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“Life is a constrained optimization problem.”

J. Gregory





On optimization of natural convection flows

Clio Saglietti

Linné FLOW Centre, KTH Mechanics, Royal Institute of Technology
SE-100 44 Stockholm, Sweden

Abstract

Two different techniques are presented for enhancing the thermal performance
of natural convection cooled heat sinks. The physics is described by solving
the conjugate heat transfer problem with a spectral element method. The
temperature distribution is computed in two sub-domains, whose solution is
then conjugated. Additionally, the contribution of the natural convection to the
heat transfer is evaluated by solving the complete incompressible Navier–Stokes
equations in the fluid domain.

One method focuses on the natural convection driven flow. The disturbances
about a base flow are sought, which yield the maximal transient growth of a
quadratic functional measuring the thermal performance. The “optimal initial
condition” method is used for identifying the above mentioned perturbations.
The control variable is the initial state of the perturbation and the problem is
subject to the constraints enforced by the linearized governing equations. This
method is validated in a simple two–dimensional setup and then applied to a
periodic heat sink.

The second approach is a topology optimization of the heat sink itself.
The design of the solid is optimized for maximizing the heat flux. The control
variable is a so-called material distribution function that describes the presence
of solid and fluid in the domain. By modifying the design of the heat sink, the
flow is optimally conveyed and, by convection, it extracts the maximal possible
amount of heat from the solid. The constraints are given by the governing
equations, the position of the heat sink, and some manufacturing constraints
(i.e., the maximal volume, or the minimal thickness). After a validation in a two–
dimensional setup, the method is applied to a three–dimensional case. Complex
tree-like shaped heat sinks induce an increase of the thermal performance by 5
to 16%, depending on the conditions considered.

Key words: Natural convection cooling, topology optimization, flow optimiza-
tion, heat sink, conjugate heat transfer, differentially heated cavity, optimal
initial disturbances, adjoint optimization.
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Optimering av naturlig konvektionsströmning

Clio Saglietti

Linné FLOW Centre, KTH Mekanik, Kungliga Tekniska Högskolan
SE-100 44 Stockholm, Sverige

Sammanfattning

Tv̊a olika metoder som förbättrar naturliga konvektionen av kylflänsar presen-
teras. Fysiken beskrivs genom att lösa konjugatvärmeöverföringsproblemet med
en spektral element metod. Temperaturfördelningen beräknas i tv̊a deldomäner
och den slutgiltiga lösningen erh̊alls genom att kombinera de tv̊a lösningarna
fr̊an respektive deldomän. Värmeöverföringen fr̊an den naturliga konvektionen
beräknas genom att numeriskt lösa de fullständiga inkompressibla Navier–Stokes
ekvationerna.

Den första metoden fokuserar p̊a de naturligt konvektionsdrivna flödena.
Störningarna kring ett basflöde söks, vilket ger den maximala tillväxten av den
funktion som beskriver kylflänsens termiska egenskaper. Denna metod kallas
för “optimal initial condition”. Variabeln som styr optimeringen är störningens
initiala tillst̊and och de lineariserade ekvationerna är problemets bivillkor. Denna
metod har validerats p̊a ett tv̊adimensionellt fall, därefter har metoden använts
för att optimera en periodisk kylfläns.

Den andra metoden är en topologioptimering av själva kylflänsen. Desig-
nen optimeras för att maximera värmeflödet. Kontrollvariabeln är en materi-
alfördelningsfunktion som beskriver vilket material som finns i varje punkt i
domänen. Genom att modifiera kylflänsens utformning styrs flödet för att extra-
hera maximalt med värme fr̊an soliden. Bivillkoren är de styrande ekvationerna,
kylflänsens position och vissa tillverkningsbegränsningar (t.ex. maximal volym
eller minimal tjocklek). Efter en validering i ett tv̊adimensionellt fall, tillämpas
metoden p̊a ett tredimensionellt fall. Komplexa trädliknande konstruktioner
definierar en kylfläns som förbättrar den termiska förm̊agan mellan 5 och 16%.

Nyckelord: Naturlig konvektionskylning, topologioptimering, flödesoptimering,
kylfläns, konjugerad värmeöverföring, differentiellt uppvärmd h̊alighet, optimala
begynnelsestörningar, adjunkt optimering.
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Preface

This thesis deals with optimization of natural convection driven flows. An
overview of the methods, the flow cases, and results are presented in the first
part. The second part contains fours articles. The papers are adjusted to
comply with the present thesis format for consistency, but their contents have
not been altered as compared with their original counterparts.

Paper 1. C. Saglietti, P. Schlatter, A. Monokrousos, D.S. Henning-

son, 2016. Adjoint optimization of natural convection problems: differentially
heated cavity. Theor. Comput. Fluid Dyn. 31, 537–553.

Paper 2. C. Saglietti, P. Schlatter, E. Wadbro, M. Berggren, D.S.

Henningson. Topology optimization of heat sinks in a square differentially
heated cavity. Under review for Int. J. Heat Fluid Fl.

Paper 3. C. Saglietti, E. Wadbro, M. Berggren, D.S. Henningson.
Heat transfer maximization in a three–dimensional conductive differentially
heated cavity by means of topology optimization. Proceedings ECCM-ECFD
2018.

Paper 4. C. Saglietti, A. Monokrousos, P. Schlatter, D.S. Henning-

son. Optimal disturbances in a periodic heat sink. Technical report.

June 2018, Stockholm

Clio Saglietti

vii



Division of work between authors

The main advisor for the project is Dan S. Henningson (DH). Philipp Schlatter
(PS) acts as co-advisor.

Paper 1. The setup was chosen by Clio Saglietti (CS) and PS. The code
development, the setup of the simulations and their computation was done
by CS; the validation of the gradient was done by CS with feedback from
PS. The post-processing of the results was performed by CS, and the physical
interpretation was discussed with PS, Antonios Monokrousos (AM) and DH.
The paper was written by CS with input from PS, AM, and DH.

Paper 2. The setup was chosen by CS and PS. The code development was
done by CS with feedbacks from PS and Eddie Wadbro (EW). The simulations
were setup and run by CS; the validation of the gradient was done by CS with
feedback from PS, EW, and Martin Berggren (MB). The post-processing of the
results was done by CS with inputs from EW, MB, and DH. The paper was
written by CS with input from MB, EW, PS, and DH.

Paper 3. The setup was chosen by CS and DH. The simulations were setup
and run by CS; the post-processing of the results was done by CS with inputs
from DH, MB, and EW. The paper was written by CS with input from EW,
MB, and DH.

Paper 4. The setup was chosen by CS, AM, and DH. The mesh generator was
implemented by CS and AM; the preliminary simulations were setup by CS and
stabilized with help from AM and PS. The final simulations were setup by CS
and AM, and run by CS. The post-processing and analysis of the results was
done by CS and AM. The physical interpretation was discussed with DH and
AM. The paper was written by CS with input from AM, PS, and DH.

Other publications

The following papers, although related, are not included in this thesis.

Philipp Schlatter, Clio Saglietti, Dan S. Henningson and Vadim

Tsoi, 2016. Summary report of the 8th International Electronics Cooling
Technologies Workshop. Huawei Electronic Cooling Technology 1 (1), pp. 1–21.

Conferences

Part of the work in this thesis has been presented at the following international
conferences. The presenting author is underlined.

Clio Saglietti, Antonios Monokrousos, Philipp Schlatter and Dan

S. Henningson. Conjugate heat transfer for a simplified natural convective
cooling device. Nek5000 Users and Developers Meeting. Thessaloniki (Greece),
2014.

viii



Clio Saglietti, Philipp Schlatter, Antonios Monokrousos and Dan

S. Henningson. Adjoint optimization of natural convection problems: Differ-
entially heated cavity. 6th Symposium on Global Instability and Control. Crete
(Greece), 2015.

Clio Saglietti, Philipp Schlatter and Dan S. Henningson. Topology
optimization of heat sinks. 8th International Electronics Cooling Technologies
Workshop. Kista (Sweden), 2016.

Clio Saglietti, Philipp Schlatter, Martin Berggren and Dan S.

Henningson. Topology optimization of natural convection flows: Differentially
Heated Cavities. 16th European Turbulence Conference. Stockholm (Sweden),
2017.

Clio Saglietti, Philipp Schlatter, Eddie Wadbro, Martin Berggren

and Dan S. Henningson. Topology optimization of natural convection: Flow
in a differentially heated cavity. American Physical Society DFD 2017. Denver
(U.S.A.), 2017.

Clio Saglietti, Eddie Wadbro, Martin Berggren and Dan S. Hen-

ningson. Heat transfer maximization in a three dimensional conductive differen-
tially heated cavity by means of topology optimization. 6th European Conference
on Computational Mechanics, 7th European Conference on Computational
Fluid Dynamics 2018. Glasgow (U.K.), 2018.

ix





Contents

Abstract v

Sammanfattning vi

Preface vii

Part I - Overview and summary

Chapter 1. Introduction 1

1.1. Heat sinks 3

1.2. Optimization 4

Chapter 2. Optimization techniques: Overview 7

2.1. Formulation of the optimization 7

2.2. Class of the optimization 8

2.3. Optimal initial condition 13

2.4. Topology optimization 14

Chapter 3. Physical problem modeling 16

3.1. Numerical methods 17

3.2. Steady state solvers 19

3.3. Conjugate heat transfer 20

Chapter 4. Flow cases 23

4.1. Differentially heated cavity 2D 23

4.2. Differentially heated cavity 3D 28

4.3. Open domain heat sink 30

Chapter 5. Optimization techniques: Results 34

5.1. Optimal initial condition 34

5.2. Topology optimization 41

xi



Chapter 6. Conclusions and outlook 48

6.1. Optimal initial condition 48

6.2. Topology optimization 49

Acknowledgements 51

Appendix A.Validation of conjugate heat transfer in Nek5000 52

A.1. One–dimensional channel 52

A.2. Analytical solution of the transient heat equation 54

Appendix B.Heat sink mesh generator 60

B.1. Python core 60

B.2. Genbox 63

B.3. Prenek 64

B.4. Reatore2 64

Appendix C.Symmetry of the physical fields 65

Bibliography 68

xii



Part II - Papers

Summary of the papers 75

Paper 1. Adjoint optimization of natural convection problems 79

Paper 2. Topology optimization of heat sinks 107

Paper 3. Heat transfer maximization by means of topology

optimization 153

Paper 4. Optimal disturbances in a heat sink 169

xiii





Part I

Overview and summary





Chapter 1

Introduction

According to the United Nation declaration, the present times are described
as full of opportunities [65]. In particular, the positive role of information
technologies is highlighted. Global interconnectedness is recognized as the key
factor for accelerating the development of a so-called “Knowledge society”. The
characterizing features of this global society are a strong economic foundation,
sustainable growth, equally distributed wealth, as well as a healthy and ed-
ucated workforce. For the purpose of establishing a knowledge society, the
UN sustainability goals are promoting the adoption of policies that favor the
industrial development through a universal access to energy services, quality
transportation, and innovative telecommunication technologies [65].

The recent advancements in the electronics industry, such as in the fields
of renewable energy, automotive, and telecommunications, have shown the
achievability of these goals, but have also led to a substantial increase in heat
power density generation. Therefore, thermal management technologies cover
an increasingly significant share of the market. Their value (10.12 billions U.S.
dollar in 2015), is expected to grow considerably in the next future (till 2024),
as shown in Figure 1.1 [33]. The applications are very diverse; alongside the
most obvious applications in the electronic industry (e.g., cooling computers
or smart phones), there is a growing need of cutting-edge cooling solutions
in the renewable energy sector (e.g., waste heat dissipation from solar cells
and wind turbines), as well as in automotive (e.g., cooling of electric motors
and integrated vehicles), in telecommunications (e.g., heat removal from the
broadband infrastructures), and in other fields, such as medical technologies.
Without regard to the application considered, the overall aim is to simultaneously
reduce the energy consumption/carbon footprint, and enhance the operational
efficiency [53].

In the electronics industry, the increasing need for advanced heat dissipation
solutions is driven by the development of smaller and smarter products. Multi-
phase heat transfer technologies (e.g., jet impingement, cold plates, and vapor
chambers) are nowadays chosen for the cooling of computer chips. On the
contrary, for portable electronic devices (e.g., smart phones and tablets), ideal
cooling solutions would exploit the many interfaces offered by the automated
assembly. Their position and shape, if optimized, can lead to an enhancement

1



2 1. Introduction

Figure 1.1: From the report published by GVR [33]: Histogram of the market
shares (in USD Million) corresponding to the thermal management technologies,
divided by application, covering the time interval 2014–2024.

of the thermal radiation. In general, many challenges still have to be faced in
this context, as for instance dealing with spatially and temporally varying heat
loads, rise in the operating frequencies, and acoustic noise emissions [29].

In automotive applications, the thermal management includes both the
cooling of the mechanical parts, like the motor, and the cooling of the electronics.
This second aspect has witnessed a substantial growth over the past years. The
main concern of the manufacturers is to conform to the strict regulations
about emissions; thus, minimize the fuel over-consumption associated with all
supplementary devices and integrated systems [46]. In this context, two aspects
have gained central importance: The need for shielding the equipment and the
demand for more advanced systems dedicated to waste heat removal. Therefore,
the market share of thermal management is expected to expand [33].

The total renewable power generation capacity has grown by 8.3% in 2017,
according to a press release by the International Renewable Energy Agency on
April 5th, 2018 [40]. In particular, solar photovoltaic (PV) and wind energy have
experienced a noteworthy growth, 32% and 10% respectively. A considerable
cost reduction is related to the improvement of these technologies and underlays
this growth. However, one of the crucial aspects still to be tackled for further
increasing the competitiveness is the thermal management. In Concentrated
Solar Power (CSP) applications, a uniform heat distribution is essential for
the efficiency in electric power generation [73], considering applications such as
Stirling engines and solar panels. In addition, the removal of waste heat from
solar cells in Photovoltaic is crucial for improving the conversion efficiencies [48].
The same principle applies to wind power generation, in which the optimization
of the heat transfer inside the nacelle is decisive for improving the efficiency of
the energy conversion [25].

The last sector worth mentioning for the growing need of efficient thermal
management solutions is telecommunications. Looking at the 5th generation
(5G) wireless systems, all hardware need be upgraded. Electronic components
are expected to draw higher power, so that the cooling solutions used for the



1.1. Heat sinks 3

Figure 1.2: “Temperature rise of typical etched aluminum case in still air at
room temperature” [66]

previous generation need to be reviewed. Moreover, the equipment will be
highly integrated and exposed to varying temperatures [29]. The challenging
areas, when dealing with the development of the cooling systems for the 5G
technology, are mainly three. One, is the thermo-fluid dynamic optimization
of natural convection cooling systems such as heat sinks, for which also weight
and temperature constraints must be satisfied. Another, addresses the research
in material science and aims at the optimization of loop heat pipes and ther-
mosiphons for cooling high-power chips. The last, tackles the optimization of
forced convection cooling systems in terms of noise and vibrations reduction.

The present thesis focuses on the first issue, studies natural convection
cooled heat sinks, and presents innovative methods for optimizing their thermal
performance.

1.1. Heat sinks

Electronics cooling is a fairly recent field of study. In a report of the US NAVY,
in 1956, heat sinks were first mentioned: “Electronic equipment cases are
occasionally designed to dissipate the heat they produce to their environment
by convection and radiation, this is practical provided that the ambient air
temperature is low” [66]. The operational features of these systems were
described by the diagram shown in Figure 1.2 as temperature rise as a function
of square inches of case. In the literature, the first attempts to model heat
sinks in a more accurate way appeared in the second half of the twentieth
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century [5, 38, 18]. They present quite complex correlations, based on empirical
observations, which only hold for specific conditions rarely satisfied in real-life.

In many industrial applications, the systems are often complex. The surfaces
of heat sinks are irregular, the heat sources are nonuniform and time dependent,
and turbulence might appear. Therefore, the thermal designers face a challenge
in determining the boundary conditions at the fluid-solid interface, since the
above mentioned correlations do not hold. In order to correctly describe a heat
sink’s performance, the flow field needs to be accurately simulated, together
with the conjugate heat transfer coupling the coolant and the solid structure [50].
In the computational domain, different sub-domains are identified, in each of
which the physics is described by different differential equations. A solution
in each sub-domain is computed and then the solutions are conjugated. The
heat transfer inside the body is governed by the parabolic differential equation
derived from the energy conservation equations, and the heat transfer inside the
fluid is governed by the coupled momentum and energy conservation equation.
As a solution, the distribution of temperature and heat flux at the interface is
obtained, and thus no heat transfer coefficients are needed [23]. The complete
Navier–Stokes equations are solved in the fluid region, because the flow is quite
complex. Not just the approaching, surrounding, and detaching flow must be
accurately described, but also the turbulence that might occur in the plume.
The spectral element code Nek5000 is used for the present work to simulate this
type of systems with a high-order accuracy (see Fig. 1.3)

1.2. Optimization

As opposed to the study of heat sinks, optimization theory has its roots in
the Brachistochrone curve problem proposed by Bernoulli in 1696. It is one
of the most important areas in mathematics and has a relevant impact on
physics, engineering, and economics [30]. Heat sinks optimization has been
an issue that arose since their first development [39]. Most of the literature
known by the author has addressed the optimization of the solid structure of
the heat sink directly. The first studies were based on analysis of the parametric
behaviors under specific and predefined conditions [51, 42]. Only in the last
years, topology optimization has been used for identifying innovative designs for
heat sinks. This optimization approach developed in parallel in two branches,
one was using gradient-free methods based on the constructal theory [6] and lead
to the identification of the so-called “Dolly the heat sink” [9]. The other was the
gradient-based material distribution topology optimization method [8]. This
second method has a more solid mathematical background and its successful
application to the complete conjugate heat transfer problem (Navier–Stokes
equation for governing the momentum conservation) was demonstrated for the
first time by Alexandersen et al. [1]. The first three–dimensional applications
were extruding a two–dimensional optimal topology [21], but later, completely
three–dimensional topologies were produced with this method [2].
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Figure 1.3: Nek5000 heat sink simulation, volume rendering of the velocity field
around a vertical heat sink with parallel fins

For optimization of heat sinks, no literature that addresses the natural
convection flow directly is known by the author. Pioneer work addressing
the optimization of natural convection flows was done by Zabaras et al. [72,
71], who focused on sedimentation problems. More recently, optimization of
natural convection flows for thermosiphons were presented [49], but no examples
considering the complete conjugate heat transfer have been found.

Thesis structure. This work illustrates different techniques that can be applied
to optimize the heat transfer in natural convection driven flows (Chapter 2).
More specifically, it considers the whole system of solid-fluid interaction in
a natural convection cooled heat sink and analyzes the complete conjugate
heat transfer using a high-order accurate spectral element method (Chapter 3).
Two different approaches are presented for the optimization. The first type of
analysis acts directly on the flow and optimizes for the perturbations around a
mean flow. This approach is accredited by considerations based on the varying
meteorological conditions to which the heat sinks are exposed when used to
cool the antennas on top of radio towers. The second method focuses on finding
innovative designs for the heat sink itself. The convection contribution to the
heat transfer is maximized by canalizing the flow in an optimal way that leads to
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an enhancement of the thermal performance. For both approaches the method
is first presented in a two–dimensional setup (differentially heated cavity) and
then extended to three–dimensional cases. The various flow cases considered
are presented in Chapter 4 and the results are summarized in Chapter 5. More
details about derivations, validations and additional results can be found in the
paper collection in the second part of the thesis.



Chapter 2

Optimization techniques: Overview

This chapter presents the theory of optimization and gives an overview of
some methods that could be used for optimizing the heat transfer in natural
convection driven flows, such as the flow around heat sinks. After comparing
strengths and weaknesses of various approaches, it is concluded that gradient
based optimization methods without explicit calculation of the derivatives
are the best performing ones. Adjoint sensitivity analysis is used to address
multi-dimensional and multi-constrained problems. The optimization of natural
convection flows is tackled with two different approaches: Either by acting
directly on the flow (optimal initial condition) or by modifying the structure to
optimize the flow canalization (topology optimization).

2.1. Formulation of the optimization

In its general form, a constrained optimization problem is defined as:

min
x∈Ω

J (x)

s.t. fi(x) = 0, i = 1, ...,m,

hj(x) ≤ 0, j = 1, ..., p

(2.1)

where J represents the cost or objective function to be minimized when
subject to the constraints fi(x) that define the feasible region. Note that
any maximization problem can be expressed as a minimization problem by
considering minx∈Ω (−J ). Moreover, inequality constraints such as hj(x) can
be handled for example by adding slack variables: hj(x) + gj = 0.

When the optimization problem has to satisfy a single objective function,
the definition of the optimality conditions is straightforward [31]. In detail, the
global optimal x∗ that minimizes the objective is reached when

J (x∗) ≤ J (x), ∀x ∈ Ω; (2.2)

whereas the local one when

J (x∗) ≤ J (x), ∀x ∈ Ω, satisfying |x− x∗| ≤ ǫ. (2.3)

When there are concurrent objective functions that must be maximized or
minimized at the same time, one refers to a multi-objective optimization problem.
In this case, depending on the objectives, the definition of the optimality

7



8 2. Optimization techniques: Overview

condition might be non-obvious and the identification of a so-called Pareto curve
can be helpful [20]. All possible solutions can be represented onto the so-called
“objective space”, in which they can be compared in terms of “domination”. A
solution z dominates a solution y, if z is not worse than y in any objectives
and is strictly better in at least one of them [4]. In this framework, the Pareto
front defines the limit of all dominant solutions. In other words, the Pareto
front comprises all solutions that are not dominated by any other. The shape
of the front strongly depends on the optimization problem and can be convex,
concave, or even discontinuous. In order to identify the optimal solutions (that
are those located as close as possible to the front), it is important to consider a
set of solutions as diverse as possible [37].

In most cases, the multi-objective problem has to be reduced to a single
objective one. There are various ways of computing the single objective. For
example, a weighted sum of all i objectives ( minx∈Ω

∑
i (ωiJi)) can be eval-

uated, or a min-max problem (minx∈Ω (maxx∈Ω (ωiJi))) can be constructed,
or the multi-objectives can be treated as constrained single objective functions
(i.e., just one objective at the time is varied) [4].

2.2. Class of the optimization

Optimization methods are typically divided in classes depending on the algo-
rithm that they are based upon and they take the name from the order of the
derivative needed to perform the update.

2.2.1. Gradient-free methods

Also called zero order methods, this class of methods includes many algorithms,
among which the random search, the random walk, compass search, simulated
annealing, particle swarm optimization, and the more recent evolutionary
algorithms can be named [4]. To this last group (most useful when dealing
with multi-objective optimizations) belong, for example, genetic algorithms
(GA), differential evolution (DE), and metamodel assisted differential evolution
(MADE). They are inspired by Charles Darwin’s theory about the evolution
of species [19] and based on the idea that evolution occurs because of natural
selection, mutation, and genetic drift. Each “individual” of the population is
identified by a feasible solution x and is associated to a “fitness”, that is, the
value of the corresponding objective functional J (x). The initial population
corresponds to a random subset of individuals. During the “selection” process
the individuals are compared, based on their fitness. Two principles can be
adopted for this purpose: The roulette wheel or the “tournament”. That means,
they are either randomly chosen from a common pool of all individuals whose
presence is weighted proportionally to the fitness, or compared sequentially in
smaller groups. At the end of the selection process, the best performing ones
become the “parents” and a new generation is bred [28].
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2.2.1.1. Genetic algorithms

In GA, a sequence of populations is evolving from the initial one. Using crossover
and mutation, the sets of variables of the chosen pairs of parents are mixed
and the next generation is bred. This method is very powerful; it allows for
the solver to be treated as a black-box, for the additional constraints to be
easily handled, and for the problem to be discontinuous (since differentiation is
not required) [68]. The major drawback is the prohibitive cost of evaluating
the objective functional for a number of times that corresponds to all possible
combinations and variations of the n values that the solution x can assume. In
general, for thermo-fluid dynamic problems, Quagliarella et al. argue that the
maximal number of design variables that GA can handle is O(10) [56].

2.2.1.2. Differential evolution

The DE method reduces slightly the computational cost by maintaining the
original population, instead of regenerating it at each generation. One of the
parents is created through the mutation of some individuals of the population
and mixed by crossover with a candidate solution. The last is compared to the
child and the fittest among them is kept in the population. The price to pay for
the reduced computational cost is the risk of stagnation: Since the method is
meta-heuristically based, it is not guaranteed that an optimal will be found [57].

2.2.1.3. Metamodel assisted differential evolution

MADE is another method designed for reducing the computational cost. It
was developed mostly for computational fluid dynamics and, instead of acting
on the population, reduces to a minimum the amount of simulations needed
to solve the optimization problem by creating two nested loops [55]. In the
external loop an accurate evaluation of the performance is computed using
a proper solver, and the information is stored in a database. In the internal
loop, the evolutionary algorithm is implemented, and the performance of each
individual is predicted using a metamodel based on the database information
(e.g., artificial neural networks). For each predicted optimal, a proper evaluation
of the fitness is performed, and the database is updated (either “on-line” or
“off-line”) [67].

2.2.2. Gradient-based methods

In general, for this class of methods, given an initial guess, one iteratively
moves towards the optimal condition, by at each step following a so-called
descent direction sn that yields a decrease of the objective function J . This
direction points towards a negative gradient of the objective and, according to
the Taylor’s theorem, ensures that the new update yields a reduction of the
objective at the iteration n+ 1 [31]. The new iterate

xn+1 = xn + αnsn (2.4)
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is thus obtained updating the xn current solution with a step αn in the sn

search direction, which is based on gradient or Laplacian information. The
computation of the step length αn is crucial: It should lead to a substantial
reduction of the objective function (αn should not be too short), but viable
values of αn are not too large, otherwise the algorithm diverges. The ideal choice
would be to let αn be the global minimizer of a function ϕn(α) = J (xn +αsn)
subject to the constraint α > 0. When dealing with a quadratic problem (QP),
the line-search optimization problem (that is, minimizing ϕ) has an analytical
solution. However, in general, the full solution of the line-search problem may
require many evaluations of objective function J ; typically, it is not worth the
effort to do so, as xn+1 is unlikely to be an optimal point for J . Thus, an
inexact line search is often used for these cases [62].

To find the search direction sn, the objective function J is, in many

gradient-based methods, approximated by a function J̃ n that is designed to
match the function value, and a number of derivatives of J at xn. The search

direction is then selected as the direction between xn and the minimizer of J̃ n.
For example, if one has access to both the Jacobian and Hessian of J , a typical
choice is to use

J̃ n(x) = J (xn)+ (x−xn)T∇J (xn)+
1

2
(x−xn)T∇2J (xn)(x−xn). (2.5)

By using the approximating function above, Newton’s method for minimization is
obtained. This method has a fast (typically quadratic) rate of local convergence,
but it requires the computation and/or storage of the Hessian matrix containing
the second order derivatives of the objective function [31]. For the Newton
method, the search direction is the solution of the system (∇F )sn = −F , where
the nonlinear function F corresponds to the gradient of the objective functional
∇J , and therefore ∇F is the Hessian of the objective functional. If the Hessian
is positive definite, the Newton direction is always pointing towards a descent.
However, the Hessian matrix may not be positive definite. In these cases, a
descent direction can be obtained by modifying the Hessian to make it positive
definite, or, a globally convergent iteration can be achieved by relying on a line
search; in alternative, a trust region approach can be pursued [31].

A drawback with Newton’s method is that it requires Hessian information,
which, for many application, are not available. From the discussion above, it
is known that the Newton step is a descent direction whenever the matrix in
the place of the Hessian is positive definite. By simply replacing the Hessian in
approximation (2.5) with the identity, the step sn = −∇J (x) is obtained. This
direction corresponds to the steepest descent. The steepest descent (SD) method
was known much earlier than Newton’s method. It was invented by Cauchy [15]
and it only requires the computation of the first-order derivative of the objective
function for the evaluation of the search direction. The disadvantage lies in its
slow convergence rate.

Another alternative that does not use Hessian information is the class of
quasi-Newton (QN) methods. In these methods, the explicit evaluation of
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the Hessian is replaced by its approximation, of increasing accuracy during
the iterative process. Here, the objective function at the current iterate is
approximated by the quadratic model

J̃ n(x) = J (xn) + (x− xn)T∇J (xn) +
1

2
(x− xn)TBn(x− xn), (2.6)

in which Bn is the current Hessian approximation. Note that the Hessian
approximation is updated at each iteration. The most popular QN algorithm is
the BFGS method [60]. Here, the Hessian is updated to ensure that the new
approximation is positive definite, symmetric, and satisfies the so-called secant

conditions, which ensures that the curvature of J̃ n approximates that of J
in the direction xn − xn+1).

Other methods are based on a different approximation of the function

J̃ n. One example is the conjugate gradient (CG) method. It was proposed by
Hestenes and Stiefel [36] as an iterative algorithm for solving linear systems of the
type Ax = b, where the matrix A is symmetric and positive definite. The method
was later adapted to solve large-scale nonlinear optimization problems [27], by
evaluating the search direction as sn = −∇J (xn) + βnsn−1. Here, the scalar
βn ensures that sn and sn−1 are conjugate and thus that the objective functional
can be successively minimized along the individual directions of the conjugate
set. The convergence rate is higher and the computational cost does not increase
much, when compared to SD.

Another method worth mentioning, when dealing with nonlinear optimiza-
tion problems, is the method of moving asymptotes (MMA). In the MMA, the

function J̃ n is a convex approximations of the original nonlinear optimization
problem, based on the gradient information at the current iteration and, im-

plicitly, on previous steps. In particular, J̃ n is selected such that J̃ n → ∞
as xi → li and xi → ri, where the lower and upper asymptotes li and ri are
updated at each iteration. MMA sequentially generates and solves a series of

J̃ [64]. At each new iteration, the control variable corresponds to the global
minimum of the previous convex sub-problem, and allows for the generation of
a new sub-problem until convergence.

2.2.2.1. Calculation of the gradient

For all problems in which the direct computation of the derivatives is to be
avoided, one can rely on a Finite Difference (FD) approximation of the gradient,
or automatic differentiation (AD), or adjoint based sensitivity analysis (AS)
method. The FD technique is based on the Taylor’s theorem: A change of
the function values J , in response to small perturbations ǫ of the variable x,
approximately corresponds to its derivative. For example, for a one sided finite
difference approximation

∂J (x)

∂xi

= lim
ǫ→0

J (x+ ǫei)− J (x)

ǫ
, (2.7)
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where ei is the ith unit vector, and the infinitesimal size of ǫ is bigger than the
round-off errors introduced when evaluating J (x) (a good choice is to set ǫ to
the square root of the largest tolerance in the solver [69]). This approximation is
very easy to implement, however, it has the drawback of requiring at least N +1
computations of the objective functional, for a problem with N control variables.
Therefore, it results to be inconvenient for large-scale problems. AD and AS
techniques require substantially higher software modifications, but are ideal for
problems in which the control variable has a significant size. AD views the solver
for evaluating J as the composition of elementary arithmetic operations, on
each one of which the chain rule is applied. The main advantage of this approach
is that all operations, including boundary conditions and discretization specific
stabilization techniques are directly incorporated in the sensitivity evaluation.
Usually, two distinct modes are presented, forward accumulation (or forward
mode) and reverse accumulation (or reverse mode). In the first, one traverses
the chain rule from the inside, while in the second from the outside and thus
intermediate values from the forward mode need to be stored. The main risk is
associated with the loss of physical meaning: being the solver treated just as a
sequence of mathematical operations, it is very difficult to interpret the results
and, in case of an error, to trace back the erroneous part. The AS method,
on the other hand, being based on the min-max duality concept, preserves
the physical meaning of the gradient information. By relying on the so-called
Lagrange duality, the standard problem (2.1) can be solved as an unconstrained
optimization, where the Lagrangian is defined as L (x, λ) = J (x)−∑

i λifi(x).
If all constraints fi are satisfied, the Lagrangian function corresponds to the
original objective function and the Lagrangian multipliers λi can be chosen to
assume any value. Therefore, they are assigned to be the solution of a set of
adjoint equations, which sets to zero the gradient of the objective function with
respect to the control variable. When applying this method, one is restricted
in accuracy by the numerical discretization on which the solver is based: The
approximation of the primal and the dual equations (i.e., A x = b and A †λ = d,
respectively) differs by truncation errors. Therefore, it shall be combined with
high-order accurate numerical solvers, as for instance the spectral element code
Nek5000.

2.2.2.2. Algorithms for linear problems

In some cases, when relying on the computation of the adjoint system, using
mathematical considerations, it is possible to rely on even more powerful
optimization algorithms, compared to first order methods. Some examples
for quadratic optimization problems are the power iteration method (PI), also
known as Von Mises iteration, and the Arnoldi algorithm [24].

The PI method can be described as an eigenvalue algorithm. Given a
symmetric and positive definite matrix for the constraints, it produces an
eigenvalue and an eigenvector without requiring any matrix decomposition.
Unfortunately, its convergence is limited to cases in which there is only one
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dominant eigenvalue of multiplicity one. Moreover, it is required for the initial
guess to have a nonzero component in the direction of an eigenvector associated
with the dominant eigenvalue.

Using the Arnoldi method for solving the optimization problem, the optimal
initial condition coincides with the eigenvector associated with the strongest
eigenvalue, in the base of eigenvectors of the symmetric operator A †A , where
A is the matrix of the constraints and A † its adjoint. It is observed that the
spectrum is completely real and that the algorithm converges independently on
the multiplicity of the strongest eigenvalue. It is however more computationally
costly, when compared to the PI.

2.3. Optimal initial condition

The so-called “optimal initial condition” problems are normally used as pre-
diction tools for the analysis of the flow transition to turbulence. They are
examples of optimal-control problems, solved relying on adjoint based sensitivity
analysis [3]. Using them, the optimization of the natural convection flow, such
as those typically surrounding heat sinks, is directly addressed. With a given
geometry of the solid structure, an optimal initial condition is sought, which
maximizes the kinetic energy and heat transfer potential capacity (entransy [32])
of the disturbance about the base flow, within a desired time horizon. The
problem can be classified as a quadratic programming problem since the ob-
jective function is quadratic and all the constraints are linear (the physics
of the disturbance around a non varying base flow is governed by the linear
Navier–Stokes equations, temperature transport, and divergence free condition).
Therefore, the optimization problem has a global optimal and the equations
can be re-scaled by any factor.

Being u, p, and θ the velocity, pressure, and temperature of the perturba-
tion, respectively, the state vector q = (u, p, θ) characterizes the disturbance.
According to the normal mode ansatz, it is expressed as q = q̂e−iσt. Therefore,
being the governing equations linear, from a mathematical perspective, they
define the eigenvector–eigenvalue problem

∂q

∂t
= A q,

−iσ q̂ = A q̂,
(2.8)

where σ = σr + iσi is an eigenvalue of the problem and q̂ the corresponding
eigenfunction. According to this definition, σr describes the frequency and σi

the growth.

For this class of problems (see Paper 1 and Paper 4), AS has been used for
computing the sensitivity and the optimality has been computed by using the
recursive relation

qk+1
0 =

A †C A qk
0∥∥A †C A qk
0

∥∥ (2.9)
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for the PI method, or by solving the system

q
j
0 = A †C A V −VH, (2.10)

when the Arnoldi algorithm is applied. Note that C is the vector that contain
the weights of the objective function, V is the matrix having as columns the
assembled Krylov vectors containing the state vector, and H is the upper
Hessenberg matrix that approximates the action of the operator A in the
Krylov space. The complete derivation of the adjoint problem, as well as details
about the equations and the algorithms can be found in Paper 1, where this
method is presented and its applicability proven. In Paper 4, the results are
extended and the method is applied to a three–dimensional conjugate heat
transfer problem.

2.4. Topology optimization

For the class of “material distribution topology optimization” problems, the
natural convection driven flow cooling the heat sink is optimized by acting
on the geometry of the solid structure. This, in turn, canalizes the flow and
optimizes the heat transfer. As opposed to shape optimization, the design
variable is not restricted to a subset of allowable shapes with fixed topological
properties: The connectedness of the structure is allowed to change. For a given
set of constraints and boundary conditions, the optimization process results
in a completely new layout within the design space of feasible solutions. This
method was proposed for the optimization of load-carrying elastic structures [8],
but has found a broad range of applications [7], such as, and among others,
thermo-fluid dynamics optimization. In this field, the technique is novel, due
to the complexity of the governing equations and the high computational cost
required for solving them.

The control of the solid structure is achieved by using a material distribution
function ρ̃, which is continuously defined in the whole domain and is used to
map the coefficients of the governing equations. In fact, this function is used
to discriminate between the two materials: Fluid (ρ̃ = 1) and solid (ρ̃ = 0).
It is computed by filtering a nonphysical design function ρ. The velocity,
pressure, and temperature implicitly depend on ρ and therefore the heat transfer
(considered the objective of the optimization) can be maximized by considering
variations of the design function. Additional constraints can also be taken care
of by the optimization algorithm, as for instance, when requirements exist for
the heat sink not to exceed a certain weight, or when geometrical limitations are
present (i.e., size of the smallest structure), or restrictions in the localization of
the solid structure must be fulfilled. The first is directly included in the MMA
algorithm, the second is satisfied by the filter operation, and the last one by
boundary treatment after the adjoint filter operation.

In Papers 2 and 3, a gradient-based adjoint sensitivity analysis is performed
for computing the gradient information needed by the MMA optimization
algorithm to perform a material distribution topology optimization. A thorough
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description of the method, its derivation, implementation, and validation can
be found in Paper 2. In Paper 3, the method is applied to a three–dimensional
setup.



Chapter 3

Physical problem modeling

Considering the flow of incompressible, Newtonian fluids driven by natural
convection and the associated temperature transport, the most general form for
presenting the equations governing the physics is

VTRANS1

(
∂u

∂t
+ (u · ∇)u

)
= VDIFF1 ∇2u−∇p+ F,

VTRANS2

(
∂θ

∂t
+ (u · ∇)θ

)
= ∇

(
VDIFF2∇θ

)
+QVOL,

∇ · u = 0,

(3.1)

where u, θ, and p are respectively the velocity, temperature and pressure in the
domain under consideration. Note that, depending on the VTRANS, DIFF, F,
and QVOL coefficients, different problems (four Cases) can be defined:

1. For dimensional problems in which only the flow is considered,
• VTRANS1 = ρ is the constant density of the fluid,
• VDIFF1 = µ is its constant dynamic viscosity,
• F = βgθ is the buoyancy force defined according to the Boussinesq
approximation (i.e. β is the thermal expansion coefficient and g

is the gravity vector),
• VTRANS2 = Cf is the constant heat capacity of the fluid,
• VDIFF2 = kf is its constant thermal conductivity,
• QVOL = 0 indicates that no volumetric heat sources are present;

2. For dimensional, conjugate heat transfer problems, in which the interface
fluid-solid is meshed, the coefficients vary in space. The momentum
conservation equations and the continuity equation are integrated in time
just in the fluid domain, whereas the temperature transport equation
in the whole domain (note that the velocity is not defined in the solid
domain),

• VTRANS1 = ρ, VDIFF1 = µ, and F = βgθ, as in Case 1,
• VTRANS2 = C(x) is the varying heat capacity: C(x) = Cf , when
x is in the fluid domain and C(x) = Cs when in the solid,

• VDIFF2 = k(x) is the varying thermal conductivity: k(x) = kf
for the fluid, k(x) = ks for the solid,

• QVOL = q(x) describes a volumetric heat source varying in space;

16
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3. For non-dimensional problems in which only the flow is considered,
according to [35], the velocity, pressure, and temperature are non-
dimensionalized using Vr = (αRa0.5)/L, pr = (ρ0V

2
refµ)/k, and θr =

(T − Tmin)/∆T , respectively. Moreover,
• VTRANS1 = 1/Pr, where Pr = µ/k is the Prandtl number,

• VDIFF1 = 1/
√
Ra, with Ra = (gρ2β∆TL3)/(µk) being the

Rayleigh number, ∆T the reference temperature difference, and
L the reference length,

• F = egθ is the buoyancy force, where eg is the unit gravity vector,
• VTRANS2 = 1,
• VDIFF2 = 1/

√
Ra,

• QVOL = 0;
4. For non-dimensional conjugate heat transfer problems in which the

complete governing equations are solved everywhere in the computational
domain, and a material indicator function (ρ̃) describes the presence of
fluid (ρ̃ = 1) or solid (ρ̃ = 0)

• VTRANS1 = 1/Pr and VDIFF1 = 1/
√
Ra as in Case 3,

• F = egθ − χ(ρ̃)u, with the term after the buoyancy force, being
the Brinkman friction [11] that set to zero the velocity inside the
solid regions.

• VTRANS2 = C(ρ̃) is a varying adjusted heat capacity ratio,

• VDIFF2 = k(ρ̃)/
√
Ra, with k(ρ̃) modeling the varying thermal

conductivity ratio within the domain [12],
• QVOL = 0;

In the limit of small perturbations q′ around a base flow Q, each of the
state variables (velocity, pressure, and temperature), generally identified by
q, can be considered to be the sum of these two components q = Q + q′.
When substituting the corresponding sum in each term of (3.1), subtracting the
original equations and neglecting the second order perturbations, the equations
governing the evolution of a generalized disturbance are derived. By neglecting
the prime that indicates the perturbation, it reads

VTRANS1

(
∂u

∂t
+ (U · ∇)u+ (u · ∇)U

)
= VDIFF1 ∇2u−∇p+ F,

VTRANS2

(
∂θ

∂t
+ (U · ∇)θ + (u · ∇)Θ

)
= ∇

(
VDIFF2∇θ

)
+QVOL,

∇ · u = 0.

(3.2)

Note that u, p, and θ in Equation (3.2) indicate the velocity, pressure, and
temperature of the perturbation, respectively.

3.1. Numerical methods

The governing equations (3.1,3.2) are integrated in time using the code Nek5000.
It is an open source code for computational fluid dynamic, based on the spectral
element method (SEM) and released under the GNU General Public License.
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It was developed in the 80s at the Argonne National Laboratory (division
of Mathematics and Computer science), as evolution of the code NEKTON
2.0. The code has been written in Fortran 77 (the core code) and C (the
communication libraries). The code is highly scalable, thanks to the use of MPI
standard libraries for parallel computations. Originally, Nek5000 was developed
for simulating unsteady incompressible fluid flow, with passive scalar transport.

3.1.1. Discretization of the governing equations

The SEM was developed by Patera [54], this method allows for the geometrical
flexibility typical of finite element methods, and at the same time high-order
accuracy solutions within each element. Two or three–dimensional domains
can be considered. The mesh is composed by iso-parametric quadrilateral or
hexahedral elements, in two and three–dimensions respectively. Unstructured
distributions are supported as well as deformation of the elements; however,
nonconforming or tetrahedral meshes are not. Indeed, being the solution
represented by tensor products of the basis functions on each element, hanging
nodes or collapsed ones cause a change in the degrees of freedom and an increase
of the computational costs, respectively. The chosen basis functions are Lagrange
polynomials of order N , such that the error in the approximation decays
exponentially within each element for increasing polynomial order. Continuity
is imposed at the element boundary, and on the N+1 quadrature nodes (Gauss–
Lobatto–Legendre (GLL) nodes), the velocity u and temperature θ are computed
as Lagrange interpolants [22]. Skew symmetry of the nonlinear convection term is
achieved by performing over-integration (the term is computed in physical space
on a grid (M+1) = 3/2(N+1) in each direction). Additionally, p is represented
by a Lagrangian interpolant of order N − 2, such that spurious pressure modes
are suppressed (PN − PN−2 method [45]). This method induces little numerical
dissipation and dispersion, so that direct numerical simulations (DNS) can
be performed. Thanks to the tensor products spanning the solution within
each element, the global operators (mass, stiffness, and derivative matrices)
are almost diagonal in each element (“mass lumping”) and the code is almost
“matrix free”, thus reduces the computational complexity and the memory usage.

Simulations for solving pure steady state conduction problems and steady
Stokes flows are supported, but the code is optimized for solving the time-
dependent governing equations (Navier–Stokes and passive scalar transport
equation). The time approximation is based on a third order multi-step scheme
(BDF-EXT3), with an associated temporal accuracy O(dt3), but lower order
methods, such as backward Euler (plus explicit treatment of some terms) are
also implemented. For BDF-EXT3, an implicit backward differentiation is
combined with an extrapolation formula for the treatment of the advection.
The viscous and pressure terms are decoupled via a time splitting operation
(fractional step method [26]).

The diffusion terms are treated implicitly and computed by solving a set
of linear algebraic equations at each time step (elliptic Helmholtz iterative
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solvers based on conjugate gradient iteration). Therefore, there are no stability
restrictions on their computation. Separately, the advection terms and the
volumetric force are treated explitily; they are solved using tensor-product
sum-factorization techniques on an element-by-element basis. In this way, one
can avoid to solve a nonlinear and asymmetric system of algebraic equations at
each time step. As a drawback, a restriction on the time step is imposed by
the explicit treatment of the nonlinear terms and it is the Courant condition
that ensures the stability of the scheme. The pressure is evaluated based on an
intermediate velocity, and as a last step of the multi-step scheme the velocity
at the next iteration is computed by enforcing the divergence free condition.

3.2. Steady state solvers

For both classes of problems that are considered through this thesis, the com-
putation of a steady state solution to the governing equations (3.1) is required.
Nek5000 does not have any in-built steady state solver and thus, part of the
work done for this thesis dealt with the implementation of various algorithms for
computing steady states. Of course, for problems in which the time-asymptotic
result is steady, one could compute the time-invariant solution by integrating
in time until all time dependencies become negligible. This method is however
not practical for our purposes, due to the high thermal inertia of the solid
material. The convergence rate for reaching a steady solution is slow and
thus the simulations become computationally very expensive. Two different
methods have been analyzed and implemented: A Newton method and the
BoostConv [17] algorithm.

3.2.1. Newton

The Newton method was developed for computing the roots of a given real-
valued function (i.e., Q : F (Q) = 0). By considering Q to be the state vector,
the governing equations (3.1) can be written as ∂Q/∂t = F (Q). Therefore, the
steady state solution corresponds to Q : F (Q) = 0, and can be computed by
solving

JδQ = −F (Q) (3.3)

with Newton iterations. The Jacobian of F corresponds to J = ∂F (Q)/∂Q
and can be computed with different approaches. Either approximating it using
the Taylor theorem [41] (i.e., J ≃ (F (Q+ ǫδQ)−F (Q))/ǫ) or considering the
Frechet derivative of the nonlinear term with respect to Q and approximating
the Jacobian by solving one step of the linearized governing equations (3.2).
The Newton algorithm reads:

Until F (Q) > tol:
1. Compute F (Q);
2. Compute J;
3. Solve (3.3) using the “Generalized Minimal Residual Method”

(GMRES) [59];
4. Update Qn+1 = Qn + δQ.
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For simplifying the implementation, F (Q) is evaluated by computing one step
of the nonlinear governing equations (3.1), and then considering the Euler
approximation of the time derivative F ≃ (Q(t+∆t)−Q(t))/∆t. Here, Q(t)
and Q(t+∆t) are the solutions of the governing equations at the times t and
t+∆t, respectively. It is possible to derive, as shown by Tuckerman and Barkley
[47], that the choice of the time step ∆t affects the convergence of the GMRES
solver through the Stokes preconditioner: ∆t ∼ 1000∆tCFL is optimal, when
combined with the Uzawa method [22] for computing the divergence free field
(more details can be found in Paper 1).

This method has a very high convergence rate; however, has the disadvantage
of requiring an accurate initial guess.

3.2.2. BoostConv

An alternative to the Newton method, in order to overcome the need for an
accurate initial guess for the steady state solution, is the BoostConv method
proposed by Citro et al. [17]. This algorithm takes advantage of the time
integration of the governing equations to generate a continuously adapting
basis of size N which spans the residuals in time defined as rn = Qn+1 −Qn.
With it, using the concept of adapted Krylov-space solvers [58], the large-scale
nonlinear system F (Q) = 0 can be solved. Iteratively, a least-square problem
is solved and a modified residual ξn that minimizes rn+1 is computed. The
convergence of the solution to the steady state is thus accelerated by ξn. This
is used for recomputing Qn+1 = Qn + ξn, that becomes the new input for the
time marching scheme [14] (more details can be found in Paper 2). In short,
the algorithm reads:

While dF (Q)/dt > tol:
1. Evolve Q in time until the collecting frequency kdt is reached;
2. Save the residual rn to feed BoostConv for generating ξn;
3. Update Qn+1 = Qn + ξn.

3.3. Conjugate heat transfer

Starting from the 1950s, a rising interest for studying complex heat transfer
problems highlighted the limitations of the experimentally obtained heat transfer
coefficients, and led to considering conjugate problems. Pioneer works in this
area considered the convective heat transfer over a flat plate by assuming a
linear velocity profile in the boundary layer [43, 63], or by considering a series
of powers [44, 44], or integral methods [52], or by solving the equations of a
continuously moving flat plate [16]. We are interested in analyzing the complete
coupled problem of natural convection driven flows that are cooling heat sinks.
The flow cannot be approximated by the boundary layer equation, nor it exists
an other model for describing the complex flow developing. Therefore, the
complete Navier–Stokes equations are solved to account for the convective
contribution to the heat transfer. The original open source version of the
code Nek5000 supports conjugate heat transfer simulations, where the interface
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solid-fluid is meshed. The temperature mesh is larger than the velocity one:
the velocity is not defined in the solid, thus no convection can occur in this
regions. For the temperature transport equations, at the interface between the
two material, C0 continuity is imposed on the temperature (θ|f = θ|s), as well
as the on the thermal fluxes ((VDIFF2∇θ · n)|f = (VDIFF2∇θ · n)|s). This
formulation has been used in Paper 4, because it is very accurate, but not in
Paper 2 and 3, because it does not allow for adaptive topological changes of the
solid structure. In Paper 2 and 3, a different strategy has been adopted. Both
velocity and temperature are defined everywhere. The velocity is set to zero in
the solid, by relying on the action of a Brinkman friction term in the Navier–
Stokes equation [11], and by relying on an adjusted thermal heat capacity in
the convection term of the temperature transport equation [12]. Moreover, the
varying VDIFF2 is modeled by mapping k onto a so-called material distribution
function ρ̃.

3.3.0.1. Interpolation of coefficients

The amplitude of the Brinkman friction term χ, and the coefficients in the
temperature transport equation have an explicit dependency on the filtered
material distribution ρ̃. As an overview, it is highlighted that χ varies from zero
in the fluid to an amplitude χ in the solid, the adjusted thermal heat capacity,
on the contrary, varies from zero in the solid to one in the fluid (a clarification
for this choice can be found in Paper 2). At last, k varies from ks/kf in the solid
to one in the fluid. Through the thesis, two different interpolation functions
have been considered. In the RAMP-type functions

χ(ρ̃) = χ
1− ρ̃

1 + qaρ̃
, C(ρ̃) = 1− 1− ρ̃

1 + qcρ̃
, k(ρ̃) =

(
ks
kf

− 1

)
1− ρ̃

1 + qf ρ̃
, (3.4)

with qa, qc and qf defining the steepness of the mapping, whereas in the
SIMP-ones

χ(ρ̃) = χ(1− ρ̃)p, C(ρ̃) = 1− (1− ρ̃)p, k(ρ̃) =

(
ks
kf

− 1

)
(1− ρ̃)

p
, (3.5)

p is the parameter that characterizes the convexity.

3.3.1. Design function

A non-physical design variable ρ is the control variable used in the topology
optimization simulations. This function defines the material distribution func-
tion ρ̃, by specifying the presence of solid or fluid. Simply letting ρ̃ = ρ, it
does not guarantee mesh independence, nor allows for constraining the size of
the smallest size of the solid structure [10]. Hence, a combination of regular-
ization techniques, filters, and penalty methods is used to define ρ̃ based on ρ.
The design restrictions can thus be enforced, C0 of the material distribution
is guaranteed (gradient computations are allowed), and sharp designs can be
achieved [61]. Throughout the thesis, two different density filters are presented:
A linear filter [13] and a cascade of fW-mean nonlinear filters [34].
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The first type of filters that are considered are linear filters, for these, ρ̃ is
computed by convolving ρ with a kernel function ω

ρ̃(x′) = FL(ρ)(x
′) =

(ρ ∗ ω)(x′)

W (x′)
=

∫
Ω
ρ(x)ω(|x− x′|) dx

W (x′)
,

where W (x′) =

∫

Ω

ω(|x− x′|) dx,
(3.6)

and ω can be chosen as different function, such as a Gaussian centered in x′ or a
B2-spline. In combination with these filters, RAMP-type interpolation functions
have been used for mapping the coefficients in the governing equations.

On the contrary, when a cascade of fW -mean nonlinear filters is considered,
two consecutive filters are applied for defining an open operator (erode+dilate)

ρ̃(x′) = FN (ρ)(x′) = FD

(
FE(ρ)

)
(x′). (3.7)

Here, FE(ρ) = f−1

E ◦
(
FL

(
fE ◦ ρ

))
is the erode operation and FD(ρ) = f−1

D ◦
(
FL

(
fD ◦ ρ

))
the dilate one. The symbol ◦ is used to indicate a composition of

two functions and, given s ∈ ℜ, fE , fD, f−1

E , and f−1

D are defined as

fE(s) =
1

s+ β
, fD(s) =

1

1− s+ β
,

f−1

E (s) =
1

s
− β, f−1

D (s) = 1− 1

s
+ β,

(3.8)

respectively (more details about can be found in Paper 2).



Chapter 4

Flow cases

Through the thesis three different natural convection flow cases are considered.
A two–dimensional flow enclosed in a differentially heated cavity, and two types
of three–dimensional flows. One of the three–dimensional flows is enclosed in a
three–dimensional differentially heated cavity, the other is analyzed in an open
domain.

In the differentially heated cavities, the temperature gradient that drives
the flow is given by the boundary conditions. A pair of parallel sides, whose
normal is orthogonal to the direction in which the gravity is acting, are enforced
to have a unit temperature difference. On the contrary, for the open domain
flow case, a volumetric heat source at a section of the solid part of the domain
is considered, which is responsible for creating a temperature gradient.

4.1. Differentially heated cavity 2D

In the two–dimensional differentially heated cavity (see Fig. 4.1), for the velocity,
no slip boundary conditions are imposed on all walls (Γ). The temperature has
uniform Dirichlet boundary conditions on the vertical walls, warm on the left
wall (θ = 1 on Γ3) and cold on the right wall (θ = 0 on Γ1). These boundaries
are responsible for determining the clockwise swirling flow inside the cavity,
since they induce a temperature gradient orthogonal to the gravity direction
(−y). On the horizontal sides (Γ2 and Γ4), two different types of boundary
conditions are imposed. In Paper 1, linearly decreasing Dirichlet boundary
conditions are imposed on horizontal boundaries (θ = 0.5−x), whereas in Paper
2, the results obtained with adiabatic and conductive walls are compared.

4.1.1. Various fluids in super-critical conditions

In Paper 1, the governing equations used to simulate the flow in the differentially
heated cavity, are the ones described in Chapter 3, Case 3. Three different fluids
are analyzed: Mercury (Pr = 0.015), air (Pr = 0.71), and water (Pr = 7). In
order to analyze unsteady flows, slightly super-critical conditions are considered
for all three Prandtl numbers [70]. A linear stability analysis has been performed
for all three cases. In the limit of infinitesimal perturbations around a steady base
flow, conclusions are drawn about the instabilities and the physics characterizing
the flow. The base flow (shown in Fig. 4.2) has been computed using a steady
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Figure 4.1: Sketch of the geometry: The square cavity spans −0.5 ≤ x ≤ 0.5
and −0.5 ≤ y ≤ 0.5 and is enclosed by Γ = Γ1 ∪ Γ2 ∪ Γ3 ∪ Γ4.

θ
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Figure 4.2: Base flow temperature distribution and stream lines. From left to
right, Pr = 0.015 at Ra = 4.5 · 104, Pr = 0.71 at Ra = 2.2 · 106, and Pr = 7 at
Ra = 5.6 · 106.

state solver, the Newton method, as described in Section 3.2.1. For increasing Pr
numbers, the flow in the cavity varies. The concentric and circular streamlines
describing the flow of mercury in the cavity, become more squeezed towards
the sides, when Pr increases. For air, the top-left and bottom-right corners are
characterized by a thinner boundary layer. For water, instead, the boundary
layers are equally thin in all corners, and the thickening occurs right after the
top-left and bottom-right ones.

Around the base flows, the evolution of a disturbance moving according to
Equation (3.2) is studied. Figure 4.3 illustrates the eigenvectors corresponding
to the leading eigenvalue of each spectrum. Both the eigenmodes of the linear
forward operator A and the adjoint operator A † are presented. The pertur-
bations clearly become more localized, the higher the Pr number is. The flow
structures having the strongest peaks in temperature get closer to the sides of
the cavity and the flow separates in two regions. For the direct problem, the
eigenmode at moderate and high Pr are positioned along the vertical walls,
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Figure 4.3: Direct (top) and adjoint (bottom) eigenmodes temperature and
streamlines. From left to right Pr = 0.015, Pr = 0.71, and Pr = 7.

ΩO

Figure 4.4: Sketch of the set up used for the two–dimensional topology optimiza-
tion. In gray: the optimization region ΩO, extending ∀ y ∈ Ω, from x=-0.45 to
x=0.25. In black, Ωr is a solid region, and in white, Ωl is fluid.

whereas the adjoint eigenfunctions elongate on the horizontal walls. Addition-
ally, looking at the maximal transient growth, the results obtained in Paper 1
highlight how the non-normality of the problem increases for increasing Prandtl
numbers. Moreover, the symmetry pattern of the eigenmodes changes with
varying the Pr. For water, both the direct and the adjoint eigenfunctions are
center symmetric.
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Figure 4.5: Velocity (y component) and temperature distributions inside the
isolated cavity at Ra = 104 when two materials are present. Shades of gray
show the filtered material distribution (ρ̃ = 0 in black and ρ̃ = 1 in white). Left:
The optimization domain is filled with air. Right: The optimization domain is
fully solid.

4.1.2. Solid structures in the cavity

In Paper 2, topology optimization problems enclosed in a differentially heated
cavity are considered. In this framework, the circulation is altered by the
presence of the solid material. The solid structure acts as a heat sink and
canalizes the flow to optimize the convective contribution to the heat transfer.
The governing equations are the ones described in Chapter 3, Case 4. Air
(i.e., Pr = 0.707) and aluminum are the two materials considered (i.e., their
conductivity ratio corresponds to ks/kf = 7749.078). The flow at two different
conditions has been analyzed: Rayleigh number corresponding to Ra = 104

and Ra = 106. The optimization domain ΩO (shown in Fig. 4.4) is a strict
subset of the computational domain. In order to understand the effect of the
optimization domain on the physics of the problem, two extreme conditions are
presented as reference flow cases. Considering a completely fluid ΩO and a fully
solid one, conclusions can be drawn on the heat transfer in the differentially
heated cavity. Figure 4.5 and 4.6 illustrate the distribution of temperature and
velocity for both Rayleigh numbers, in the two extreme conditions having the
whole optimization domain filled with air (on the left) or with solid (on the
right).

For Ra = 104, the contribution of the convection is negligible. This fact
is clearly highlighted in the picture on the right of Figure 4.5, where the
temperature contours line are almost parallel to each other. When the solid
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Figure 4.6: Velocity (y component) and temperature distributions inside the
isolated cavity at Ra = 106 when two materials are present. Shades of gray
show the filtered material distribution (ρ̃ = 0 in black and ρ̃ = 1 in white). Left:
The optimization domain is filled with air. Right: The optimization domain is
fully solid.

material with high conductivity extends over the whole ΩO, due to the isolated
walls, the horizontal temperature, from x = −0.5 to x = 0.25, drops by 4 · 10−4.
The y component of the velocity (which gives the strongest contribution to the
velocity magnitude) is about 16 times smaller than the temperature and one
order of magnitude lower compared to the maximal velocity in the case with fluid
ΩO (see Fig. 4.5 left). Looking at the picture on the left of Figure 4.5, it can be
observed that the heat flux through Γ1 is lower in the case with fluid ΩO than in
the case with a solid optimization domain (see Fig. 4.5 right). The temperature
gradient in the x direction strongly varies along the vertical direction, compared
to the case with solid ΩO. Moreover, even if the velocity is one order of
magnitude higher, the circulation is not strong enough to compensate for the
high thermal resistance of the air. Therefore, the temperature gradient in the
x direction is less steep than the corresponding one in the case with solid ΩO.
All designs presented in Paper 2 have a combination of solid and fluid material
inside ΩO. Therefore, they exhibit a temperature and velocity distribution that
is intermediate with respect to the two extreme cases shown in Figure 4.5.

Figure 4.6 illustrates the equivalent extreme configurations for Ra = 106.
Even if below criticality, the convective contribution to the heat transfer is
relevant. This fact is clearly highlighted in the case having a fully solid ΩO (see
Fig. 4.6 right). The temperature iso-contours are strongly bent by the advection.
Even if the temperature in the solid can be considered almost constant, it is
clear that the heat transfer in the fluid does not occur only by conduction. At
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Figure 4.7: Sketch of the computational domain (Ω: −0.5 ≤ x ≤ 0.5, −0.5 ≤
y ≤ 0.5, and −0.5 ≤ z ≤ 0), on Γ1 (in blue, at x = 0.5) θ = 0, on Γ2 (in red,
at x = −0.5) θ = 1, Γ3 highlighted with a green contour (at z = 0) is the
symmetry wall. In gray is highlighted the optimization domain (ΩO), in black
the solid region (Ωs) and with white transparency the fluid volume (Ωf ).

the top-right corner of the cavity, where the magnitude of the x velocity is the
highest, the thickness of the thermal boundary layer decreases substantially. The
temperature gradient is steepened by the advection contribution, and therefore
the heat flux increased with respect to Ra = 104. In the picture on the left
of Figure 4.6, the case having fluid ΩO is described. Even if the convection
contribution is relevant and causes a more complex circulation in the cavity, the
temperature gradient perpendicular to Γ1 is less steep than the case with solid
ΩO. It is however possible to recognize the tendency of the flow to separate in
two circulation regions on top of each other. As observed for Ra = 104, the
results presented in Paper 3 are characterized by a material distribution inside
ΩO that has both solid and fluid. Hence, they present temperature and velocity
distributions, which are intermediate with respect to those shown in Figure 4.6.

4.2. Differentially heated cavity 3D

In the framework of topology optimization in a three–dimensional setup, an
aluminum heat sinks and air (Pr = 0.707, ks/kf = 7749.078) are enclosed in the
same three–dimensional conductive differentially heated cavity, as illustrated
in Figure 4.7. The governing equations are the ones described in Chapter 3,
Case 4. The studied flow conditions correspond to a Rayleigh Ra = 104, that
is a laminar flow, for which the steady-state conditions are analyzed. The
buoyancy, acting along y, is orthogonal to the temperature gradient imposed by
the Dirichlet boundary conditions on Γ1 (θ = 0) and Γ2 (θ = 1). Hence, it causes
a swirling laminar convective flow [70]. For reducing the computational cost, the
computational domain is reduced by having a symmetry side at z = 0. On all
external walls (all boundaries except Γ3) a no slip boundary condition is imposed
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Figure 4.8: Flow structure characterized by an iso-contour |u| = 0.2 around a
gray contour indicating the solid structure ρ̃ = 0.5. Left: Fluid ΩO, right: solid
ΩO.

for the velocity field. For the temperature, all sides except Γ3 are defined as
conductive and a Dirichlet boundary condition is enforced (θ = 0.5 − x). In
Paper 3, where this flow case is used, the optimization domain ΩO is also
considered to be a subset of the computational domain Ω (see Fig. 4.7). In
particular, ΩO is enclosed by −0.45 ≤ x ≤ −0.25, −0.25 ≤ y ≤ 0.25, and
−0.25 ≤ z ≤ 0.

It is illustrated here, as done for the two–dimensional setup, the two extreme
cases of a fluid and solid ΩO, respectively (see Fig. 4.8). When the optimization
domain is filled with air, the velocity is higher in the cavity, but the temperature
transport from Γ2 to Γ1 happens mostly by conduction. The temperature
distribution on the iso-surfaces of the velocity magnitude |u| = 0.2 are smoothly
varying as enforced by the conductive walls. When the optimization domain
is filled with solid, the material structure acts as an obstacle and strongly
breaks the flow. The high velocity flow close to Γ2 is just on the sides of the
solid structure and no high velocity flow structures are present on the top
and bottom sides. Fewer points are characterized by higher velocities (iso-
contours of |u| = 0.2 are occupying a smaller volume), but they have higher
temperatures, with respect to the case with fluid ΩO. The set up on the right of
Figure 4.8 highlights that the presence of solid, when not obstructing the flow,
can generates points at high velocity and high temperature. This observation,
indicates that, having a well defined intermediate material distribution in the
optimization domain, it is possible to optimize the circulation inside the cavity
for enhancing the convective contribution to the heat transfer, and thus the
heat flux through Γ1.
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Figure 4.9: Sketch of the computational domain, in gray the solid domain
(attached to the symmetry wall, highlighted in green).

4.3. Open domain heat sink

In this category of flows, an open domain (outflow boundary conditions for
the velocity and for the temperature on all external boundaries) is considered.
A volumetric heat source is located within the solid area at the center of the
domain and represents the heat load to be cooled down by the heat sink. The
energy is transported out of the computational domain by the combined action
of conductive and convective heat transfer (radiation is neglected). The heaters
are placed in contact with a heat sink with vertical parallel fins, around which
a natural convection driven flow develops in the y stream-wise direction. For
reducing the computational cost, a symmetry boundary condition is enforced at
the center plane along the span-wise x direction (see Fig. 4.9). The governing
equations are the one described in Section 3, Case 2. The transient problem,
starting from a homogeneous initial condition, is considered, and the evolution
in time tracked until a steady average temperature at the base of the heat sink
is reached.

4.3.1. General physical features

Three main regions of interests are recognized in the flow that develops when
cooling the heat sink. Below the solid structure, the flow is converging towards
the fins, by the bulk of the heat sink between the fins, the boundary layers
develop, and above the heat sink, the flow detaches and the boundary layers
merge in a line plume. Below the heat sink, each surface of the fins acts as the
leading edge of flat plates. The flow attaching to the solid surface develops a
boundary layer on each one of the three surfaces present between the fins. The
side effects are strong in this region of the domain, and the flow is not periodic
in the span-wise direction: At central positions, the cumulative effect of the
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heaters induces higher velocities and therefore the boundary layers are more
evident.

On the contrary, along the heat sink, the flow can be considered periodic in
the span-wise direction, except by the most external pair of fins. Only at this
location, the influence from the sides are non-negligible (or significant) due to
the roll up around the solid structure and the incoming side flow. At the bulk of
the heat sink, the flow resembles an accelerated “duct flow”. The acceleration
is however non-uniform, because the buoyancy force strongly varies inside the
pitch. Considering planes along the stream-wise direction, is is possible to
observe that the temperature distribution on planes at lower y locations is much
less uniform than at the top of the heat sink. Therefore, by enforcing no slip on
all the solid walls, the varying buoyancy causes a change in the velocity profile.
At lower y positions, a more concave profiles is defined, whereas towards the
top part of the heat sink, the profile becomes convex.

The last region is above the heat sink. Here, the flow detaches from the
solid structure and the boundary layers merge in a plume with a large aspect
ratio, which rises due to buoyancy. The power generation of the heat source
and the size of the heat sink determine whether the plume will be laminar or
transitions to turbulence.

4.3.2. Laminar plume

When the heat volume generation is low and the size of the heat sink is small,
the condition for which the average temperature at the base of the heat sink
results constant, corresponds to the steady state of the governing equations.
The convergence to the time independent state (limt→∞(Q)) can be accelerated
by adapting the heat capacity of the solid material. The influence of the heat
capacity of the solid vanishes at the steady state and thus does not affect the
end result. The solution described in this context was obtained using 20000
spectral elements with polynomial order 6. The considered geometry has a total
of 14 fins, along the z direction there are a heater unit of 3mm (with a total
power of 12W), the fin base (6mm) and the fins (15mm). The height (along y)
of the considered heat sink is 1.6dm, as well as the total width (along x) of the
base, and the fins are 2mm thick.

The three–dimensional visualization shows how the flow accelerates as it
is traveling through the open ducts between the fins. No unsteady behavior
is detected between the fins, whereas a slight oscillation is present in the
plume, along the stream-wise direction. The flow accelerates in the plume
(Fig. 4.10b), which leads (due to mass conservation) to a narrowing of the flow.
This phenomenon is accompanied by a weak vortex roll up on the lateral sides.
More quantitative insights can be obtained by considering various cuts through
the domain (Fig. 4.10c), and analyzing the velocity contours. At the bulk of the
heat sink, the highest velocities are reached between the fins. Above the heat
sink, the flow merges in a line plume, which can be considered stable. Looking at
the temperature distribution (Fig. 4.10a), the effect of the convection results in
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Figure 4.10: Temperature and velocity distribution in the system. a) pseudo-
color of the temperature on the surface of the heat sink, b) Volume rendering
of the velocity, c) contours of the velocity magnitude at the locations y =
0.001, 0.08, 0.16, 0.18, 0.28m, and x = 0.001, 0.07m.

a vertical temperature difference of about two degrees. At the steady state, the
average temperature rise on the plate could be calculated to be 24.88 degrees.

4.3.3. Turbulent plume

For higher power levels as well as a larger heat sink (see Paper 4 for geometrical
details) the flow is characterized by high velocities (Fig. 4.11c) and the side
effects become more dominant (Fig. 4.11b). Moreover, the vertical temperature
difference due to convection is about 10 degrees (Fig. 4.11a).

Two concurrent instabilities can be identified when analyzing the plume
that transitions to turbulence. In the slices shown in Figure 4.11c, an oscillation
is recognized in the span-wise direction and one in the stream-wise direction.
They are characterized by two different oscillation periods: 0.65s and 0.94s,
respectively. The first one is induced by the narrowing of the plume and the
vortex roll up that occurs at the lateral ends of the heat sink. The nonuniform
velocity along x is responsible for the instability that bends the plume towards
the negative z direction (at about x = 0 location) and then propagating towards
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Figure 4.11: Temperature and velocity distribution in the system. a) pseudo-
color of the temperature on the surface of the heat sink, b) Volume rendering
of the velocity, c) contours of the velocity magnitude at the locations y =
0.001, 0.2, 0.4, 0.5, 0.6m, and x = 0.001, 0.145m.

the lateral sides of the plume. At this point, a new unstable line position is
found, and the mechanism is repeated with the same frequency.

The second instability develops in the y direction and resembles a three–
dimensional “Kelvin–Helmholtz” instability. This oscillation is induced by two
opposite forces: The buoyancy, and the shear due to the velocity difference
between the still air and the accelerating plume. Moreover, the rise of the plume
is obstructed by the friction of the still cold air on the upper part of the domain
and on the sides. The plume bents at about y = 7/4l and, as the oscillation
continues, the main flow breaks into smaller vortical structures leading to a
chaotic, fully turbulent flow.



Chapter 5

Optimization techniques: Results

In this chapter, a summary of the results obtained with the two optimization
methods described in Chapter 2 is given. The “optimal initial condition” method
described in Section 2.3 is applied to the flow cases described in Section 4.1.1 and
4.3.3, in Paper 1 and 4, respectively. Alternatively, the topology optimization
method described in 2.4 is applied to the flow cases illustrated in Section 4.1.2
and 4.2, in Paper 2 and 3, respectively.

5.1. Optimal initial condition

When performing this type of analysis on natural convection driven flows, the
objective function J is chosen as the weighted average of the kinetic energy
and heat transport potential capacity (the entransy [70])

J = β1u
T · u+ β2cθ

2. (5.1)

It has been observed that for this type of coupled problems, the leading eigen-
value of the combined system A †C A often has a multiplicity larger than one,
when the kinetic energy has a larger significance in the objective function.
Therefore, an Arnoldi decomposition method is used for computing the entire
spectrum of initial conditions and, in particular, the ones having the same
growth within the time horizon considered.

5.1.1. Two–dimensional differentially heated cavity

In Paper 1, the eigenvalue problem defined by the combined action of the
operators A † and A is solved first using the power iteration method and the
recursive relation in Equation (2.9).

In Figure 5.1, the envelope of the non-monotonic amplification of J over
time is presented. For all three material considered, the flow is analyzed in
globally unstable conditions. Hence, any disturbance will grow indefinitely.
However, the disturbances are sought, which yield the largest transient growth
induced by the non-normality of A . For equal weighting (β1, β2 = 0.5), the
maximum transient growth occurs in a range of 6–7 non-dimensional time
units for all materials (the peak shifts towards larger times, for increasing Pr).
Figure 5.1 also highlights three regions of different flow behaviors. For short
time horizons (the points represented by a circle), the disturbance is almost

34
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Figure 5.1: Envelope of the growth of the objective function J for various time
horizon (τ). Three different materials and three different time intervals: Pr = 7
in light gray, Pr = 0.71 in dark gray, and Pr = 0.015 in black; bullets for short
time horizons, triangles for the maximum transient growth and Pr = 0.015,
and squares for the eigenvalue behavior.

static, hence the entransy is dominating and the optimal initial condition is
located at the center of the cavity, where the velocity is negligible as well as
the temperature gradient. For long time horizons (the points identified by a
square), the results agree with those predicted by the global stability analysis:
The leading adjoint eigenmode is the optimal initial condition. In the third
region (the triangles), the transient growth occurs and the optimal disturbance
is not center symmetric nor anti-symmetric.

It is possible to observe that the “long time horizon” regime is not monotonic.
The curve indicating the growth rate of air and water presents an oscillatory
trend (see Fig. 5.1). This behavior can be physically interpreted by observing
the growth over time of the objective function of the adjoint eigenmode. Two
oscillations characterize its evolution. One, with a decreasing amplitude, relates
to the clockwise rotation inside the cavity and its spreading inside the cavity. The
second oscillation has a constant, but smaller amplitude, which is maintained
essentially unchanged for the entire evolution and is associated with the phase
of the most unstable eigenvalue.

The regime at “moderate time horizons” is characterized by non-symmetric
eigenfunctions. For better understanding this phenomenon, the whole spectrum
of growth associated with the initial conditions is computed using an Arnoldi
decomposition applied to the operator A †C A . The eigenvectors satisfy the
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relation σ2
j = λj〈xj

0,C
−1x

j
0〉 and the spectrum is completely real because the

operator is Hermitian. Figure 5.2 displays the spectra of growth associated
with the optimal initial conditions for Pr = 0.71 at four different time horizons
(τ = 0.02, τ = 0.1, τ = 0.4, and τ = 5). The modes can be classified in families
according to their shape. For short times (τ = 0.02), the leading eigenvalue
has multiplicity one and is associated with a concentric mode positioned at
the center of the cavity. The so-called “wall modes” (eigenvalues indicated
by the triangles) have a smaller growth for these time horizons. However, for
increasing time horizons (τ = 0.1), the “wall modes” are associated with the
leading eigenvalue, which has multiplicity two. In the “moderate time horizons”
(τ ≥ 0.4) regime, all of the most growing initial conditions are located at the
walls and the various families are differentiated by counting the wave packages.

From a mathematical point of view, when the leading eigenvalue has multi-
plicity two, the eigenvectors span a plane. All orthogonal vectors that lie on this
plane identify a possible basis, which correspond to equivalent optimal initial
conditions. The power iteration algorithm predicts the right maximal growth,
but fails in identifying the shape of the eigenmode. As shown in Figure 5.3 the
result of the optimization is a linear combination of the two leading eigenmodes.
The optimal initial perturbation corresponds to the projection of the initial
noise on the two eigenmodes. Physically, the multiplicity two can be explained
with a decoupling of the two halves of the cavity; at moderate time horizons,
for moderate and high Pr, the perturbation travels only within half cavity, and
no information are transferred to the other half.

5.1.2. Periodic heat sink

In Paper 4, the “optimal disturbances” are computed around the steady base
flow shown in Figure 5.4. Three different volumetric heat sources are studied
1.5W/cm3, 3W/cm3, and 6W/cm3. The average temperature at the base of the
heat sink is 15.68, 26.36, and 45.07, respectively.

The flow is two–dimensional everywhere except in the pitch between the
fins, where the analysis is localized. Hence, all non-periodic walls are set to zero
Dirichlet boundary conditions and in the upper and lower part of the domain a
fringe is used to damp the perturbations. The flow is globally stable (see the
spectrum of eigenvalues in Fig. 5.5), but our analysis is aiming at identifying
disturbances that might lead to a transient growth for moderately short time
horizons.

For the lowest power case, the spectrum of growth for different short time
horizons has been computed. As indicated by the analysis performed in Paper 1,
for certain weighting of kinetic energy and entransy in the objective function, in
the time interval where the transient growth occurs, the leading eigenvalue of the
system A †C A has multiplicity two. This is also the case for many time horizons
considered in Paper 4. For short time horizons, the leading eigenmodes are
mostly centered behind and above heat sink. In this regions of the domain the
disturbances can be considered purely two–dimensional. Figure 5.6 illustrates
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Figure 5.2: Eigenvalues λ of the system A †C A , for different time horizons:
Clockwise: τ = 0.02, τ = 0.1, τ = 5, and τ = 0.4. Each symbol represent a
family of eigenmodes. The leading eigenvalues for growing time horizon are: •
for a concentric eigenmode, △ associated with wall modes, ⋄ for wall modes
with 4 wave crests.

the velocity magnitude of the optimal initial condition for different time horizons.
For increasing time horizons, the disturbance is shifted towards the front of the
heat sink and inside the pitch between the fins. The biggest contribution to the
transient growth of the objective function is associated with the increase of heat
transfer potential capacity of the perturbation (the entransy). The temperature
perturbation suddenly and remarkably rises. As shown in Figure 5.7, an
increase in magnitude of about six orders of magnitude is to be noticed while
the perturbation is convected out of the heat sink. Comparing Figure 5.6 and
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Figure 5.3: Symmetry loss explanation (solution for Pr = 7 and τ = 5),
pseudo-colors of the temperature of the eigenmode associated with the leading
eigenvalue. a) Arnoldi. b) Power iteration.
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Figure 5.4: Velocity magnitude contours of the base flow (periodic fin). From
left to right: Power density 1.5W/cm3, 3W/cm3, and 6W/cm3.

5.7, it is possible to recognize that storing “energy” in the velocity perturbation
is more efficient. Investigating the mechanism leading to the transient growth,
the two terms coupling the governing equations are analyzed. They respectively
act as a linear forcing in the equation governing the other variable, but the
“energy” transfer to the temperature is more efficient than to the velocity. The
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Figure 5.5: Eigenvalues spectra. According to the mode Ansatz q = q̂e−iσt,
being σ = σr + iσi, σr indicates the frequency, and σi the growth. △ are the
eigenvalues corresponding to the heat power 1.5W/cm3, ◦ to 3W/cm3, and ⋄
to 6W/cm3.
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Figure 5.6: Optimal initial velocity magnitude for various time horizons. From
left to right : t∗ = 0.1, 0.2, 0.4, and 0.5s.

term (u · ∇)Θ forces the temperature perturbation by an amount corresponding
to how much the base-flow would be convected by the velocity perturbation.
This contribution to the temperature equation balances out the magnitude of
the two variables within couple of time steps. Therefore, storing “energy” in the
velocity yields the fastest energy transfer and thus the largest transient growth.

Figure 5.8 presents the growth of some selected time horizons and the dots
illustrate the envelope of maximal growth for those time horizons, which is
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Figure 5.7: Temperature perturbation, optimal initial condition (top) and its
evolution (bottom). From left to right : t∗ = 0.1, 0.2, 0.4, and 0.5s.
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Figure 5.8: Growth rate G(t) over time of the objective function J of the
optimal initial disturbances. The bullets highlight the time horizons for which
it has been optimized.
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about five order of magnitude for the largest time horizon considered. The plot
also indicates that the maximal transient growth occurs for time horizons larger
than those considered in Paper 4. Looking at the trend, and scrutinizing the
physical set up, conclusions can be drawn about the maximal transient growth.
It is predicted that the maximal transient growth would occur around t∗ = 0.8s.
This time interval is about what is needed for a perturbation to travel the
length of the heat sink, when the power generation is 1.5W/cm3.

5.2. Topology optimization

For this class of problems, the thermal performance of a heat sink-like struc-
ture is enhanced by controlling the distribution of solid material ρ inside the
computational domain. The objective function

J =

∫

Γ1

k∇θ · ndx, (5.2)

is a measure of the heat flux through the cavity. Hence, it assesses the ef-
fectiveness with which the solid structure transfers heat as a function of its
geometry.

5.2.1. Two–dimensional differentially heated cavity

In Paper 2, the method is implemented, validated, and its applicability proven
in the setup of a two–dimensional differentially heated cavity. The effect of the
boundary condition is investigated, and the importance of different constraints
is assessed (i.e., the localization of the objective function, the volume limitation,
and the smallest thickness of the solid structure).

Being the conduction dominant, if the optimization domain coincide with the
computational one, full (or almost full) solid cavities are the optimal solution to
the optimization problem. In the conductive setup, the optimization maximizes
the heat flux by creating two small air pockets at the right end of the horizontal
boundaries that minimize the outgoing heat flux and allow for an additional
heat intake (see Fig. 5.9 left). In order to obtain more relevant solutions, the
optimization domain must be restricted to be a subset of the computational
domain (ΩO ⊂ Ω). Under these circumstances, in the adiabatic setup for
Ra = 104, the fully solid optimization domain presented in Section 4.1.2 act as
a “perfect conductor” and maximizes J . On the contrary, in the conductive
configuration, the optimal material distribution in ΩO displays a more complex
design. Two thin air pockets thermally isolate the horizontal walls (see Fig. 5.9
right) and a third air layer divides the main solid bulk in two parts and creates
a cavity that optimizes the shape of the main circulation vortex.

The most relevant solutions for the heat sink applications have been obtained
by enforcing a limitation on the maximum amount of solid material allowed in the
cavity. In this case, the nonlinearity of the optimization is evident. Depending
on the initial design, a different optimal topology is obtained. However, all the
obtained optimal designs are associated with a very similar objective function.
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Figure 5.9: Result of the optimization for the conductive differentially heated
cavity. Contours of the temperature, pseudo-colors of the y component of the
velocity. In black ρ̃ = 0. Left: ΩO = Ω. Right: ΩO ⊂ Ω.

Six different initial designs are taken into account, three uniform material
distributions (ρ̃ = 0, ρ̃ = 1, and ρ̃ = 0.5), and three pseudo-random ones (see
Paper 2 for more details). The results are presented, which have been obtained
for the conductive differentially heated cavity when using a linear filter (see
Fig. 5.10) or a nonlinear one (see Fig. 5.11) to enforce the smallest size of the
solid structure.

All optimal designs are characterized by common features: One or more
arms extend as much as allowed inside ΩO and along its right boundary. The
location, shape, and orientation of the arms changes depending on the initial
design, but all designs are comparable in terms of J . In fact, even if secondary
circulation regions are promoted with some of the configuration, they result in
a negligible contribution of the convection to the heat transfer. Comparing the
optimal designs in Figure 5.10 and 5.11, it is possible to notice that the nonlinear
filter induces the optimal design to have a less symmetric and more complex
structure. Moreover, the shape of the main circulation vortex is optimized
for some configurations (Fig. 5.11 top-middle/right and bottom-right). This
effect has a more relevant contribution to the heat transfer than the secondary
circulation regions enclosed in ΩO, that are induced by the other configuration
considered. The second obvious difference between the solution presented in
Figure 5.10 and 5.11 is the sharpness of the interface solid-fluid that is induced
by the filter.

How the porous interface affects the results can be seen in Figure 5.12. A
zoom on the temperature distribution inside the solid structure is presented.
The results obtained with the nonlinear filter, are more realistic, because limit
to the computational accuracy the sharpness of the interface. On the contrary,
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Figure 5.10: Conductive cavity, ΩO ⊂ Ω, maximum solid volume set to 20%,
linear filter. Pseudo-color of the temperature distribution, streamlines, in white
ρ̃ = 0. Clockwise: Results obtain from an initial domain of uniform ρ̃ = 0,
ρ̃ = 1, ρ̃ = 0.5, and pseudo-random initial conditions.

the solution obtained with the linear filter has a thickness of the interface that
depends on the size imposed on the smallest solid structure. However, for this
flow regime, the numerical artifact inducing the “porous interface” enhances the
heat exchange by inducing a steeper temperature gradient. In order to fairly
compare the solution, the design computed with the linear filter is thresholded
at ρ̃ = 0.5 and filtered with the nonlinear filter (see Fig. 5.12 right). The
objective function delivered by the designs presented in the pictures on the
left and on the right of Figure 5.12 are comparable, but the one obtained with
the nonlinear filter appears to be slightly better performing. The improved
heat transfer can be correlated to the slight enhancement of the convection
contribution at the bottom-right corner of the optimization domain.

The last results presented for this flow case are obtained with a Rayleigh
number Ra = 106 and no volume constraints. Starting from the initial design
having a fully solid ΩO, the optimization removes solid material from the
optimization domain. By expanding the main circulation vortex, the heat
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Figure 5.11: Conductive cavity, ΩO ⊂ Ω, maximum solid volume set to 20%,
nonlinear filter. Pseudo-color of the temperature distribution, streamlines, in
white ρ̃ = 0. Clockwise: Results obtain from an initial domain of uniform ρ̃ = 0,
ρ̃ = 1, ρ̃ = 0.5, and pseudo-random initial conditions.

convection contribution is enhanced, and so the overall heat transfer. In the
two solutions presented in Figure 5.13, the optimization exploits the tendency
of the flow to separate in two circulation regions and introduces smooth corners
to enhance the circulation. This phenomenon is accentuated in the solution
obtained with the nonlinear filter, where the heat flux measured through Γ1

is increases by 16% with respect to the initial design, but is already evident
in the solution obtained with the linear filter, where a 4.3% increase is to be
noted. The main difference in the temperature gradient perpendicular to Γ1

is to be seen in the lowest half of the domain. The nonlinear filter induces a
better definition of the two circulation regions on top of each other and a more
uniformly thin thermal boundary layer is to be observed along the right side of
the cavity. This is the main reason for the net increase in thermal performance
induced by the configuration presented on the right of Figure 5.13.
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Figure 5.12: Pseudo-colors of the temperature distribution in the solid. From
left to right: Solution obtained with the fW-mean filter, solution obtained with
the linear filter, linear filter solution post-processed with the nonlinear one.
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Figure 5.13: Optimal designs for Ra = 106. Pseudo-color of the temperature
distribution, streamlines, in white ρ̃ = 0. Left: linear filter, right: fW-mean
filter.

5.2.2. Three–dimensional differentially heated cavity

In Paper 3, the study is extended to three–dimensional cases. A conductive
cavity is investigated, at Ra = 104. As already discussed in Section 4.2,
even if the Rayleigh number is moderate, the three–dimensionality of the flow
can be exploited to significantly enhance the heat transfer by acting on the
convection contribution. For this flow case, the topology optimization algorithm
is applied to various initial designs. The constraints enforced in this case are the
localization of the optimal design within ΩO, a maximal amount of solid volume,
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Figure 5.14: Flow structure at |u| = 0.2 around various designs for the heat
sink. In gray, the structure (contour ρ̃ = 0.5); Pseudo-colors of the temperature
θ on the velocity iso-contour. From left to right, top to bottom: optimal design
obtained starting from ρ = 0 ∈ ΩO, ρ = 0.5 ∈ ΩO, a vertical heat sink with
three parallel fins, and the optimal design obtained from the vertical heat sink.

and the minimal thickness of the solid structures. In order to obtain realistic
solutions, the last constraint is imposed by using the cascade of fW-mean filters
tested in Paper 2 against the linear filter. The results obtained with different
initial designs are then investigated and compared.

Figure 5.14 illustrate three optimal designs obtained as a result of the
topology optimization, and the flow around a vertical heat sink, having three
parallel fins. This last design was the initial design for the third case compared
in Paper 3 against the solution obtained starting from a uniform ρ̃ = 0 and
ρ̃ = 0.5 inside ΩO. As also observed in Paper 2, the optimal designs are
comparable in terms of performance, as they induce a similar heat flux through
Γ1. For all optimal designs presented in Paper 3, the solid structure actively
alters the circulation, by inducing larger portion of the flow to be characterized
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by high velocity and high temperature. This phenomenon is highlighted by
the velocity iso-contours at |u| = 0.2, which occupies a much larger volume
when compared to the case with solid, or fluid ΩO (see Fig. 4.8), or even the
case with the vertical heat sink (see Fig. 5.14 bottom-left). the temperature
distribution in the fluid has risen considerably in the central part of the cavity.
Therefore, the temperature gradient perpendicular to Γ1 is much steeper than
the one induced by the initial design. The enhanced circulation can be directly
interpreted as an improved heat convection contribution. It indeed results in an
increase in the heat flux of about 4.5% with respect to the best initial design
(the vertical heat sink). The heat sink with parallel fins is the best initial design
that has been tested, it induces higher temperature in the fluid and at the same
time allows for vertical flow inside the optimization domain. The circulation is
not completely obstructed as in the case with a solid ΩO. However, the sharp
edges of the fins and their planar shape hamper the circulation, which is instead
enhanced by the optimal designs.

As typical in a nonlinear optimization problem, there is an effect of the
initial design on the final one. This phenomenon is particular evident in the
solution obtained starting from a vertical heat sink, in which the original spacing
between the fins is still to be recognized in the optimal design. Additionally,
even if the optimization carves the central part of the fins, it is not able to
completely eliminate the lowest part of the central fin. Generally, however,
the optimal designs have common features: With a concave geometry, they
accompany the flow in the circulating motion induced by the cubic cavity. The
flow structure at |u| = 0.2 has a very similar shape in all three cases considered
in Paper 3. Three main high speed and high temperature regions are identified
on the sides and inside the concave solid structure. They merge towards by the
upper part of the optimization domain in a large stream that extends on the
top boundary. This flow is able to extract more heat from the heat sink.



Chapter 6

Conclusions and outlook

Enhancement of the thermal performance of natural convection cooled heat sinks
is the main focus of this work. The problem is approached with a conjugate heat
transfer method, that is, divide the computational domain in two sub-domains,
solve the respective governing equations and then combine the two solutions.
The Navier–Stokes equations are used to compute the momentum conservation
of the fluid. The resulting velocity distribution is then used to account for the
natural convection contribution to the heat transfer between the two materials
without the need of any empirical correlation. The governing equations are solved
relying on a spectral element code (Nek5000) and two different optimization
methods are investigated. Gradient based optimization techniques without
explicit computation of the gradients (adjoint based sensitivity analysis) are the
methods of choice for their solid mathematical foundation and their efficiency
in handling large-scale optimization problems.

6.1. Optimal initial condition

One approach optimizes for the flow directly. The “optimal initial condition”
method is selected for this study, that is, the perturbations, which yield the
maximal transient growth of the objective function, are identified. For this type
of optimization problems the initial state q of the perturbation is the control
variable, whose variation minimizes the objective function. The constraints
are the linearized incompressible Navier–Stokes equations, the temperature
transport equation, the divergence free condition, and the boundary conditions.
This method is validated in a simple two–dimensional differentially heated
cavity. In this setup and for certain conditions, it is shown that the coupled
problem of natural convection driven flows has the strongest eigenvalue with
multiplicity two. Therefore, an Arnoldi decomposition technique is applied to
the combined system A †C A for identifying the solutions spanning the plane
of optimal initial disturbances. The work has been extended to a realistic
setup, namely, a vertical heat sink with parallel fins. The flow appears to be
subject to two types of concurrent instabilities. By stabilizing the turbulent
plume, the resulting laminar solution is characterized by a higher momentum.
This phenomenon results in a more efficient cooling of the heat sink and a
significantly lower temperature of the solid structure. However, these conditions
are never realized in real-life situations.
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Since the heat sinks are located in inaccessible locations, where the weather
conditions often change, the analysis focuses on moderate time horizons and
the region close to the heat sink. Here, disturbances are sought, which yield
a relevant growth of kinetic energy and thermal heat potential capacity. A
periodic setup is chosen for this purpose. In this domain, a stability analysis
is performed in a periodic heat sink, and the most growing disturbances are
computed. For increasing time horizons, the optimal disturbances shift from the
back to the heat sink towards the front and inside the pitch between the fins.
These flow structures induce a growth of the objective function of about five
orders of magnitude for the longest time horizon considered. This significant
growth is mostly associated with that of the heat transfer potential capacity.

Further development of this type of study can be extended to other heat sink
geometries to analyze whether the behavior of the most growing disturbances
would vary. Alternatively, a larger periodic domain can be considered, which
would allow for a three–dimensional development of the flow structures behind
the heat sink and in the plume. It would also be interesting to observe how the
behavior of the optimal disturbances varies by changing the relative importance
of the kinetic energy and the entransy in the objective function. Moreover, the
results obtained could be combined with active control techniques to investigate
how efficiently the heaters can be cooled when the most growing instabilities
are dampened.

6.2. Topology optimization

The second class of optimization problems that are considered act on the
topology of the heat sink itself. The design of the solid is the control variable
whose variation minimizes the objective function. The natural convection
contribution is enhanced by the optimal designs, which optimally conveys
the flow. The variable controlling the solid design is a material distribution
function that indicates whether solid or fluid are present at various location
in the domain. The constraints of the optimization problem are the nonlinear
governing equations, the boundary conditions, the position of the heat sink,
and some manufacturing constraints (i.e., the maximal solid volume or the
minimal thickness of the solid structure). A first validation of the method
has been performed in a two–dimensional finned differentially heated cavity.
This study has indicated which are the parameters that affect the optimization
at most. Restriction of the optimization domain, limitation on the amount
of solid volume, two boundary conditions, different filtering techniques, and
various initial designs are investigated. The choice of the boundary conditions
is significantly affecting the objective function, as well as the domain or volume
restrictions. On the contrary, the initial designs seem to affect only the tree-like
shaped final topologies, but not the performance of the resulting setup. The two
types of filters, which are implemented and compared, indicate that a decoupling
of the sharpness of the interface from the size of the smallest solid structure is
critical for yielding the most realistic physical description. Since at moderate
Rayleigh number the convection is negligible, also another flow conditions is
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investigated, namely, Ra = 106. In this case, it has be indicated that the
convection contribution to the heat transfer becomes relevant and an increase of
16% in the heat transfer can be achieved by using the optimal design indicated
by the optimization. The method is also applied to a three–dimensional setup,
in which, even at moderate Rayleigh numbers, the convective contribution to the
heat transfer inside the differentially heated cavity is relevant. The optimization
indicates that by optimizing the circulation of the fluid, a larger number of
points is characterized by high temperatures and high velocities. Moreover,
the heat flux through the domain increases by 5% with respect to the best
performing initial design: A vertical heat sink. The optimal designs are concave
structures with tree-like arms that allow for a larger surface exposed to the
fluid and less sharp edges.

The “topology optimization” study offers many various future extensions.
The method is very flexible and can be adapted to any type of optimization
problem involving fluid-solid interaction. When limiting further possible devel-
opments to the enhancement of heat sinks’ performances, important aspects
that could be considered are, for example, the effect of the radiation to the heat
transfer and how this contribution can be optimized. Moreover, transient flow
cases could be considered in order to optimize for the turbulence appearing at
high Rayleigh numbers.
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Appendix A

Validation of conjugate heat transfer in

Nek5000

The validation of Nek5000 for solving conjugate heat transfer problems has
been pursued by simulating a one–dimensional channel flow with solid walls.
The results are compared to those obtained by solving the same physical
problem with a Matlab code. Here, the governing equations are approximated
by a second order finite-difference discretization. Moreover, an additional one–
dimensional example has been considered for identifying the limits of stability
and accuracy of the temperature solver. A purely solid domain is investigated,
whose temperature transport equation has an analytical solution. This is chosen
as a benchmark for the results computed with Nek5000. For each considered
case the results are assessed in terms of accuracy, achievements, and possible
improvements.

A.1. One–dimensional channel

In order to get familiar with the features of Nek5000 and to validate the results,
a simple channel flow is chosen as a test case. The geometry of the problem (see
Fig. A.1) is a planar channel with isolated and heated walls of thickness 0.5h,
which are separated by 1h. The gravity vector g is oriented in the direction
parallel to the walls. Initially, the fluid is assumed to be at rest. Its motion
is initiated and driven by the buoyancy: Heated by the walls, the fluid moves
against the gravity vector. This problem can be assumed to be one–dimensional
when the length and depth of the channel are infinite and the inlet/outlet
transition regions can be neglected. Also, the appearance of turbulence cannot
be captured in the present setup.

In order to simulate this setup with Nek5000, we are considering the fluid
to be flowing in the y direction, driven by the buoyancy force. Nek5000 only
supports two and three–dimensional configurations. Therefore, the domain is
two–dimensional, with periodic boundary conditions in the y direction. On
the interface between solid and fluid, continuity of the flux and uniqueness
of the solution need to be imposed for the temperature field, while no-slip
boundary conditions for the velocity field are needed. The results obtained
with the spectral-element method, where the polynomial order has been set
to 12, show a one–dimensional temperature and velocity field, as expected.
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0.5h h 0.5h

solid fluid solid

Figure A.1: Two–dimensional sketch of the planar channel under observation.
In blue the corresponding one–dimensional domain.

Figure A.2: Temperature profile in the wall-normal direction of the channel,
comparison between FD and SEM (time t = 1).

We compared the profiles obtained with Nek5000 to the solution obtained
with a Matlab code using a second order finite difference approximation of
the governing equations. This setup does not have a steady state solution:
The wall-parallel homogeneity of the domain, combined with the constant heat
generation, forces the temperature to increase indefinitely. The presence of
an increasing temperature causes the flow to indefinitely accelerate because of
the action of the buoyancy force. The results are thus compared during the
transient phase at various fixed time instances. Figure A.2 and Figure A.3 show
the temperature and velocity profiles at time t = 1.

The results show a discrepancy that can be measured as a relative error of
order 10−5 for both fields. This is due to the limited accuracy of the second
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Figure A.3: Velocity profile in the span-wise direction of the channel, comparison
between FD and SEM (time t = 1).

order finite difference scheme. It can be concluded that the conjugate heat
transfer computations performed with Nek5000 provide the desired accuracy
and fast convergence in both space and time.

A.2. Analytical solution of the transient heat equation

An analytical solution for the temperature profile in a plane wall of thickness
2L is given by Incropera and Dewitt [39]. The conduction is one–dimensional,
if the thickness is small compared to the width and the height of the wall. This
domain resembles an infinitely long fin (infinite length and height, as shown in
Fig. A.4).

The grounding assumptions are: No heat generation inside the wall; at
the initial time the wall has a uniform temperature (Θs) and it is suddenly
immersed in a fluid with temperature Θ∞ �= Θs; the wall is symmetric with
respect to its center axis.

The temperature equation reduces to

∂2θ

∂x2
=

∂θ

∂Fo
, (A.1)

with the following initial

θ0 = 1, (A.2)

and boundary conditions

∂θ

∂x

∣∣∣
0
= 0 and

∂θ

∂x

∣∣∣
L
= −Biθ. (A.3)
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x = −L x = 0 x = L

Figure A.4: Infinite planar fin, with conduction just along the direction x.
Natural convection boundary condition on the external boundary (at x = L
and x = −L).

The reference length and temperature are defined as

L =

√
αt

Fo
and θ =

Θ−Θ∞

Θs −Θ∞

, (A.4)

respectively. Additionally, the Fourier number Fo and the Biot number Bi, are
defined as

Fo =
αt

L2
and Bi =

hL

k
, (A.5)

respectively. Note that the Fourier number provides a measure of the relative
effectiveness with which a solid conducts and stores thermal energy, whereas the
Biot number provides a measure of the temperature drop in the solid, relative
to the temperature difference between the surface and the fluid. It can be seen
as a ratio between two different thermal resistances.

Under the described assumptions, the general solution of the governing
equation (A.1) is can be represented as an infinite series [39]

θ =

∞∑

i

Ci exp(−ζ2i Fo) cos(ζix), (A.6)

where

Ci =
4 sin(ζi)

2ζi + sin 2ζi
and ζi tan(ζi) = Bi. (A.7)

Equation (A.6) can be evaluated numerically to provide a temperature profile
as function of x and t.

Some realistic parameters have been chosen: The heat transfer coefficient h
is assumed to be 15W/m2K (typical value characterizing the heat exchanged
by convection between air and a vertical wall, when the air is moving with a
velocity about 3m/s). The solid is considered to be aluminum, with conductivity
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Figure A.5: Temperature profiles for Bi = 0.12, Fo = 3.215 · 10−5 identified by
, Fo = 3.215 · 10−3 by , and Fo = 0.03215 by . Note that all curves

are affected by the limited (numerical) accuracy of the analytical formula.

k = 200W/mK and thermal heat capacity ρc = 2.43W/cm3K. The length L and
the time horizon have been varied in order to find a meaningful combination of
Bi and Fo for the benchmark. Considering the temperature profile at different
instants (1, 100, and 1000s), the analytical solution along the domain has
been analyzed for varying L. When h and k are fixed, the Biot number Bi
is directly proportional to the characteristic length, and the time scale of the
temperature profile evolution decreases with decreasing domain size. The ratio
L2/α represents the characteristic time of the problem: The smaller the domain
size is, the earlier a meaningful temperature profile can be established. Since
Fo can be interpreted as a ratio between the present time and a characteristic
time of the problem, we use it to set a threshold. If Fo ≤ 0.025, the evaluated
temperature profile is not meaningful; the dimensionless temperature (θ = [0, 1])
oscillates in space and assumes values larger than one. This nonphysical
phenomenon occurs because of truncation errors in the evaluation of the infinite
sum in Equation (A.6). The numerical error leads to cancellation and prevents
the solution from converging.

Figure A.5, A.6, and A.7 show the temperature distribution for three
different domain lengths, at three time horizons: t = 1s in light gray, t = 100s
in dark gray, and t = 1000s in black.

The same physical setup has been simulated in Nek5000, relying on a two–
dimensional domain, periodic in the y direction, which represents a section of the
infinitely long and wide wall. The temperature varies just along the x direction,
during the time evolution. The initial transient is taken into account and
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Figure A.6: Temperature profiles for Bi = 0.06, Fo = 1.286 · 10−4 identified
by , Fo = 0.01286 by , and Fo = 1.286 · 10−4 by . Note that only
Fo = 0.1286 is not affected by the limited (numerical) accuracy of the analytical
formula.

snapshots of the solution are compared to the analytical solution evaluated at
those times. In order to assure grid independence, six different grid refinements
have been taken into account and, for each one, various sizes of the time steps
have been investigated. In order to compare meaningful results, the case shown
in Figure A.6 (Bi = 0.06 and Fo = 0.1286) is chosen as benchmark. After
1000s, in an aluminum wall of length L = 0.08m, which is cooled down by
natural convection with air on the boundary, the temperature profile computed
with Nek5000 is compared to the analytical solution. Two different refinement
are studied: Spatial h and p-refinement. In the first case, the same domain has
been divided in a different amount of elements: 1, 4, and 40, but the polynomial
order has been kept constant and equal to 9. The goal of this first study was
to investigate the robustness of the temperature solver on a very coarse mesh.
Secondly, p-type grid refinement has been performed: keeping constant the
number of elements (40 in order to have elements of the same size as the fin
thickness of the heat sink) the polynomial order has been varied (4, 6, and
9). The purpose of this investigation is to show the accuracy of the solution,
even with a low polynomial order. The accuracy of the third order scheme on
the time approximation is evaluated by comparing the Nek5000 solution for
different time steps. Figure A.8 and A.9 illustrate the error of the simulated
temperature profile compared to the analytical solution.

The two diagrams show that only for large time steps the error is dominated
by the accuracy of the time discretization. The scheme does not appear to
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Figure A.7: Temperature profiles for Bi = 0.0043, Fo = 0.025 identified by
, Fo = 2.5 by , and Fo = 25 by .

be third order, because the initial time step is executed based on a first order
scheme only. For large time steps, better results are given by more refined
meshes (Fig. A.8). Figure A.9 shows that, even for large time steps, for element
size of the same order of magnitude as the eventual fin thickness, the polynomial
order does not affect the accuracy of the solution. The temperature solver
is very stable also with large time steps. As long as the convergence of the
Helmholtz solver is guaranteed, the error of the simulated temperature profile
with respect to the analytical solution is on the order of magnitude 10−6. For
small time steps, on the other hand, the error is dominated by truncation errors,
and by the tolerance of the iterative solvers. Imposing the target residual of
the Helmholtz solver to be 10−12 less than the first guess, the achieved error
of the solution is about 10−10. These observations are of vital importance for
the choice of numerical parameters of the conjugate heat transfer simulation
in Nek5000. Indeed, during the initial transient, the solid is warming up and
the fluid is still stationary or its velocity is close to zero. No CFL restriction is
applicable and the biggest possible time step can be used, which still ensures
the stability of the numerical scheme. From the results obtained on this simple
one–dimensional problem, it was possible to demonstrate that the temperature
solver is stable for large time steps, but that the error increases to 10−3. When
reducing the tolerance for the Helmholtz solver, the accuracy increases to 10−6

in the worst case. Therefore, the convergence of the iterative solver is used as a
guideline to determine the accuracy of the solution.
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Figure A.8: Accuracy of the simulations computed with polynomial order p= 9,
compared to the analytical solution. H–refinement: 1 element •, 4 elements
•, and 40 elements •.
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Figure A.9: Accuracy of the simulations computed on a fix number of elements
Nel= 40 compared to the analytical solution. P–refinement: polynomial order
4 •, 6 •, and 9 •.



Appendix B

Heat sink mesh generator

For the meshed conjugate heat transfer problems, a python script has been
developed, with the purpose of automatically generating the spectral element
mesh to be used in Nek5000. The repetitive structure of the heat sink with
strait fins (see Fig. B.1) allows for exploiting the tools provided with Nek5000

(Genbox, Prenek, and Reatore2). Different sizes of heat sinks with straight fins
can be simulated using a series of boxes, divided in elements, on which a tensor
product spans the solution. The script automatically creates the mesh, sets up
the simulation, and compiles the code, so that the case is directly ready to be
run (see flow diagram in Fig. B.2).

B.1. Python core

The code foresees three scenarios: a small periodic domain in both span-wise (x)
and stream-wise (y) direction, a domain periodic just in the span-wise direction
or a complete case. By identifying an elementary structure within the heat sink,
the whole mesh is generated by repeating the unit shown in Figure B.1. The
elementary structure consists of three boxes in the span-wise direction (right
half of the pitch, fin, left half of the pitch) one layer in the vertical direction
along which the gravity is acting (for example the solid layer or the fluid on top
or underneath the heat sink), and six layers in the z direction (air, fin, base,
heat, isolation, air). Taking advantage of object-oriented language, it is possible
to define each box as an element of a class. The classes in Python consist of
a collection of data structures and a collection of methods (functions). The
data belonging to each class satisfies certain rules, defined by the methods and
when the user calls the function, the data is directly classified, without any
need to operating on them. In order to run the script, the user has to define the
name of the simulation, the path to the Nek5000 source code and finally decide
which kind of domain he wants to simulate (periodic in both span-wise and
stream-wise direction, periodic just in the span-wise direction or complete heat
sink). This three options are automatically assigned by choosing the number
of heaters: Zero heaters in a direction correspond to setting the periodicity in
that direction. The size of the domain, the boundary conditions, the physical
properties of the materials and some numerical parameters (like the desired time
step, the sampling rate,. . . ) must be also given by the user. The code produces
two “.box” files; one for the solid and one for the fluid mesh, calls Genbox in
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Figure B.1: Elementary mesh unit, to be repeated for the heat sink mesh. In
color the solid part (red the heaters, green the base of the heat sink, turquoise
the fin). Example for the three–dimensional flag of the turquoise box [fin,

solid, fin] .

Python core

• uniquely defines boxes (i.e., it assigns fin
number, three–dimensional flag, and mate-
rial)

• creates solid.box and fluid.box

Genbox

• reads solid.box and fluid.box

• creates solid.rea and fluid.rea

Prenek

• modifies periodic boundary conditions (if
needed)

• merges solid.rea and fluid.rea in a
conjugate heat transfer mesh

Reatore2

• creates binary mesh

Figure B.2: The flow diagram schematizes the work flow of the python script.
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order to create the two “.rea” files needed by Prenek to build the conjugate heat
transfer mesh, and calls Prenek to merge them and produce the conjugate heat
transfer mesh. Genmap is successively called as well as Reatore2, such that all
the files needed to run the simulation are generated. The structure of the script
guarantees portability at the expenses of readability: The code turns out to be
rather lengthy for incorporating all the templates of the files. The core of the
Python script is the generation of the various domain regions. A general class
called Box is at the foundation of the script, it has eleven properties and nine
methods. The properties are: name and number of the box itself, fin number,
number of elements in each direction, position, boundary conditions for the
velocity, boundary conditions for the temperature, material group which the
box belongs to, a flag indicating in which intersection of the domain the box is
located, and a template string for the “.box” file in case of solid and fluid mesh.
The methods can be summarized dividing them into major types:

• Rules for visualization and printing. All properties of each element of the
classes can be written out using these rules ( str , write to fluid,
write to solid);

• Functions which allow numbering of the boxes (add number, assign fin);
• Rules for the definition of the position in the Cartesian domain (move x,
move y, move z);

• Rules for the definition of the boundary conditions (BCs).

Two subclasses are also defined: Fluid and solid. All the elements belonging
to the subclass “fluid” have a fixed name “air”, the material group number 0
and one special rule (set noslipBC). All the elements that belong to “solid”
have one common rule (remove BC vel) and are subdivided into other three
classes: Fin, base, and heat. Each one of these subgroups has a corresponding
predefined name and material group number. Since every box is different, it is
important to define the rules in an efficient way: using the flag, a dictionary,
and three lists. The dictionary is a collection of dimensions, which characterize
the independent variables (i.e., in the x direction, the thickness of the fin and
half of the pitch is defined; in the y direction, the hight of the sink is defined;
in the z direction, the width of the fin, base, heat and isolation are given).
Three lists (one in each direction) contain the ordering of the boxes (i.e., in the
x direction, [base l, fin, base r] repeated for the desired number of fins,
in the y direction, [fluid-, solid, fluid+], and in the z direction, [air,
fin, base, heat, isolation, air]). Three nested loops allow assigning to
each box a three entry flag, which represents the [x, y, z] intersection of the
domain in which the box is located (e.g., [fin, solid, heat] for the box
associated with the solid, by the heaters, at the center of the elementary unit).
This classification, together with the “fin number”, guarantees the uniqueness
of each box and assigns directly the corresponding methods and functions.

In Nek5000, there are two different supported ways of defining non-homogeneous
features in the domain. In the first method, the “.usr” file is directly modified
with some hard-coded parameters, based on the coordinates. This file is a
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user-accessible collection of Fortran subroutines that allows direct access to
all the internal variables. The user can modify the file in order to set initial
and boundary conditions, define function-based varying properties, assign ex-
ternal forcing and heat generation, and perform additional diagnostic checks.
For the second method, during the mesh construction, a numbering (so-called
“MATYPE”) is assigned to each element for grouping them. All elements having
the same group number, are characterized by the same material, and same
volumetric forcing in the temperature and momentum equations. The properties
of each group are indicated in the section “Variable properties” of the “.rea”
file, which is a collection of parameter values passed to the code together with
the mesh information. We take advantage of this second approach, to identify
the different regions in the computational domain generated with the Python
boxes. A different set of material properties, volumetric forcing and boundary
conditions correspond to each group. All these parameters are directly used in
the governing equations.

B.2. Genbox

In the first step of the generation of a Nek5000 mesh, the geometry has to
be created as a multi-box domain. Each of the boxes is characterized by the
following structure:

BOX NAME

nelx nely nelz

details xdirection

details ydirection

details zdirection

BC vel1, BC vel2, BC vel3, BC vel4, BC vel5, BC vel6

BC temp1, BC temp2, BC temp3, BC temp4, BC temp5, BC temp6

In the first line, the number of elements contained in the box under ob-
servation must be indicated, respectively, in the x, y, and z direction. In case
the number is positive the user is required to manually define the position of
the elements along the coordinate direction i. In case the number is negative
the elements are automatically spaced between the start and the end points
with a defined ratio. These three numbers (starti, endi, ratioi) have to be
written in the corresponding i direction row. The boundary conditions on each
boundary have to be defined as strings of three characters each. The first two
boundary conditions are for the faces whose normal is aligned in the x direction,
the second pair for those who have a normal in the y direction and the last
pair in the z direction. The first boundary condition of each pair is for the
face whose outward normal is pointing in the negative direction of the axis,
the second in the positive direction. The solid and the fluid boxes have to be
built in two separate files, because the velocity field is not defined in the solid.
The constructed boxes have to be written in a file with the extension “.box”,
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which contains as header the name of a template “.rea” file, the number of
dimensions that characterize the problem, and the number of fields the user
wants to simulate (2 in case both velocity and temperature are defined, 1 in
case just the velocity is defined and -1 in case just the temperature is defined).
Originally, Genbox was assigning to every element the same MATYPE number
0. Some code modifications to the Genbox program are needed, in order to allow
for assigning different group numbers to each set of material boxes. In order to
pass the group information to the Genbox code, the dimension has to be set,
for example, to 12 for two–dimensional meshes, and to 13 for three–dimensional
ones. If the dimension is larger than 10, Genbox reads an additional line after
the temperature boundary conditions. This line contains one single information:
the MATYPE number.

B.3. Prenek

Prenek is another of the pre-processing tools included in the Nek5000 suite. It
reads meshes from “.rea” files and modifies or merges them into other Nek-
compatible spectral element meshes. For our purposes, Prenek is used to
merge the fluid and the solid meshes (additionally, if needed, it modifies the
boundary conditions for the periodic cases). As explained above, the Python
script generates two different “.rea” files by calling the Genbox program. This
procedure allows for defining a different number of fields in the various parts
of the domain; for the conjugate heat transfer simulations, temperature and
velocity fields are defined in the fluid, while just the temperature appears in
the solid. By default, Prenek assigns the group number 0 to all the elements
contained in the fluid mesh and the group number 1 to all those enclosed in the
solid mesh. Appropriate modifications allow for the definition of multi-group
meshes.

B.4. Reatore2

When the mesh contains more than 1000 elements, the mesh stored in ASCII
format in the “.rea” file becomes inconveniently big; in addition, the accuracy
of the mesh might be limited depending on the write/read format. In order to
overcome these limitations, it is possible to use the tool Reatore2 for converting
the ASCII mesh into a binary one. Also this tool has been modified for storing
the MATYPE information.



Appendix C

Symmetry of the physical fields

The effective thermal heat capacity C(ρ̃) that is used in Paper 2 and 3 is
studied in detail in this appendix. In particular, the focus is on understanding
its influence on the validation of the gradient computed by means of ajoint
sensitivity analysis. For the study, a circular material distribution positioned in
the center of a two–dimensional isolated differentially heated cavity is considered.
In order to have a well behaved problem, the material distribution indicating
the presence of solid and fluid is defined as a gaussian function with a large
porous interface (see Fig. C.1). The analysis is based on considerations about
the symmetry properties of the expected solution.

θ

0

1

Figure C.1: Material distribution ρ̃ used for the symmetry analysis.

The symmetry properties of the temperature, velocity, and pressure can be
predicted based on physical observations. The boundary conditions imposed on
the temperature field (Dirichlet for the temperature on the vertical walls, and
adiabatic on the horizontal ones) determine a center anti-symmetric temperature
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distribution:
with ∆T = θleft − θright

θ(−x)− ∆T

2
= −θ(x)− ∆T

2

defining θsym = θ − ∆T

2
θsym(−x) = −θsym(x)

(C.1)

The buoyancy induces a clockwise circulatory motion inside the cavity. All sides
are defined by “wall” boundary conditions (velocity zero and no slip), and thus
all velocity components are also expected to be center anti-symmetric:

u(−x) = −u(x). (C.2)

The symmetry properties of the pressure can also be predicted based on physical
observations. The flow accelerates along the side walls and decelerates along
the upper and lower wall. Therefore, the pressure is the highest on the top-left
and the bottom-right corners and the lowest in the remaining two corners. The
pressure is characterized by a center symmetrical distribution:

p(−x) = p(x). (C.3)

By substituting in the governing equation the variables at (−x), it is possible
to observe that the governing equations preserve the symmetry properties:

1

Pr
(−u · (−∇))(−u)− 1√

Ra
(−(−∇2))(−u) + (−∇)p

−eg(−θ +∆T ) + χ(ρ̃)(−u) = 0,

C(ρ̃)(−u · (−∇))(−θ +∆T )− 1√
Ra

(−∇) · k(ρ̃)(−∇)(−θ +∆T ) = 0,

(−∇) · (−u) = 0.

(C.4)

In particular, the equations are characterized by anti-symmetric properties, if
we consider a modified pressure to be defined as:

psym = p+∆Ty ⇒ p(−x) = p(x) + ∆Ty. (C.5)

If we analyze the adjoint variables and equations, a similar reasoning may also
be applied: Due to the adjoint temperature boundary conditions, it holds that

θ†(−x)− ∆T †

2
= −θ†(x)− ∆T †

2
,

with ∆T † = θ†right − θ†left.

(C.6)

The adjoint “flow” circulates anti-clockwise in the cavity and also for the velocity
the anti-symmetry

u†(−x) = −u†(x) (C.7)

holds. Additionally, the adjoint pressure presents the same center-symmetry
properties as the forward pressure

p†(−x) = p†(x). (C.8)
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By substituting again the variable at (−x), with the corresponding symmetric
solution, it can be observed that adjoint equations

1

Pr
((−∇(−u)) · (−u†)− (−u · (−∇))(−u†))− 1√

Ra
(−(−∇2))(−u†)

−(−∇)p† + C(ρ̃)(−∇(−θ +∆T ))(−θ† +∆T †) + χ(ρ̃)(−u†) = 0,

−eg · (−u†)− C(ρ̃)(−u · (−∇))(−θ† +∆T †)

− 1√
Ra

(−∇) · k(ρ̃)(−∇)(−θ† +∆T †) = 0,

(−∇) · (−u†) = 0,

(C.9)
preserve the anti-symmetry properties only if specific conditions are satisfied.
That means, observing the following terms, we can say that the center anti-
symmetry is preserved just in case C(ρ̃) is constant and can be moved inside
the gradient:

∇p† + C(ρ̃)(∇(θ −∆T ))(−θ† +∆T †) =

∇p† + C(ρ̃)(∇(θ))(−θ† +∆T †) =

∇p† − C(ρ̃)(∇(θ))θ† + (∇C(ρ̃)θ)∆T †)

⇒ p(−x) = p(x) + C(ρ̃)θ∆T †.

(C.10)

When C(ρ̃) is constant and equal to c the sensitivity has no dependency on the
thermal heat capacity. These observation have been relevant for performing an
additional validation of the gradients obtained by means of adjoint sensitivity
analysis. However, even in the cases in which the symmetry properties are
not preserved, the validation against the finite differences computation of the
gradient has proven the gradient to be correct (see Paper 2 for more details).
Additionally, when C(ρ̃) is chosen as zero in the solid, more realistic results
are achieved, since the unphysical convection contribution in the solid are
eliminated.
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[15] Cauchy, A., 1847. Méthode générale pour la résolution des systemes d’équations
simultanées. Comp. Rend. Sci. Paris 25 (1847), 536–538.

[16] Chida, K., Yoshiro, K., 1976. Conjugate heat transfer of continuously moving
surfaces. International Journal of Heat and Mass Transfer 19 (5), 461–470.

[17] Citro, V., Luchini, P., Giannetti, F., Auteri, F., 2017. Efficient stabilization and
acceleration of numerical simulation of fluid flows by residual recombination.
Journal of Computational Physics 344, 234–246.

[18] Culham, J. R., Yovanovich, M. M., Lee, S., 1995. Thermal modeling of isothermal
cuboids and rectangular heat sinks cooled by natural convection. IEEE Transac-
tions on Components, Packaging, and Manufacturing Technology: Part A 18 (3),
559–566.

[19] Darwin, C., 1859. On the origin of species by means of natural selection, or, the
preservation of favoured races in the struggle for life. London: J. Murray.

[20] Deb, K., 2001. Multi-objective optimization using evolutionary algorithms. Vol. 16.
John Wiley & Sons.

[21] Dede, E. M., Joshi, S. N., Zhou, F., 2015. Topology optimization, additive layer
manufacturing, and experimental testing of an air-cooled heat sink. Journal of
Mechanical Design 137 (11), 111403–1.

[22] Deville, M. O., Fischer, P. F., Mund, E. H., 2002. High-order Methods For
Incompressible Fluid Flow. Vol. 9. Cambridge university press.

[23] Dorfman, A., Renner, Z., 2009. Conjugate problems in convective heat transfer.
Mathematical Problems in Engineering.

[24] Edwards, W., Tuckerman, L. S., Friesner, R. A., Sorensen, D., 1994. Krylov meth-
ods for the incompressible Navier-Stokes equations. Journal of Computational
Physics 110 (1), 82–102.

[25] Erdman, W., Cousineau, K. L., Nov. 15 2011. Thermal management system for
wind turbine. US Patent 8,058,742.

[26] Fischer, P., 1997. An overlapping schwarz method for spectral element solution of
the incompressible navier-stokes equations. Journal of Computational Physics
133 (1), 84–101.

[27] Fletcher, R., Reeves, C. M., 1964. Function minimization by conjugate gradients.
The Computer Journal 7 (2), 149–154.

[28] Fonseca, C. M., Fleming, P. J., 1995. An overview of evolutionary algorithms in
multiobjective optimization. Evolutionary Computation 3 (1), 1–16.

[29] Garimella, S. V., Persoons, T., Weibel, J. A., Gektin, V., 2017. Electronics thermal
management in information and communications technologies: Challenges and fu-
ture directions. IEEE Transactions on Components, Packaging and Manufacturing
Technology 7 (8), 1191–1205.

[30] Gregory, J., 1992. Constrained Optimization In The Calculus Of Variations and
Optimal Control Theory. New York: Chapman and Hall/CRC.

[31] Griva, I., Nash, S. G., Sofer, A., 2009. Linear and Nonlinear Optimization. Siam,
Philadelphia, U.S.A.

[32] Guo, Z., Cheng, X., Xia, Z., 2003. Least dissipation principle of heat transport
potential capacity and its application in heat conduction optimization. Chinese
Science Bulletin 48 (4), 406–410.

[33] G.V.R., 2016. Thermal management technologies market analysis by product
(hardware, software, interface, substrates), by application (computers, consumer



70 Bibliography

electronics, telecommunication, automotive electronics, renewable energy) and
segment forecasts to 2024. Grand View Reseach Collection.
URL https://www.grandviewresearch.com/industry-analysis/

thermal-management-technologies-industry
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Paper 1

Adjoint optimization of natural convection problems: differentially heated cavity

Optimization of natural convection driven flows may be used to enhance the
performance of cooling devices. The present paper illustrates a gradient-based
optimization method for analyzing such systems. We consider the flow of three
different materials enclosed in a differentially heated cavity (Pr = 0.15 − 7
at super-critical conditions). All simulations have been performed with the
spectral-element code Nek5000. The flow is analyzed in the limit of infinitesimal
perturbations about a base flow. Therefore, the analysis is performed using
linear direct and adjoint computations. In particular, the optimal initial condi-
tions are computed by using power iterations applied to the full adjoint-direct
eigenproblem. The objective function is based on the kinetic energy and the
heat transfer potential capacity, that is a quadratic functional. Results are
presented as a function of Prandtl number, time horizons and weights between
kinetic energy and entransy. For all material considered, it is shown that the
maximum transient growth occurs around a time horizon τ = 6− 7, and that,
as expected, the adjoint mode is recovered as optimal initial condition for long
time horizons. For specific cases, the computation of optimal initial conditions
yields a loss of symmetry in the optimal disturbance. In these situations, any
initial condition lying on the plane spanning the eigenfunctions, induces exactly
the same transient amplification. According to the authors’ knowledge this
behavior is illustrated here for the first time.

Paper 2

Topology optimization of heat sinks in a square differentially heated cavity

A material distribution topology optimization approach is used in this work
to enhance the heat transferred by heat sinks. The efficiency of the method
is shown in a two–dimensional differentially heated cavity filled with air and
a solid material, in which the heat flux is increased by means of generating
innovative designs of the solid structure that acts as a heat sink. The heat
exchange in the whole system is computed by performing direct numerical
simulations of the temperature transport and of the momentum conservation.
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The convection is not modeled by using empirical heat transfer coefficients,
rather computed by solving the coupled conjugate heat transfer problem. The
flow is driven by the buoyancy force, under the Boussinesq approximation and
the presence of the solid material is described as the action of a Brinkman
friction force in the Navier–Stokes equations. Regularization techniques are
used, that is, density filters are applied to the material distribution. A design
with a given length scale is thus obtained. In the present paper, two different
types of filters are applied and compared, such that the most realistic solution
is obtained. The optimization is performed with a gradient based method
(adjoint sensitivity analysis), and solved iteratively using a general algorithm
for topology optimization (method of moving asymptotes). Innovative tree-
like structures that are increasing the heat flux are presented for proving the
applicability of the method. Moreover, the effect of various factors is taken into
account. For example, the impact of boundary conditions, initial designs, and
Rayleigh number is investigated. The choice of the initial design affects the
final topology of the solid structures, but not their performance. Additionally,
when the Rayleigh number increases, the topology of the heat exchanger is able
to substantially enhance the convection contribution to the heat transfer.

Paper 3

Heat transfer maximization in a three–dimensional conductive differentially
heated cavity by means of topology optimization

The thermal performance of three–dimensional heat sinks is enhanced, in
the present paper, by applying a material distribution topology optimization
approach. Solid structures, together with air, are enclosed in three–dimensional
steady-state conductive differentially heated cavities. The algorithm iteratively
updates the geometry of a heat sink, relying on gradient information. These are
computed using adjoint sensitivity methods, combined with high-order accuracy
direct numerical simulations. A complete conjugated heat transfer problem
is solved, in which the effect of the solid material on the surrounding flow is
described through the action of a Brinkman friction term in the Navier–Stokes
equations. Moreover, the material distribution function is mapped onto the
thermal conductivity and heat capacity in the energy conservation equation
using SIMP-type functions. Advanced filtering techniques are also applied
for enforcing a desired length scale to the solid structure and ensuring mesh
independence. The success of the method is presented with a thorough physical
investigation of the optimal results, which deliver a substantial increase of the
heat transfer, by optimally accompanying the flow in its circulation inside the
cavity.

Paper 4

Optimal disturbances in a periodic heat sink

This paper computes optimal initial conditions for the disturbances about a base
flow of a specific type of conjugate heat transfer problems: Natural convection
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cooled heat sink. The aim is to identify which perturbations yield a maximum
transient growth of the “energy”. An analysis of the flow surrounding heat sinks
has revealed that by stabilizing the developing turbulent plume of buoyancy
driven warm fluid, a significant decrease in the average temperature of the
heat sink is observed. By first performing direct numerical simulations of the
conjugate heat transfer system, informations are collected about the instabilities
governing the flow. Based on these information, a simplified setup is defined,
which helps separating the effects of the various instabilities. In a periodic heat
sink, having a small air volume on top, the strong modal instability charactering
the plume is neglected and a stability analysis is performed. Moreover, the
optimal initial disturbances are computed. The perturbations that have been
identified in a region of the domain by the bulk of the heat sink, yield a maximal
transient growth of the kinetic energy and heat transfer potential capacity of
five orders of magnitude within the time horizon considered.




