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Abstract

In this thesis, a combined feedforward and feedback controller for improved path
tracking on autonomous heavy-duty vehicles is designed and implemented. The
steering wheel is controlled in order to follow a reference curvature, computed by
a higher-level MPC, responsible for minimizing the distance to a planned path.

The steering dynamics, from steering wheel via wheel angles, to a measurable
vehicle curvature, is modeled, and a conversion from desired curvature gain to
input angle to the steering wheel is derived.

Tests with an autonomous Scania R580 show that the desired curvature can
be followed with satisfactory small error, both in a designed slalom path and on
a more generic test track. By utilizing future curvature values computed by the
MPC, a non-causal feedforward controller can reduce the delay from input to
the steering wheel to a measured response in curvature, by almost two thirds,
compared to the currently implemented solution.

Compared to an open-loop control design, tests in simulation show that a
feedback controller can reduce errors in curvature gain. However, with the iden-
tified steering dynamics and the improved conversion from steering wheel angle
to curvature, no further improvement in the curvature gain was seen when imple-
menting the feedback controller in the test vehicle. Care must also be taken not to
introduce instability in the system when the feedback controller is implemented
in series with a high-level MPC.
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Sammanfattning

Den här rapporten beskriver design och implementering av en regulator med
kombinerad framkoppling och återkoppling för förbättrad banföljning av auto-
noma tunga fordon. Fordonets ratt styrs för att följa en kurvaturreferens beräk-
nad av en överordnad MPC, ansvarig för att minimera avståndet till en planerad
bana.

Dynamiken i styrningen, från ratten via hjulvinklarna till en mätbar kurvatur
för fordonet, är modellerad. En översättning från önskad förstärkning av kurva-
tur till insignal för rattvinkeln är också framtagen.

Tester utförda med en autonom Scania R580 visar att den önskade kurvaturen
kan följas med tillfredsställande litet fel, både i en egendesignad slalombana och
i en mer generisk testbana. Genom att utnyttja framtida referensvärden för kur-
vatur beräknade av MPC:n, kan en icke-kausal framkopplande regulator minska
fördröjningen från insignal till ratten till en mätbar respons i fordonets kurva-
tur. Jämfört med den nuvarande lösningen minskas fördröjningen med nästan
två tredjedelar.

Jämfört med en öppen styrning visar tester i simulering att en återkoppling i
regulatorn kan minska stationära fel i kurvatur. Med implementeringen av den
identifierade styrdynamiken och den förbättrade översättningen från rattvinkel
till kurvatur, syntes dock med återkoppling ingen ytterliggare förbättring i test-
fordonet. Implementering av den återkopplande regulatorn i serie med den över-
ordnade MPC:n behöver också göras med omsorg för att inte introducera instabi-
litet i systemet.
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Notation

Acronyms

Acronym Meaning

imu Inertial Measurement Unit
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xii Notation

Symbols

Symbol Meaning

κ Curvature
κref Desired curvature or curvature reference
δSWA Steering wheel angle
δWA Wheel angle
δij Angle at Left/Right and Front/Back wheel
δA Ackermann angle
L Effective wheel base
R Turning radius
KUS Understeering coefficient
r Position vector of vehicle
vx Longitudinal velocity
vy Lateral velocity
ψ̇ Yaw rate
f Distance from front axles to center of gravity
b Distance from rear axles to center of gravity
Ci Combined cornering stiffness at front or back wheels
Fi Combined force at front or back wheels
m Vehicle mass
bi Steering bias for left, right and around the origin
ii Steering ratio for left, right and around the origin
ε Neighborhood around the origin of the steering wheel
Gκ Curvature response

λκ(λSWA, vx) Non-linear input gain
τ Time delay
Tκ Time constant of curvature response
Gm Reference model
Tm Time constant of reference model
Ff Feedforward system
Ts Sampling time
κFf Curvature output from feedforward system
Fb Feedback system
κm Curvature output from reference model
κFb Curvature output from feedback system
eκ Error in feedback system
Iκ Integrated error term in feedback
Ki Feedback gain
Jz Moment of inertia

All angles and curvatures are defined as positive for counter-clockwise rotation
and negative for clockwise rotation, e.g., a positive wheel angle corresponds to
steering the vehicle to the left and a negative wheel angle to steering to the right.



1
Introduction

Autonomous vehicles, self-driving robocars, have been a dream in the science
fiction literature for over 60 years [1]. The last three decades, the research efforts
have steadily increased to make this dream come true [2]. Recent advancements
in sensor technology and the increase of processing power of embedded systems
have further fueled the development. A major milestone, proving the potential
of autonomous driving, was the DARPA Grand Challenges, held in 2004 [3] and
2005 [4]. Numerous challenges and competitions have been held since then, and
various automobile manufactures have demonstrated advanced systems more or
less capable of autonomous driving [5], [6], [7].

An autonomous vehicle system is often divided into several subsystems han-
dling tasks such as sensing the environment, estimating the state of the vehicle,
planning a path and a trajectory, and finally controlling it in a safe and comfort-
able manner. This thesis was proposed by Scania CV AB with the objective to
design and implement a controller for the steering wheel, such that the vehicle is
tracking a desired curvature given by a high-level path tracking controller.

Scania CV AB has been working on autonomous transport systems for several
years. They are developing autonomous systems for heavy-duty vehicles, e.g.,
trucks and buses, with the effort to reduce emissions, increase availability, and
make transportation safer [8]. Scania CV AB provides a platform and test vehicles
for autonomous driving, which have been used in this thesis.

1.1 Background

An autonomous vehicle system can be divided into several subsystems. Figure 1.1
shows a possible layout of such subsystems and how they interact with each other.

1
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Sensors
State

estimation Planner

ControllerVehicle
Environ-

ment

Figure 1.1: Layout of the subsystems of an autonomous vehicle system.

Sensors The sensors mounted on the vehicle, such as RADARs1, LIDARs2, RTK-
GPS3, IMUs4, cameras, etc., collect information about the vehicle and the
surrounding environment.

State Estimation The information collected by the sensors is used to estimate
the states of the vehicle and objects in the surrounding environment.

Planner The planner computes a path or trajectory from point A to B for the
vehicle to follow and sends it to the controller.

Controller The vehicle controller is often divided into one for longitudinal con-
trol and one for lateral control and can consist of a combination of high-,
mid-, and low-level controllers too.

Vehicle The autonomous vehicle itself.

Environment The environment is the road, terrain, and objects other than the
vehicle.

The design of the controller block depends on the strategy used for path track-
ing. In this thesis, a setup with a decoupled lateral and longitudinal controller
will be considered. The lateral controller will consist of a high-level controller
computing a desired curvature, κref, and a steering controller computing a corre-
sponding steering wheel angle, δSWA. The steering wheel actuates a wheel angle,
δWA, which in turn results in the vehicle to steer with some curvature, κ. The
vehicle state curvature is defined as 1/R, where R is the vehicle’s current turning
radius.

A block diagram from the vehicle’s desired curvature to the actual curvature
is shown in Figure 1.2, and the scope of this thesis will be the highlighted steering
controller.

1RAdio Detection And Ranging
2LIght Detection And Ranging
3Real Time Kinematic Global Positioning System
4Inertial Measurement Unit
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Figure 1.2: Block diagram from the vehicle’s desired curvature to actual cur-
vature.

Figure 1.3 shows the bicycle model used for modeling the vehicle dynamics
of a turning vehicle with a steering controller as in Figure 1.2. Since both the
steering and the vehicle dynamics include uncertain parameters, an open-loop
controller is not sufficient and results in a mismatch between κref and κ. In order
to reduce this error, two main tasks will be considered. The first is to implement
a feedforward control with a sufficiently good model of the dynamics, covering
the entire interval of operation. Secondly, a feedback part using estimated states
of the vehicle can be added to compensate for modeling errors and disturbances.

Figure 1.3: Bicycle model of a turning vehicle. The vehicle is set to follow
the path S. To return to the path, a desired curvature, κref, is computed and
translated into a corresponding steering wheel angle, δSWA, which in turn
actuates the wheel angle, δWA. Because of errors related to modeling etc.,
the actual curvature is κ.

1.2 Related Research

To tackle the problem of tracking a path with an autonomous vehicle, a good
understanding of the vehicle’s dynamics is needed. Furthermore, a good control
strategy is needed to suppress inevitable errors caused by disturbances or mod-
eling errors. Despite the progress of computing power, controller complexity is
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still limited by the available hardware.
Vehicle and tire dynamics have been intensely studied throughout the 20th

century since it has been of great interest also for non-autonomous vehicles. In
Pacejka’s book [9], relevant models such as the kinematic bicycle model, is de-
rived and explained. Other useful books on this topic are [10] and [11], which
also discuss dynamic models with tire forces.

With the increase of interest in autonomous driving, the last decade has seen
a lot of published research about control strategies for path tracking. In [2], a
selection of proposed control techniques is revised by Paden et al. The survey
covers both simple control strategies, such as pure-pursuit controllers, and more
complex strategies for path tracking, such as different variations of model predic-
tive control (MPC) and control designs based on linear parameter varying (LPV)
models.

The pure-pursuit controller was among the earliest proposed path tracking
strategies and appeared first in [12]. The strategy has been used on several ve-
hicles competing in the DARPA challenges and details of how to implement the
controller can be found in [13]. The controller only considers a geometric bicycle
model where a semi-circle is fitted through the rear axle to a point ahead of the
vehicle on the reference path. The distance to the chosen point is the so called
lookahead distance.

A similar approach to pure-pursuit controllers is position-based feedback con-
trollers with kinematic models. In [14], Samson described a rear wheel position-
based feedback controller, and in [4] a front wheel position-based feedback con-
troller was described by Thrun et al. The latter approach was used in Stanley,
Stanford University’s contender in the DARPA Grand Challenge 2006.

Recently, MPC has become more and more popular since the real-time perfor-
mance has increased with increasing processing power and improved optimiza-
tion algorithms. In [15], Lima proposed an MPC to be used as a high-level con-
troller for path tracking. The work is a continuation of Lima’s Licentiate Thesis
[16]. In Lima’s controller, dynamics in the steering wheel and the tires were dis-
regarded and assumed to be handled after the optimization in the MPC problem.
These assumptions enable the algorithm to be run at a high frequency and re-
duce the need for several vehicle-specific parameters. The drawback is that a
controller tracking the desired curvature is needed to compute the correct input
to the steering wheel.

A different approach compared to Lima’s is shown in [17], [18], and [19],
where the tire dynamics are included in the model used in the MPC. Promis-
ing results were shown, but the vehicle parameters included in the model can be
difficult to estimate in a heavy-duty vehicle, where for example the weight and
center of mass vary with the load.

Control designs based on gain scheduling and LPV models with tire dynamics
included have also been used for steering control. Baslamisli et al. presented a
controller for active steering systems in [20]. In [21], by Besselmann and Morari,
LPV models were combined with MPC approaches.

Kapania and Gerdes have also studied the influence of tire dynamics and pre-
sented a feedback-feedforward position-based steering controller in [22]. The
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distance from the path to the vehicle’s center of percussion is used to feedback
an error to the controller. The center of percussion is defined by the authors to
be the point where the effects of rotation and translation from the rear tire force
cancel each other out, leading to a controller robust to disturbances from the rear
tire forces. The concept of using the center of percussion is motivated in more
depth by Kritayakirana and Gerdes in [23].

In [24], Kapania and Gerdes used iterative learning control to improve the per-
formance and handle tire slip adaptively. The authors suggested to further study
the possibility of adjusting a feedforward vehicle model based on information
learned from previous autonomous driving maneuvers.

1.3 Problem Formulation

The purpose of this thesis is to improve control strategies for path tracking in
heavy-duty vehicles. The strategy should be general enough to be implemented
on different types of vehicles and should be robust to changes in the environment.

Lima’s MPC, explained in [15] and [16], will be used as a high-level controller
computing a desired curvature for the vehicle to take it back to a planned path.
The problem to be studied in this thesis is the design and implementation of a
control algorithm that computes the correct input to the steering wheel for the
vehicle to attain that desired curvature.

The main tasks in this thesis will be to:

• Design baseline tests and analyze the existing curvature tracking perfor-
mance and the limitations of the system.

• Model the steering wheel dynamics and the vehicle dynamics.

• Design a feedforward controller based on the model, where possibly both
past and future reference values are used.

• Design a feedback controller, where estimates of the vehicle states are fed
back to the controller.

• Validate and compare the designed controller versus an existing open-loop
controller in simulation.

• Validate and compare the designed controller versus an existing open-loop
controller on a full-scale test vehicle.

1.4 Thesis Outline

This thesis is divided into the following chapters:

Introduction

Method The method is divided into sections motivating and describing:
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• Modeling and System Identification,

• Design of Feedforward Controller,

• Design of Feedback Controller,

• Performance Evaluation and the Test Platform.

Results The results from the tests for the proposed controller are presented here,
both in simulation and in experiments with a test vehicle.

Discussion and Conclusions Conclusions after comparing the results from the
proposed controller with the baseline system are presented here, together
with a discussion and suggestions for future work and development.

Appendix

References



2
Method

To autonomously control the steering wheel for a vehicle to track a desired cur-
vature, a good understanding of the geometry and dynamics involved in the con-
version from steering wheel angle to wheel angles, and from wheel angles to
curvature, is needed. In Section 2.1, this steering conversion is described and a
model is presented and motivated. With this model, the static gain in the vehicle
curvature can be computed from the input angle to the steering wheel.

With the model of the steering conversion, describing the response in cur-
vature from an input in the steering wheel, a feedforward controller can be de-
signed. The design of this controller is described and motivated in Section 2.2.
With the feedforward controller, the delays in the system can be reduced by uti-
lizing the model and information on the past and future reference values.

To handle disturbances and model errors, the control loop needs to be closed,
meaning that the controller actively compensates for the error in curvature. The
design of a feedback controller is described and further motivated in Section 2.3.
A parameter varying controller, where the gain scales with the curvature, is pro-
posed.

To evaluate the performance of the controller, a test platform has been pro-
vided by Scania CV AB. The test vehicles, simulation environment, and the test
tracks are described in Section 2.4.

2.1 Modeling of Steering Conversion

In this section, we present a model for the steering conversion from steering
wheel angle to vehicle curvature. The model proposed for the system can be seen
in (2.6) in Section 2.1.3 and contains a first-order LTI-system with a non-linear
system gain. The non-linear gain originates from the steering geometry described
in Section 2.1.1 and the steering ratio from the steering wheel to the wheels, de-

7



8 2 Method

scribed in Section 2.1.2. The linear first-order transfer function is motivated by
the dynamics and the delay present in the system originating from, for instance,
the inertia and joints in the steering mechanics of the vehicle.

2.1.1 Curvature to Wheel Angles

To compute the steering wheel angle needed to steer a vehicle with a desired
curvature, the desired wheel angles can first be computed. Often the linkages
in the steering are arranged according to so called Ackermann steering geometry,
[25], as shown in Figure 2.1. This means that the wheel axles are arranged as radii
of circles with a common center point to minimize the need for tires to slip when
following a path along a curve. However, with axles arranged as in Figure 2.1,
tire slip at the rear wheels are inevitable since more than one axle is non-steered.

Figure 2.1: Ackermann steering geometry for a twin-steered vehicle.

To simplify, a bicycle model [9] can be used where the steered wheels are
replaced by a single wheel at the foremost axle turning around the same center
point, and the rear wheels are replaced by a wheel located at the vehicle’s center
of rotation. The front wheel angle is denoted the Ackermann angle, and is seen in
Figure 2.2. With no slip, a vehicle steered with the Ackermann angle is assumed
to move along a curvature κ = 1/R, where R is the radii of the circle with the
common center point. The Ackermann angle is then

δA = arctan(κL) ≈ κL, (2.1)

where L is the wheelbase in the model, and the approximation of arctan can be
made for small wheel angles. For passenger cars and small vehicles, the wheel-
base L can be assumed to be constant and is easy to measure. However, for heavy-
duty vehicles with more than one rear axle, the center of rotation may shift, caus-
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ing the effective wheelbase to change, [26]. In this thesis, the wheelbase will be
modeled as a constant, and the center of rotation will be assumed to lie between
the two rear axles.

Figure 2.2: The Ackermann steering angle for a two-wheel bicycle model, or
single-track model.

At higher speed, the effects of tire slip are needed to be taken into considera-
tion to get an accurate description of the relation between the wheel angles and
the curvature. To capture the effect of tire slip, the relation between the wheel
angles and the curvature can instead be derived from a dynamical model, as seen
in Figure 2.3. The lateral forces at the wheels can be modeled to be linear as
Fi = −Ciαi , where Ci is the cornering stiffness and αi is the slip angle [9], where
i specifies wheels at the front (f ) or the back (b) of the vehicle. Considering only
moderate steering angles and small slip angles, it follows that the lateral velocity
of the vehicle, vy , will be much smaller than the longitudinal velocity, vx. Assum-
ing constant velocity, the front wheel angle, δWA, required to follow a curvature,
κ, can then be derived to be

δWA = κ(L + KUSv
2
x ), (2.2)

where the understeering coefficient, or understeering gradient, is here defined as

KUS =
m(bCb − f Cf )

LCbCf
. (2.3)

The constants f and b are the distances from the center of mass to the front and
rear axles and the wheelbase is therefore L = f + b. A complete derivation of (2.2)
can be found in Appendix A. Typically for heavy-duty vehicles, KUS > 0, i.e., the
vehicle is understeered and wheel angles larger than the Ackermann angle are
needed to attain a desired curvature.

The relation (2.2) captures the understeering effects of tire slip, but with the
expense of worse modeling of high-curvature low-speed turns, where the vehicle
steers closer to the Ackermann angle. However, since κL ≈ arctan(κL) for low
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Figure 2.3: The dynamic bicycle model used to derive the understeering
coefficient, KUS.

curvature turns and v2
x is small for low speeds, a reasonable compromise is to

model the wheel angles to be

δWA = arctan(κL) + κKUSv
2
x . (2.4)

In Figure 2.4, a comparison is seen between the Ackermann angle, the func-
tion in (2.2), and the proposed function in (2.4). The functions are plotted for
various speeds and curvatures resulting in accelerations up to 2 m/s2, for an un-
dersteered vehicle with KUS = 0.01 and an effective wheelbase of 5 meters, i.e.,
L = 5 m. As seen in the figure, the introduced arctangent in (2.4) only has sig-
nificant effect at lower speed and high curvature. The effect of the understeering
coefficient can be seen in the increased slope for higher speed.

If good measurements of the lateral acceleration are available, these measure-
ments could preferably be used instead of κv2

x in (2.2) and (2.4) which are approx-
imations of the lateral acceleration. Since roads, especially highways, commonly
are banked to reduce the lateral acceleration, this modification can reduce the
risk of oversteering on banked roads.

2.1.2 Wheel Angles to Steering Wheel

To compute the desired steering wheel angle, δSWA, from the wheel angles, a steer-
ing ratio, i(δWA), is needed. The steering ratio depends on the steering dynam-
ics, which typically contain non-linearities and include an internal low-level con-
troller that computes a torque request to the electrical power steering from the
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Figure 2.4: Comparison between different functions for converting curva-
ture to wheel angle. The introduced arctangent in (2.4) is only significant at
lower speed and high curvature. At high speed and low curvature, the two
functions in (2.4) and (2.2) lie on top of each other in the plot. The effect
of the understeering coefficient can be seen in the increased slope for higher
speed.

user’s requested steering wheel angle [27]. Technical specifications from servo
manufactures occasionally contain models of the servo dynamics, but the link-
age from the servo down to the wheels can contain additional dynamics. Often
though, the steering dynamics are disregarded and simplified to be linear, thus
the term steering ratio.

Supported by data from experiments, the steering ratio will in this thesis be
assumed to be linear, but with different ratio and bias for left and right turns. In
a small neighborhood ε around the origin, a third steering ratio is introduced for
continuity, so that the steering wheel angle is

δSWA =


bR + iRδWA, δWA < −ε
bL + iLδWA, δWA > ε

b0 + i0δWA, |δWA| ≤ ε
. (2.5)

The ratio is estimated offline from data recorded at low constant speed, where tire
slip can be assumed to be negligible. In Section 2.1.3, this method is described in
more detail.

2.1.3 System Identification of Curvature Response

To properly model the curvature response from a steering wheel angle input, the
static relation from (2.4) in Section 2.1.1 is not enough. In [28], Jung et. al.
proposed the response to be modeled as a first-order system. In this thesis, we
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propose a similar first-order model, but to capture the larger delays present for
heavy-duty vehicles, the curvature response is modeled including a delay, e−τs,
as

κ = Gκ(s)λκ(δSWA, vx) =
1

Tκs + 1
e−τsλκ(δSWA, vx), (2.6)

where the input λκ(δSWA, vx) denotes a non-linear curvature gain originating
from (2.4) and (2.5). Together, the rise time, Tκ, and the delay, τ , model the dy-
namics in the steering conversion that can not be covered by the static curvature
gain.

The parameters in the model can be identified from data gathered from test
runs. Since wheel angles seldom are measured, they need to be computed from
the curvature. The curvature is computed from measurements of the vehicle yaw
rate and speed as

κ =
ψ̇

vx
. (2.7)

A simple estimate of the system delay can be made by computing the cross-
correlation between the normalized estimated curvature and the normalized
steering wheel angle and identifying for what lag the cross-correlation is maxi-
mized. With the estimated delay, the parameters for the steering ratio in (2.5)
can be estimated by finding the best fit of the steering wheel angle to the wheel
angles, shifted in time to compensate for the delay.

To estimate the wheel angles, the velocity should be constant and low enough
for the assumption of negligible tire slip to hold. However, a too low velocity can
cause noisy measurements of the yaw rate, hence a trade-off between noisy yaw
rate measurements and non-negligible tire slip needs to be made.

With a known steering ratio, the unknown understeering coefficient, KUS, in
the curvature gain can be estimated in a similar way. For higher speeds, an in-
crease in the slope, as seen in Figure 2.4, should be present in the data.

To estimate the rise time and the delay in (2.6), standard methods for system
identification for LTI-systems can be used. Tools such as the System Identifica-
tion Toolbox in Matlab can be used for this [29].

2.2 Design of Feedforward Controller

The relation (2.6) shows the conversion function from steering wheel angle to cur-
vature. It consists of a linear transfer function, Gκ(s), and a varying gain, λκ, that
depends on the curvature and the vehicle speed. Gκ(s) introduces dynamics as a
first-order low-pass filter and a time delay. We propose designing a feedforward
controller for handling these dynamics and for improving the reference follow-
ing. The feedforward controller will enter the system as seen in Figure 2.5 using
the reference from the MPC. The MPC uses the path, which is a set of waypoints,
and the current state of the vehicle, which consists of the 2D-position, heading,
yaw rate, and longitudinal speed. The non-linear λκ will be handled separate
from the feedforward controller by the steering conversion.
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Figure 2.5: The feedforward controller, Ff , will use the reference from the
MPC, κref, and send out a new curvature request, κFf , to the steering con-
version. By designing Ff as the inverse of the dynamics and time delays in
the vehicle, the controller should be able to reduce the negative impact from
them and thereby improve the reference following.

2.2.1 Motivation of Non-Causal Feedforward

The MPC computes a horizon of future reference values for curvature at a certain
frequency. With the assumption of good reference following, these predicted
reference values can be viewed as known, even though the MPC recomputes them
at each iteration. With knowledge of future reference values, a non-causal filter
is possible to realize. This property of the feedforward controller will be essential
for reducing the delays in the system.

2.2.2 Upsampling of the Reference Trajectory

The sample time of the curvatures in the reference trajectory from the MPC is
determined by the length of the prediction horizon and the number of steps. The
predicted values are upsampled with linear interpolation in order to access inter-
mediate values, since the steering controller has shorter sample time, i.e., runs at
higher frequency, than the reference values. When upsampling the reference tra-
jectory with linear interpolation, the path becomes piecewise linear in curvature.
Such a path is called a clothoid, which is a common way to design roads [30].
This motivates the choice of using linear interpolation in the upsampling.

2.2.3 Reference Model

Since the steering wheel is actuated by a servo, there are limitations on the rate of
which the steering wheel can be affected. In order to make the controller robust,
this fact needs to be considered. A suitable way of handling this is to filter the
reference signal with a low-pass filter so that the new reference signal is given by
κm(t) = Gm(p)κref(t), with the reference model given by

Gm(s) =
1

Tms + 1
, (2.8)

where Tm is the time constant corresponding to the limitations of the servo. This
will ensure that the controller does not try to actuate the steering wheel faster
than possible, given that the constant Tm is set large enough. In addition, the
order of Gm or the size of Tm can be increased in order to catch unknown limita-
tions.
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2.2.4 Feedforward Model

With the estimated model of the system, Gκ(s), given by (2.6) and the reference
model, Gm(s), given by (2.8) the ideal feedforward can be calculated as

Ff (s) =
Gm(s)
Gκ(s)

=
(Tκs + 1)
(Tms + 1)

eτs. (2.9)

The time shift eτs forward in time makes the transfer function non-causal, which
would be a problem if future values of the reference were unknown. In this case,
we know the predicted reference values from the MPC.

In order to realize the feedforward in a discrete controller, we use a bilin-
ear transformation, also known as Tustin’s approximation formula for deriva-
tion [31], where

s =
2
Ts

(z − 1)
(z + 1)

,

and Ts is the sample time. The time-discrete version of Ff (s) can then be calcu-
lated as

Ff (z) =
(a1z + a0)
(z + b0)

zm, (2.10)

where zm corresponds to the time delay, eτs, and

a0 =
Ts − 2Tκ
2Tm + Ts

, a1 =
2Tκ + Ts
2Tm + Ts

, b0 =
Ts − 2Tm
2Tm + Ts

.

By substituting z with the time-shift operator for discrete time, q, defined as
qu(kTs) = u(kTs + Ts), for a signal u at time instant kTs, where k is an integer, we
get the differential equation

κFf (k) = a0κref(k + m) + a1κref(k + m + 1) − b0κFf (k − 1), (2.11)

where κFf is the feedforward curvature reference and κref is the reference from
the MPC.

2.2.5 Predictions in the MPC

With the proposed feedforward controller, the model used in the MPC to predict
the future values needs to be updated. Without the feedforward control, the
system from κref to κ can be modeled as the first-order system, Gκ, proposed in
(2.6). With the ideal feedforward implemented, the MPC should instead use the
reference model Gm for the predictions.

In the current implementation of Lima’s MPC [16] used in this thesis, the
model in the MPC is simplified to just a delay in time, which needs to be tuned
to achieve satisfactory performance.
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2.3 Design of Feedback Controller

As discussed in Section 2.1.3, (2.6) includes a non-linear scaling factor, λκ, that
varies with steering angle and vehicle speed, and perhaps more unknown depen-
dencies. The scaling factor λκ includes a part compensating for the understeering
of the vehicle, which however, is not done perfectly in the existing implementa-
tion. To overcome this, we propose using an integrating controller, where the
output should scale with the curvature. The control structure with the feedback
controller and the feedforward controller described in Section 2.2 is shown in
Figure 2.6.

Figure 2.6: The feedback controller is implemented together with the feed-
forward controller. The feedback uses the difference between the filtered
curvature reference, κm, and curvature, κ, to correct the output sent to the
steering conversion.

2.3.1 Choice of Control Error

In order to avoid problems with the changing sign of the curvature, so that regard-
less of a left or right turn a positive error reflects understeering and a negative
error oversteering, we form the error as

eκ = (κm − κ)sign(κm). (2.12)

2.3.2 Parameter-Varying Control

The filtered curvature reference is given by

κm = Gmκref =
1

Tms + 1
κref. (2.13)

Discretizing using the bilinear transformation gives

κm =
d1(z + 1)
z + d0

κref, (2.14)

where

d1 =
Ts

Ts + 2Tm
, d0 =

Ts − 2Tm
Ts + 2Tm

.
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By using the time-shift operator for discrete time we get

κm(k) = d1κref(k) + d1κref(k − 1) − d0κm(k − 1). (2.15)

The integrating controller is expressed in continuous time as

Iκ(t) = Ki

t∫
0

eκ(τ)dτ, (2.16)

where Ki is the feedback gain, determining the speed of the integration. By using
the backward Euler method [31], a simpler discretization method than Tustin’s,
the integral is approximated as

t∫
0

eκ(τ)dτ ≈ Ts(e(t) + e(t − Ts) + e(t − 2Ts) + · · · ), (2.17)

and the discrete-time version of (2.16) becomes

Iκ(k) = KiTs

k∑
j=0

ej . (2.18)

Finally, we propose scaling the output from the integrating controller with the
filtered curvature reference, such that

κFb(k) = Iκ(k)κm(k). (2.19)

This approach, inspired by gain-scheduling methods for various points of op-
erations [31], is motivated by the hypothesis that the modeling errors may scale
with the curvature. The dynamics when driving straight is assumed to be easier
to model than the dynamics present at high curvature.

2.4 Performance Evaluation

To evaluate the performance of the curvature tracking controller, the difference
between the requested curvature and the estimated vehicle curvature will be stud-
ied, both on test vehicles seen in Section 2.4.1 and in a simulation environment
described in Section 2.4.2. The scenarios and test tracks are described in Sec-
tion 2.4.3.

2.4.1 Test Vehicles

The test vehicles provided by Scania CV AB can be seen in Figure 2.7. A modi-
fied R580 construction truck is used for testing and a model of a modified twin-
steered G480 is used in the provided simulation environment.
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The vehicles are prepared for autonomous driving and equipped with comput-
ers and numerous sensors. In this project, the RTK-GPS will be used for position-
ing and speed estimates and the IMU for measuring the yaw rate. New software
is implemented on the vehicles by uploading and installing compiled Matlab and
Simulink generated C++ code.

Figure 2.7: The provided test vehicles. To the right is a modified R580 con-
struction truck and to the left a modified twin-steered G480 construction
truck.

2.4.2 Simulation Environment

To analyze the system from desired curvature to actual curvature, a simulation
environment developed by Pedro Lima and Scania CV AB is used. The lateral
dynamics in the simulation are based on a dynamic bicycle model for a twin-
steered heavy-duty vehicle and have been verified against real data acquired from
a test vehicle at Scania CV.

In Lima’s Licentiate Thesis, [16], the model is described in more detail, and
the methods to derive the model parameters are described. The modeling of the
longitudinal control and the longitudinal dynamics is also described by Lima in
[16], and for a more detailed description of the modeling of the powertrain we
refer to Alam’s work in [32].

In simulation, the curvature controller can be evaluated both with and with-
out a higher-level controller that tracks the path. With no high-level controller,
the path’s curvature is fed straight through, ignoring a possibly growing error in
the distance to the path. With a high-level controller, an MPC instead requests a
desired curvature to take the vehicle back to the simulated path. By simulating
this, it can be verified that the controllers work together.
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2.4.3 Test Tracks

In the simulation environment, the vehicle can run on both pre-recorded trajec-
tories with RTK-GPS data or on manually designed trajectories. To evaluate step
responses in curvature, trajectories with constant speed have been generated with
a straight path connected to a circle with a constant radius. However, since the
trajectories for step responses need a large open area, a slalom track that resem-
bles steps in curvature has also been designed under the limitation that it should
be possible to run at a maneuvering area at Scania’s facilities in Södertälje. In this
way, results in the simulation environment can be compared to results from the
test vehicles. The slalom path and the curvature profile can be seen in Figure 2.8.
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Figure 2.8: The generated slalom track used for testing and evaluating the
controller.

To further test and evaluate the performance, two test tracks seen in Fig-
ure 2.9, have been used. The trajectories have been recorded from manually
driven runs where the RTK-GPS has been used to gather data. These data
have been pre-processed and filtered to resemble trajectories computed by an
autonomous planner. The tracks consist of one high-way scenario and one min-
ing scenario. The high-way scenario has two straights with high speed and small
changes in curvature and two sharp turns with lower speed. The mining scenario
is more varying in curvature, but is run at a lower speed. The track is on gravel,
instead of asphalt, which makes precise steering control more difficult since the
road is less smooth with bumps, holes, and overall less friction.
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Figure 2.9: The two test tracks. Above is the high-way scenario and below is
the mining scenario.





3
Results

In this chapter, the results are presented from the system identification and the
implementation of the proposed control strategy. Both results from the simula-
tion environment and the test vehicles are presented and compared to baseline
tests made with simple open-loop controllers.

3.1 System Identification of Steering Conversion

In Section 2.1, a method was described for modeling the steering conversion and
the curvature response. In this section, the results are presented for a Scania
R580 test vehicle driven through the test tracks in Figures 2.8 and 2.9. In Sec-
tion 3.1.1, the steering ratio is identified from a slalom test, and in Section 3.1.2,
the understeering coefficient is identified from the highway scenario. The linear
first-order system, describing the rise time and delay of the system, is identified
with Matlab System Identification Toolbox in Section 3.1.3 using estimation data
from the slalom test and validation data from the mining scenario.

3.1.1 Identification of Steering Ratio

To identify the steering ratio, a test vehicle was driven through the slalom track
in Figure 2.8 from Section 2.4.3. With a speed of 5 m/s, the vehicle was assumed
to steer with the Ackermann angle since the slip was assumed to be negligible.

In Figure 3.1, the estimated curvature and the steering wheel angle can be
seen, and in Figure 3.2 the computed cross-correlation can be seen. The cross-
correlation shows a clear peak indicating a delay of 0.35 s.

Assuming that the vehicle steers with the Ackermann angle, the front wheel
angles can be approximated to be arctan(κL), where the wheel base L for the used
vehicle was 4.625 m. In Figure 3.3, a linear least-squares fit has been made to the

21
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Figure 3.1: Estimated curvature and steering wheel angle from a run at the
generated slalom track.
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steering wheel angle as function of the wheel angle attained from the delayed
curvature. The identified steering ratio can be seen in the figure. However, by
neglecting the wheel slip, a small bias in the estimate of the steering ratio is
present.
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Figure 3.3: Steering wheel angle plotted as a function of the estimated wheel
angle from the slalom test. In the bottom right corner the same plot can be
seen when the delay in curvature is not accounted for.

3.1.2 Identification of Understeering Coefficient

To identify the understeering coefficient, a test vehicle was driven through the
highway scenario in Figure 2.9 from Section 2.4.3. In Figure 3.4, the steering
wheel angles are plotted against the curvature. The grayscale indicates the speed
at the sample, and as seen in the figure, the slope is increased for the light gray
samples around the origin. This observation verifies the understeering behavior,
i.e., larger steering wheel angles result in smaller curvatures for higher speed.

To estimate a value of the understeering coefficient, KUS, a linear least-squares
fit was made on a filtered set of the data. In Figure 3.5, samples with a speed of
17-19 m/s are seen. The two lines seen in the figure are the linear least-squares fit
to the data and the previously identified steering ratio from Figure 3.3. As seen
in the figure, the slope of the fit has increased compared to the identified ratio
owing to understeering.

By estimating the increase in the slope, the understeering coefficient KUS can
be identified. In high speed and low curvature, the linearized conversion func-
tion from curvature to wheel angle, (2.2), can be used. Combined with the steer-
ing ratio, the steering wheel angle can be expressed as

δSWA = iκ(L + KUSv
2
x ) + b = kκ + m, (3.1)



24 3 Results

where the slope k and the bias m can be identified by finding the best linear
least-squares fit to the data. With an identified slope and a known steering ratio,
wheelbase, and speed, the understeering coefficient can be identified since

i(L + KUSv
2
x ) = k ⇐⇒ KUS =

k
i − L
v2
x
, (3.2)

implies the equality in (3.1). As seen in Figure 3.5, the gathered data at high
speed are, however, rather noisy with a large variance, leading to uncertainty in
the estimate.

Since the estimate of the steering ratio has a small bias (originating from ne-
glecting the wheel slip), a small bias will be present in the estimate of the un-
dersteering coefficient. However, by iterating the estimation of the steering ratio
with the estimated understeering coefficient, it can be validated that the error
from the bias is small compared to its variance, caused by the noisy data.

3.1.3 System Identification of Curvature Response

As discussed in Section 2.1.3, the curvature response can be modeled as a linear
first-order system with a delay and a non-linear system gain. The first-order sys-
tem, Gκ in (2.6), was identified with the System Identification Toolbox in Matlab.
The input data to estimate the model were the steering wheel angle and the cur-
vature from the slalom test, seen in Figure 3.1. To avoid influence of the gain
from steering wheel angle to curvature, the signals were normalized.

The toolbox was used to estimate the system as a continuous-time transfer
function model, with one pole and no zeros, and a time-delay between 0 and
1 seconds. The parameters were estimated using nonlinear least squares with
automatically chosen line search method. The identified delay was τ = 0.13 s
and the time constant Tκ = 0.206 s.

In Figure 3.6, the measured curvature is seen together with the curvature at-
tained from simulating Gκ with the steering wheel angle in the slalom test as
input. To further validate the identified system, a comparison was made with
data from the mining scenario and from simulating Gκ, with the results seen in
Figure 3.7.

3.2 Tests in Simulation

In Section 2.4.2, a simulation environment provided by Scania CV AB was de-
scribed. In this section, the results are presented for simulations on the slalom
test, seen in Figure 2.8, and the mining scenario, seen in Figure 2.9. The result
for the baseline system is presented in Section 3.2.1. In Section 3.2.2, the result
with the feedforward controller is presented and in Section 3.2.3, the result with
both the feedforward controller and the feedback controller is presented.

In simulation, the identified dynamics in the vehicle model differ from the
identified dynamics in the real test vehicle. Therefore, the system Gκ was identi-
fied with data from simulation in the same way as with real data from the vehicle,
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Figure 3.4: Steering wheel angle plotted as a function of the curvature from
the highway scenario. The grayscale indicates the speed.

-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

Curvature, , [m-1] 10-3

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

S
te

er
in

g 
W

he
el

 A
ng

le
, 

S
W

A
, [

ra
d]

Data

i
0

(L + k
US

v
x
2) + b

0
 (Linear least square fit to the data)

i
0

 L + b
0
 (Ackermann angle with identified steering ratio)

Figure 3.5: A linear least-squares fit to data from speeds of 17-19 m/s. The
function can be compared to the linear function from using the identified
steering ratio together with the approximated Ackermann angle.



26 3 Results

0 5 10 15 20 25 30 35

Time, [s]

-0.1

-0.08

-0.06

-0.04

-0.02

0

0.02

0.04

0.06

0.08

0.1

C
ur

va
tu

re
, 

, [
m

-1
]

Measured Curvature
Simulated Curvature, fit to estimation data: 94.89%

Figure 3.6: Comparison of measured curvature from the slalom test and sim-
ulated curvature from the identified curvature response.
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as described in Section 3.1.3. The identified Gκ used in simulation has the delay
τ = 0.2 s and the time constant Tκ = 0.161 s. In simulation, Tm = 0.05 s was used,
the understeering coefficient, KUS, was set to zero for the effect of the feedforward
and feedback controller to be better visualized, and the MPC’s prediction of the
delay was set to zero.

The error presented in the figures in this section is the difference between the
curvature reference from the MPC and the actual curvature, i.e., κref −κ. The test
values presented in the figures are the maximum positive and maximum negative
curvature errors and the mean squared error, MSE, defined as

MSE =
1
N

∑
(κref − κ)2, (3.3)

where N is the number of samples. The test values from tests in simulation are
summarized in Table 3.1.

3.2.1 Baseline in Simulation

The baseline system simulated on a slalom test with maximum curvature at
0.06 m−1 at speed 5 m/s can be seen without the MPC in Figure 3.8 and with
the MPC in Figure 3.9. Both with and without the MPC, the actual curvature,
κ, lags behind the reference, κref, and does not reach the requested values at the
peaks. With the MPC, the curvature reference is recomputed as the MPC tries
to reduce the distance to the path; this behavior does not exist when simulating
without the MPC. The baseline system with the MPC simulated on the mining
scenario can be seen in Figure 3.10.

3.2.2 Feedforward Control in Simulation

The system with the feedforward controller, described in Section 2.2, simulated
on a slalom test with maximum curvature of 0.06 m−1 can be seen without the
MPC in Figure 3.11 and with the MPC in Figure 3.12. In the slaloms, the actual
curvature, κ, follows the reference, κref, with a smaller MSE than in the baseline
system. The maximum positive and negative errors are also reduced.

The system with the feedforward controller simulated on the mining scenario
can be seen in Figure 3.13. Problems with the curvature following can be seen
around the time interval 40 ∼ 80 seconds. This error appears when the speed is
higher than ∼5.5 m/s and seems to be related to the absence of a velocity depen-
dency in the curvature response. This behavior is further discussed in Chapter 4.

Figure 3.17 shows only the second half of the mining scenario. It can be seen
that with the feedforward controller, the curvature error is more than halved
compared to the baseline system.

3.2.3 Feedback Control in Simulation

The system with the feedforward controller and the feedback controller, de-
scribed in Section 2.3, simulated on a slalom test with maximum curvature at
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Figure 3.8: Simulated slalom test performed on the baseline system, without
the MPC.
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Figure 3.9: Simulated slalom test performed on the baseline system, with
the MPC.
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Figure 3.10: Simulation of one lap on the mining scenario performed on the
baseline system, with the MPC.
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Figure 3.11: Simulated slalom test performed on the system with feedfor-
ward controller, without MPC.
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Figure 3.12: Simulated slalom test performed on the system with feedfor-
ward controller, with the MPC.
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Figure 3.13: Simulation of one lap on the mining scenario performed on the
system with feedforward controller, with the MPC.
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0.06 m−1 can be seen without the MPC in Figure 3.14 and with the MPC in
Figure 3.15. In the slaloms, the actual curvature, κ, follows the reference, κref,
slightly better than with only the feedforward controller and the maximum posi-
tive and negative errors are reduced together with the MSE.
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Figure 3.14: Simulated slalom test performed on the system with feedback
and feedforward controller, without the MPC.

The system with the feedforward and feedback controller simulated on the
mining scenario can be seen in Figure 3.16. The same problem can be seen around
the time interval 40 ∼ 80 seconds as in Figure 3.13, when the speed is above
∼5.5 m/s. With the error in (2.12) being large during several seconds, Iκ in (2.18)
should be considerable in size. However, since Iκ is scaled with the curvature
in (2.19), the output from the feedback controller is small when the requested
curvature is close to zero. Therefore, the feedback controller has some effect but
does not improve the overall performance.

Figure 3.17 shows only the second half of the mining scenario. It can be seen
that with the feedforward and feedback controller, the curvature error is more
than halved compared to the baseline system, and is slightly smaller than with
only the feedforward controller.
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Figure 3.15: Simulated slalom test performed on the system with feedback
and feedforward controller, with the MPC.
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Figure 3.16: Simulation of one lap on the mining scenario performed on the
system with feedback and feedforward controller, with the MPC.
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Figure 3.17: The second half of the simulated mining scenario performed
with the baseline, feedforward, and combined feedforward and feedback,
respectively.
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Table 3.1: Summary of results in simulation. The test values shown are the
mean squared error, MSE, the maximum positive error, MPE, and the maxi-
mum negative error, MNE.

Slalom without MPC MSE MPE MNE
Baseline 6.2e-5 2.67e-2 -2.52e-2
Feedforward 1.3e-5 1.15e-2 -0.923e-2
Feedforward & Feedback 1.0e-5 1.36e-2 -0.922e-2

Slalom with MPC
Baseline 5.7e-5 2.33e-2 -2.10e-2
Feedforward 1.6e-5 0.939e-2 -1.10e-2
Feedforward & Feedback 0.4e-5 0.476e-2 -1.02e-2

Mining scenario
Baseline 1.3e-5 1.47e-2 -1.230e-2
Feedforward 1.2e-5 0.476e-2 -1.02e-2
Feedforward & Feedback 1.2e-5 0.545e-2 -1.02e-2

2nd half of mining scenario
Baseline 1.7e-5 1.23e-2 -1.23e-2
Feedforward 0.1e-5 0.309e-2 -0.430e-2
Feedforward & Feedback 0.1e-5 0.283e-2 -0.406e-2

3.3 Tests on Vehicle

To evaluate the performance of the implemented controller, a Scania R580 was
driven through the test tracks with maximum speed of 5 m/s. The tests were
driven with the MPC to control the vehicle back to the desired path. To evaluate
the performance of the implemented controller the error in curvature is plotted.
To verify that the implemented controller works together with the MPC, the or-
thogonal distance to the path is also shown in the figures. The test values pre-
sented in the figures are the mean squared error and the maximum positive and
maximum negative errors. The test values for curvature error are summarized in
Table 3.2.

3.3.1 Baseline on Test Vehicle

In the baseline test, the vehicle is set to steer with the Ackermann angle, without
any account for understeering. The steering ratio is set to be a constant value
of 20, both for positive and negative steering wheel angles, with no bias. In Fig-
ure 3.18 the result is seen.

With no feedforward, the curvature lags behind the curvature reference, and
the MPC is therefore set to account for a delay of 0.3 s in its predictions. The
curvature gain is also too low, since no compensation for understeering is made
when steering according to the Ackermann angle. The error in the steering ratio
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Figure 3.18: Baseline slalom test with a Scania R580 used for comparison.

can be seen in the oscillating behavior when the vehicle tries to drive straight,
and also around 25 s when the curvature switches sign.

3.3.2 Implemented Steering Conversion Model

With the steering ratio and the understeering coefficient identified from the tests
in Section 3.1, the curvature now reaches the reference at the peaks. The MPC is
still set to account for a delay of 0.3 s in its predictions. The results can be seen
in Figure 3.19. The test was made with the understeering coefficient set to 0.014
and the steering ratio set to

δSWA =


−14.8 + 19.6δWA, δWA < −2.9
5.4 + 21.1δWA, δWA > 2.9
−3.4 + 26.2δWA, |δWA| ≤ 2.9

. (3.4)

The error is now equal in size between right and left hand turns, but when
the curvature switches sign, a small error is introduced, and a small bias is still
present when driving straight. The MSE has been reduced both for the error in
curvature and the distance to the path.

With the improved steering conversion, the test vehicle was able to drive one
lap in the mining scenario. The result is seen in Figure 3.20. Due to the rough
surface of the road, with gravel, potholes, and bumps, the measurements of the
curvature are more noisy than in the slalom test. A varying delay in the curvature
is present, but the vehicle is still able to follow the path within 20 cm.
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Figure 3.19: Slalom test with a Scania R580 with identified steering conver-
sion.
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Figure 3.20: One lap on the mining scenario, driven with a Scania R580 with
the identified steering conversion.
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3.3.3 Feedforward Control in Test Vehicle

The feedforward was implemented with the parameters attained from the system
identification made in Section 3.1.3 and a time constant Tm = 0.05 s in the refer-
ence model. To compensate for the reduced delay, the MPC was set to not predict
its future states with a delay. In Figure 3.21, the results are presented from the
slalom test with the feedforward controller.
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Figure 3.21: Slalom test with a Scania R580 with feedforward control.

The previous delay of ∼0.3 s is now reduced to ∼0.1 s, and the error in curva-
ture is significantly reduced with an MSE of less than a third of the MSE when
no feedforward was used. The error in the distance to the path is, however, still
approximately the same.

In Figure 3.22, the results with the implemented feedforward controller from
one lap around the mining scenario can be seen. As in the slalom test, the error
and delay in curvature are significantly reduced. However, no reduction in the
distance to the path can be seen.

3.3.4 Feedback Control in Test Vehicle

For the feedback controller to work well, the feedforward controller needs to
eliminate the delay. Since the performance of the feedforward controller was
expected to not be as good in the vehicle as in simulation, Tm was doubled in
order to reduce the impact of the feedback, compared to the tests in simulations.
All other parameters were set to the same as before. In Figure 3.23, the results
are presented from the slalom test with the feedforward active together with the
feedback control.
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Figure 3.22: One lap on the mining scenario, driven with a Scania R580 with
feedforward control.
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Figure 3.23: Slalom test with a Scania R580 with feedforward and feedback
control.
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From the test it is clear that the performance is not improved by adding the
feedback to the controller. The distance to the path has increased as well as the
error in curvature. In the sharp turns, the error is almost constant because of the
rate limit in the MPC. With the MPC set to not predict its future states with a
delay, the MPC only allows the curvature reference to change 0.01 from the latest
curvature measurement.

Table 3.2: Summary of results in the test vehicle. The test values shown are
the mean squared error, MSE, the maximum positive error, MPE, and the
maximum negative error, MNE.

Slalom with MPC MSE MPE MNE
Baseline 7.2e-5 2.68e-2 -2.70e-2
New Steering Conversion 5.7e-5 2.65e-2 -2.17e-2
New Steering Conversion & Feedforward 1.7e-5 1.28e-2 -1.10e-2

Mining scenario
New Steering Conversion 2.6e-5 2.94.e-2 -3.13e-2
New Steering Conversion & Feedforward 1.6e-5 1.82.e-2 -2.00e-2





4
Discussion and Conclusions

In this chapter the design choices, methods, and results are discussed. An eval-
uation of the main tasks stated in the problem formulation and suggestions for
future work are also made.

4.1 System Identification

The system identification of the steering conversion shows promising results,
proving that the derived relation between wheel angles and curvature is suffi-
cient. However, on the test vehicle provided, the steering ratio was difficult to
identify. The chosen method of computing the delay with the cross-correlation
of yaw rate measurements and steering wheel angles gave a good estimate of
the steering ratio for large angles, but the non-linearities around the origin were
more difficult to measure and capture in the proposed model. A future improve-
ment would be to model the steering ratio with a non-linear function. Since the
non-linearities may be caused by backlashes in the mechanics, a hysteresis may
be needed to properly model the dynamics.

In this thesis, the main priority has been low-speed scenarios. At higher speed,
the main difficulty in modeling the steering conversion will be identifying the
understeering coefficient. This, however, needs a more accurate modeling of the
steering ratio for small angles, since higher speeds lead to smaller steering angles.
The non-linear behavior in the steering ratio may, however, be velocity dependent,
increasing the complexity of the problem.

An advantage of the method proposed in this thesis is that all vehicle specific
parameters used are possible to estimate. A natural future improvement would
be to estimate these parameters online, since many of the parameters can both
vary with time and between individual vehicles.

Several examples of such parameter-adaptive control designs can be found in
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the literature. In [33], Ercan et. al. implemented an RLS algorithm to estimate
all steering dynamics online, but methods to estimate specific vehicle parameters
could also be used.

4.2 Feedforward Control

The task of reducing the delay in the system proved to be complex and difficult
to solve. In the existing implementation of Lima’s MPC, the predictions were
made with a fixed delay of 0.3 s, keeping the vehicle close to the path, despite a
large error between the curvature reference and the estimated curvature. With
the feedforward, the delay in the curvature was reduced, and the delay in the pre-
dictions in the MPC was therefore reduced. Best results, both in simulation and
in the test vehicle, were attained when using no delay in the predictions in the
MPC, despite a present delay of ∼0.1 s in the curvature. The delay is, however,
not constant in the test vehicle, especially not in the mining scenario, and possi-
bly overestimating the delay causes larger errors than underestimating it, leading
to better overall performance when the delay in the prediction is removed.

In simulation, a velocity dependence was present in the curvature dynamics,
causing the error in curvature seen in Figure 3.13. When the delay was not cor-
rectly modeled in the feedforward controller, a mismatch between the vehicle
curvature and the previously predicted future curvature references in the MPC
arose. In Figure 4.1, this error can be seen. The non-causal design of the feed-
forward relies on the future predictions of the reference being correct. With an
error in the prediction, the vehicle will again not steer as the MPC predicts, caus-
ing the MPC to compute a new solution, leading to a new error in the prediction.
This causes the error to grow. However, since the change rate of the curvature is
limited in the MPC, the error stabilizes around the maximum change rate of the
MPC.

To be able to use the feedforward controller at higher speeds, the velocity
dependence of the dynamics needs to be identified, which was outside the scope
of this thesis. With the test vehicle, the speed was therefore limited to 5 m/s as a
safety precaution. Since the dynamics in the simulation environment provided by
Scania CV AB differ from what is seen in the vehicle, the velocity dependence in
the curvature response needs to be studied further. Another approach for future
work would be to investigate how to switch between a non-causal and a causal
feedforward controller, depending on the accuracy of the previously predicted
future reference values in the MPC.

Since the objective of the implemented controller was to track the curvature,
the distance to the path has not been used as a performance measurement, but
as a verification of that the controllers work well together. With the feedforward
controller, the distance to the path was not shortened, neither in the slalom test
nor the mining scenario. The distance to the path looks similar and the reduced
delay does not seem to alter the travelled path much. This observation indicates
that the MPC is not helped by the reduced delay in curvature, since the error
stays approximately the same. Another approach would then be to try to im-
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Figure 4.1: Simulation of one lap on the mining scenario performed on the
system with the feedforward controller. In the bottom plot an error is com-
puted between a future reference value from the MPC and the corresponding
updated reference value computed by the MPC in its next iteration.

plement the identified curvature response in the MPC, instead of using it as a
feedforward. Possibly, better performance can be attained by changing from a
pure delay in the prediction to a first-order system, combined with a smaller de-
lay. In this work, the implementation of the MPC has not been touched. When
implementing the feedforward controller together with the MPC, the prediction
model should preferably also include the reference model, Gm. With this change,
a slower filter could be implemented, possibly leading to a smoother, more com-
fortable control of the steering wheel.

4.3 Feedback Control

Tests in simulation show that the integration in the feedback controller in (2.19)
can catch some model errors. However, with the MPC running at the same fre-
quency as the curvature controller, the feedback needs to be very conservative
to not cause instability. In reality, on the test vehicle, the tuning of the feedback
proved to be difficult, even at constant speed. In the implementation, care must
also be taken to avoid integral wind-up [31] that occurs in practice when the vehi-
cle is standing still or being driven manually. This has not been a major concern
during the tests. However, it does raise a risk for introducing bugs or errors in a
safety-critical part of the autonomous system.

The design choice to scale the feedback with the curvature was motivated
by the assumption that the model errors scaled with the curvature. Tests, how-
ever, showed that the gain was possible to model well at high curvature, but
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non-linearities in the steering wheel for curvatures close to zero were harder to
model. The feedforward controller also introduced errors, originating from the
absence of a velocity dependency in the curvature response, but since these er-
rors occurred at curvatures close to zero, the feedback controller was not able to
eliminate them.

Instead of feeding back an error with unknown origination, a future solution
may be to adapt the parameters in the model and use methods to online estimate
the understeering coefficient, steering ratio, and the effective wheelbase.

4.4 Conclusions

In this thesis we designed and implemented a combined feedforward feedback
controller for the steering wheel of heavy-duty vehicles, to follow a reference
curvature, computed by a higher-level MPC. A slalom test and a method for mod-
eling the vehicle and evaluating the controllers basic performance was also de-
signed. The method for modeling of the steering ratio showed promising results,
and together with the derived relation between curvature and wheel angles, a cor-
rect gain in curvature from steering wheel angle was identified. However, more
tests are needed to correctly identify the non-linear behavior around zero degrees
steering wheel angle.

The results also showed that for low speeds, the delay and steering dynam-
ics can be countered with a non-causal feedforward controller, utilizing future
curvature reference values computed by the MPC. A method to identify the dy-
namics in constant speed has been shown. However, to reduce the delay also
at higher speed, the velocity dependence in the steering dynamics needs to be
further investigated.

The implemented feedback controller proved to be able to eliminate model
errors in the curvature gain in simulation. However, with an improved modeling
of the steering, these errors were no longer a major issue on the test vehicle. The
feedback controller was unable to handle the model errors in the steering ratio
for small curvatures and it did not succeed in eliminating the errors introduced
at higher speeds by the feedforward controller in simulation.



Appendix





A
Derivation of Understeering

Coefficient

To derive (2.2) in Section 2.1.1, the vehicle is modeled with a two-wheel bicycle
model [9], as seen in Figure A.1.

Figure A.1: The dynamic bicycle model.
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From the model in Figure A.1, Newton’s laws of motion yield

m(v̇x − ψ̇vy) = −Ff sin (δWA), (A.1)

m(v̇y + ψ̇vx) = Fb + Ff cos (δWA), (A.2)

Jz ψ̈ = f Ff cos δWA − bFb, (A.3)

where m is the vehicle’s mass and Jz is its moment of inertia. With Pacejka’s
linearized tire model [9], the forces are modeled as

Ff = −Cf αf , (A.4)

Fb = −Cbαb, (A.5)

where Ci are the combined cornering stiffness of the tires at the front or rear
axles and αi are the slip angles. The slip angles are the difference between the
velocity vector at the wheels and the directions the wheels are pointing [9]. By
differentiating the position vectors from the origin to the front and rear axles in
the model in Figure A.1, the velocities at the front and rear axles can be expressed
as

ṙf = ṙ + ψ̇ẑ × f x̂ = vx x̂ + (vy + ψ̇f )ŷ, (A.6)

ṙb = ṙ + ψ̇ẑ × −bx̂ = vx x̂ − (vy − ψ̇b)ŷ, (A.7)

which results in the slip angles

αf = arctan

vy + ψ̇f

vx

 − δWA ≈
vy + ψ̇f

vx
− δWA, (A.8)

αb = arctan

vy − ψ̇bvx

 ≈ vy − ψ̇bvx
, (A.9)

where the approximation can be made when vx >> vy , i.e., when the slip angles
are small.

Assuming small wheel angles, δWA, and stationarity, where v̇y = v̇y = ψ̈ = 0,
the equations of motions can be simplified. Substituting (A.8) and (A.9) into (A.2)
and (A.3) then yields

mψ̇vx = −Cb
vy − ψ̇b
vx

− Cf

vy + ψ̇f

vx
− δWA

 , (A.10)

0 = −f Cf

vy + ψ̇f

vx
− δWA

 + bCb
vy − ψ̇b
vx

, (A.11)

which in matrix form can be expressed as
Cf +Cb
vx

mvx +
f Cf −bCb

vx

f Cf −bCb
vx

f 2Cf +b2Cb
vx



vy

ψ̇

 =


Cf

f Cf

 δWA. (A.12)
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Using Cramer’s rule, it follows that

δWA

ψ̇
=

∣∣∣∣∣∣∣∣∣∣
Cf +Cb
vx

mvx +
f Cf −bCb

vx

f Cf −bCb
vx

f 2Cf +b2Cb
vx

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
Cf +Cb
vx

Cf

f Cf −bCb
vx

f Cf

∣∣∣∣∣∣∣∣∣∣
=

(f +b)2Cf Cb
v2
x

+ m(bCb − f Cf )

(f +b)Cf Cb
vx

. (A.13)

With ψ̇ = vxκ, the wheel angle can be expressed as

δWA = κ

(
L +

m(bCb − f Cf )

LCf Cb
v2
x

)
, (A.14)

where the understeering coefficient is defined as

KUS =
m(bCb − f Cf )

LCf Cb
. (A.15)
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