
Linköping University

IEI - Department of Management and Engineering

Division of Solid Mechanics

Master Thesis 2017 | LIU-IEI-TEK-A-17/02970-SE

Experimental Procedures for

Operational Modal Analysis of

a Power Pack on a Drill Rig

Oscar Nilsson

Academic supervisor: Stefan Lindström
Industrial supervisor: Mattias Göthberg
Examiner: Lars Johansson

Linköping University

SE-581 83 Linköping, Sverige

(+46)013-28 10 00, www.liu.se





Abstract

All structures have modal properties such as natural frequencies and damping. In engineering
it is often of interest to estimate these modal properties for certain structures, to be used when
modelling for example fatigue. This is done by computing them from �nite element models,
by using experimental measurements or both. In the case of doing both, a �nite element
model is usually established �rst and adjusted to �t measurements from experiments.

Atlas Copco Rock Drills AB is the company where this thesis has been performed and the
subject is experimental procedures related to estimating modal properties of the so called
power pack, which essentially is a modularised engine and hydraulic power source of an Atlas
Copco drill rig. Their current method for estimating these properties is a classical procedure
which makes use of an impact hammer that an operator strikes the power pack with to induce
excitation. Due to concealment of behind other parts the power pack when mounted inside
the drill rig, the number of places where the operator is able to strike the power pack in is
limited. Another problem with the current procedure is that it can be di�cult to strike the
power pack with a strong enough impulse to generate reliable results.

In this thesis a new experimental procedure for Atlas Copco to use is suggested. It is based
on operational modal analysis (OMA), which uses the machinery's excitation from its opera-
tional conditions to compute modal estimates. A comparison between di�erent experimental
procedures have been done and the suggested procedure is the following: excitation by en-
gine sweep; modal identi�cation by the PolyMAX method and mode shape scaling by the
harmonic scaling method. An experiment was performed to compare two OMA procedures.
The suggested procedure is the one that generated the better results of the two.

Keywords: Operational modal analysis, OMA, engine sweep, modal identi�cation, harmonic
scaling
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1 Introduction

This master thesis at Linköping University is a project for Atlas Copco Rock Drills AB
and was performed at their site in Örebro, Sweden. Atlas Copco Rock Drills AB develops
and manufactures equipment for drilling and rock excavation. The equipment is used for
surface and underground mining, road and tunnel infrastructure, exploration drilling and
well drilling. Figure 1 shows the surface drill rig, Atlas Copco SmartROC T40, investigated
in this thesis. The aim of this thesis is to suggest an experimental procedure which improves
and simpli�es characterization of the structural dynamics, that is modal identi�cation, of the
power pack of an Atlas Copco drill rig. The proposed procedure can reduce the time for the
measurement department to give modal estimates to its internal buyer, therefore reducing
cost. Better modal estimates can be used to improve �nite element method (FEM) models
used for fatigue and performance modelling. This can increase the product lifespan and
sustainability.

Figure 1: Atlas Copco SmartROC T40, a surface drill rig [1].

When drilling with a surface drill rig, the rig is positioned where the intended hole is to be
drilled, the hole is then drilled. The machine is then moved to a new position to drill a new
hole, and so on. The holes are often deep and positioned close to each other in some pattern.
Therefore the rig is in a stationary position for most of its operation.

1.1 Power Pack

Atlas Copco works with module based rigs, where the engine module usually consists of a
six-cylinder four-stroke diesel engine with a hydraulic pump and a compressor mounted to it.
The hydraulic pump supplies all the hydraulic motors and cylinders on a rig with hydraulic
�uid, which is the powering medium. The compressor supplies pneumatic controlled valves
with pressure. The engine module is called the power pack and it is the structure that is
going to be examined in this thesis. It is composed of three main parts: a six-cylinder four-
stroke diesel engine with a compressor and a hydraulic pump mounded to it. The power pack
sits on rubber dampers that attaches it to the main frame, see Figure 2. In order for Atlas
Copco to model high cycle fatigue of the power pack, the dynamical properties of it need
to be estimated, so that the movement of the power pack in operation is estimated and the
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dynamical loads from this movement can be established. The operational range of excitation
of the power pack is regarded as the excitation that power pack produces on its own for a
frequency range of 0-200 Hz, not including excitation from driving or drilling. The excitation
from drilling is in a much higher frequency range than the excitation from the power pack.
This higher frequency range is regarded as irrelevant for the mode shapes of the power pack.

Figure 2: On the left is a schematic drawing of the Atlas Copco SmartROC T40 with the
position of the power pack. Rubber dampers are indicated by spring-dashdot symbols. On the
right is a photo of a power pack. The middle (yellow) part is the engine, the right (grey) part
is the compressor and the left (black) part is the hydraulic pump.

1.2 Background

The Measurement technique department at Atlas Copco is currently using experimental
modal analysis (EMA) to investigate the modal properties of the power pack. This means
that both the input and the output response are measured for analysing modal properties.
Normally, an impact hammer is used for excitation. The operator strikes the structure with
the hammer to introduce an impact excitation. The impact impulse from the hammer is
measured and used as input to the analysis. Accelerometers placed at various locations on
the power pack measure the output response. The measurement data is then processed to
establish the modal properties of interest. Due to lack of space or the concealment of the
power pack, it can be di�cult to strike it in all positions necessary to excite the power pack in
such a way that all natural frequencies of interest are su�ciently excited to generate reliable
results.

The modal properties of the system are estimated in sets of modes, with each mode having
a mode shape, which is the way the power pack deforms, a modal mass, which is an estimate
of how much mass the mode has when moving according to the mode shape, a damping ratio
and a natural frequency.

The pump on the power pack is connected via hydraulic hoses to the hydraulic tank, cylinders,
hydraulic motors, control vales etc. When the engine is turned o�, the sti�ness and damping
contribution to the system from these hoses are neglected. When the engine is turned on,
on the other hand, and the hoses are pressurized the contribution might not be negligible.
When Atlas Copco conducts EMA measurements on the power pack the engine is turned
o�, therefore resulting in modal properties related to out-of-operation conditions. What is
more relevant is to know the modal properties with the engine turned on, corresponding
to operational conditions. Therefore Atlas Copco is looking for an alternative experimental
procedure that improves and simpli�es their measurement procedure. This may be possible
by using some variant of Operational modal analysis (OMA).
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OMA is modal analyses based on output response only. The excitation is not measured as
the excitation comes from the operational conditions, for example a plane �ying or a car
driving. The most common feild of use for OMA is in civil engineering, since large structures
such as bridges, houses etc. require very large excitation forces at very low frequencies in
an experiment. Therefore, measurements are performed during operation, when external
excitation sources act on the structure, such as wind, tra�c etc. These types of excitations
can be assumed to be stochastic under certain conditions [2].

When performing OMA, it is essential that the excitation is able to excite all modes of interest
with enough magnitude. The excitation needs to be approximately stochastic in time and
uncorrelated in space to ensure that all modes are properly excited [2] for the purpose of
modal analysis. In real life there will always be noise in the data when measuring dynamic
response. This noise can give rise to so called noise modes. These modes are not modes
associated with the system, as they are generated by the noise in the system. When dealing
with OMA on moving structures that use an engine there will always be a lot of excitation
generated from this engine. When dealing with a six-cylinder four-stroke engine, such as
the one investigated in this thesis, there will be excitation generated from the engine stroke.
This excitation will show up as unwanted noise in the system, generating a frequency in the
measurement that is not a natural frequency of the structure, but can be misinterpreted as
such.

1.3 Problem Formulation

The aim of the present project is to investigate the possibility for Atlas Copco Rock Drills AB
� Measurement technique; Noise and Vibrations to use OMA in their experimental procedure
and to give a suggestion for an appropriate experimental procedure. The investigation consists
of three main parts:

I In the �rst part, di�erent excitation methods are compared to see if they either are
approximately stochastic or can be controlled in such a way as to give the same excita-
tion spectrum as a stochastic excitation. Data from previous operational measurements
recorded under di�erent types of excitation is investigated to see whether the excitation
properties are useful for OMA. A suggestion of which one of the compared excitation
methods that suits Atlas Copcos needs the best is given.

II In the second part, di�erent modal identi�cation methods (MIMs) used for OMA are
compared. The main concern with MIMs is whether they are able to identify the true
modal properties of the structure of interest. Closely spaced modes and noise modes are
common problems when performing OMA. A suggestion of which one of the compared
MIMs that handles these problems the best for the system under consideration and the
chosen excitation method is given.

III In the third part, di�erent ways to scale the modal mass of each mode shape are com-
pared. As the input is not measured in OMA, the frequency response is normalized,
meaning that the natural frequencies can be obtained but not the modal masses of the
mode shapes. A suggestion of a mode shape scaling method that is appropriate for Atlas
Copco to use when performing OMA is given.
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1.4 Objectives

In consultation with my supervisor at Atlas Copco the deliverable consists of a suggestion
of an experimental procedure that contains an excitation method, a MIM and a description
of how to scale a frequency response function. The procedure needs to be practical, easy to
implement and give satisfactory results, as well as shorten the time it takes to perform the
experiment in, as compared to the methods currently in use.

1.5 Limitations and Restrictions

In order for Atlas Copco to have full use of the suggested procedure, the modal identi�ca-
tion method needs to be implementable in the software that they are currently using; LMS
Test.Lab Operational Modal Analysis [3]. Matlab is used for implementation of those parts
that cannot be implemented in LMS Test.Lab.

The MIMs are limited to linear models that assume constant sti�ness and damping. The
analysis is limited to the frequency range 0-200 Hz for the power pack.

The SmartROC T40 surface drill rig is used for the experiments. This rig was chosen based
on the possibility of performing an experiment without interrupting production. Due to the
time constraint of the project, only one type of drill rig was examined.

A selection of the most common analysis methods are compared, to limit the project to a
reasonable size.

1.6 Veri�cation

An experiment on a power pack of a Atlas Copco SmartRoC T40 rig was performed with
two experimental procedures which where decided upon in the project. Veri�cation of the
experimental procedures are done by comparing the model �t to the correlation functions
and the auto-modal assurance criterion (AMAC), which is a criterion that compares mode
shapes to see how similar they are.
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2 Methods

The main objective of the present project is to establish experimental procedures. This work
is organised as follows: Brief summaries are given about a few possible excitation methods
found in the literature, where pros and cons are discussed. Data from previous experimental
measurements at Atlas Copco are compared to see if the excitation properties are useful for
OMA. A selection of commonly used MIMs are categorised and a brief summary is given
about those not used for the experiment, where pros and cons are discussed. More detailed
descriptions are given for the MIMs used in the experiment. Three mode shape scaling
methods are categorised and a short summary is given about each, where pros and cons are
discussed. The combination of these three methods: excitation method, modal identi�cation
method and mode shape scaling method, will be referred to as an experimental procedure.
Two experimental procedures was employed for the power pack.

The excitation needs to be approximately stochastic, this is because of the assumption in
OMA that each degree of freedom (DOF) of the system is decoupled into many single degree
of freedom (SDOF) systems. The other assumptions in OMA are the following: The system
is assumed to be stationary, meaning that its dynamical characteristics do not change over
time. The system is assumed to be linear. The system is observable, meaning that the
placement of the sensors on the structure allows for all modes inside the frequency range of
interest to be deduced or calculated [2]. The three methods that make up the experimental
procedures as well as theory related to the assumptions in OMA are discussed in the coming
sections.

2.1 Probability Distributions and White Noise

As mentioned above, the excitation when performing OMA needs to be approximately stochas-
tic. White noise has the following properties: it is stochastic in time and space with a Gaus-
sian (normal) probability distribution with zero mean. To rank how similar a signal is to
white noise a quantitative measure for the degree of similarity to a Gaussian distribution is
used, called kurtosis. The kurtosis is a statistical measure for how data are distributed. The
kurtosis k, varies from zero to in�nity with k = 3 for a Gaussian distribution:

k =
µ4

µ2
2

=

1

n

n∑
i=1

(xi − x̄)4

(
1

n

n∑
i=1

(xi − x̄)2

)2 . (1)

Here, µ4 is the normalized forth central moment, µ2 is the second central moment (the
variance), n is the number of samples, xi are the samples and x̄ is the sample mean. Four
examples of computed distributions and autocorrelations are give below. A white noise
signal yrand is synthesized from Equation 2, where w(t) in every moment attains a value of
a Gaussian distributed stochastic variable. A transient sine signal ysint is synthesized from
Equation 3. A sine signal ysin is synthesized from Equation 4. A combination of white noise
and sinus signal yrand+sin is synthesized from Equation 5. The signals are plotted in Figure
3.
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yrand(t) = w(t) (2)

ysint(t) = sin(1000πt2)e−5t (3)

ysin(t) = sin(
t

50
) (4)

yrand+sin(t) = yrand(t) + ysin(t) (5)
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Figure 3: The signals yrand, ysint, ysin and yrand+sin plotted for 1000 s.

Figure 4 shows the distributions of the four di�erent signals. The white noise signal has a
Gaussian distribution and a kurtosis of 3. The transient sinus signal has a poor �t to the
Gaussian distribution and a high kurtosis of 10.3. The sine signal has its highest density for
1 and -1 and a kurtosis value of 1.5. The combined white noise and sine signal pushes the
Gaussian distribution apart and lowers the kurtosis to 2.33. For the use in OMA the white
noise signal is preferred as it has approximately a Gaussian distribution and a kurtosis of 3.
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Figure 4: Schematic histograms over the distribution for di�erent synthesized time signals.
The line in each histogram represents the minimum least squares �t of the Gaussian distri-
bution to each data set. This is to add a visual aspect to how similar each distribution is to
a Gaussian distribution. Each data set contains one million data points.

2.2 Correlation Functions

An oscillating structure will have correlating deformations when oscillating in it natural
frequencies, therefore the correlation between the measurement signals are important for
modal analysis. The correlation function is a measure of how well two stationary time signals
x(t) and y(t) correlate with each other over the duration T :

cor(x(t), y(t)) =
1

T

∫ T

0
(x(t)− µx) (y(t)− µy) dt. (6)

Where µx is the mean:

µx =
1

T

∫ T

0
x(t)dt. (7)

The autocorrelation is a measure for how well a time varying signal correlates with itself at
a time shift τ :

Rxx(τ) =
1

T

∫ T

0
(x(t)− µx)(x(t+ τ)− µx)dt. (8)

There is a symmetry relation, Rxx(τ) = Rxx(−τ), as the autocorrelation function is inde-
pendent of the time t. For a signal to be stochastic in time the autocorrelation between the
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signal itself x(t) and the signal with a time shift x(t+ τ) for τ 6= 0 is equal to zero. For τ = 0
the autocorrelation is equal to the variance σ2

x:

Rxx(0) =
1

T

∫ T

0
(x(t)− µx)2dt = σ2

x. (9)

The cross correlation is the correlation between two time signals x(t) and y(t) at a time shift
τ for one of the signals, are de�ned as:

Rxy(τ) =
1

T

∫ T

0
(x(t)− µx)(y(t+ τ)− µy)dt, (10)

Ryx(τ) =
1

T

∫ T

0
(y(t)− µy)(x(t+ τ)− µx)dt. (11)

Again, there is a symmetry relation Rxy(τ) = Ryx(−τ). For N number of stationary sig-
nals yi with zero mean, arranged in a column vector y(t) = [y1(t), y2(t), . . . , yN (t)]T, the
autocorrelation can be expressed on the form of a correlation function (CF) matrix Ry:

Ry(τ) =
1

T

∫ T

0
y(t)yT(t+ τ)dt. (12)

In practise, a discrete estimate of the CF matrix R̂y(τ) is computed. For a measurement of
duration T , the integrand t+τ will exceed the time span of the input signals in y. One of the
more common methods for estimating CF matrix is the direct method, where τ is restricted
to positive values:

R̂y(τ) =
1

T − τ

∫ T−τ

0
y(t)yT(t+ τ)dt, (13)

where the discrete estimation is formed by a summation:

R̂y(l) =
1

(K − l)∆t

K−l∑
k=1

y(k)yT(k + l)∆t =
1

D − k

K−l∑
k=1

y(k)yT(k + l), (14)

here k denotes the data point, K is the number of data points and l is the time lag τ = l∆t.

A visual inspection of the autocorrelation can be a good way of judging the content of a time
signal, as a signal which super�cially appears to be random may have harmonic components.
Figure 5 displays the autocorrelation functions for the four signals in Equations 2-5. The
autocorrelation for the white noise signal is zero for all time lags except zero time lag. This
indicates that it is stochastic. For the sine signal with noise, one can clearly see that the
autocorrelation function contains a harmonic component, which is not that obvious when
looking at the time signal. The transient sinus signal and the white noise signal have similar
autocorrelation behaviour, but the signals are very di�erent as indicated by the di�erence in
kurtosis. The sine signal correlates with it self for all time lags. The assumed autocorrelation
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function for the excitation in OMA is taken to be the autocorrelation of the white noise
signal.
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Figure 5: The autocorrelation for the signals yrand, ysint, ysin and yrand+sin.

2.3 Spectral Density Functions

Owing to the harmonic nature assumed for the vibrations of the structure, it is often advan-
tageous to conduct the analysis in the frequency domain. The frequency domain counterpart
to the cross correlation function is the cross spectral density function. It is calculated by
taking the Fourier transform of the correlation function Rxy:

Gxy(ω) =
1

2π

∫ ∞
−∞

Rxy(τ)e−iωτdτ, (15)

where i =
√
−1 is the imaginary unit. The auto spectral density Gxx is computed in the

same manner. The spectral density (SD) function matrix for the multiple signal case:

Gy(ω) =
1

2π

∫ ∞
−∞

Ry(τ)e−iωτdτ. (16)

The discrete estimation of the SD matrix can be computed by a discrete Fourier transform
of the estimated CF matrix as

Ĝy(k) =
1

K

K∑
l=1

R̂y(l)e
−i2π(l−1)(k−1)/K , (17)

where k = ω/∆ω is the discrete angular frequency point, ω is the angular frequency and
∆ω/2π = 1/∆t is the sampling frequency in Hz. The estimated SD matrix Ĝy(k) is three
dimensional with the size N -by-N -by-K. In OMA, N is the number of input signals, as
each input signal corresponds to one DOF, N is also the number of DOFs of the system.
The dimension K is the number of discrete frequency points from zero to half the sampling
frequency. For a more rigorous explanation, see [4].
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2.4 Forced Vibration of 1D Continua

A common way to describe the movement under forced vibrations is by a continuum. The
example below is 1D for simplicity. The 1D continuum is a straight beam, which can be
modelled by a Euler-Bernoulli-beam with constant bending sti�ness and distributed mass,
where the transverse displacement ξ(x, t) of the deformed beam is written at any point x at
any time t:

ξ(x, t) =
∞∑
n=1

an(x)ηn(t), (18)

the displacement ξ(x, t) at point x at time t is a linear combination of the modal functions
an(x) in point x and the modal coordinates ηn(t) at time t for all modes n, see Figure 6. The
modal functions an(x) are mutually orthogonal, that is:

∫ L

0
an(x)am(x)dx = 0 for n 6= m (19)

Figure 6: A description of the summation for the deformed geometry for a 1D continuum.

Note that

ξ̈(x, t) =

∞∑
n=1

an(x)η̈n(t), (20)

so that the same modal functions an(x) are used for expressing the acceleration of the con-
tinuum. Equation 18 can be discretised in space by applying it at particular points xi,
i = 1 . . . N :

ξi(t) =
∞∑
n=1

ainηn(t), ain = an(xi), (21)

where N is the number of DOFs, see Figure 7.
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+
n=1 n=2

+ =
ai1  i1(t) ai2   i2(t) i(t)

Figure 7: Discretised 1D contiuum.

The modal functions are used in the same manner for the discretized accelerations:

ξ̈i(t) =
∞∑
n=1

ainη̈n(t). (22)

The acceleration responses ξ̈i(t) can be measured and organized in a response vector y(t),
which is the vector used for calculating the correlation functions:

y(t) =


ξ̈1(t)

ξ̈2(t)
...

ξ̈N (t)

 . (23)

The modal functions can be organised in a vectors an, which are the so-called mode shape
vectors:

an =


a1n

a2n
...

aNn

 . (24)

As there is an in�nite number of modes, Equation 22 is approximated by a truncated series
with M terms, where M ≤ N . Meaning that the number of modes in the model (the model
size) is always less or equal to the DOFs of the model:

y(t) = Aq(t), (25)

where A is the mode shape matrix, containing the mode shape vectors:

A =
[
a1 a2 . . . aM

]
(26)

and the modal coordinate vector q(t) is

q(t) =


η̈1(t)
η̈2(t)
...

η̈M (t)

 . (27)
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If the 1D description is extended to a 3D situation, the mode shape vectors an represent
more complex movement with bending and twisting.

In OMA, the mode shape vectors an and the coordinate vector q(t) are unknowns, while
the response y(t) is measured and therefore known. However, it is assumed that just a few
modes should govern the response. Hence, we seek a right-hand-side of Equation 25 with M
as small as possible, while providing a fair approximation to y(t). Equivalently, the rank of
A should be as small as possible. The next part will describe how the correlation functions
can be approximated by mode shapes and modal coordinates.

Form a N ×N matrix of real elements:

A0 =
[
A Aarb

]
, (28)

here Aarb is an arbitrary matrix of size N × (N −M). Form a N × 1 vector of real elements:

q0(t) =

[
q(t)
0

]
, (29)

here 0 is a zero vector of size (N −M)× 1. The multiplication

y(t) = A0q0(t), (30)

Then gives the same response vector y(t) as Equation 25. Next, from Equation 30 we form

y(t)yT(t+ τ) = A0q0(t)(A0q0(t+ τ))T = A0q0(t)q0(t+ τ)TAT
0 , (31)

applying the de�nition of the correlation function, Equation 12, while observing that A0 is
a constant matrix:

Ry(τ) = A0Rq0(τ)AT
0 . (32)

The assumption is made that the excitation of di�erent mode shapes are uncorrelated, with
distinctly di�erent natural frequencies, meaning that Gq0(ω) will only consist of the auto
correlations of the modal coordinates Gq0,ij along the diagonal and Gq0,ij = 0 for i 6= j:

Gq0(τ) =



Gq0,11 0 · · · 0 0 · · · 0

0 Gq0,22
...

...
...

...
. . .

0 · · · Gq0,MM

0 · · · 0
...

. . .
0 · · · 0


(33)
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Taking the Fourier transform of Equation 32:

Gy(ω) = A0Gq0(ω)AT
0 , (34)

where Gq0(ω) is expected to be an N × N diagonal matrix with only the �rst M diagonal
entries non-zero, which are the auto spectral densities of the modal coordinates. If a struc-
ture is receiving white noise excitation, which contains a full spectra of angular frequencies,
then the structure will have high auto spectral densities of the modal coordinates for its
natural frequencies ωn, indicating the vibration of mode shapes. A decomposition of Gy(ω)
to compute Gq0(ω) is described in Section 2.5.

2.5 Singular Value Decomposition

The singular value decomposition (SVD) of a general real matrix C is written as:

C = USVT (35)

where U and V are unitary matrices holding the singular vectors and S is the corresponding
singular matrix, which is a diagonal matrix. The singular values are arranged on the diagonal
in S. If there are more rows than columns in C it corresponds to an overdetermined problem.
For more details on SVD see for example [5]. SVD have the important property that the
number of non-zero diagonal elements in S are minimized.

To acquire the the auto spectral densities in Gq0(ω) an SVD of the left side of Equation 34,
the SD matrix Gy(ω), is computed:

Gy(ω) = Uy(ω)Sy(ω)Vy(ω)T, (36)

noticing that the singular values Si(ω) in Sy(ω) are arranged in the same manner as the
auto correlations of the modal coordinates Gqo,ii in Gq0(τ) sharing the property that M is
minimized:

Sy(ω) =


S1(ω)

S2(ω)
. . .

SN (ω)

 , S1 ≥ S2 ≥ · · · ≥ SN ≥ 0. (37)

V(ω) = U(ω) since Gy(ω) is a Hermitian positive de�nite matrix. The columns of V(ω) are
orthogonal, which is also the property of A0. Combining the right side Equation 34 and the
left side of Equation 36:

A0Gq0(ω)AT
0 = Uy(ω)Sy(ω)Vy(ω)T. (38)

The singular values are computed for all discrete frequency points in the estimated SD matrix.
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The rank of a matrix is one thing that will be displayed in the singular values of a SD
matrix. For an OMA measurement the rank of the SD matrix will either indicate how many
independent excitation inputs that the measurement contains, if the number of independent
excitation inputs are more than the number of modes then the rank will indicate the number
of modes M above the noise �oor. This is shown in how many singular values that are above
the noise �oor. The noise �oor is related to the sensitivity of the accelerometers used when
collecting the data.

For the example in Figure 8, the noise �oor is at -40 dB relative to 1 m/s2 for a frequency
over 100 Hz. Here the the singular values S(ω) of an estimated SD matrix with 24 DOFs
are plotted. The sensitivity is lower for lower frequency. Here One can see that there are
approximately 5 singular values 10 dB relative to 1 m/s2 above the noise �oor, indicating
that there are 5 independent excitation inputs or 5 modes. One can also see the low pass
�lter at 200 Hz.

In OMA it is preferable to have as many independent excitation inputs as DOFs for the
system. In this thesis, SVD-analysis of the kind that is shown in Figure 8 is only used for
estimating the number of experimentally available modes. The number of modes are used
as input for further analysis. A visual inspection of the SVD-plot give insight of at what
frequencies the natural frequencies are, as these show up as peaks in the plot, for example at
150 Hz in Figure 8.

Figure 8: The singular values for the estimated SD matrix from a measurement with 24
DOFs.

2.6 Single Degree of Freedom System and Free Decays

In order to introduce the reader to the assumptions regarding the system in OMA a descrip-
tion of a simpli�ed system with one DOF is given. The SDOF systems assumed in OMA for
one DOF consists of a mass m with one direction of motion with a damper with damping
constant c and a spring with a spring constant k attached to it. A Force Fx is acting in the
direction of the position coordinate y. See Figure 9.
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Figure 9: SDOF system description.

Newtons law of linear momentum yields the SDOF equation:

mÿ + cẏ + ky = Fx, (39)

where in vibration analysis Fx is often referred to as the input signal x(t) and the position y
is the output signal y(t):

mÿ(t) + cẏ(t) + ky(t) = x(t). (40)

The solutions to Equation 40 for x(t) = 0 represents the free decays of the system. Substi-
tuting y(t) = Ceλt and solving the characteristic equation:

mλ2 + cλ+ k = 0 (41)

with the solution

λ =
−c± i

√
4mk − c2

2m
(42)

and substituting

ω0 =

√
k

m
, ζ =

c

2
√
mk

(43)

where ω0 is the undamped natural frequency and ζ is the relative damping. The solution to
Equation 41 can then be written as

λ = −ζω0 + iω0

√
1− ζ2 , λ∗ = −ζω0 − iω0

√
1− ζ2 , (44)

where the two solutions are a conjugated pair. The damped natural frequency ωd is denoted:

ωd = ω0

√
1− ζ2 . (45)

Inserting Equation 44 in Equation 45, the poles of the system are written in terms of the
which the undamped natural frequency, the damped natural frequency and the damping
ratio:

λ = −ζω0 + iωd, λ∗ = −ζω0 − iωd. (46)
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The free decay of the system which is the solution to the homogenous part of Equation 40:

y(t) = C1e
λt + C2e

λ∗t, (47)

where the constants C1 and C2 must to be a complex conjugate pair in order for y(t) to be
real:

C1 = C∗2 . (48)

This constant can thus be written as

C1 = Reiφ, C1 = Re−iφ, (49)

where R is the magnitude and φ is the phase. Combining this with Equation 46 and Equation
47 gives

y(t) = Reiφe(−ζω0+iωd)t +Re−iφe(−ζω0−iωd)t. (50)

Which can be written as:

y(t) = Re−ζω0t cos(ωdt+ φ). (51)

The decaying factor of Equation 51, Re−ζω0t, is often called the envelope function as it
envelopes the decay and describes how fast the solution decays.

2.7 Frequency Response Function

The frequency response function (FRF) is the transfer function that transform the input x(t)
to the response output y(t) in the frequency domain. The FRF is obtained from a Fourier
transform of the SDOF equation, Equation 40. Let Y (ω) be the Fourier transform of y(t),
then Y (ω)iω is the Fourier transform of ẏ(t):

(m(iω)2 + ciω + k)︸ ︷︷ ︸
I

Y (ω) = X(ω). (52)

Rewriting part I of Equation 52 using the poles of the system from Equation 42 gives

(m(iω)2 + ciω + k) = m(iω − λ)(iω − λ∗). (53)

Inserting Equation 53 in Equation 52 and rearranging the terms:

Y (ω) =
1

m(iω − λ)(iω − λ∗)
X(ω) (54)

where

H(ω) =
1

m(iω − λ)(iω − λ∗)
, (55)
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is the FRF, giving:

Y (ω) = H(ω)X(ω). (56)

Equation 55 is the common formulation of the SDOF FRF, but since it contains the modal
mass m which is not available when dealing with OMA, the FRF in OMA is not mass scaled:

HOMA(ω) = mH(ω) =
1

(iω − λ)(iω − λ∗)
. (57)

For the multiple degrees of freedom (MDOF) case with multiple inputs and multiple modes,
Y(ω) is a vector, X(ω) is a vector and H(ω) is a matrix. This can be written as

Y(ω) = H(ω)X(ω). (58)

The FRF for OMA is written as, [6]:

H(ω) =

M∑
n=1

anγ
T
n

iω − λn
+

a∗nγ
H
n

iω − λ∗n
, (59)

where γn is the modal participation vector. This vector is explained in Section 2.9. The
operator ( )H is the so-called Hermitian transpose or conjugate transpose and it is used for
matrices that contains complex values. The operator calculates the transpose of the matrix
and then calculates the complex conjugate of each position. To see how Equation 59 and 57
are related, the right-side of Equation 57 can be partial fractioned and written as two single
poles, then its on the same form as 59.

2.8 Modal Identi�cation Methods

In this section some of the more well known MIMs are presented. A MIM computes the the
mode shapes an and the corresponding poles λn, that is their natural frequiencis. The MIMs
are divided into two main categories: time domain methods and frequency domain methods.
One of each category is used for evaluating the experiment in this work. In the time domain,
free decays are approximated as correlation functions. The main drawback with the time
domain methods is that at each time instant all modes contribute to the free decay. The
frequency domain methods assumes that modes are dominating in the frequency band close
to their natural frequency. This makes it relatively easy to perform modal decomposition in
the related frequency bands, [4]. Figure 10 is a graph of some of the more common frequency
domain MIMs and their interrelation.
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Figure 10: The frequency domain MIMs are �rst categorised in non parametric and para-
metric MIMs. The parametric MIMs uses optimization algorithms to �t a parametric model
to the data.

The frequency domain decomposition (FDD) method is based on the SVD of the SD matrix.
The method only estimates the mode shapes, not the natural frequencies or the relative
damping. The method assumes that each mode dominates in its respective frequency band.
The FDD method is described in Sections 2.4 and 2.5. The interpretation of Equation 38
is made that the columns [u1(ω),u2(ω), . . .uN (ω)] in Uy(ω) are equal to the mode shape
vectors an in A0 and that the singular values in Sy(ω) are the auto spectral densities of the
modal coordinates in Gq0(ω). The modes are chosen by the user, based on the singular plot
of the spectral densities, see Figure 8. Here the user chooses the frequencies that corresponds
to peaks in the plot, it can somtimes be quite di�cult to identify the peaks. A more detailed
description of FDD can be found in [7].

The maximum likelihood estimator (MLE) method is based on the minimization of a non-
linear overdetermined equation system based on the SD matrix. The method needs to be
solved by iterative methods. The MLE method is not very robust as it su�ers from conver-
gence issues and is very sensitive for initial value guess. [8]

The least squares complex frequency (LSCF) estimator is a method that was initially devel-
oped to give good initial values to the MLE method, but it has been shown to give good
estimates for the parameters [9] at a lower computational cost and better convergence be-
haviour than MLE, so it has become more widely used than MLE. A drawback with the
LSCF method is that it had problems identifying closely spaced modes. The LSCF have
been further developed to counter this drawback with a poly-reference least squares complex
frequency (p-LSCF or PolyMAX, which is a trademark owned by LMS International [10])
estimator. A full description of the PolyMAX method used for OMA can be found in [6].
The non-linear overdetermined equation system used for MLE, LSCF and PolyMAX, are
described in Equation 60 to 63. Following Reference [6], The response SD matrix Gy(ω) is
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written as

Gy(ω) = H(ω)GxH(ω)H, (60)

where H(ω) is the transfer function for the system that was established in section 2.6. White
noise excitation is assumed, which has a constant power spectrum. This implies that the
input spectrum Gx is independent of ω. The modal decomposition of Gy(ω) can be found
by inserting Equation 59 in 60:

Gy(ω) =

M∑
n=1

ang
T
n

iω − λn
+

a∗ng
H
n

iω − λ∗n
+

gna
T
n

−iω − λn
+

g∗na
H
n

−iω − λ∗n
, (61)

where gn are the so-called operational reference factors. They are functions of all modal
parameters of the system and replace the modal participation factors as unknowns of the
system. When only regarding positive time lags, Equation 61 can be restricted to the positive
half spectra:

Ĝy(ω) =

M∑
n=1

ang
T
n

iω − λn
+

a∗ng
H
n

iω − λ∗n
. (62)

Discretizing Equation 62 for the same data points k as Equation 17:

Ĝy(k) =

M∑
n=1

ang
T
n

ik∆ω − λn
+

a∗ng
H
n

ik∆ω − λ∗n
, (63)

where the left-hand-side is known from measured data. This non-linear overdetermined equa-
tion system is to be solved with respect to the unknowns: an, λn and gn. A change of pa-
rameters θ = θ(an, λn, gn;n = 1, . . . ,M) is made, so that the model on the right-hand-side
of Equation 63 can be denoted G̃y(k,θ).

An error matrix function ε(k,θ) is de�ned as

ε(k,θ) = w(k)
(
Ĝy(k)− G̃y(k,θ)

)
, (64)

where w(k) is a weight matrix that is used to reduce the in�uence of noise from frequency
bands with low data quality. PolyMAX estimates θ by solving the minimisation problem:

min
θ

∑
∀k

N∑
i=1

N∑
j=1

εijε
∗
ij . (65)

The parameters in θ are then changed back to an, λn and gn. The natural frequencies fn
and relative damping ζn can be computed from the poles λn by:
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fn =
|λn|
2π

, (66)

ζn = −Re(λn)

|λn|
. (67)

Figure 11 is a graph of some of the more common time domain MIMs.
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Figure 11: Time domain MIMs.

The Ibrahim time domain (ITD) method is one of the oldest methods for modal identi�cation
[11]. It is a random decrement (RD) method [12], where the output signal is approximated
as a combination of decays and mode shapes.

The auto-regressive moving average (ARMA) method is described in [13]. The method never
made it very far due to a high computational cost and convergence issues.

The least squares complex estimator (LSCE) is the time domain counterpart to the LSCF.
A description of the method can be found in the book [2].

The stochastic subspace identi�cation (SSI) methods are widely used methods for system
identi�cation. There are two di�erent approaches to the SSI method, the covariance-driven
and the data-driven method. The covariance-driven stochastic subspace identi�cation (Cov-
SSI) is a parametric method that identi�es a stochastic state-space model from the data.
It is based on the covariance of the data, which for zero mean Gaussian noise is the same
as the correlation, [2]. The data-driven stochastic subspace identi�cation (DD-SSI) is the
more popular among the two, due to the low computational cost of the linear numerical
computations in DD-SSI.

The DD-SSI model is based on Equation 68, which is similar to Equation 40, but for the
MDOF situation, following Reference [14] and [15], using the modal coordinate vector η(t)
instead of the response vector y(t):

Mη̈(t) + C2η̇(t) + Kη(t) = u(t), (68)
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where

η̈ = q(t) =


η̈1(t)
η̈2(t)
...

η̈M (t)

 , η̇(t) =


η̇1(t)
η̇2(t)
...

η̇M (t)

 , η(t) =


η1(t)
η2(t)
...

ηM (t)

 , (69)

M, C2 and K are the mass, damping and sti�ness matrices. The vector u(t) contains the
unknown inputs. The response vector y(t) has the following terms:

y(t) = Laη̈(t) + Lvη̇(t) + Ldη(t) + v(t), (70)

where La, Lv and Ld are matrices describing how the modal functions relate to the accelera-
tions, velocities and displacements. Note that for this thesis, only acceleration is measured,
which give Lv = 0 and Ld = 0. The vector v(t) is related to the measurement noise in the
system. The state-space of the system is de�ned by Equation 71 and 72, [15]:

s(t) =

[
η̇(t)
η(t)

]
, Pc =

[
−M−1C2 −M−1K

I 0

]
, Bc =

[
M−1

0

]
, (71)

where s(t) is the state vector, Pc is the state matrix, Bc is the input matrix and I is an
identity matrix. Equation 68 combined with 71 give the state equation:

ṡ(t) = Pcs(t) + Bcu(t). (72)

The system is discretized by t = k∆t. The assumption is made that both the input u(t) and
the measurement noise v(t) are white noise. This give the discrete state-space representation:

{
s(k + 1) = Ps(k) + w1(k)

y(k) = Cs(k) + w2(k)
(73)

where w1(k) and w2(k) are independent white noise terms. P and C are de�ned as:

P = ePc∆t, (74)

and

C =
[
Lv − LaM

−1C2 Ld − LaM
−1K

]
. (75)

The objective of the modal identi�cation method is to �nd the eigenvalues χn and eigenvectors
φn of P, as these are related to the eigenvalues of the system µn, the natural frequencies fn,
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the relative damping ζn and the mode shapes an as:

µn =
ln(χn)

∆t
, fn =

|µn|
2π

, ζn =
−Re(µn)

|µn|
, an = Cφn. (76)

P is calculated from the output by the use of a number of mathematical theorems. These are
beyond the scope of this report and can be found in [16]. Only the algorithm for how P and
C are computed is given in this report. The �rst step of the DD-SSI method is to compute
the block Hankel matrix H from the output signals y(k), where k is the discrete time point
with a total of np number of time points. The blocks are arranged in 2s number of block
rows:

H =



y(1) y(2) . . . y(np− 2s+ 1)
y(2) y(3) . . . y(np− 2s+ 2)
...

...
...

y(s) y(s+ 1) . . . y(np− s)
y(s+ 1) y(s+ 2) . . . y(np− s+ 1)
y(s+ 2) y(s+ 3) . . . y(np− s+ 2)

...
...

...
y(2s) y(2s+ 1) . . . y(np)


=

[
H1

H2

]
. (77)

The block Hankel matrix H is divided in the middle into two sub-matrices, with s number
of block rows each, the so-called past-H1 and the future-H2 matrices. The Hankel matrices
are decomposed by LQ-factorization as:

[
H1

H2

]
=

[
L11 0
L21 L22

] [
Q1

Q2

]
. (78)

A SVD of L21 is done, where the arb indexes denote negligible singular values and vectors:

L21 =
[
Un Uarb

] [Sn 0
0 Sarb

] [
VT
n

VT
arb

]
. (79)

According to the algorithm the following equation system is formed:


C

CP
CP2

...
CPn−1

 = Un

√
S n, (80)

here, C is found from the �rst row of the right-side of the equation. P can thereafter be
solved by least squares, [14]. The modal parameters including the mode shapes can then be
computed from Equation 76.
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2.9 Modal Participation

The MIMs estimate mode shapes and eigenvalues (poles), but we can not know how good this
estimate is, or how large contribution each mode gives to the vibration of the structure. An
estimated correlation function matrix Ry is computed based on the estimated mode shapes,
eigenvalues, and modal participation. This estimated correlation function matrix is compared
with the correlation function computed directly from the response to verify how well they
agree, thereby verifying how well the mode shapes and eigenvalues agree with the response.
The relative participation factors πn can be calculated, these indicate how much in�uence
each mode has on the model. The relative participation factors add up to 100%. Modes
with high percentages have a large in�uence of the model whilst modes with low percentages
might not have a physical meaning and can in many cases be removed from the model. With
the assumption of white noise excitation, it is possible, after complicated calculations, see
[4], to write the CF matrix as:

R̂y(τ) = 2π
M∑
n=1

(
anγ

T
ne
−λnτ + a∗nγ

H
n e
−λ∗nτ

)
, τ ≥ 0. (81)

In this equation, the left-hand-side is known from measurements and everything is known
on the right-hand-side from the MIM except the modal participation vector γn. To simplify
Equation 81, the following quantities are introduced:

a
′
n =

{
an if n ≤M
a∗n−M if n > M

(82)

γ
′
n =

{
γn if n ≤M
γ∗n−M if n > M

(83)

λ
′
n =

{
λn if n ≤M
λ∗n−M if n > M

(84)

This gives:

R̂y(τ) = 2π

2M∑
n=1

a
′
n(γ

′
n)Te−λ

′
nτ . (85)

Rewriting using the symmetry relation R̂y(τ) = R̂y(τ)T:

R̂y(τ) = R̂y(τ)T = 2π

2M∑
n=1

(
a
′
n(γ

′
n)T
)T

e−λ
′
nτ = 2π

2M∑
n=1

γ
′
n(a

′
n)Te−λ

′
nτ . (86)

Equation 86 is discretized for the time lag τ = l∆t as

R̂y(l) = 2π

2M∑
n=1

γ
′
n(a

′
n)Te−λ

′
nl∆t, (87)
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where ∆t is the time step and l∆t is the time shift. This summation can be written on matrix
form:

R̂y(l) = 2πΓµl(A
′
)T, (88)

where

A
′

=
[
a
′
1 a

′
2 . . . a

′
2M

]
, (89)

and

Γ =
[
γ
′
1 γ

′
2 . . . γ

′
2M

]
, (90)

and

µ = diag
(
e−λ

′
1l∆t, e−λ

′
2l∆t, . . . , e−λ

′
2M l∆t

)
. (91)

The matrix Γ contains 4NM unknowns. By ordering the left- and right-hand-side of Equation
88 in Hankel matrices as

H =
[
R̂y(0), R̂y(1), R̂y(2), . . .

]
, (92)

M =
[
µ0A

′T
,µ1A

′T
,µ2A

′T
, . . .

]
, (93)

an over determined equation system can be composed for each time step:

H = 2πΓM, (94)

which is solved with respect to Γ in a least square sense. This can be done by using the
pseudo inverse of M+:

Γ̂ =
1

2π
HM+ (95)

where Γ̂ is the estimated modal participation matrix, whose column vectors are the estimated
modal participation vectors γ̂n, arranged as in Equation 90. The norm of γ̂n ins formulated
as

pn =

√
γ̂H
n γ̂n . (96)

pn estimates how much contribution each mode give to the response and the relative modal
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participation is de�ned as

πn =
p2
n

2M∑
i=1

p2
i

, 0 ≤ πn ≤ 1. (97)

The estimated modal participation matrix Γ̂ is used in Equation 88 to synthesise the CF
matrix for comparison to the CF matrix based on the response:

R̂y(k) = 2πΓ̂µk(A
′
)T. (98)

An example of a comparison between a synthesised correlation function and a correlation
function based on the response is shown in Figure 12. The comparison shows a good �t for
the synthesised correlation function.
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Figure 12: An example of a comparison between a synthesised correlation function and a
correlation function based on the response.

A Fourier transform of the estimated correlation function matrix can be computed to get
the corresponding spectral density estimate Ĝy(k) in the frequency domain. For a detailed
description, see [4].

2.10 Modal Assurance Criterion

The modal assurance criterion (MAC) is a criterion that displays similarities between mode
shapes. When comparing the the mode shapes estimated by one modal model, it is called
AMAC, where the comparison is displayed in an AMAC table. The AMAC table is symmetric
with MAC values of 1 along the diagonal, as those positions represents how similar each mode
shape is to itself. The more interesting positions to look at in an AMAC table are the positions
next to the diagonal as these positions give insight in how similar mode shapes are that are
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close in frequency. If two modes are close in frequency and also have a high MAC value they
are likely to represent the same mode. The MAC value is de�ned as

MAC(a,b) =
|aHb|2

(aHa)(bHb)
, (99)

where a, b are two di�erent mode shape vectors. The MAC value is essentially the generalized
angle between the two vectors, with a value of 1 representing two parallel vectors. The values
of the AMACi,j table for the mode shapes an are found by:

AMACi,j(an) =
|aT
i aj |2

(aT
i ai)(aT

j aj)
, (100)

where i = 1, 2, . . . ,M and j = 1, 2, . . . ,M . See Figure 13 for an example of an AMAC table.
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Figure 13: This is an example of an AMAC table with four mode shapes that are being
compared. Notice the high MAC value for the comparison between the modes 3 and 4.

2.11 Mode Shape Scaling Methods

One of the main disadvantages when using OMA instead of EMA is that the mode shapes
are not mass scaled. The FRF is therefore also not mass scaled as explained in Section 2.7.
Consequently an additional method or analysis is needed to estimate the modal masses when
performing OMA. The three mode shape scaling methods that have been studied in this
thesis are:

• Mass change method

• FEM mass matrix method

• Harmonic scaling

The main concept of the mass change method is to perform two OMA experiments. Here
the �rst one is performed on the original structure, then the experiment is repeated with
masses added to the structure. The change of modal estimates is then used to back-calculate
the modal masses. In [17], two mass change methods have been compared and shown to
give good accuracy. The physical di�culty of attaching a mass to the power pack that is
heavy enough to have an e�ect on the sti� structure makes it less suitable for this kind of
experiment.
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If a detailed FEM model is available of the structure that is being analysed, then the FEM
mass matrix method can be used. This method either reduces the FEM model's mass matrix
to the DOFs of the experimental structure or expands the amount of DOFs of the experimental
structure to �t the FEM model's mass matrix. In [18] it is argued that the FEM mass matrix
method is a better option than the mass change method, as it can yield similar accuracy with
the bene�t of not demanding an additional experiment.

Harmonic scaling is a relativly new method proposed in [19]. The method makes use of the
a priori knowledge from previous OMA experiments of the structure under investigation to
establish a new experiment where a shaker excites the structure with a harmonic force when
the machine is turned o�. The structure is excited at its resonance frequencies for each mode
of interest, one at a time. The shaker is placed in such way that it excites the DOF that
has the greatest amplitude for each mode. The response is measured in the excitation DOF
and then projected with the eigenvector an on the other DOFs. This method therefore takes
advantage of the dynamics of the structure in such way that only a small force amplitude is
needed to excite the structure. In Figure 14 one can see an example of a hinged beam and its
three �rst mode shapes. The beam is divided into nine nodes/DOFs. For this example, the
excitation for harmonic scaling should be applied in node 5 at the natural frequency f1 for
the �rst mode shape, in node 3 or 7 at the natural frequency f2 for the second mode shape
and in node 5 at the natural frequency f3 for the third mode shape.

Figure 14: Hinged beam with nine nodes and the �rst, second and third mode shape in
descending order.

2.12 Rotating Machinery and Harmonic Order

Rotational machinery such as a combustion engine have the engine speed measured as the
rotational speed of the engine's crankshaft. This rotational speed represents the engine's
�rst harmonic order, the higher and lower harmonic orders are represented by the harmonics
under- and overtones. These harmonic orders are often referred to only as orders.

When dealing with a four-stroke, six-cylinder engine, such as the one investigated in this
thesis, the ignition on every second rotation of each cylinder results in three engine ignitions
every revolution. These three ignitions per revolution increase the third order excitation. For
example if the engine is running at a constant engine speed of 25 Hz (1500 rpm) the system
will exhibit a strong third order excitation at 75 Hz. This needs to be taken into account by
the engineer designing the construction.
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2.13 Excitation Methods

When performing an experiment for OMA there might be di�erent operational excitation
methods to choose from. The classical civil structure approach is to perform the experiment
during operation, when, for example, a bridge is receiving excitation from cars driving over
it. When measuring on a smaller mechanical structure there are more alternatives that
can be considered. For this thesis three excitation methods are investigated: engine sweep,
rain on the roof (ROF) and driving. These where chosen based on the availability of data
from previous experiments carried out at Atlas Copco. These experiments where performed
on similar machines with similar settings. Five nodes from �ve independent accelerometer
signals are used from each experiment to do the comparison.

The main concern regarding the excitation is that it should be approximately stochastic with
as many independent excitation sources as possible, preferably more sources than DOFs.

The accelerometer signals from the three di�erent excitation methods are output measure-
ments only. The output is measured because the input excitation is not to be measured
when performing OMA, this being its main bene�t. Therefore the data can not be directly
interpreted as the excitation. The excitation needs to be backtracked from the data collecting
process, see Figure 15.

Figure 15: The data collection process.

Both the structural system and the measurement will add and remove components from
the excitation. The system will, of course, add modal characteristics to the data and the
measurement procedure may add noise, aliasing and other phenomena. These contributions
need to be taken into account when analysing the data.

2.13.1 Rain on the Roof

ROF is a type of excitation used in civil engineering [20]. It is highly stochastic both in
time and space. A big drawback with this kind of excitation is that it is di�cult to get
enough energy from it to excite modes with high modal mass. A previous experiment was
conducted at Atlas Copco where an operator tried to randomly hammer on a structure in
order to mimic ROF excitation. The in operation part is lost with this kind of excitation as
the engine is not running while the hammering is done. Therefore the change of structural
behaviour is not captured with this kind of excitation. The probability density function and
autocorrelation for one DOF of the experiment are displayed in Figure 16. Notice that the
distribution looks to have a very transient behaviour as well as a very high kurtosis of 72.6, as
is seen in the sharp peak-like distribution. The autocorrelation appears to have a stochastic
behaviour with low correlation for all time lags expect zero time lag.
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Figure 16: The probability density distribution and autocorrelation for the ROF experi-
ment in node 1, x-direction. The line in the probability distribution histogram represents the
minimum least square �t of the Gaussian distribution to that data set.

The kurtosis for the 15 DOFs in the ROF experiment are shown in Table 1. The mean
kurtosis is equal to 295.2. The high kurtosis values indicates that the distribution comes
from a transient signal. This is not a desirable behaviour when used for OMA.

Table 1: The kurtosis values for the ROF experiment.

Direction/Node 1 2 3 4 5
x 72.6 76.3 279.0 350.4 70.8
y 102.3 66.0 894.1 1913.2 136.6
z 11.9 16.9 65.4 296.9 76.4

The amount of independent excitation sources for the ROF experiment over the 0-200 Hz
range of interest can be seen in the singular values for the SD in Figure 17. There are
approximately 3 independent sources exciting the structure or alternatively only 3 relevant
modes, that are 10 dB over the noise �oor at approximately -30 dB. There is a lot of noise
starting at 30 Hz. This might be a result of the energy from each hammer stroke dissipating
too quickly.
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Figure 17: The singular values for the estimated SD matrix for the 15 DOFs of the ROF
experiment.

2.13.2 Driving

When performing excitation by driving the machine forward, the engine speed is kept ap-
proximately constant. This type of excitation contains harmonic components from the engine
excitation. This can be a problem when dealing with modal identi�cation as these harmonic
orders can be perceived as structural modes, but there are methods to deal with this kind of
problem [21].

The probability density function and autocorrelation for one DOF of the driving experiment
are displayed in Figure 18. Here the structure have been driven with an engine speed of
approximately 1500 rpm. The distribution is very close to a Gaussian distribution. The
autocorrelation appears to contain a harmonic component, which is the excitation from the
engine at a constant engine speed.

Figure 18: The probability density distribution and autocorrelation for the driving experi-
ment in node 1, x-direction. The line in the probability distribution histogram represents the
minimum least square �t of the Gaussian distribution to that data set.
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The kurtosis values for the 15 DOFs in the driving experiment are shown in Table 2. The
mean kurtosis is equal to 3.6, which is very close to 3 which is the kurtosis of a Gaussian
distribution. This indicates that the distribution is useful for OMA.

Table 2: The kurtosis values for the driving experiment.

Direction/Node 1 2 3 4 5
x 4.3 3.4 3.5 3.4 3.5
y 3.6 3.6 3.7 3.8 4.1
z 3.3 3.3 3.3 3.3 3.3

The number of independent excitation sources for the driving experiment over the 0-200 Hz
range of interest can be seen in the singular values for the SD in Figure 19. The engine
speed of 1500 rpm shows up as peaks at 25 Hz and 75 Hz for order 1 and 3. These peaks
do not dominate the spectrums, the information from the structural vibration should still be
available. One can notice the high degree of excitation in the 0-5 Hz region which is likely due
to vibrations from the road surface. Four of the 15 singular values are at least 10 dB above
the noise �oor at approximately -30 dB, indicating that only four independent excitations
were present during the experiment.

0 20 40 60 80 100 120 140 160 180 200

Frequency [Hz]

-60

-40

-20

0

20

40

dB
 r

el
. t

o 
un

it

Singular values of spectral matrix

Figure 19: The singular values for the estimated SD matrix for the 15 DOFs of the driving
experiment.

2.13.3 Engine Sweep

When performing an engine sweep on a machine the engine speed starts low and ramps up
linearly. Preferably, the sweep starts as low as the engine can run and ramps up to as high
as the engine can run. This type of excitation has the bene�t of sweeping over the frequency
range of operation ensuring excitation for the whole frequency band of interest. A drawback
of this method is the increase of time data that is needed to ensure that the ramping is slow
enough to capture the behaviour at all frequency instances for the full range. Behaviour
which is a function of engine speed can also be captured with this kind of method. A study
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using engine sweep to �nd the modal parameters on a car body for frequencies under 85 Hz
was conducted with good results in [22].

The probability density function and autocorrelation for one DOF of the sweep experiment
are displayed in Figure 20. The distribution is close to a Gaussian distribution. The auto-
correlation looks to have a somewhat transient behaviour, due too a pointier peak. Overall
the distribution and the autocorrelation have characteristics that are useful for OMA.

Figure 20: The probability density distribution and autocorrelation for the sweep experi-
ment in node 1, x-direction. The line in the probability distribution histogram represents the
minimum least square �t of the Gaussian distribution to that data set.

The kurtosis values for the 15 DOFs in the sweep experiment are shown in Table 3. The mean
kurtosis is equal to 6.2, which is a bit higher than the kurtosis for the driving experiment.
This is because of the more transient behaviour of the sweep.

Table 3: The kurtosis values for the sweep experiment.

Direction/Node 1 2 3 4 5
x 5.3 5.6 5.2 5.9 5.7
y 7.3 6.2 6.8 6.5 6.8
z 6.2 6.2 7.4 6.0 5.4

When performing a sweep as excitation method, it can be of interest to know which orders
excite in which frequency ranges, to see if the experiment had su�cient excitation for the
frequency range of interest. The engine speed during the experiment was swept from 840 to
2000 rpm, which is 14.0 Hz to 33.3 Hz for the �rst order. The orders are shown in Figure
21, where an increasing amount of order excitation range overlap for increasing order number
can be seen. This increasing amount of excitation can also be seen in the singular value
plot for the SD, see Figure 22. The singular values for frequencies below 8 Hz indicate that
this method of excitation introduce very low amounts of excitation below order 0.5. From
8 Hz upwards there is an increasing amount of separation from the noise �oor, which is
at approximately -38 dB. This indicates that there are almost as many DOFs as there are
independent inputs. This is a useful characteristic for OMA.
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Figure 21: The plot displays the the excitation range for the engine sweep from 840 to 2000
rpm for di�erent orders over the excitation range 0-200 Hz. The dark bars represents what
are usually the orders that will give the strongest excitation for a six cylinder four stroke
combustion engine, that is order 1, 3, 6 etc.
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Figure 22: Singular values for the estimated SD matrix for the 15 DOFs of the sweep
experiment.

2.14 Experimental Procedures

Two di�erent experimental procedures, called experimental procedure 1 and experimental
procedure 2 were chosen to be used for the experimental evaluation, see Figure 23.
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Experimental Procedure 1

Sweep

DD-SSI

Harmonic scaling

Experimental Procedure 2

Sweep

PolyMAX

Harmonic scaling

Figure 23: The two experimental procedures that are used for the experiment.

The excitation method for both experimental procedures were the sweep method. This
method was chosen based on: the practical simplicity to perform it; the probability distri-
butions; the kurtosis values; the singular values for the SD matrix; no need for harmonic
removal; the ability to visualize non-linear dynamic behaviour. A drawback with this exci-
tation method is the low level of excitation below the �rst order.

For modal identi�cation two di�erent methods, DD-SSI and PolyMAX were chosen: one time
domain and one frequency method. DD-SSI was chosen based on its wide use in the noise
and vibration community. In the previously mentioned article [22], where sweep was used as
excitation method, SSI was used for modal identi�cation.

PolyMAX was chosen based on its wide use, as well as the fact that Atlas Copco uses the
LMS software. The LMS software has the bene�t of order based PolyMAX analysis. This
analysis extracts order data and uses that data to estimate the modal parameters.

The harmonic scaling method was chosen as mode shape scaling method for both experimental
procedures. The decision was based on the practical simplicity in using it and its presently
unexplored capabilities, it being a relatively new method. The FEM mass matrix method
was never an option as Atlas Copco seeks a method that does not need a detailed FEM
model of the power pack. The mass change method is not believed to be as practical as the
harmonic scaling method and was therefore not chosen.
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3 Experiment

The experiment was conducted on the power pack of an Atlas Copco T40 surface drilling
rig, see Figure 1. The drive shaft of the power pack is mounted orthogonally to the driving
direction and the coordinate system has been chosen so that the x-coordinate is in the longi-
tudinal direction of the power pack and the y-coordinate in the driving direction, see Figure
24.

Figure 24: Schematic drawing of the Atlas Copco SmartROC T40 drill rig with the position
and orientation the power pack. The three main components of the power pack are mounted
in the following order in the x-direction: compressor, engine, pump.

For the data acquisition the following measurement setup were used:

• LMS Scadas 64 channel + LMS Scadas 64 data acquisition system. Used for the
measurement output acquisition.

• 21 Triaxial accelerometers, PCB Piezotronics, Inc. Used for measuring the output.

• 4-conductor cables for accelerometers.

• LMS Test.Lab 15A, Signature Acquisition Workbook. The software used for the mea-
surement output acquisition.

• Computer with LMS Test.Lab 15A software.

• Magnetic pick-up, tachometer, ROTEC sensor type B. For measuring the rotational
speed of the engine.

• LMS QSOURCES Thumper shaker 0-30 N. Used for the harmonic scaling experiment.

The engine speed was measured with the tachometer mounted on the compressor, measuring
the rotational speed on a 126 gear wheel. The 21 triaxial accelerometers were mounted along
the power pack as evenly distributed as the environment of the power pack allowed, resulting
in 63 DOFs and 63 output signals in the response vector y(t). A string model for the nodes
on the power pack can be seen in Figure 25.
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Figure 25: Node 1 to 4 are placed on the compressor, node 5 is the left rear engine mount,
node 6 to 15 are placed on the engine, node 16 and 17 are placed on the front engine mount
and node 18 to 21 are placed on the hydraulic pump. Each node have three DOFs, resulting
in in 63 DOFs for the whole model.

The experiment was composed of a 20 min engine sweep from the lowest to the highest
capacity of the engine, 800-2150 rpm, see Figure 26, with a measurement sampling frequency
of 2560 Hz, to ensure good resolution for the 0-200 Hz frequency band. The experiment was
given 5 working days to be performed on a Atlas Copco T40 drill rig in order not to interrupt
production. The following schedule was used:

• Day 1: Rigging of measurement system

• Day 2: Engine sweep measurements

• Day 3: Modal identi�cation analysis

• Day 4: Harmonic scaling measurements

• Day 5: Modal impact hammer measurements and demounting the experimental setup

Figure 26: The tachometer signal from the experiment. Data from the initial part with
constant rotational speed was removed before processing.

To be able to perform the harmonic scaling experiment, the placement and frequency of
the shaker need to be decided before the harmonic scaling experiment. Due to the short
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experimental procedure time, a modal identi�cation analysis had to be performed in one day,
to �nd the natural frequencies and the nodes with the largest amplitude for each mode shape.
The frequency was swept over the natural frequency of the modes, with the frequency for
when the accelerometers had the highest amplitude being used for the scaling. A photograph
of the experimental setup is seen in Figure 27 and a photo of the mounting of the shaker is
seen in Figure 28.

Figure 27: This photo is taken in the y-direction looking into the power pack compartment.
The measurement equipment is in place. The middle (yellow) part is the engine, the com-
pressor and pump cannot be seen from this view. This photo displays the di�culties regarding
space when performing modal measurements on the power pack.

Figure 28: The shaker mounted to excite the power pack for the harmonic scaling.
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4 Results

This section gives results from the processed measurements from the experiment. Due to
the large number of DOFs, some of the results will only be displayed for DOFs with large
amplitudes, mainly the y- and z-directions of node 21. The modal identi�cation results
from the PolyMAX and the DD-SSI method are displayed and compared. The modal mass
estimation was performed using the modes found by the PolyMAX method. The modal
masses estimated by the impact hammer experiment are compared to those estimated by the
harmonic scaling experiment. The excitation range for the experiment is shown in Figure 29.

Figure 29: The plot displays the the excitation range for the engine sweep from 800 to 2150
rpm for the di�erent orders which have an excitation range within 0 - 200 Hz. Note that there
is no overlap between the �rst and third order.

The singular values of the SD matrix from the experiment is shown in Figure 30. There is a
decrease of excitation between the �rst and third order due to the lack of overlap, this can be
seen as a large notch for the singular values between 36 to 40 Hz. The number of independent
sources of excitation is increasing with rotational speed, as there are more singular values
above the noise �oor, which is at approximately -35 dB.
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Figure 30: Singular values of the estimated SD matrix for the 63 DOFs in the experiment.
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The spectrum of the acceleration ξ̈i(f,Ω), where f is the rotational speed of the engine,
for the 200 Hz range, for node 21 in the y- and z-direction is plotted in Figure 31 and 32.
The di�erent orders can be seen as orderlines along the diagonal of the spectrum, as well
as indications of natural frequencies of the structure at approximately 10, 30, 52, 100, 130,
155 and 200 Hz. There is an indication of a non-linear natural frequency which decreases
with increased rotational speed between 20 to 30 Hz, see A in Figure 31. This non-linear
phenomena is belived to come from the amplitude dependence of the rubber dampers that
the power pack is mounted on [23]. In Figure 39 in Appendix A the increase of amplitude
with respect to engine speed for the engine mount in node 17 z-direction is shown. The black
arrows in the �gures points at the orderlines.

Figure 31: The spectrum of the acceleration for the 200 Hz range, for node 21, y-direction.
The numbered arrows on top of the �gure points at the orderlines in the spectrum.
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Figure 32: The spectrum of the acceleration for the 200 Hz range, node 21, z-direction. The
numbered arrows on top of the �gure points at the orderlines in the spectrum.

4.1 PolyMAX

Ten modes where estimated by the PolyMAX method. This was done with the order
based PolyMAX, meaning that modal estimates where calculated from the response func-
tion ξ̈i(f,Ωp(f)), where the orderlines Ωp(f) are extracted from the acceleration spectrums
for all outputs. For example, orderline 1 is extracted from all the 63 acceleration spectrums
and then used as input data to PolyMAX and used for estimating modes in the order 1 fre-
quency range. A plot of mode shape 2, estimated by the PolyMAX method is seen in Figure
33, the remaining nine mode shapes can be found in Appendix A, where the mode shapes
are plotted at 60 degrees phase steps. Mode 2 is the mode with amplitude dependence, see
A in Figure 31, the mode shape is plotted in Figure 33, here it can be seen that the mode
shape have a lot of movement near the dampers, see position 5, 16 and 17 in Figure 25. The
overall shape of the mode shape is rather complex, as compared to a beam in Figure 14.
The natural frequency for mode 2 is estimated at 26.15 Hz for order 1, this is the frequency
where orderline 1 crosses the natural frequency of mode 2, see A in Figure 31. As the natural
frequency is varying with rotational speed, the mode can be estimated at di�erent natural
frequencies for di�erent orderlines.
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Figure 33: Mode shape 2 for PolyMAX at 26.15 Hz. The mode shape is plotted at 60 degrees
phase steps, starting at 0 degrees in the top left corner.

The modal parameters estimated by the PolyMAX method i.e. the natural frequency fn,
relative damping ζn and relative modal participation πn for the ten modes are displayed in
Table 4. All the natural frequencies are spread with a reasonable frequency interval. The
relative damping is in the higher range for this kind of sti� structure, which is believed to
be an e�ect of that the mode shapes have movement that is damped by the dampers. The
relative modal participation factors are at a reasonable level for all modes expect 1 and 3.
For mode 1, this is believed to be related to the low level of excitation in that range. For
mode 3, this is believed to be related to the mode shape, which has a very local movement at
the pump, with the rest of the power pack being still, and therefore not participating much
comparatively to the overall dynamic behaviour of the power pack for that mode shape, see
Figure 41.

Table 4: The PolyMAX modal parameter estimates: natural frequency fn, relative damping
ζn and relative modal participation πn for the ten modes and the order the modal parameter
was estimated from.

Mode Mode Mode Mode Mode Mode Mode Mode Mode Mode
1 2 3 4 5 6 7 8 9 10

Order 0.5 1 1 3 3 6 6 5.5 6 6
fn [Hz] 11.12 26.15 30.12 52.97 100.04 125.22 140.11 156.33 180.15 196.27
ζn [%] 2.31 3.79 1.85 3.05 4.25 2.55 3.19 2.01 1.81 1.74
πn [%] 0.01 0.44 0.02 10.02 10.12 15.32 35.80 1.79 17.94 8.55

The AMAC values for the ten modes estimated by the PolyMax method are displayed in Fig-
ure 34. The AMAC values for the comparison between mode shapes are very low, indicating
that all mode shapes are unique.
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Figure 34: AMAC for the ten modes estimated by the PolyMAX method. The values displays
that the mode shapes are unique compared to each other.

The �t of the synthesised correlation function estimate for the PolyMAX model is displayed
for node 21 in the y- and z-direction in Figure 35. The synthesised correlation �t is reasonable,
as the model reproduce similar �uctuations as in the 0-200 Hz frequency range of interest.
It can be seen that the �t have lower correlation amplitude than the correlation function,
indicating that the relative damping is a bit to high. The shapes are similar, indicating that
the natural frequencies are correct.
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Figure 35: The synthesised �t of the correlation functions for node 21 in the y- and z-
direction.

All in all, the PolyMAX results indicate that reasonable modal parameter estimates have
been obtained.

4.2 DD-SSI

A large model of 60 modes and 100 blocks in the Hankel matrix was needed to get a model
that estimated modes under the excitation frequency of the third order (40 Hz). This over-
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estimation of the number of modes for the model was manually reduced to eight modes in a
�nal model based on the relative modal participation factors and AMAC values. The initial
model of 60 modes estimated 58 stable modes, see Table 8 in Appendix B. The elimination
was performed in two steps. The �rst elimination removed all modes with a relative modal
participation below 0.35%, but keeping the �rst mode at 25.98 Hz, see Table 9 in Appendix
B. The second elimination was performed based on the AMAC values, removing modes with
AMAC values higher than 0.7, in order to eliminate modes with similar mode shapes, See
Figure 49 in Appendix A. The �nal model is shown in Table 5 with the modal parameters:
natural frequency fn, relative damping ζn and relative modal participation πn for the initial
and �nal models. Compared to the PolyMAX method, the DD-SSI method did not manage
to estimate modes below the �rst order. It did estimate the amplitude dependent mode
at 25.98 Hz, but the relative modal participation factor for that mode is so low that if no
analysis of the acceleration spectra had been done the mode had been eliminated from the
model. The �nal relative modal participation is focused around mode 4 and 5, which suggest
that the model is in�uenced mostly by those modes. The relative damping is in a similar
range to the relative damping estimated by PolyMAX.

Table 5: The modal parameter estimates: natural frequency fn and relative damping ζn for
the reduced model with the eight estimated modes and relative modal participation πn for both
the initial and �nal model.

Mode Mode Mode Mode Mode Mode Mode Mode
Initial no. 2 9 22 27 30 35 41 56
Final no. 1 2 3 4 5 6 7 8
fn [Hz] 25.98 53.04 103.23 116.38 124.92 140.16 159.25 198.68
ζn [%] 4.51 2.86 2.90 3.74 2.07 2.25 3.85 1.26
Initial πn [%] 0.0003 3.50 2.06 17.72 33.22 5.45 0.83 0.40
Final πn [%] 0.001 4.50 2.37 44.88 32.60 9.18 5.33 1.14

The Final AMAC values are seen in Figure 36. There are clearly dependent mode shapes in
the �nal selection.
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Figure 36: The AMAC values for the �nal eight modes estimated by the DD-SSI method.

The �t of the synthesised correlation function estimate for the DD-SSI model is displayed
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for node 21 in the y- and z-direction in Figure 37. The �t have larger correlation amplitudes
than the correlation functions, indicating that the damping is too low for some of the modes.
The overall �t is not as good as for the PolyMAX method.
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Figure 37: The synthesised �t of the correlation functions for node 21 in the y- and z-
direction.

All in all, the results from the DD-SSI method are questionable, with relative modal par-
ticipation being very small for certain modes, dependent mode shapes and a relatively poor
correlation �t.
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4.3 PolyMAX and DD-SSI Comparison

A comparison between the modal parameter estimates by the two MIMs is shown in Table 6.

Table 6: The table displays the di�erence between the natural frequencies estimated by Poly-
MAX fnp and DD-SSI fns and the corresponding damping ζnp and ζns.

PolyMAX DD-SSI Di�

Mode fnp [Hz] ζnp [%] Mode fns [Hz] ζns[%]
|fnp − fns|

0.01fnp
[%]

|ζnp − ζns|
0.01ζnp

[%]

1 11.12 2.31
2 26.15 3.79 1 25.98 4.51 0.63 19.09
3 30.12 1.85
4 52.97 3.05 2 53.04 2.86 0.13 6.35
5 100.04 4.25 3 103.23 2.90 3.19 31.88

4 116.38 3.74
6 125.22 2.55 5 124.92 2.07 0.24 18.95
7 140.11 3.19 6 140.16 2.25 0.03 29.60
8 156.33 2.01 7 159.25 3.85 1.86 91.60
9 180.15 1.81
10 196.27 1.74 8 198.68 1.26 1.23 28.01

PolyMAX identi�es a mode at 113.02 Hz which is close to the DD-SSI mode 4 at 116.38 Hz.
The PolyMAX AMAC value between Mode 6 and the mode at 113.02 for PolyMAX is 0.701
and is therefore not included in the PolyMAX model. The di�erence in relative damping is
reasonable for all modes except the PolyMAX mode 8 and DD-SSI mode 7, where there is a
large di�erence.

4.4 Modal Mass

As mentioned in Section 3 the modal masses were estimated using the harmonic scaling
method, using the mode shapes estimated by the PolyMAX method. The results from the
experiment shows that only four of the ten modes where excited with enough force to generate
reliable estimates of the modal masses for the 10 modes. The signal from the accelerome-
ter used in the direction of the harmonic force from the shaker contained only noise for the
other scaling experiments. The 4 modal masses estimated from the experiment were exited
at di�erent locations at the pump, as these nodes had the largest amplitudes for the corre-
sponding mode shapes, see Figure 41-44 in Appendix A for mode shapes 3-6. The modal
mass estimate at mode 6 should be regarded to be very approximate, due to a noisy signal.
The impact hammer experiment only manages to generate results in the z-direction for mode
1, 2, 3, 6, 8, 9 and 10. This was due to concealment of the pump which made it di�cult to
strike the pump in the y-direction. The results from the shaker and impact measurements
are shown in Table 7. The impact hammer experiment estimates the amplitude dependent
mode 2 at a lower frequency than the PolyMAX method, those two are regarded as di�erent
modes as the natural frequency of the amplitude dependent mode 2 approximately coincide
with the natural frequency of mode 3 around 30 Hz for 800 rpm, see Figure 32. Mode 3 has
estimates form both the impact hammer and shaker experiment, they are reasonable similar.
The modal mass estimates were acquired whit the engine turned o�, and does not take the
operational e�ects on the modal mass into account.
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Table 7: The di�erent modal mass mn estimates at their natural frequency.

Mode Mode Mode Mode Mode Mode Mode Mode Mode Mode
1 2 3 4 5 6 7 8 9 10

Node 19 19 21 20 19 19 - 21 19 19
Direction Z Z Z Y Y Z - Z Z Z
PolyMAX fn [Hz] 11.12 26.15 30.12 52.97 100.04 125.22 140.11 156.33 180.15 196.27
Shaker fn [Hz] 30.49 55.44 106.23 126.54
Impact fn [Hz] 11.76 23.78 30.14 122.75 153.01 180.88 190.40
Shaker mn [kg] 4.05 6.79 4.66 ≈20.29
Impact mn [kg] 314.47 227.36 3.30 12.09 26.53 10.12 8.54

The synthesized FRF for the four modal masses estimated by the harmonic scaling method
for node 21 in the z-direction and the corresponding FRF from the impact experiment are
shown in Figure 38. The FRF is computed with Equation 55 with the four poles estimated
from the PolyMAX method and the four modal masses from the harmonic scaling method
for that DOF. The �t to the impact FRF show reasonable similarities. The �rst peak for
the impact FRF at approximately 11 Hz is not seen in the harmonic scaling FRF as it
not included. Mode 3 at approximately 30 Hz have a similar �t. The impact FRF is less
damped for that mode. Mode 4-6 have clear peaks for the harmonic scaling FRF. The impact
experiment is not able to predict these modes. This is believed to be a consequence of the
di�erent conditions when performing the experiments.
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Figure 38: The synthesised FRF using the four modal mass estimates from the harmonic
scaling experiment and the FRF from the impact hammer experiment.
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5 Discussion

The comparison of excitation methods was, as discussed in Section 2.13, performed on similar
machines with similar settings during the experiments. This is in no way optimal for the
purpose of comparison. Ideally, all three excitation methods should have been compared
using experiments with conditions that were the same. Previous data of this kind was not
available. There was not enough time available to perform experiments to compare di�erent
excitation methods.

The low level of excitation below the third order for the engine sweep, see Figure 29 and
Figure 30, makes estimation of parameters using DD-SSI di�cult in that range. PolyMAX
handles the lower excitation range 0-40 Hz much better than DD-SSI. But the �rst mode
estimated using PolyMAX at 11 Hz is to be considered more approximate than the other
modes due to the lower excitation level in that range. This lack of excitation for lower
frequencies is the biggest drawback using engine sweep as excitation method. The limiting
factor is the engine sweep starting speed. For an engine sweep of a combustion engine, it is
not advisable to start much lower than the engine's idle speed, as lower speeds may cause
back�re and bad ignition timing which a�ects the excitation from the engine sweep.

When modelling the power pack of a drill rig, it may be su�cient to model the dynamic
behaviour in operation, resulting in a model which is accurate inside the range of operational
conditions but less accurate outside them. This is one aspect that can be taken into account
when deciding whether the drawback of low levels of excitation for low frequency is a problem.
For the case of modelling high cycle fatigue of the power pack, the excitation from an engine
sweep is well-suited, as it performs well inside the 0-200 Hz frequency band which is considered
to be the critical range.

The comparison between the modal identi�cation methods was done for two of the most well
known methods for modal analysis. For Atlas Copco this comparison is su�cient as these two
methods are available for them to use, but from a scienti�c point-of-view, a greater number
of di�erent methods could have been compared to establish a better picture of what method
works better. Again, the time available for comparison restrict the study to two methods..

The spectrum, Figure 31, displays a mode which decreases with increased engine speed at 20
to 30 Hz. This mode is assumed to have an amplitude dependence based on the combination
of the increasing amplitude with increasing engine speed of the engine mount at node 17,
z-direction, Figure 39, and the displacement of the related mode shape, Figure 41, which
have a large displacement at node 17. This type non-linear behaviour can not be modelled
by PolyMAX or DD-SSI, but it will show up in the spectrum for an engine sweep and the
user can therefore take note of it.

The AMAC for PolyMAX Figure 34 does not suggest that any of the mode shapes are the
same. The modal participation, see Table 4, have reasonable values for the modes with
natural frequencies above the third order. The three modes with natural frequencies below
the third order have less modal participation. These lower values are thought to be related
to the lower level of excitation in that range. The correlation function �t, see Figure 35, is
good. The comparison is made with the measured correlation function, this needs to be kept
in mind when comparing, because if the measurement does not re�ect the true correlation of
the structure then comparison is not useful.

The AMAC for DD-SSI Figure 36 is not as well separated as the PolyMAX AMAC. The
modal participation, see Table 5, is focused around the middle modes at 116.38 and 124.92
Hz and there is very low participation for the �rst mode. DD-SSI seams not to be able to
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make good estimates when used with engine sweep excitation. The correlation function �t,
see Figure 37, is not very good either. The DD-SSI method is not able to estimate any modes
below the �rst order. The comparison between the results from PolyMAX and DD-SSI, Table
6, show similar natural frequencies for modes in the same frequency range. PolyMAX �nds
two modes that are not found by DD-SSI, at 11.12 Hz and 30.12 Hz. Looking at the spectrum
in Figure 31 and 32, indications of modes around 11 Hz and 30 Hz ca clearly be seen. It
can therefore be assumed that DD-SSI has not been able to estimate those modes. DD-SSI
estimates one mode that PolyMAX does not, at 116.38 Hz. PolyMAX can estimate a mode
at 113.02 Hz, but the AMAC value between Mode 6 and the suggested mode at 113.02 for is
0.701. This implies that the mode estimated at 116.38 Hz is not a separate mode from the
one at 124.92 Hz.

The decision to use the harmonic scaling method as mode shape scaling method was mainly
based on the big improvement in simplicity to perform it over the mass change method.
The experiment itself did not give very good results for the harmonic scaling method, as
the experiment only manage to scale three modes. This problem is believed to be related
to an under-dimensioned shaker. The lack of a priori knowledge of the modal mass makes
it di�cult to estimate how strong a shaker is needed to excite the modes. Therefore the
dimension of the shaker needs to be found by trial-and-error. Here, the recommendation is
to use the strongest shaker available, which can �t at the location of the structure where the
displacement is largest for the mode shape that is to be scaled. The comparison in Figure
38 between the synthesized and measured FRFs shows similar behaviour. The di�erence
between them is believed to come from the operational conditions for the experiments as well
as measurement errors. The synthesised FRF uses the poles which are estimated in operation
and the modal masses that are estimated out of operation. The synthesised FRF therefore
does not represent either condition, but a combination of them. The impact hammer FRF
only represent the out of operation condition.

The PolyMAXmethod is less user dependent than the DD-SSI method, as the DD-SSI method
needs a large model to give estimates that cover the whole frequency band of interest. The
model must then be reduced by the user to a reasonable model size. DD-SSI therefore gives
more leeway for the user to choose the modes that the user believes �ts the model the best.
In this analysis a mode with very low relative participation factor was kept in the model
despite excluding modes with higher relative participation factor, because the mode could be
seen in the acceleration spectrum.
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6 Conclusion

Based on the results from the experiment and the discussion, the suggested experimental
procedure for Atlas Copco to use for modal analysis of the power pack is experimental pro-
cedure 2, which is the PolyMAX version. This experimental procedure is practical for Atlas
Copco to perform, it gives satisfactory results for natural frequency and relative damping,
and it is able to compute a mass-scaled FRF. The modal mass scaling method needs to be
investigated further as the results for mass scaling were not satisfactory. The following rec-
ommendations are made regarding the use of the experimental procedure: start the sweep at
the lowest possible engine speed; place accelerometers in proximity to the rubber dampers,
to be able to analyse amplitude dependencies related to the rubber dampers; use a shaker
which is strong enough to excite the modes of interest.

The proposed analysis gives insight in to the power pack's dynamical behaviour for its oper-
ational range. This type of information can be used to make constructional changes to the
power pack. The type of dampers used can also be changed to alter the dynamical behaviour,
which can lower fatigue on the power pack related to large movement of certain mode shapes.

The suggested experimental procedure show good potential for the use that Atlas Copco
intends it for. The main issues regarding the procedure is the low level of excitation below
the �rst order. This can either be regarded as su�cient if the model only needs to be accurate
for the operational range, or insu�cient if the model needs to be accurate for a frequency down
to 0 Hz. If the engine sweep excitation is found to be insu�cient, then experiments that uses
other excitation methods needs to be performed to evaluate whether they are better suited.
The PolyMAX software gave reliable results, especially when using order based data which
is a great advantage when using sweep as the excitation method. Regarding the harmonic
scaling method, more work needs to be done to investigate the possibility of using it. For the
modes where the shaker was strong enough to give su�cient excitation, the method worked
well, indicating that there is potential for Atlas Copco to use the method.

This project can aid Atlas Copco to increase the life-time of their power packs, as construction
changes and engine speed restrictions can be made based on the modal properties attained
by the suggested procedure. This will in turn reduce the environmental e�ects that a drill
rig has, because of it being a more sustainable product. There is nothing indicating that
the suggested procedure will have any ethical or socioeconomic impact. Atlas Copco, like
any other Swedish company, is obliged to follow Swedish law, which for example regulates
to what countries Atlas Copco drill rigs can be sold. This can be an ethical issue for Atlas
Copco, but it has nothing to do with this project. This report does not contain any sort
subjective opinions related to research ethics, and it is therefore not discussed.

50



References

[1] Atlas Copco, �Smartroc T40,� [Online; accessed 2017-03-15],
http://multimedia.atlascopco.com/.

[2] C. Rainieri and G. Fabbrocino, Operational modal analysis of civil engineering structures,
vol. 142. Springer, New York, 2014.

[3] P. Guillaume, P. Verboven, S. Vanlanduit, H. van der Auweraer, and B. Peeters, �A poly-
reference implementation of the least-squares complex frequency-domain estimator,� in
Proceedings of IMAC, vol. 21, pp. 183�192, 2003.

[4] R. Brincker and C. Ventura, Introduction to operational modal analysis. John Wiley and
Sons, Ltd, Chichester, West Sussex, 2015.

[5] J. Hopcroft and R. Kannan, Foundations of Data Science. August 2014.

[6] B. Peeters, H. van der Auweraer, et al., �Polymax: a revolution in operational modal
analysis,� in 1st International Operational Modal Analysis Conference, Copenhagen,
Denmark, Apr, pp. 26�27, 2005.

[7] R. Brincker, L. Zhang, and P. Andersen, �Modal identi�cation of output-only systems
using frequency domain decomposition,� Smart materials and structures, vol. 10, no. 3,
p. 441, 2001.

[8] L. Hermans, H. van der Auweraer, and P. Guilaume, �A frequency-domain maximum
likelihood approach for the extraction of modal parameters from output-only data,�
in Proceedings of the International Seminar on Modal Analysis, vol. 1, pp. 367�376,
Katholieke Universiteit Leuven, 1998.

[9] P. Verboven, �Frequency-domain system identi�cation for modal analysis,� Vrije Uni-
versiteit Brussel, Brussels, 2002.

[10] LMS International, Siemens PLM software, �PolyMAX.�

[11] S. Ibrahim and E. Mikulcik, �A method for the direct identi�cation of vibration pa-
rameters from the free response,� tech. rep., Old Dominion Univ.; Dept. of Mechanical
Engineering and Mechanics.; Norfolk, VA, United States, 1977.

[12] H. Cole, jr, �On-the-line analysis of random vibrations,� in 9th Structural Dynamics and
Materials Conference, p. 288, 1968.

[13] P. Andersen, R. Brincker, and P. H. Kirkegaard, �Theory of covariance equivalent AR-
MAV models of civil engineering structures,� tech. rep., Dept. of Building Technology
and Structural Engineering, Aalborg University, 1995.

[14] M. Döhler, P. Andersen, and L. Mevel, �Variance computation of modal parameter
estimates from UPC subspace identi�cation,� in Proceedings of the 7th International
Operational Modal Analysis Conference (IOMAC), 2017.

[15] B. Peeters and G. De Roeck, �Reference-based stochastic subspace identi�cation for
output-only modal analysis,� Mechanical systems and signal processing, vol. 13, no. 6,
pp. 855�878, 1999.

[16] P. van Overschee and B. de Moor, Subspace identi�cation for linear systems: The-
ory�Implementation�Applications. Springer Science & Business Media, 2012.

51



[17] M. López Aenlle, R. Brincker, and A. C. Fernández Canteli, �Some methods to determine
scaled mode shapes in natural input modal analysis,� in IMAC2005, 2005.

[18] M. Aenlle and R. Brincker, �Modal scaling in operational modal analysis using a �nite
element model.,� International Journal of Mechanical Sciences, vol. 76, pp. 86�101, 2013.

[19] A. Brandt, M. Berardengo, S. Manzoni, and A. Cigada, �Harmonic scaling of mode
shapes for operational modal analysis,� in ISMA2016, 2016.

[20] M. Ichchou, B. Hiverniau, and B. Troclet, �Equivalent `rain on the roof' loads for random
spatially correlated excitations in the mid�high frequency range,� Journal of Sound and
Vibration, vol. 322, no. 4, pp. 926�940, 2009.

[21] A. Brandt, �Comparison and assessment of methods to treat harmonics in operational
modal analysis,� in International conference on structural engineering dynamics 2015,
2015.

[22] R. Brincker, P. Andersen, N. Møller, and H. Herlufsen, �Output only modal testing of a
car body subject to engine excitation,� in Proc. of the 18th International Modal Analysis
Conference, San Antonio, Texas, 2000.

[23] M. Nylund and S. Shamoon, �Master thesis on factors a�ecting the dynamic properties
of rubber isolators,� KTH, Stockholm, 2011.

52



Appendices

A Figures

Figure 39: The overall amplitude with respect to engine speed of node 17 in the Z-direction,
which is the power pack engine mount above the rubber damper.

Figure 40: Mode shape 1 for PolyMAX at 11.12 Hz. The mode shape is plotted at 60 degrees
phase steps, starting at 0 degrees in the top left corner.
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Figure 41: Mode shape 3 for PolyMAX at 30.12 Hz. The mode shape is plotted at 60 degrees
phase steps, starting at 0 degrees in the top left corner.

Figure 42: Mode shape 4 for PolyMAX at 52.97 Hz. The mode shape is plotted at 60 degrees
phase steps, starting at 0 degrees in the top left corner.
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Figure 43: Mode shape 5 for PolyMAX at 100.04 Hz. The mode shape is plotted at 60
degrees phase steps, starting at 0 degrees in the top left corner.

Figure 44: Mode shape 6 for PolyMAX at 125.22 Hz. The mode shape is plotted at 60
degrees phase steps, starting at 0 degrees in the top left corner.
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Figure 45: Mode shape 7 for PolyMAX at 140.11 Hz. The mode shape is plotted at 60
degrees phase steps, starting at 0 degrees in the top left corner.

Figure 46: Mode shape 8 for PolyMAX at 156.33 Hz. The mode shape is plotted at 60
degrees phase steps, starting at 0 degrees in the top left corner.
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Figure 47: Mode shape 9 for PolyMAX at 180.15 Hz. The mode shape is plotted at 60
degrees phase steps, starting at 0 degrees in the top left corner.

Figure 48: Mode shape 10 for PolyMAX at 196.27 Hz. The mode shape is plotted at 60
degrees phase steps, starting at 0 degrees in the top left corner.
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B Tables

Table 8: The modal parameter estimates: natural frequency fn, relative damping ζn and
relative modal participation πn for the initial DD-SSI model with 58 stable modes.

Mode Mode Mode Mode Mode Mode Mode Mode Mode Mode
1 2 3 4 5 6 7 8 9 10

fn [Hz] 25.98 27.94 31.02 35.22 40.13 44.05 49.67 51.47 53.04 55.24
ζn [%] 4.51 23.49 2.80 1.04 0.64 6.40 6.82 2.70 2.86 4.71
πn [%] 0.0003 0.01 0.0003 0.0001 0.001 0.02 0.03 0.16 3.50 0.48

Mode Mode Mode Mode Mode Mode Mode Mode Mode Mode
11 12 13 14 15 16 17 18 19 20

fn [Hz] 60.29 62.83 71.43 78.08 83.71 87.41 90.06 90.51 95.64 99.18
ζn [%] 5.94 6.00 2.00 1.32 4.35 1.90 1.74 2.65 1.58 1.38
πn [%] 0.13 0.08 0.00 0.00 0.02 0.01 0.15 0.71 0.07 0.27

Mode Mode Mode Mode Mode Mode Mode Mode Mode Mode
21 22 23 24 25 26 27 28 29 30

fn [Hz] 100.26 103.23 107.07 108.63 110.37 115.45 116.38 120.28 122.58 124.92
ζn [%] 1.20 2.90 0.88 2.40 1.80 1.73 3.74 1.94 1.97 2.07
πn [%] 0.26 2.06 0.01 1.07 0.33 0.54 17.72 18.02 6.74 33.22

Mode Mode Mode Mode Mode Mode Mode Mode Mode Mode
31 32 33 34 35 36 37 38 39 40

fn [Hz] 127.35 128.68 133.75 136.41 140.16 140.87 144.81 146.87 149.35 153.32
ζn [%] 2.05 1.60 2.19 1.21 2.25 1.08 1.29 0.58 3.56 2.62
πn [%] 0.66 0.01 0.58 0.81 5.45 0.02 0.14 0.00 3.55 0.08

Mode Mode Mode Mode Mode Mode Mode Mode Mode Mode
41 42 43 44 45 46 47 48 49 50

fn [Hz] 159.25 160.03 161.72 162.18 167.94 171.15 175.47 177.43 180.14 183.65
ζn [%] 3.85 1.92 1.82 0.48 2.24 2.53 1.84 1.61 0.34 1.51
πn [%] 0.83 0.13 0.07 0.03 0.28 0.02 0.55 0.08 0.02 0.10

Mode Mode Mode Mode Mode Mode Mode Mode
51 52 53 54 55 56 57 58

fn [Hz] 185.65 191.11 193.85 195.08 197.85 198.68 201.86 205.00
ζn [%] 1.55 1.22 1.63 2.09 0.14 1.26 1.37 0.99
πn [%] 0.14 0.01 0.21 0.20 0.00 0.40 0.00 0.01
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Table 9: The modal parameter estimates: natural frequency fn, relative damping ζn and
relative modal participation πn for the �st reduced 19 mode DD-SSI model.

Mode Mode Mode Mode Mode Mode Mode Mode Mode Mode
1 9 10 18 22 24 26 27 28 29

fn [Hz] 25.98 53.04 55.24 90.51 103.23 108.63 115.45 116.38 120.28 122.58
ζn [%] 4.51 2.86 4.71 2.65 2.90 2.40 1.73 3.74 1.94 1.97
πn [%] 0.0003 3.50 0.4756 0.7088 2.063 1.07 0.54 17.72 18.02 6.74

Mode Mode Mode Mode Mode Mode Mode Mode Mode
30 31 33 34 35 39 41 47 56

fn [Hz] 124.92 127.35 133.75 136.41 140.16 149.35 159.25 175.47 198.68
ζn [%] 2.07 2.05 2.19 1.21 2.25 3.56 3.85 1.84 1.26
πn [%] 33.22 0.66 0.58 0.81 5.45 3.55 0.83 0.55 0.40
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