be destroyed by its side reaction.
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4

A numerical analysis of the Formose reaction
with limited resources

In the following chapter, the aim is to study the dynamics of a self replicating
system (in this case the Formose reaction) when the resources are limited rather
than unlimited. This analysis might thus give an answer to whether (and in
that case why) a self replicating system can suffer an irreversible death due to
lack of resources. This might in turn give insights to why a cell suffering from
necrosis (caused by energy depletion) can not be revived even if the resources
are reintroduced.

4.1

Without a side reaction

In this setting, the resource molecule 1 is initially set to Q = 105 . However, the
reservoir of molecule 1 is finite in this case. Thus, the number of molecule 1 will
now change over time. By following the example in section (2.2), the following
system of ODEs can be constructed.


ω+12 N1 N2
ω+13 N1 N3


−
Ṅ1 = − N

Ntot

tot







ω+12 N1 N2


Ṅ2 = 2ω−22 N4 −


Ntot



ω+12 N1 N2
ω+13 N1 N3


Ṅ3 =
−


N
Ntot

tot







ω+13 N1 N3


Ṅ4 =
− ω−22 N4


Ntot




18

(a) Simulation using Gillespie’s algorithm.

(b) Numerical solution to the system of ODEs.

Figure 5: Number of molecules in system (1) after 8 · 10−9 seconds. Molecule
1 is a limited resources. The Gibbs free energy for each molecule was set to
G◦1 = 249, G◦2 = −593, G◦3 = −695, G◦4 = −756, and the initial amount of each
molecule was set to N1 (0) = Q, N2 (0) = 1, N3 (0) = N4 = 0.

According to figure (5), the intermediate molecules (i.e. molecule 2 and
3) are still present at the end of the simulation. Furthermore, the numerical
solution of system of ODEs correspond well to the result obtained when running
Gillespie’s algorithm. Thus, it is possible to revive the system by reintroducing
resource molecule 1.
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4.2

Including a side reaction

Next, the side reaction 2 + 5 → 7 is added to the Formose reaction. Hence, the
system of ODEs can be described by the system of equations below. The reaction
rates for the Formose reaction are all kept equal, i.e. ω+12 = ω+13 = ω−22 ≡ ω.
However, according to the analytical analysis covered in the previous chapter,
the reaction rate of the side reaction must be kept at a lower level in order for
the system to grow, and is therefore set to ω+25 ≈ 0.45ω.


ω+12 N1 N2
ω+13 N1 N3


−
Ṅ1 = −

N
Ntot

tot







ω+12 N1 N2
ω+25 N2 N5


Ṅ2 = 2ω−22 N4 −
−


N
Ntot

tot







ω+12 N1 N2
ω+13 N1 N3


Ṅ3 =
−



Ntot
Ntot


ω+13 N1 N3


Ṅ4 =
− ω−22 N4



Ntot







ω+25 N2 N5


Ṅ5 = −


Ntot







ω N N


Ṅ7 = +25 2 5
Ntot
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(a) Simulation using Gillespie’s algorithm.

(b) Numerical solution to the system of ODEs.

Figure 6: Number of molecules in system (8) after 8 · 10−9 seconds. Molecule 1
and 5 are both limited resources. The Gibbs free energy for each molecule was
set to G◦1 = 14, G◦2 = −217, G◦3 = −247, G◦4 = −277, G◦5 = 198, G◦6 = 0, G◦7 =
−1195, and the initial amount of each molecule was set to N1 (0) = N5 (0) =
Q, N2 (0) = 1, N3 (0) = N4 (0) = N6 (0) = N7 (0) = 0.

By studying figure (6), one can see that the intermediate molecules (i.e.
molecule 2 and 3) have all been consumed at the end of the simulation. The
result from the numerical solution of system of ODEs corresponds well to the
result obtained when running Gillespie’s algorithm. Thus, it is in fact not
possible to revive the presented system by reintroducing resource molecule 1.

21

5

The dynamics of two coupled self replicating
systems

In this chapter, the main goal is to study the dynamics of two coupled self
replicating systems. In the previous chapter, it was shown that a side reaction
can in fact make it impossible to revive a self replicating system when the resource is limited. In a more realistic setting, it is probable that two or more self
replicating systems co exist and are coupled together (via a common molecule).
Just like the side reaction in the previous section consumed all the intermediate
molecules, it is possible that two coupled self replicating systems might "compete" for the resource(s). In the end, the aim is to see if one of the two systems
can "kill" the other system when the resource is limited. The self-replicating
reaction described in system (12) is considered.

2+5→ 7



2 + 7 → 9
(12)

3 + 9 → 12



12 → 5 + 7
In the current setting, both molecule 2 and 3 are resources. Now, the system
is coupled with the Formose reaction described in system (1). Thus, the coupled
system can now be described accordingly:


1 + 2 → 3



1+3→ 4





4→ 2+2


2+5→




2 + 7 →



3+9→




12 →

22

7
9

12
5+7

(13)

Furthermore, the molecules that are coupled together are 2 and 3. In the
Formose reaction, they represent intermediate molecules, but act as resource
molecules in system (13). Molecule 1 is the resource in the Formose reaction,
and can thus fuel the whole coupled system. The ordinary differential equations
that correspond to this coupled system can be set up according to equation (14)
below.

ω+12 N1 N2
ω+13 N1 N3

Ṅ1 = −
−


N
Ntot
tot







ω+12 N1 N2
ω+25 N2 N5
ω+27 N2 N7



Ṅ2 = 2ω−22 N4 −
−
−


Ntot
Ntot
Ntot








ω N N
ω N N
ω N N

Ṅ3 = +12 1 2 − +13 1 3 − +39 3 9


Ntot
Ntot
Ntot








ω N N

Ṅ4 = +13 1 3 − ω−22 N4


Ntot



(14)
ω+25 N2 N5


−
ω
N
Ṅ
=
−

−57
12
5

Ntot








ω+27 N2 N7
ω+25 N2 N5


−
Ṅ7 = ω−57 N1 2 +


Ntot
Ntot








ω+27 N2 N7
ω+39 N3 N9


Ṅ9 =
−



Ntot
Ntot







ω+39 N3 N9


N˙12 = +
− ω−57 N12



Ntot
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(a) Simulation using Gillespie’s algorithm.

(b) Numerical solution to the system of ODEs.

Figure 7: Number of molecules in system (13) after 3.5 · 10−9 seconds. The
initial amount of each molecule was set to N1 (0) = Q, N2 (0) = N5 (0) = 1 and
the remaining molecules were set equal to zero.

According to figure (7), only the Formose system grows (exponentially) initially. However, the growth stops at 0.5 · 10−9 seconds, where system (12) takes
over and grows exponentially. It does so while consuming the molecules 2 and
3, which are both totally depleted around 1.5 · 10−9 seconds in the simulation.
Thus, it will not be possible to revive the coupled system by reintroducing the
resource molecule 1.
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6

Discussion

An analytical analysis of the Formose reaction with unlimited resources
An analytical analysis of the Formose reaction has been performed. The analysis was carried out by constructing a system of ordinary differential equations
from a system of reactions describing the Formose reaction and its corresponding reaction rates. An equation on a closed form corresponding to the system
of ODEs was obtained by deriving an expression for the ODEs corresponding
eigenvalues and eigenvectors. Furthermore, the eigenvalues to the Formose reaction were calculated while the reservoir of resource molecule was set to be
infinite.
In the first case, the reaction rate of the side reaction was set to zero, while
the other reaction rates were set to be equal. By studying figure (2) all of the
molecules experienced an exponential growth, which implies that the system is
self replicating.
In the second case, the reaction rate of the side reaction was still set to zero,
but the other reactions were set to vary. According to figure (3), the Formose
reaction grows the fastest when the reaction rates are all equal. This makes
sense due to the fact that the production of the molecules in the system are all
dependant on each other. For example, two molecule 2 are created for every
molecule 4. In the following step, the reaction 1 + 2 → 3 can therefore produce
two molecule 3, and thereby also two molecule 4. Hence, the growth will be
exponential if there is an infinite reservoir of the resource molecule 1. If the
reaction rates are different within the Formose reaction, the growth will still
be exponential, but slower than the case with equal reaction rates. This is due
to the fact that some reactions will have to "wait" for other required reactions
to occur. Moreover, the case when at least one of the reaction rates was set
to zero gives an eigenvalue equal to zero, corresponding to zero growth rate.
This result is indeed expected, as all the necessary reactions in a self replicating
system needs to take place in order to produce molecules that are needed in the
next steps.
In the third case, the side reaction was taken into consideration. That is, all
of the reaction rates were varied. As one can observe in figure (4), the growth
rate of the system decreases as the reaction rate of the side reaction (κ) is
increased. In essence, this means that the side reaction occurs more frequent.
Thus, the Formose reaction is slowed down. When κ reaches the value of γ, the
system will no longer grow. This point is hence denoted the critical value.
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A numerical analysis of the Formose reaction with limited
resources
In the fourth chapter of the thesis, the dynamics of the Formose reaction with
limited resources has been studied. First, both simulations using Gillespie’s algorithm and numerical calculations of the corresponding ODEs were performed.
When there was no side reaction included in the Formose reaction, all of the
intermediate molecules were still present at the end of the simulations (when
the resource was completely depleted). Thus, it was always possible to revive
the system by reintroducing the resource.
However, all of the intermediate molecules where consumed at the end of the
simulation when the side reaction was introduced. Hence, reviving the system
by reintroducing the resource molecule (which was still present at the end of
the simulation) was impossible due to the lack of the necessary intermediate
molecules. This argument strengthens the hypothesis that it might in fact be
a battered metabolism that is the reason for why a self replicating system can
not be brought back to life (i.e. resume self replicating) after its death. This
result could therefore give an explanation to some of the events that occurs in
a cell suffering from necrosis.

The dynamics of two coupled self replicating systems
Finally, two self replicating systems were coupled together in the fifth chapter
of the thesis. As for the previous case, the resource was kept limited, and both
Gillespie’s algorithm and numerical calculations of the corresponding ODEs were
performed. Both systems share two molecules, which act as a resource for one
of the systems, while representing intermediate molecules in the second system.
By studying figure (7), one can conclude that only one of the two systems
grows in the beginning. However, the depletion of resources causes the system
to die, while the other system starts to grow. At the end, the intermediate
molecules of the first system (which also act as resource for the second system)
are consumed. Thus, it is not possible to revive the first system by introducing
its corresponding resource molecules.
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