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Abstract

For various reasons it might be required to scan an object that par-
tially lies outside the field of view(FOV) of a CT scanner. The parts of
the object that lie outside the FOV will not contribute to the line inte-
grals measured by the detector which will cause image artifacts that
affect the final image quality. In this paper, I suggest a novel recon-
struction approach that estimates the attenuation by the object outside
the FOV using a priori knowledge about the outline of the object. It is
shown that, knowing the object’s outline, it is possible to determine
whether the attenuation along a given line is truncated. The total at-
tenuation for a truncated projection is then estimated by interpolat-
ing the data between the consistent projections. The method there-
fore requires some of the projections to be consistent. This estimate,
along with the knowledge of the distance traversed by the X-Ray in-
side the object is then used to determine the average attenuation. The
method was tested on both numerical and physical phantoms. The re-
sults are satisfactory even when up to 80% of the projections are trun-
cated. Structural Similarity Index (SSIM) was compared for the com-
plete reconstructed images,and regions of truncations before and af-
ter the algorithm was applied. Reconstructed images from completely
consistent projections served as ground truth. The results indicate that
the algorithm can be used to reconstruct partially truncated CT data,
which was tested on numerical and physical phantoms (of semicircu-
lar cross section). There is scope for further testing of the algorithm on
irregularly shaped objects.
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Sammanfattning

Av olika anledningar kan det vara nödvändigt att skanna ett objekt
som delvis ligger utanför synfältet (FOV) i en CT skanner. De delar
av objektet som ligger utanför FOV enheten kommer inte att bidra till
de linjeintegral som uppmäts av detektorn, vilket kommer att orsaka
bildartefakter som påverkar slutkvaliteten. I detta dokument föreslår
jag ett nytt återuppbyggnadsförfarande som uppskattar dämpning-
en av objektet utanför FOV med hjälp av a priori kunskap om objek-
tets disposition. Det är visat att det är möjligt att bestämma huruvida
dämpningen längs en given linje är avkortad genom att känna till ob-
jektets disposition. Den totala dämpningen för en stympad utsprång
uppskattas sedan genom att interpolera data mellan de konsekven-
ta projektionerna. Metoden kräver därför att vissa av prognoserna är
konsekventa. Denna uppskattning, tillsammans med kunskapen om
avståndet som tränger in av röntgenstrålen inuti objektet, används se-
dan för att bestämma den genomsnittliga dämpningen. Metoden testa-
des på både numeriska och fysiska fantom. Resultaten är tillfredsstäl-
lande även när upp till 80 % av utsprången trunkeras. Structural Simi-
larity Index (SSIM) jämfördes för de fullständiga rekonstruerade bil-
derna och regionerna av trunkeringar före och efter att algoritmen ap-
plicerades. Rekonstruerade bilder från helt konsekventa projiceringar
fungerade som grundsanning. Resultaten indikerar att algoritmen kan
användas för att rekonstruera delvis trunkerad CT data, som testades
på numeriska och fysiska fantom (med halvcirkelformig tvärsektion).
Det finns utrymme för ytterligare testning av algoritmen på oregel-
bundet formade objekt.
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Chapter 1

Introduction

Objects in the real world come in various shapes and sizes. The aim
of an X-Ray imaging modality is to be able to capture a representation
of this object faithfully. It is however not possible to build cameras
that are universally suitable for all objects. A camera is therefore made
taking into consideration the most probable targets that need to be im-
aged. This choice is compounded for medical imaging modules such
as Computed Tomography that usually needs to fit the object to be
imaged in a confined space. This space is called as the field of view
(FOV) of the module [1]. In most scanners this is fixed or has very
limited flexibility. In various scenarios it might be required to image
objects that are bigger than the FOV of the scanner. This causes im-
age artifacts such as streaking and partial volume effects [2]. One such
scenario is introduced here.

At the Ionizing Radiation Imaging Lab at KTH one such situation
was encountered when geologists at the Stockholm University, Stock-
holm had the need to image marine mud that was excavated from the
sea floor. This was packed in cylindrical pipes that were sliced in half.
The aim was to acquire images of the pipe using the microCT at the
lab, considering that the object can be extended beyond the FOV of
the scanner in some projection angles.

1.1 Problem at hand

The physical dimensions of the setup are:

• Diameter of the pipe: 80 mm

1
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• Size of the detector: 120 mm

• X-Ray source to detector distance: 324 mm

Figure 1.1: Geometry Schematic

Figure 1.1 shows a rough sketch of the acquisition setup for two
different projection angles. The top half of the image depicts a pro-
jection angle where part of the object (semi circle) extends outside the
FOV whereas the bottom half shows an angle where the object com-
pletely lies inside the FOV. A reconstruction from projections acquired
in these situations will suffer from partial volume and streak artifacts
[2].

1.1.1 Aim

The aim of this project was to propose a reconstruction approach when
some of the projections have partially truncated data.
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Methods

Section 2.1 provides details of data processing that had to be done
so that the projections files from the microCT could be used in ODL
reconstruction[3]. Section 2.2 details the method of Adding Cylinders
that served as an inspiration and starting block for the method pro-
posed in this report. Section 2.3 details the Acquisition Geometry Mod-
eling method that is proposed. Both the sections, 2.2 and 2.3 is divided
into subsections that provide information about how the truncation is
determined and ways to estimate/add this truncated data to the sino-
gram.

2.1 Data preparation and processing

The projections acquired by the microCT was in binary format. These
were first converted to DICOM[4] images to make them useful for the
sinogram generation and further reconstruction. The conversion, cali-
bration and reconstruction are performed using python in a Linux en-
vironment. All the computational and reconstruction algorithms were
handled by embedded functions in the open source Operator Discretiza-
tion Library, ODL[3].

2.2 Adding cylinders

2.2.1 Determine truncation

The logical first step to fixing inconsistent projections was to determine
which of those projections were inconsistent or truncated. This was

3
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done with the help of the fact that the attenuation sum across all chan-
nels of the detector will remain constant across all angles/projections[5].

(a) Consistent profile (b) Inconsistent profile

(c) Overlaid profile

Figure 2.1: Attenuation sum profile for parallel beam geometry

This is demonstrated with the help of an example. Figure 2.1a
shows the attenuation profile summed across all detector channels
when the object is completely inside the FOV for all projection angles.
This value remains constant (ignoring minor variations due to elec-
tronic and detector response variations). However, when the objects
extend outside the FOV for some views we receive a profile as shown
in figure 2.1b. It can be seen that the sum drops below the maximum
value for the inconsistent views. Overlaying the two profiles as in fig-
ure 2.1c provided a clear indication of the total attenuation loss in each
angle.

Any view that had a total attenuation below a certain threshold
(say 95 % of the maximum value) was considered to be truncated. The
estimated total attenuation for a truncated view was calculated by lin-
ear interpolation between the untruncated views. The difference be-
tween the interpolated value and the measured value would serve as
the attenuation delta, ∆ [5].
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2.2.2 Extending detector channels

In most cases the FOV is dictated by the size of the detector. Increasing
the physical size of the detector would result in a larger FOV. Since, the
size of the detector cannot be changed physically, we try to estimate
the measurements by artificially extending the detector size. This pro-
cess is done iteratively by increasing the size of the detector virtually,
one channel at a time.

The process is explained with the help of an example. Figure 2.2
shows the response of a line detector. As can be seen, figure 2.2b seems
to have been cut off at a point (referred to as the point of truncation,
where the objects just extends outside the FOV). The aim was to then
extrapolate at the truncation point to try and match the response in
figure 2.2a without having prior knowledge of this response.

(a) Consistent Projection (b) Inconsistent Projection

Figure 2.2: Detector response of a line detector (Σµ denotes the total
attenuation measured by the detector)

It was to assumed that the part of the object extending beyond the
FOV was made up of a uniform material with a known attenuation
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coefficient and was cylindrical (or circular disc for 2D setup) in shape.
The circle was added as shown in figure 2.3 [5]. The idea is to as-
sume that the portion of the object extending outside the FOV can be
considered to be a segment of a circle. Though the object is consid-
ered to circular (or cylindrical), since the size and location of the fitted
circle is recalculated for each truncated projection, the final image re-
constructed from the sinogram should be able to faithfully recover the
original shape of the obj

Figure 2.3: Adding a cylinder (Σµ denotes the total attenuation mea-
sured by the detector)

The parameters required to place or draw the circle are the location
of the center of circle with respect to the point of truncation, x and the
radius of the circle, R. These are calculated as:

x =
sp

4µ2
(2.1)

R =

√
p2

4µ2
+ x2 (2.2)

where, s is the slope of the attenuation(detector) response at the point
of truncation, Tr and p is the magnitude of the projection at Tr and µ is
the attenuation coefficient of the the added circular disk.

Once the parameters have been calculated and the circle has been fit-
ted, the area of the circle extending beyond the measured point of trun-
cation has to be calculated. This area should match the attenuation
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delta, ∆ calculated in section 2.2.1. The size of the circle (parameters x
and R) were then adjusted such that this area matched the ∆ within a
certain error range.

We know that the X-Ray transmission intensity through an object
can be shown as:

I = I0e
−µx (2.3)

where µ is the attenuation coefficient of the material, x is the distance
traveled by the X-Ray through the object and I is the intensity of the
ray [6]. The ∆ that needs to be added is,

∆ = µx (2.4)

By assuming the value of µ, x (circle parameters) was calculated to
attain the required ∆. Once the detector channels were extended for
each view, the sinogram was built and reconstructed using any pre-
ferred algorithm.

2.3 Modeling

The method described in section 2.2 relied on determining the number
of channels that has to be added based on an assumption of the atten-
uation coefficient. This proposed method however, made use of the a
priori knowledge of the shape of the object. This ensured that the exact
number of channels that needs to be added to compensate for the trun-
cation could be determined. i.e, if the size of the object and the distance
from X-Ray source to the detector is known, it possible to determine
the minimum size of the detector such that the object completely lies
inside the FOV.

2.3.1 Acquisition geometry model

A model was created for the acquisition set up of the microCT. The
interest was to determine which parts of the object would lie inside
the X-Ray beam and which parts of it outside (Considering which of
those rays reach the detector). A single X-Ray was represented as a
line as shown in equation 2.5

x cos θ + yxray sin θ = d (2.5)
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where θ is the projection angle and d picks the detector channel. The
outline of the object (in a slice) was represented by an equation such
as: {

x = x0 + r cos(θ0 + θ) , θ ∈ [0, π]

y = y0 + r sin(θ0 + θ)
(2.6)

where, (x0, y0) is the center of the semicircle, r is the radius of the semi-
circle and θ0 is used to define the right most border of the semi circle.
Equation 2.6 is the typical representation of a semicircle. This equation
will change depending on the shape of the object.

Figure 2.4a shows a sample of what the equations for the lines
would look like for a single projection angle.

(a) Geometric representation
of X-Ray lines

(b) Geometric representation
of the outline of the object

Figure 2.4: Acquisition geometry modeling

Figure 2.4b represents the cross section of a half pipe object.
Note that both the models are in the same 2D Cartesian coordinate

system.

2.3.2 Determine truncation

Using the models defined in 2.3.1 it was possible to precisely deter-
mine the views for which the object would extend outside the FOV
given the outline and position of the object. Solving for equations 2.5
and 2.6, if two real unique solutions were obtained then that projection
was considered to be truncated. This was repeated for either side of
the detector to determine if the truncation was limited to one side or
both the sides. For projections that are truncated, the total attenuation
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was estimated by interpolating the data between the consistent pro-
jections by fitting a curve using 3rd order polynomial [7] as shown in
figure 2.5. The difference between the two plots will give the trunca-
tion delta, ∆ for each truncated view.

Figure 2.5: Estimation of truncation delta

2.3.3 Adding attenuation delta

Detector channels had to be added for every view that was determined
to have been truncated in 2.3.2.

The size of each detector channel was the detector resolution. The mi-
croCT used at the lab had a detector resolution of 50µm. The idea was
then to iteratively extend the detector by exactly one channel. By ex-
tending the size of the detector channel, the equation 2.5 changes to
show the widening the X-ray beam. Equations 2.5 and 2.6 are again
solved. If two real solutions are obtained, the difference between them
provides the distance traveled by the simulated X-Ray through the ob-
ject. Let P1(x1, y1) and P2(x2, y2) denote the points of intersection. The
distance for iteration i is given as,

xi =
√

(x2 − x1)2 + (y2 − y1)2 (2.7)

The iteration was stopped when there were no more real unique solu-
tions.

A summation of the added distances passed by the X-Ray through the
object gives the total X-Ray path in the object corresponding to the
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added channels.

x =
n∑
i=0

xi (2.8)

where n is total number of iterations.
The attenuation delta calculated in 2.3.2 was then split at the left

and right side of the detector as follows:

∆l = ∆

(
xl

xl + xr

)
(2.9)

∆r = ∆

(
xr

xl + xr

)
(2.10)

where xl and xr are the X-Ray paths at either end of the detector trun-
cation.

The product of the total distance and the attenuation coefficient
should yield the ∆ that has to be added in each projection. The av-
erage attenuation coefficient, µavg for either side of the projection is
therefore calculated as:

µavgl =
∆l

xl
(2.11)

µavgr =
∆r

xr
(2.12)

This µavg and xi was then used to complete the sinogram.
Figure 2.6 shows a visual representation of the channel addition

(Parallel beam setup).
A very brief and high level flowchart is presented in
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(a) Iteration 0 (b) Iteration 1

(c) Iteration 2 (d) Iteration 3

Figure 2.6: Virtual extension of the detector

Figure 2.7: Flowchart of the proposed method

2.4 Experiments

The method of adding cylinders was first tested on a modified Shepp-
Logan phantom with the skull missing, and then on a typical Shepp-
Logan phantom. This method was only tested on parallel acquisition
geometry.

The proposed method was tested on simulated phantoms such as
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Shepp Logan and a half pipe that simulated the actual object. This was
performed on both 2D and 3D volumes in parallel beam geometry. A
semi cylindrical chamber made of PVC was then constructed and filled
with samples of mud, sand and shells to imitate an actual excavation
sample from the ocean floor. The algorithm was then tested on this
mud phantom in cone beam geometry. Structural Similarity Index [8]
was calculated for the reconstructed images before and after applica-
tion of the algorithm. An image was reconstructed of the same object
when the object was completely inside the FOV (completely consistent
projections), which served as the ground truth for SSIM calculations.
A region of interest was determined, which consisted of the truncated
regions in the uncorrected reconstructions.
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Results

Figure 3.1 shows two version of the Shepp-Logan phantom that were
used. Figure 3.1a shows the phantom with the skull the removed
whereas 3.1b shows one with the skull. Both the phantoms are modi-
fied to have an elliptical shape.

(a) Without skull (b) With skull

Figure 3.1: Modified Shepp-Logan phantoms used for the experiments

Figures 3.2a and 3.2b shows a truncated sinogram for the phan-
tom without the skull and its respective image. Figures 3.2c and 3.2d
shows the corrected sinogram and image respectively after applying
the method of cylinder addition. It can be seen that the edges of the
reconstruction (where the object extended outside the FOV) have a
smoother contour as opposed to the the more conical shape in the un-
corrected image.

Figure 3.3 shows the sinogram and image when the algorithm was
applied to a typical Shepp-Lpogan phantom. It can be seen that the
sinogram consists of random spikes that are caused by the failure of the
algorithm to account for significant change of attenuation at points of

13



14 CHAPTER 3. RESULTS

(a) sinogram (b) Uncorrected image

(c) corrected sinogram (d) corrected image

Figure 3.2: Sinogram and reconstructed image from inconsistent pro-
jections using cylinder addition correction

truncation. These difficulties led to the development of the acquisition
geometry modeling concept, that was used henceforth.

(a) corrected sinogram (b) corrected image with skull

Figure 3.3: Sinogram and reconstructed image from inconsistent pro-
jections using cylinder addition correction

The proposed method of using acquisition models was first tested
on a 2D Shepp Logan phantom using parallel acquisition geometry.

Figure 3.4 shows the sinogram and reconstructed image without
making any corrections. Figure 3.5 shows the sinogram and recon-
structed image after the correction has been made. It can be objec-
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(a) Truncated sinogram (b) Reconstructed Image (FBP)

Figure 3.4: Sinogram and reconstructed image from inconsistent pro-
jections

(a) Corrected sinogram (b) Reconstructed Image (FBP)

Figure 3.5: Sinogram and reconstructed image from inconsistent pro-
jections

tively stated that the reconstruction is better, both in terms of quality
and shape of the object.

The algorithm was then tested on a 3D volume using parallel ac-
quisition geometry.

Figure 3.6: 2D slice of the simulated half pipe phantom
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Figure 3.6 shows a 2D slice of the simulated half pipe phantom.
The object represents a cylindrical pipe that encloses mud inside it, cut
in half.

(a) Image before correction (b) Image after correction

Figure 3.7: Reconstructed 3D volume of half pipe phantom

Figure 3.7 shows the reconstructed image before and after the sug-
gested sinogram completion. It can be seen that most of the data out-
side the truncation zone (marked by the characteristic partial volume
streak or arc).

The algorithm was then applied to the mud phantom described
in section 2.4. There were 400 projection images acquired using the
microCT with a tube voltage of 65keV, current of 550µA for a total
duration of 1000ms per projection.

Figure 3.8 shows the sinogram and corresponding reconstructed
image when the object is completely inside the FOV, partially outside
the FOV and after the corrective algorithm has been applied. This was
achieved by creating a mud sample that represented the half pipe but
also completely fit inside the FOV. The detector was then cut short to
recreate the situation where parts of the object were outside the FOV>
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(a) Object completely inside FOV

(b) Object partially outside FOV (w/o correction)

(c) Object partially outside FOV (with correction)

Figure 3.8: Sinogram and image of a mud sample

3.0.1 SSIM Index

Structural Similarity Index [8] was calculated for the corrected and un-
corrected images using the ground truth (object completely inside the
FOV)

Table 3.1 indicates the performance of the algorithm in the region of
interest compared to the uncorrected reconstruction. Table 3.2 shows
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Table 3.1: SSIM Comparison before and after correction

Image SSIM Value
Truncated Image 0.79
Corrected Image 0.97
Truncated Image (ROI) 0.63
Corrected Image (ROI) 0.94

Table 3.2: SSIM Comparison for varying levels of truncation

Truncation (%) SSIM Value (corrected image)
82 0.89

75.75 0.90
71.25 0.93
67.25 0.94
63.75 0.96
56.25 0.96
47.75 0.98
38.5 0.99

the performance during varying levels of truncation. This truncation
level indicates the percentage (or fraction) of the projections that were
truncated, out of a total of 400 projections.
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Discussion

The aim of this study was to develop a reconstruction approach that al-
lowed a faithful reconstruction from microCT projection data that was
partially truncated in some of the projections. The results presented
show that the method removes most of the artifacts associated with
reconstruction from partially truncated CT data. Two methods were
tested here with varying degrees of success.

The method of adding cylinders as discussed in 2.2 performed sat-
isfactorily for objects that did not have a very sharp change in attenu-
ation at the point of truncation. The method however produces some
severe artifacts when performed on a Shepp-Logan phantom. This is
probably due to the sudden change in attenuation caused by the outer
skull. Since the method uses the slope at the point of truncation, in
some projections the slope is relatively high. This causes the algorithm
to estimate the circle parameters as very high value. Another limita-
tion of this method is, if the object extends outside the FOV on either
side of the detector there is no reasonable way of determining the level
of truncation on either side. This also requires the projection data to be
rebinned from fan/cone beam geometry to parallel beam geometry.

The method proposed in this report (section 2.3) however can be
applied directly to fan/cone beam projection data. The results are
very promising and reconstructs parts of the data outside the FOV
with good detail. The algorithm performed well even when up to 80%
of the projections were truncated. A prerequisite condition is that the
algorithm cannot be attempted if all the projections are inconsistent.
It has to be noted however that a single projection was not truncated
more than 15% in any of the cases tested. The performance is yet to

19
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be tested for cases where the amount of truncation in the inconsistent
projections is significantly larger.

The simplicity of the method also lies in the ease of modeling the
acquisition set up along with the object. This method was only tested
for simple shapes such as an elongated ellipse (shepp-logan), objects
with a semi-circular cross-section (numerical and physical phantom).
If the shape of the object is highly irregular, approximate models could
be established and the performance re-evaluated.

This method would be highly effective in situations where similar
objects have to be imaged multiple times. As the aim of this project is
to image a half-pipe whose dimensions remain constant, the modeling
needs to be done only once. Repeated use may however require some
calibration as the acquisition model may not exactly match the physical
set up due to rotation/misalignment of the object.

4.1 Conclusion

Various approaches or methods have been already been proposed in
the past to combat projection truncation issues, some which have been
mentioned in section A.7. The method proposed here however makes
use of the a priori knowledge about the shape of the object to construct
a comparatively simpler algorithm with the novelty of being able to
use it directly on cone/fan beam projection data. The method showed
good capability of handling the test scenarios fed to it and developing
the algorithm to handle random shapes will increase the versatility.
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Appendix A

State of the art

A.1 Structure

The state of the art is written for a project with the aim of explaining
a reconstruction technique that will be applied to projection data that
have inconsistent projections obtained by a micro CT. The inconsistent
projections are caused by the fact that the object to be imaged is larger
than the FOV of the source-detector set up of the camera.

A brief introduction is provided in section A.2 about the history of
x-rays followed by computed tomography in section A.3. The focus
then shifts to image reconstruction in section A.4. This section also has
an overview of filtered back projection which is the fundamental re-
construction protocol used for this project. Section A.5 speaks about
the difference between parallel and cone beam acquisitions which are
important for the reconstruction algorithms. Section A.6 introduces
the concept of artifacts and the main issue of having an object larger
than the FOV. Section A.7 then lists the current methods that are used
to handle the problem of inconsistent projections. Section A.8 briefly
speaks about the use of multi energy CT to produce better contrasts.
The reconstruction method detailed in the report will be tested on a
sample of marine mud excavated over the Baltic sea, section A.9 there-
fore introduces the reader to the use of microCT in geosciences.

22
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A.2 Introduction

X-rays were discovered by a German physicist Wilhelm Corad Rönt-
gen in 1895 [A1] and its applications in medical imaging diagnosis
were apparent from the beginning. Tomography is derived from the
greek term “tomos”, which refers to a section or slice. In conventional
radiograph a three dimensional volume of an object is projected or
compressed to a two dimensional image along the path of the x ray.
This highlights the primary shortcoming of a radiograph, that is su-
perposition due to overlapping structures and lack of spatial informa-
tion in the direction of the x ray [6]. This shortcoming is overcome in
what we call computed tomography.

A.3 Computed Tomography

Computed tomography (CT) became increasingly popular and feasi-
ble only around the 1970s. This coinicided with the advent of modern
computer technologies. [1]. A CT makes use of multiple x ray projec-
tions or images taken at different angles to acquire a two dimensional
cross sectional image of a region of interest. Figure A.1 shows a typical
X-ray and CT scan of the chest side by side. It is clearly evident that
the CT scan provides more details about the internal organs.

(a) X-ray radiograph (b) CT Scan

Figure A.1: A conventional x ray radiograph and a typical CT scan

A variation of the normal CT scanner is the micro CT. A micro CT
typically images smaller objects such as small animals. This facilitates
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the usage of smaller scanners. They also provide a higher spatial reso-
lution. This thesis project will utilize one such micro CT scanner at the
medical imaging lab of the School of Engineering Sciences in Chem-
istry, Biotechnology and Health in Stockholm. Figure A.2 shows the
micro CT used at the lab.

Figure A.2: micro CT at the SCBH

A.4 Image reconstruction

Reconstruction is the process of turning projection data obtained by
the CT scanner to a useful image. The object that needs to be recon-
structed is considered to be a 2D distribution of some function. In the
case of CT this function represents the linear attenuation coefficients of
the object. Let there be a set of measurements that were recorded with
each measurement being the summation of the line integrals of the at-
tenuation coefficients of the object along a particular ray path. These
measurements are taken at different angles. Each angle has a unique
path along the iso center of the object and the measurements are called
as a “view” or “projection”. There are various techniques available to
convert these projections into an image. Some of them are discussed
here.

Let us assume f(x, y) be a function of the spatial distribution of the
object (or a function of its density). The radon transform of f(x, y) is
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given by

g(r, θ) =

∫ ∞
−∞

∫ ∞
−∞

f(x, y)δ(x cos θ + y sin θ − r)dxdy (A.1)

where δ is the dirac delta function (integrand is zero everywhere ex-
cept on the line integral L(r, θ) and the coordinates x, y, r and θ are as
shown in figure A.3.
This function g(r, θ) is also called as a sinogram as the radon trans-
form of a point source that is off centre is a sinusoid. The task of the
tomographic reconstruction is to find f(x, y) given the knowledge of
g(r, θ).

Figure A.3: Coordinate system for radon transform

A brief overview of filtered backprojection is provided below. Please
refer to [A4] for more information on reconstruction techniques.

A.4.1 Filtered back projection

Filtered back projection (FBP) is one of the most widely used recon-
struction techniques. As mentioned in section A.4, the task of recon-
struction is to find f(x, y). This operation for back projection is defined
as:

fBP (x, y) =

∫ π

0

g(x cos θ + y sin θ, θ)dθ (A.2)
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Geometrically speaking, this backprojection just smears the pro-
jected data (sinogram) back onto the image space along the projection
path. Since there is no information about where the actual values (or
attenuation) came from along the line, the backprojection just equally
weights the line. Figure A.4 shows a crude representation of this.

Figure A.4: Back projection along a single path

Summation of the lines results in oversampling at the center of the
Fourier space as all the paths pass through the isocenter of the object.
The blurring can be reduced by using a filter such as the Ramp filter.
A filter function |v| is applied on the projection data before taking the
inverse FT.

The inverse function is solved with the help of the central slice the-
orem, which states that the value of the 2D FT of f(x, y) along a line at
the inclination angle θ is given by the 1D FT of g(r, θ), the projection
profile of the sinogram at angle θ [A5].

This therefore relates F (vx, vy), the 2D FT of f(x, y) and G(v, θ) the
1D FT of g(r, θ) as

G(v, θ) = F (v cos θ, v sin θ) (A.3)



APPENDIX A. STATE OF THE ART 27

The FBP can then be fully written as

f(x, y) =

∫ π

0

dθ[

∫ ∞
−∞

dv|v|G(v)e2πivr] (A.4)∫ ∞
−∞

dv|v|G(v)e2πivr = F−1{|v|G(v)} ≡ g′(r, θ) (A.5)

fFBP (x, y) =

∫ π

0

dθg′(r, θ) (A.6)

A.4.2 Iterative reconstruction techniques

These are a form of reconstruction techniques that objectively have a
better performance than FBP. They treat the problem as a discrete one
from the beginning [A6]. The main principle behind this technique
is that solving a set of linear equations of the form g = Af corre-
sponds to image reconstruction where g is the measured projection,
A is weighted matrix and f has intensity information of each pixel.
The task is then to find the value of f for which the predicted image
and the projection value matches. Since it can almost be impossible to
obtain a match, the goal is to minimize the difference between the two
iteratively [A7].

Algebraic reconstruction technique (ART) is probably the simplest
of these techniques. This method updates the estimated value at each
pixel based on the difference between the measured and estimated
data. This can however not provide us with a low enough error to
stop the iterative process.

Gradient based algorithms on the other hand tries to determine
how the intensity at each pixel changes the estimates. Since finding
the reconstructed image, or f is in essence a minimization problem we
use the fact that a function reduces the most along the gradient direc-
tion [A8].

The above methods perform the update step by addition or using a
corrective term. The process of minimization can be sped up by updat-
ing using multiplication. Such a method is called statistical estimation.
In one such method called Expected maximum likelihood algorithm,
the iteration is divided into two parts. The expectation, where it tries
to determine the likelihood of the reconstructed image knowing the
measured projection. Then the maximization where it tries to deter-
mine the image that mostly yields the measured value [A9].
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Iterative reconstruction techniques provide a better quality of im-
age than a filtered back projected image. They can however be compu-
tationally more demanding. This has resulted in most clinical setups
using FBP to achieve faster results.

A.5 Acquisition geometry

All CT scanning systems consist of a gantry, an x ray tube and a de-
tector. Different generation scanners have slightly different x ray sys-
tems. The simplest and the first generation scanners used a parallel
beam x ray. Modern cameras however use a cone beam system. This
ensures that a single beam can cover a higher volume of the object
to be imaged and hence result in lower scan times. This was neces-
sary to reduce the x ray exposure to the the objects in clinical and pre
clinical applications. Most reconstruction algorithms were developed
based on a parallel beam geometry and therefore the modern systems
convert or rebin the cone beam acquisitions to parallel beam before
reconstruction. [A4]

An illustration of parallel and cone beam geometry is shown in
figure A.5
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(a) Parallel beam

(b) Cone beam

Figure A.5: Parallel v Cone beam

A.6 Artifacts

There will be invariable discrepancies between the CT numbers in the
reconstructed image and the actual attenuation coefficients of the ob-
ject. These are manifested in what is termed as ‘artifacts’. A typical CT
needs to process signals from millions of detector channels. Idealiza-
tions and simplification during signal processing will thereby invari-
ably lead to the creation of artifacts.

The types of artifacts are usually grouped into:

• Physics based: These are caused by the physical processes while
acquiring a CT data. E.g: Beam artifacts, cupping, streaks and
dark bands.

• Patient based: These are usually caused by factors such as patient
movement or presence of metallic objects in the object(image)
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space. They can also be caused when the object is not completely
encompassed in the field of view thereby resulting in incomplete
projections.

• Scanner based: These are caused due to problems in the scanner,
most prominently the detector. If any of the detectors are out of
calibration or if there are dead pixels present in the detector, they
characteristically produce ring artifacts. The ring is formed due
to failure of a particular pixel that moves in the path of a ring as
the gantry rotates.

• Helical/multisection based: These are caused by some reconstruc-
tion techniques that involve interpolation or if the object attenu-
ation changes drastically in the z direction. [2]

An example of streaking artifact produced due to incomplete projec-
tions is shown in figure A.6.

Figure A.6: Streaking artifact for object outside FOV. Image reprinted
from [2] with permission from RSNA

A.7 Handling inconsistent projections

There are a few approaches to handle artifacts caused by inconsistent
projections. The simplest and most straightforward way to prevent
this is to ensure the patient/object is always in the field of view. There
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can be situations however when this is not possible, such as part of the
object being blocked by something that completely attenuates part of
the signal. There could also be cases where the object to be imaged is
just bigger than the scanning FOV.

A.7.1 Estimation of missing projections using frequency
conditions

This is an estimation method used on under sampled projections that
result in missing projections. The method makes use of consistency
conditions in the sinogram’s Fourier Space that was shown by the
derivation of the frequency-distance correlation for parallel beam pro-
jections or sinograms [A11]. This correlation provides a connection
between points in the objects at the fixed positions along the projec-
tions to the sinogram-frequency. The property is called a zero energy
region in the Fourier transform of the full scan sinogram.

This is an iterative method and similar approaches have been ap-
plied in various situations where the measurement space lacked some
data but prior knowledge was available in a second space that is re-
lated to the first space having missing data by a simple transformation
which is the two dimensional Fourier transformation in this case.

Figure A.7: Fan beam CT geometry used for estimation of unknown
projections

Referring to figure A.7 sp is the distance from origin to point of
interest and φp is the angle it makes with the x axis. The source to
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isocenter distance is L and isocenter to detector is D. A.8 represents
the flow diagram for this procedure.

Figure A.8: Flow diagram for iterative double wedge filtering

The estimation algorithm aims to alternate between the frequency
domain to apply the double wedge filter and the spatial domain to
insert the current estimation of the missing projections [A12].

It was shown that this method worked on extremely sparse sets
thereby making a case for estimation of missing projections in cases
of heavy under sampling. The double wedged filter was however re-
ported to estimate parts of the projection in a nearby neighborhood of
the periphery of the object better than those referring to the inner part
of the object [A12].

A.7.2 Sinogram recovery approach

We know that a physically consistent sinogram has a strong restriction
in its functional form. The Helgason-Ludwig consistency conditions
expresses this restriction [A13][A14]. Missing portions of a sinogram
can be recovered with the use of these conditions.

Please refer [A15] for a more detailed analysis of the application of
the mathematical concept of HL conditions for this situation.

Data extrapolation using the HL conditions

The above mentioned Helgason-Ludwig consistency conditions can be
used to restore inconsistent projection data. Given here is a way to use
it for data extrapolation.



APPENDIX A. STATE OF THE ART 33

1. Segment a double wedged region in the 2D Fourier transform of
the initial sinogram.

2. Construct a shape model for sinogram detruncation and fit the
model to the observed sinogram which is truncated with an op-
timization algorithm that enforces the restriction that values in-
side the double wedge region of the FT region are zero

(a) Set up an elliptical model that is assumed to have a uni-
form density and also centered around the origin. Note that
an elliptical model is suitable for say the shape of the skull,
for other areas such as the knee, a combination of ellipses
should be chosen.

(b) Complete the observed or measured sinogram that is trun-
cated using forward projections of the ellipse model. Only
the sections outside the field of view need to be considered
here.

(c) Adjust the transition space of the completed sinogram by
adding or subtracting an offset to each row of the forward
projected sinogram. This is computed using the comparison
of neighboring pixels

(d) Compute the 2D FFT of the adjusted sinogram.

(e) Sum up all the energies in the double wedge region

(f) Minimize energy in the double wedge region by optimizing
the ellipse parameters.

(g) Perform step c with the estimated ellipse parameters and
perform the sinogram completion and transition smoothing

(h) Perform 2D FFT, enforce the constraint of having the resid-
ual energy in the double wedge as zero and perform the
inverse FFT.

3. The completed sinogram can be reconstructed using any pre-
ferred reconstruction technique.

Please refer to [A16] for a more detailed explanation of the procedure
and derivation of the required equations.

The 2D Fourier Transform via FFT is more more efficient computa-
tionally than using transforms such as Chebyshev-Fourier transform



34 APPENDIX A. STATE OF THE ART

(referenced later on under method of convex projections) or Lagrange-
Fourier transform. This helps this method be a good way of sinogram
recovery. The drawback is that the method would work best only for
centered objects. The authors had not analyzed how it would react in
the case of a non-centered object as there was no clarity on how the
zero energy region would be affected [A16].

Method of convex projections

Image restoration by method of convex projection became popular
since the publishing of [A17]. This method is one of the most popular
methods to tackle the sinogram recovery problem that we face here
too. Every complete sinogram g that is defined over Γ are assumed
to be part of the Hilbert space, G. A priori knowledge of the unknown
g ∈ G is used to form constraints that restricts g to lying in a closed
convex set Ci. If n properties are known, then there can be n different
constraint sets. The solution is to find a point of intersection given the
sets and the projection operators.

Helgason-Ludwig conditions established in section A.7.2 are used
as the primary constraints. The Chebyshev-Fourier transform is used
to relate the projection operator and the convex sets.

The approach can be then be summarized as computing a recon-
struction from the obtained sinogram; setting the image values of the
reconstructed image outside the unit disk as zero and then calculating
a new sinogram from the revised image. It is worth noting that having
an accurate knowledge of the sinogram support will significantly im-
prove the image characteristics. Please refer [A15] for a comprehensive
explanation of the procedure and the mathematical derivations.

The algorithm can be used on multitude of limited data problems
and not just for inconsistent projections. It also states to not diverge
in presence of noisy measurements as the noise considered in the ap-
proach.The Chebyshev-Fourier transform is however stated as not the
most efficient transform though. This method was also only devised
to work on a 2D parallel beam geometry. This does not mean that the
method will not work on different geometries, they however need to
be revisited and rewritten [A15].
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Statistical projection completion

This method proposes a penalized maximum likelihood statistical sino-
gram restoration approach that makes use of HL conditions stated in
section A.7.2 to correct for the missing data.

The flowchart for this method can be summarised as

1. Zero pad projections such that RFOV ⊇ SFOV

2. Rebin to parallel beam if required

3. Cosine transform in the channel direction

4. Initialize as:

l0i = log(di/yi), i ∈ Yinc (A.7)
l0i = 0, i ∈ Ymis (A.8)
b1 = [QT l0]r (A.9)

where,
di : air scan density at detector cell, i
li : unknown line integral from source to ith detector cell
Yi : CT transmission data
Yinc : Incomplete set of measurements
Ymis : Missing portion of the data
b : Concatenation of basis coefficients
Q : lkth column of q matrix

5. Do:

• Calculate l′, F (l′) and Λ(l′)

• Update b’

Until convergence, using

b′ ← b′ + α[QTΛ(l′)(Qb′ − F (l′))]r (A.10)

where, F (l) is the column vector and Λ(l) is the negative-definite
diagonal matrix.

6. Arc cosine transform along the channel direction
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7. Reconstruction for parallel beam

A very detailed and comprehensive proposal of this method can be
found at [A18].

The method greatly improves the precision and accuracy of the re-
constructed images within the FOV and recovers the truncated region
to a degree. The main advantage is however the removal of artifacts
from the region that is covered in the FOV (which would have artifacts
under normal reconstruction in this case). The method was not able to
recover the regions significantly beyond the truncation boundaries in
clinical scans. The authors believed that since the acquired raw patient
data were scaled line-integrals they needed to exponentiate the patient
data to obtain actual transmission data [A18]

A.8 Energy selection for contrast

Achieving good contrast for real life or complex objects using CT can
be tricky. This is due to the fact that CT numbers for different materials
can turn out to be the same. The attenuation or CT number is depen-
dant on the material composition or the effective atomic number of the
compound, the density of the material and the photon energies. It can
so happen that a combination of these result in similar attenuation for
different materials in the object. This would result in zero contrast be-
tween the two materials and hence reduce the information available
from the image. Since we cannot change the effective atomic num-
ber or the density of the object, we can rely on changing the photon
energy to differentiate the materials [A19]. The concept was initially
expressed in a paper by Hounsfield that image contrasts differ with
photon energy [A20].

It was later demonstrated that it was possible to differentiate the
measured attenuation values into their contributions from the photo-
electric and compton scattering processes even with the use of polyen-
ergetic x-ray source [A21]. Various techniques are available to imple-
ment dual (or multi) energy CT such as, sequential CT scans, dual
source systems that consist of two tubes to be used in different settings,
a single source CT system that has the capacity to switch between volt-
ages very fast or detectors that are capable of energy resolution [A22].
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A.9 microCT in geosciences

Geosciences or Earth sciences is a widely used term for domains of sci-
ence dedicated to the planet Earth. It is the branch of science that deals
with the physical constitution of our planet [A23]. A horde of tools
are available for this. micro CT is becoming an increasingly popular
choice for imaging internal structures of huge types of objects that in-
cludes geomaterials [A24]. This technique allows for a comprehensive
study of structural data, mineralogical characterizations and porosity
distribution of samples. These samples are sometimes excavated from
deep within the ocean floors and a technique that allows their study
without invasive procedures such as microCT imaging are highly wel-
come [A25]. The presence of a wide variety of sediments that vary in
their atomic number and density across eras spanning thousands of
decades enables the microCT to provide high resolution images with
great contrast [A26].
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