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Abstract 

 

Superlattices are special structures, where the composition of a thin film varies periodically [2, 

11]. They may consist of two or more elements (for example: n monolayers of element A, m 

monolayers of element B, n monolayers of element A, m monolayers of element B, etc.) [2, 11]. 

Superlattices are grown epitaxial on crystalline substrates. Semiconductor superlattices are 

considered to have a wide range of applications in future electronics [1]. 

 

This work is about the analysis of strain that occurs under hydrogen absorption in a superlattice. 

The superlattice consists of vanadium and chromium layers and is grown epitaxially on MgO and 

covered by a protective layer of palladium [2, 13]. Hydrogen is absorbed only by vanadium and 

causes expansion of the superlattice [2]. Hydrogen is loaded in the samples when we put them in 

a chamber with hydrogen gas in it. The concentration of hydrogen in the superlattice is 

increasing with hydrogen pressure. 

 

The data sets collected with X-ray diffraction for 18 different pressures of hydrogen were 

analysed by fitting Gaussian curves to the respective peaks. Values the peaks' position and 

intensity were extracted in order to calculate the lattice plane distance, the bilayer thickness and 

the strain wave's amplitude. It was discovered that the lattice plane distance, the bilayer thickness 

and the strain wave's amplitude increase with increasing pressure. It was also discovered that 

Cr/V, Fe/V and Fe0.5V0.5/V superlattices have similar pressure-concentration isotherms. 

 

Sammanfattning 

 

Supergitter är speciella strukturer, där sammansättningen av en tunn film varierar periodiskt [2, 

11]. De kan bestå av två eller flera element (till exempel: n monolager av element A, m 

monolager av element B, n monolager av element A, m monolager av element B, etc.) [2, 11]. 

Supergitter är stryckna epitaxiskt på kristalliska substrat. Halvledarsupergitter anses ha ett brett 

utbud av applikationer i framtida elektronik [1]. 
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Detta arbete handlar om analys av spänningen som uppstår vid väteabsorption i en supergitter. 

Supergitter består av vanadium och krom och är strycket epitaxiskt på MgO substraten och täckt 

med Pd skyddslager [2, 13]. Väte absorberas endast av vanadium och orsakar expansion av 

supergittret [2]. Vätgas laddas i proverna när vi lägger dem i en kammare med vätgas i den. 

Vätekoncentrationen i supergitter ökar med vätetryck. 

 

Datamängder som samlats in med röntgendiffraktion för 18 olika värde av vätetrycket 

analyserades genom anpassning av Gausskurvor till respektive toppar. Värdena för topparnas 

position och intensitet extraherades för att beräkna gitterplanets avstånd, dubbellagrets tjocklek 

och belastningsvågens amplitud. Det var upptäckt att gitterplanets avstånd, dubbellagrets 

tjocklek och belastningsvågens amplitud ökas med ökande trycket. Det var också upptäckt att 

Cr/V, Fe/V and Fe0,5V0,5/V supergitter har liknande isotermer för tryck och koncentration. 
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Introduction 

 

The creation of new materials and the study of their properties are very important for modern 

technology. One of the most interesting structures are superlattices. 

 

A superlattice is a single crystal structure that is grown using different materials, that are 

periodically interchanging and thus forming a period other than the unit cell. Superlattices are  

epitaxially on a single crystalline substrate. Superlattices have been developed for potential use 

in electronics, primarily as semiconductors in electro-optical and high speed electronic devices 

and as magnetic materials for magnetic or magneto-optical recording and readout [1]. Lattice 

strain plays central role in such devices [1]. 

 

Epitaxy [4] is the oriented growth of one crystal on another in such way that the unit cells have 

well defined orientation with respect to each other. An epitaxially grown superlattice can be 

considered as artificial single crystal defined by the repeat of two constituents down to the 

monolayer limit [2]. Such superlattices are usually created by molecular beam epitaxy or 

magnetron sputtering among other techniques [2]. Both methods base on the concept of raining 

particles on a heated substrate in high or ultra-high vacuum. 

 

In my degree work I investigate the absorption of hydrogen in the superlattices. Before hydrogen 

is absorbed, the superlattice is heated up to a temperature of several hundred degrees Celsius in 

the ultra-high vacuum [3]. Afterwards, hydrogen gas is introduced in the ultra high vacuum 

chamber and hydrogen atoms are absorbed by the superlattice. The hydrogen concentration in the 

sample is proportional to the hydrogen pressure in the chamber [3]. Hydrogen is not taken up by 

chromium but only by vanadium [2]. Inside the vanadium lattice hydrogen atoms are in 

tetrahedral or octahedral interstitial sites [15]. The absorption of hydrogen atoms in the vanadium 

layers expands the superlattice [3]. As a result the superlattice expands in direction that is 

perpendicular to the plane of the films since epitaxy of the superlattice relative to MgO substrate 

hinders expansion in other directions [3]. The superlattice is clamped to the substrate, so the 

atoms cannot move laterally [3]. 
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How to determine the distortion of the superlattice? It is possible by using x-ray diffraction. 

Recall the concept of diffraction, which manifest according to interference, that occurs when a 

wave passes through slits or around an obstacle [5]). When an electromagnetic wave passes 

through a diffraction grating (an array with parallel slits of equal width with equal spacings 

between them [5]) intensity of the diffracted wave increases in some directions relative to the 

incident beam (diffraction peaks) and goes to zero in other directions. In order to be diffracted 

from diffraction grating, the light must have a wavelength of the same order of magnitude as 

distance between the slits [5]. 

 

A crystal can also be considered analagous to diffraction grating with spacing between atomic 

layers instead of spacing between the slits of an optical diffraction grating. Because lattice 

spacing is very small, only highly energetic types of electromagnetic waves can be used, such as 

X-rays, gamma rays or elementary particles. The latter two types might even have too short 

wavelength, depending on the particle and energy. X-ray diffraction is a powerful technique that 

provides the possibility to study the crystalline structures [15]. 

 

We used X-ray diffraction in an experiment with hydrogen absorption in chromium-vanadium 

superlattice grown on a magnesium oxide substrate and covered by a layer of palladium, which 

works as both catalyst as hydrogen absorption and protection from oxidation [2, 13]. The 

scattered intensity (number of photon counts) was measured versus the scattering angle for 

different values of pressure [2]. My task is to get useful information from the experimental data 

by fitting the data by Gaussian lines using Curve Fitting Toolbox in MATLAB, to develop a 

software to calculate the lattice plane distance, bilayer thickness, and amplitude of the strain 

wave [2]. In my analysis I try to answer following questions: How does the addition of hydrogen 

affect superlattice?  How much is the superlattice strained during hydrogen absorption? How 

does the strain depend on hydrogen concentration? Does Cr/V, Fe/V and Fe0,5V0,5/V 

superlattices behave similarly during hydrogen absorption? 
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Background 

Symbols 

 

In order to avoid repeating the same thing I introduce the common symbols in table 1. (Number) 

means the number of the equation; [Number] means number of the reference source. 

  

Table 1. Symbols used in this work 

symbol unit Physical quantity 

d m Distance between the slits in a diffraction grating or between the different 

layers of atoms in a crystal 

ϕ degree Angle between the incoming and outgoing beams of visible light 

λ m Wavelength 

θ degree Angle between the incoming X-ray beam and the plane of reflection 

h No unit Miller indices 

k 

l 

a m Lattice parameters 

b 

c 

hkld  
m Distance between nearest (hkl) planes 

Λ m Bilayer thickness 

Vn  
No unit Number of monolayers in the vanadium layer 

Crn  
No unit Number of monolayers in the chromium layer 

Vd  
m Lattice spacing for vanadium 

Crd  
m Lattice spacing for chromium 

d  
m Averaged lattice spacing 

Vr  

No unit Ratio of V atoms in the bilayer (=7/8) 

0d  
m Initial value of averaged lattice spacing 

s No unit Order of the satellite (see subsection Superlattices as diffraction gratings in 

Background) 

sI   
No unit 

(number 

of 

counts) 

The intensity of the satellite with index +s or -s 
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0I  

No unit 

(number 

of 

counts) 

The intensity of the Bragg (fundamental) peak 

s  
No unit The strain wave amplitude 

s  
No unit The normalized contrast modulation coefficient 

V 3m  
Volume of the sample 

V0 
3m  

The initial volume of the sample 

HC  
No unit Concentration of the hydrogen in the vanadium layer (number of hydrogen 

atoms per one vanadium atom) 

ek  
No unit Hydrogen induced expansion coefficient 

bk  
No unit Hydrogen induced expansion coefficient for bulk vanadium 

zyxbk ,,,

 

No unit Hydrogen induced expansion coefficient for bulk vanadium in x, y, z 

directions 

ij  
m Strain tensor 

ν No unit Poisson tensor 

Y Pa Young modulus 

ij  
No unit Kronecker delta function 

ij  
Pa Stress tensor 

zbk ,  
No unit Expansion coefficient in z direction (perpendicular to the direction of the 

planes) 

xx  
Pa Stress in x direction (parallel with the direction of the planes) 

zz  

No unit Strain in z direction (perpendicular to the direction of the planes) 

fk  
No unit Film expansion coefficient 

P Pa Pressure 

0P  
Pa Reference pressure 

0h  
J The binding energy per hydrogen atom in the host matrix 
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u  
J The interaction energy 

maxC  
No unit Maximum concentration 

Bk  
J/K Boltsmann constant 

T K Temperature 

Q 1m  
Momentum transfer 

Q  
1m  

Momentum transfer for +1 peak 

Q  
1m  

Momentum transfer for -1 peak 

f No unit Atomic form factor 

Vf  No unit Atomic form factor of vanadium 

Crf  No unit Atomic form factor of chromium 

4,3,2,1  No unit Coefficients in equation (17) for atomic form factor 

4,3,2,1  

γ 

sa  
No unit Fourier coefficient of composition modulation (I take it to be equal to 1 in 

order to simplify the calculation) 

0  
m The initial value of bilayer thickness 

M No unit Number of bilayers 

At  
m Thickness of material A (formulas (20-23)) 

Bt  
m Thickness of material B (formulas (20-23)) 

AF  
 Structure factor of material A (formulas (20-23)) 

BF  
 Structure factor of material B (formulas (20-23)) 

n No unit Number of data points 

m No unit Number of coefficients, adjusted during the fit 

w m Interface fluctuation width 

u m Interface distance 
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Basic concepts 

 

A lattice is an arrangement of points with repeating pattern, and a crystal is a solid whose atoms 

form a lattice [4]. Most solids are crystalline [4]. Some solids, however, are not crystalline, e.g. 

glass, chocolate. 

 

Figure 1. Example of crystalline lattice of sodium cloride (NaCl) [6] 

 

Coherent interface is two crystal surfaces that are placed together and whose atoms are in perfect 

registry with each other [4]. Epitaxy is a process of growing coherent interfaces [4]. 

 

A superlattice is a periodic arrangement of layers of two or more elements [11]. A monolayer is 

a layer with the thickness of one atomic plane. An epitaxially grown superlattice can be 

considered as artificial single crystal defined by repeat of two constituents down to monolayer 

limit [2]. Such superlattices are created by molecular beam epitaxy or magneton sputtering [2]. 
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Figure 2. An example of superlattice, which consists of V and Cr layers, grown on MgO 

substrate and covered by Pd capping. Two types of interstitial sites, that hydrogen can occupy, 

are shown: tetrahedral ( zT ) and octahedral ( zO ) [12]. Crystallographic directions ae viewed at 

the left. 

 

Interference is the superposition of waves [5]. If two or more waves overlap, the resultant 

displacement at any point and at any time if found by adding the instantaneous displacements at 

the point that would be produced by individual waves [5]. This principle is called the principle of 

superposition and leads to the intensification or ceasing of overlapping waves [5]. Since visible 

light, X-ray and elementary particles have wave-like properties (as result of wave-matter duality) 

the interference concept applies to them too. 

 

If a wave passes through slits or around an obstacle, then interference patterns occur. This is 

called diffraction [5]. An array with a large number of slits with equal width and equal spacing 

between slits is called diffraction grating [5]. When light passes through a diffraction grating, 

the interference pattern consists of stripes of intensified and ceased intensity [5]. When we look 

at the interference pattern from a grating seen on screen we can see the thickest stripe of light 

lying in the middle and the narrower stripes lying to the right or to the left of the thickest stripe, 

all divided by stripes of shadow [5]. 
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Figure 3. As the light passes through the diffraction grating, an interference pattern occurs. 0
th

 

order (s=0) and satellite (s=1,2) peaks can be seen for both blue and red colour. Since blue and 

red light have different wavelengths, blue and red satellite peaks have different positions. 

 

 

The interference maxima from an optical diffraction grating can be calculated by the following 

law [16]: 

 

 sd sin ,   (1) 

 

This rule helps us to determine position of peaks in the diffraction pattern [5]. In order to be 

diffracted in diffraction grating, length of the wave λ must have same order of magnitude as 

distance between the slits d [5]. 
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Solid crystals as diffraction grating 

 

Crystals can be also considered as diffraction grating with lattice spacing (distance between two 

layers of atoms) instead of spacing between the slits. Since the distance between lattice planes is 

very small, X-rays or elementary particles (because of wave particle duality) are used. 

 

The following law describes condition for maxima in diffraction from crystals (Bragg's law) [14, 

15]: 

 

 sd sin2 ,   (2) 

 

This rule helps us to determine the position of the peaks in the diffraction pattern [5]. In order to 

be diffracted from the diffraction grating, wavelength λ must have same order of magnitude as 

distance between the slits or atomic planes d [5]. If the crystalline lattice is orthorhombic, then 
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Figure 4. Application of Bragg’s law to crystalline lattice [7] 
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Superlattices as diffraction gratings 

 

A satellite is a peak that manifests in diffraction and reflectometry measurements, due to the 

superlattice periodicity of the bilayer. Satellites, as predicted by standard scattering theory, may 

appear in orders, as any other Bragg reflection. 

 

 

Figure 5. Classification for intensity peaks of diffracted X-ray beam (denoted as +s or –s in my 

formulas). We denote the largest peak by 0 (fundamental peak), peaks to the left of the 

fundamental one as …-2,-1, and peaks to the right as +1,+2,+3… The palladium peak (Pd) has a 

very strange form and doesn’t come from diffraction in the superlattice. It comes from the X-ray 

reflection in the palladium capping (see fig. 6). I plotted decimal logarithm of the intensity here. 
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Fig. 6. Classification of all peaks from the superlattice. Fe/V(002) is Bragg peak (0 on Fig. 5) 

[13] 

 

A useful parameter for studying of the superlattices is bilayer thickness, which is thickness of 

one vanadium layer and one chromium layer. According to [1] bilayer thickness equals: 

CrCrVV dndn    (4) 

 

The other useful parameter is lattice plane distance (distance between two monolayers) in x 

direction (see figure 2). Accjrding to [1] it equals 

  CrVVV drdrd  1 ,  (5) 

 

According to the formula 




cot
0d

d
  (6) 

all peaks shift to lower angles with hydrogen loading [3]. 
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The strain wave (expansion of V layers while Cr layers remain same size) that develops in the 

superlattice leads to modification of intensities as well. This is described by the following 

formula [3]: 

2

0

1 














 


sdI

I
ss

s    (7) 

 

Linear expansion of the superlattice 

 

Introduction of hydrogen atoms in the lattice leads to the expansion of vanadium layers in all 

directions. However, because of clamping to the MgO substrate, the superlattice expands only in 

the direction perpendicular to the substrate’s plane. Clamping with the substrate does not allow 

contraction in the in-plane direction. The atoms stay in registry with the substrate, due to the 

epitaxial relation. [13] 

 

Definition of hydrogen-induced expansion coefficient [13] 

HeCk
V

V




0
,  (8) 

 

Coefficient of isotropic expansion in each crystallographic direction [13] 

113
,,,  bzyxb kk ,  (9) 

 

Generalized expression of the elastic response [13] 

 





k

kkijijij
YY








1

,  (10) 

Young modulus (Y) and Poisson ratio (ν) are constants that depend on the material. 

 

Then following expressions can be derived [13]: 
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   (11) 







1
,

Y
k zbxx   (12) 

 

Combining (11) and (12) we get the film expansion coefficient [13] 

















1

2
1

8

7
,zbf kk  (13) 

Where the factor of 7/8 accounts for proportion of V layers in the superlattice, 1 in the brackets 

accounts for the hydrogen induced expansion of V, and 




1

2
 accounts for the correction due to 

the contraction in the xy-plane caused by the clamping to the MgO substrate. If bulk value of 

expansion coefficient for vanadium bk  = 0.191(3), and value for the Poisson ratio is 0.342(2), 

then the clamped film expansion coefficient fk  = 0.107(5). 

 

During hydrogen absorption different parts of the superlattice behave differently. Vanadium 

layers absorb hydrogen [2] and expand [3], i.e. get positive strain. Chromium layers remain the 

same size because the do not absorb hydrogen [2]. Thus, strain in the superlattice varies 

periodically in direction perpendicular to the plane of layers (z direction on figure 2) in phase 

with variation of elements in the superlattice . 

 

Absorption of hydrogen in vanadium 

 

When the superlattice is exposed to hydrogen, the hydrogen in the lattice and the gas form of 

hydrogen have different chemical potentials [15]. A layer of catalyst (palladium) on the surface 

of the vanadium layers helps hydrogen molecules to dissociate into hydrogen atoms. [15] Then 

atomic hydrogen diffuses through the palladium layer, and the hydrogen concentration in the 

superlattice increases. [15] 
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Figure 7. Absorption of the hydrogen in the vanadium layer 

 

According to [15], the hydrogenation of vanadium is an exothermic process. The heat of solution 

for vanadium (-0.31 eV) is lower than for palladium (-0.20 eV) [15]. Thermodynamic 

equilibrium takes place when the chemical potential of the absorbed hydrogen lat  equals half 

the chemical potential of the gas gas . [15] 

 

 

Figure 8. Typical interstitial sites for hydrogen atoms in the vanadium lattice [15] 

 

After the uptake of hydrogen the hydrogen atom occupies an interstitial site of the vanadium 

lattice [15]. There are two types of interstitial sites in vanadium: tetrahedral and octahedral 

depending on concentration (see fig. 6) [15]. During the hydrogen absorption there are two 
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phases of vanadium hydride systems: α and β phase [15]. The phase observed at low 

concentrations in the bulk vanadium, the α phase, has tetrahedral interstitial site occupancy [15]. 

At higher concentration in bulk vanadium the β phase is associated with the octahedral site 

occupancy [15]. 

 

 

Figure 9. Phase diagram for bulk vanadium hydride 

 

Temperature, hydrogen pressure and hydrogen concentration can be connected by following 

formula [15]: 

 

























H

H
BHB

CC

C
TkCuh

P

P
Tk

max

0

0

lnln
2

1
  (14) 

 

This formula comes from free energy and equal chemical potential for gas and hydride. 
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Method 

 

Experiment 

 

Diffraction patterns with a chromium-vanadium superlattice (two of sixteen monolayers were 

chromium in the superperlattice). During the experiment Cr-V – 2/14 superlattice was heated to 

225 degrees Celsius in ultra-high vacuum. Then a defined pressure hydrogen was let into the 

chamber, and the sample got exposed to it. Hydrogen is absorbed only in vanadium, not 

chromium [2]. During the experiment measurements of the intensities of the diffracted X-ray 

beams were collected in the dependence of the scattering angle and pressure of hydrogen. 

 

Data 

 

Data were collected for 18 pressures. The wavelength of the X-ray was 0.154 nm. (All data and 

its graphs are in the appendix). Pressure was measured in Torr (1 Torr = 133.32 Pa). In this thesis 

the data is evaluated with respect to the position of the peaks and their intensity in order to 

calculate the lattice plane distances in iron and vanadium, half of the bilayer thickness and 

amplitude of the strain wave. 

 

Software 

 

I fitted the decimal logarithmic function of intensities with a Gaussian curves by using the Curve 

Fitting Toolbox (MATLAB plug-in). All graphs are presented in the appendix. 

 

I made a program for further analysis, which I named proverka2.m. This program bases on the 

following formulas: 

 

 

 

 



 21 

Definition of the momentum transfer [14] 

 



 sin4
Q ,   (15) 

 

Formula for the bilayer thickness (it is derived from equations (2) & (15)) 

 


QQ

4
  (16) 

 

According to [8] the atomic form factor can be approximated by 

  

























4

1

2

4
exp

i

ii

Q
Qf




  (17) 

where coefficients γ, i , i , etc are defined according to the table 2. If you need to calculate 

atomic factor for vanadium, use values from the first row of the table 1. If you need atomic factor 

for chromium, use values from the second row of the table 2. 

 

Table 2. Coefficients in formula for atomic form factor [8] 

Elements 1  1  2  2  3  3  
4  4    

V 10.2971 6.8657 7.3511 0.4385 2.0703 26.8938 2.0571 102.478 1.2199 

Cr  10.6406  6.1038   7.3537   0.392   3.324   20.2626   1.4922   98.7399  1.1832  

 

According to [8] approximation of the atomic form factor by equation (17) is valid if 0 < Q < 25 

Å
-1

. According to figure 46 in the appendix, values of momentum transfer for +1 & -1 diffraction 

peaks vary between 3.6 and 4.4 Å
-1

. 

 

From the atomic form factors the normalized contrast modulation coefficient was calculated 

according to 

  VVCrV

VCr

s
frfr

ff






1


sa  (18) [9] 
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In equation (18) I take sa =1 for simplification of calculation. 

 

According to [9] the strain wave amplitude can be calculated from 








 








 














sdsdI

I

I

I

ss

11

1


  (19) 

 

 

According to [14] the formula for hydrogen concentration in a clamped film is 

 

ofofof

H
kd

d

kV

V

k
C












111
,  (20) 

 

Results 

 

The results of fitting in following discussion are based on figures 10-14. From fig. 10 it is seen 

that the lattice plane distance increases with increasing hydrogen pressure as expected. Assuming 

a linear expansion of the lattice with hydrogen concentration this expansion can be scaled to 

hydrogen concentration. 
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Figure 10. Graph of lattice plane distance versus pressure 

 

From the graphs, which I got using my software in combination with MATLAB application, it is 

possible to see many interesting things. Both lattice plane distance and bilayer thickness grow 

with increasing hydrogen pressure as it was expected (fig. 7 & 8).  
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Figure 11. Graph of half bilayer thickness versus pressure 

 

Figure 12. Graph of amplitude of strain wave versus pressure 
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Strain wave’s amplitude first decreases for small values of pressure, increases until hydrogen 

pressure with oscillation between 7 and 17 Torr (fig. 12). I expected that amplitude of strain 

wave would constantly increase with pressure’s increasing. 

 

The most interesting thing is total coincidence of two curves for strain wave’s amplitude (fig. 

12). Formulas (15) and (17) allowed using angular position of either +1 or –1 peak. I tried with 

both and got coincidence. Curves of strain wave’s amplitude on fig. 13, that I got using the 

values for the bilayer thickness and the lattice plane distance, are also partially coincident. 

 

 

Fig. 13. Graph of the strain wave’s amplitude versus concentration (the values of concentration 

are calculated using bilayer thickness and lattice plane distance) 
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Fig. 14. Pressure-composition isotherms of hydrogen in the V layers for the Cr/V – 2/14 sample 

(the values of concentration are calculated using bilayer thickness and lattice plane distance) 

 

The pressure-concentration isotherms on fig. 14 can be compared with other isotherms on fig. 15 

& 16. We can see that graphs on fig. 14-16 demonstrate very similar patterns. We can explain the 

differences between the graphs by differences in temperatures. The lower temperature is, the 

lower pressure is needed to achieve higher concentration. There is very small difference in 

temperature (498.15 K on fig. 15, 423-491 on fig. 15-16), which explains the similarity of the 

graphs. 
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Fig. 15. Pressure-composition isotherms of hydrogen in the V layers for the  Fe/V – 3/16 sample 

[12] 

 

Fig. 16. Pressure-composition isotherms of hydrogen in the V layers for the VVFe /5.05.0  sample 

[13] 
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Discussion 

 

How large the errors were during the fitting? This answer is contained in variables SSE (sum of 

squares due to error), R-square, adjusted R-square, RMSE (root mean square error). 

 

SSE is sum of squares of differences between the experimental values and values of the fitted 

curve. The closer SSE is to 0, the better the fit is. The total sum of squares (SST) is the sum of 

squares of differences between the experimental values and the mean value of y. R-square is 

determined by formula R-square = 1 - 
SST

SSE
. R-square is more intuitive than SSE because it 

varies between 0 and 1, values closer to 1 mean a better fit. R-square can be adjusted for degrees 

of freedom: adjusted R-square = 1 - 
 
 mnSST

nSSE



1
, where n is number of data points, and m is 

number coefficients. RMSE equals to 
mn

SSE


. The closer SSE is to 0, the better fit is. [10] 

 

Figure 17. Graph of SSE (vertical axis) versus pressure (horizontal axis, in Torr) 
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Figure 18. Graph of RMSE (vertical axis) versus pressure (horizontal axis, in Torr) 

 

 

Figure 19. Graph of RMSE (vertical axis) versus pressure (horizontal axis, in Torr)  
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Consider fig. 17-19 and table 4 in the appendix. There you can see that R-square and its adjusted 

version are close to 1 (should indicate good fit). SSE oscillates between 15 and 40, which is 

explained easily by oscillations in the lower part of decimal logarithm of experimental data (see 

fig. 23-40). 

 

All data sets were fitted using an equation like 

























 


n

i i

i

i
c
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1

2

0 exp . 

 

Recommendation 

 

There is an exact formula for diffracted X-ray’s intensity from [11] 
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(20) 

 

Where A & B are any two elements, ξ = 2/22wQiQu  , < > mean average value, * mean 

complex conjugate, Re means the real part of a complex number in the bracket, and the other 

parameters are defined by following formulas 

 (21) 

*

A

iQt

A Fe A , 
*

B

iQt

B Fe B  (22) 

AiQt

A eT  , 
BiQt

B eT   (23) 

 

It will be perfect if somebody creates a program that uses this very long formula and is very fast, 

useful and convenient. 
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Conclusions 

 

In my degree work I studied the behaviour of Cr-V superlattice during hydrogen absorption in 

the vanadium layers. I fitted data with Gaussian curves, and then used the coefficients to 

calculate lattice plane distance, bilayer thickness and strain wave’s amplitude. I found that the 

bilayer thickness, the lattice plane distance, and the strain wave’s amplitude increase during all 

process as it was predicted. It was observed that pressure-concentration isotherms for Cr/V, Fe/V 

and Fe0.5V0.5/V superlattices are very similar. 
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Appendix 

 

Software 

 

Proverka2.m 

    close all 

    clear all 

 

    lambda = 0.154*10^(-9); 

 

    pressure = [0.629 2.101 3.531 5.636 7.576 9.286 10.04 10.74 11.14 11.71 ... 

        12.39 13.63 17.32 40.27 80.49 150 300 495]'; 

 

    filename = {'0,629' '2,101' '3,531' '5,636' '7,576' '9,286' '10,04' '10,74' ... 

        '11,14' '11,71' '12,39' '13,63' '17,32' '40,27' '80,49' '150' '300' '495'}; 

 

    A = [1.167 1.16 1.16 1.175 1.181 1.164 1.186 1.162 1.163 1.163 1.169 1.183 ... 

        1.147 1.163 1.156 1.514 1.542 1.454]; 

 

    A0 = [1.953 0.7551; 1.937 0.7736; 1.928 0.7754; 1.959 0.7085; 1.912 0.7456;... 

        0.6559 1.829; 1.622 0.6733; 0.6878 1.562; 1.372 0.7882; 1.258 0.77;... 

        0.6999 1.245; 1.24 0.7506; 0.667 1.535; 1.729 0.5171; 1.727 0.516;... 

        1.79 0.7508; 1.779 0.7697; 1.73 0.9296]; 
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    B0 = [60.76 60.56; 60.64 60.46; 60.55 60.37; 60.43 60.24; 60.3 60.1;... 

        59.92 60.16; 60.09 59.9; 59.76 59.95; 59.78 59.61; 59.56 59.38;... 

        59.17 59.27; 58.99 58.9; 58.39 58.55; 57.83 57.59; 57.37 57.11;... 

        56.85 56.57; 56.53 56.26; 56.32 56.13]; 

 

    C0 = [0.2456 0.9361; 0.2433 0.9462; 0.2417 0.9692; 0.2506 0.9729; 0.2461 0.9528;... 

        1.055 0.2816; 0.2894 -0.9718; 1.073 0.3052; 0.3262 1.055; 0.397 1.096;... 

        1.089 0.4586; 0.3811 0.9463; 0.9282 0.2962; 0.2729 0.9479; 0.2701 1.071;... 

        0.2861 1.125; 0.2821 1.066; 0.2662 1.08]; 

 

    Aminus = [1.258 0; 1.286 0; 1.289 0; 1.329 0; 1.353 0; 1.178 0.2395;... 

        0.8747 0.3663; 0.3402 0.9103; 0.8141 0.4412; 0.569 0.6808; 0.6541 0.6191;... 

        0.8352 0.5545; 0.4631 1.149; 1.395 0.3022; 1.413 0.3054; 1.551 0.4474;... 

        1.567 0.415; 1.615 0.4794]; 

 

    Bminus = [56.57 0; 56.45 0; 56.37 0; 56.25 0; 56.13 0; 56 55.64; 55.94 55.68;... 

        55.48 55.82; 55.67 55.34; 55.23 55.5; 55.23 55.05; 54.96 54.83; 54.48 54.54;... 

        53.88 53.88; 53.46 53.55; 52.97 53.19; 52.68 52.99; 52.49 52.84]; 

 

    Cminus = [0.2053 100; 0.2071 100; 0.2108 100; 0.2164 100; 0.2255 100;... 

        0.1959 0.8534; 0.217 0.6511; 0.7977 0.2383; 0.2527 0.7223; 0.6918 0.2707;... 

        0.293 0.711; 0.2887 0.7074; 0.788 0.2621; 0.2646 1.04; 0.2668 1.261;... 

        0.2882 1.332; 0.291 1.405; 0.2961 1.898]; 

 

    Aplus = [0.8759 0; 0.92 0; 0.9743 0; 0.9745 0; 1.004 0; 0.9254 0; 0.7908 0;... 

        0.8076 0; 0.651 0.2204; 0.6417 0.1859; 0.3919 0.4964; 0.8797 0;... 

        0.3664 0.8691; 0.4971 0.7739; 0.8015 0.4202; 0.8497 0.6372;... 

        1.381 0.2176; 0.9845 0.5592]; 

 

    Bplus = [65 0; 64.87 0; 64.77 0; 64.63 0; 64.49 0; 64.33 0; 64.25 0; 64.1 0;... 

        63.94 63.67; 63.7 63.3; 63.46 63.21; 63.04 0; 62.47 62.61;... 
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        61.81 61.82; 61.31 61.33; 60.78 60.72; 60.39 60.81; 60.16 60.22]; 

 

    Cplus = [0.1849 100; 0.1911 100; 0.1958 100; 0.205 100; 0.2067 100;... 

        0.2401 100; 0.2536 100; 0.2763 100; 0.2357 0.6705; 0.3194 0.7866;... 

        0.2851 0.5876; 0.4534 100; 0.6252 0.243; 0.4702 0.2047;... 

        0.1927 0.4833; 0.4144 0.1659; 0.2732 0.1694; 0.2078 0.5995]; 

 

    mu0=zeros(length(pressure),1); 

    I0=zeros(length(pressure),1); 

    muplus=zeros(length(pressure),1); 

    Iplus=zeros(length(pressure),1); 

    muminus=zeros(length(pressure),1); 

    Iminus=zeros(length(pressure),1); 

 

    for i=1:length(pressure) 

        Data = load(['Data/XRD/diff_',filename{i},'Torr_225c_33secperstep.dat']); 

        x=Data(:,1); 

 

        %fundamental peaks 

        I0(i)=integral(@(x) 10.^(A0(i,1)*exp(-((x-B0(i,1))/C0(i,1)).^2)... 

            +A0(i,2)*exp(-((x-B0(i,2))/C0(i,2)).^2)+A(i))-10^A(i), x(1), x(length(x))); 

        if C0(i, 2)<C0(i, 1) 

            mu0(i)=B0(i, 2); 

        else 

            mu0(i)=B0(i, 1); 

        end 

 

        %+1 peaks 

        Iplus(i)=integral(@(x) 10.^(Aplus(i,1)*exp(-((x-

Bplus(i,1))/Cplus(i,1)).^2)+Aplus(i,2)*exp(-((x-Bplus(i,2))/Cplus(i,2)).^2)+A(i))-10^A(i), x(1), 

x(length(x))); 
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    %     if Cplus(i, 2)<Cplus(i, 1) 

    %         muplus(i)=Bplus(i, 2); 

    %     else 

    %         muplus(i)=Bplus(i, 1); 

    %     end 

 

     

    muplus(i)= fminsearch(@(x)(10-Aplus(i,1)*exp(-((x-Bplus(i,1))/Cplus(i,1)).^2)-

Aplus(i,2)*exp(-((x-Bplus(i,2))/Cplus(i,2)).^2)-A(i)), Bplus(i,1)); 

 

        %-1 peaks 

        Iminus(i)=integral(@(x) 10.^(Aminus(i,1)*exp(-((x-Bminus(i,1))/Cminus(i,1)).^2)... 

            +Aminus(i,2)*exp(-((x-Bminus(i,2))/Cminus(i,2)).^2)+A(i))-10^A(i), x(1), x(length(x))); 

    %     if Cminus(i, 2)<Cminus(i, 1) 

    %         muminus(i)=Bminus(i, 2); 

    %     else 

    %         muminus(i)=Bminus(i, 1); 

    %     end 

    muminus(i)= fminsearch(@(x)(10-Aminus(i,1)*exp(-((x-Bminus(i,1))/Cminus(i,1)).^2)-

Aminus(i,2)*exp(-((x-Bminus(i,2))/Cminus(i,2)).^2)-A(i)), Bminus(i,1)); 

 

    end 

 

    disp(muplus) 

    disp(muminus) 

 

%     Qplus=(2*pi/lambda)*sind(muplus); 

%  

%     Qminus=(2*pi/lambda)*sind(muminus); 

 

Qplus = (4*pi/lambda)*sind(muplus/2); 
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Qminus = (4*pi/lambda)*sind(muminus/2); 

 

DeltaQ=Qplus-Qminus; 

 

    D=2*pi./DeltaQ; 

 

    d=lambda./(2*sind(mu0/2)); 

 

    figure 

    plot(pressure,Iplus) 

    hold on 

    plot(pressure,Iminus) 

    hold off 

 

    figure 

    plot(pressure, muplus) 

    hold on 

    plot(pressure, muminus) 

    plot(pressure, mu0) 

    hold off 

 

    figure 

    plot(pressure, Qplus) 

    hold on 

    plot(pressure, Qminus) 

    hold off 

 

    figure 

    semilogx(pressure, DeltaQ) 

    title('DeltaQ'); 
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    figure 

    loglog(pressure,d) 

    title('Lattice plane diatance') 

    xlabel('pressure (in Torr)') 

    ylabel('Lattice plane diatance') 

    figure 

    semilogx(pressure,D) 

    title('Half bilayer thickness') 

    xlabel('pressure (in Torr)') 

    ylabel('Half bilayer thickness') 

 

    koefficient = [10.2971 6.8657 7.3511 0.4385 2.0703 26.8938 2.0571 102.478 1.2199; 

        11.7695 4.7611 7.3573 0.3072 3.5222 15.3535 2.3045 76.8805 1.0369]; 

 

    f_V = koefficient(1,5)*ones(18,2); 

 

    f_Cr = koefficient(2,5)*ones(18,2); 

 

    for k=0:3 

        f_V = f_V + [koefficient(1, 2*k+1)*exp(-koefficient(1, 2*k+2)*(Qplus/(4*pi)).^2)... 

            koefficient(1, 2*k+1)*exp(-koefficient(1, 2*k+2)*(Qminus/(4*pi)).^2)]; 

        f_Cr = f_Cr + [koefficient(2, 2*k+1)*exp(-koefficient(2, 2*k+2)*(Qplus/(4*pi)).^2)... 

            koefficient(2, 2*k+1)*exp(-koefficient(2, 2*k+2)*(Qminus/(4*pi)).^2)]; 

    end 

 

    a_s = 1; 

 

    a_V = 0.875; 
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    eta = a_s*(f_Cr-f_V)./(a_V*f_V+(1-a_V)*f_Cr); 

 

    epsilon = zeros(18, 2); 

    epsilon(:,1) = eta(:,1).*(sqrt(Iplus./Iminus)-1)./(sqrt(Iplus./Iminus).*(1-2*D./d)-(1+2*D./d)); 

    epsilon(:,2) = eta(:,2).*(sqrt(Iplus./Iminus)-1)./(sqrt(Iplus./Iminus).*(1-2*D./d)-(1+2*D./d)); 

 

    disp(epsilon) 

 

    figure 

    semilogx(pressure, epsilon(:,1)) 

    hold on 

    semilogx(pressure, epsilon(:,2)) 

    hold off 

    title('Fourier coefficients of strain wave') 

    xlabel('pressure (in Torr)') 

    ylabel('Fourier coefficients') 

    legend('+1 peak', '-1 peak') 

 

    figure 

    plot(muplus, epsilon(:,1)) 

    hold on 

    plot(muminus, epsilon(:,2)) 

    hold off 

    title('Fourier coefficients of strain wave') 

    xlabel('position of satellite peaks as double angle (in degrees)') 

    ylabel('Fourier coefficients') 

    legend('+1 peak', '-1 peak') 

 

    figure 

    plot(mu0, epsilon(:,1)) 

    hold on 
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    plot(mu0, epsilon(:,2)) 

    hold off 

    title('Fourier coefficients of strain wave') 

    xlabel('lattice plane distance (in m)') 

    ylabel('Fourier coefficients') 

    legend('+1 peak', '-1 peak') 

 

    xposition = 1:0.001:10; 

    strain_wave = epsilon(3,1)*sin(2*pi*1*xposition); 

    figure 

    plot(xposition, strain_wave) 

 

    SSE=[27.46 

    27.43 

    38.1 

    31.32 

    26.12 

    27.11 

    31.51 

    25.83 

    23.11 

    21.67 

    23.17 

    18.73 

    24.21 

    21.4197 

    23.5198 

    38.2223 

    34.4763 

    14.495]; 
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    RS = [0.9213 

    0.9215 

    0.8986 

    0.9123 

    0.925 

    0.9202 

    0.8996 

    0.9173 

    0.927 

    0.9337 

    0.9331 

    0.9423 

    0.932 

    0.9353 

    0.9298 

    0.9251 

    0.9285 

    0.973]; 

 

    ARS=[0.9208 

    0.921 

    0.8981 

    0.9117 

    0.9245 

    0.9196 

    0.899 

    0.9167 

    0.9263 

    0.9331 

    0.9324 

    0.9418 
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    0.9312 

    0.9346 

    0.9291 

    0.9243 

    0.9276 

    0.9726]; 

 

    RMSE = [0.1175 

    0.124 

    0.1237 

    0.1255 

    0.1213 

    0.1169 

    0.1199 

    0.1151 

    0.1104 

    0.1066 

    0.1082 

    0.1046 

    0.1107 

    0.1087 

    0.109 

    0.1296 

    0.1327 

    0.0796]; 

 

    figure 

    semilogx(pressure, SSE); 

    figure 

    semilogx(pressure, RS); 

    hold on 
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    semilogx(pressure, ARS); 

    legend('R-square', 'Adjusted R-square') 

    hold off 

    figure 

    semilogx(pressure, RMSE); 

     

   kfilm=0.875*(1.191^(1/3)-1)*1.342/(1-0.342); 

     

    concentration1 = (d-d(1))/(d(1)*kfilm); 

     

    concentration2 = (D-D(1))/(D(1)*kfilm); 

    

   figure 

   semilogy(concentration1, pressure*133.32, 'b*') 

   hold on 

   semilogy(concentration2, pressure*133.32, 'r*') 

   title('Pressure versus H concentration in V') 

   xlabel('Concentration (H/V)') 

   ylabel('Pressure') 

   hold off 

    

   figure 

   plot(concentration1, epsilon(:,1), 'b-') 

   hold on 

   plot(concentration2, epsilon(:,1), 'r-') 

   title('Amplitude of strain wave') 

   xlabel('Concentration (H/V)') 

   ylabel('Amplitude of strain wave') 

   hold off 

 

easyfit2.m 
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Data = load('Data/XRD/diff_495Torr_225c_33secperstep.dat'); 

x=Data(:,1); y=log10(Data(:,2)); 

gaussEqn='a0 + a1*exp(-((x-b1)/c1)^2) + a2*exp(-((x-b2)/c2)^2) + a3*exp(-((x-b3)/c3)^2) + 

a4*exp(-((x-b4)/c4)^2) + a5*exp(-((x-b5)/c5)^2) + a6*exp(-((x-b6)/c6)^2) + a7*exp(-((x-

b7)/c7)^2) + a8*exp(-((x-b8)/c8)^2) + a9*exp(-((x-b9)/c9)^2)'; 

[F, G]=fit(x,y,gaussEqn,'StartPoint', [1.46, 1.838, 0.7727, 1.542, 0.9415, 0.573, 0.6044, 0.7973, 

0.2899, 0.6849, 56.32, 56.03, 52.49, 60.16, 52.63, 60.22, 64.1, 68.09, 46.61, 0.3132, 1.162, 

0.274, 0.1997, 1.43, 0.5674, 0.3235, 0.2784, 1.593], 'Lower', [0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 

0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0]); 

disp(F); disp(G); 

plot(F,x,y); 

 

Graphs 

 

 

 

Figure 20. Graph of lattice plane distance versus pressure 
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Figure 21. Graph of half bilayer thickness versus pressure 

 

Figure 22. Graph of amplitude of strain wave versus pressure 
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Figure 23. X-ray diffraction measurement for pressure 0.629 Torr. 
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Figure 24. X-ray diffraction measurement for pressure 2.101 Torr. 
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Figure 25. X-ray diffraction measurement for pressure 3.531 Torr. 
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Figure 26. X-ray diffraction measurement for pressure 5.636 Torr. 
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Figure 27. X-ray diffraction measurement for pressure 7.576 Torr. 
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Figure 28. X-ray diffraction measurement for pressure 9.286 Torr. 
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Figure 29. X-ray diffraction measurement for pressure 10.04 Torr. 
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Figure 30. X-ray diffraction measurement for pressure 10.74 Torr. 
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Figure 31. X-ray diffraction measurement for pressure 11.14 Torr. 
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Figure 32. X-ray diffraction measurement for pressure 11.71 Torr. 
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Figure 33. X-ray diffraction measurement for pressure 12.39 Torr. 
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Figure 34. X-ray diffraction measurement for pressure 13.63 Torr. 
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Figure 35. X-ray diffraction measurement for pressure 17.32 Torr. 
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Figure 36. X-ray diffraction measurement for pressure 40.27 Torr. 
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Figure 37. X-ray diffraction measurement for pressure 80.49 Torr. 
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Figure 38. X-ray diffraction measurement for pressure 150 Torr. 
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Figure 39. X-ray diffraction measurement for pressure 300 Torr. 
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Figure 40. X-ray diffraction measurement for pressure 495 Torr. 
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Figure 41. Graph of SSE (vertical axis) versus pressure (horizontal axis, in Torr) 

 

 

Figure 42. Graph of RMSE (vertical axis) versus pressure (horizontal axis, in Torr) 
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Figure 43. Graph of RMSE (vertical axis) versus pressure (horizontal axis, in Torr) 
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Fig. 44. Graph of the strain wave’s amplitude versus concentration (the values of concentration 

are calculated using bilayer thickness and lattice plane distance) 
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Fig. 45. Graph of hydrogen pressure (in Pa) versus concentration (the values of concentration are 

calculated using bilayer thickness and lattice plane distance) 
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Figure 45. Momentum transfer, calculated for +1 and –1 peaks. 

 

Tables 

 

Table 3. Results of the fits 

Pressure 
Index of 
the peak Amplitude Position 

Standard 
deviation 
times root 
of 2 Background 

0.629 -1 1.258 56.57 0.2053 1.167 

0.629 0 1.953 60.76 0.2456 1.167 

0.629 0 0.7551 60.56 0.9361 1.167 

0.629 1 0.8759 65 0.1849 1.167 

2.101 -1 1.286 56.45 0.2071 1.16 

2.101 0 1.937 60.64 0.2433 1.16 

2.101 0 0.7736 60.46 0.9462 1.16 

2.101 1 0.92 64.87 0.1911 1.16 

3.531 -1 1.289 56.37 0.2108 1.16 

3.531 0 1.928 60.55 0.2417 1.16 

3.531 0 0.7754 60.37 0.9692 1.16 

3.531 1 0.9743 64.77 0.1958 1.16 
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5.636 -1 1.329 56.25 0.2164 1.175 

5.636 0 1.959 60.43 0.2506 1.175 

5.636 0 0.7085 60.24 0.9729 1.175 

5.636 1 0.9745 64.63 0.205 1.175 

7.576 -1 1.353 56.13 0.2255 1.181 

7.576 0 1.912 60.3 0.2461 1.181 

7.576 0 0.7456 60.1 0.9528 1.181 

7.576 1 1.004 64.49 0.2067 1.181 

9.286 -1 1.178 56 0.1959 1.164 

9.286 -1 0.2395 55.64 0.8534 1.164 

9.286 0 0.6559 59.92 1.055 1.164 

9.286 0 1.829 60.16 0.2816 1.164 

9.286 1 0.9254 64.33 0.2401 1.164 

10.04 -1 0.8747 55.94 0.217 1.186 

10.04 -1 0.3663 55.68 0.6511 1.186 

10.04 0 1.622 60.09 0.2894 1.186 

10.04 0 0.6733 59.9 -0.9718 1.186 

10.04 1 0.7908 64.25 0.2536 1.186 

10.74 -1 0.3402 55.48 0.7977 1.162 

10.74 -1 0.9103 55.82 0.2383 1.162 

10.74 0 0.6878 59.76 1.073 1.162 

10.74 0 1.562 59.95 0.3052 1.162 

10.74 1 0.8076 64.1 0.2763 1.162 

11.14 -1 0.8141 55.67 0.2527 1.163 

11.14 -1 0.4412 55.34 0.7223 1.163 

11.14 0 1.372 59.78 0.3262 1.163 

11.14 0 0.7882 59.61 1.055 1.163 

11.14 1 0.651 63.94 0.2357 1.163 

11.14 1 0.2204 63.67 0.6705 1.163 

11.71 -1 0.569 55.23 0.6918 1.163 

11.71 -1 0.6808 55.5 0.2707 1.163 

11.71 0 1.258 59.56 0.397 1.163 

11.71 0 0.77 59.38 1.096 1.163 

11.71 1 0.6417 63.7 0.3194 1.163 

11.71 1 0.1859 63.3 0.7866 1.163 

12.39 -1 0.6541 55.23 0.293 1.169 

12.39 -1 0.6191 55.05 0.711 1.169 

12.39 0 0.6999 59.17 1.089 1.169 

12.39 0 1.245 59.27 0.4586 1.169 

12.39 1 0.3919 63.46 0.2851 1.169 

12.39 1 0.4964 63.21 0.5876 1.169 

13.63 -1 0.8352 54.96 0.2887 1.183 

13.63 -1 0.5545 54.83 0.7074 1.183 

13.63 0 1.24 58.99 0.3811 1.183 

13.63 0 0.7506 58.9 0.9463 1.183 

13.63 1 0.8797 63.04 0.4534 1.183 

17.32 -1 0.4631 54.48 0.788 1.147 

17.32 -1 1.149 54.54 0.2621 1.147 
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17.32 0 0.667 58.39 0.9282 1.147 

17.32 0 1.535 58.55 0.2962 1.147 

17.32 1 0.3664 62.47 0.6252 1.147 

17.32 1 0.8691 62.61 0.243 1.147 

17.32 2 0.365 66.67 0.2404 1.147 

40.27 -1 1.395 53.88 0.2646 1.163 

40.27 -1 0.3022 53.88 1.04 1.163 

40.27 0 1.729 57.83 0.2729 1.163 

40.27 0 0.5171 57.59 0.9479 1.163 

40.27 1 0.4971 61.81 0.4702 1.163 

40.27 1 0.7739 61.82 0.2047 1.163 

40.27 2 0.4581 65.87 0.2845 1.163 

80.49 -1 1.413 53.46 0.2668 1.156 

80.49 -1 0.3054 53.55 1.261 1.156 

80.49 0 1.727 57.37 0.2701 1.156 

80.49 0 0.516 57.11 1.071 1.156 

80.49 1 0.8015 61.31 0.1927 1.156 

80.49 1 0.4202 61.33 0.4833 1.156 

80.49 2 0.4951 65.31 0.2779 1.156 

150 -1 1.551 52.97 0.2882 1.514 

150 -1 0.4474 53.19 1.332 1.514 

150 0 1.79 56.85 0.2861 1.514 

150 0 0.7508 56.57 1.125 1.514 

150 1 0.8497 60.78 0.4144 1.514 

150 1 0.6372 60.72 0.1659 1.514 

150 2 0.6956 64.71 0.2954 1.514 

150 3 0.1903 68.76 0.1545 1.514 

300 -1 1.567 52.68 0.291 1.542 

300 -1 0.415 52.99 1.405 1.542 

300 0 1.779 56.53 0.2821 1.542 

300 0 0.7697 56.26 1.066 1.542 

300 1 1.381 60.39 0.2732 1.542 

300 1 0.2176 60.81 0.1694 1.542 

300 2 0.7054 64.34 0.2765 1.542 

300 3 0.1902 68.76 0.1544 1.542 

495 Pd 0.6931 46.63 1.558 1.454 

495 -1 1.615 52.49 0.2961 1.454 

495 -1 0.4794 52.84 1.898 1.454 

495 0 1.73 56.32 0.2662 1.454 

495 0 0.9296 56.13 1.08 1.454 

495 1 0.9845 60.16 0.2078 1.454 

495 1 0.5592 60.22 0.5995 1.454 

495 2 0.799 64.1 0.3281 1.454 

495 3 0.2932 68.09 0.286 1.454 

 

 

Table 4. Goodness of fit 



 70 

pressure SSE R-square 
Adjusted 
R-square RMSE 

0.629 27.46 0.9213 0.9208 0.1175 

2.101 27.43 0.9215 0.921 0.124 

3.531 38.1 0.8986 0.8981 0.1237 

5.636 31.32 0.9123 0.9117 0.1255 

7.576 26.12 0.925 0.9245 0.1213 

9.286 27.11 0.9202 0.9196 0.1169 

10.04 31.51 0.8996 0.899 0.1199 

10.74 25.83 0.9173 0.9167 0.1151 

11.14 23.11 0.927 0.9263 0.1104 

11.71 21.67 0.9337 0.9331 0.1066 

12.39 23.17 0.9331 0.9324 0.1082 

13.63 18.73 0.9423 0.9418 0.1046 

17.32 24.21 0.932 0.9312 0.1107 

40.27 21.4197 0.9353 0.9346 0.1087 

80.49 23.5198 0.9298 0.9291 0.109 

150 38.2223 0.9251 0.9243 0.1296 

300 34.4763 0.9285 0.9276 0.1327 

495 14.495 0.973 0.9726 0.0796 

 

 


