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Abstract

The freight transport has a fundamental role in the world’s economic de-
velopment. Due to the flexibility of heavy-duty vehicles, a large part of freight
transport is carried out inland. Although the use of heavy-duty vehicles con-
tributes to the economic growth, the increased fuel consumption and global
greenhouse gas emission that come with it constantly challenge the transporta-
tion sector to adapt and develop more fuel-efficient methods to reduce such
side effects while fulfilling the transportation requirements.

This thesis considers fuel-optimal highway driving for heavy-duty vehi-
cles. A model predictive control algorithm for minimizing fuel consumption
while satisfying constraints on desired speed is developed and evaluated. The
controller uses the available topography information of the road ahead of the
vehicle in order to achieve an efficient vehicle control while satisfying a certain
trip time requirement. Under the assumption of fixed gear during the drive
mission, the actual nonlinear problem is re-formulated as a real-time optimal
control problem based on MPC theory with a quadratic cost function and linear
constraints at each receding horizon of the drive mission. The QP problem is
then solved online and the resulting first control action is applied to the vehicle
for forward movement.

The feasibility to implement such an algorithm on a control unit with lim-
ited computational power is investigated and shown to be possible. Both the
requirement of low computational complexity and low memory occupation are
fulfilled by the tailored quadratic programming algorithm developed in this
thesis. The algorithm is fast enough to provide a solution within each sam-
pling interval.

The overall control algorithm is implemented on a G5 control unit and
tested in real life with a Scania truck during highway driving test. The results
from both the real implementation and extensive simulations indicate that the
method provides a fuel-efficient vehicle behavior and is competitive with a rule-
based controller.
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Sammanfattning

Transport av gods har en grundläggande roll i världens ekonomiska ut-
veckling. På grund av flexibiliteten hos tunga fordon, utförs en stor del av all
godstransport med hjälp av dem. Trots att användning av tunga fordon bidrar
till ekonomisk tillväxt, utgör bränsleförbrukning tillsammans med den ökade
utsläpp av växthusgas en utmaning för transportföretag att anpassa och ut-
veckla mer bränslesnål och miljövänligare transportteknologi för tunga fordon.

I detta examensarbete fokuserar man på körningen av lastbil på motorvä-
gar. En bränsle optimal förutsägande styralgoritm är utvecklad och utvärderad.
Algoritmen utnyttjar framför allt topografi information om vägen framför for-
donet så att den kan planera körningen på ett bränslesparande sätt samtidigt
som den uppfyller ett visst tidskrav. Med antagande om konstant växel under
körningen, formuleras ett optimal styrningsproblem baserat på ett MPC ram-
verk med kvadratisk målfunktion och linjära bivillkor. Den slutliga kvadratisk
optimeringsproblemet för varje styrhorisont är löst med hjälp av en för ända-
målet framtagen QP-algoritm.

Möjligheten att implementera en sådan algoritm på en inbyggd styrenhet
är undersökt och veriferad. Både krav på låg beräkningskomplexitet och låg
minnes användning är uppfylls av den MPC-anpassade QP-lösare som utveck-
lats i detta examensarbete.

Den slutliga styralgoritmen testades i verkligheten med en Scania lastbil
på motorväg. Resultat från både provkörning och simulering visar att metoden
ger en bränsleeffektiv körstrategi, som kan spara bränsle jämfört med en regel-
baserad prediktiv farthållaren.
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Chapter 1

Introduction

1.1 Background and Overview

In the context of a globalized and integrated market, the demand for transportation
is constantly increasing as a result of economic development. At the same time, the
negative pressure caused by the increased global oil price and greenhouse effect con-
tinually pose new challenges to the transportation sector. A modification towards
more energy efficient and environmental friendly transports are more urgent than
ever.

Heavy-duty vehicles are among the most important backbones for inland trans-
portation. Their values are embodied in the wide application areas they possess,
such as construction, mining and long haulage. Among these applications, the most
important one is long haulage drive missions typically on highways. The frequent
use of heavy-duty vehicles in such domain, therefore, makes it a major energy con-
sumer in the transportation section. In fact, the fuel usage of heavy-duty vehicle is
a huge expense for transportation companies and contributes to about 1/3 of the
life cycle cost. Further, for a heavy-duty vehicle in service of long haulage missions,
the annual mileage is estimated to be about 150,000 km and a fuel consumption of
30 L/100 km is expected on average. Based on these references, if a fuel efficient
method could be applied to long haulage driving of heavy-duty vehicles. The bene-
fit of freight transportation would be increased and the environmental impact from
greenhouse gas would be reduced.

There exist different methods to reduce the fuel consumption of heavy-duty
vehicles. The most straight forward way is to improve the internal efficiency of the
vehicle itself, for example by better aerodynamic design and more efficient engine
system. These methods require the modification of the vehicle on physical and
hardware level. A simpler method without such modification is by controlling the
driving behavior of the vehicle in a fuel efficient way. Various studies have been
carried out to investigate such opportunities. One way to realize such idea is by
arranging the vehicles in a platoon, and another is by utilizing the topography
information of the drive route in combination with a global position system (GPS)
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2 CHAPTER 1. INTRODUCTION

to achieve a fuel efficient drive pattern.
Platooning is one of the hottest topics in the transportation industry and aca-

demic research. A platoon is a group of vehicles driving together on the road with
a minimal inter-vehicle distance. The main advantage of such driving style is the
reduced aerodynamic resistance for the whole group of vehicles. Thus less energy
is required to drive in a platoon compared to other approaches. Although a signif-
icant fuel reduction is shown to be possible through platooning by various studies
such as Alam [2014],Turri [2015], a precondition for the success of platooning is the
information about surrounding vehicles obtained from sensors or vehicle to vehicle
communication systems. In this thesis, such information is not assumed to be avail-
able and the platooning is thus not studied here. The focus of this thesis is the
alternative approach by utilizing the topography information of the drive route to
plan the journey more efficient.

Heavy-duty vehicles for long haulage driving are always incorporated with large
gross weight. This weight includes both the vehicle itself and the onboard load. Due
to limited engine power in comparison to the gross weight, the road slope ahead of
the vehicle will have a great impact on the longitudinal vehicle motion. In certain
scenarios, the vehicle will decelerate during uphill climbing despite maximal engine
torque. Whereas for steep downhill, the brake action may be inevitable to keep the
velocity under a certain safety limit. If the topography information is available, an
accurate estimation of the road ahead could be obtained in combination with GPS.
This information opens up the opportunity to optimize the driving strategy of a
vehicle with respect to the upcoming road to save fuel usage. Indeed, the potential
of fuel reduction based on such approach has already been studied and verified by
various research papers. Especially in Hellström et al. [2010] and Hellström et al.
[2009] the problem is formulated according to a model predictive control (MPC)
scheme and the resulting mixed-integer nonlinear optimization problem is solved
by dynamic programming (DP). The method provides a global solution and fuel
saving up to about 3.5% is shown in the paper compared to a conventional cruise
controller. Despite the success of DP to handle complex optimization problems,
the method is commonly known to suffer from the curse of dimensionality. This is
expected to be problematic for online implementation on embedded hardware.

The primary challenge in the application of MPC is the requirement of a fast on-
line optimization at each sampling instance for real life implementations. This issue
is further complicated by the fact that the embedded hardware is usually restricted
in computational power and memory storage for automotive applications. There-
fore, for the formulation of optimal velocity control problem, it is crucial to achieve
a fast online solution with guaranteed convergence. This thesis work contributes to
the development of an appropriate optimal control problem in the standard MPC
scheme, i.e., a quadratic objective function in combination with linear dynamic
model and constraints. This formulation is very desirable for the problem at hand
since well developed and efficient numerical solvers with guaranteed convergence are
available for quadratic programming problems (QP). A tailored numerical algorithm
based on the accelerated dual gradient projection method proposed by Patrinos and
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Bemporad [2014] is developed after a detailed survey and study of state of the art
solvers available for QP. Finally, an alternative inexact QP formulation that in-
cludes Eco-roll driving strategy, i.e., rolling with neutral gear, is also developed.
This formulation is based on a simplified fuel rate model and vehicle model that
avoids the inclusion of hybrid characteristic in the optimal control problem and still
provides the opportunity to apply Eco-roll. The proposed controllers are simulated
in closed-loop operation using a simulation environment developed by Scania to
investigate the closed loop performance. The feasibility of the controller for online
implementation in the embedded system is finally verified by real life highway driv-
ing test with a Scania truck where the implementation is made on a G5 electrical
control unit (ECU) onboard.

1.2 Problem scenario
The scenario under study in this thesis work is a drive mission on highway for a
heavy-duty vehicle. This drive mission is characterized by a certain start position
s0 and destination sf. The vehicle is restricted to travel within a certain velocity
range [vmin, vmax] mainly defined according to safety and legal requirements. The
vehicle is expected to complete the drive mission with a certain trip time Ttrip.

The driving behavior under consideration is the longitudinal motion of the ve-
hicle, and this is controlled by powertrain control variables such as engine torque
Te, brake torque Tb and gear selection g. The motion is further influenced by ex-
ternal forces such as aerodynamic resistance, rolling resistance and gravitational
force. The road slope ahead of the vehicle is available from an onboard topography
database in combination with GPS. It is treated as a known disturbance signal α(s)
since it affects the resistance forces and the vehicle motion, and it is dependent on
the current vehicle position.

1.3 Objective
For the introduced scenario, the aim of this thesis work is to develop an optimization-
based control strategy that minimizes the fuel consumption while satisfying the
trip time demand for a certain highway drive mission. This control strategy is
expected to utilize the available topography information in such a way that the
resulting control signals will produce a fuel optimal velocity profile in real life. The
resulting algorithm should be implementable onboard in an embedded control unit
with limited computational power and memory storage.

1.4 Method
To save fuel energy by improving the driving style with respect to road slope infor-
mation, one has to control the vehicle velocity in a fuel optimal fashion by adjusting
the control variables. This can be done by formulating an optimal control problem.



4 CHAPTER 1. INTRODUCTION

The control variables are then defined as optimization variables that minimize a
cost function containing the fuel consumption. For a given drive mission, it is not
possible to solve the whole problem at once since the driving condition is constantly
changing due to external disturbances. To mitigate the effects of varying external
disturbances, the MPC schema is used. This is a feedback optimal control strategy
achieved by repeatedly solving optimization problem online for a finite segment of
the road ahead of the vehicle, i.e., look-ahead horizon.

The principle of MPC is illustrated in the Figure 1.1. At point A, the opti-
mization problem of minimizing fuel consumption is solved over a finite look-ahead
horizon with the corresponding road slope, the first optimal control action obtained
from the solution is applied to the vehicle under one sampling interval until point
B where the procedure is repeated. The process is carried out until the destination
is reached.

Figure 1.1. Illustration of the model predictive control strategy for vehicle drive
mission

The overall optimal control problem for one look-ahead horizon can be stated
as follow

minimize Total fuel consumption for the horizon
subject to 1,Vehicle longitudinal dynamics is followed

2,Velocity constraints are satisfied
3,Control constraints are satisfied
4,Trip time constraint is satisfied.

(1.1)

In general, both the objective function and the system constraints in (1.1) can be
of arbitrary form. However, in this thesis, a standard quadratic programming for-
mulation is derived to best approximate problem (1.1). To make such formulation
possible, a first assumption about the control signal gear selection g is made. Since
the gear selection g is an integer variable, the inclusion of such control signal would
make the overall problem a mixed integer type. The optimal control problem with
both integer and continuous variables is a combinatorial optimization and is con-
sidered to be NP -hard. it is not possible to solve NP -hard problems on low-power
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computational units in short time intervals. Therefore, to reduce the problem com-
plexity, the gear selection g is assumed to be constant for the drive mission. Based
on this assumption, the purpose of this thesis is to find the appropriate QP for-
mulation and to developed a tailored numerical algorithm that solves the problem
efficiently.

1.5 Outline of the thesis
This thesis work consists of two parts. In the first part of the work, the focus
is on solving the vehicle control problem with fixed engaged gear by quadratic
programming technique. As an extension of the thesis, in the second part of the
work, an alternative approach to handling the gear switch problem between the
neutral gear and other gears is developed without the use of integer variables. More
in detail, this thesis work is structured as follows:

In Chapter 2, a vehicle dynamics model and a fuel rate model are introduced.
The vehicle dynamics model is obtained by combining the longitudinal force relation
with the vehicle internal powertrain relation. The fuel rate model is based on a
polynomial approximation of the brake specific fuel consumption (BSFC) map.

Based on the assumption of fixed gear, a quadratic programming problem is
derived in Chapter 3 according to the MPC scheme. A tailored QP algorithm
based on the accelerated dual gradient projection method is developed in Chapter
4 to solve the QP problem.

In Chapter 5, the principle of Eco-roll is explained, and a quadratic programming
formulation that includes the possibility of Eco-roll is presented. The result is a QP
problem that explores the potential of Eco-roll without combinatorial optimization.

In Chapter 6, the simulation results and the results from real drive test are
presented. Finally in Chapter 7 the thesis is finalized with concluding remarks.





Part I

Fuel optimal control with constant gear
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Chapter 2

System description

The model predictive control approaches to achieve fuel optimal cruising requires,
as the name indicates, a sufficiently accurate model for the prediction of the fu-
ture behavior of the system given a particular sequence of control inputs. In this
work, mainly two types of models are derived to make the MPC applicable. First,
a longitudinal dynamics model based on Newton’s law is used to predict how the
vehicle will travel in the future given the current velocity and control signals. Sec-
ond, a nonlinear fuel consumption model is used to predict the instantaneous fuel
consumption under a certain operating point of the vehicle. The combination of
these two models should serve as an accurate predictor of the vehicle behavior to be
optimized. One should notice here that although it may seem desirable to have a
model as accurate as possible, based on the fact that these models are to be utilized
in the standard MPC framework, they should also fulfill the requirement of convex-
ity. Thus a trade-off between model accuracy and simplicity is also investigated in
this work.

2.1 Vehicle Dynamics Modeling

The problem under consideration is the driving scenario of a heavy truck on highway
traffic situation. To make the problem tractable some basic assumptions are made
as follows:

• The motion of interest is the longitudinal movement of the vehicle,

• The vehicle is treated as a point mass,

• The external disturbances are restricted to air resistance, rolling resistance
and gravitational force. The external effects of the surrounding traffic are
neglected, and,

• The engaged gear of the vehicle is assumed to be constant.

9
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2.1.1 Longitudinal dynamics of vehicle
With the basic assumptions at hand, The three external longitudinal resistance
forces acting on the vehicle are denoted by aerodynamic resistance Fair(v), the
rolling resistance Froll(α) and the gravitational force Fg(α). The longitudinal dy-
namics of the vehicle is illustrated in Figure 2.1.

Figure 2.1. Illustration of the longitudinal dynamics of a vehicle with all relevant
forces acting on the vehicle.

The aerodynamic resistance is modeled as follows:

Fair(v) = 1
2cairAcarρairv

2, (2.1)

where cair is the air drag coefficient, Acar is the effective cross section area of the
vehicle, ρair is the air density and v is the vehicle velocity. Thus the aerodynamic
drag is a function of vehicle velocity squared. Fast and aggressive driving with large
variations in speed, thus, results in a large air drag.

The rolling resistance is estimated by the following expression

Froll(α) = crollmg cosα. (2.2)

This is a simplified model with the effect of tire deformation, temperature, road
surface character and vehicle velocity disregarded. Here croll is the rolling resistance
coefficient, m is the mass of the vehicle and α is the slope of the road, which is
obtained from the onboard map database. The actual value of croll is identified
based on experimental data.

The gravitational force in the longitudinal direction is simply expressed as

Fg(α) = mg sinα. (2.3)
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To complete the longitudinal dynamics formulation of the vehicle, a traction
force is introduced as Ftract. This is the resulting force acting on the vehicle from
the engine and brake actuator. Thus it is the internally controlled force coming
from the vehicle itself to achieve a certain movement.

By applying Newton’s second law of motion, the longitudinal movement of the
vehicle can be summarized as follows:

mv̇ = Ftract − Fair − Froll − Fg. (2.4)

2.1.2 Powertrain model
The traction force of the vehicle is generated through a complex process involving
various transmission processes of the powertrain. The main components of the
powertrain are the engine and the driveline. As for the driveline, it consists of
clutch, transmission, propeller shaft, final drive, drive shaft and wheels. A schematic
illustration of the powertrain is shown in Figure 2.2.

Figure 2.2. The illustration of the powertrain of a vehicle

The engine is the core and power source of the vehicle. It converts the chemical
energy of fuel to mechanical energy of the vehicle. There exist many different types
of engines. The engine considered in this work is an internal combustion engine.
Through combustion process, the fuel is used to produce a certain torque, which
puts the flywheel into rotational movement. Here, we denote the total fuel induced
torque by Tind. The resulting rotation is denoted by angular acceleration ω̇e, where
ωe is the angular velocity of the flywheel. Some of the energy is lost due to internal
friction of the engine. This loss is denoted by Tfric and is considered to be active
during the rotation. Through experiments, it is observed to be linearly dependent
on the angular velocity ωe and is modeled as follows:

Tfric = afωe + bf, (2.5)
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where af and bf are the constants obtained by least squares approximation to ex-
perimental results. The useful engine torque Te is then expressed in terms of Tind
and Tfric as follows:

Te = Tind − Tfric. (2.6)
Finally by introducing the external load arising from the clutch as Tc, the following
formula is obtained for the dynamics formulation of the engine:

Jeω̇e = Te − Tc, (2.7)

where Je is the mass moment of inertia of the engine.
In this work, the transmission is assumed to be an automated manual gearbox

with different gears and corresponding gear ratios. When the clutch is engaged, the
engine torque is transmitted to the gearbox, from the gearbox through the propeller
shaft to the final drive and eventually from the drive shaft to the wheels, which fi-
nally put the vehicle into movement. For simplicity and consistency, all components
of the driveline are assumed to be stiff, thus neglecting potential oscillations within
the system. All inertias of the components are lumped to one term denoted by
Jw. The conversion ratio of the transmission and final drive are combined to give
i(g), here g denotes the number of the engaged gear. The energy losses through the
transmission process of the driveline are modeled by adopting an efficiency factor
η(g). Both the conversion ratio and efficiency are apparently dependent on the
actual engaged gear g.

Assume now that the vehicle is operating with an engaged gear g. The relation
between the engine angular velocity ωe and the wheel angular velocity ωw is given
as

ωe = i(g)ωw. (2.8)
The actual torque transmitted to the wheel Tw can be expressed in term of Tc as

i(g)η(g)Tc = Tw. (2.9)

As the connecting point of the internal dynamics and external vehicle motion, the
wheel dynamics is modeled as follows:

Jwω̇w = Tw − i(g)η(g)Tb −RwFtract, (2.10)

where Jw is the accumulated inertia and Rw is the wheel radius. A braking torque
Tb is assumed to be active here under the assumption that it also comes through the
transmission, as would the braking torque applied using, for example, a retarder.

By combining the longitudinal dynamics model of the vehicle (2.4) developed in
the previous section and the driveline model (2.6)−(2.10) together with v = Rwωw,
a complete dynamics model of the vehicle is obtained as follows:

dv

dt
= Rw
Jw +mR2

w + η(g)i(g)2Je

(
η(g)i(g)Te − η(g)i(g)Tb

− 1
2RwcairAcarρairv

2 −mgRw(croll cosα+ sinα)
)
.

(2.11)
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For the purpose of simplicity, for certain applications, the inertia of engine and
driveline can be assumed to be zero, i.e., Je = 0 and Jw = 0. This assumption is
based on the fact that the vehicle mass is more significant than the inertia. The
resulting model is stated as follows:

dv

dt
= 1
mRw

(
η(g)i(g)Te − η(g)i(g)Tb

− 1
2RwcairAcarρairv

2 −mgRw(croll cosα+ sinα)
)
.

(2.12)

This simplified model is especially useful for the case when varying vehicle mass is
the focus of the problem.

2.2 Fuel consumption model

For an internal combustion engine, the injected fuel is used to generate a certain
power output requested by the vehicle for the desired movement. The instantaneous
fuel rate ṁf is thus mainly affected by the power demand or more specifically by
the operating engine torque Te and engine angular velocity ωe. To find the relations
between fuel consumption ṁf and the corresponding operating point (Te, ωe), the
brake BSFC map of a certain engine type is investigated. This engine map shows
the BSFC number MBSFC(Te, ωe), which is the rate of fuel consumption per pro-
duced unit of power for each possible operating points of the engine (Te, ωe). In
Figure 2.3 a typical BSFC map is shown for a certain combustion engine.

Figure 2.3. BSFC map for a combustion engine. Illustration of the BSFC number
expressed in g/kWh as function of the engine speed and engine torque. The dotted
lines are equal power curves and the green thick line is the fuel optimal operating
points for various power request. The thick black lines are the lower and upper limits
for engine torque.



14 CHAPTER 2. SYSTEM DESCRIPTION

In order to make a straightforward calculation of vehicle fuel consumption, BSFC
is not utilized directly. A modified BSFC map is derived from the original one by
the following relation, which then directly gives the fuel consumption per unit time.

dmf
dt

= MBSFCPout
3600 , (2.13)

where Pout is the power output of the engine, i.e., Pout = Teωe. The resulting fuel
map is shown in Figure 2.4

Figure 2.4. Modified BSFC map for a combustion engine. The fuel rate dmf
dt

[g/s] is
shown as function of the engine speed and engine torque.

As can been seen, this consumption map is highly non-linear. Various ap-
proaches have been considered to deal with this modeling problem. Among them,
piecewise linear approximation and higher order polynomial fitting show good ap-
proximation properties. Naturally, the piecewise linear approximation may seem
to be the most appropriate method for MPC. In fact, this approach has readily
been used in some articles such as Schwickart et al. [2015] and Bemporad et al.
[2003], where promising result have been obtained. However, the increased num-
ber of piecewise linear functions usually results in larger number of constraints in
the final optimization problems. Thus, in this work, the higher order polynomial
approximation is considered to be a better approach under the given conditions.

There is no trivial way of finding the correct polynomial form for the problem
at hand since the fuel consumption is affected by both engine torque Te and engine
angular velocity ωe. For finding a suitable model, the approach by Kohut et al.
[2009] is used. First the engine angular velocity ωe is fixed for different constant
values. The fuel consumption is then only a function of engine torque, possibly
different relations for different constant angular velocity. The actual relations are
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revealed in Figure 2.5

Figure 2.5. Illustration of relation between Fuel rate ṁf and engine torque Te at
different engine speed measured in RPM. The scales are removed due to the confi-
dentiality agreement.

Based on the observation from the figure, a linear relation can be assumed for
each and every constant RPM or ωe. A linear polynomial fit is carried out for a
large number of constant ωe, this gives the following equation

ṁf(Te)|ωe = c1 + c2Te, (2.14)

where c1 and c2 are constants obtained from linear approximation. A pair of c1 and
c2 are obtain for each fixed value of ωe. Thus both c1 and c2 could be assumed to
be a function of ωe. This fact is indeed validated by Figure 2.6.

Figure 2.6. Illustration of relation between fitting constants c1, c2 and engine
angular velocity ωe. Both c1 and c2 varies approximately linearly with the engine
speed
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As can be seen both c1 and c2 are approximately linear functions of ωe. Based
on this observation, the complete fuel consumption model is therefore assumed to
be

ṁf(Te, ωe) = c0 + c1ωe + b1Te + d1Teωe. (2.15)

The obtained model is in good agreement with many other studies such as Kohut
et al. [2009],Durković and Damjanović [2006] and Vu et al. [2014] where higher
degrees of polynomial approximations are considered. In general, by extending the
order of polynomial, an accurate model of the fuel consumption in general form can
be expressed as follows

ṁf(Te, ωe) =c0 + c1ωe + c2ω
2
e + ...+ b1Te + b2T

2
e + ...

+ d1Teωe + d2T
2
e ωe + d3Teω

2
e + ...

(2.16)

The actual choice of order is problem dependent and in this work a particular order
choice is derived later in Chapter 3. The main motivation of the choice should reflect
the trade-off between model accuracy and model simplicity as discussed before.



Chapter 3

The optimal control problem

To develop a fuel efficient control strategy for a heavy-duty vehicle, the topography
information is used in an MPC framework. The underlying optimal control problem
is summarized conceptually in the Introduction. In this chapter, the longitudinal
vehicle model and fuel consumption model developed previously will be used to
form the actual optimal control problem with a quadratic cost function and linear
constraints.

3.1 The general optimal control problem
Consider the optimal control problem in its general form, it can be stated as follows:

minimize V = Φ(x(tf)) +
∫ tf

t0
f0(x(t),u(t), t) dt

subject to ẋ(t) = f(x(t),u(t), t)
x(t0) ∈ X0,x(tf) ∈ Xf

x ∈ X
u ∈ U.

(3.1)

Based on the longitudinal model (2.11), the state variable is x = v and the control
vector is u = [Te, Tb, g]. The integer control variable g indicates that this problem
belongs to the class of mixed integer optimization problems. It is NP -hard and
requires great numerical effort to obtain a solution online for embedded MPC. Dy-
namic programming (Hellström et al. [2009]) and branch and bound (Merakeb et al.
[2014]) are some of the techniques used to tackle such problems. As stated in the
introduction, in this thesis, we assume fixed gear during drive mission to avoid the
complexity of mixed integer problem.

Without further modifications, the objective function V and system model func-
tion f(x(t),u(t), t) in (3.1) will be nonlinear. The optimal control problem is then
a nonlinear model predictive control (NMPC). Due to the non-convex nature, there
is no guarantee for the convergence to global optimal for this type of problems. To

17
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obtain an optimal solution, a sequence of QP subproblems is required to be solved
for the NMPC, which puts further restrictions on its application in the embedded
system.

3.2 The quadratic programming problem
A desirable formulation for the vehicle control problem is linear MPC, i.e., quadratic
objective function with linear system model. It is convex and can be solved effi-
ciently on-line by a well-developed numerical solver. The remaining work is to refor-
mulate the cost function and system model into the quadratic problem with linear
constraints by appropriate approximation methods and linearization techniques.

3.2.1 Linearization of system model
In Chapter 2, a longitudinal dynamics model (2.11) of the vehicle has been devel-
oped. By considering the velocity as the state variable, the quadratic term induced
by aerodynamic resistance makes this model inappropriate for the direct use of a
linear MPC formulation. This issue can be solved by various methods. The typical
approach is to linearize the state dynamics around certain operating points. Here,
an alternative method is adopted by introducing a variable change that removes the
nonlinearity without approximation. The actual variable change is to convert the
velocity to the corresponding kinetic energy:

E = mv2

2 . (3.2)

The aerodynamic resistance can now be expressed in terms of kinetic energy as
follows:

Fair = 1
2ρairAaircairv

2 = ρairAaircair
m

E. (3.3)

The dynamics model of the vehicle stated in (2.11) is time dependent. However,
the available road slope data α(s) is given in terms of position s. For the direct
use of α(s) in implementation, a better way is to formulate a position dependent
vehicle dynamics model. By using the kinetic energy E as state variable instead
of v, the longitudinal model can be directly transformed to position dependent in
a linear fashion without any loss of accuracy. The actual transformation is carried
out by adopting the following relation:

dE

ds
=
dmv

2

2
ds

= mv
dv

ds
= mv

dv

dt

dt

ds
= mv

dv

dt

1
v

= m
dv

dt
. (3.4)

Together with the aerodynamic drag (3.3), the resulting linear continuous dynamic
model will be

dE

ds
= mRw
Jw +mR2

w + η(g)i(g)2Je

(
η(g)i(g)Te − η(g)i(g)Tb

− RwρairAaircair
m

E −mgRw(croll cosα+ sinα)
)
.

(3.5)
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For simpler notation, first, the state variable of the system is chosen to be
x = E, the control vector is u = [Te, Tb] for a fixed gear g. Finally an external
disturbance caused by gravity and rolling resistance is defined to be dist(α(s)).
With this variables, the continuous model (3.5) is then expressed as follows:

dx

ds
= Ax(s) + Bu(s) + dist(α(s)). (3.6)

Here in detail

A =− R2
wρairAaircair

(Jw +mR2
w + η(g)i(g)2Je)

,

B = mRw
Jw +mR2

w + η(g)i(g)2Je

[
η(g)i(g), −η(g)i(g)

]
,

dist(α(s)) =− m2gR2
w

Jw +mR2
w + η(g)i(g)2Je

(
croll cosα(s) + sinα(s)

)
.

(3.7)

This linear continuous model can then be directly used to define the optimal control
problem.

3.2.2 Quadratic objective function

The main objective of the look-ahead control is to minimize the fuel consumption
and to keep the total trip time demand satisfied. There are various ways to for-
mulate such a trade-off between trip time and fuel consumption. One way is to
state the time demand as a hard constraint in the problem formulation. Another
approach is to soften the time constraint by introducing a time penalty in the cost
function. In this thesis, the latter approach is preferred and adopted in the final
formulation. The objective function for the vehicle control problem is then defined
to have the following form:

minimize M + βT, (3.8)

where M is the fuel consumption cost and T is the time cost with a penalty β to
balance between the cost terms.

The main reason for this form is that a final arrival time is hard to define for a
drive mission, especially in the context of an MPC scheme. The soft constraint ap-
proach is more flexible and suitable for a practical implementation. One drawback
of such a formulation is the difficulty of defining a suitable β for the time penalty
term. One should, however, notice that the introduction of time penalty in the
cost function makes it possible to adjust the balance between fuel consumption and
travel time conveniently. This is discussed more in detail later in this section.
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In Chapter 2, the instantaneous fuel consumption model (2.16) regarding fly-
wheel torque Te and engine angular velocity ωe is developed. The actual fuel con-
sumption of the vehicle from time t0 to tf is then

∫ tf

t0
ṁf dt. (3.9)

Since the linear model (3.6) obtained in previous section is position dependent,
the fuel cost is also redefined to be the actual amount of fuel for a certain horizon
from position s0 to sf

M =
∫ sf

s0
ṁf

dt

ds
ds =

∫ sf

s0
ṁf

1
v
ds =

∫ sf

s0
Mf ds, (3.10)

where Mf = ṁf
1
v is the amount of fuel per unit distance covered.

To get a quadratic formulation for the fuel consumption, a specific order of
polynomial needs to be chosen for the fuel model (2.16). In (3.10), the vehicle
velocity v can be expressed in terms of engine angular velocity ωe if the assumption
of constant gear g except neutral gear g = 0 holds.

v = Rwωe
i(g) . (3.11)

The fuel consumption per distance can then be expressed solely by Te and ωe:

Mf(Te, ωe) = i(g)
Rwωe

ṁf(Te, ωe). (3.12)

According to the actual form of ṁf(Te, ωe), the selection of order to guarantee a
quadratic formulation is as follows:

ṁf(Te, ωe) = c1ωe + c2ω
5
e + c3ω

3
e + c4Teωe + c5T

2
e ωe. (3.13)

The accuracy of this polynomial choice can by verified by comparing the modeled
fuel consumption with the experimental data. This is shown in the Figure 3.1
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Figure 3.1. The comparison between fuel rate and the corresponding approximation
obtained by using (3.13) at different RPM. The polynomial approximation is carried
out with focus on the specific engine speed range [800RPM, 1200RPM] that corre-
sponds to the common velocity range for highway drive mission. The approximation
is in good agreement with the experimental values. The scales are removed due to
the confidentiality agreement.

The final expression for the fuel cost is then

M =
∫ sf

s0

(
c1
i(g)
Rw

+ c2
i(g)
Rw

ω4
e + c3

i(g)
Rw

ω2
e + c4

i(g)
Rw

Te + c5
i(g)
Rw

T 2
e

)
ds. (3.14)

Based on the assumption of a constant engaged gear g, the engine speed related
terms ω2

e and ω4
e can be expressed by the vehicle kinetic energy E as

ω2
e = 2

m
( i(g)
Rw

)2E,

ω4
e =( 2

m
)2( i(g)

Rw
)4E2.

(3.15)

The resulting fuel cost in terms of state variable E is

M =
∫ sf

s0

(
c1
i(g)
Rw

+ c2( 2
m

)2( i(g)
Rw

)5E2 + c3
2
m

( i(g)
Rw

)3E + c4
i(g)
Rw

Te + c5
i(g)
Rw

T 2
e

)
ds.

(3.16)
This is indeed a quadratic cost function in terms of the controlled engine torque Te
and the state variable E.
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To guarantee a certain time demand of a drive mission, different forms of time
cost can be defined. One most obvious choice of time cost is to penalize the trip
time directly:

T1 =
∫ tf

t0

dt

ds
ds =

∫ sf

s0

1
v
ds. (3.17)

The time per unit distance is given as 1
v . This is a nonlinear function of velocity.

Since a quadratic cost is desired in terms of the state E, a quadratic approximation
of 1/v with respect to state variable x = E is carried out. From this approximation,
the time can be calculated in a quadratic fashion by using the kinetic energy.

1
v

= a1E
2 + a2E + a3, (3.18)

where the constant coefficients a1, a2 and a3 are obtained by the least squared
method. This approximation is particularly useful in the control problem of heavy-
duty vehicles since the variation of velocity is expected to be small and is usually
restricted by a certain range [vmin, vmax]. In Figure 3.2 the actual time estimation
by (3.18) is shown. The estimation is based on a velocity range from 70 km/h to 90
km/h, this is the common velocity range for a heavy-duty vehicle on highway drive
mission.

Figure 3.2. The comparison between the time per distance 1/v and the correspond-
ing second order approximation using vehicle kinetic energy E.

With this approximation, the total time can be written as

T1 =
∫ sf

s0
(a1E

2 + a2E + a3) ds. (3.19)

This is a quadratic cost function of system state x = E.
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Based on the classical MPC formulation, one could also use the deviation from
a certain desired system state Er to guarantee a time demand. This formulation is
especially reasonable in a real driving scenario since a smooth driving experience is
usually preferable for the driver:

T2 =
∫ sf

s0
(E − Er)2 ds. (3.20)

The effect of time cost terms (3.19) and (3.20) will be investigated in this thesis.
The resulting driving behavior from them will be compared and discussed later. One
should notice here that both (3.19) and (3.20) are of the same form with different
constant coefficients. For simplicity, a general time cost is defined to be

T =
∫ sf

s0

(
α1E

2 + α2E + α3

)
ds. (3.21)

The actual values of α1, α2 and α3 are dependent on the choice of time costs T1
and T2.

To summarize, the objective function of the vehicle control problem can be
stated as follows:

V =
∫ sf

s0

(
c1
i(g)
Rw

+ c2( 2
m

)2( i(g)
Rw

)5E2 + c3
2
m

( i(g)
Rw

)3E + c4
i(g)
Rw

Te + c5
i(g)
Rw

T 2
e

)
ds

+ β

∫ sf

s0
(α1E

2 + α2E + α3) ds,
(3.22)

where β is the scalar which can be tuned for the desired trade-off between time
and the fuel consumption. The value of β is hard to determine, since different
road segment may require a different β for the desired trade-off. This is however
not covered in this thesis. Here, a fixed value of β is chosen based on the method
described in Hellström et al. [2009] and finally tuned by simulations to guarantee
a desired constant speed vr, i.e., a certain reference speed as the solution on a flat
road segment.

3.2.3 Optimization constraints

One main advantage of model predictive control is that it allows for easily handling
of variable constraints. This is hard to achieve by traditional control strategies.

It is obvious that drive missions of the vehicle are restricted due to various lim-
itations. First of all, vehicles do not have an unlimited supply of engine torque and
brake torque. Moreover, the maximum and minimum flywheel torque Te is bounded
by the actual engine speed ωe. This is shown in the Figure 3.3.
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Figure 3.3. The maximum and minimum engine torque Te as function of engine
speed ωe.

Here, we simply denote the bound on maximum flywheel torque as a function
of engine angular velocity

Te,max = fmax(ωe). (3.23)

Now, since the engine speed is directly coupled with vehicle’s kinetic energy for
a fixed gear, the function fmax(ωe) can be accurately approximated by piecewise
linear functions of the state variable x = E based on the observation from the
figure.

fmax(ωe) ≈ min(amax,1E + bmax,1, amax,2E + bmax,2, ..., amax,nE + bmax,n), (3.24)

where amax,1, bmax,1, ..., amax,n, amax,n are the approximation constants for each piece-
wise linear function.

The lower limit of flywheel torque Te is induced when no fuel is injected into
the engine. In this case, the internal drag torque due to friction implies a negative
bound on Te. As can be seen in Figure 3.3, this minimum flywheel torque is a linear
function of ωe from (2.5). It can then be linearly approximated by the state variable
x = E:

Te,min = fmin(ωe) = Tfric(ωe) ≈ αfricE + βfric. (3.25)

The constraints for Te can now be written as

Te ≤amax,1E + bmax,1

Te ≤amax,2E + bmax,2

...

Te ≤amax,nE + bmax,n

Te ≥αfricE + βfric.

(3.26)



3.2. THE QUADRATIC PROGRAMMING PROBLEM 25

The constraints of brake torque is simply given in the boxed form

0 ≤ Tb ≤ Tb,max. (3.27)

During highway drive missions, the velocity is desired to be kept within an
certain interval [vmin, vmax], which translates to:

E ∈ [mv
2
min
2 ,

mv2
max
2 ] = [Emin, Emax]. (3.28)

3.2.4 MPC formulation
In previous sections, a quadratic objective function with linear dynamic model
and linear constraints are derived for state variable x = E and control variables
u = [Te, Tb]. In order to apply the MPC scheme, a finite look-ahead horizon with
a horizon length of Sh is defined. To work within the embedded environment, this
look-ahead horizon Sh is further divided into N equal segments, ∆s. This horizon
setup is shown in Figure 3.4.

Figure 3.4. The look-ahead horizon discretization setup for MPC application

Based on this look-ahead horizon setup, zero order hold method (ZOH) will then
give the discrete linear dynamic model:

x(k + 1) =Âx(k) + B̂u(k) + Ĉdist(k) for k = 0, 1, 2...N − 1, (3.29)

where the coefficients are as follows

Â = eA∆s,

B̂ =
∫ ∆s

0
BeAs ds,

Ĉ =
∫ ∆s

0
eAs ds.

(3.30)

This discrete linear model will give a prediction of x(k+1) for every k = 0, 1, ..., N−1
on the look-ahead horizon given that a constant value of control u(k) is applied
during each interval k under the influence of a known disturbance dist(k).



26 CHAPTER 3. THE OPTIMAL CONTROL PROBLEM

Based on the receding horizon setup, the discrete counterpart of the quadratic
objective function (3.22) is stated as follows:

V =
N−1∑
k=0

(
c1
i(g)
Rw

+ c2( 2
m

)2( i(g)
Rw

)5E2(k) + c3
2
m

( i(g)
Rw

)3E(k) + c4
i(g)
Rw

Te(k)

+ c5
i(g)
Rw

T 2
e (k)

)
∆s+ β

N∑
k=0

(
α1E

2(k) + α2E(k) + α3

)
∆s.

(3.31)

With the discrete dynamic model (3.29), the discrete quadratic objective func-
tion (3.31) and the linear state and control constraints derived in Section 3.2.3, an
optimal control problem for a given horizon can be summarized to be

minimize V =
N−1∑
k=0

(
c1
i(g)
Rw

+ c2( 2
m

)2( i(g)
Rw

)5E2(k) + c3
2
m

( i(g)
Rw

)3E(k)

+ c4
i(g)
Rw

Te(k) + c5
i(g)
Rw

T 2
e (k)

)
∆s+ β

N−1∑
k=0

(
α1E

2(k)

+ α2E(k) + α3

)
∆s+ βf

(
E(N)− Er

)2

subject to x(k + 1) = Âx(k) + B̂u(k) + Ĉdist(k)
E(0) = E0

E(k) ∈ [Emin, Emax]
Te(k) ≤ amax,1E(k) + bmax,1

Te(k) ≤ amax,2E(k) + bmax,2

...

Te(k) ≤ amax,nE(k) + bmax,n

Te(k) ≥ αfricE(k) + βfric

Tb(k) ∈ [0, Tb,max] for k = 0, 1, 2...N − 1.

(3.32)

The objective function is modified by specifying the terminal cost to be βf(E(N)−
Er)2. Here, E0 in the initial constraint is the current kinetic energy of the vehicle
at the start of the horizon. This optimal control problem is in the standard MPC
form with a quadratic cost function, a linear system model and linear constraints.
For simplicity of notation, a QP resembling formulation is obtained by omitting the
constant terms that appear in the optimal control problem (3.32).
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minimize V =
N−1∑
k=0

1
2

[
x(k)
u(k)

]T [
Q ST

S R

] [
x(k)
u(k)

]
+
N−1∑
k=0

[
q
r

]T [
x(k)
u(k)

]

+ 1
2x(N)′QNx(N) + q′Nx(N)

subject to x(k + 1) = Âx(k) + B̂u(k) + Ĉdist(k)
x(0) = E0

Fx(k) +Guk ≤ c
FNx(N) ≤ cN for k = 0, 1, 2...N − 1

(3.33)

Here, we introduce nx = 1 as the dimension of the state variable x and nu = 2 as
the dimension of the control variable u. Furthermore, The number of inequality
constraints is denoted by nc, and the number of terminal constraints is denoted by
nf , i.e., c ∈ Rnc and cN ∈ Rnf .

In detail, the constant terms that appear in the objective functions are

Q =2(c2( 2
m

)2( i(g)
Rw

)5∆s+ βα1∆s)

S =
[
0
0

]

R =
[
c5
i(g)
Rw

∆s 0
0 c5

i(g)
Rw

∆s

]

q =c3
2
m

( i(g)
Rw

)3∆s+ βα2∆s, r =
[
c4
i(g)
Rw

∆s
c4
i(g)
Rw

∆s

]
QN =2βf, qN = −2βfEr

(3.34)

To obtain a positive definite matrix R, here, a quadratic cost c5
i(g)
Rw

∆s related to
brake torque Tb is added. As a result of doing this, the whole control problem
becomes strongly convex. Notice here that the additional costs will not damage
the solution property since the avoidance of unnecessary brake action is a desired
feature for the control strategy.
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The matrices that appear in the constraints in (3.33) are

F =



1
−1

−amax,1
...

−amax,n
αf
0
0


, G =



0 0
0 0
1 0
...
1 0
−1 0
0 1
0 −1


, c =



Emax
Emin
bmax,1

...
bmax,n
−βfric
Tmax

0


FN =

[
1
−1

]
, cN =

[
Emax
−Emin

]
(3.35)

To solve the optimal control problem, the expression (3.33) needs to be refor-
mulated as a standard quadratic programming problem. There exist two possible
reformulations, i.e., condensed formulation and sparse formulation based on the
choice of optimization variables.

To obtain the condensed formulation, the optimization variable is defined to be
z = [Te(0), Tb(0), Te(1), Tb(1)...Te(N − 1), Tb(N − 1)]′. The discrete linear dynamic
model then makes it possible to eliminate the state variables x(1), x(2), ..., x(N)
from the optimal control problem (3.32). This is carried out based on the following
relations.

x(0) =E0,

x(1) =Âx(0) + B̂u(0) + Ĉdist(0),
x(2) =Â2x(0) + ÂB̂u(0) + B̂u(1) + ÂĈdist(0) + Ĉdist(1),

...
x(N) =ÂNx(0) + ÂN−1B̂u(0) + ...+ B̂u(N−) + ÂN−1Ĉdist(0)

+ ...+ Ĉdist(N − 1).

(3.36)

Thus all future state variables x(1), x(2), ..., x(N) can be expressed in terms
of the current state E0, the sequence of control actions u0,u1, ...,uN−1 and the
sequence of disturbance signals dist0,dist1, ...,distN−1. First the following matrices
are defined

Ω =


B̂ 0 0 0 · · · 0
ÂB̂ B̂ 0 0 · · · 0
Â2B̂ ÂB̂ B̂ 0 · · · 0
...

...
...

... · · · 0
ÂN−1B̂ ÂN−2B̂ ÂN−3B̂ · · · · · · B̂

 , (3.37)
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Ψ =


Ĉ 0 0 0 · · · 0
ÂĈ Ĉ 0 0 · · · 0
Â2Ĉ ÂĈ Ĉ 0 · · · 0
...

...
...

... · · · 0
ÂN−1Ĉ ÂN−2Ĉ ÂN−3Ĉ · · · · · · Ĉ

 . (3.38)

With these matrices the future state variable can be written as

X =


x(1)
x(2)
x(3)
...

x(N)

 = Ω


u(0)
u(1)
u(2)
...

u(N − 1)

+ Ψ


dist(0)
dist(1)
dist(2)

...
dist(N − 1)

 ,

X = Ωz + Ψd.

(3.39)

The resulting quadratic programming problem derived from (3.32) in condensed
formulation is then

minimize 1
2z′Qcz + fc

′z

subject to Acz ≤ bc

(3.40)

This is a QP formulation with smallest possible dimension, i.e., the Hessian matrix
Qc is dense but its size is minimized Qc ∈ RNnu .

In contrast, the sparse formulation of the quadratic programming problem is
obtained by including the state variables x(0), x(1), ..., x(N) as optimization vari-
ables, i.e., z = [x0, Te(0), Tb(0), x1, Te(1), Tb(1), ..., xN−1, Te(N − 1), Tb(N − 1), xN ].
The resulting quadratic programming problem based on this definition of z ∈
R(nu+nx)N+1 becomes

minimize 1
2z′Qsz + fs

′z

subject to Csz = ds
Asz ≤ bs.

(3.41)

Here the Hessian matrix Qs ∈ R(nu+nx)N+1 has a larger dimension compared to
Qc but is a block diagonal matrix:

Qs =



Q 0 · · · 0 0 0
0 R · · · 0 0 0
...

... . . . ...
...

...
0 0 · · · Q 0 0
0 0 · · · 0 R 0
0 0 · · · 0 0 QN


. (3.42)
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The actual structure of vectors and matrices fs,Cs,ds,As,bs are as follows:

fs =



q
r
...
q
r
qN


, (3.43)

Cs =


1 0 · · · 0
0
[
−Â −B̂ 1

]
· · · 0

...
... . . . ...

0 0 · · ·
[
−Â −B̂ 1

]

 ,ds =


Eo

Ĉdist(k)
...

Ĉdist(k)

 , (3.44)

As =



[
F G

]
0 · · · 0 0

0
[
F G

]
· · · 0 0

...
... . . . ...

...
0 0 · · ·

[
F G

]
0

0 0 · · · 0 FN


,bs =


c
c
...
c
cN

 . (3.45)

Both the condensed QP (3.40) and sparse QP (3.41) are in the standard form.
They can be efficiently solved by advanced numerical methods. The choice of for-
mulation is dependent on the actual QP algorithm since a certain algorithm may
favor one formulation over the other for better performance. In the next chapter, an
overview of existing QP algorithms will be given. The tailored QP algorithm based
on accelerated dual gradient projection method will then be explained in detail and
the final algorithm for solving (3.40) and (3.41) will then be presented.



Chapter 4

Quadratic programming algorithm

The velocity control problem based on MPC formulation is investigated in the pre-
vious chapter. A quadratic programming problem formulation in both dense and
sparse forms is obtained for a certain finite look-ahead horizon of MPC. The key
enabler for the success of this approach is the availability of well-developed and
efficient numerical algorithms that can solve the QP fast enough at each sampling
step.

Due to the increased popularity of MPC in industrial applications, the under-
lying QP problem has become an active research area and gained a lot of attention
during the last years. To date, many reliable numerical algorithms have been de-
veloped to solve the linear MPC problem in real time. Among them are active-set
methods Ferreau et al. [2008],Bartlett and Biegler [2006], interior-point methods
Wang and Boyd [2010],Domahidi et al. [2012], gradient based methods Giselsson
[2014],Patrinos and Bemporad [2014],Cairano et al. [2013] and explicit methods Be-
mporad et al. [2002]. To provide an overview of these methods, a short survey is
presented in the upcoming section. For detailed description and assessment of these
methods see, e.g., Kouzoupis et al. [2015] and references therein.

4.1 Survey of existing QP algorithm

As a first categorization, the QP methods are distinguished between explicit methods
and iterative methods. The former pre-computes all possible solutions of potential
QP problems and solve the online problem by efficient search among the stored
solutions. The latter, as the name indicates, solves the optimization in an iterative
manner, online, with an improved result after each iteration. These methods can
be further classified into simple iteration methods and complex iteration methods.
The gradient-based methods belong to the class of simple iteration methods since
only basic matrix-vector operations are required in each iteration. Both active-set
methods and interior-point methods belong to complex iteration methods since a
system of linear equations are required to be solved at each step, which requires
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more advanced matrix operations.
Explicit methods. These methods use the multiparametric quadratic pro-

gramming technique to precompute all possible QP problems offline. The optimal
solutions are obtained as explicit piecewise affine functions of the state vectors,
which are divided into different polyhedral regions. These solutions are finally stored
as a look-up table. The remaining computational effort to solve the QP problem
at each sampling step is to perform a search in the look-up table by identifying the
correct polyhedron and evaluating the corresponding affine function.

Despite the reduced online calculation burden, this method is restricted to han-
dling small size problems and linear time-invariant systems, since the complexity of
the problem and the memory requirements to store the look-up content will grow
exponentially with the problem size.

Active-set methods. The active set methods are based on the assumption of
the presence of a set of active inequality constraints, i.e., the inequality constraint
being satisfied with equality, in the optimization problem. The remaining equality-
constrained optimization is then solved as a system of linear equations. The method
repeatedly updates the active set and solves the linear system at each iteration in
order to reach the optimal point.

Since a distinct linear system is required to be solved at each iteration, some
expensive matrix operations such as matrix decomposition are required for each
iteration.

Interior-point methods. For an interior point method utilizing a barrier func-
tion, the idea is to replace the inequality constraints in the optimization by adopting
a penalty term for the corresponding constraint violation. For this purpose, a log-
arithmic function is typically used. The resulting equality constrained nonlinear
optimization problem is then solved using, e.g., Newton’s method.

Like the active-set method, expensive matrix operations such as matrix decom-
position are required to solve the problem. In Wang and Boyd [2010], a structure
exploiting method is developed for the sparse QP formulation. The result is an
efficient LDLT factorization, exploiting the problem sparsity, and thus, speeding
up the Newton’s solution step.

Gradient based methods. The majority of the algorithms in this class are
based on the early work of Y. Nesterov in 1983 known as fast gradient projection
method. The method is also known as the first-order method for QP problem since
it utilizes the first order information, i.e., the gradient, to calculate an iterative
descent step for the unconstrained problem. At each iteration, the resulting iterate
is then projected onto the feasible set. Depending on the type of constraints in
the QP problem, there is a distinction between two variants of the gradient based
methods: Primal fast gradient method and Dual fast gradient method.

The primal fast gradient method solves the primal QP problem directly. At each
iteration, the method projects the unconstrained solution onto the primal feasible
set. Thus, the projection should be easily computable. This restricts the method
to handle MPC problems only with simple input constraints.

In Chapter 3, the resulting optimal control problem contains both input and
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state constraints. The projection onto the primal feasible set is no longer trivial
and the problem can then be solved in the dual domain by the dual fast gradient
method. Depending on which part of the constraints are dualized in the problem,
further variants are present within the dual fast gradient method.

Except for the fast gradient projection methods, there is also a projection-free
gradient method developed by Cairano et al. [2013]. This method can be seen as a
dynamically scaled gradient method, in which the iterative descent solution at each
step is guaranteed to be feasible in the dual domain.

All gradient based methods can provide low to medium accurate solutions with
reasonable effort. While the number of iterations required for convergence can be
large, the computation at each iteration is cheap. This makes the gradient based
method very simple to code and to verify. Furthermore, a theoretical upper bound
for the number of iterations to reach optimality with a predefined accuracy can
be derived. These make the gradient based method a good candidate for MPC
problems on embedded hardware.

Despite the wide variety of available methods and their particular advanced per-
formance in their own claim, the actual selection criterion of the QP algorithm for
a practical application is far from being intuitive. This comes from the fact that
the performance of a QP algorithm depends heavily on the problem characteristics.
The issue is further complicated by the hardware restrictions for embedded imple-
mentations. The decisive factor here is that the QP algorithm should at least fulfill
the hardware restrictions in order to make the implementation possible at all.

In the next section, the computation hardware at hand for this thesis work is
given. The selection of QP algorithm is then made accordingly.

4.2 Embedded hardware setup
The control unit that is provided by Scania is an ECU denoted internally as G5.
See Figure 4.1

Figure 4.1. This is the G5 control unit for the implementation of this thesis work.

This ECU is widely used on Scania trucks for powertrain control purposes. Many
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vehicle control functions such as gear management system and cruise control system
are executed on this ECU. The specifications for G5 are gathered in the Table 4.1.

G5 ECU
Clock frequency 264 MHz
Ram memory 256 kB
Flash memory 4 MB

Table 4.1. The specification for G5 control unit

As can be seen, the G5 has very limited resources regarding memory and com-
putation power. In reality, the ECU also contains other existing functions, which
means that only a fraction of the resources of the ECU is available to the QP al-
gorithm. In addition, the ECU is restricted to handle only basic operations since
external libraries are not preferred due to safety reasons. This simply rules out the
active-set methods and interior-point methods since they required complex routine
of linear algebra. The remaining choice is the gradient-based method. Fortunately,
the gradient-based method is a well-established optimization method and well suited
for linear MPC.

The actual method chosen for this thesis is the accelerated dual gradient pro-
jection method developed by Patrinos and Bemporad [2014].

4.3 Accelerated dual gradient projection method
The accelerated dual gradient projection method known as GPAD is based on ap-
plying the fast gradient projection method of Y. Nesterov 1983 to the dual problem.
In doing so, the resulting algorithm can handle linear MPC problems subject to gen-
eral polyhedral constraints on both control and state variables. A convergence rate
of O(1/ν2) was shown by Patrinos and Bemporad [2014], where ν is the iteration
counts. A theoretical global bound on the number of iterations was also shown for
both primal and dual optimality with a predefined accuracy. On the whole, the
GPAD method has the following promising features for embedded optimization.

• The GPAD method provides a solution with predefined accuracy together with
an execution time that is competitive with other state of the art algorithms.

• The GPAD method requires a small memory footprint to store the matrices
defining the optimization problem.

• The GPADmethod requires only matrix-vector multiplication and basic math-
ematical operations. No expensive linear algebra subroutines are needed. The
code is simple and easy to verify.

• The GPAD method provides a theoretical estimation of the worst-case execu-
tion time.
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Consider the optimal vehicle control problem (3.33), it can be dualized to obtain
the dual problem

maximize Φ(E0, y)
subject to y ≥ 0.

(4.1)

Here Φ(E0, y) is the dual function and y is the dual variable:

Φ(E0, y) = inf
z∈Z(E0)

(
L(z, y)

)
, (4.2)

where L(z, y) is the Lagrangian function for the corresponding QP problem.
The pseudo-code of GPAD for solving the problem is then given in Algorithm

1:
Algorithm 1: Accelerated Dual Gradient-Projection Method

Input: y(0) = y(−1) = 0, θ0 = θ−1 = 1, ν ← 0
1 w(ν) = y(ν) + θ(ν)(θ−1

(ν−1) − 1)(y(ν) − y(ν−1));
2 z(ν) = arg minz∈Z L(z, w(ν));
3 y(ν) = [w(ν) + (1/L)g(z(ν))]+;
4 θν+1 = (

√
θ4
ν + 4θ2

ν − θ2
ν)/2. Set ν ← ν + 1 and go to Step 1.

Here in step 3, L is the Lipschitz constant for ∇Φ, which can be obtained by
forming the explicit Hessian of Φ and calculating its spectral norm.

In this algorithm, the most computational demanding step is the optimization
that appears in obtaining the dual function at step 2. Here, depending on the actual
QP formulation, different approaches can be followed.

More precisely, for the condensed QP formulation (3.40), the primal variables
are z = [Te(0), Tb(0), ..., Te(N − 1), Tb(N − 1)]′. The Lagrangian function is then
given as

L(z, y) = 1
2zTQcz + fcz + yT (Acz− bc). (4.3)

To obtain the dual function Φ(E0, y) = infz∈Z(E0) L(z, y), the following optimization
problem needs to be solve:

minimize
z

1
2zTQcz + fcz + yT (Acz− bc)︸ ︷︷ ︸

g(z)

, (4.4)

where g(z) is the function that appears in step 3 of Algorithm 1. This unconstrained
optimization problem is solved analytically with the solution as follows:

z∗(E0) = −Qc
−1(Ac

Ty + fc). (4.5)

Since the inverse matrix Qc
−1 could be precomputed and stored, for a QP problem

in the condensed formulation, the calculation effort at step 2 in GPAD is reduced
to matrix-vector multiplications stated in (4.5).
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To obtain the Lipschitz constant L, the dual problem for the condensed QP
(3.40) based on the analytical solution (4.5) is derived as

minimize 1
2yT (AcQc

−1Ac
T )︸ ︷︷ ︸

Hc

y + (AcQc
−1fc + bc)T︸ ︷︷ ︸

hc

y

subject to y ≥ 0.
(4.6)

Now the Lipschitz constant can be obtained by calculating the spectral norm of
the dual Hessian matrix given as Hc = AcQc

−1Ac
T . To summarize, the GPAD

algorithm applied to the condensed QP problem will amount to a computational
complexity of O(N2), where N is the number of horizon steps. The real drawback
of condensed QP formulation however is not the computational complexity but the
memory requirement. Here, in order to solve the problem, the matrices Qc

−1, Ac
and vectors bc, fc need to be stored. Since the problem is condensed, the smallest
matrix Qc

−1 ∈ RNnu alone will require about 14kB for a horizon with N = 30 in
single precision. The large memory footprint rules out the condensed QP (3.40) as
a candidate formulation for the optimal control problem at hand.

For the sparse QP formulation (3.41), the primal optimization variables are
z = [x(0), Te(0), Tb(0), ..., x(N −1), Te(N −1), Tb(N −1), x(N)]. The corresponding
dual function Φ(E0, y) = infz∈Z(E0) L(z, y) is obtained by solving the following
optimization problems:

minimize
z

1
2zTQsz + fsz + yT (Asz− bs)︸ ︷︷ ︸

g(z)

subject to Csz = ds.

(4.7)

Instead of giving an analytical solution, here we first state that the quadratic part
of the dual problem will be defined by the Hessian matrix Hs stated as follows:

Hs = AsQs
−1As

T . (4.8)

The Lipschitz constant is then given as the spectral norm of Hs. Alternatively,
a Frobenius norm or the induced 1-norm can also provide a tight bound on L as
was used by Bemporad and Patrinos [2012]. As can be observed, As and Qs are
independent of position, and thus, can be precomputed. For implementation, the
only data that is required to be stored is Lipschitz constant L.

Now to solve the dual problem, A Riccati-like iterative method with a complexity
of O(N) was proposed by Patrinos and Bemporad [2014]. The method starts with
a factorization step as follows:
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Algorithm 2: Factorization step
PN = QN ;
for k=N-1,...,0 do

R̂k = R+ B̂′Pk+1B̂;
Ŝk = S + B̂′Pk+1Â;
Pk = Q+ Â′Pk+1Â− Ŝ′kR̂

−1
k Ŝk

end
for k=0,...,N-1 do

Kk = −R̂−1
k Ŝk;

Dk = −R̂−1
k G′;

Mk = −R̂−1
k B̂′;

dk = −R̂−1
k (r + B̂′Pk+1Ĉdist(k));

Lk = (Â+ B̂Kk)′;
Ck = (F +GKk)′;
sk = K ′kr + LkPk+1Ĉdist(k) + q

end
Here all constants except for dk and sk are independent of the disturbance sig-

nal dist(k). They can be precomputed and stored to accelerate the solution speed.
To give an example of memory size for storing these matrices, the biggest matrix
here Dk has a dimension of nu × nc. The total size required for storing Dk for
k = 0, ..., N − 1 is about 2 kB for N = 30 and nc = 7, which is well below the
margin.
Given the matrices Kk, Dk, Mk, dk, Lk, Ck and sk, the solution of dual function
(4.7) is then given by the following algorithm

Algorithm 3: Solution Step
eN = F ′NyN + qN ;
for k=N-1,...,1 do

ek = Lkek+1 + Ckyk + sk
end
x0 = E0;
for k=0,...,N-1 do

uk = Kkxk +Dkyk +Mkek+1 + dk;
xk+1 = Axk +Buk + Ĉdist(k)

end
This will give the intermediate result zν in step 2 of Algorithm 1. In step 3 of

Algorithm 1 the main effort is spent in matrix-vector multiplication Aszν . How-
ever, since the structure of matrix As is very sparse and consists of repeated block
diagonal patterns of ( F G ) according to (3.45), only ( F G ) is required to be stored,
which both reduce the memory occupation and accelerate the calculation of Aszν .
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To achieve an (EV , Eg)−optimal solution defined in Patrinos and Bemporad
[2014], an efficient terminal criterion for Algorithm 1 is provided as

Algorithm 4: Termination criterion
if maxi g(z(v)) ≤ Eg then

if w(v) ≥ 0 then
if −wT(v)g(zν) ≤ EV then

stop
else if −wT(v)g(zν) ≤ EV

1+EV
(1

2zTQsz + fs
T z) then

stop
end if

end if
end
The GPAD algorithm applied to sparse QP problem by combining the use of

Algorithms 1,2,3 and 4 will give an (EV , Eg)−optimal solution y∗ with a convergence
rate

Φ(y∗)− Φ(y(ν)) ≤
2L

(ν + 2)2 ‖y(0) − y∗‖2. (4.9)

This convergence rate reveals one main drawback of GPAD algorithm when ap-
plying to linear MPC. The algorithm is very sensitive to scaling and the condition
number of the Hessian matrix Hs. If a problem is ill-conditioned, i.e. the condition
number of Hs is large, the Lipschitz constant L will be large and the number of
iterations will grow unacceptably. This problem can be improved by precondition-
ing. In the following section, an improved GPAD algorithm will be given based on
preconditioning.

4.4 GPAD method tailored to ill-conditioned problem
To improve the performance of GPAD for ill-conditioned problems, the Lipschitz
constant L is reduced by preconditioning. The idea is based on the work of Li and
Cheng [2015] and Giselsson and Boyd [2015].

Consider the sparse QP formulation (3.41) for the optimal vehicle control prob-
lem, if a linear scaling is applied to the inequality constraints Asz ≤ bs by using a
diagonal matrix P, i.e.,

minimize 1
2z′Qsz + fs

′z

subject to Csz = ds
PAsz ≤ Pbs.

(4.10)

This new QP problem will still yield the same optimal solution. The Lipchitz
constant, however, will be given by the spectral norm of PAsQs

−1As
TPT .

The remaining task is therefore to find a proper diagonal matrix P that can
reduce the Lipschitz constant L. In Li and Cheng [2015] and Giselsson and Boyd
[2015], they use matrix equilibration for this purpose. The aim of matrix equilibra-
tion is to choose a diagonal matrix P such that the symmetric matrix PAsQs

−1As
TPT
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has the same norm for all its rows and columns. For the actual method to achieve
matrix equilibration based on Sinkhorn-Knopp algorithm see Li and Cheng [2015]
and Giselsson and Boyd [2015] and reference therein. One simply way to matrix
equilibration in ∞-norm is to let Pii = 1√

(AsQs−1AsT )ii

, where Pii denotes the i-
diagonal element of matrix P.

Now since the matrices As and Qs have the repeated block diagonal patterns,
the precondition matrix P also shares this pattern. In fact, the structure of P can
be stated as follows:

P =


P̂ 0 · · · 0 0
0 P̂ · · · 0 0
...

... . . . ...
...

0 0 · · · P̂ 0
0 0 · · · 0 P̂N

 (4.11)

In this expression, P̂ ∈ Rnc is the repeated diagonal block matrix in P. P̂N ∈ Rnf

is the unique diagonal matrix in P.
Finally, the optimal control problem (3.32) is solved using Algorithm 5. The

output of this algorithm is z = [x(0), Te(0), Tb(0), ..., x(N − 1), Te(N − 1), Tb(N −
1), x(N)]. According to the MPC strategy the first control signals Te(0) and Tb(0)
are then sent to the vehicle during one sampling interval ∆s in order to generate
the desired longitudinal motion. The optimization algorithm 5 is then carried out
repeatedly for the whole drive mission.

Algorithm 5 has been implemented in C, and compiled for the G5 ECU. The
result is a library free fast QP algorithm tailored for the MPC problem in this thesis.
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Algorithm 5: Accelerated Dual Gradient-Projection Method
OFFLINE:

1 Formulate the optimal control problem (3.33) by computing and storing:
Q,R,S,q,r,QN ,qN ,Â,B̂,Ĉ,F ,G,c,FN ,cN

2 Compute the matrices Qs, As and bs in (3.41).
3 Compute the dual Hessian matrix AsQs

−1As
T .

4 Compute the precondition matrix P by matrix equilibration.
5 Compute the Lipschitz constant L based on PAsQs

−1PTAs
T .

6 Replace F and G by P̂F and P̂G in Algorithm 2, Compute and store the
matrices:

Kk, Dk,Mk, Lk, Ck.
ONLINE:

7 Update the disturbance signal dist(α(k)) for k = 0, ..., N − 1.
8 Update the initial kinetic energy E0.
9 Replace F and G by P̂F and P̂G in Algorithm 2, Compute and store the

matrices:
dk, sk.

10 Initialize: y(0) = y(−1) = 0, θ0 = θ−1 = 1, ν ← 0;
11 w(ν) = y(ν) + θ(ν)(θ−1

(ν−1) − 1)(y(ν) − y(ν−1));
12 Solve z(ν) = argminz∈ZL(z, w(ν)) by Algorithm 3 given matrices

Kk, Dk,Mk, Lk, Ck, dk, sk;
13 y(ν) = [w(ν) + (1/L)(PAsz(ν) − Pbs)]+;
14 θν+1 = (

√
θ4
ν + 4θ2

ν − θ2
ν)/2.;

15 Check feasibility and optimality by Algorithm 4;
16 if terminal criterion is satisfied by Algorithm 4 then

Stop
else

Set ν ← ν + 1 and go to Step 11.
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Chapter 5

Fuel saving with Eco-roll

Eco-roll is a driving strategy characterized by allowing the vehicle to roll in neu-
tral gear, for example, when traveling downhill. The main motivation behind this
strategy is the improved usage of potential energy accumulated from previous uphill
climbing. Inside the engine, there is an energy loss due to internal friction. This
friction is approximately linearly dependent on the engine angular velocity. This
means that there will be an increased energy loss as the vehicle accelerates during
the downhill. This friction force can however be decoupled from the vehicle motion
if the gear is disengaged. As a result, the effect of speed increase due to gravity
could be extended and the requirement of fueling could be delayed after the rolling
action. This will in turn reduce the fuel consumption. The main cost of such action
is that a constant minimal fueling is required to keep the engine running idle during
the Eco-roll section of driving.

5.1 Vehicle dynamics during Eco-roll
When the vehicle is rolling with neutral gear engaged, the engine is disconnected
from the rest of the driveline. The result of such action is

Tc = Tw = 0. (5.1)

This means that no torque is transmitted trough the clutch. The dynamics at the
wheels will be different, as well, in comparison to (2.10).

Jwω̇w = −Tb −RwFtract. (5.2)

Finally, the vehicle dynamics during the Eco-roll can be obtained by combining
(5.2) and vehicle longitudinal model (2.4) as follows:

dv

dt
= Rw
Jw +mR2

w

(
− Tb −Rw(Fair + Froll + Fg)

)
. (5.3)

To make a clear comparison, the vehicle dynamics when rolling downhill with
engaged gear is also derived. This action happens when Te = −Tfric(ωe), i.e., there
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is no fuel injection inside the engine. The resulting model can be written as follows:

dv

dt
= Rw
Jw +mR2

w + η(g)i(g)2Je

(
−η(g)i(g)Tfric−Tb−Rw(Fair +Froll +Fg)

)
. (5.4)

These models clearly reveal the difference between Eco-roll and rolling with
engaged gear. An additional resistance force is present due to the internal friction
of the engine compared to Eco-roll.

5.2 Fuel consumption with Eco-roll

The main difficulty in incorporating Eco-roll in an MPC formulation is obvious. This
comes from the fact that the engine angular velocity ωe and vehicle velocity v are
decoupled during Eco-roll as a result of the disengaged clutch. In fact, the angular
velocity ωe is kept at a constant value, ωe(idle). To keep the engine operating at
this idling velocity, a constant fuel induced torque is required to prevent the internal
friction from decelerating the engine:

Tind = Tfric(ωe(idle)) = af + bfωe(idle). (5.5)

The corresponding engine torque Te is then

Te = Tind − Tfric = 0. (5.6)

The fuel consumption rate during Eco-roll is thus constant and happens when Te =
0. Furthermore, it is independent of vehicle velocity v. The actual value can be
directly obtained from the fuel consumption map and is denoted here as

ṁf(idle). (5.7)

The effect of this special constant fuel rate when Te = 0 on the fuel consumption
map is illustrated in Figure 5.1. By including the possibility for Eco-roll, the fuel
consumption becomes discontinuous and non-convex at Te = 0. This is an unde-
sired feature for optimization. In addition, the fuel consumption model developed
previous in Section 2.2 is not able to capture this discontinuity. One way to solve
such a problem is by introducing discrete variables that represent the gear selection.
However, this will lead to an optimization problem of combinatorial nature and is
considered to be hard to solve online.
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Figure 5.1. Relation between Fuel rate and engine torque Te at different RPM
when the Eco-roll is possible. Due to the constant fuel rate ṁf(idle) at Te = 0, there
is a discontinuity in the fuel consumption map. The scales are removed due to the
confidentiality agreement.

Instead of using an accurate model, here a rather simple and inexact fuel con-
sumption model is developed. This makes it possible to include Eco-roll within the
MPC framework with quadratic programming formulation. The model is based on
the observation from Figure 5.2. This map is obtained by plotting the fueling rate
ṁf as a function of engine output power Pout = Teωe for the optimal operating
points of the engine.

Figure 5.2. Relation between Fuel rate and engine power output Pout = Teωe for
engine optimal operating points. The fuel rate varies linearly with the power output.
The scales are removed due to the confidentiality agreement.

As can be seen, the fuel rate for engine optimal operating points varies ap-
proximately linearly with the engine power output Pout. Therefore, the idea is to
approximate the entire fuel consumption map by using piecewise linear functions of
the form cn1Teωe + cn2 to obtain a inexact but convex and continous approximation
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of ṁf. The model of fuel rate is then given by

ṁf = max
(

0, c11Teωe + c12, ..., cn1Teωe + cn2

)
. (5.8)

The approximation constants in (5.8) are determined in such a way that when
Te = 0 the model should yield the constant fuel consumption ṁf(idle). Furthermore
for Te ≤ −Tfric the model should give zero fuel consumption since in such case the
fuel induced engine torque Tind = Te + Tfric = 0, i.e., no fuel injection is required.
In Figure 5.3 an example of fuel approximation using model (5.8) is shown.

Figure 5.3. The comparison between fuel rate and the corresponding approximation
obtained by using (5.8) at different RPM. Instead of the non-convex discontinuity
around the idle point Te = 0, the model uses a convex approximation to capture the
exact value at Te = 0. The model gives good fuel estimation for large engine torque
but a underestimation of fuel rate is inevitable around Te = 0. The scales are removed
due to the confidentiality agreement.

As can be seen, the model (5.8) captures the essential feature of fuel consumption
map and gives good approximation for large engine torque Te. The main advantage
of the model is the convex approximation around Te = 0 that captures the exact
value of ṁf(idle). The drawback of the approximation is the inevitable underesti-
mation of fuel rate in the neighborhood of the Eco-roll active point Te = 0. The
resulting convex and continuous fuel consumption model is then used to obtain a
quadratic programming formulation of the control problem.

5.3 Quadratic programming with Eco-roll
When applying the piecewise linear fuel model in combination with the vehicle
dynamics to form the optimal control problem, the discrete gear selection variable
g is still required. To make the fuel model applicable, further simplifications and
assumptions are made for the vehicle dynamics.
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Since the engine inertia Je and the powertrain accumulated inertia Jw are much
less significant in comparison to the vehicle mass, they are approximated as zero,
i.e., Je ≈ 0 and Jw ≈ 0. The engine dynamics is then

Te = Tc. (5.9)

The wheel dynamics is given by

Tw = i(g)η(g)Tc = i(g)η(g)Te = RwFtract. (5.10)

Based on these equations, it is possible to express Te in terms of Ftract as

Te = RwFtract
i(g)η(g) . (5.11)

The relation between engine speed and vehicle velocity is

ωe = i(g)
Rw

v. (5.12)

By combining equation (5.11) and (5.12), the engine power can be expressed in
terms of vehicle traction force Ftract and vehicle velocity v as follows:

Pout = Teωe = RwFtract
i(g)η(g)

i(g)
Rw

v = 1
η(g)Ftractv. (5.13)

In this expression Ftractv is interpreted as the power induced by the vehicle traction
force. Now, since the traction force can be both positive and negative depending on
whether the engine torque Te or brake torque Tb is applied, the restriction of having
Te in the expression of Pout is relaxed and replaced by a general torque variable
T ∈ [−Tb,max, Te,max], i.e., Pout = Tωe. The model (5.8) is still valid after this
replacement since for large negative value of T the fuel rate is zero according to the
model. This is precisely the case when brake torque is active.

By using the expression (5.13), the fuel model (5.8) is finally expressed in terms
of Ftractv as follows:

ṁf = 1
η(g) max

(
0, c11Ftractv + c12, ..., cn1Ftractv + cn2

)
. (5.14)

This expression holds for all feasible values of Ftract and v. In particular, for Eco-roll,
the expression will yield the correct constant fuel rate value ṁf(idle) independent
of the current vehicle velocity v. This is because when Eco-roll is active, the engine
torque is Te = 0 and Ftract = 0 according to (5.12). When the Eco-roll is not active,
i.e., when Ftract 6= 0 the model (5.14) will instead give a good estimation of fuel rate
depending on the value of Ftract and v. A smooth transition between Eco-roll fuel
rate and normal fuel rate is thus realized by (5.14) without using integer variables.

Now since the fuel model (5.14) as a function of Ftract and v is established, the
dynamics model of the vehicle to be used in the optimal control problem is simply
stated as

mv̇ = Ftract − Fair − Froll − Fg. (5.15)
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This model is in agreement with the dynamics derived previous in section 5.1 if
Je and Jw are set to zero. Therefore, it provides a good approximation for both
Eco-roll, i.e., when Ftract = 0, and for rolling with engaged gear, i.e., when Ftract =
− i(g)η(g)Tfric

Rw
.

As a conclusion, the fuel consumption model (5.14) in combination with the
vehicle dynamics model (5.15) will give a good estimation of the system behavior
for both normal drive and Eco-roll strategy.

The final optimal control problem with Eco-roll can be stated as follows:

minimize
∫ sf

s0

1
η(g) max

(
0, c11Ftract + c12

v
, ..., cn1Ftract + cn2

v

)
ds

+ β

∫ sf

s0

(
α1E

2 + α2E + α3

)
ds

subject to dE

ds
= Ftract − Fair(E)− Froll − Fg

E ∈ [Emin, Emax]
E(0) = E0

Ftract ∈ [Ftract,min, Ftract,max].

(5.16)

Here, the upper and lower bounds on Ftract, i.e., Ftract ∈ [Ftract,min, Ftract,max] is
derived from the upper bound on Te ≤ Te,max and Tb,max. Here, the dependence on
ωe for Te,max is neglected.

To formulate the quadratic programming problem, a slack variable S is intro-
duced to handle the piecewise linear approximation model of fuel consumption,

S ≥ 1
η(g) max

(
0, c11Ftract + c12

v
, ..., cn1Ftract + cn2

v

)
. (5.17)

To make this variable useful in order to formulate the quadratic programming prob-
lem, the velocity dependent term 1

v is approximated linearly in terms of kinetic
energy E, i.e., 1

v ≈ a1E + a2. This is reasonable since the velocity is not expected
to vary much around some desired velocity for a highway drive mission.

S ≥ 1
η(g) max

(
0, c11Ftract + c12(a1E + a2)

· · ·+ cn1Ftract + cn2(a1E + a2)
)
.

(5.18)

The slack variable S together with its linear constraints (5.18) can then be used
in combination with (5.16) to obtain the following optimal control problem with
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quadratic objective function and linear constraints.

minimize
N−1∑
k=0

S(k)∆s+ β
N−1∑
k=0

(
α1E

2(k) + α2E(k) + α3

)
∆s

+ βf

(
E(N)− Er

)2

subject to E(k + 1) =
[
1 0

] [Ftract(k)
S(k)

]
− Fair(E(k))− Froll − Fg

E(0) = E0

E(k) ∈ [Emin, Emax]
Ftract(k) ∈ [Ftract,min, Ftract,max]

S(k) ≥ 1
η(g) max

(
0, c11Ftract(k) + c12(a1E(k) + a2)

· · ·+ cn1Ftract(k) + cn2(a1E(k) + a2)
)
.

(5.19)

This optimal control problem can be stated as a standard QP problem both
in condensed and sparse formulation. For a sparse formulation with optimization
variables z = [E(0), Ftract(0), S(0), ..., E(N − 1), Ftract(N − 1), S(N − 1), E(N)], the
problem will be given as follows:

minimize 1
2z′Qsz + fs

′z

subject to Csz = ds
Asz ≤ bs.

(5.20)

Here the sparse Hessian matrix Qs will again be a diagonal matrix as follows:

Qs =



Q 0 · · · 0 0 0
0 R · · · 0 0 0
...

... . . . ...
...

...
0 0 · · · Q 0 0
0 0 · · · 0 R 0
0 0 · · · 0 0 QN


, Q = βα1∆s,R =

[
.0 0
0 0

]
(5.21)

The Hessian matrix Qs here is however positive semi-definite, which means that the
QP algorithm developed in this thesis does not handle this problem directly without
any modification. Now since this optimal control problem (5.19) with Eco-roll is an
extension of the thesis, it is solved directly by using Matlab interior-point method
quadprog. There is potential to apply the QP algorithm developed in this thesis
if some small quadratic perturbation costs for variables S and Ftract are added to
make the problem strictly convex. This work is however left for future development.





Chapter 6

Results

In this work, we have developed two main algorithms for cruise control of heavy-
duty vehicles. The first one is an MPC based control algorithm with QP formulation
based on the assumption of fixed gear. It has two variants. The first one is based
on a direct penalty of total trip time, i.e., T1 =

∫ sf
s0

1
vds, it is hereby referred as

QPT . The second one is based on a penalty for reference deviation in the objective
function, i.e., T2 =

∫ sf
s0

(E − Er)2ds, it is referred as QPD. The QPD is also
considered as the baseline algorithm when comparing the performance of algorithms
since the penalty on deviation is expected to give a close to conventional cruise
controller behavior. A tailored QP algorithm based on GPAD is developed to solve
the underlying QP problems in both QPT and QPD on embedded hardware. In
part two of the thesis, an MPC control strategy with QP formulation to handle Eco-
roll is developed. This algorithm is referred as QPE. In Section 6.1, the simulation
results of QPT,QPD and QPE are presented. In Section 6.2, the performance of
the developed algorithms are compared with a benchmark rule-based look-ahead
cruise controller simply referred to as rule-based controller. Finally, in Section 6.3,
the result of QPD from real highway drive test is presented to verify the feasibility
of QP-based control algorithm on the embedded system.

6.1 Results for developed algorithms

To analyze the performance of the three proposed algorithms in the thesis, three
road slope profiles were constructed: (1) uphill, (2) downhill, and, (3) the combi-
nation of both. The simple road slope makes it easier to interpret and compare
the behavior of the optimized velocity profiles from all three algorithms. Also, to
analyze the behavior from real road environment, recorded topography data from
the road between Södertälje and Norrköping provided by Scania was used.
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6.1.1 Results from the uphill profile

In order to investigate how the algorithms will prepare for an uphill section, a
road profile with a long uphill segment is constructed as shown in Figure 6.1. The
simulation results from algorithm QPD, QPT and QPE are also shown in Figure
6.1. These results are obtained by tuning the weight factor β such that all three
algorithms will have approximately the same trip time.

As can be seen, the resulting velocity profiles for all three algorithms have the
same pattern. All of them start to accelerate prior to the hill and obtain a local
velocity peak just before the hill. The vehicle then starts to decelerate during the
uphill climbing and finally regains its speed when entering the flat segment. This
drive pattern to save fuel is very intuitive and well known by experienced drivers.
The difference between the strategies is at which moment they start to accelerate
and the actual amount of engine torque they apply. The QPT starts to accelerate
already at the start of the road. This allows it to have a very smooth acceleration
until it reaches the maximal velocity at the start of the hill. The vehicle can,
therefore, use a torque much lower than the maximum torque to travel uphill. The
QPE also reaches the maximal velocity before the hill. It, however, has a much
more aggressive acceleration starting at 500 m before the hill and uses a greater
engine torque. This behavior is because QPE uses an inexact piecewise linear fuel
model compared to QPT . The underestimation of fuel consumption for lower torque
makes it more willing to use low torque to keep the constant speed at flat segment of
the road and only applies high torque close to the uphill. The QPD also accelerates
but at a much closer distance before the hill to minimize the variation in velocity
profile. Due to the state deviation penalty term, QPD behaves very much like a
conventional cruise controller by keeping a constant velocity. It, therefore, uses the
maximal torque during the uphill to reduce the deviation from the reference speed.

To further evaluate the performance of the control strategies, the relative differ-
ence in fuel consumption and trip time between the three strategies are investigated.
The results are gathered and stated in Table 6.1.

performance comparison for uphill
Strategy Fuel Time
QPD 0% 0%
QPT -0.14% -0.06%
QPE 0.5% -0.01%

Table 6.1. The performance comparison for uphill

The most fuel efficient strategy for uphill slope is QPT . This is expected since
QPT uses an accurate polynomial model of the fuel flow compared to the piecewise
linear model in QPE and has no restriction on state variable compared to QPT .
The Eco-roll based QPE consumes about 0.5% more fuel compared to QPD. This
indicates that an accurate polynomial model for the fueling makes it possible for
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QPD and QPT to exploit the BSFC-map and to find more fuel efficient operating
points in the engine.

Figure 6.1. The results of QP D, QP T and QP E for a uphill road profile. The line
plot is the result obtained from the baseline algorithm QP D. The dotted plot is the
result obtained from QP T and the circled plot is the result obtained from QP E.
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6.1.2 Results from the downhill profile

This time, the same simulations for the developed algorithms are conducted with a
negative slope, instead. The results are shown in Figure 6.2.

Like in the case of the uphill road, the resulting velocity profiles from all three
algorithms have the same pattern. They all start to decelerate prior to the downhill
and obtain a local minimum speed at the start of the downhill. The vehicle then
starts to utilize the gravitational force to accelerate and regain its speed by either
rolling with neutral gear or rolling without fuel injection. All three strategies reach
the maximal velocity before they leave the downhill segment and then decelerate
back to reference speed during the flat road. Although the optimized velocity profiles
to save fuel are very similar and intuitive, the underlying torque controls are different
between the strategies. For the baseline algorithm QPD, the approach to save fuel
is achieved by fully utilizing the engine brake, i.e., rolling without fuel injection.
The total rolling distance for QPD is about 1500 m, which is 500 m longer than
the length of the downhill segment. The approach preferred by QPT to save fuel is
entirely different. Instead of utilizing the gravitational force as much as possible, it
applies an overall lower torque than QPD to reduce fuel consumption. The result
is a much shorter rolling distance and more fuel efficient operating points. The
Eco-roll based QPE starts the Eco-roll action at about 800 m before downhill. Due
to the reduced friction, the vehicle accelerates much faster with neutral gear and
the vehicle can therefore start the rolling action much earlier compared to the case
of QPD. Therefore, it reduces the demand of engine torque and saves more energy.
Interestingly, at about 2,600 m, QPE goes back to engine brake action. This is done
to utilize the internal friction of the engine to prevent the vehicle from exceeding
the maximal velocity limit. It then goes back to Eco-roll and can, therefore, delay
the demand for engine torque.

To further evaluate the performance of the control strategies, the relative differ-
ence in fuel consumption and trip time between the three strategies are investigated.
The results are gathered and stated in Table 6.2.

performance comparison for uphill
Strategy Fuel Time
QPD 0% 0%
QPT -1.58% -0.2%
QPE -5.2% -0.21%

Table 6.2. The performance comparison for uphill

The most fuel efficient strategy for downhill slope is QPE. This is expected since
QPE has included the possibility to use Eco-roll. As can be seen in Figure 6.2, much
less engine torque demand is needed for QPE. The overall fuel saving for QPE
is 5.2% compared to QPD, which is a very significant fuel saving compared to the
0.14% saving achieved by QPT in the uphill case. This indicates that although
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QPE consumes a little more energy for an uphill road due to the lack of accuracy
in its fuel model, it is expected to be the most fuel efficient strategy for a typical
drive mission due to the significant fuel saving potential for downhill roads.

Figure 6.2. The results of QP D, QP T and QP E for a downhill road profile. The
line plot is the result obtained from the baseline algorithm QP D. The dotted plot is
the result obtained from QP T and the circled plot is the result obtained from QP E.
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6.1.3 Results from the combined profile

In this section, a road profile with both uphill and downhill is created and used to
investigate the behavior the algorithms. The road profile and the simulation results
of the algorithms are shown in Figure 6.3.

The fuel optimal drive pattern observed previously for uphill and downhill slope
are both presents for this combined road. Each algorithm applies its own fuel saving
control strategy during the downhill segment. After reaching a maximal speed at
the end of the downhill segment, the vehicle starts to decelerate and returns to
the reference speed for all algorithms expect QPT during the short flat segment
between the hills. By keeping a higher speed, QPT could achieve a much smoother
acceleration and requires even less torque demand to reach the peak speed right
before the uphill. The acceleration of QPD for the upcoming positive slope is
not as aggressive as in the case of uphill alone. This is done by QPD in order
to achieve an overall minimum deviation from reference speed. Such action again
indicates that the fuel saving potential is much greater at downhills than at uphills.
The QPD, therefore, puts more focus on fuel saving during the downhill segment
and has a very constant velocity profile during uphill to compensate for the cost of
state deviation. Finally for QPE, the action for the uphill segment is very similar
to the case of uphill alone.

The overall performances of the algorithms are evaluated and gathered in Table
6.3. As predicted earlier in Section 6.1.2, the most fuel efficient algorithm for the
combined slope is found to be QPE. The actual fuel saving achieved by QPE is
about 2.16%, and it travels about 0.05% faster than baseline QPD. The QPT also
saves about 1% fuel compared to GPD.

In conclusion, for a combined profile, QPT is the better strategy for the fixed
gear approach, and the algorithm QPE is expected to provide the overall most fuel
efficient drive strategy. It is worth to notice here that even though QPD performs
the worst in the sense of fuel saving, it provides the most persistent and cruise
control like velocity profiles among all three algorithms. A stable drive experience
is appreciated in real life situation.

performance comparison for combined slope
Strategy Fuel Time
QPD 0% 0%
QPT -1.04% -0.02%
QPE -2.16% -0.05%

Table 6.3. performance comparison for combined slope
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Figure 6.3. The results of QP D, QP T and QP E for a combined road profile. The
line plot is the result obtained from the baseline algorithm QP D. The dotted plot is
the result obtained from QP T and the circled plot is the result obtained from QP E.
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6.1.4 Results from real road profile

The simulation results of the algorithms have been investigated for manually con-
structed road profiles. By doing so, the fuel saving strategies have been interpreted
and shown to be intuitive according to the actual formulation of the algorithms. In
this section, the performance of the algorithms will be evaluated on real road data.
The simulations are carried out by using the vehicle powertrain simulation tool in
Simulink developed by Scania. The road topography data between Södertälje and
Norrköping is used. A detailed specification for simulations is gathered in Table
6.4.

The specification of the simulation
Vehicle mass 40,000 kg
Road length 100 km

Horizon Length 3,000 m
Step Length ∆s 50 m

Velocity range [vmin, vmax] [70.4km/h, 87km/h]
Reference speed vr 80km/h

Table 6.4. The specification of the simulation for Södertälje-Norrköping

Instead of showing results for the whole road, a 6,000 m long segment of the road
with the simulation results are illustrated in Figure 6.5. As can be seen, during the
first downhill part between 16,000 m and 18,500 m, the Eco-roll based algorithm
QPE applies an almost 1,000 m long neutral gear rolling action and achieves a local
maximum speed right before the approaching uphill slope. TheQPT uses low engine
torque during the downhill segment to consecutively accelerate and reach a peak
speed before uphill. Instead of varying the velocity, QPD applies a combined action
of engine brake and low engine torque during the downhill segment to guarantee a
static speed close to reference velocity and only increases its speed insignificantly
right before uphill. During the short uphill segment, all algorithms except QPD
use a low engine torque, which causes the vehicle to lose speed. For the next steep
downhill, QPE applies Eco-roll at the start of the hill and right after the hill. In
between the Eco-roll actions, QPE rolls with closed powertrain and utilizes the
internal engine friction to decelerate the vehicle and avoids the use of brake torque
completely. After applying a low torque to decelerate to lowest speed for the steep
downhill smoothly, QPT uses engine brake to prevent the gravitational force from
accelerating the vehicle over the speed limit. A minor brake torque is inevitable for
QPT at the end of the downhill. QPD also applies the engine brake to roll without
fueling, but during the downhill, a quite large brake torque is applied to reduce the
speed deviation. The brake torque is a waste of energy, and QPD is consequently
considered to be fuel inefficient compared to the other two algorithms in this case.

To further evaluate the performance of the control strategies, the relative differ-
ence in fuel consumption and trip time between the three strategies for the whole
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simulated road are calculated and investigated. The results are gathered in Table
6.5.

performance comparison for real road simulation
Strategy Fuel consumption Time
QPD 0% 0%
QPT -2.21% -0.24%
QPE -3.38% -0.39%

Table 6.5. performance comparison for real road simulation

As expected, the most fuel efficient algorithm is QPE with a fuel saving of
3.38%, and it also travels about 0.39% faster. The constant gear algorithm QPT
also gives a good fuel saving of 2.2% and it travels 0.24% faster.

To further analyze the difference between the algorithms, the relative energy
loss measured in unit fuel per 100 km in different domains is calculated and shown
in Figure 6.4.

Figure 6.4. The energy loss measured in l/100km for Rolling resistance, Air drag,
Transmission, Engine Friction, Brake, Potential Energy, Kinetic Energy, Wheel Slip
and Total fuel.

By comparison, the biggest energy loss for both QPT and QPE is due to aero-
dynamic resistance. This loss can be explained by the shorter trip time and larger
speed variation that QPT and QPE have in simulations. A larger velocity causes
a greater air drag and therefore more energy loss. Both QPT and QPE have rela-
tively lower energy losses due to brake torque. This result is supported by Figure
6.5, where the brake torque is avoided almost completely for both algorithms. Due
to Eco-roll action, QPE has a much lower energy loss in engine friction and there-
fore much lower fuel consumption. Although the energy loss is not much lower for
QPT in comparison with QPD, the fact that QPT has much less restriction on its



60 CHAPTER 6. RESULTS

state variable gives it more freedom to plan its operating points efficiently based on
the accurate fuel model. The result of this is a significant fuel saving of 2.21% in
comparison to QPD.

Figure 6.5. The simulation results of algorithm QP D, QP T and QOE, the solid
line plot is the result of QP D, the dash-dotted plot is the result of QP T and the dash
line plot is the result of QP E. The figure starts with the road profile, the second
part is the velocity profiles, the third one shows the gear selection and the final plot
shows both the engine torque and brake torque results.
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6.2 Comparison to the rule-based controller

The rule-based controller used in this thesis for comparison has the ability to auto-
matically adjust the powertrain control signals much like the developed algorithms
to achieve a fuel efficient driving experience. It is indeed a powerful control strat-
egy that not only handles the normal gear switching situation but also has the
ability to adopt the fuel efficient Eco-roll strategy. Therefore, in this thesis, the
rule-based controller has served as a benchmark for evaluating the performance of
the optimization based algorithms.

To give a valid evaluation, all algorithms are simulated with the same specifica-
tion that is stated in the previous section.

Without showing the simulation result of the rule-based controller, here, the
relative differences in fuel consumption and trip time among the developed strategies
and the rule-based controller are investigated. See Table 6.6

Performance comparison to rule-based controller for Södertälje-Norrköping
Strategy Relative fuel Relative time Time in Eco-roll
QPD 3.21% 0.11% N/A
QPT 0.93% -0.13% N/A
QPE -0.28% -0.27% 1,318 s
Table 6.6. The performance comparison to rule-based controller for Södertälje-
Norrköping

According to Table 6.6, both QPD and QPT consume more fuel compared
to the rule-based controller. This is mainly due to the fact that both strategies
lack the ability to plan Eco-roll action. In the case of QPT , the difference in fuel
consumption is only 0.93%. which indicates the potential of QPT when only fixed
gear is allowed. The only control strategy that consumes less fuel and travels faster
than the rule-based controller is QPE. In total, it saved about 0.28% fuel and
traveled 0.27% faster. The shorter trip time shows a potential margin for saving
more fuel by QPE. Without revealing the Eco-roll time of the rule-based controller,
the Eco-roll time of QPE is observed to be much shorter. Indeed, QPE can not
fully exploit the potential of Eco-roll since there is an inevitable underestimation of
fuel consumption for operating points close to Eco-roll. This makes the inefficient
low torque operating points favorable for QPE in certain scenarios, and thereby
the possible action of Eco-roll is neglected.

To further analyze the solution of the control strategies, the relative energy loss
measured in 1 l fuel per 100 km in different domains are calculated and shown in
Figure 6.6.
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Figure 6.6. The energy loss measured in l/100km for Rolling resistance, Air drag,
Transmission, Engine Friction, Brake, Potential Energy, Kinetic Energy, Wheel Slip
and Total fuel.

Compared to the rule-based controller, There is a significant energy loss in the
engine friction for both QPT and QPD. Therefore, they consume more fuel. For
QPE, the energy loss in the engine friction is not significant. Here, the biggest
energy loss is air resistance. This is because the vehicle travels about 0.27% faster
compared to the rule-based controller. The higher speed and speed variation then
result in a greater air resistance. Overall, QPE still saves fuel because it can plan
the operating points more efficient.

6.3 Highway drive test

To investigate the feasibility of the QP-based strategies on a G5 ECU, a highway
test drive was carried out in a Scania truck for algorithm QPD. The tailored QP
algorithm 5 developed in this thesis is implemented with the MPC setup shown in
Table 6.7
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MPC setup for real drive test
Horizon Length 1,500 m
Step Length ∆s 50 m

Velocity range [vmin, vmax] [70.4km/h, 87km/h]
Reference speed vr 80km/h
Sampling frequency 1Hz

Table 6.7. The MPC setup for drive test

Here a horizon length of 1, 500 m is used. The QP algorithm 5 is however capa-
ble of taking longer horizon, e.g., ≥ 3, 000 m is possible for online optimization.

The Scania truck used for drive test is called Bumblebee and has a vehicle mass
of 30, 000 kg. Other parameters are not shared due to the confidentiality agreement.

In Figure 6.7, a segment of the experiment result is shown. The gear manage-
ment during the drive mission is handled by Scania’s embedded gear management
system GMS.

Figure 6.7. The result from highway experiment for control algorithm QP D in the
thesis. For the engine torque profile, the blue line is the Algorithm desired torque
and the red line is the actual applied torque.

The results of the driving test show the expected velocity profile similar to the
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simulation results. QPD accelerates and reaches local peak speed before uphills
and decelerate for upcoming downhills. In the Figure 6.7, there are some outliers.
The two outliers between 600 and 650 s are due to some external disturbances that
suddenly decelerate the vehicle. QPD then immediately applies a large torque to
correct the deviation. This indicates the ability of QPD to handle sudden external
disturbances. The outliers around 750 m are some manually created false torque
signal when the velocity is outside the feasible region. The reason is that there
exist some errors in the vehicle dynamics model compared to reality. This problem
can, however, be handled by softening the hard constraints of state variables by
introducing slack variables, and adding the corresponding penalty terms in the
objective function.

The actual execution time for solving the underlying QP problems is not mea-
sured directly due to some technical issues. The Algorithm 5 is however observed
to be able to deliver a fast solution within the system sampling frequency, i.e., 1 Hz
for even longer horizon, e.g., ≥ 3, 000 m, while requiring small memory footprint.

The performance and numerical features of algorithm 5 for the driving test setup
are stated in Table 6.8.

MPC setup for real drive test
Execution time � 1s
Average iterations ≈ 300
Memory occupation ≈ 10 kB
CPU load <50%
Code size less then 1,000 lines

Table 6.8. The performance and numerical features of algorithm 5

The precondition step introduced in this thesis has shown to reduce the number
of iteration by a factor of 103 compared with the standard GPAD. This indicates
the significance of preconditioning in solving ill-conditioned problem by first order
methods such as GPAD. Notice here that the QP Algorithm 5 is still not optimized.
There is a possibility to speed up the algorithm further through more efficient coding
and more offline calculations. Techniques such as move blocking and constraint-set
compression can also reduce the problem complexity and improve the performance.
These are left for future development.
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Discussion and conclusion

In this thesis, the road topography data is utilized in an MPC scheme to achieve a
fuel efficient longitudinal vehicle control. The underlying optimal control problem
for this purpose is, in general, a mixed integer nonlinear programming problem,
which is hard to solve. Due to the requirement of a fast solution at each sampling
interval and the hardware restrictions for MPC on the embedded system, the opti-
mal control problem is simplified and approximated in order to form a QP problem.
This is done by adopting a quadratic cost function and a linear dynamics model
with minimal loss of accuracy. The result is a QP based control strategy with the
assumption of fixed gear. Based on analysis of the vehicle behavior during a down-
hill, an improved QP based control strategy is developed to include the possibility of
Eco-roll. This is a strategy that handles the integer part of the problem by using a
piecewise linear convex approximation of fuel map. The result is a control strategy
that is less accurate in the sense of fuel model compared to the constant gear case
but has the ability to plan Eco-roll action in a fuel efficient way.

To implement the developed QP strategies on an embedded hardware, an MPC
tailored QP algorithm based on QPAD is developed. This algorithm improves the
sensitivity of QPAD to ill-conditioned problems successfully. Indeed, a reduction in
the number of iterations by a factor of O(103) is observed. The MPC based vehicle
control algorithm and the tailored QP algorithm are therefore proven to be feasible
for embedded hardware with limited resources. The overall algorithm is capable of
computing a solution for a long horizon within the sampling frequency 1 Hz using
low CPU load and low memory footprint in parallel to all other existing functions
on a G5 ECU. The test result from real life highway drive matches the expected
fuel efficient drive pattern obtained in simulations.

Based on the results of simulations and real drive test, an intuitive fuel efficient
driving pattern for the heavy-duty vehicle on hilly terrains is observed for all pro-
posed strategies in the thesis. The overall strategy for saving fuel is by increasing
the velocity prior to an uphill in order to lower the demand for engine torque and
decelerate prior to a downhill in order to utilize the gravitational force and to avoid
unnecessary brake actions. Depending on the actual formulation of the strategies,
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the actual operating points differ for achieving this efficient velocity pattern. The
state penalized algorithm QPD acts much like a traditional cruise controller by al-
lowing minor deviations from the reference velocity to improve fuel efficiency. The
time optimized algorithm QPT due to its freedom in state variables and its access
to an accurate fuel map has the ability to find fuel-efficient operating points in the
engine to optimize the fuel usage in the constant gear situation. Finally, QPE has
the ability to apply Eco-roll to better utilize the external gravitational force during
downhills in order to reduce fuel consumption.

In comparison to the rule-based controller, QPD uses 3.21% more fuel due to
the lack of access to Eco-roll. The best-performed strategy for constant gear control
is QPT , but it also consumes about 0.93% more fuel compared to the rule-based
controller. QPE saves about 0.28% fuel and travels faster than the rule-based
controller. This result reveals the potential of MPC in vehicle control problems.

There are many aspects of this thesis that can be investigated further. First, the
QP algorithm could be modified to also be able to solve the underlying QP problem
from the algorithm QPE, which is currently solved by the built-in Matlab function
quadprog. The potential improvement of efficiency for the QP-algorithm could be
further explored by more efficient offline preparation and by adopting methods such
as move-blocking and constraint-set compression to reduce the problem complexity.
The main drawback of having a QP problem in the MPC scheme is that the optimal
control problem needs to be simplified and approximated to obtain a quadratic cost
function and linear constraints. This means that the solution obtained from the
QP problem is not globally optimal to the original problem. For QPT and QPD,
the assumption of constant gear is problematic since it restricts the possible control
actions of the vehicle, i.e., lack of gear switch. In the case of QPE, the optimality
is lost due to the inaccurate fuel consumption model that constantly underestimate
the consumption for low engine torque. This issue could, however, be improved
by allowing quadratic constraints in the optimal control problem, i.e., by forming
quadratically constrained QPs(QCQP) for more accurate fuel model. The crucial
factor to fully utilize the potential of the MPC and the topography data is therefore
to have an accurate fuel model and a method to handle integer gear choice at the
same time. This can only be done by solving the mixed integer nonlinear program-
ming problem directly. One method is to apply dynamic programming technique as
was done by Hellström et al. [2010] and Hellström et al. [2009]. Another approach
could be to relax the integer gear choice variable to a continuous counterpart and
solve the resulting nonlinear programming problem by sequential quadratic pro-
gramming technique, where the developed QP-algorithm in the thesis could be used
for the underlying QP subproblems. The feasibility of solving such complex problem
on embedded hardware will be the main focus for future work.



Bibliography

Assad Alam. Fuel-Efficient Heavy-Duty Vehicle Platooning. PhD thesis, KTH,
Automatic Control, 2014. QC 20140527.

Roscoe A. Bartlett and Lorenz T. Biegler. Qpschur: A dual, active-
set, schur-complement method for large-scale and structured con-
vex quadratic programming. Optimization and Engineering, 7(1):5–
32, 2006. ISSN 1573-2924. doi: 10.1007/s11081-006-6588-z. URL
http://dx.doi.org/10.1007/s11081-006-6588-z.

Alberto Bemporad and Panagiotis Patrinos. Simple and certifiable quadratic
programming algorithms for embedded linear model predictive con-
trol. IFAC Proceedings Volumes, 45(17):14 – 20, 2012. ISSN 1474-
6670. doi: http://dx.doi.org/10.3182/20120823-5-NL-3013.00009. URL
http://www.sciencedirect.com/science/article/pii/S1474667016314215.

Alberto Bemporad, Manfred Morari, Vivek Dua, and Efstratios N.
Pistikopoulos. The explicit linear quadratic regulator for con-
strained systems. Automatica, 38(1):3 – 20, 2002. ISSN 0005-
1098. doi: http://dx.doi.org/10.1016/S0005-1098(01)00174-1. URL
http://www.sciencedirect.com/science/article/pii/S0005109801001741.

Alberto Bemporad, Pandeli Borodani, and Massimo Mannelli. Hybrid Con-
trol of an Automotive Robotized Gearbox for Reduction of Consumptions
and Emissions, pages 81–96. Springer Berlin Heidelberg, Berlin, Heidel-
berg, 2003. ISBN 978-3-540-36580-8. doi: 10.1007/3-540-36580-X_9. URL
http://dx.doi.org/10.1007/3-540-36580-X_9.

S. Di Cairano, M. Brand, and S. A. Bortoff. Projection-free parallel quadratic
programming for linear model predictive control. International Journal of
Control, 86(8):1367–1385, 2013. doi: 10.1080/00207179.2013.801080. URL
http://dx.doi.org/10.1080/00207179.2013.801080.

A. Domahidi, A. U. Zgraggen, M. N. Zeilinger, M. Morari, and C. N. Jones. Efficient
interior point methods for multistage problems arising in receding horizon control.
In 2012 IEEE 51st IEEE Conference on Decision and Control (CDC), pages 668–
674, Dec 2012. doi: 10.1109/CDC.2012.6426855.

67



68 BIBLIOGRAPHY

Radan Durković and Milanko Damjanović. Regression models of specific fuel con-
sumption curves and characteristics of economic operation of internal combustion
engines. Mechanical Engineering, 4(1):17–26, 2006.

H. J. Ferreau, H. G. Bock, and M. Diehl. An online active set strategy to overcome
the limitations of explicit mpc. International Journal of Robust and Nonlinear
Control, 18(8):816–830, 2008. ISSN 1099-1239. doi: 10.1002/rnc.1251. URL
http://dx.doi.org/10.1002/rnc.1251.

Pontus Giselsson. Improved fast dual gradient methods for embedded model
predictive control. {IFAC} Proceedings Volumes, 47(3):2303 – 2309, 2014. ISSN
1474-6670. doi: http://dx.doi.org/10.3182/20140824-6-ZA-1003.00295. URL
http://www.sciencedirect.com/science/article/pii/S1474667016419555.
19th {IFAC} World Congress.

Pontus Giselsson and Stephen Boyd. Metric selection in fast dual for-
ward–backward splitting. Automatica, 62:1 – 10, 2015. ISSN 0005-
1098. doi: http://dx.doi.org/10.1016/j.automatica.2015.09.010. URL
http://www.sciencedirect.com/science/article/pii/S0005109815003611.

Erik Hellström, Maria Ivarsson, Jan Åslund, and Lars Nielsen. Look-
ahead control for heavy trucks to minimize trip time and fuel con-
sumption. Control Engineering Practice, 17(2):245 – 254, 2009. ISSN
0967-0661. doi: http://dx.doi.org/10.1016/j.conengprac.2008.07.005. URL
http://www.sciencedirect.com/science/article/pii/S0967066108001251.

Erik Hellström, Jan Åslund, and Lars Nielsen. Design of an effi-
cient algorithm for fuel-optimal look-ahead control. Control En-
gineering Practice, 18(11):1318 – 1327, 2010. ISSN 0967-0661.
doi: http://dx.doi.org/10.1016/j.conengprac.2009.12.008. URL
http://www.sciencedirect.com/science/article/pii/S0967066109002366.
Special Issue on Automotive Control Applications, 2008 {IFAC} World Congress.

Nicholas J. Kohut, Professor J. Karl Hedrick, and Professor Francesco Bor-
relli. Integrating traffic data and model predictive control to improve
fuel economy. IFAC Proceedings Volumes, 42(15):155 – 160, 2009. ISSN
1474-6670. doi: http://dx.doi.org/10.3182/20090902-3-US-2007.0032. URL
http://www.sciencedirect.com/science/article/pii/S1474667016317906.

D. Kouzoupis, A. Zanelli, H. Peyrl, and H. J. Ferreau. Towards proper as-
sessment of qp algorithms for embedded model predictive control. In Con-
trol Conference (ECC), 2015 European, pages 2609–2616, July 2015. doi:
10.1109/ECC.2015.7330931.

L. Li and L. Cheng. Preconditioning in the fast dual forward-backward splitting
algorithm. In 2015 8th International Congress on Image and Signal Processing
(CISP), pages 1599–1603, Oct 2015. doi: 10.1109/CISP.2015.7408140.



BIBLIOGRAPHY 69

Abdelkader Merakeb, Frédéric Messine, and Mohamed Aidène. A branch and bound
algorithm for minimizing the energy consumption of an electrical vehicle. 4OR,
12(3):261–283, 2014. ISSN 1614-2411. doi: 10.1007/s10288-013-0247-y. URL
http://dx.doi.org/10.1007/s10288-013-0247-y.

P. Patrinos and A. Bemporad. An accelerated dual gradient-projection algorithm for
embedded linear model predictive control. IEEE Transactions on Automatic Con-
trol, 59(1):18–33, Jan 2014. ISSN 0018-9286. doi: 10.1109/TAC.2013.2275667.

T. Schwickart, H. Voos, J.-R. Hadji-Minaglou, M. Darouach, and
A. Rosich. Design and simulation of a real-time implementable energy-
efficient model-predictive cruise controller for electric vehicles. Jour-
nal of the Franklin Institute, 352(2):603 – 625, 2015. ISSN 0016-
0032. doi: http://dx.doi.org/10.1016/j.jfranklin.2014.07.001. URL
http://www.sciencedirect.com/science/article/pii/S0016003214001926.
Special Issue on Control and Estimation of Electrified vehicles.

Valerio Turri. Fuel-efficient and safe heavy-duty vehicle platooning through look-
ahead control. PhD thesis, KTH, Automatic Control, 2015. QC 20150911.

Tri-Vien Vu, Chih-Keng Chen, and Chih-Wei Hung. A model predictive control
approach for fuel economy improvement of a series hydraulic hybrid vehicle.
Energies, 7(11):7017, 2014. ISSN 1996-1073. doi: 10.3390/en7117017. URL
http://www.mdpi.com/1996-1073/7/11/7017.

Y. Wang and S. Boyd. Fast model predictive control using online optimization.
IEEE Transactions on Control Systems Technology, 18(2):267–278, March 2010.
ISSN 1063-6536. doi: 10.1109/TCST.2009.2017934.



TRITA TRITA-EE 2017:033

ISSN 1653-5146

www.kth.se


