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Abstract
When a particle is illuminated by a beam of light it will scatter and redistribute the
light in all directions. How it scatters depends on the size, shape and refractive index
of the particle. Additionally, it depends on the wavelength and polarization of the
illuminating beam. The direction and distance to the observer relative the particle also
needs to be considered. A digital holographic imaging system is used to collect parts
of the scattered light from micrometer-sized particles. By utilizing digital holography a
three-dimensional reconstruction of the imaged scene is possible. Traditionally, particles
are localized based on the intensity in the holographic reconstructions. In this licentiate
thesis, the phase response of the scattered light is investigated and utilized. An alternative
method for locating spherical particles is presented. The method locate particles based
on a simple feature of a propagating wave, namely the fact that the wavefront curvature
changes from converging to diverging at the axial location of the particle. The wavefront
curvature is estimated using two diﬀerent methods. The ﬁrst method estimates the
lateral phase-gradients using a ﬁnite-diﬀerence method. The second method uses a
three-dimensional parametric model based on a Chebyshev polynomial expansion. The
methods are demonstrated using both simulations and experimental measurements. The
simulations are based on the Lorenz-Mie scattering theory for spherical particles and
are combined with an imaging system model. Experiments are performed using an
oﬀ-axis polarization sensitive digital holographic system with a coherent Nd:YAG laser.
Measurements of stationary particles are made to validate and evaluate the proposed
method. It is found that these methods estimate the true axial position and does not
have the oﬀset that is associated with intensity-based methods. Additionally, it is possible
to exclude noise that shows up as false particles since noise does not have the same phase
response as a real particle. The second method, that uses a parametric model, further
decreases the standard deviation in the positioning.
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Summary

1

Chapter 1

Introduction
Micrometer-sized particles are present in our everyday life more than we perhaps are
aware of. One example is biological cells, that are typically of this size. Cell migration
and motility are characteristics that are of importance when studying cell samples. As an
example, the motility of human spermatozoa and three-dimensional swimming trajectories
have been recorded [1]. The shape and morphological changes of living cells due to,
for example, disease or induced drugs, have also been investigated [2–4]. In industrial
applications, particle dynamics is of interest in systems where complex ﬂuid-solid ﬂows
occur. Flow-particle interactions need to be considered for design and operation of
industrial processes, such as pneumatic transport, cyclone separators, ﬂuidized beds, dust
collectors, pulverized-coal and fuel droplet combustors, to mention a few [5–7]. Eﬀects of
collision between particles and wall-particle collisions are fundamental properties that
inﬂuence the dynamical behavior of these processes [8, 9]. Aerosols are another type
of particles that surrounds us. Atmospheric aerosols occur in both liquid and solid
forms. Water droplets in clouds, mists, and fogs are examples of liquid aerosols where
dynamical aspects of collisions and clustering are of importance. [10]. Solid aerosols include
dust, smoke, pollen and ice particles, to mention a few. These particles are important in
atmospheric studies since they inﬂuence transmission, reﬂection, and scattering of sunlight.
Recently a method for simultaneously determining scattering pattern and projected
shape of single particles was demonstrated [11]. Particles are further of importance in
fundamental scientiﬁc problems [12], including measuring viscoelastic properties of soft
media, measuring dynamical properties of single polymers and addressing fundamental
questions in statistical physics [13–15]. Regardless what type of particle is considered,
when micrometer-sized particles are illuminated with an electromagnetic ﬁeld they will
generate a scattered ﬁeld. How a particle scatters is governed by Maxwell’s equations and
depends on properties of the particle and the illuminating ﬁeld. The inverse scattering
problem can for some special cases be solved using diﬀerent models. However, naturally
occurring particles do in general have a complex and irregular shape that makes it hard
to ﬁnd a ﬁtting model, which in general require well-determined shapes. A key feature
for a general particle is, however, that the spatial frequency content in the scattered light
depends on the facet of the particle. This feature has been exploited since the late 1980s
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to extract information about non-spherical particles [16–19]. In these publications, the
particles are fed through a measurement cell one by one and the scattered light is recorded
using a set of photodetectors placed at diﬀerent polar and azimuthal positions. It hence
requires that the particles are controlled and measured one by one, it is not possible to
measure a ﬁeld of particles under ﬂowing conditions.
Digital holography is a suitable technique for tracking particles in 3D, since it is
possible to reconstruct a three-dimensional volume and extract quantitative information
of particles [20]. Digital holography is an interferometric method where two coherent
wave-ﬁelds, the object wave and the reference wave, interfere on the detector to form
a hologram [21]. In its original form, the detection was made on a photographic plate
that has now been replaced by digital detectors [22, 23]. Phase information of the light is
encoded in the interference pattern on the detector. By processing, the encoded phase
information can be used to reconstruct a three-dimensional scene from a two-dimensional
hologram [24]. Since particles rarely are conﬁned to a single plane, the three-dimensional
capabilities make it a suitable technique for particle measurements. Holographic particle
meteorology have, for example, been used for studies of pipe ﬂow [25,26], colloidal particles
[27–31], holographic particle image velocimetry (HPIV) [32, 33], aerosols [11, 34–36] and
investigations of jets [37]. There are two main conﬁgurations of holographic setups. The
in-line conﬁguration uses the unscattered part of the illumination beam as the reference
wave. This enables a simple setup, but only forward scattering can be studied. The other
conﬁguration is the oﬀ-axis conﬁguration, where a separate reference wave is incident
on the detector with an oﬀ-axis tilt. With this setup, any observation direction can
be used and several reference waves can be multiplexed. For instance, two reference
waves with perpendicular polarization can be used to determine the Jones matrix of the
scattered light [38, 39]. Applications with two polarization sensitive reference waves have
so far mainly focused on measuring surface properties including magnetization, stresses,
dynamics of liquid crystals, tissue samples and laser ablation [40–44].
A typical feature in the three-dimensional reconstruction from a hologram is that
the axial resolution is worse than the lateral one, at least four times and scales with the
numerical aperture [45]. For example, spherical particles become elongated and cigarshaped in the reconstruction, which makes it more challenging to estimate the true 3D
position of the particle in depth. Methods are therefore needed to determine the true axial
position. Most previously reported methods are based on the intensity [29] or on various
operators on the reconstructed intensity, for example, spectral frequency content, variance,
gradient- and the Laplacian operator [20, 46, 47]. Some studies utilized phase information
to create complex metrics and showed an improvement [48, 49]. Other studies found that
incorporating phase information did not improve the accuracy of the localization [50]. It is
also possible to solve the so-called inverse problem formulation. Instead of reconstructing
a volume the detected hologram is compared to iteratively simulated holograms [28, 51].
These methods are however time-consuming since a multitude of holograms needs to be
simulated, even when accelerated by compressive formulations [52].
The work presented in this licentiate thesis has been carried out within a project aiming
to estimate the state variables of non-spherical particles in ﬂowing mediums using digital
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holographic imaging. The content of this thesis is the initial development of estimating
the state variables and only spherical particles are considered. The state variables
estimated are so far the three-dimensional particle positions. The main contribution is the
development of two new methods capable of estimating the axial position of particles based
on the phase information in the reconstruction. The main advantage of the new methods
is that they are capable of estimating the true axial position, where most competing
methods have an oﬀset that is removed by calibration. Another advantage is that the
methods can determine if a potential particle actually is a particle or if it is originating
from noise. The scattering theory of micrometer-sized particles is considered by the
methods. Certain features from the scattering theory have been identiﬁed and utilized
in the developed methods. The usage of phase information in addition to the intensity
makes use of all the recorded information.
In Chapter 2 some fundamental concepts regarding particle scattering and holographic
imaging are presented. The proposed methods are described in Chapter 3 and simulations
to show feasibility are also presented. In Chapter 4 the experimental setup is presented,
simulations and experimental work are presented along with corresponding results. The
results are discussed and the two methods are compared in Chapter 5. Some ﬁnal
conclusions are made in Chapter 6. In the last Chapter, Chapter 7, future work is
presented.

Chapter 2

Particle Scattering and
Holographic Imaging
The fundamental concept of particle scattering is shown in Figure 1. An electromagnetic
wave is incident on particles in a volume. The particles introduce a local change in the
refractive index of the volume, this change generates a secondary, scattered wave when
illuminated. The scattered wave propagates in an outgoing direction and parts of the
wavefront is incident on an imaging system. The characteristics of the scattered light
depend on the refractive index, size, shape, and position of the particle as well as the
refractive index of the surrounding medium in the volume and the wavelength of the
electromagnetic wave. The wavefronts from individual particles will form an image on the
detector. The fundamental question is to relate the measured intensity on the detector to
properties of the particles. To do this the inverse electromagnetic problem needs to be
solved, which is typically done by using a scattering model.
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Figure 1: General scattering problem. A volume containing particles is illuminated by an
electromagnetic ﬁeld, in this case a plane monochromatic light wave. The particles
generate a secondary wave and portions of it is imaged by a lens system onto a
detector.

2.1

Particle Scattering Models

A particle illuminated by an electromagnetic ﬁeld will scatter and redistribute a scattered
ﬁeld in all directions. The scattering is governed by Maxwell’s equations [45] and various
methods for solving for the scattered ﬁeld exists. For particles much smaller than the
wavelength, the Rayleigh scattering approximation is valid [53]. Another model that can
be used is the ﬁrst Born approximation. In this solution, the internal ﬁeld inside the
particle is assumed to be equivalent to the illuminating electrical ﬁeld. This assumption is
valid if the optical pathway inside the particle only slightly diﬀers from the corresponding
optical pathway in the medium. This is fulﬁlled if either the particle size is much smaller
then the wavelength or the refractive index of the particle only slightly diﬀers from the
refractive index of the medium. A rule of thumb is that the optical pathway should
not diﬀer more than π radians. For spherical particles with sizes of the same order of
magnitude as the wavelength, the Lorenz-Mie theory is most commonly used. It is valid
for a broad range of sizes including sizes much smaller than the wavelength up to several
orders of magnitudes of the wavelength. The computations and numerical instability
increase with increasing particles sizes. For particles much larger then the wavelength,
the geometrical optics approximation is valid and is preferable to the Lorenz-Mie solution
since it is less computationally demanding and the numerical solutions are more stable.
For the work in this thesis, the Lorenz-Mie theory is used.

2.1. Particle Scattering Models
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Figure 2: Deﬁnition of the scattering plane spanned by the directional vectors, si and ss , for the
illumination and scattered ﬁelds. θ is the in-plane angle between the illumination and
scattering directions and Ei and Ei⊥ represents the components of the illuminating
ﬁeld.

2.1.1

Lorenz-Mie scattering model

Consider the general scattering geometry shown in Figure 2. The illumination light ﬁeld
Ēi , with a wavelength λ, is incident on the particle at a direction si . The scattered
ﬁeld, Ēs , is observed in the direction ss . The two directional vectors, si and ss , span the
scattering plane. The incident and scattered ﬁeld are then written in component form
with respect to this plane. Ei and Es denotes the incident and scattered ﬁeld polarized
parallel to the plane, and Ei⊥ and Es⊥ denotes the incident and scattered ﬁeld polarized
perpendicular to the plane. The in-plane angle θ is the angle between the incident and
scattered directions. Following the notation of Bohren and Huﬀman [53], the general
scattering problem is written as follows:





eikr
S 2 S3
Ei
Es
=
,
(1)
Es⊥
Ei⊥
−ikr S4 S1
where r is the distance from the particle to the observer and k = 2π/λ is the wavenumber.
The scattering matrix S describes the mapping from the incident to the scattered ﬁeld.
For spherical particles the oﬀ-diagonal components are zero, i.a S3 = S4 = 0. The
amount of light scattered increases with increasing particle size and increasing refractive
index change from the surrounding medium. The elements S1 and S2 are computed by
expanding the incident and scattered ﬁelds in terms of spherical wave functions. The
boundary condition at the particle surface is enforced and the expression for the scattering
matrix becomes as follows:
 2n + 1
(an πn (θ) + bn τn (θ)) ,
(2)
S1 (θ) =
n(n + 1)
n
 2n + 1
S2 (θ) =
(an τn (θ) + bn πn (θ)) ,
(3)
n(n + 1)
n
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where an and bn are the coeﬃcients in the spherical wave-function of the scattered ﬁeld
and πn and τn are angularly dependent base functions given as:
Pn
,
sin θ
dPn
,
τn (θ) =
dθ

πn (θ) =

(4)
(5)

where Pn are the Legendre polynomial of the ﬁrst kind. The out-of-plane angle does not
change the behavior of the scattering matrix. It does, however, change the orientation of
the scattering plane and hence how the components parallel and perpendicular to it is
distributed.

2.2

Telecentric Imaging

The concept of a telecentric imaging system is shown in Figure 3. Two lenses, L1 and
L2 , with focal lengths f1 and f2 are separated a distance L = f1 + f2 . There are three
important planes in the system, (1) the front focus plane in the object space, (2) the
intermediate aperture plane, and (3) the focus plane in the image space. The front focus
plane is located a distance f1 in-front of L1 and the aperture plane is located a distance
f1 behind L1 . The back focus plane is located a distance f2 behind L2 . A key feature in a
telecentric imaging system is that the front focus plane, the intermediate aperture plane
and the image plane are all Fourier transform pairs. This is due to the Fourier transform
property of a lens [54, 55]. With lateral coordinates denoted as x, y, the transformation
from the front focus-plane to the aperture plane becomes


x
y
,
(6)
,
E2 (x, y) = Ẽ1
λf1 λf1
where Ẽ1 is the Fourier transform of the electromagnetic ﬁeld in the front focus plane. A
successive Fourier transform gives the ﬁeld at the image plane that becomes




x
f2
y
f2
= E1 −x , −y
,
(7)
,
E3 (x, y) = Ẽ2
λf2 λf2
f1
f1
where Eq.(6) has been used for the ﬁnal step. The ﬁeld in the image plane is hence only
a magniﬁed version of the ﬁeld in the object plane. The magniﬁcation, m, is determined
by the focal lengths of the two lenses as m = −f2 /f1 . The minus sign indicates that the
image is ﬂipped upside-down. In panel (a) in Figure 3 the object is placed in the front
focus plane. All rays emitted from the same point will form parallel rays after the ﬁrst
lens and will converge to a single point in the back focus plane is shown. In panel (b) the
object is located a distance of Δz away from the front focus plane. The rays will converge
after the ﬁrst lens and form a real image just before the second lens. The second lens
will therefore not generate a sharp image of the object in the image domain, instead, a

2.2. Telecentric Imaging
࣠
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(c)
Figure 3: Concept of a general telecentric imaging system. Plane (1) is the front focus plane,
(2) is the intermediate aperture plane and (3) is the image plane. These planes are
Fourier transform pairs as denoted in the ﬁgure. Imaging is shown for the cases,
where the object is (a) in focus, (b) behind focus and (c) in-front of focus. Only
objects at and in-front of focus will produce a sharp image in the image domain.

virtual image appears in between the lenses. In the ﬁnal case in panel (c) the object is
located a distance Δz towards the ﬁrst lens. The rays after the ﬁrst lens are diverging
and imaged to a single point in the image domain. The eﬀective volume that produces a
sharp image is from the front focus plane up to the ﬁrst lens. An additional observation
can also be made. The chief-ray, the ray parallel to the optical axis in the object domain,
is parallel to the optical axis in the image domain as well, regardless of the objects axial
position. This feature is important for this thesis for two reasons. Firstly, this means that
the magniﬁcation will be constant with respect to axial position. In a general imaging
system, the magniﬁcation varies with axial position. For example, an object far away
looks smaller than one nearby when imaged by our eyes. Secondly, it means that the
detection of scattered light from a particle can be assumed to be done in the scattering
plane in Figure 2. This assumption is valid since the chief-ray on the image side always
will be located inside the scattering plane in the object domain.
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L1

A

L2

Detector
ȴz'

ȴǌ

y

x

f1

f1

f2

f2

y'

z

x'
z'

Figure 4: A holographic telecentric imaging system consisting of a positive lens L1 , aperture A
and positive lens L2 . The particle is located a distance Δz from the front focal plane
of the lens L1 . This corresponds to a distance Δz  in the image domain.

2.2.1

Particle Imaging

Consider the telecentric imaging system shown in Figure 4. A particle located a distance
Δz from the front focus plane generates a scattered ﬁeld in all directions. The content
in the solid angle enters the entrance pupil of the system. Since the scattering plane
depends on the observation direction diﬀerent scattering planes are present for diﬀerent
components. However, over small and moderate apertures, the change is negligible and
the detection can be approximated to be made in the scattering plane of the chief-ray.
Using Eq.(1) the angular distribution of the scattered ﬁeld at the forward lens L1 becomes
eikf1
S2 (θ) Ei
−ikf1
eikf1
S1 (θ) Ei⊥ ,
Es⊥ (θ, α) =
−ikf1
Es (θ, α) =

(8)
(9)

where f1 is the focal length of the ﬁrst lens. The scattered ﬁeld is mapped to the to the
aperture plane as
eikf1
S2 (η) Ei
−ikf1
eikf1
Es⊥ (η, ξ) =
S1 (η) Ei⊥ ,
−ikf1
Es (η, ξ) =

(10)
(11)

where η and ξ are lateral coordinates in the aperture plane and are related to the scattering
angles as follows:

2.2. Telecentric Imaging
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η = f1 sin θ,
ξ = f1 sin α.

(12)
(13)

The purpose of the aperture is to limit the spatial frequency content in the aperture plane.
The aperture limits the spatial frequency content to the interval between ±ηmax and
±ξmax . This limitation is related to the numerical aperture on the object side, NA = sin θ,
of the imaging system as NA = ηmax /f1 . Some observations can be made from these
equations. The ﬁeld at the aperture plane depends only on the η-coordinate and not on
the ξ-coordinate. This is because the scattered ﬁeld only depends on the in-plane angle
θ in the scattering plane and not on the out-of-plane angle α. The exponential term in
Eq.(10) and Eq.(11) is only of importance if the absolute phase needs to be known, in this
thesis only the relative phase distribution is considered, therefore is this term omitted
unless otherwise stated. The expression in the denominator scales the ﬁeld in relation
to distance. In general, the absolute value of the intensity is of little interest, wherefore
the denominator also can be dropped without loss of generality. This means that the
scattered ﬁeld in the aperture plane is proportional to the scattering coeﬃcients S1 and
S2 . The ﬁeld is mapped to the detector plane by a scaled Fourier transform due to the
optical Fourier transform as described by Eq.(7). The ﬁeld on the detector becomes:


ED (x , y  ) = F2D Es (x , y  ) ,
ED⊥ (x , y  ) = F2D {Es⊥ (x , y  )} ,

(14)
(15)

where x = λfη 2 and y  = λfξ 2 . The detector integrates the intensity, I (x , y  ) =
|E (x , y  )|2 , spatially over the pixel and temporally over the exposure time. The
intensity is related to the ﬁeld as
I (x , y  ) =

ED (x , y  ) + ED⊥ (x , y  )

2

=

ED (x , y  )

2

+ |ED⊥ (x , y  )|

2

, (16)

where the ﬁnal step occurs since components with perpendicular polarization do not
interfere. The intensity formation on the detector corresponds to an autocorrelation of
the spectral frequency content. The Wiener-Khinchin theorem states that


2
G (τx , τy ) = F2d |E (x , y  )|
,
(17)
where G is the autocorrelation function deﬁned as
G (τx , τy ) = Es (η, ξ) Es∗ (η − τx , ξ − τy ) .

(18)

Since the spectral frequencies are directly proportional to the ﬁeld in the aperture plane,
the autocorrelation is performed on the scattered ﬁeld in the aperture plane.
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Oﬀ-axis Digital Holography

In oﬀ-axis digital holographic measurements, one or several reference waves are added
and the interference pattern between the object and reference light is recorded on the
detector. For this thesis, only one reference wave is considered. In Figure 4 the added
reference wave, R, is shown with dash lines. On the detector the ﬁeld becomes
E (x , y  ) = ED (x , y  ) + ED⊥ (x , y  ) + R (x , y  ) + R⊥ (x , y  )

(19)

where the reference wave R have been divided into components R and R⊥ using the
same notations as for the object wave. The intensity can then be written as follows:
I (x , y  ) =

ED (x , y  ) + ED⊥ (x , y  ) + R (x , y  ) + R⊥ (x , y  )

= ID + ID⊥ + IR + IR⊥ + J + J⊥ + J∗ + J⊥∗ ,

2

(20)

where the individual components are given by
ID =

ED (x , y  )

2

ID⊥ = |ED⊥ (x , y  )|
IR =

R (x , y  )

2

IR⊥ = |E⊥ (x , y  )|

2

,

2

,
,
,

(21)

J = ED (x , y  ) R∗ (x , y  ) ,
∗
J⊥ = ED⊥ (x , y  ) R⊥
(x , y  ) ,
∗
(x , y  ) R (x , y  ) ,
J∗ = ED
∗
J⊥∗ = ED⊥
(x , y  ) R⊥ (x , y  ) .

Eq.(20) needs some clariﬁcation. The four ﬁrst terms on the right-hand side are the
intensities of the individual terms on the detector. These are in general not of interest
in a holographic setup and will not be considered further. The four ﬁnal terms are the
ones of interest, they are the interference terms between the reference and object ﬁelds,
respectively. Note that only components with mutual polarization interfere. In this thesis,
only a single reference wave with polarization parallel to the scattering plane is used so
Eq.(20) is reduced to:
I (x , y  ) = ID + ID⊥ + IR + J + J∗ .

(22)

Figure 5 shows the ﬁeld in the aperture plane and the corresponding spatial frequency
content on the detector. These two are related by an autocorrelation as described by
Eq.(17). The recorded intensity in Eq.(22) must be processed before reconstruction.
When an oﬀ-axis holographic conﬁguration is used the three ﬁrst terms are located in a
central lobe in the spatial frequency domain, see Figure 5b. The fourth and ﬁfth terms
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Field in the aperture plane
Spatial frequency content on detector

R||

J||
ID|| + I

+ IR||

E || + E
J*||

(a)

(b)

Figure 5: The ﬁgure shows (a) the ﬁeld in the aperture plane and (b) the corresponding spatial
frequency content on the detector.

are located in individual lobes on oﬀ-axis positions. By extracting one of the oﬀ-axis
lobes either the real image modulated by the virtual reference wave or the virtual image
modulated by the real reference wave can be obtained. To restore the complex amplitude
of the object wave the modulation with the reference wave have to be undone. If the
reference wave is a point source in the aperture plane it becomes a plane wave on the
detector. The plane wave is incident on the detector with an angle θR . If the reference
wave is located as shown in Figure 5 the reference wave can be written as:
R = A exp (iky  sin θR ) ,

(23)


where A = 1/ IR is the amplitude of the reference wave on the detector. The complex
amplitude is estimated by multiplying with the conjugate of the reference plane wave
ẼD = J R∗ = J A exp (−iky  sin θR ) .

(24)

By performing these steps the full complex amplitude of the scattered light have been
recovered.

2.3

Sampling

The continues intensity in Eq.(20), is sampled by a discrete set of pixels on the detector.
The detector have N pixels in each direction with a pixel pitch of d. The discrete lateral
coordinates become
y = nd,
x = nd,


n=



−

N
N
N
, − + 1, . . . , − 1 ,
2
2
2

(25)
(26)
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where N is assumed to be even and the origo is chosen to be in the center of the
image. According to the Nyquist–Shannon sampling theorem the maximum lateral spatial
frequency that can be recorded on the detector is
fmax =

1
,
2d

(27)

for both x- and y-direction. If spatial frequencies higher then this still is present in the
system aliasing will occur. Consider Figure 5 once again. The spatial frequency content
1
1
range from − 2d
to 2d
in both directions. In panel (a) the width of the lobe is 2 NA
.
λ
Because of the autocorrelation, the spatial frequency content in the central lobe have the
width of 4 NA
and the side lobes have the size 2 NA
. The optimal numerical aperture is
λ
λ
hence
λ
λfmax
= ,
(28)
NAopt =
4
8d
and the optimal position for the reference wave is
3
3
fref = fmax = ,
4
8d

(29)

which corresponds to the angle θR = sin−1 (3λ/8d).

2.4

Reconstruction


When the full complex amplitude at the detector plane, ED (x , y  , zD
), is known it is
possible to propagate and calculate the complex amplitude in another plane along the
optical axis. If the new plane is located a distance Δz  along the optical axis the propagated
complex amplitude is found by applying the Fourier shift theorem along the z-direction
as:
−1


E(x , y  , zD
+ Δz  ) = F2D
{F2D {E(x , y  , zD
)} exp [i2πfz Δz  ]} ,

(30)

where fz are the spatial frequencies in the z-direction and F2D is the two-dimensional
Fourier transform. It is related to the lateral spatial frequencies as follows:

fz =

1
− fx2 − fy2 .
λ2

(31)

A key feature of the telecentric system is that the magniﬁcation does not change with
axial position as described in section 2.2. This feature is still present when reconstructing.
Therefore is the pixel pitch unchanged in the new plane. This enables a more straightforward reconstruction since all planes have a uniﬁed coordinate system. By reconstruction
a stack of images with pitch Δz may be reconstructed, which gives a three-dimensional
volume representation Erec (x , y  , z  ) of the continues 3D ﬁeld.
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The depth of focus problem

A problem in the reconstructed volume is that the axial resolution in the reconstructed
volume is severely worse than the lateral one. This is due to how the intensity is distributed
around a geometrical focus. From an extensive derivation by Born and Wolf [45], the
intensity distribution around a geometrical focus can be expressed in terms of normalized
coordinates u and v deﬁned as follows:
 2
 
2π a  2
2π a
z,
v=
x + y2,
(32)
u=
λ f
λ f
where a is the hight of the aperture and f is the focal length of the imaging system. This
equation can be rewritten in terms of the numerical aperture as:

2π
2π
u=
NA2 z,
NA x2 + y 2 ,
v=
(33)
λ
λ
where the identity fa = sin θ = NA have been used. In terms of the normalized coordinates
the intensity distribution along the lateral coordinate v in the focus plane becomes
2

2J1 (v)
I0 ,
(34)
I (u = 0, v) =
v
where J1 is the Bessel function of ﬁrst kind and I0 is the intensity at u = v = 0. The
resolution can be found by solving this equation for the ﬁrst zero of the expression in the
square brackets, that is
v = 1.22π.
(35)

2
Using the expression in Eq.(33) this can be related to a lateral coordinate w = x + y 2
and the lateral resolution becomes:
λ
λ
≈
.
(36)
Δw = 0.61
NA
2 NA
The corresponding distribution of intensity along the optical axis is given by

2
sin (u/4)
I (u, v = 0) =
I0 .
(37)
u/4
Solving for the ﬁrst zero of this equation gives
u/4 = ±π.

(38)

Relating this to the z coordinate using Eq.(33), the axial resolution can be obtained as
2λ
.
(39)
Δz = ±
NA2
From Eq.(36) and (39), the axial resolution can be expressed in terms of the lateral one as
4Δw
.
(40)
Δz =
NA
This means that the in the best case scenario with NA = 1.4 the axial resolution becomes
about three times worse along the axial direction. For small to moderate apertures, as is
considered in this thesis, it becomes even worse. For NA = 0.1 the resolution is 40 times
worse in the depth direction as compared to the lateral resolution.

Chapter 3

Particle Localization Methods
From the holographic recording and reconstruction a volume Erec (x , y  , z  ) is obtained.
In Figure 6, a sketch over a reconstructed volume is shown. This reconstructed volume
corresponds to the actual volume in the image domain shown in the Figure 1. The
solid points mark the actual location of a particle and the dashed line is the size of the
reconstructed particle. The axial resolution is worse than the lateral one and the particles
are elongated. The purpose of an axial localization method is to determine where in the
elongated particle the real particle is located. In this section two proposed methods are
described, simulations and examples that support and validates the methods are presented.
Both methods are based on the phase response in the scattered light. Before a method can
be applied to the data some general steps are performed. In the reconstructed volume a
threshold, a, is set, only voxels with |Erec (x , y  , z  )| > a are assumed to contain scattered
light from a particle. The value of the threshold, a, is set manually using an iterative trial
and error process, but adoptive measures may be introduced. In the proposed method it
is possible to set a rather low threshold because, as will be demonstrated, the method is
capable to determine between light that originates from a scattering particle and light
that originates from noise. From the thresholding, a binary volume is obtained. The
next step is to cluster connected voxels and label each potential particle. The result
from these general steps is a list of identiﬁed potential particles. For each particle the
coordinates and data in the clustered and labeled voxels are saved. For each identiﬁed
potential particle, one of the methods described below is applied on the voxels of said
elongated particle.
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y’

z’

Figure 6: Two-dimensional sketch of a reconstructed volume. The actual positions of particles
are marked with solid dots. The dashed ellipse is the elongated reconstructed particles.

3.1

Phase Gradient Method

The ﬁrst method estimates the wavefront curvature by calculating the phase gradients in
the scattered light from an individual particle. For each potential particle, the wavefront
curvature is estimated at each reconstructed plane along the optical axis. The phase
gradients for the are estimated using a central ﬁnite diﬀerence method as follows:


∗
∠ Ei−1,j Ei+1,j
δφi,j
=
,
δx
 2d ∗ 
∠ Ei,j−1 Ei,j+1
δφi,j
=
,
δy
2d

(41)
(42)

where d is the pixel pitch of the detector and i, j are the indices along each lateral
coordinate. It is required that the phase change between adjacent pixels is less than π to
avoid aliasing. In practice, the changes are much smaller than this so it does not become
a problem. The numerically computed phase gradient data is parametrized using a linear
model
δφi,j
= A1 (i − 1)d + B1 (j − 1)d + C1 ,
δx
δφi,j
= A2 (i − 1)d + B2 (j − 1)d + C2 ,
δy

(43)
(44)

where i, j ranges from 1 to N − 1, where N is the number of pixels on the detector.
This linear model is valid if the spherical wavefront can be approximated with a second
order polynomial, this assumption holds for small to moderate apertures. Hence, the
phase gradients can be approximated with a polynomial of ﬁrst order. The coeﬃcients
A1 , A2 , B1 , B2 holds information about the particles location. It is found that the gradient
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in x-direction does not depend on the y-coordinate and the gradient in y-direction does
not depend on the x-coordinate. Therefore, only the coeﬃcients A1 and B2 are of interest.
A closer look gives that A1 represents the phase-gradients parallel to the scattering plane
and B2 represents the phase-gradients perpendicular to the plane. In Figure 7 the phase
response for a single particle is shown. The parts (a) and (b) shows the behavior around a
particle located at z = −2500μm, (b) is just a magniﬁed version of (a). The corresponding
normalized intensity is shown in (c). The phase gradients perpendicular to the scattering
plane (solid curve) are nearby the particle approximately linear with respect to distance
and becomes zero at the true axial location. The corresponding phase gradients in the
parallel direction (dashed curve) is not linear and have a slight oﬀset in its zero-crossing
from the true axial location. The slight oﬀ-set for the phase gradients parallel to the
scattering is because of the elements S1 and S2 of the scattering matrix in Eq. (3) that
only depends on the in-plane angle θ. Since the modulation only occurs in the plane
it creates intrinsic aberrations for the phase response in the parallel direction while
the perpendicular direction remains unchanged [56]. The corresponding intensity along
the optical axis in panel (c) have a nearly Gaussian shape and peaks at approximately
z = −2520μm. The phase gradients, B2 , perpendicular to the scattering plane is in the
following used as the metric to determine the true axial position of the particle. If a
potential particle have a linear behavior around the zero-crossing it is considered to be
a real particle and the position of the zero-crossing is estimated from the data. The
estimated position is saved as the true axial position for the particle. If B2 does not show
a linear behavior the potential particle is discarded.
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(a)

(b)

(c)
Figure 7: Behavior near focus for a single particle. Panel (a) shows the phase gradients
perpendicular (solid) and parallel (dashed) to the scattering plane. Panel (b) is a
zoomed in version of (a). Panel (c) shows the normalized intensity in the center of
the particle along the optical axis.

3.2

Chebyshev Polynomial Method

The second method based on the phase response is to ﬁt a Chebyshev polynomial model
to the phase response. The reconstructed phase along the optical axis oscillates quickly,
see Figure 8.b that shows the phase along the optical axis in the center of a reconstructed
particle. This data is not suited for use with a model. To solve this the phase deviation
compared to a plane wave can be calculated. This is done by subtracting the ikz term
associated with a plane wave propagating along the optical axis. For a particle the phase
anomaly is calculated as follows:
ϕa (x , y  , z  ) = ∠E (x , y  , z  ) − kz  ,

(45)

where k is the wavenumber and ∠ is the argument operator. The phase anomaly will be
used in the polynomial model instead of the real phase. The phase anomaly is shown in
panel (c) and (d) of Figure 8 From the segmented and labeled data, a rough estimate
is created by searching for the voxel with the highest intensity, this point is used as a
reference. A small volume is formed around each elongated potential particle. In this
volume, the phase anomaly is modeled. Since the Chebyshev polynomials are deﬁned
in the interval [−1, 1], the coordinates [x , y  , z  ] are rescaled to normalized coordinates
[ , η, ζ] in this domain. The three-dimensional polynomial is deﬁned from one-dimensional
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Chebyshev polynomials as:
ϕ̂a ( , η, ζ) =

n 
n 
n


aijk Ti ( )Tj (η)Tk (ζ),

(46)

i=0 j=0 k=0

where Ti , Tj and Tk are Chebyshev polynomials of order i, j, k, respectively, and aijk are
the associated coeﬃcients for each base function triplet.This equation can be expressed in
matrix form as:
ϕ̂a ( , η, ζ) = Ta.
(47)
The goal is then to ﬁnd the estimated coeﬃcients âijk that represent the measured phase
anomaly ϕa . The squared error between the measured data,ϕa and the estimated data, ϕ̂a
is minimized. The coeﬃcients become the solution to the following weighted minimization
problem:

âijk = argmin
(48)
W (ϕa − ϕ̂a )2 ,
a

where W are the weights. The intensity of the scattered light is chosen as these weights.
The weights ensure that only data points where we have light inﬂuence the estimation.
The solution to this minimization problem is:

−1 T
T W ϕa ,
âi,j,k = TT W T

(49)

that is solved using Gauss elimination. The next objective is to ﬁnd what order n is
needed to model the data. This is done by parameterizing the scattered light from a single
particle for diﬀerent orders of n. In Figure 9a the mean square error per voxel is shown
for the diﬀerent orders. It is found that for orders n = 4 and higher the error becomes
negligible. A ﬁt with n = 4 is therefore used to represent the phase anomaly. In panels (c)
and (d) of Figure 8 a polynomial ﬁt with n = 4 is shown by the solid lines. All coeﬃcients
âi,j,k are studied in detail for a single particle around focus. One coeﬃcient, a200 , shows
an interesting behavior. It becomes zero when the particle is located at the focus plane.
In addition, it also shows a linear behavior around the focus point which is shown in
Figure 9b. The corresponding coeﬃcient in the x-direction a020 is also shown. From the
investigation the parameter a200 is chosen as a metric. In practice, the coeﬃcient is found
by shifting the computation volume along the optical axis and computing the coeﬃcients
âi,j,k at each position. The volume does not need to be shifted very far if starting at
the axial location of maximum intensity. It should be possible to compute the position
without performing the shift, but this is not covered in this thesis.
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(a)

(b)

(c)

(d)

Figure 8: Features in a particle hologram. Panel (a) shows an unprocessed simulated hologram,
panel (b) the reconstructed phase along the optical axis in the center of the particle.
The corresponding phase anomaly, ϕa , is shown in (c). In (d) the wavefront curvature
is shown at axial locations Δz = −100μm (black), −50μm (blue), 0μm (red), 50μm
(green), 100μm (magenta). In both (c) and (d) the solid lines are the polynomial ﬁt
and the markers the simulated data.

(a)

(b)

Figure 9: Evaluation of parametric performance. Panel (a) shows the mean square error for
diﬀerent orders of the Chebyshev polynomial ﬁt. An order of n = 3 approximates the
phase anomaly well. Panel (b) shows the identiﬁed coeﬃcients of interests. These
represent the quadratic terms along respective coordinate.

Chapter 4

Experiments
In this chapter, all procedures and results based on experiments are presented. With
experiments, I include simulations made to evaluate an actual setup and measurements
performed in the lab. All simulations and measurements are made with the same setup
which is described in section 4.1. Description of the simulations and the associated
results are presented in section 4.2 and in section 4.3 the experimental measurements are
described and results are presented.

4.1

Setup

The setup used is shown in Figure 10. A continues Nd:YAG laser with wavelength
λ = 532nm is used for illumination. The light is linearly polarized and the polarization
direction can be controlled with a λ/2 waveplate (not shown in the ﬁgure). The light is
split into two parts by the beamsplitter BS, the transmitted light is used for illumination
and the reﬂected light is used as a reference wave for the holographic recording. The
illumination light is expanded by a beam expander, consisting of lenses L1 and L2 , before
illuminating the sample. The sample consists of a silicon cube with particles molded into
it. The particles are spherical and have a radius of rp = 5μm. The refractive index is
np = 1.6 for the particles and nm = 1.4 for the silicone. The particles scatter light in all
directions and a small portion of it enters the imaging system around an angle θ = 90◦
with respect to the illumination. The lens L3 maps the scattered light to the aperture
plane A, as described by Eq.(10) and Eq.(11) in Chapter 2. Using a mirror the reference
part is directed into a polarization maintaining optical ﬁber via a ﬁber port FP. The other
end of the ﬁber is mounted to the aperture plane. The object light and the reference wave
is mapped to the detector by the lens L4 . The focal lengths of L3 and L4 are f3 = 60mm
and f4 = 80mm, respectively. The magniﬁcation of the system is therefore
m=

80
f2
≈ 1.33.
=
f1
60

(50)

The distance between L3 and A is 60mm, between A and L4 80mm, between L4 and the
detector 80mm. The sample is placed so that the backside of it is in focus, this ensures
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Figure 10: Exprimental setup used. Lenses are denoted with L1 − L4 , beamsplitter with BS,
mirror with M , aperture with A and a ﬁber port with F P . Lenses L1 and L2
forms an beam expander and lenses L3 , L4 forms together with the aperture, A, a
telecentric imaging system. The sample is positioned a distance L from lens L3

sharp images of all particles in the volume as described in Figure 3.
The detector is of CCD type with model number Sony XCL 5005. It has 2448x2048
pixels with a pixel-pitch of d = 3.45μm. The total size of the detector is hence 8.48 mm x
7.1 mm. The pixel-pitch allows recording of lateral spatial frequencies up to
f⊥max = ±

1
≈ ±0.13μm−1 .
2 · 3.45

(51)

As described by Eq.28, for maximal usage of the bandwidth the aperture should limit the
spatial frequency content to ± f⊥max
. According to Eq.(14) and Eq.(15) this corresponds
4
to an aperture size of
f⊥max
≈ 1.5mm,
(52)
[ηmax,ξmax ] = ±λf4
4
where f4 is the focal length of L4 and the numerical values have been inserted in the
ﬁnal step. A aperture of this size corresponds to a numerical aperture in object space of
NA0 = 0.025. The eﬀective numerical aperture is even smaller since the silica air boundary
causes a refraction of the rays. The eﬀective numerical aperture therefore become
NA0 =

NA0
0.025
≈ 0.018.
=
nm
1.4

(53)

The position of the ﬁber containing the reference wave is optimized in accordance with
Eq.(29) and is placed a distance
dref =

3λf4
f⊥max ≈ 4.63mm,
4

(54)
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from the center of the aperture. The ﬁber have a numerical aperture of NAf iber = 0.12
and over the detector the diameter of the reference wave becomes
D = 2NAf iber f4 ≈ 19mm,

(55)

which is suﬃcient to cover the whole detector. Using theses settings the system is
optimized for the detector and magniﬁcation used.

4.2

Simulations

The feasibility of using the wavefront curvature as a metric was demonstrated in Chapter
3. The simulations presented in this section are made to evaluate the performance of
the methods. A simulation environment is created in MATLAB to replicate the setup
described in the previous section. For each particle in the simulation domain these steps
are performed:
1. For the speciﬁed detector, generate the spatial frequency content and relate these
to angles in the object domain.
2. Generate a scattered ﬁeld over the aperture plane using Eq.(10) and Eq.(11),
respectively.

When these two steps have been repeated for each particle the total scattered ﬁeld in the
aperture is formed by summing the contributions from individual particles. Then the
following steps are carried out once to map the ﬁeld to the detector plane.
3. Limit the spatial frequencies by placing an aperture in the intermediate plane.
4. Add the reference wave as a point source in the aperture plane.
5. Transform to the detector plane using the scaled Fourier transform described by
Eq.(14) and Eq.(15), respectively.
∗
, in the detector plane to form a hologram.
6. Compute the intensity, I = ED ED

7. Reconstruct a volume as described in section 2.4 and Eq.(30).
8. Apply one of the evaluation methods described in Chapter 3.

Holograms containing 40 particles where generated. All particles where located a distance
Δz = 2500μm from the focus plane. In total 40 holograms were generated, resulting

Chapter 4. Experiments
400

400

300

300

count

count

28

200
100
0
-2560

200
100

-2540

-2520

-2500

-2480

-2460

0
-2560

-2440

z [μm]

(a)

-2540

-2520

-2500

-2480

-2460

-2440

z [μm]

(b)

Figure 11: Histograms of axial position estimating using (a) the phase gradient method and
(b) the maximum centroid method.

in a set of 1600 particles. The simulations are repeated for diﬀerent noise conditions.
Zero-mean Gaussian noise is added to the intensity in the detector plane. The noise level
is changed from 0 − 4% of the maximum bit-range of the detector. For the data set, both
proposed methods were applied. As a comparison, the axial position is also estimated by
choosing the point with the highest intensity in the elongated particle.

Results
In Figure 11, histograms of the estimated axial positions are presented for (a) the phase
gradient method and (b) the maximum centroid method for comparison. The simulations
were performed with a 0.5% noise ratio. The phase gradient method produces a mean
estimate of −2499.7μm and a standard deviation of 5.1μm. The maximum centroid
method had a mean estimate of −2519.6μm and a standard deviation of 4.5μm. The
phase gradient method hence produces a correct estimate without any oﬀset compared to
the maximum centroid method where an oﬀset of about 20μm was present. The oﬀset
is generally removed by applying a calibration scheme where a particle is translated
a known distance [29]. This is not needed since the phase gradient method produces
a correct estimate. The performance of both the phase gradient method, where the
wavefront curvature is estimated using ﬁnite diﬀerence, and the Chebyshev polynomial
model is evaluated in the presence of noise. In Figure 12 the standard deviations for
increasing noise levels are presented. It is clear that the performance of the ﬁnite diﬀerence
method decreases rapidly with increasing noise levels. The Chebyshev polynomial methods
performance also decreases with increasing noise levels, but in a minor way. At 4% noise
ratio the standard deviation is around 10μm while the ﬁnite diﬀerence method yields a
40μm standard deviation. The false positive ratio, i.e detecting a particle that does not
exist, is between 1.5% and 3% for the ﬁnite diﬀerence method and around 1% for the
Chebyshev polynomial method. The false negative, i.a not detecting a particle that exists
is between 1.5% and 3% for the ﬁnite diﬀerence method and about 5% for the Chebyshev
polynomial method.
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Figure 12: Comparison of standard deviation using phase gradients computed using the ﬁnite
diﬀerence method (red line) and the polynomial method using a Chebyshev model
(blue line). The standard deviation is plotted for diﬀerent noise ratios.

4.3

Experimental Work

The experimental setup presented in the beginning of this chapter is used to image
stationary particles. All measurements were performed with the same silicone sample.

Phase Gradient Method
To validate the method a trial hologram of 17 particles is recorded. Using the ﬁnite
diﬀerence method the parameter B2 is estimated as described in Chapter 3. A new
normalized axial variable z ∗ is introduced to compare the behavior of particles regardless
of axial locations, it is deﬁned as
z ∗ = z − z0 ,
(56)
where z0 is the estimated axial position for each particle. z0 is obtained by ﬁrst estimating
the axial position. With this normalization all particles are located at z ∗ = 0. In Figure
13a, the coeﬃcient B2 is shown as a function of z ∗ . The linear behavior and the zerocrossing found in the simulations, are also present in the measured data, compare this
ﬁgure with Figure 7 in Chapter 3.
In the simulations, the real axial position of articles are known and the estimated
results can be compared to the known position. This is not possible for the measurements.
Therefore are a known translation of the particles made. Two holograms are captured,
one before and one after an axial translation of 100μm. The holograms are processed and
positions estimated. To ﬁnd the estimated translation, particles from the ﬁrst hologram
are paired with the nearest particle from the second hologram. This is repeated for
all particles and the axial distance between the paired ones are stored. In Figure 13b,
particle positions before and after the translation is shown along with the tracks between
the paired particles. The mean distance between recordings is 105μm with a standard
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Figure 13: Experimental evaluation using the ﬁnite diﬀerence method. Panel (a) shows the
evaluation of parameter B2 as a function of the scaled coordinate z ∗ . Panel (b)
shows the estimated particle positions before and after a 100μm axial translation.
Particles in the ﬁrst recording are paired with the closed one in the second recording.

deviation of 25μm. The distance can be assumed to be the diﬀerence between two
independent
distributions. The standard deviation in the localization is then estimated to
√
be 25/ 2 ≈ 18μm. Which compared to the simulations would correspond to a noise-level
of just under 2%.

Polynomial Model
The main motivation of applying a polynomial model instead of the ﬁnite diﬀerence
method is to decrease the inﬂuence of noise. To investigate the experimental performance
of the polynomial method the silicon cube sample was left stationary while 10 images
were captured. The three-dimensional position of four stationary particles was estimated
from each recording using the polynomial model. The mean position for each particle
is estimated from the positions in each recording. The estimated mean is subtracted
from the estimated positions for each particle in each recording. By doing this a relative
error compared to the mean position is calculated for each particle. This quantity can be
compared between particles and a total error estimate from all particles is computed. In
Figure 14 the histogram of the estimated total error is presented after outliers have been
ﬁltered out. The distribution appears to have an approximately Gaussian distribution.
The error is approximately zero-mean with a standard deviation of 13μm. This experiment
diﬀers from the experiment performed with the phase-gradient method since no translation
was made. The main reason for this is that it is the eﬀect on the standard deviation that
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Figure 14: Histogram of error compared to the mean position for each particle using the Chebyshev polynomial method. The error is computed for each particle by subtracting
the mean for that particle from the individual recordings.

is of interest. It is the standard deviation that is directly estimated in this experiment
while the standard deviation was estimated in the previously described experiment.

Chapter 5

Discussion
How the wavefront of the scattered light appears in the reconstruction depends on the
numerical aperture used in the imaging system. The phase-gradients will increase more
rapidly for large apertures and a system with high numerical aperture is capable of
reconstructing smaller changes in the wavefront curvature. In Paper A, a comparison of
the standard deviation from the ﬁnite diﬀerence method with a set of previously reported
methods was made. The comparison was done by normalizing the reported standard
deviations with the numerical aperture on the image side. From these comparisons,
it was found that the standard deviation to a large degree depends on the numerical
aperture regardless of chosen method. Although this comparison may be a bit rough,
since there might be other factors inﬂuencing the results, the comparison indicates that
the most important aspect is how noise sensitive a method is. With this in mind, it
is found that the performance of the phase gradient method rapidly decreases as the
noise increases as shown in Figure 12. This is because the numerical diﬀerentiation acts
like a high-pass ﬁlter in the reconstructed volume. This operation enhances the eﬀect
of noise. The main motivation for using a polynomial model is to decrease the eﬀect of
noise in the measurements. If the noise can be assumed to be zero-mean the eﬀect of
noise in a parametric estimation should be reduced drastically. The results from both
simulations and experiments conﬁrms this. In noisy conditions, with a noise ratio of 4%
the standard deviation decreased up to four times, according to the simulated data. The
simulations also indicated an increase in false negative particles for the polynomial model.
It is suspected that this is mainly due to edge-eﬀects. The computations are made in
a small volume and particles located near the edges of the computational domain do
not have access to all data points. Scattered light from other particles may also be an
explanation. The experimental data also show an reduced standard deviation when a
polynomial model is used, but not to the extent as expected. From the simulated results
an standard deviation between 5μm and 10μm is expected. The experimental standard
deviation is found to be 13μm. While not as good as simulated it is still an improvement
compared to the experimental result when using the ﬁnite diﬀerence method which have
a standard deviation of 18μm. The experimental decrease in standard deviation is, hence,
of a factor 1.4. The experiments for the two methods were not exactly the same but both
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produce an estimate of the standard deviation. There could be several reasons that the
experimental results are worse then the simulations. The main reason I suspect, is that
since the experimental sample have a ﬁnite size and reﬂections in the edges occur. These
reﬂections introduce stray light in the recordings, something that was not considered in
the simulations. Two factors has been identiﬁed that increased the amount of stray light
in the setup. First, that the refractive index change between the the sample and the
surrounding air is relative large causing higher reﬂection. Secondly, the silicone sample do
not have a completely even surface and diﬀuse stray light will be present in the recordings.
Both proposed methods handle the fast oscillating absolute phase in their respective
way. The ﬁrst method does it by a numerical derivation and the content that is associated
with the absolute phase appear in the coeﬃcients C1 and C2 . In the Chebyshev polynomial
method, the absolute phase is removed when computing the phase anomaly ϕa . It is also
important to note that the two methods essentially measure the same thing. The chosen
coeﬃcient a200 in the polynomial model represents the second order term along the y-axis.
The coeﬃcient B2 corresponds to the linear term in the parametrization of the phase
gradients along the y-axis, i.a the same quantity but after spatial diﬀerentiation. So what
both methods estimate is the quadratic phase term along the direction perpendicular to
the scattering plane. This is the direction that is not modulated by the angle-dependent
scattering coeﬃcients, S1 (θ) and S2 (θ). Since both methods rely on a feature associated
with an outgoing wave they are able to remove noise since it does not have the features
of scattered light. In hindsight, it is unnecessary to compute the full three-dimensional
polynomial since only the in-plane coeﬃcient is used. It would be suﬃcient to estimate the
curvature in planes along the optical axis using a two-dimensional Chebyshev polynomial.
The only advantage of using a three-dimensional model is that there are more data points
for the model to work with, but also more unknown coeﬃcients to estimate.
Finally, some discussion about the reference wave is in order. The reference wave used
in the setup is a linearly polarized point source in the aperture plane. In practice, this
is solved by transporting the reference wave in a polarization maintaining (PM) optical
ﬁber. There are a few advantages of using a PM optical ﬁber for the reference wave.
First, it is a single mode ﬁber so the light emitted from the ﬁber is spatially ﬁltered and
can be approximated with a point source. A well-deﬁned point source is crucial in the
setup since the hologram is the interference between the object light and the reference
wave. The phase information encoded in the hologram is the diﬀerence between them. In
the reconstruction, it is assumed that the reference wave can be approximated with a
point source. If this assumption is not valid the reference wave will also modulate the
reconstructed wavefront. By using a ﬁber it is easy to optimize the system since the end
of the ﬁber can easily be mounted at its optimal position. It would be challenging to
accomplish this with lenses, mirrors and apertures which is normally used. The direction
of the linear polarization is controlled by simply rotating the ﬁber end without using
polarizers. A challenge for all interferometric methods are the operating conditions since
the phase is easily disturbed by for example changes in refractive indexes and vibrations.
In this respect, the PM ﬁber is a disadvantage since the optical pathway in a ﬁber can
be changed by stresses introduced into the ﬁber. This will, however, only inﬂuence
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the absolute phase of the reference wave, and therefore only the absolute phase in the
reconstruction. Since only the relative curvature is of interest for the proposed methods
this will not be a problem.

Chapter 6

Conclusions
Digital holography is an excellent technique for tracking micrometer-sized particles in three
dimensions. From a recorded hologram a three-dimensional volume can be reconstructed.
The reconstruction does, however, suﬀer from poor axial resolution. In this thesis, two new
methods are proposed for axial localization of particles in the reconstructed volume. Both
are based on the fact that a scattered wave is converging towards a particle and diverging
afterward. The wavefront curvature is estimated to determine when the scattered wave
changes from converging to diverging. The two methods estimate the wavefront curvature
in diﬀerent ways. One by numerically computing the phase gradients in the reconstructed
volume, and one by ﬁtting the phase data to a three-dimensional Chebyshev polynomial
model. Since both methods rely on and estimate a simple feature in the scattered light it
should be applicable to a wide range of applications. Results from both simulations and
experiments indicate that both methods are capable of estimating the true axial position of
particles. The uncertainty in the estimation is decreased when using the polynomial model
compared to using ﬁnite diﬀerence. Experiments were performed on silicone cube sample
with stationary particles molded into it. The experimental performance of the methods
were found to be worse than expected from simulations. The suspected main reason for
this is that there is stray light present in the experimental recordings. Experimental
measurements were made with an optimized oﬀ-axis digital holographic system. The
imaging system is constructed to be telecentric, this makes the holographic reconstruction
more straightforward since there is a constant magniﬁcation. The quality of the reference
wave in holographic particle measurements are of great importance and a point-source is
desired. In this system a point-source is obtained in the experimental setup by using a
polarization maintaining ﬁber.
The methods presented in this thesis are the initial work of how phase information
in scattered light can be used to extract information about unresolved particles using
digital holography. In most holographic particle measurements the phase is not considered
when extracting information. The two methods presented are both based on the phase,
which will contribute to the small set of phase-based methods developed. The particle
information encoded into the scattered light is complex and greater understanding of how
the phase can be utilized is needed. The ambition is to extend the method to handle
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non-spherical particles. The idea is that the magnitude of the wavefront curvature in
diﬀerent directions should depend on the orientation of a non-spherical particle. Phase
information in combination with polarization resolved intensities should be able to extract
information about the orientation and position of non-spherical particles orientation in
future research.

Chapter 7

Future Work
Future work will focus on extending the use of the current methods to include measurements of non-spherical particles. The T-matrix method will be used to model the
scattering [57]. Some preliminary results show that the orientation of the particle inﬂuence
how much cross-polarization that is introduced in the scattering. It is found that the cross
polarization depends on the orientation angle and that the scattering pattern becomes
more complex at certain angles. This is consistent with previously reported results [58].
Eﬀorts will be made to determine how phase information together with these polarization
resolved intensities can be combined to extract information about the non-spherical
particles such as the orientation, position and size. Investigations on how the phase
response depends on the numerical aperture are also planned. The hypothesis is that the
magnitude of the phase-gradients depends on the orientation of the particles. How well
the diﬀerence in magnitude can be observed should depend on the numerical aperture,
the performance is expected to increase with increasing aperture. From simulations, it is
expected to determine a lower limit on the numerical aperture for which the diﬀerence
could be detected. To do experimental measurements a dual-view polarization resolved
holographic imaging system will be used. A sketch of this system is shown in Figure
15. This system consists of two identical imaging systems perpendicular to each other.
Each imaging system is similar to the system presented in this thesis. A double pulsed
Nd: YAG laser is used for illumination, by triggering the two cameras simultaneous both
polarization components in two diﬀerent directions can be obtained from a single shot.
In addition, angular and spatial velocities are obtained from double pulsed recordings.
A pulsed laser outputs a high-intensity beam for short durations with a ﬁxed interval.
The intensity incident on the particles will be increased with several orders of magnitude
compared to the system used in this thesis. This means that more light is scattered under
a shorter time which should decrease the noise in the recordings.
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Figure 15: Dual-view polarization resolved holographic system. BS is beamsplitters, M mirrors,
A apertures, FC ﬁber ports, L lenses and T telescope. The beamsplitter BS1
splits the light into an illumination part and a reference part. The illumination
part is expanded using a telescope, T and is incident from below on the sample,
that consists of a channel with ﬂowing particles. Scattered light is imaged by two
perpendicular polarization resolved holographic systems. Each system is similar to
the system used in this thesis.
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Poor axial resolution in holographic particle imaging applications makes particle positioning in 3D space more
complex since the positions are not directly obtained. In this paper we estimate the axial position of micrometer
particles by finding the location where the wavefront curvature from the scattered light becomes zero. By recording scattered light at 90° using off-axis holography, the complex amplitude of the light is obtained. By
reconstruction of the imaged scene, a complex valued volume is produced. From this volume, phase gradients
are calculated for each particle and used to estimate the wavefront curvature. From simulations it is found that the
wavefront curvature became zero at the true axial position of the particle. We applied this metric to track an axial
translation experimentally using a telecentric off-axis holographic imaging system with a lateral magnification of
M  1.33. A silicon cube with molded particles inside was used as sample. Holographic recordings are performed
both before and after a 100 μm axial translation. From the estimated positions, it was found that the mean displacement of particles between recordings was 105.0 μm with a standard deviation of 25.3 μm. © 2016 Optical
Society of America
OCIS codes: (090.1995) Digital holography; (290.5850) Scattering, particles.
http://dx.doi.org/10.1364/AO.55.007503

1. INTRODUCTION
In traditional digital particle image velocimetry, particle positions are only obtained within a 2D plane [1]. By utilizing
holographic recordings, particle positioning can be done in a
volume which opens up possibilities for investigatigating true
3D phenomenas [2]. This is possible since holographic imaging
records the full characteristics of the light, i.e., both the amplitude and phase [3]. The most commonly used holographic
setup for particle imaging is the in-line setup, where the illumination and reference beams are coaxial. This enables a very
simple setup where no adjustments to the reference beam are
necessary. The drawback with this setup is that not just the
interference term between the object and reference light is
present on the sensor. The directly transmitted intensity is also
recorded. The twin image problem is also present in the hologram. To avoid these problems, off-axis holography can be
used. In off-axis holography a portion of the illumination light
is used as a separate reference beam that is incident on the sensor at an angle. By using this method, the interference term
between the reference and object light can be filtered out
and the other terms are removed. By recording the hologram
on a CCD detector, it is possible to numerically reconstruct the
light field at a distance away from the focus plane and hence
1559-128X/16/277503-08 Journal © 2016 Optical Society of America

create a reconstructed volume around the imaged scene [4].
However, the axial resolution is significantly worse than the
lateral one at least eight times and scales with the numerical
aperture [5]. This causes spherical particles to be cigar-shaped.
The actual axial location of the particle is therefore not immediately obtained from the reconstruction. The problem of poor
axial resolution in holographic reconstructions may seem a bit
counterintuitive, as one application of traditional interferometry is measurement of height deviation over smooth surfaces
with a precision of fractions of a wavelength. These traditional
surface measurements, however, detect relative variation in a
distance over a surface, whereas the absolute position of the
surface remains unknown.
Locating particles in 3D is a well studied subject and several
different methods have been proposed. The most common
metric used to determine axial position is based on the intensity
of the reconstructed light. To separate particles in the recorded
data, a threshold process is applied to the intensity of the reconstructed volume. Only voxels with an intensity higher than
the threshold will be considered to contain useful data. From
this process, a binary volume is obtained. Using the binary volume, particles can be segmented and the data for each particle is
labeled. The simplest metrics only utilize the intensity in the
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reconstructed volume. To improve resolution, the intensity of
the lateral centroid or the overall intensity can be evaluated for
each particle [6,7]. One can also utilize the intensity gradient to
determine where the particle is at focus [7,8]. If it is known that
the particles of interest are spherical, then the scattered light can
be modeled with the Lorenz–Mie theory and a parameter fit of
position, refractive index, and size can be done [9]. However, a
general particle cannot be modeled by the Lorenz–Mie theory
and such a parameter fit will only be approximate. A problem
that arises when using an intensity metric is that the estimated
axial position does not coincide with the true axial position.
Cheong et al. studied this problem and compared the centroid
of the reconstructed intensity to a fit of the exact Lorenz–Mie
model for spherical particles [10]. The centroid position coincides with the position from the Lorenz–Mie fit for the lateral
coordinates. For the axial position, the centroid had an offset
and therefore would not yield the true position. It was found
that the offset depends on the size of the particle and increases
with increasing particle radius. This indicates that the offset
could be used for particle sizing. By calibration, this offset can
be removed in order to obtain the true position. One can
also overcome this problem by making tomographic recordings
using two perpendicular cameras. By combining the two
reconstructed volumes, the axial resolution can be reduced
to the lateral one [11].
The aim of this paper is to directly obtain the true axial
position using the reconstructed phase of the scattered light.
There have been few studies on particle positioning that is
based on phase measurement. The behavior of the phase
around the focus plane of a particle was studied in detail in
previous studies for in-line holography [12] and complex metrics have been used to determine particle locations in in-line
holography for both forward and side scattering setups [13,14].
The idea outlined in this paper is that the wavefront curvature
holds information about the axial position of particles and
that the true position can be estimated from the reconstructed
phase.
This paper is structured in the following way; in Section 2 a
simulation model for particle scattering is presented. In
Section 3 the proposed metric for estimating particle locations
is outlined. Simulations are done to show the behavior of the
metric; results are presented and discussed. In Section 4 the
experimental setup used to record holograms is outlined, and
in Section 5 results from experimental measurements are
presented and discussed. The localization metric is also applied
to track an axial translation of a particle sample. Finally, in
Section 6, conclusions are made based on the results from this
paper.
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concentrated to a narrow cone in the forward scattering
direction. However, when imaging scattered light in the forward direction, much stronger illumination light is also present
on the sensor. The consequence of this is that the shadow of
the particle is recorded instead of the scattered light from the
particle. Furthermore, the narrow light cone limits the spatial
frequencies available for imaging. This means that the spatial
frequencies are limited regardless of the properties of the
imaging system. To overcome both these problems, imaging
can be performed at a 90° angle. At this angle, the illumination
light is not present on the sensor and it is not concentrated to
a narrow cone. This light is, however, much weaker than the
forward scattered light, which requires longer exposure times or
higher illumination intensity.
According to the Lorenz–Mie theory, the scattered light is
related to the incident light by the coefficients S 1 θ and S 2 θ.
These angularly dependent scattering coefficients determine
how the scattered light from a spherical particle behaves in a
certain direction. The parameter S 1 θ relates how the polarization component orthogonal to the scattering plane behaves,
and the parameter S 2 θ relates how the component parallel to
the scattering plane behaves. The scattering plane is defined as
the plane spanned by the vector si in the illumination direction
and the vector s s in the scattering direction; see Fig. 1. The
angle θ is the angle between these two vectors. The parallel
and orthogonal components of the incident light are also
indicated. S 1 θ and S 2 θ are, in general, complex variables
so the scattering coefficients will affect both the amplitude
and phase. The relation between the incident and scattered
light is given by

 


E i⊥
E s⊥ θ
0
S 1 θ
;
(1)

E i‖
E s‖ θ
0
S 2 θ
where the subscripts s and i indicate scattered and incident
light, respectively. When imaging the particles, a set of directions is used to form the spatial frequency content of the image.
Therefore, the scattering coefficients affect the image formation. Modulation of the spatial frequency content only depends
on the in-plane angle θ in the scattering plane and not the
orthogonal angle.
Assuming the incident light E i to be a plane wave linearly
polarized parallel to the scattering plane, E i  E i‖ , the scattered light at an angle θ is then given by

2. THEORY
A. Simulation of Mie Scattering

Using numerical simulations, the behavior of the scattered light
can be studied in detail. Scattering from spherical micrometersized particles can be modeled by Mie scattering. We will
briefly cover this topic; for a more complete description we
refer the reader to [15]. For a plane wave incident on a particle,
the scattered light will consist of an outgoing wave modulated
by Mie coefficients. The majority of the scattered light is

Fig. 1. Definition of scattering plane with the illumination direction si and scattering direction s s .
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E s θ  S 2 θ · E i‖ :

(2)

The set of scattering angles is centered around the optical
axis. For the 90° scattering setup. the optical axis is along the
z axis; see Figs. 1 and 2(a). In general, the particle is not located
at the focus plane, and therefore a defocus term is also present.
Only scalar waves are used in this paper, so we only use one
component of the scattered light and denote it by U from
now on. This simplification is reasonable, since the detection
can be approximated to be done in the scattering plane.
Considering the imaging geometry sketched in Fig. 2(a), the
field at the joint focal plane U a can be expressed as follows
U a η; ξ  E i‖ · S 2 f x ; f y  · exp−iks z Δz;

(3)

where f x and f y are the spatial frequencies, η and ξ are the
lateral coordinates in the joint
focal plane, λ is the wavelength,
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k is the wave number, sz 

1 − λf x 2 − λf y 2 is the direc-

tional cosine component in z-direction, and Δz is the distance
from the focus plane. The field U a is related to the input field
U i by a inverse Fourier transform as follows:
U i x; y  F −1 fU a η; ξg:

(4)

For a telecentric imaging system, the input field at the front
focus plane is related to the output field at the back focus plane
as follows:
sﬃﬃﬃﬃﬃﬃ 

f1
f
f
U i − 1 x; − 1 y ;
(5)
U o x 0 ; y 0  
f2
f2
f2
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where f 1 is the focal length of the first lens and f 2 is the focal
length of the second lens. By defining the lateral magnification
as M  ff 2 , one can rewrite the equation as
1
rﬃﬃﬃﬃﬃ 

1
x
y
Ui − ;−
U o x 0 ; y 0  
:
(6)
M
M M
The spatial frequencies are also rescaled with the magnification. In addition, U o is low-pass filtered by a hard aperture
in the joint focal plane U a between the lenses. Combining
Eqs. (3), (4), and (6) describes the field at the detector given
the position and particle size in object space. By only considering single scattering terms, the contribution of several particles can be superimposed in the output field.
B. Off-axis Holography and Reconstruction

In digital holography the object light U and a reference wave R
interfere on the detector to form a hologram. In an off-axis
holographic setup, the object light, in this case the scattered
light from the particles, and the reference light are separated
in the angular spectrum [4]. We choose to denote the coordinate system in the object plane by x; y; z and the coordinates
in the image plane on the detector by x 0 ; y 0 ; z 0 ; see Fig. 2(a).
The coordinates are related by the magnification M of the system x 0  −M x and y 0  −M y. In these notations the intensity
on the detector becomes
I x 0 ; y 0   jU x 0 ; y 0 Rx 0 ; y 0 j2
 jU x 0 ; y 0 j2  jRx 0 ; y 0 j2
 U x 0 ; y 0  Rx 0 ; y 0   U x 0 ; y 0 R  x 0 ; y 0 :

(a)

The first two terms are the intensity of the object wave and
reference wave, respectively, and the last two terms are interference terms between the object wave and reference wave.
There is no overlap between the terms in the Fourier domain.
The complex amplitude of the object wave modulated by the
reference wave is obtained by filtering in the Fourier domain. A
rectangular filter is applied to extract one of the interference
terms. In a well-aligned imaging system, the reference is a plane
wave that only scales the object light. One can then, without
further loss of generality, write
U x 0 ; y 0 R  x 0 ; y 0  → U x 0 ; y 0 :

(b)
Fig. 2. Coordinate systems, where U i is the field at the focus plane,
U a is the field in the joint focal plane, and U o is the field at the
detector. L1 and L2 are imaging lenses with focal lengths f 1 and f 2 ,
respectively. Δz is the defocus distance of the particle. (a) Shows the
coordinates in the object- and image-domains and (b) shows the
propagation of a image plane by a distance Δz 0 .

(7)

(8)

Therefore, the recorded interference terms contain a full description of the complex amplitude of the detected object light.
By generating the field at the detector using Eq. (6) and making
it interfere with a plane wave, the simulated hologram is produced. Thus the detected interference term U x 0 ; y 0 R  x 0 ; y 0 
is formed.
Reconstruction of the target volume follows the same path
as the simulation. By knowing the complex amplitude of the
light field, one can propagate it to a different plane along the
optical axis. We utilized the angular spectrum method [4].
Before further calculations the tilt phase contribution from the
off-axis reference light is compensated for by centering the spatial frequency content. If the field at the detector is denoted
U x 0 ; y 0 ; 0, then the field at a distance Δz 0 away from the
detector plane is given by
U x 0 ; y 0 ; Δz 0   F −1 F U x 0 ; y 0 ; 0 exp−jksz Δz 0 ;

(9)
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where F is the 2D Fourier transform, k  2π∕λ is the wave
number, and s z is the directional cosine component in the z
direction. By reconstructing a stack of images separated by a
distance Δz 0 , a discrete volume is produced. This reconstruction
process allows us to generate a 3D volume from a 2D hologram.
In Fig. 2(b) the concept of the discrete volume is presented.
The reconstruction distance Δz 0 in the image domain is related
to a distance in the object space by Δz  Δz 0 ∕M 2. For a telecentric setup, the lateral magnification is independent of the
defocus distance Δz.
3. PARTICLE ESTIMATION
Because of the low numerical aperture, the axial resolution in
the volume is poor so that spherical particles become elongated
and cigar-shaped in the reconstruction. Therefore, a metric is
required to find the true position of the particle. Since the
scattered light is an outgoing wave originating from the particle,
the wavefront curvature changes its direction of propagation at
the particle’s location. In the wavefront reconstruction, the scattered light converges toward the particle and thereafter diverges
when passing it. This change in curvature is the core phenomena in the estimation. To more accurately determine a particle’s
location, we suggest a metric that is based on the phase gradients of the scattered light rather than the phase itself. The
idea is that the light scattered from a particle will have a plane
wavefront at the particle location. Away from the particle, the
wavefront has a curvature that is directed toward the particle.
So when going through the focus, the curvature changes sign.
The proposed metric can be described in the following way.
The wavefront curvature needs to be estimated. This is done
from the reconstructed phase in the volume. The imaging system will image a limited part of the wavefront, and the phase
around a particle can then be approximated with a second-order
polynomial. Still, the phase can be wrapped, and a direct second-order fit fails in that scenario. To avoid this problem, the in
plane phase gradients are used instead of the phase itself. This
will also allow for a lower-order fit later on that is less complex
and has better convergence. The phase gradients are defined as
follows:
δϕi;j ∠E i−1;j E i1;j 

;
δx
2d

(10)

δϕi;j ∠E i;j−1 E i;j1 

;
δy
2d

(11)

where d is the pixel pitch of the detector. In general, the change
between adjacent pixels is significantly less than π so that the
wrapping problem will not be present in the phase-gradient
data. Since the phase around a particle can be approximated
by a second-order polynomial, the gradient is approximated
with first-order polynomials as follows:
δϕi;j
 A1 i − 1d  B 1 j − 1d  C 1 ;
(12)
δx
δϕi;j
 A2 i − 1d  B 2 j − 1d  C 2 ;
(13)
δy
where the indices i, j range from 1 to N, which are the number
of pixels in each direction. The parameters of interest here are

A1 , A2 , B 1 , and B 2 , since they hold information about the
wavefront curvature. In general, the gradient in the x direction
does not depend on the y coordinate, and the gradient in y
direction does not depend on the x coordinate.
A. Simulated Holograms

To investigate the assumption that the phase gradients in fact
become zero at the true axial position, the behavior of a single
particle is simulated. The simulated system is set to resemble
the experimental setup. The particle is set to have a diameter of
10 μm and a refractive index of 1.5, and the particle is nonabsorbing. The surrounding medium is set to be silicon with a
refractive index of 1.4. The illumination light has a wavelength
of 532 nm and is linearly polarized parallel to the scattering
plane. The two imaging lenses are set to have focal lengths
of 60 mm and 80 mm, respectively; that gives a lateral magnification of M  1.33. A square aperture of 3 × 3 mm is used
to band-limit the light. This corresponds to a numerical aperture in the object plane of NA0  0.025 and NA 1  0.0187
in the image plane. The pixel size of the detector is
d  3.45 μm. The particle is located at x; y; z  0; 0;
2500μm, i.e., in the center of the object plane with a defocus
of 2500 μm toward the imaging system. The field is discretized
in both lateral coordinates corresponding to the detector size
and intensity values ranging from 0 to 255. From the acquired
hologram, a volume is reconstructed using Eq. (9). To evaluate
the phase gradients from this volume, segmentation of voxels
corresponding to the particle is done. To do this, a threshold is
set at 10% of the maximum intensity to form a binary image of
the volume. Voxels are clustered to form the regions of interest
for the particle. The parameters B 2 and A1 are calculated using
the method outlined above. In Fig. 3 parameter values are presented along with the centroid intensity of the particle. Here
one can clearly see the shift in curvature that we are interested
in. For a perfectly spherical wave emitted from a point source,
the phase gradients are spherically symmetrical, so the phase
gradients both parallel and orthogonal become zero in the focus
plane. For particles of finite size, Mie effects are present in the
scattered light. The Mie coefficients modulate the behavior of
the light depending on the angular direction θ in the scattering
plane. This angular dependence varies with pixel position
parallel to the scattering plane and not with the orthogonal
position. This modulation with respect to parallel position will
affect the phase gradients parallel to the scattering plane, while
not affecting the gradients orthogonal to it. The parameter A1 is
therefore distorted and its zero-crossing is shifted away from the
true particle position. In contrast, the parameter B 2 is well behaved and linear. Away from the particle this parameter also
becomes distorted. This is because fewer points are available
for the parameter fit. In Figs. 3(a) and 3(b), both the parallel
and orthogonal components are shown. Figure 3(b) is just a
zoomed-in version of Fig. 3(a). The parameters show exponential behavior as a function of z; they behave approximately linear around the axial location of the particle. The linear slope
around the zero-crossing will increase with increasing numerical aperture NA 0 , since a larger part of the wavefront is used in
the detection. So if all spatial frequencies are available in the
detection, a discontinuity will be present at the particle location. Since the detection in Fig. 3 is band-limited, the slope
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Fig. 3. Evaluation from simulated data; (a) shows the phasegradient tilt for parallel direction (dashed) and orthogonal direction
(solid), (b) shows a zoomed-in version of (a), and (c) shows the centroid intensity.

is finite. From this simulation we can conclude that the parameter B 2 becomes zero in the vicinity of the true axial position,
while the zero-crossing for the parallel parameter A1 is shifted.
Therefore, only phase gradients orthogonal to the scattering
plane can be used to locate particles accurately. In our coordinate system, the parallel direction is in the x direction and
the orthogonal direction is in the y direction. All this is just
an effect of the scattering parameters only being sensitive to
the in-plane angle.
Further simulations of 40 holograms with 40 particles each
are performed. The lateral positions of the particles are chosen
at random, while the axial is kept at z  2500 μm. Simulations
are repeated for different noise levels ranging from 0% to 4% of
the maximum bit depth in the detector, with an increment of
0.5%. In our experimental measurements, the exact particle
positions are unknown and a translation is estimated instead.
Therefore, a translation is simulated as well. One hologram is
acquired before a 100 μm translation and a hologram is recorded afterward. From these simulations, the parameter B 2
is evaluated for each particle and the axial position of the

Vol. 55, No. 27 / September 20 2016 / Applied Optics

7507

zero-crossing is saved as the particle’s axial location. Also, a
fit of the Gaussian profile for the centroid intensity is performed to obtain the location of the peak. The results from
the simulation with a noise level of 1% are presented as histograms in Fig. 4. From these histograms it becomes more clear
that the intensity peak is shifted approximately 20 μm, while
the positions acquired from the phase-gradient method are
centered around the true axial position. By fitting a Gaussian
distribution to the data, the mean and standard deviations are
calculated. For the centroid intensity method, the mean is
−2519.6 μm with a standard deviation of 4.5 μm, while for
the phase-gradient method, the mean is −2499.7 μm with a
standard deviation of 5.1 μm. From these simulations we can
conclude that the phase-gradient-based method produces the
correct axial position of the particle and that both methods have
comparable standard deviation. To evaluate the results from an
axial translation particle, positions before and after the translation are paired. The resulting mean translation is 100 μm,
as expected, and the standard deviation depends on the noise
level. The resulting standard deviations are presented in
Table 1. The standard deviation appears to scale approximately
linear with the noise ratio. One additional feature with this
phase-gradient metric is that it rejects noise that shows up as
particles when using only intensity. Noise does not have the
phase behavior of a particle since it is not passing a true geometrical focus. A similar validation process was utilized by
de Jong and Meng [14], where they posed a criteria on the real
part of the complex field. Although our metrics differ from the
requirement on potential particles described in [14], they are
the same as [14] in the sense that they show typical particle
characteristics. By enforcing this requirement, one can use a
rather low threshold since non-particle voxel clusters will be
removed by the use of the phase-gradient metric. This method
is therefore insensitive to false particles generated from noise.

(a)

(b)
Fig. 4. Histograms of simulated data with Gaussian distribution fits
for both phase-gradient method (a) and centroid intensity method (b).
The solid lines are the fitted Gaussian distributions.
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Table 1. Simulated Standard Deviation for Different
Peak-to-Peak Noise Ratios
Noise Ratio (%)

Standard Deviation (μm)

0
0.5
1
1.5
2
2.5
3
3.5
4

2.6
5.9
10.0
14.6
19.7
21.2
28.0
32.3
39.7

False negative and false positive particle detections are quantified and are between 1.5% and 3% for different noise levels.
Compared with quotas previously reported, the false negative
values are about the same, while the false positive quota is
lower [14].
4. EXPERIMENTAL MEASUREMENTS
The experimental setup consists of the off-axis holographic telecentric imaging system, depicted in Fig. 5. For illumination, a
532 nm Nd:YAG continuous laser with a power of 85 mW is
used. The polarization is adjusted with a half-wave plate
(not shown in the figure) so that the light is linearly polarized
parallel to the scattering plane. Using a beam splitter (BS), part
of the light is focused into a polarization-maintaining fiber
using a mirror (M ) and a fiber coupling (FC). The rest of
the light is expanded by the biconcave lens L2 of focal length
f  −20 mm and the biconvex lens L1 of focal length
f  150 mm, so that a larger volume of the sample is illuminated. The sample consists of a 23 mm × 23 mm × 23 mm silicon cube that has spherical particles molded into it. Refractive
indices of the silicon and particles are 1.4 and 1.5, respectively,
and the particles have an average diameter of 10 μm. The concentration of particles is low so that only a about 20–50 particles are present in the imaged scene. Imaging of the scattered
light is performed at an angle of 90° using a telecentric imaging
system. Lens L3 is a f  60 mm biconvex lens and lens L4 is a

Fig. 5. Experimental setup used in the recordings. BS is a beam
splitter, L1 is a f  150 mm lens, L2 is a f  −20 mm lens, L3
is a f  60 mm lens, L4 is a f  80 mm lens, A is the aperture,
M is a mirror, and FC is a fiber collimator.

f  80 mm biconvex lens. This corresponds to a system magnification of M  1.33. In the common focal plane, a square
aperture with the size of 3 mm × 3 mm is placed to control the
spatial frequency content in the image. By placing the aperture
here, the entrance- and exit-pupils of the system are located at
infinity, hence making the system telecentric, so that the magnifications are constant with respect to axial distance. To generate a hologram, the other end of the polarization-maintaining
fiber, containing the reference light, is connected to the aperture plate. By doing so we ensure that the reference light becomes a point source in the Fourier domain. In the back focal
plane of lens L4, a CCD detector (Sony XCL 5005) is placed
to record the hologram. The detector has 2448 × 2048 pixels
with a size of 3.45 μm, giving it an effective size of
8.48 mm × 7.1 mm. The fiber has a numerical aperture of
0.12, which is sufficient to cover the whole detector. The
numerical aperture of this system is NA 0  0.025 in the object
plane and NA 1  0.0187 in the image plane, respectively.
Since the sample is a silicon cube, the effective numerical aperture is even smaller, since the silicon–air boundary will refract
the scattered light. The effective numerical aperture becomes
NA 00 

NA 0
0.025
≈ 0.0179:

1.4
nsilicon

(14)

The backside of the silicon cube is placed at approximately
L  60 mm in front of the imaging system so that the focus
plane is inside the sample cube and a hologram is recorded of
the side-scattered light. It is then translated 100 μm along the
optical axis away from the imaging system and another hologram is recorded.

5. EXPERIMENTAL RESULTS, AND DISCUSSION
From the holograms recorded, reconstructed volumes and
phase gradients are estimated using the method outlined in
Section 3. It is of interest if the parameter B 2 will coincide with
the simulated behavior. The coefficient B 2 is evaluated for 17
particles and a new variable z  is introduced to compare individual particles regardless of axial position. It is defined as
z  z − z0;

(15)

where z 0 is the zero-crossing for each particle. The evaluation is
shown in Fig. 6. The behavior of the parameter is in-line with
the simulations and a clear zero-crossing occurs. From simulations we know that the zero-crossing occurs at the axial position
of the particle. 3D coordinates are hence acquired where the
lateral positions are estimated from the centroid position,
and the axial position is estimated from the coefficient B 2 .
Particle positions are shown in Fig. 7, both before and after
the translation. To estimate the axial translation, particles from
the first hologram are paired with the closest particle in the axial
direction from the second hologram. These links are shown in
Fig. 7. The length of the translations are calculated in the image
domain. According to geometric optics, the distance in the object domain is an inverse scaling with the magnification squared
of the distance in the image domain. Some particles are unlinked; this is most likely due to noise lowering the quality
in certain regions, causing the phase gradients to be distorted.
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Fig. 6. Evaluation of parameter B 2 for 17 particles from an experimental recording. The z axis is shifted so that all particles have their
zero-crossing at z   0.

The estimated mean translation between recordings is
105.0 μm with a standard deviation of 25.3 μm. The standard
pﬃﬃﬃ
deviation of the individual positioning is hence 25.3 μm∕ 2 
17.9 μm, assuming that the translation is the difference between
two independent distributions. This indicates that the mean
translation is in-line with the translation performed by the
micrometer screw; the standard deviation is, however, quite
significant. Comparing the estimated translations with the
simulated translations, it is found that both are unbiased, so
the mean translation is close to 100 μm. The standard deviation
from the experimental data is in the same order of magnitude as
the simulated values in Table 1. The experimental standard
deviation corresponds to a simulated noise level of approximately
2.5%–3%. From this we can conclude that the noise introduces
an uncertainty in the phase-gradient estimations that causes an
uncertainty in the estimated position. To improve the setup, a
larger numerical aperture can be used. Then, a larger portion of
the wavefront is imaged, and hence the curvature would be
clearer. A larger magnification will also make the positioning
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more accurate, since the image and object domains are related
by the magnification.
One important aspect of the phase-gradient method is that
it rejects potential particles that do not have the particle signature. This will reject potential particles that originate from
noise, and hence the number of false particle detections is reduced. Actual particles can, however, be excluded, since noise
in the reconstruction can disturb the particle signature and
hence be removed from the estimation. This effect can explain
the unpaired particles in Fig. 7. By rejecting false particles,
additional calculations will be easier to perform, since false
pairing of particles will be avoided.
To compare our results with previously reported results,
the numerical aperture and wavelength in the different setups
needs to be considered. These parameters govern the axial
resolution of the imaging system. The uncertainty will scale
with the axial resolution, so a system with a high numerical
aperture has a smaller uncertainty. A high numerical aperture
accepts a larger set of angles and hence has access to more
information from the scattered light. More information creates
a more accurate reconstruction. This comparison should
not be seen as a benchmark test, but as a rough overview.
Compensation for different numerical apertures and wavelengths can be done by scaling. A unitless uncertainty, σ scaled ,
is then formulated as
NA 20
;
(16)
λ
where σ is the obtained standard deviation, NA 0 is the numerical aperture, and λ is the wavelength. By doing so, the
uncertainties are expressed in the same frame of reference independent of imaging system properties. This scaling yields
quotas ranging from σ scaled  0.007 − 0.088 in previous reported methods [7,13,14,16]. The simulated standard deviations in Table 1 rescale to values σ scaled  0.003 − 0.045
depending on noise level using Eq. (16). The experimental uncertainty corresponds to σ scaled  0.01. Comparing the scaled
values from previously reported results, and the simulated and
experimental results from this paper, one can see that they are
all comparable. The comparison and the simulations in this
paper indicate that the noise is the most important factor
affecting the uncertainty for a given numerical aperture. From
this we can conclude that the phase-gradient method outlined
in this paper produces an uncertainty that is comparable with
previously reported methods, with the benefit of automatically
reducing false particles and canceling the size-dependent positional bias associated with the intensity.
σ scaled  σ

6. CONCLUSIONS

Fig. 7. 3D scatter plot of particle positions before and after the axial
translation. Links between paired particles are also indicated.

We have showed by simulations and experiments that it is possible to determine the position of a particle by tracking the
wavefront curvature from the scattered light. By using off-axis
digital holography, the complex amplitude of the light can be
recorded and used to reconstruct a volume of the imaged scene
with information of both the intensity and phase. From this
volume, the wavefront curvature could be estimated by calculating the lateral phase gradients at different axial positions for
each particle. The axial position is estimated to be where the
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phase gradients change sign. From simulations it was found
that the estimated position coincides with the true position.
Compared to the maximum centroid metric that has a shift,
this metric returns the true position without calibration.
Experimental measurements were done and it was found that
the estimated phase gradients show the same behavior as in the
simulations. The phase gradients have a distinct zero-crossing
that indicates the true position of the particle. A sample containing the particles was translated 100 μm along the optical
axis and holograms were recorded both before and after the
translation. Positions from each hologram were estimated and
particle pairing between the recordings was performed. The
mean displacement distance was found to be 105.0 μm with
a standard deviation of 25.3 μm. This was in-line with standard
deviations found from simulations. In the simulations, the standard deviation ranged from 2.6 μm to 39.6 μm for noise ratios
ranging from 0%to 4% of the maximum bit depth. The phasegradient method presented in this paper will reject noise from
showing up as false particles in the estimation.
Funding. Vetenskapsrådet (VR) Swedish Research Council
(621-2014-4906).
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Abstract: A particle can be axially positioned where its scattered light has a plane wavefront. The
phase anomaly compared to a plane wave is fitted to 3D Chebyshev polynomial, where
coefficients correspond to the axial position.
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1. Introduction
Axial particle positioning in digital-holography is a non-trivial task since the axial resolution is severely worse than
the lateral one for moderate numerical apertures [1]. A metric is therefore most commonly applied to determine the
axial position. Reported metrics have been based on intensity [2], intensity gradients [3] or a combination of both
[4], complex metrics have also been reported [5,6]. We have in a previous paper showed that the axial particle
position can be found by tracking the wavefront curvature [7]. In that paper the curvature was estimated in each
reconstructed plane by computing the phase gradients using the finite difference method. This method is, however,
quite sensitive to noise since the finite difference operator essentially acts as a high pass filter. In this paper we
parameterize the unwrapped phase anomaly response using three dimensional Chebyshev polynomials. In addition
the intensity is used as weights in the parameterization so that high intensity voxels influence the estimation more
than voxels with lower intensity. From the Chebyshev parameters it is possible to extract information about the axial
position of the particle. By parameterization the wavefront curvature estimation becomes more robust.
2. Theory
Micrometer sized particle will scatter light according to the Lorentz-Mie theory, for a full description we refer the
reader to [8]. In the imaging process a limited set of scattering directions are used to form the spatial frequency
content in the front focus plane according to the Lorentz-Mie theory. The scattered light is simulated to be imaged
by a bi-telecentric setup, described in [7]. Then the field present on the detector Ud becomes:
1
ݔ
ݕ
(3)
ܷ ቀെ , െ ቁ,
 ܯ
ܯ ܯ
where M is the magnification of the imaging system and Ui is the field in the front focus plane. To form a hologram
on the detector an off-axis reference wave, R, is added and the total intensity on the detector, ’ݔ(ܫ,  )’ݕis then given
by:
(4)
 ݔ(ܫᇱ ,  ݕᇱ ) = |ܷௗ ܴ|ଶ = |ܷௗ |ଶ + |ܴ|ଶ + ܷௗ  ܴ כ+ ܷௗ ܴ  כ.
ܷௗ ( ݔᇱ , ݕԢ) = ඨ

Since the reference wave is off-axis it is possible to filter out the term UdR* in the Fourier domain. If the reference
light incident on the detector is a plane wave the term R* becomes unity so that Ud can be retrieved directly. By
knowing the complex amplitude Ud of the scattered light it is possible to refocus it and hence reconstruct a 3D
volume around the imaged scene. The angular spectrum method is used to perform this reconstruction. [9] The phase
in the 3D volume is used to determine the axial position of the particle. The first step in doing so is to compute the
phase anomaly compared to a plane wave, i.e. to subtract the phase contribution corresponding to a plane wave, the
phase anomaly then becomes:
(5)
߮ (ݔ, ݕ, ݔ(߮ = )ݖ, ݕ,  )ݖെ ݇ݖ.
The direct phase is not used since it is hard to resolve the phase efficiently since the kz term varies rapidly along the
optical axis. The phase anomaly is fitted to a three dimensional Chebyshev polynomial of first kind. Chebyshev
polynomials are orthogonal, a more detailed description is provided in [10]. A three-dimensional Chebyshev
polynomial expansion of degree n is described as:



(6)
߰(ݔ, ݕ,  = )ݖ   ܽ ܶ (ܶ )ݔ (ܶ )ݕ ()ݖ,
ୀ

ୀ

ୀ

where Ti is the one dimensional Chebyshev polynomial of first kind of degree i, and aijk is the associated polynomial
coefficients. This expression can be rewritten in matrix notion as the scalar product:
߰(ݔ, ݕ, ݔ(ࢴ = )ݖ, ݕ,  )ݖή ܽത.

(7)

Since the Chebyshev polynomials only are defined on the domain [-1, 1] the coordinates needs to be rescaled to this
domain. The fitting problem is then solved by finding the solution to:
(8)
â = argmin  ܹ(߮ െ ߒ(ݔ, ݕ,  )ݖή ܽത )ଶ ,






where W are the weights that influence how much each data point influence the estimation. Eq.(8) is an optimization
problem, the solution to the weighted lest squares problem becomes:
â = (ࢴ் ܹࢴ)ିଵ ࢴ் ܹ߮

(9)

The polynomial coefficient vector contains n3 coefficients that hold information regarding the position of the
particle. The volume in which the estimation is done is decided with regards to the maximum intensity of the
particle.
3. Method and Results
In our previous paper [7], we concluded that the plane where phase gradients perpendicular to the scattering plane
are zero is the axial location of the particle. This is equivalent to finding a Chebyshev polynomial fit that does not
depend on pure terms perpendicular to the scattering plane. If the scattering plan is spanned by the x and z axis,
polynomials that only contains y-terms needs to have a zero coefficient. The axial location is found by fitting the
Chebyshev polynomials to axially shifted versions of the phase anomaly. The shift where these y-dependent
coefficients are zero is then the location of the particle. Since an offset in the Fourier filtering of the hologram
corresponds to a linear phase shift only the coefficient â020, which corresponds to the y2 term is tracked in order to be
invariant to these linear phase shifts. An example of this response in the coefficient â020 is presented in Fig.1a for
different shifts. Using simulations a large set of particles is individually parameterized to Chebyshev polynomials
up to degree of n=2. In the simulations and later in experimental measurements an imaging system with
magnification M = 1.33, numerical aperture NA = 0.025, pixel pitch d=3.45µm and wavelength Ȝ QP is used.
First segmentation is performed so that individual particles can be distinguished. Eq.(8) is solved for each
segmented particle and the weights, W, are chosen to be the intensity in the corresponding voxel. By doing so only
phase content where light from the particle is present is used in the estimation. Contour plots from simulations for
both the measured phase anomaly and the corresponding estimated Chebyshev polynomials are showed in Fig.1b
and Fig.1c respectively. The estimated data from the Chebyshev polynomials captures the behavior and curvature of
the measured data, the phase anomaly, well.

(a)

(b)

(c)

Fig. 1. (a) shows the evaluation of the coefficient â020 for different shifts. The coefficient becomes zero at the axial location of the particle. (b)
and (c) shows contour plots of cross sections in the measured phase anomaly data and estimated phase anomaly data from the fitted polynomial,
respectively.

The axial position is then found by finding the shift that corresponds to â020= 0. The result from the simulation is an
average error of 0.4 µm and a standard deviation of 8.0 µm for a peak to peak noise ratio of three percent. Outliers
are removed before calculating these values. Comparing this to the similar method that utilized finite differences a
decrease in standard deviation can be noted for increasing noise levels. Standard deviations reported previously
using finite differences ranged from 2.6-39.5µm for noise ratios of 0-4 percent [7]. By utilizing Chebyshev
polynomial coefficients instead the standard deviation ranged from 2.6-9.1 µm for the same noise ratios. This

increased accuracy can be explained by the fact that the noise is assumed to be zero mean and by fitting a numerical
model to the data instead of performing finite differences noise in individual pixels do not have the same impact.
A simple experiment is performed to determine that the parameterization was applicable on experimental data as
well. The experimental setup has the same properties as the simulated one, shown in Fig.2. The light source is a
Nd:Yag laser with wavelength, Ȝ QP, the beam is divided by a 50/50 beam splitter. One part is expanded by
the lenses L1 and L2 to illuminate a larger area on the sample. The other part is focused into a polarization
maintaining fiber using a mirror and fiber coupling. The object consists of micrometer particles molded into
silicone; the particles have an average radius of 5µm. The sample is imaged by a bi-telecentric imaging system
consisting of lenses L3, L4 and the aperture A. The system has a magnification of M = 1.33. The end of the fiber is
connected to the aperture to enable off-axis holographic recording. From recorded holograms a reconstructed
volume is formed. The positioning thereafter followed the same procedure as in the simulation. The object is
stationary and particles are tracked over several recordings. The mean for each particle is computed and subtracted
to compute the error. These errors are then comparable regarding of which particle they belonged to. A histogram of
the errors is presented in Fi-g. 2.(b). From these values the standard deviation is calculated to be 12.8 µm, after
filtering out outliers.

Fig. 2. (a) shows the setup used. Lenses are indicated with L, beam splitter with BS, mirror with M, aperture with A and fiber coupling with FC.
(b) shows the histogram of experimentally estimated errors.

Comparing this to the simulated values it is obvious that the experimental data is less accurate than the simulated
ones. It is however an improvement compared to the result obtained using finite differences where the
experimentally obtained standard deviation was estimated to be 17.9µm [7].
What we can conclude is that fitting the measured phase anomaly to a three dimensional Chebyshev polynomial is a
more robust method of tracking wavefront curvature than estimating the in plane phase gradients using finite
differentials. This is because noise in individual pixels is not affecting the estimation in the same extent. From the
Chebyshev polynomial coefficients it is possible to determine the axial particle position tracking a selected
coefficient that corresponds to the y2-polynomial.
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Side scattered light from micrometer-sized particles is recorded using an off-axis digital holographic setup. From
holograms, a volume is reconstructed with information about both intensity and phase. Finding particle positions
is non-trivial, since poor axial resolution elongates particles in the reconstruction. To overcome this problem, the
reconstructed wavefront around a particle is used to find the axial position. The method is based on the change in
the sign of the curvature around the true particle position plane. The wavefront curvature is directly linked to the
phase response in the reconstruction. In this paper we propose a new method of estimating the curvature based
on a parametric model. The model is based on Chebyshev polynomials and is fit to the phase anomaly and compared to a plane wave in the reconstructed volume. From the model coefficients, it is possible to find particle
locations. Simulated results show increased performance in the presence of noise, compared to the use of finite
difference methods. The standard deviation is decreased from 3–39 μm to 6–10 μm for varying noise levels.
Experimental results show a corresponding improvement where the standard deviation is decreased from
18 μm to 13 μm. © 2017 Optical Society of America
OCIS codes: (090.1995) Digital holography; (290.5850) Scattering, particles; (290.4020) Mie theory; (100.0100) Image processing.
https://doi.org/10.1364/AO.57.00A157

1. INTRODUCTION
Digital holography is a suitable technique for tracking
micro-particles since it records 3D information. Holography
was originally proposed by Gabor in 1948 [1], and its digital
version is usually attributed to Goodman [2]. Extracting information about particle fields is a natural application of digital
holography because 3D information about position, size,
and morphology is recorded in the hologram. Applications include studies of flow phenomena using holographic particle
velocimetry (HPIV) [3], tracking microorganisms [4], and
characterizing aerosols [5–7] and the dynamic behavior of
combustion fuel particles [8,9] and air bubbles [10], to mention a few. There are two main configurations of holographic
setups used for particle analysis. In in-line holography, the
illumination wave is also used as a reference wave. Here the
scattered light from particles interferes with the un-scattered
light in the forward direction. This is a very simple and compact setup, but it has disadvantages in that only the forward
direction can be used, and a twin image and zero-order terms
disturb the reconstruction. The other main configuration is offaxis holography, which uses a separate reference wave with an
off-axis angle. This setup is more complex, but with it, it is
possible to remove the twin image and zero-order content from
1559-128X/18/01A157-07 Journal © 2018 Optical Society of America
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the image of interest. Any imaging direction can be used with
this setup, not only the forward direction. In this investigation,
the off-axis configuration is utilized because it allows for a general registration direction. In digital holography, the hologram
is recorded on a CCD or CMOS detector and numerically reconstructed to obtain 3D information [11,12]. For low
numerical apertures, the resolution in the reconstruction along
the optical axis is poor compared to that of the lateral one [13];
therefore, particles appear elongated. To find the correct axial
particle position, a metric of some kind is needed. Previously
reported metrics are based on intensity [14–16], which are
most common, or they are based on the whole complex field
[17,18]. It is also possible to solve the inverse problem directly
from the recorded hologram [19,20]. This is, however, more
time consuming and, therefore, unsuitable for large particle sets.
We have, in a previous paper, presented a metric that is
based on the wavefront curvature of the scattered light [21].
This metric utilizes the fact that scattered light from a particle
converges toward its true position and thereafter diverges. The
change from a converging to a diverging wave is found by
tracking the wavefront curvature. One significant advantage
with a phase-based metric is that it does not have an offset that
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is present in intensity-based metrics [22]. The wavefront curvature in our previous paper was estimated from phase gradients that were computed using finite differences. This was
a simple way to estimate the curvature; unfortunately, in the
presence of noise, the precision decreases rapidly due to the
noise enhancement. In this paper, we propose a method that
parameterizes the phase anomaly compared to a plane wave,
without using finite differences. The method consists of fitting
the phase anomaly to a three-dimensional polynomial model,
and from the polynomial coefficients the particle position is
determined. By using a model, we reduce the effect of noise.
The rest of the paper is structured as follows: in Section 2,
theory regarding particle scattering, digital hologram formation, and reconstruction are presented. The proposed polynomial model is also outlined. In Section 3, the setup is described
along with the simulations and measurements performed. In
Section 4, the results from both simulations and measurements
are presented and discussed. Finally, the paper is summarized in
Section 5, and the conclusions are presented.
Portions of this work were presented at the Digital
Holography & 3-D Imaging conference in 2017, Paper
M4A.3.
2. THEORY
A. Particle Holograms

Light incident on a particle generates an angularly dependent
outwards propagating scattered field. Consider the geometry
sketched in Fig. 1. The particle is located at the origin of a right
handed Cartesian coordinate system and is illuminated by a
plane wave propagating along the y-axis. Detection is done
along the vicinity of the z-axis, which is denoted as the optical
axis. We denote the Jones vectors of the incident light Ē i and
the scattered light Ē s . For spherical micrometer-sized particles,
the Lorenz-Mie theory is a suitable scattering model [23]. The
theory is most commonly expressed with respect to the scattering plane; this is the plane spanned by the illumination and
observation directions, denoted s̄i and s̄s , respectively, see
Fig. 1. The incident and scattered fields are then expressed
in polarization components parallel and perpendicular to the
scattering plane. These components are denoted E i⊥ , E i∥ for

Fig. 1. Scattering geometry with the defined scattering plane,
spanned by vectors s i and ss . Polarization is expressed on component
form, parallel, and orthogonal to this plane.

the incident light and E s⊥ , E s∥ for the scattered light, respectively. The relationship between these components is as follows:





e ikr−z  S 1 θ
E i⊥
E s⊥ θ
0
; (1)

Ē s 
E i∥
E s∥ θ
0
S 2 θ
−ikr
where S 1 θ and S 2 θ are the angular dependent scattering
coefficients, θ is the in-plane
angle, z is
ﬃ the position along
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
the optical axis, and r  x 2  y 2  z 2 is the distance from
the particle. For the derivation of Eq. (1) and the full expression
for the scattering coefficients, we refer the reader to [23].
In digital particle holography, the object light Ē is given by
Eq. (1), and a reference wave is given by
 
R∥
;
(2)
R̄ 
R⊥
the interfere on the detector to form a digital hologram. Only
components with mutual polarization interfere. In an off-axis
holographic setup the object light, in this case the light scattered from particles, and the reference light are assumed to
be separated in the angular spectrum [11]. In our setup, the
light is recorded by the two-lens telecentric imaging system,
depicted in Fig. 2. The magnification M between the object
and image space is then given by M  f 2 ∕f 1, where f 1
and f 2 are the focal lengths of lens L1 and lens L2 , respectively.
We choose to denote the coordinate system in the object space
by x; y; z and the coordinates in the image plane on the
detector by x 0 ; y 0 ; z 0 . The imaging system then maps from
the object plane to the image plane. The coordinates are related
by the magnification M of the system as x 0  −M x, y 0  −M y,
and Δz 0  M 2 Δz, where Δz and Δz 0 are the defocus distances
in object and image space, respectively. The reference wave is an
off-axis point source in the aperture plane that is reshaped by
the lens L2 to become a plane wave. In these notations, the
intensity on the detector for an arbitrary polarization becomes
I x 0 ; y 0   jĒx 0 ; y 0 R̄x 0 ; y 0 j2
 jE ∥ x 0 ; y 0 j2  jE ⊥ x 0 ; y 0 j2  jR ∥ x 0 ; y 0 j2
 jR ⊥ x 0 ; y 0 j2  E ∥ x 0 ; y 0  R ∥ x 0 ; y 0 
 E ⊥ x 0 ; y 0  R ⊥ x 0 ; y 0   E ∥ x 0 ; y 0 R ∥ x 0 ; y 0 
 E ⊥ x 0 ; y 0 R ⊥ x 0 ; y 0 ;

(3)

Fig. 2. Telecentric imaging system consisting of lenses L1 and L2
and aperture A. Solid rays are the object light, and dashed rays are
the reference light. Dashed black lines indicate the detector in image
space and corresponding conjugate plane in object space.
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Δz D0 is the axial position of the detector in image space. It is
now possible to compute the field at an axial position z 0 
z D0  Δz 0 from the detector with the use of the angular
spectrum method [11], and the field becomes
Ex 0 ; y 0 ; z 0   F −1 Ẽf x0 ; f y0 ; z D0  exp−jksz0 Δz 0 ;

Fig. 3. Different properties in the reconstruction. (a) Intensity on
the detector for a simulated hologram, (b) reconstructed phase along
the center of the particle, (c) corresponding phase anomaly to (b). (d)
Wavefront curvature at Δz  −100 μm (black), −50 μm (blue), 0 μm
(red), 50 μm (green), and 100 μm (magenta). In both (c) and (d), solid
lines are polynomial fit, and markers the simulated data.

where the first four terms are the intensity of each polarization
component of the object wave and reference wave, respectively.
The fifth and sixth terms are interference between the
conjugate object wave and reference wave, for each polarization, respectively. Likewise, the seventh and eighth terms are
the interference terms between the object wave and conjugate
reference wave, for each polarization. By controlling the off-axis
angle of the reference wave and the aperture size in the system,
one can ensure no overlap between interference terms in the
Fourier domain. Figure 3(a) shows the recorded intensity on
the detector for a simulated hologram. The particle is defocused
at distance Δz  2000 μm.
B. Reconstruction

The hologram captured by the detector has to be reconstructed
before further analysis is performed. It is possible to extract
individual interference terms when using off-axis holography,
since they are separated into different lobes in the Fourier domain. The first four terms in Eq. (3), that is, the intensity components, are located in a central lobe. The four interference
terms each have a separate side lobe in a well configured system.
The interference term of interest is extracted by applying a rectangular mask around the corresponding lobe, removing all
content outside of it. If the reference wave R̄ is a tilted plane
wave, it will scale the object wave and add a phase gradient
proportional to the off-axis angle. It is possible to remove
the phase gradient by re-centering the lobe after the filtering
process. By doing so, R reduces to a scalar depending on
the reference wave intensity. Because of this, we drop the R
from now on; hence, the complex amplitude Ẽf x0 ; f y0 ; z D0 
is known in Fourier space for the component of interest, where

where

F −1

wave

number,

(4)

is the 2D inverse Fourier transform, k  is the
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
and sz0  1 − λf x0 2 − λf y0 2 is the
2π
λ

directional cosine component in the z-direction. By reconstructing a stack of images separated by a distance Δz 0 , a discrete volume is produced. This reconstruction process creates a
3D volume from a 2D hologram. The volume contains information about both the amplitude and phase from which the
3D particle positions can be found using a suitable metric.
The basic principle of our metric is that the reconstructed
wave from a particle converges toward its position and thereafter diverges. Converging and diverging waves have different
signs of curvature, so the plane where the curvature changes
sign is then the plane where the particle is located. The wavefront curvature can be obtained from the phase in the reconstructed volume. The phase in the volume oscillates quickly
along the optical axis, much faster than the step length Δz 0
in the reconstruction. This is problematic, since it then
contains discontinues in the z-direction, making it unsuitable
to fit it to a polynomial model. Figure 3(b) shows the reconstructed phase along the z-direction along the center of the
particle. Aliasing effects are present, causing the oscillations
to appear slower than they really are. By instead comparing
the phase to a plane wave situated in the same plane, it becomes
possible to compare the data between two planes. This phase
anomaly is calculated as follows:
φa x 0 ; y 0 ; z 0   ∠Ex 0 ; y 0 ; z 0  − kz 0 ;

(5)

where k is the wave number. We will from now on use the
phase anomaly φa instead of the pure phase, since it is a
smoother function more suitable for fitting. We now have
two sets of information, the 3D intensity distribution
I x 0 ; y 0 ; z 0   jEx 0 ; y 0 ; z 0 j2 , and the 3D phase anomaly
φa x 0 ; y 0 ; z 0 , from which the particle position can be
estimated.
C. Chebyshev Polynomial Model

It is assumed that the phase anomaly around a single particle
only depends on the response from that particle. Only a small
volume around a potential particle is therefore used in the
parameterization. This assumption holds in general if the particle distribution is sparse. Potential particles are found from a
coarse intensity-based search where voxels with an intensity
over a defined threshold are chosen.
For a single particle the phase anomaly, φa , is fit to a model
based on Chebyshev polynomials of the first kind [24].
Chebyshev polynomials are chosen as base functions for the
parameterization for two reasons. The first is that they are
orthonormal in a Cartesian coordinate system and, therefore,
suitable for computations in a rectangular volume. Second,
terms of different orders are associated with properties in
the imaging process when using small to moderate numerical
apertures. For instance, first-order terms are related to a spatial
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shift in direction, and second-order terms are related to defocus.
The modeled phase anomaly φ̂ in three dimensions is defined
from one-dimensional Chebyshev polynomials. The polynomials are defined in the interval −1; 1, and the coordinates
x 0 ; y 0 ; z 0  are rescaled to normalized coordinates ε; η; ζ in this
domain. The 3D polynomial is then as follows:
n X
n X
n
X
aijk T i ϵT j ηT k ζ;
(6)
φ̂a ϵ; η; ζ 
i0 j0 k0

where T i , T j , and T k are Chebyshev polynomials of order i, j,
k, respectively, and aijk are the associated coefficients for each
base function triplet. Equation (6) can be rewritten in matrix
form as
φ̂a ϵ; η; ζ  Ta:

(7)

The objective is then to find the set of estimated coefficients
âijk that best represents the measured phase anomaly φa. We
minimize the squared error between the measured data, φa
and the estimated data, φ̂a , from the polynomial model.
The coefficients are then the solution to the following
minimization problem:
X
W φa − φ̂a 2 ;
(8)
âijk  argmin
a

where W are weights that influence how much each data point
contributes to the estimation. We chose the intensity of the
scattered light as these weights. This ensures that only data
points where there is light influence the estimation. The
solution to this minimization problem is
â  TT W T−1 TT W φa ;

(9)

which is most efficiently calculated using Gauss elimination.
To ensure that the estimated coefficients, âijk , in Eq. (6), represent the phase anomaly correctly, a sufficiently high polynomial degree n is needed. To find this value, scattered light from
a single particle is simulated using Eqs. (1) and (3), respectively.
For the full description of the simulation implementation, we
refer the reader to [21]. The simulated hologram is reconstructed according to Section 3. In the reconstructed volume,
the parameterization is performed and the mean squared error

Fig. 4. MSE per voxel for different orders of n.

(MSE) per voxel is evaluated for different values of n. The result
is shown in Fig. 4. A good fit is obtained for n  4, where the
mean error is approximately 10−3 rad∕voxel. Using higher
orders does not significantly improve the fit. Therefore, a fit
with n  4 is assumed to be sufficient and will be used further
on in this paper. The phase anomaly corresponding to Fig. 3(b)
is shown in Fig. 3(c). The markers are the simulated data, and
the solid line is the Chebyshev polynomial fit. Figure 3(d)
shows phase anomaly cross-sections in the y-direction for different z-positions. Here the change in wavefront curvature
becomes apparent.
The three-dimensional data is now represented by the coefficient array aijk. The relationship between the elements in
the array and information about the particle is now investigated. A single particle is simulated, and coefficients â are
estimated for different axial positions by translating the computational box along the optical axis. The dimension of the box
used is 5 × 5 × 21 voxels. All coefficients are investigated, and as
an example, the results for the coefficients a200 and a020 are
shown in Fig. 5. The coefficient a200 has a linear behavior
around the particle and becomes zero at the particle position.
a200 is therefore used as a metric to find the axial position of the
particle. This coefficient corresponds to the quadratic term in
the direction perpendicular to the scattering plane, so it describes the curvature of the wavefront in that direction.
When a200 becomes zero, the wavefront changes curvature.
This behavior is consistent with the findings in [21]. The corresponding coefficient a020 , which represents the quadratic
term in the direction parallel to the scattering plane, is also
shown in Fig. 5. It shows a similar behavior, but it is slightly
shifted compared to a200 . Therefore, only a200 will be used as a
metric.
To use the metric on a set of particles recorded in a single
hologram, some practical considerations have to be made. First,
we need to segment particles from each other, which is done by
applying a threshold on the intensity in the volume. From the
binary volume, connected voxels are clustered and labeled.
The point with maximum intensity has a slight offset from the

Fig. 5. Evaluation of square terms a200 and a020 around particle
location.
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particle position, but it is still in the vicinity [22]. This point is
therefore a good starting point when searching for the plane
where a200 becomes zero. A small 3D domain is formed around
the maximum intensity point, and the Chebyshev model is
evaluated in this domain. The position where a200 becomes
zero is then the position of the particle. This position is found
by computing the zero-crossing using linear interpolation. It is
important that the particles are sparse, so that only scattered
light from an individual particle appear in the 3D domain.
The whole procedure for obtaining the axial position of
particles from a hologram can therefore be summarized in
the following steps:
1. Reconstruct a three-dimensional volume using the
angular spectrum method.
2. Apply a threshold on the intensity in the volume to
obtain a binary volume.
3. Automatic segmentation of each particle from the
binary volume.
4. Find the point of maximum intensity for each particle.
5. Evaluate the coefficient a200 in a small domain around
the point of maximum intensity for each particle.
6. The axial location where the coefficient a200 becomes
zero is stored as the position of each particle.
3. EXPERIMENTS
A. Setup

Consider the setup shown in Fig. 6. A 532 nm Nd:YAG continuous laser with a power of 85 mW is used for illumination.
The light is polarized parallel to the scattering plane. This
polarization is chosen to reduce Rayleigh scattering from inhomogeneous parts in the sample. The light is split into two parts
using a 50/50 beam splitter (BS). The first part of the light is
expanded by the lenses L1 and L2, with focal lengths f 
150 mm and f  −20 mm, respectively. The expanded light
illuminates the sample, which consists of a 23 mm × 23 mm ×
23 mm silicon cube with spherical particles molded into it. The
particles have an average diameter of 10 μm, and the refractive
indices of the silicon and particles are 1.4 and 1.5, respectively.
The concentration of particles is low so that the imaged scene is
sparse, and only a few particles are present. The cube is placed

Fig. 6. Experimental setup used in the recordings. BS is a beam
splitter, L1 is a f  150 mm lens, L2 is a f  −20 mm lens, L3
is a f  60 mm lens, L4 is a f  80 mm lens, A is the aperture,
M is a mirror, and FP is a fiber port.
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so that only scattered light from the particles is imaged. There
could be internal variations of the refractive index in the silicone cube that affect the experimental results compared to if
the particles were imaged in air. These will then show up as
an increase in random error. Scattered light from the particles
is recorded using a telecentric imaging system, formed by lenses
L3 and L4 at a 90° angle. Lenses L3 and L4 have focal lengths
f  60 mm and f  80 mm, respectively. This corresponds
to a system magnification of M  1.33. A 3 mm × 3 mm
aperture is used to band limit the image. It is placed in the joint
focal plane between lenses L3 and L4, making the system telecentric. The other light part from the BS is used as the reference
wave. It is focused into a polarization maintaining fiber using a
mirror (M) and a fiber port (FP). The fiber end is placed in the
aperture plane. By doing so, we ensure that the reference light
becomes a point source in the Fourier domain. In the back focal
plane of lens L4, a detector (Sony XCL 5005) is placed to record the hologram. It has 2448 × 2048 pixels and a pixel pitch of
3.45 μm, giving the detector a total size of 8.48 × 7.1 mm. The
images are stored in an 8-bit format. The fiber has a numerical
aperture of 0.12, which is sufficient to cover the whole detector.
The numerical aperture of this system is NA 0  0.025 in the
object plane and NA 1  0.0187 in the image plane. Since the
sample is a silicon cube, the effective numerical aperture is even
smaller, since the silicon-air boundary will refract the scattered
light. The effective numerical becomes

NA 00 

NA 0
≈ 0.0179:
nsilicon

(10)

B. Simulations and Measurements

To compare how the parametric Chebyshev method compares
to the previously reported finite difference method, a large set
of simulations was performed. Once again we use the simulation routine described in [21], that is, an implementation of
Eqs. (1) and (3), respectively. The simulation properties are
set as described in Section 3.A. Some assumptions are made:
the illumination is a perfect plane wave, and particles are identical perfect spheres with a diameter of 10 μm. Then, 10 holograms each containing 20 particles located at random lateral
and axial positions are simulated. Since the axial positions
are known, it is easy to compute the error for each particle.
The standard deviation, false positive ratio, and false negative
ratio are computed. This is repeated for different noise levels
ranging from 0 to 4 percent of the maximum intensity.
For experimental measurements, the backside of the silicon
cube is placed at approximately L  60 mm in front of the
imaging system, so that the focus plane is inside the sample
cube. Unlike in simulations, the true particle position is not
known, and there are several holograms of stationary particles
recorded in the series. Particle positions are evaluated with the
method outlined in Section 4 from the holograms. A set of positions for five different particles are then obtained. For each
particle, the axial mean position is estimated and subtracted
from the recorded positions. The associated errors are therefore
computed.
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4. RESULTS AND DISCUSSION
The resulting standard deviations from the simulations are
shown in Fig. 7 as a function of the noise ratio. Data for both
the Chebyshev model and the finite difference method are presented. It is clear that by using the Chebyshev model, the standard deviation drastically decreases for larger noise ratios. At the
highest simulated noise ratio of 4%, the standard deviation is
reduced from 39 μm to 10 μm, an improvement of about 4
times. This can be explained by the fact that the finite difference is influenced by the noise in two voxels, while the
Chebyshev polynomial method uses far more data points.
Since the noise is assumed to be zero mean and independent,
it will have a smaller effect with the use of more data points. For
no or low noise ratios, the proposed polynomial model performed worse than the finite difference method. This is likely
due to the extension from 2D to 3D computational domain. In
a volume, it is more likely that light from other particles
influences the estimation. The false positive ratio is around
1%, so it is very unlikely that noise is mistaken for a particle.
This is due to the fact that noise rarely originates from a geometrical point, and hence, it does not have the behavior of an
outwards propagating wavefront. Therefore, it does not have
the same change in wavefront curvature as a particle.
The false negative ratio increased to around 5% when using
the Chebyshev model, compared to 3% when using finite
difference. A closer study of the undetected particles shows
two main reasons for the increase. The first reason is inaccuracy
in the course estimation. The model searches for a zero-crossing
of a200 close to the point obtained from the course estimation.
So if that estimation is very inaccurate, the model never finds
the zero-crossing. The second reason is that particles located
near the edges of the reconstructed volume do not use the same
number of data points, since parts of the computational domain are shifted outside the reconstruction. This can cause
the model to behave inaccurately.
The performance is also compared to the total sum of gradients method, which is commonly used to determine particles

Fig. 7. Simulated standard deviations of axial position error using
both Chebyshev model (blue) and finite difference method (red).

Fig. 8. Histogram of experimental error. Error is approximately zero
mean with a standard deviation of 12.8 μm.

axial positions [25,26]. Applying the method to the simulated
data set shows that the sum of the gradients method results in a
small offset from the true axial position, around 3 μm, which is
still inside the particle. The standard deviation for the different
noise levels showed a slight increase ranging from 7–12 μm
compared to 5–10 μm for the polynomial fit. The two
methods, hence, show comparable noise susceptibility.
The results from the experimental measurements are
presented in Fig. 8. This figure shows the error histogram after
outliers have been removed. The error seems to have a Gaussian
profile, where the standard deviation is σ  13 μm, which is an
improvement compared to the finite difference method, where
the standard deviation was 18 μm [21]. Even though the standard deviation decreased, it is still higher than for the simulations. From Fig. 7, the expected standard deviation would be
around 7 μm. This can depend on several factors. In the simulations, we assume only single scattering and ignore any effects
from the finite size of the silicon cube. For a single particle,
scattered light from other particles can be viewed as noise. It
is possible that these effects influence the results. Also, aspects
like mechanical and thermal stability in the experimental setup
influence the results. Still, the standard deviation is in the same
order of magnitude as the diameter of the particle. It is, therefore, likely that the measured position is inside or in the close
vicinity of the particle.
Finally, a brief discussion of the parametrization process is in
order. Consider the errors presented in Fig. 4. For n  4, the
error is negligible. However, since the coefficient used as a metric is a second-order term, higher terms are redundant due to
the orthonormal properties of the base functions. This means
adding higher order terms should not change lower order coefficients. The biggest error reduction is from n  1 to n  2.
This is not a surprise, since a spherical wave over a small aperture can be approximated by a second-order term. This is also
why a second-order term a200 is used as a metric. From Fig. 5, it
is clear that only a200 can be used as a metric, since a020 is
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shifted along the optical axis. These coefficients represent quadratic terms parallel and perpendicular to the scattering plane,
respectively. The wavefront parallel to the scattering plane is
modulated by Lorenz-Mie scattering coefficients, while the
perpendicular direction is not. The modulation distorts the
wavefront in the parallel direction, causing a020 to become zero
at a shifted position, while a200 is unaffected. This effect has
previously been reported by Pu and Meng [27]. They related
the modulation effects to aberrations for different observation
directions. These effects are important to consider when interpreting results from a certain observation direction. A future
extension of the proposed polynomial method to include
non-spherical particles could be possible. Non-spherical particles do, in general, depend on the perpendicular direction
as well [23], so the modulation effects need to be handled.
This is something that could be addressed in future work.
Modulation effects can also be introduced by the reference
wave. If the reference is a curved wave instead of a plane wave,
the curvature will modulate the phase response. It is therefore
important to ensure the quality of the reference wave.
5. CONCLUSIONS
In this paper, a parameterized model based on Chebyshev polynomials is introduced to estimate the wavefront curvature. It is
shown that the phase anomaly around a scattering particle can
be modeled by a three-dimensional Chebyshev polynomial of
degree n  4. To find this degree, the mean error per voxel is
evaluated. The polynomial coefficients hold information about
the particle position, and by using simulations, the behavior of
all obtained coefficients was studied. It is found that the coefficient a200 becomes zero in the axial plane where the particle is
located. This coefficient corresponds to the quadratic term
perpendicular to the scattering plane. By evaluating this coefficient at different positions and searching for the axial plane
where it becomes zero, it is possible to find the true particle
position. From simulations, this method has standard
deviations between 6 and 10 μm. This should be compared
to the standard deviation using the finite difference method
previously reported, which were 3–39 μm for the same conditions. The Chebyshev polynomial model performs better in
higher noise ratios, since the noise in individual voxels does
not affect the result to the same degree. For no or very low
noise, the worse performance is due to the extension of the
computational domain from 2D to 3D. In a volume, light from
other particles is more easily introduced in the computation.
Experimental results also show improvement when using this
method, from 18 μm to 13 μm. This improvement is not as
large as the improvement expected from simulations; however,
ideal conditions in simulations are rarely obtainable.
Funding. Vetenskapsrådet (VR) (621-2014-4906).
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