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REPRESENSIBILITY OF CONES OF MONOTONE FUNCTIONS
IN WEIGHTED LEBESGUE SPACES AND EXTRAPOLATION
OF OPERATORS ON THESE CONES

E. I. BEREZHNOI AND L. MALIGRANDA

ABSTRACT. It is shown that a sublinear operator is bounded on the cone of monotone
functions if and only if a certain new operator related to the one mentioned above is
bounded on a certain ideal space defined constructively. This construction is used to
provide new extrapolation theorems for operators on the cone in weighted Lebesgue
spaces.

§1. INTRODUCTION

The role of sharp estimates for classical operators in harmonic analysis and related
fields is well known. In the recent time, in connection with new analytic problems, it
has become fashionable to estimate such operators on certain cones in a given space
rather than on the entire space (see, e.g., [1,M417, 20,27, 28|36} [B8,[40,41]). Next, for
operators with positive kernels the Schur extrapolation theorem is also well known (see,
e.g., [25]), saying that an integral operator Tz(t) = [ k(t, s)z(s) ds, k(t, s) > 0 is bounded
on LP if and only if there exists a positive function wu(t) finite a.e. and such that the
operator is bounded in the couples 7: L — L° and T: L) — Ll where v = u!/P~1,
Since various problems of analysis have resulted in a gradually increasing interest to
extrapolation theorems, see [BL[7HI], it seems to be natural to pass from spaces to cones
in the extrapolation theory for LP.

The present work was planned as early as in the beginning of the 2000s. A short
summary of the main results was given in [I0]. The central result of the paper consists of
the verification of the fact that, basically, the cone K(]) N L? in the Lebesgue space L?
is generated by the linear operator Qz(t) = ftoo x(s) ds of integration. For the operators
T in the class Sub(«, 3,7,) (which is described below and contains all subadditive
operators), this makes it possible to prove the equivalence T : K(})NIL? —» X &
TQ: L — X. Here the weight v is defined constructively in terms of the weight function
v (see Theorem[I]). This approach distinguishes our paper from the well-known paper [16],
which is devoted to estimates of classical operators in the couple (K ({)N L%, L? ) implied
by certain estimates in couples of weighted Lebesgue spaces.

Our approach allows us to apply the entire technique of sharp estimates on weighted
Lebesgue spaces to the derivation of sharp estimates of operators on cones. In particular,
these constructions have led us to a new extrapolation theorem for operators in the class
Sub(c, 8,7, 1) that are defined on cones included in K(}) N L% in a weighted Lebesgue
space. This extrapolation theorem is new even for the Hardy classical operator.
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§2. PRELIMINARIES

Let S(p) = S(R4,%, 1) (Ry = (0,400)) denote the space of measurable functions
x: Ry — R, let x(D) stand for the characteristic function of a set D, and let |z | X]||
be the norm of an element x in X. Recall that a Banach space X = (X, || - | X]|) of
measurable functions is called an ideal space (see [24.20]) if z € X and ||z | X|| < ||y | X]||
whenever z is measurable and |z(¢)| < |y(¢)| a.e. on Ri for some y € X. As usual,
the symbol L? (1 < p < c0) denotes the Lebesgue space, and the exponent conjugate to
p € [1,00] is denoted by p': % + z% =1.

Let v: Ry — Ry be a positive function (a weight). If X is an ideal space, we denote
by X, the new ideal space whose norm is defined as follows: ||z |X,| = |lvz|X]|. In
particular, the norm in L% (1 < p < co) has the form

letzgl=( [ |x<t>v<t>|pdt)1/p,

which differs somewhat from the variant usually adopted (the latter presumes the incor-
poration of the weight in the measure).

For every ideal space X, the dual space X’ is well defined. It consists of bounded
linear functionals on X representable by integrals; the norm of every such functional is
defined by [ly | X'|| = sup { [py(t)a(t)dt : ||lz| X|| < 1}. If v is a weight and X is an
ideal space, it can easily be verified that

(1) (Xo)" = (X)1/0-

Let X be an ideal space in S(u), and K a cone in S(u). The symbol K N X denotes
the intersection of K with X, .

Definition 1. We denote by K (J) the cone in S(u) consisting of monotone nonincreasing
functions x: Ry — Ry, i.e., z(t+ h) < z(t) for h > 0. Similarly, K (1) denotes the cone
of monotone nondecreasing functions in S(u).

Now, we describe the classes of operators to be treated in the paper.

We denote by Sub(+) the class of sublinear operators T defined on an ideal space X
or on S(u) and taking values in S(u). For T € Sub(+), the adjoint operator may fail
to exist, but its role can be played by the associated operator T’ € Sub(+) defined as
follows.

For T' € Sub(+), an operator 7" € Sub(+) is said to be associated with T in the scale
L? if for all 1 < p < oo and all weight functions u, the operator T': LY — LP is bounded

’

if and only if T": Lf//u — L¥ Ju 18 also bounded and, moreover,

CHT| L8 = L3 < |IT'| LY, — I,

| < CIT LY — LYl
with some constant C' > 0 independent of p and wu.

An associated operator is not uniquely determined. If T is linear, we may take the
adjoint T for the role of an associated operator T”. Next, for a linear operator T, the
operator « — |T'z| is sublinear and possesses no adjoint, but the operator 7"z = |T*x|
is associated with it. If 7' € Sub(+) and a linear operator T} is given, then the role of
operators associated with the compositions TT; and T4 T can be played by (71)*T” and
T'(Ty)*. Thus, the set T,T" € Sub(+) is a two-sided ideal with respect to composition
with bounded linear operators.

Now, we extend the class Sub(+).

Definition 2. We say that an operator T: X N K(]) — Y belongs to the class
Sub(a, 8,7, 1), (@ > 1,8 > 0,7 > 0) if
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a) for every z,y € X N K({) we have
1Ty + ) Y] < a([Ty | Y]+ [Tz [ Y]);
b) for every x € X N K(]) and every A € R we have
1T (Ax) [ Y| = ATz | Y;
c) for every x € X N K(]) we have
inf {ITy | Y] 5 y(t) > Ba(t) : y € XN K1)} > +|Tz| V).

It is straightforward from the definition that every operator belonging to Sub(+)
belongs also to Sub({). To see this, it suffices to put & = 1, choose a positive number S
arbitrarily, and define v by v = max{1, %}

For T € Sub(a, 8,7,), we can define an operator T" associated with it in the scale

L? by analogy with the case of T' € Sub(+).
The proof of the following lemma is an easy consequences of the definitions.

Lemma 1. (a) Suppose that T € Sub(a, 8,7,]) and 6 € (0,00). Then
(a) if 6 > 1, then T € Sub(a, 00,7,1);
(b) if 6 <1, then T € Sub(«, 40, %”y,i).

Since precise values of the constants are irrelevant in the present paper, we introduce
the notation Sub(]) for the following class of operators:

s = U (U subtesond)).

B,y>0 Na>1

We present an example showing that Sub({) is much wider than Sub(+).
Fix a monotone increasing sequence {k;}5° of positive integers; let k; > 4. We intro-
duce a function w: [0,00) — R4. On each interval [i,7 4 1) it is given by

1, forteli—1,i—4+
wy=1 Yy TSN R) gy
=%, forteli— i),
Now, we define a functional f by the formula
f(z) :/ w(s)x(s) ds.
0
Then for every « € K(J) we have
7 Z—ﬁ 3
/ w(s)z(s)ds = / “w(s)z(s)ds —|—/ w(s)z(s) ds
i—1 i—1 i—ki

/Ooo x(s)ds > /OOO w(s)x(s)ds = f(z) = g/;lw(s)x(s)ds
>§i/;x<s>ds—§/o°°x(s)ds
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for every x € K({). But now, if y € K(}) and y(t) > Bz(t) for a.e. t, then, applying the
last inequality, we obtain

f(w)S/O ds<ﬂ/ )ds < = f(0).

Thus, the functional f constructed above belongs to Sub(1 ,B, 3 1). On the other hand,
since lim; ., k; = 00, we see that there is no nonnegative function wg having the property

that the functionals
oo

flx) = /000 w(s)x(s)ds, fo(z)= /0 wo(s)x(s) ds

are equivalent on the cone of nonnegative functions. Thus, the functional f is not equiv-
alent to any functional fy belonging to Sub(+).

Below we shall often use the classical integral operators given by the following formulas
on their natural domains:

Px(t) = /Otx(s) ds, Quz(t) = /too x(s) ds.

The next result about the boundedness of these operators in weighted (LP — L?)-spaces
is well known (see [28,35] and [27]).

Lemma 2. (a) Let 1 < p < ¢ < co. Then the operator P: L? — L1 is bounded if and
only if

(2) sup
t>0

The operator Q: LY — L1 is bounded if and only if

llwx(e,o0) | LY < o0.

1 ’
’_X[O,t] |Lp
v

(3) Sup

1 /
Lt | 27 oo 1 291 < o

(b)Let1<q<p<oo,;=%
only if

~ 1 / T L 1/r
@ </0 < S X L lwX(t,00) IL‘I||) o(t)P dt) < 0.

The operator Q: LY — L{, is bounded if and only if
! , r U

®) </ ( S Xitoo) L7 lwxio IL"II) v(t)™” dt) < 0.
0

(¢) If 1 = ¢ < p < oo, we have r = p’. Therefore, formula [@l) should be understood in
the following way:

o0 1/p’
) (/ [wx(s,00) | LY [P 0(t) 7 dt) =00
0

Similarly, a limit passage in ([ yields

o0 ’ ’ 1/17/
G ( | loxioa 1217007 dt) <o,
0

(d) If 1 < g < p = o0, formula [@l) becomes

([ (eoftmrsl'a) <
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and inequality ([Bl) transforms to

) ([ (w0 o 2]) ) ™ <

§3. REPRESENTATION OF CONES IN WEIGHTED LP-SPACES

We begin with the statements of two main results (Theorems[land [2), which constitute
a principal tool for the study of operators belonging to Sub(]) on cones. We begin with
the case where 1 < p < o0.

Theorem 1. Fiz a number 1 <p < oo and a weight function v such that

(10) /t v(s)Pds < 0o
0

for everyt € Ry and

(11) /°° v(s)P ds = 0.
0

We introduce a new weight function v, putting

(12) lvxo,e | L7 =1

1 /
‘%X[t,oo) | LP
Then

(a) Q((LE)1) C K({) N LE and, moreover, for every x € (LY); we have
1Qz | LY|| < [lz | LE;
(b) for every x € K({) N (LP)4 and every € > 0 there exists x. € (LY) such that

(13) e | 5 < 161+ &) | L2]
and
(14 Q)0 > L alt)

for a.e. t > 0.

The proof of Theorem [ will be given in the last section of the paper. Here we comment
on its assumptions and show some applications.

The assumption (I0) says that for every ¢ > 0 the characteristic function xjo 4 sat-
isfies the condition xjo4+) € K ()N LY, i.e., the cone K({) N L} is nondegenerate. The

assumption ([l says that every € K(]) N L? satisfies lim; o 2(¢) = 0. It should be
noted that if [~ v(s)?ds < oo, then for p € [1,00) relation (IZ) must fail as ¢ — +0 or

as t — oo.
Relation ([I2)) for v can be expanded as follows:
15 (=D 1 "o(s)ds 1
o(t) = — L > o(t) = =1
15 o) = o [otrds p1 w0 = [ (s torp

Now we present a series of corollaries to Theorem [

Corollary 1. Let 1 < p < ¢ < oo (p # ), and let the weight function v satisfy
conditions ([{Q), (II). Then the embedding K(|) N (L2)+ C (L%)+ (equivalently, the
inequality

(16) 2 LL]l < Cillz | LY
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for every x € K(]) N (LP)4) occurs if and only if

lwxio,q | L

17 up
(a7) U Toxion | 271

= (5 < 0.

Proof. The necessity of condition (I7) follows because X0, € K({) N (LY),. To prove
sufficiency, we use Theorem [Tt condition (I6]) is fulfilled if and only if

(18) 1Qz | LG, || < Csll | LE||

for every = € (L), where the weight function v is defined in (I2). Applying (I7) and
([@2), we obtain

||wX[O t] |LqH 1 ’
00 > (Cy = sup —————— = sup ||wy LI =X 100 | L.
>0 loxjog | L2l >0 lFwxgo.ey [ L pAlHo0) |
The last inequality and Lemma 2] yield (Ig]). 0

Proofs of Corollary [Il based on different ideas can be found in the papers by Sawyer
(see [36], Remark (i), p. 148]), Stepanov (see [41l Proposition 1(a)]), Carrro and Soria
(see [I4] Corollary 2.7]), and Heinig and Maligranda (see [20, Proposition 2.5(a)]). The
structure of the cone K ()N LE considered in the Lorentz quasi-Banach space A, ,» was
also treated in [22].

Corollary 2. Let 1 < g < p < o0, % = % — %, and let a weight function v satisfy
conditions [I0) and (). Then the embedding
(19) K1) N (LY)+ < (Lh)+

or, equivalently, the relation
|| LE || < Cullz | LE|| for every x € K(I) N (L7)+,
occurs if and only if

0o 1/r
@) = ([ (x| 20 x| 21 ) <o
0

Proof. Condition (9] is fulfilled if and only if the identity operator I maps boundedly
the cone K ({) N L% to the cone (LY%);. We show that the latter is equivalent to the
following relation for Q:

(21) 1QI Ly — L]l < oo
To see that (2I) suffices, we apply (I3) and ([I4)):
sup {[|# | LE[ « v € K(L)N LY & ||| LY|| < 1}
<8sup {|lz| LY : @ < Que & [|loe | L] < 16(1 +¢)}.
The necessity of (21]) follows from ([I2)—(14):
QLG = Ll = I1(Q) [ LT — L[l < Q| Ly — LTI K () N Ly — L.
By (@), condition (ZI)) is equivalent to the inequality

R 1 ’ Y 7’_ ] l/T
(L7 (Bt 21 on 1 27] ) ot ar) <
0
or

o0 o INT d o 1/T
@) ([ (x| 2 Boxoa | 221777) (= Floxon | 2217 ) <o
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Since

d , d t (lfp/)
_ Pll—p — _ p
oo 2217 = =5 ([ or(s)as)

— - 1)( [ ds) VP(8) = (0 = Dlfoxon | 777 o7 (0),

we see that ([22)) is a consequence of the relations

o0 ol INT d . 1/’)"
(lwxqo | L [vxgo,q | LPI7P79)" (= = lloxqo. | ZPII7P") dt
0 dt
_ ;o = q|r pi—('P+EE) p v
=({(-1 ; lwxo, [ L™ loxpo,g | L7l P (t) dt
oo 1/r
= (/=1 [ oo |21 oxion | 217 /000(e) e
0

Other proofs of Corollary [2 can be found in the papers by Sawyer (see [36, Remark (i),
p. 148]) and Stepanov (see [41, Proposition 1(b)].

Corollary 3. Let1 < g < p < o0, + = 1

- % o and suppose that a weight function v
satisfies conditions ([I0), () for p and a weight function w satisfies conditions ([I0),

(@@ for q. Then

K1) N (LD)+ # K1) N (L) +,
that is, for every v,w with [I0) and ([ these two cones do not coincide.
Proof. Suppose the contrary, i.e., let
K0 (I8 = K1) O (L8)s
Then, by Corollary [, the embedding K (})N(LE)+ C (L) is equivalent to (Z1I) or (22):
0o d 1/r
—p'/d'\T )
@) ([ (oxon 21 oxn | 221777) (= Gloxen| 2217 dt) < .
Next, by Corollary [ the embedding K ({) N (LE); C (L9); is equivalent to (I7):
[ox[o.4 | L7
>0 lwxo,q | LY
Then, using ([23) and ([24)), we obtain

o0 l . d |
o (/ (exioa |7 exton LE717747)" (= Ggllong Lpll"’)dt)
0

(24) = (5 < .

1/r

1 1/r

> / ’ d /
> = p p =o'/ (L p||—p
> & (/0 (loxg.q | LP[Hloxgo | L2 77/9) ( illoxp. |27 )dt>

Recalling that (1 — %)r = ;&5 = p' and substituting 7 = [lvxp | L?||=%, which is
possible because

tim x| PP =0, Jim [loxg | 277 = oo,

1 01 yrooq o1 \MT
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This contradiction shows that the cones do not coincide. (]
Now, we present a result about norm estimates for operators in Sub({).

Theorem 2. Fix a number p € [1,00), take a weight function v satisfying ([IQ), ([T,
and construct the function v as in Theorem [l Let X be an ideal space.
An operator T € Sub(]) acts boundedly from K({)NLP to X, i.e.,

(25) [Tz | X|| < Cs |l | LY

for every x € K(]) N (LP), if and only if the composition operator TQ acts boundedly
from L to X, i.e.,

(26) 1TQx| X|| < Cellz| Ly

for every x € (LY) .

Proof. First, we show that (268) = @5)). By Theorem [ for every = € K(]) N (L)
there exists z. € (L) such that

lze | LE]| < 16(1 + &)z | LE|| and Q(xc)(t) > —x(t) for all ¢ > 0.

ool —

The definition of the set Sub({) and Lemma [Il imply the existence of constants o > 1
and v > 0 with T € Sub(c, %, ~; ). Therefore,

[Tz | X|| <A TQ(ze) | X|| < vCllz | L]l < 16(1 + €)yClla | Ly,

which proves the implication (26) = (23).

Now, we verify the reverse implication: (23) = (26). The mapping @ takes any
nonnegative function to a monotone nonincreasing function, i.e., Qz € K(}) N (L?)4 for
every x € (LE),. Next, by the definition ([2) of v, the operator @ is bounded when
treated as an operator Q: LY — L. Therefore, we have

ITQz| X|| < Cs[|Qz [ LYl < C5[1Q | Ly = Ly || L5l O

Using the techniques of estimating operators L: L2 — X (see, e.g., [3,M41[62728]),
on the basis of Theorem [2it is possible to deduce various estimates for operators on the
cone of monotone functions in Lebesgue spaces. We illustrate this by several classical
examples.

First, with the help of a new approach, we shall prove the theorem of Sawyer (see
[36]), which, in combination with a result by Arifio and Muckenhoupt (see [1]), resolved
an important problem of harmonic analysis, namely, the boundedness problem for the
Hardy operator on weighted Lorentz spaces. Furthermore, that theorem gave rise to a
wide range of new problems, which remain fashionable still.

Theorem 3. Let p,v, and v be the same as in Theorem [I. Consider a measurable
function g: Ry — Ry. Then

1 t /
— s)ds|L:
Z| [ otasizy

<swpd [ yattyde : ye KW N LBy 2] <1
{/0 )
< Cg

)

t
/ g(s)ds | L%
0 v

where the constant Cg > 0 does not depend on g.

Proof. We define a functional F: K(}) N LP,, — R by Fy(t) = [;~ y(t)g(t)dt. Since
this functional is quasilinear and nonnegative, we may apply Theorem 2] to deduce the
existence of a constant ¢ > 0 such that

1
“IFQILPs = Rl < |[FIKW{) N LYy — B[ < c|FQ| L5 — R|.
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Integrating by parts, we arrive at

e [Cawaua= [y [awa [T ([ s

Suppose first that

1 ¢ 1 ¢
29 lim —m——— - /gs ds =0, lim —mM—— /gs ds = 0.
@) etz Jo 0 % oo 127 Jo 7

Then, whenever y € K(}) N LP, satisfies |y | K(}) N LP,|| < 1, by (@) we can estimate
the integrated term as follows:

oo t 1 , t 1 t
wo)ds [ glds| < [y 127 [ ats)ds = e [ gt as
‘/t 0 005 0 Ix0,.0v | LP|l Jo

Now, ([27) is a consequence of (28], the last inequality, ([29)), and the definition of the
dual norm.

The assumption ([29) can be lifted in the following way.

For a nonnegative function g and arbitrary n € N, put g,(t) = X(n-1,n)(t)g(t). Then
gn satisfies (29), whence we obtain [27). We can easily pass to the limit here with the
help of the B. Levy classical theorem (see, e.g., [24]). O

Note that, tracing the behavior of the constant in Theorem [3] it is possible to estimate
the constant in (27).

Now we consider one of the most important operators in analysis, namely, the Hardy
operator. On its natural domain, it is defined by the formula

Theorem 4. Suppose that 1 < p < 00, 1 < q < 00, and functions v and v satisfy the
assumptions of Theorem [Il. For the Hardy operator to be bounded in the sense that

(30) H:K()nL;— LI,

it is necessary and sufficient that the following conditions be fulfilled:
a) f1<p<qg<oo, o+ =1, then

||X(0t w(s)| L] s /
31 sup— < o0 sup HX oH=—|L" H X ooyw(s) | L] < oo;
B (o) 1 27 o0y - o) 127
)zf1<q<p<oo,;:%—% then
I A (I R T P
o \llxonv(s) | L7 dt \[[X(t,00)v(s) | L] ’

(33)
1/r

(L (oo 12| -Ixamowtor 1221 (‘%(||x<t,w>v1<s> ) ))<=

Proof. By Theorem [2] relation (B0) is fulfilled if and only if the operator HQ acts bound-
edly in the couple

HQ: I — LY.

Since H() is positive, it suffices to verify its boundedness on nonnegative functions. Let
x(t) > 0 a.e. Using the Fubini theorem (see, e.g., [24]) for nonnegative functions, we
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HQu(t) = %/Ot (/OO 2(7) dT> ds
_%</Ot {/Stz(T)dT—F/toox(T)dT} ds>
%(/Ot UOT ds}m(r)dT—l-t/toox(T)dr)

= %/Oth(T)dT—l—/toox(T) dr.

The proof can be finished by application of Lemma 2] to each summand in the last
identity. ]

obtain

Now we pass to the cone K(]) N LY. Note that the situation will differ much from
the case of p < oo considered above.
Our goal is to present certain analogs of the statements formulated above for the cone

K({)N L. Despite the relative ease of proofs, the central results of this subsections are
Theorems [l and [6l

Theorem 5. Fizing p = co and a weight function v: [0,00) — Ry, we define a new

function U by the formula

(34) (t) = eosiTsEtp u(T).

Then v is monotone nondecreasing, and the cones K(1) N LY and K(]) N L coincide.
Moreover, for every x € K(]) N LY we have

(35) o | LN = ll= | L3 -
Proof. The definition ([34]) readily implies that the function ¥ is monotonic.

We verify (B5]). Directly from the definition ([34)), it follows that for a.e. t € [0, 00) we
have §(t) > v(t). Consequently, for every x € K(]) N L we obtain the norm inequality

(36) o | L3N = [l | L37-
Now, let € K(|). Then

9(t)z(t) < esssupwv(s)x(s) < esssupv(s)z(s) = ||z | Ll
0<s<t s>0

for a.e. t € Ry. Thus,
(37) | L3N <l [ L7
By B6)—37), identity (B8] follows. O

Corollary 4. Let p = 00, q € [1,00]. Then the embedding K (1) N (LX)y C (LL)4 or,
equivalently, the inequality

(38) o L, || < Cilla | L7
for every x € K(}) N (LX), occur if and only if

v

1
39 H: L
(39) L)

= (1 < o0.

Proof. Theorem [l shows that the cones K ({) N L$° and K () N Lg° coincide. The func-
tion %, which belongs to the intersection of K (|) and the unit ball of L$°, is a pointwise
majorant for all functions in K (]) N L3 with unit norm. Thus, conditions (B8] and (B9)
are equivalent. O
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REPRESENSIBILITY OF CONES OF MONOTONE FUNCTIONS 555

Corollary 5. Let p = c0.
If q # oo, then
K1) N (Ly)+ # K1) N (L) +,
i.e., these two cones do not coincide for any weights v, w.
If ¢ = oo, then the identity
K)N (L) = K() N (Ly)+
is fulfilled if and only if

w(t) u(t)
40 sSup ——~ < 09, sup ——~ < 00.
(40) 150 O (t) 1ob @(1)

Proof. Theorem [l shows that the cones K ()N Ly and K({) N L coincide.
First, let ¢ < oo. Then for all 7 € Ry the function x|o 5 ﬁ belongs to K({), and for

its norm we have
T q 1/q

Letting 7 tend to zero, we deduce from () that the norms || - | L3°|| and || - | L% || cannot
be equivalent on the cone K({).

Now, let ¢ = co. Applying Theorem [l once again, we see that the cones K(|) N LY
and K (1) N LY coincide.

The biggest function in K(]) whose norm in L$° equals 1 is the function %, and the
biggest function in K'(]) whose norm in LY equals 1 is the function . Conditions (@)

precisely ensure the inclusions % € L and % € L. |

1 1
41 H A= | Ll =1, H = | L8
( ) XJo, ]’U | b XJo, ]’U | w

An analog of the Sawyer theorem in the case where p = 0o looks like this.

Corollary 6. Let p = 0o, and suppose we are given a measurable function g: Ry — R,.
Then
[e ] [e ] 1
swp{ [Tatadrs e e kL el <1 f = [T s
0 o 0(s)
Proof. Theorem [l shows that the cones K (]) N LY and K (]) N L coincide. To finish
the proof, it suffices to observe that the biggest function in K(]) whose norm in Lg°

equals 1 is the function % O

g(s)ds.

Corollary 7. Let p = o0, 1 < q < oco. Then the Hardy operator is bounded as an
operator
H: K(J)NnLy — L%,
if and only if
1
HwH(:) | LY < o0.
v

Theorem 6. Fiz p = oo, and let X be a Banach ideal space in S(u). For T € Sub(])
to act boundedly as an operator T: K({) N L — X, it is necessary and sufficient that

1
7 (5) 1] <
v
The two statements above are proved by much the same arguments as Corollary [6.
Now, we pass to an analog of Theorem [I] for the cone K(]) N LS. For this, some
prerequisites are needed.
To begin with, we observe that for a weight function v: [0,00) — R, the condition
(42) limsup v(t) = 0o
t—

oo
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556 E. I. BEREZHNOI AND L. MALIGRANDA

is equivalent to the relation
(43) lim ?(t) = oc.

t—o0
Note that condition ([@2]) or the equivalent condition [{3]) are quite natural, because
any function representable in the form y(¢) = Qx(¢) with « € |J L'(%,00) satisfies
the relation
(44) lim y(t) = 0.

t—o0

neN

At the same time, precisely condition (3] is necessary and sufficient for an arbitrary
function x € K({) N LS to satisfy lim;_,o z(t) = 0.

Theorem 7. Fiz a weight function v satisfying (42)) and use B4) to define a function v.
Let there exist an absolutely continuous function U € K(1) N LY such that for some
constant ¢ > 0 we have

1

(45) Eﬁac(t) < "Nj(t) < Cﬁac(t)
forallte R,.

Put

1 d 1

o CORNTEN0
Then

(a) QULP)+) € K({) N L, i.e., for every x € (LY°)+ we have
(47) 1Qz | L7 || < Clla | Ly°[l;

(b) for every x € K(}) N (L) there exists x. € (L) such that
1
e | L0 = 12| L) and Q(e2)(t) = & a(t) for a.e. ¢> 0.

The proof of Theorem [7] will be given in the last section of the paper. Also in that
section, in Lemma [[] we shall indicate conditions on ¥ necessary and sufficient for the
existence of Uq. € K(]) N LY satisfying [@H]). Essentially, U, € K(}) N L exists if and
only if ¥ satisfies a As-condition at the discontinuity points.

Theorems [l and [7 justify the following definition.

Definition 3. Suppose we are given two ideal spaces Xy, X7, two cones KoNXy, K1NX7,
and a sublinear operator T': KoNXg — K1NX;. The pair { KqNXy, T} is said to generate
the cone K7 N X if the following conditions are fulfilled:

a) there is a constant ¢g > 0 with the property that ||Tz| X1|| < coljx | Xo|| for every
z € Ko N Xy;

b) there is a constant ¢; > 0 with the property that for every y € K; N X; there
exists z, € Ko N Xy such that the norm inequality |y | X1|| < e1]lzy | Xo|| and the a.e.
inequality y(t) < ¢1Tx,(t) both hold true.

Theorem 8. Suppose that 1 < p < oo and a weight function v satisfying ([IQ) is given.
Define v by ([I2).

Then the pair ((L2)+, Q) generates the cone K(]) N LP if and only if the following
conditions are fulfilled:

a) the weight v satisfies ([[);

b) for every t > 0 we have

j— 1 /
(19) 07" < oo | 271 | pxecm 127 <

with a constant C7 > 0 independent of t;
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REPRESENSIBILITY OF CONES OF MONOTONE FUNCTIONS 557

c) for every t > 0 we have

< Cg

1 /
=X[t,00) | LP

_ 1 / 1 ’
(49) Cy 1H_X[t,oo) | LP H < HEX”’”) | LP

v
with a constant Cg > 0 independent of t.

Proof. First, we observe that conditions (A8)) and {@J) are equivalent by (I2]).

We check the “only if” part. Suppose that the pair ((LP)4, Q) generates the cone
K(}) N LE. This implies immediately that the function z(t) € K({) N L? satisfies the
condition

(50) tllglo x(t) = 0.

For the nondegenerate cone K(|) N L2, condition (I2)) is equivalent to the statement
that the characteristic function of the entire half-line Ry does not belong to K(]) N L?.
Therefore, (B0) implies the necessity of (I2)).

We show the necessity of (48), [#@9). Since the pair ((LP)4,Q) generates the cone

K(}) N LE, we see that for every ¢t > 0 the inequalities

1 . o0
(51) gnx(o,t)wzjn<mf{||y|Lﬁ,|:1< / y(s)ds}<co||x(o,t>|L5||.
t

must be true with a constant ¢y > 0 independent of ¢.
By duality and formula (), we obtain

b

o0
1 /
v [T oo < o | 220 ey 127
t

or
1
(52) lyx(t,00) [ LN = 7757
GO o w | L7
The definition of the dual space shows that we can choose a sequence y,, of functions in
the unit sphere of L? such that

]_ ’
X000y | Ll | tt00) 5 | £7

o 1 / 1
> [ o) ds = x| 220 a1 27 -
1 / 1
= HX(t,oo)E | L7 || - n
Now, we define a sequence of functions z, as follows:
Yn(t)
w(t) = 7
I yn(s) ds
Then
o 1
(53) / Zp(s)ds =1 and || zpX(1.00) | L5, || < - .
t e X 5 1271 = &

From (B2)-(E3) we deduce that

(54) e {12l 1< [ o) as) !

Xy | L7 I

Conditions (BIl) and (B4]) proof the necessity of ([@S])—(@3).
To prove that (a), (b), and (c) suffice, we may repeat the proof of Theorem [I] word-

for-word. O
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558 E. I. BEREZHNOI AND L. MALIGRANDA

Theorem 9. Suppose p = oo and we are given a weight function w. Define a function W
by (34).

Then the pair ((L°)+, Q) generates the cone K (1) N LSS if and only if the following
relations are fulfilled:

(a) for w, we have
(55) lim sup w(t) = oo;

t—o0

(b) there exists an absolutely continuous function We. € K(}) N LY such that, with

some constant C, we have

1
(56) E'@ac(t) < ij(t) < Cwac(t)
forallt € Ry;
(c) for every t > 0 we have
1 <1 1
57 C*lw—g/ ——ds < Cr——
o0 O ATO R

with a constant C7 > 0 independent of t.

Proof. Theorem [l shows that the cones K ()N L3y and K({) N LY coincide.

We check the “only if” part. Suppose that the pair ((L°)4, Q) generates the cone
K(])n LY. This readily implies that every function x(t) in K(]) N LY satisfies the
condition lim;_, x(t) = 0. The last is equivalent to

(58) tgrgo w(t) = oo,

and, as it was indicated in the proof of the equivalence of [@2) and [{3]), condition (B8]
is equivalent to (GH)).

Next, since the pair ((L3°)4, Q) generates the cone K (|)NLY, we see that the function
+ € K(1) N L satisfies the inequality

1 * 1
(59) mﬁcm/t @ds

with a constant C¢ independent of ¢. However, by Lemma 2] the boundedness condition
for the operator Q: L5 — L looks like this:

>~ 1
60 sup w(t ——ds < (Cq1 < 0.
(60) s ate) [ s <

Relations (9)—-([@0) prove the necessity of (b) and (c).
To prove that (a), (b), and (c) suffice, we may repeat the proof of Theorem [7] word-
for-word. O

§4. EXTRAPOLATION THEOREMS FOR CONES

In the theory of integral operators with positive kernel, a special role is played by the
so-called Schur theorem or Schur test (see [25 p. 37] and [42] p. 42]), which says that an
integral operator Kz (t) = [ k(t,s)z(s) ds with positive kernel k(¢,s) > 0 is bounded in
LP for 1 < p < oo if and only if there exists a positive function u such that

Ku” (t) < Cu” (t) and K'uP(t) < CuP(t),
here K’ is the formally adjoint operator and 1/p’ + 1/p = 1. This statement can be

regarded as a factorization or extrapolation theorem: there exists a positive function u
(a weight function w) such that K is bounded in the following couples of spaces:

K:L®, L,  K:L.,—L.,
u u
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REPRESENSIBILITY OF CONES OF MONOTONE FUNCTIONS 559

We start with a reformulation of the Schur extrapolation theorem in modern terms,
see [9, Corollary 7].

Proposition 1 (Schur test). Suppose that T,T' € Sub(+),1 < p < oo, and we are given
two weight functions v,w. The following conditions are equivalent:

(a) the operator T: L — LP is bounded;

(b) there exist four weight functions vy, vy, wo, w1 such that

(61) w(t) = vo(t)/Por ()P, w(t) = wo(t)Pun ()17
for allt € Ry, and the operator T acts boundedly in the following couples:
(62) T:L., — L, T:LY—Ly.

The implication (b)) = (a) follows from interpolation theorems for positive opera-
tors for the Calderén-Lozanovskii construction X§ X179 (see [2,2630,37], [31, Theo-
rem 15.13]) and the relations

(L)L) = 1, gy = LA

1/p 1-1/p
Vo V1

(Ll )1/:0([11301)171/p:[4p = LP.

1 1-1
wo wo/pw1 /p w

The reverse implication (a) = (b), which is the essence of theorems like the Schur
test, was proved in [9, Corollary 7] (see also [5, p. 728], [8, Theorem 1], [7, p. 18]).

In this section we pass to extrapolation theorems for operators on cones. We begin
with a general version of extrapolation theorems for operators on the cone K({).

Theorem 10. Suppose that T,T' € Sub, 1 < p < 0o, and we are given a weight function

v satisfying (I0), (). Define a new function v by ([I2)).
Put 0 = 1/p. Then the following conditions are equivalent:
a) T is bounded as an operator in the following couple:

T: K(J)NnLP — LP:

b) there exist functions vy, v1, ug,u1 satisfying

(63) v (8) o170 () = (), ug(t) - uy () = ult)
and such that TQ acts boundedly in the couples

.7l 1 . TOO 00
(64) TQ: L, — L,,, TQ:Ly — Ly.

Proof. Suppose a) is fulfilled. Then Theorem [] shows that this statement is equivalent
to the boundedness of T'Q in the couple TQ: LY — LP. Since TQ and (T'Q)’ belong to
Sub(+), we may apply the Schur test to the operator TQ: LY — LP. This yields the
conditions of item b).

Suppose b) is fulfilled. Then, by the interpolation theorem for the operator T'Q, we
see that T'Q is bounded as indicated below:

TQ: (L))" (L) = (1) ()"
The well-known identity . ,
1—
(L) (L3)) 7 = L4,
where wy(t) = wf (t)wi~?(t), combined with (67) implies that T'Q is bounded also in the
following way:
TQ: LY — L,

where vy (t) = v (t)v1 % (t) and ug(t) = uf(t)ui~%(t). Since vp(t) = v(t) and up(t) = u(t),
relation (65) is equivalent to the boundedness of T'Q in the following couple:

TQ: LF — L7,
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560 E. 1. BEREZHNOI AND L. MALIGRANDA

But T € Sub(+), and, by Theorem B] the pair ((L%)4, Q) generates the cone K ()N L&;

therefore, the last relation implies a). |
Theorem [I0 has an important drawback. It would be desirable to replace conditions

(63)) and ([64) by the following more natural conditions:
there exist functions vy, v1, ug, w1 satisfying

(65) W) vl = 0(),  ul(t) - ul () = u()
and such that T acts boundedly in the following couples:
(66) T:K()NL, —L,, T:K({)NLyY — LY.

We are going to obtain an analog of Theorem [I0] with conditions (G3]), (64]) replaced
by ([@3)), (G6]) in one important particular case. Some preliminaries are required for this.

Let Xo, X7 be two ideal spaces with Xy, X7 C S(u). Fix 0 < 0 < 1. The new ideal
space X X179 (the Calderén-Lozanovskii construction) consists of all z € S(u) for which
the following norm is finite:

lz | X§ X777l =inf {A>0 = |z(t)] < A |20 (t)|’|s ()]' ¥t € [0, 00);

(67)
o | Xoll <1, Jlzy [ Xafl < 1}

The space X§ X 1170 was introduced by Calderén in [13] for the study of the complex
interpolation method.

Definition 4. A cone K is said to be canonical if for every pair x,y of functions in K
and every number 6 € (0,1) the function 27 - ' =% again belongs to K.

‘We observe that the cones of monotonic functions are canonical.

If K is a canonical cone in S(u), then by analogy with the space Xg Xllfe we can
introduce the new cone (K N Xg)?(K N X1)'~%, admitting in (G7) only decompositions
that involve elements of the cone.

Remark 1. Tt is easily seen that for a canonical cone and 0 € (0,1) we always have a
continuous embedding

(KNX)l(KNnXx)'?cKknxf xi°

On the other hand, as it usually happens in interpolation theory, for an arbitrary canon-
ical cone K the relation

(KNX))’(KNnX)?=Knx§ x]~°
may fail. Even for the best studied cone K({), no sharp conditions are known that ensure

this relation in the scale of Lebesgue spaces.

The next theorem is of interpolation nature. It is well known for the cone consisting
of nonnegative functions (see, e.g., [2,B0,31]).

Theorem 11. Suppose that T is a positive operator and Ky, K1 are two canonical cones
in S(u)y. Consider four Banach ideal spaces Xo, X1, Yo, Y1 in S(u) and suppose that T
acts boundedly as indicated: T: KoNX; — K1NY;, (i =0,1). Fiz 6 € (0,1). Then for
every xg € Ko N Xp, x1 N X7 € Ky we have the pointwise inequality

(68) T(wo® - 21" )(t) < (To (1)’ - (T ()7,
and T acts boundedly when regarded as an operator T: (Ko N X)?(Ko N X1)¢ —
(K1 N Yo)’ (K nya)' =,
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REPRESENSIBILITY OF CONES OF MONOTONE FUNCTIONS 561
Proof. Take o € Ko N Xo, 1 € Ky N X; and construct the element xo? - t?
€ (KN Xp)?(K N X;p)% The numerical identity

6 21-6 _ -1
(69) a”-b"" = inf {eba+ e~ 77 (1 - 6)b},
valid for all ¢ > 0, b > 0, implies the inequality
T(20? - 21 0)(t) < T(Ozo(t) + e 77 (1 — O)a ()
< e0Tao(t) +e 727 (1 — 0)Ta ().

Minimizing the right-hand side in [Z0)) over € > 0 for each fixed ¢ and taking (€9) into
account, we arrive at (G8]).
The boundedness of T in the required sense,

T: (KoNXo)(KoNX1)'™% = (KinYy)?(Kinyy)'

(70)

is immediate from (68). O
Lemma 3. Fiz 0 € (0,1). In the spaces L}Uo, Ly, and Lvlm’ consider the cones
K)NnLL,, K(L)NLy, and K(1)N LY, for which we have a continuous embedding

(K() N LY ) (K () N L)1 € (K () N L )P (K (1) N L)1,
Then we have a continuous embedding
K()nLh, € K()nL,.
Proof. Lemmalin the last section shows that for every z of unit norm in (K({) N L, )°
(K() N L)t we have
1

<2908 . [ ——

(71) 0 <40 (55

with 2o € K(}) N Ly, and [lzo| LY, || = 1.
Since @ is nonzero a.e., the claim follows from (). O

1-0
) W) (teRy)

Now everything is ready to prove an analog of Theorem [I0] with conditions (63)) and
([©2) replaced by ([65) and (GG).
Theorem 12. Fiz p € (1,00) and a weight function v satisfying (I0), (). Define a
new function v by (I2) and put 6 = 1/p.
Suppose we are given operators T, T" € Sub(+), where T € Sub(+) acts boundedly in
the couple
T: K(J)nLP — LP.
Then there exist functions wg, wy such that
w(t) -wi (1) = v(t),
and T acts boundedly in the following couples:
T: K()NLy, — Ly, T:K{)NLy — L.
Proof. We introduce a new operator 77 by the formula
Tyx(t) = Tx(t) + x(t)
and apply Theorem [I{ to it, obtaining functions vy, vy, wp,w; for which we have
(72) v () -0 () = (), wh(t) - wiTl(t) = v(t)
(here v is defined by ([I2)).
The operator T1Q acts boundedly in the following couples:

TQ—}—Q:LiO—)Ll TQ+Q: Ly, — Ly .

we?
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562 E. I. BEREZHNOI AND L. MALIGRANDA

We introduce a function ug by the formula
1 o0
73) ool 21 e 12 =1

and consider the space Ly, . By (Z3) and Theorem B the pair ((L} )+, Q) generates the
cone K(})NLY,.
Next, we introduce a function u; by the formula

1
) am=) aw®

and consider the space Lg;. By (4) and Theorem [ the pair ((Lg?), Q) generates the
cone K ({)N LS.
Since @ acts boundedly in the couples
.7l 1 . T oo e
Q: L, — Ly, Q:Ly — Ly
and the cones K(|) N Ly , K(}) N LY are generated by the pairs ((Lj, )+,Q) and
((Ly0)+,Q), respectively, we arrive at the continuous embeddings

1 1 o) o)
(73) KWL, CKWNLL, KU)NLE CKW)NLE.
On the other hand, since @ is positive, inequality (68]) in Theorem [IT] shows that for

every xg € L}, , x1 € L3 we have

(76) Qg - 217%)(t) < (Quo(t)” - (Qua (1))

almost everywhere. By Theorem B the pair ((LY),, Q) generates the cone K({) N L.
Therefore, (7)) yields the continuous embedding

1 \6 co\1—6
(77) K)NLy € (K({)NLy,) (K{)NLy) .
At the same time, formula (72), Remark [l and the definitions yield the continuous
embedding
(78) (K1) N L) (KW) N L) € K() N L.

Consequently, by (1) and (78)) we obtain
(K1) N Ly, ) (KW) N LE) S K1) N EE S (KW) N Ly ) (K () N L)

This implies the continuous embedding

(K1) N Ly (K() N L) =0 € (K1) N Ly ) (K () N Les) 7.
Together with the second embedding in ([73)), this yields the continuity of the embeddings

(K() N Ly ) (K1) NLe)'™ € (K(1) N Ly,) (K1) N Lg)' =

C (K1) N Ly,) (KN LE) "
Thus,
(79) (K(4) N Ly (K() N Le) 0 C (K (L) N Ly )P (K({) N L)
By ([9), using Lemma [3 we obtain the embedding
K()NL,, CK{l)NL,,.

Comparing this with the first embedding in (75]), we see that, up to equivalent norms,
we have

(80) K()NLL, = K()NLL,.
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REPRESENSIBILITY OF CONES OF MONOTONE FUNCTIONS 563

Thus, (73) and (B0) imply the existence of a constant ¢ > 0 such that for every t > 0 we
have

¢ < lIx©nwo | L*] -

1 1

o) — | L= < =.

‘X(t, Vo | H -
Combining (I2)) and (T2 with the last relation, we see that

1= (/Ot(wg(s) w0 (s)) /e d8>9. </t°° (m)lme) dS)IG
(L] ([ Gl )
<Ssgr;w% ?(s) - (/Otwo(s)ds> s (/“
(e [ 5ge) (g [ o
<()" (igwl(s)-/tm vlts) ds)l '

for all t € R, . This shows that the inequality
1 >~ 1
c% cinf —— < / ——ds
s<t wi(9) . v1(8)

is true for all t € Ry. Taking (7)) and (B4]) into account, we can rewrite the last inequality
in the following equivalent form: for all ¢ € Ry we have

1 < = 1
wi (t) uy(t)’
or, in the language of embeddings,
(s1) K()NLE C K()n L.

Theorem [ implies the identity K(}) N L5, = K(}) N Ly . Thus, the embedding (1)) is
equivalent to the embedding

K()nLy, CKU)NLE.
Together with the second embedding in (75, this relation shows that, up to equivalent
norms, the following identity holds true:

K{)NLy =K({)NLg .
Combined with (B0Q), this proves the theorem. O

Since the Hardy operator fits in the scope of Theorem [[2] we have the following
statement.

Theorem 13. Fizp € (1,00) and consider a weight function v satisfying [0) and ([T).
Put 8 = 1/p. The Hardy operator H is bounded as an operator

H:K()nLE — L?

if and only if there exist functions wo, wy such that a) wi(t) - wi=%(t) = v(t) for all
t e RJr;
b) H acts boundedly in the couples

H:K(l)nL,, — L,

we?

H: K()NLE — L.

Licensed to Universite de Paris-Sud. Prepared on Sat Apr 13 10:57:42 EDT 2019 for download from IP 129.175.97.14.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



564 E. I. BEREZHNOI AND L. MALIGRANDA

§5. PROOFS OF THEOREMS [I] AND [1]
AND AUXILIARY LEMMAS
To prove Theorem I we need some auxiliary statements, with which we shall start.

Lemma 4. Let X be an ideal space. Take a numerical sequence

0<---<t; <tjp1 <---<oowith lim t; =0.

J‘) oo

Let the element x = > 2_jX[01tj) belong to X and satisfy the condition

k
2 li 27X 0. | X|| = 0.
(52) R ISR B
j=—00

Then there exists a sequence of integers kj : —oo < --- < k;j < kj_1 < --- < kg < 00
such that

0o ki oo

S| X 2w 1] 4] 2 20 x| < 21211

i=0 1 j—kiy 41 j

Proof. The sequence k; can be defined as follows. Using (82), take kg so as to have

Suppose that the numbers k; 1 < k;_o < --- < k1 < kg are constructed. Then we choose
k; < k;_1 so as to have

You) 'XH <2 Vo] X].

320, x| <2l 21,
— 00

The possibility of this choice follows from (82)).
Since X is an ideal space, an easy calculation shows that

oo k;
S| 3 2enia+| X x|
i=0 j:ki+1+1 j=ko+1
<3S ] +] 3 rennix]
=0 j=ko+1
SZ2‘i‘1IIw|Xll+leXllSEIIwIXH- D
=0

The next lemma allows us to estimate the norms of certain specific functions.

Lemma 5. Let p € [1,00). Consider the space LE, where the weight v satisfies [IQ) for
every t > 0, i.e., the cone K(]) N LE is nondegenerate.
Let {tj}z?ik be a numerical sequence such that the relations tj 41 > t; are fulfilled for

all j =k, k+1,.... Suppose that the element x = E;’ik 2_3')([07%.) belongs to LY. Then
we have
(83) 2 [ ZBIP = 2079 Ix0 g0 | ZPIP + D 27902 xqy, v | L2,

j=k
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REPRESENSIBILITY OF CONES OF MONOTONE FUNCTIONS 565

oo

> 27 x4, v | LP|P =
j=k

1 _
m@ kaX[o,tk)U | Lp||p
(84)

+ 3270y, o | LPIP).
Proof. First, we verify (83)):

[e'S) 4 D
22_])([0,25]‘) |L€ =

=k

p

[ | LY =

H2_k+lx[07tk) + Z 2_jx[tjvtj+1) ‘ L7
=k

o0
= 2227 xq0,60) [ LEIP + D 27 Ity 1500 | LEIIP-
j=k

Next, we prove (84). Condition (I0) shows that for every ¢; we have ||xjo,,)v | LP[|” <
00. Therefore, for every m > k we have

m—1

(85) 110,60 LEP 1P = IXG0,0000 | LPWP 4 D~ WXty | L2117
i=k
Suppose first that the left-hand side in (84]) is finite. Then, taking (8] into account,
we obtain
D 27 xqo,y0 | LP1P
j=k
(86) = lIxo,t0)? | Lp||pz2 ” Z ( Z 2”’) Xttty 0 [ L2117
i=k ~j=i+1
9—kp 9—(i+1)p
= 2 s | 2717+ Z o i | 271

Thus, ([84) is true in this case.
But if the left-hand side of ([84) is infinite, we deduce that the right-hand side is also
infinite because all transformations in (86]) have been done for nonnegative terms. (]

The next statement is a principal lemma in this paper.

Lemma 6. Fiz p € [1,00) and a weight function v such that [IQ)) is true for all t > 0,
e., the cone K(|) N LY is nondegenerate.
We introduce a new function v by the equation

1
(87) Ixo.0p0 [ L7l - HX[t,«»g | LP

Then if a function x from the unit ball of LY has the form xz = Zf;ko 271‘X[0,ti)
(0 <tpy < -+ <t <tigy1 <--- <00, where kg is finite and k1 may be infinite), then for
every € > 0 there exists a function x. € LPy satisfying

14¢

(88) @< | LP5]| < WH x| L]
and such that for all t € [0, 00) we have

1
(59) (@Qe2)(1) > ea(t).
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566 E. I. BEREZHNOI AND L. MALIGRANDA

Proof. So, suppose we a given a function x in the unit ball of L? and x = Zf;ko 2_iX[O,ti)
(0 <ty <+ <t <tiy1 <--- <00, kg is finite and kymay be infinite).
It is easily seen that for every admissible ¢ = kg, ko+1,... we have
(90) 27 < (ty) < 27C
For every admissible i € Z, we define a number b; by

(91) m—mﬂmwmzfz@@zaﬂ}

i

Since t; < co and the weight function is finite a.e., all numbers b; are finite. Moreover,
since p € [1,00) and LP3 is an ideal space, it follows that

oo [ee]
(92) inf {||y ) - / y(s) ds > 2_1-_1} — inf {|y 7| - / y(s) ds = 2-i—1},
t; ti
i.e., we may assume that we have equality in ([@I]). By the definition of the dual space,
formulas (87) and ([@2)) yield immediately two important relations:

27! :/t y(s) ds < [1X(ts,000¥ | LGl - 1X(t,00) [ (LF)']]

(93) : 1
= Ixttcoer | 2311 |xies 0= 1 27
271‘71 -
oy Sl ety Ik
Fixing ¢ > 0, for every ¢ = kg, ko + 1,... we choose a nearly extremal function y;

ensuring the relations

(95) suppy; C [ti, 00), / yi(s)ds =2"""1 by < |lyi | LP5| < bi(1+¢).
t

The possibility of such a choice is clear.

The subsequent construction of the required function is entirely algorithmic. So, we
present it in the form usual for description of algorithms. Thus, let a collection of
functions {yk(t)}llzé be given.

Fix ky € Z. Put k = ky, Cko(t) = yko(t).

Step A. If

(96) Eﬁﬂlﬂ@%Z%/m@@M&

tr

put zx(t) = CGe(t)X[tp,trsr) & =k +1, G(t) = yr(t). Return to Step A.
Step B. If [@0) fails, i.e., we have

(97) /t s ds < % /t ~ el(s) ds,

then again define zx by 25.(t) = Cx(f)X(ty,,..,), Temove the function 11 from the collec-
tion {yk(t)}z;, put Cx11(t) = Ck(t), k =k + 1, and return to Step A.

Note that if k1 < oo, then the last step of the algorithm is done for k = k; — 1. In
this case zx, should be modified. Specifically, if the last step of the algorithm is of type
B, we define zi, by zk, (t) = yi, (t), but if the last step of the algorithm is of type B, we

put 2, (t) = Coy—1X[ts, ,00)-
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REPRESENSIBILITY OF CONES OF MONOTONE FUNCTIONS 567
First, we show that for all admissible k: k > kg we have

(98) K@@m;[@@w

Indeed, for k = ko we have equality in ([@8]). We do an induction step. If we perform
Step A after Step A, then again we have equality in ([@8]). If we perform Step A after
Step B, then from (@7) and the inductive hypothesis we deduce that

th+1
ds = )ds = )ds — d
Ck+1() s = - Ck 5= / Cr(s)ds / Cr(s)ds

122
/ Cr(s)ds > = / k(s)ds = / Yr+1(s) ds.
o th+1
Thus, ([@8) is proved.

The algorithm results in replacing the collection {y(t )}k1 with a new collection of

tr41

functions {zx(t )}Z1 furthermore, the procedure implies directly that the supports of the

functions in the collection {z ()} ry are mutually disjoint.
Now, we define the new function

k1
() = > ()
ko

First, we show that for every j = kg, ko + 1, ... we have

oo k1 00
(99) QTr, (t; / sz ds > = / yi(s)ds =27773 > 2732(t;).

tj
Three possibilities may occur.

a) Let z;(t) = yj(O)X(t,.t,41)> Zi+1(8) = Yj+1(E)X[t;41.0542) 16+ Step A is performed.
Then ([@8) yields

0o k1 i1 tjt1 1 [°
QTky (t5 / sz )ds > / zj(s)ds = / yi(s)ds > 5/ y;i(s) ds,
t t t

J J J
which proves ([@9) in the case in question.
b) Suppose that, starting with some m > kg, we have

2O X [tr,trrn) = Y (B X[tetosn)s K=mm+1,...om+1 (1 <1< o0),

and that z,4i4+1(t) does not coincide with y,, (t) on [¢m4i+1,tm+i+2). This happens if,
starting with & = m, the algorithm walks away to Step B and does not change the
function ¢, (t) (I — 1) times, i.e., in accordance with ([@@) and (@T)), we have the relations

tit1 1 [e'e]
/ ym(s)ds<—/ ym(s)ds for j=mm+1,....m+1—-1;
¢

(100) N . .
/ Ym(s)ds > 5 / Ym (8) ds.
tm41 i1
In this case, for j =m, m+1,...,m+ 1 we put
tit1 tit1 tj+1

a; = / Gi(s)ds = / zj(s)ds = / ym(8) ds,
(101) b v K

d; = Gi(s)ds = / Ym(8) ds.

ti+1 tj+1
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568 E. I. BEREZHNOI AND L. MALIGRANDA

Therefore, (I00) and (I0I) show that for all j = m, m + 1,...,m + [ the following
inequalities hold true:

oo ki tmyry1 M
QTr, (15 —/ sz ds>/ sz(s)ds
¢
O

J i=j

tj+m+i

:/ Ym(s)ds = aj +ajp1 + -+ amyl

tj
1 1

=05+ ajp1+ - Amgi—1 T 5Amr T o dm-t

2
1 1
2aj+ a1+ -+ amp—1 + 5 Om + de-i-l
1 [ 1 [~
> 1 [ mas=1 [ G

J J

To prove (@) in the case in question, it remains to apply (98]).

¢) It remains to consider the case where, starting with some m > ko, for all k > m we
have zj(t) = y,,(t). This happens if, starting with k¥ = m, the algorithm walks away to
Step B and does not change the function (,,(t) any longer. In this case, for all j = m,
m+1,... we have {,,(t) = (;(t) = ym(t). By ([@8), it follows that we also have

Q1 /mkzlzk yas= [Cumtsrds= [T G sz [Cuitsas

J tj tj

Again, this implies ([@9).
Now, let ¢t € (t;,t;41). Then the explicit form of the function z, inequalities (@0) and
the nonnegativity of T, (t) imply the relation

k k
e} 1 [ee] 1 1 1
N 4
QT (1) —/t g zi(s) ds > / E 2p(s)ds > 27974 > — 16 z(t;) > Ex(t)

I+l ko

Put z.(t) = T, (t). The last inequality and ([@9) yield (89). It remains to verify (88]).
First, we prove the relation

k)l k71
(102) lze [ ZEIP = D~ Nz [LEIP < > llys | LEIIP.
Jj=ko Jj=ko

The identity in (I02) follows from the fact that the supports of the functions in the
collection {z; (t)}ﬁ; are mutually disjoint. On the other hand, for every function y; the

algorithm either merely drops it or multiplies it by a characteristic function, i.e.,

ki
ZZJ > x(Dj)y;,
j=ko j=ko

where D; = @ if y; was dropped, D; = [t;, t;11) if y; was involved in the action of the
algorithm only once, D; = [t;, t;j42) if y; was involved in the action of the algorithm
twice, and so on. Therefore,

k1
Z 125 | Lgl|” = Z lysx (D) ZEIP <> [y | 2P
j=ko j=ko j=ko

So, relations (I02) are proved.
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REPRESENSIBILITY OF CONES OF MONOTONE FUNCTIONS 569

Next, taking the choice of the y; into account, by (@) and (@4]) we obtain the inequality

k1 k1 k1
e [LEIP < D llys [LEIP < (L4+e)P D05 < (1+2)” > (277 Ixqo,)v | P[P

Jj=ko Jj=ko Jj=ko
Together with ([84)), this implies

k
27P(1+¢€)P,_ _ ~ o
|z | LGP < W(Q RP X (0,600) 0 L IDP + D 27 MIxe 50000 | LP])P-
Jj=ko
Next, using (83]), we finally obtain
(1+¢)
||x€|L§||§m||x|L€||. U

Now, everything is ready for the proof of Theorem [[I We proceed with this.

Proof. By Lemma [2] the embedding
QL C K(1) N L7,

follows from the boundedness of @) as an operator from LP; to LP, (that is how the
weight U was chosen). Furthermore, @ takes any nonnegative function to a monotone
nonincreasing function. This proves (a).

We pass to the second statement of the theorem.

Fix a function = € K (}) N L?, with nonzero norm. Condition (1) implies the identity

(103) Jlim a(t) = 0.

Since the norm in L?, is absolutely continuous, by (I03)) we see that there exists a strictly
monotone continuous function z¢ € K(|) N LP, enjoying the conditions

(104) xo(t) > x(t) (vt > 0);
(105) 2o | LPoll < 2fj [ L7y |I;
(106) tlgrolo xo(t) = 0;
(107) lim z(t) = oo.

t—0

Since the continuous function x(t) is strictly monotone, by (I06), (I07) we deduce that
for every i € Z there exists a unique point t; € (0, 00) with x¢(t;) = 27". We define two
new functions

ySO(t) = ZX[ti,ti+1)2_ia ySl(t) = ZX[O,t»H,])Z_i'

Direct calculations show that for every ¢t > 0 we have

1
(108) Ys1(t) = 2yso(t),  yso(t) > xo(t) > §ys0(t)~
Consequently,

1
(109) lysi | LPu |l = 2llyso | LPol| > 2[|wo [ Ly || > §||yso|va||-

But form (I05), (I08), and the absolute continuity of the norm in L2 we deduce that

’ = lim 2H Zx[tjvtj+1)2_j | va
—00

i——00

lim H ZX[OJS' 1)2_j | LP,
(110) i——oo || £ it

=2 z~1>u;noo ||ySOX[O7tj+1) | va” < 47,—1)11}100 ||xOX[07tj+1) |va|| =0.
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570 E. I. BEREZHNOI AND L. MALIGRANDA

Taking (II0) into account, we apply Lemma [l to ys;. This yields a sequence {k;}5° such

that
00 . o] ki )
(111) Z 27X (0,85 10) [ LPo || + Z Z 277X (0,t500) | LPo || < 2lysa [ L7
ko+1 i=0 1 kyyq 41

We define the functions

0o ki
0= 27 X4z = Y 27X (0=0,1,2,00).
ko+1 kiy1+1

Fixing & > 0, we apply Lemma [f] to every function {z;}°. This will result in a collection
of functions {z; }§° satisfying the conditions

1
(112) Qzie(t) > 1—621(t) (Vt > 0);
1+¢
(113) 1zie | Pl < WH%\L%H-
Put

oo

Te = E Zig-

=0
Then (I04), (I08), (1)), and [I12]) show that for every ¢t > 0 we have

Qu-(t) = Q(Zzﬁ) (1) 2 163" () = 1) = Saolt) > Laolt) > La(h).
i=0 1=0

But from (I05), (I08), (I09), and (II3) we obtain

1+¢€
lee 122501 = | 3z | 275 | < 3 lese | 2260 < (a7 2 sl 224l

1+e¢ 1+e

<2yt | LPy| < 8—||mo | LP,
> (21) — 1)1/p||y 1 | || = (2p o ]_)1/13 HJ;()| ||
1+e€

We pass to the proof of Theorem [1

Proof. By Theorem [3 the cones K(]) N Lg° and K(]) N L$° coincide.
First, we verify (a). By Lemma [2l the operator Q: L° — L2 is bounded if and only
if
(114) su w(t)/ooﬁ—C’ < oo
t>13 ¢ u(s) : .

In our case, ([I4) has the form

115)  supd(t) /tmﬁ_supﬁ(t) /too(_i ! (s)) — sup F(t)—— < Ci,

>0 o(s) >0 ds Vg >0 Vac(t)
Now, we prove (b). Let x € K(]) N L and ¢y = sup,~qx(t)0(t). Put y-(t) = ;—‘7’5)
Then ||ly. | L°|| = ¢o, and we have
t) = dr = ——d
Qye(t) /t yE(T) T /t o(r) T
e d 1 1 Co
= — D ds) = co——(t) > 2a(t). O
Co/t ( d5 Tao(5) 3) om0
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REPRESENSIBILITY OF CONES OF MONOTONE FUNCTIONS 571

Now we pass to a lemma that yields a necessary and sufficient condition for the
existence of an absolutely continuous function equivalent to a given weight function v.

We remark at once that, in the case of the space LS°, the value of the weight function
at every point is essential. Therefore, we assume for definiteness in what follows that v
is continuous from the left.

Lemma 7. Fizp = co and a weight function v: [0,00) — R4. Next, define a function ¥
as in B4). Then the existence of an absolutely continuous function V4. € K({) N LS°

such that

(116) “elt) < (1) < i)

for some constant C and all t € Ry is equivalent to the inequality
(117) tselgi :}:Ei—i—g; =d< o0

Proof. We verify the implication (II6) = ([IIT7). Since ¥,. is absolutely continuous,

by (II6) we obtain
(118) WH0)  Aocll$0) o Tl 10 _ 5
o(t—0) o(t —0) Vac(t — 0)
and this proves the implication (II6) = (II7).
Now, we verify the implication (IT7) = (II€). Since ¥y, is monotone nondecreasing,

the Radon-Nikodym decomposition yields the representation
(119) B(t) = @1 (1) + 22(t) + 23 (1),

where 1, z2, 3 € K(]) are, respectively, absolutely continuous, singular, and jump
functions. We construct an equivalent absolutely continuous function for each of them
separately. The function x; is absolutely continuous itself, so nothing should be con-
structed for it. We have two possibilities for zo: a) this function is positive for all
t € Ry, b) there exists 79 € R4 such that x2(79) = 0 and z3(t) > 0 for t < 79 . We
consider a) first.

Put ¢ = x5(1). For every k € Z we define t, € Ry by t, = sup{t : xa(t) > 2%¢}.
If 0 < 41 <ty < oo, then for ¢t € [tg41,tx] we define a function za,. by the formula
Zoac(t) = ma(ty) + (t — tk)w. Then for all ¢ € [tx11,tx] we have

tht1—tk
(120) Zoac(te) < 22(t) < Tage(tht1) = 222qc(t) < 222(t).

If 0 <t < tp—1 = oo, then for t € [ty, 00) we define a function xs,. by the formula
Z2ac(t) = x2(t). Then for all t € [t, 00) we have

(121) 22 (t) < Toe(t) < 2u2(t).

Now, if 29(0) < 2z5(tx), then for t € [0, ;] we define za,. by the formula zo..(t) = x2(0).
Then for t € [0, t] we again have (I2I)).

Relations ([20)—(I21)) show that in case a) we have constructed an absolutely contin-
uous functionzs,. equivalent to x5 with constant 2.

If condition b) is fulfilled, then for all ¢ € [rg,00) we define wa,. by the formula
Z2qc(t) = 0. The subsequent construction is similar to case a) treated above.

Now, we show how to construct an equivalent absolutely continuous function in K ()
for x3.

Again, there are two possibilities for z3: a) the function x3 is positive for all t € R,
b) there exists 79 € Ry such that z3(79) = 0 and x2(t) > 0 for t < 7.

First, we consider case a). For every k € Z, we define t;, € (7,00) by t; = inf{t :
x3(t) < (d+ 1)F}. Again by continuity, x3(tx) < (d + 1)* for all k.
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572 E. I. BEREZHNOI AND L. MALIGRANDA

Again, we construct a linear approximate. If 0 < t341 < t; < 00, then for ¢ € [tgy1, tx]
we define a function z3,. by the formula x3,.(t) = x3(tx) + (t — t@%. Then,
if x3(tg+1) < (d+ D)as(ty), for all ¢ € [tg41,tx] we have
(122) 23ac(tr) < 23(t) < T3ac(thy1) < (d 4 Dazac(te) < (d+ 1D2zac(t).

But if z3(tx1) > (d + 1)z3(tk), then for every § > 0 we have x3(t; — §) > (d + 1).
Therefore, by (II7) we obtain z3(tx11) < (d+1)**! < (d+1)z3(tx —6) and, consequently,
23(tg+1) < d(d+ 1)xs(ty). Thus, for all ¢t € [tgy1, tx] we have

(123) $3ac(tk) S .’Il‘g(t) S -T?;ac(tk-i-l) S d(d + 1)x3ac(tk) S d(d + 1)x3ac(t)-
If 0 <t < tp—1 = 00, then for t € [ty,00) we define x3,. by the formula z3..(t) =

l‘g(tk).
Applying ([II7) once again, we see that
(124) :L‘g(t) S l‘gac(t) S d(d + 1):L‘3ac(t)

for all ¢ € [tg, 00). Relations (I22)-(24]) show that, in case a), we have constructed an
absolutely continuous function xs,. equivalent to xs with the constant d(d + 1).

If b) is fulfilled, then for all ¢ € [ry, 00) we define x34. by Z34.(t) = 0. The subsequent
arguments resemble those in case a). O

In conclusion we discuss Lemma [8 required for the proof of Lemma [3

Lemma 8. Fiz 0 € (0,1). In the spaces L}, and L5, consider the cones K (1) N L},
and K(|) N Ly . Let

v € (K() N Ly,) (K1) n L)’

satisfy

(125) lz | (K (4) N Ly, ) (K@) N L) 0 = 1.

Then there exists xo € K (1) N LY, with ||zo | Ly, || =1 such that
1 \1-0

126 )y <ab(t) (== t

(126) w0 <20 (57)  ©

forallt € Ry.
Proof. Theorem [l shows that the cones K ()N L3 and K(])N LY coincide.

w1

Suppose that ([[25]) is fulfilled. This means that there exists a sequence of pairs of func-
tions zo, € K({) N L}, with |[zon | Ly, || =1 and 21, € K(1) N LY with |21, | LT[ =1
such that for all t € R, we have

(127) o(t) < (14 2) - a0l 0).

Since every x € K(}) N L with ||z | L || = 1 satisfies z(t) < ﬁ for all t € R4, we
can rewrite (IZ7) in the form

15\ 1/6 0 1 \1-06
(128) (t) < [(1+ E) -xon(t)] : (m) .

We define a function y at all points ¢ € R by the formula y(t) = inf,, (1+2) 1/9.;[0” (t).
Then y € K(1)N L., and the pointwise inequality y(¢) < (1+ %)1/9 - Zon (t) shows that
lyl Ly, Il < (1+ %)1/0 for every n € N. This means that [ly| L} || < 1. In [I28), we
pass to the infimum over n for every ¢t € Ry, obtaining the inequality

(129) o) <yt (=)

w1 (t)
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REPRESENSIBILITY OF CONES OF MONOTONE FUNCTIONS 573

valid for all t € Ry. Now, if we suppose that [jy| L}, || = ¢ < 1, then, putting ¢o = q°,
we see that for all ¢ € Ry we have

0= (1) ()"

w (1)
moreover, Ly € K(])N L}, with H%"y | L., || = qo, and also (Jow% € K({)N L with
||qowé1 L% || = qo, which contradicts (I25). O
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