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Abstract

Heart disease is the leading cause of death in the world. Therefore, nu-
merous studies are undertaken to identify indicators which can be applied to
discover cardiac dysfunctions at an early age. Among others, the fluid dy-
namics of the blood flow (hemodymanics) is considered to contain relevant
information related to abnormal performance of the heart.

This thesis presents a robust framework for numerical simulation of the
fluid dynamics of the blood flow in the left ventricle of a human heart and
the fluid-structure interaction of the blood and the aortic leaflets.

We first describe a patient-specific model for simulating the intraventric-
ular blood flow. The motion of the endocardial wall is extracted from data
aquired with medical imaging and we use the incompressible Navier-Stokes
equations to model the hemodynamics within the chamber. We set boundary
conditions to model the opening and closing of the mitral and aortic valves
respectively, and we use a stabilized Arbitrary Lagrangian-Eulerian (ALE)
space-time finite element method to simulate the blood flow. Even though it
is difficult to collect in-vivo data for validation, the available data and results
from other simulation models indicate that our approach possesses the poten-
tial and capability to provide relevant information about the intraventricular
blood flow.

To further demonstrate the robustness and clinical feasibility of our model,
a semi-automatic pathway from 4D cardiac ultrasound imaging to patient-
specific simulation of the blood flow in the left ventricle is developed. The
outcome is promising and further simulations and analysis of large data sets
are planned.

In order to enhance our solver by introducing additional features, the fluid
solver is extended by embedding different geometrical prototypes of both a
native and a mechanical aortic valve in the outflow area of the left ventricle.
Both, the contact as well as the fluid-structure interaction, are modeled as a
unified continuum problem using conservation laws for mass and momentum.
To use this ansatz for simulating the valvular dynamics is unique and has the
expedient properties that the whole problem can be described with partial
different equations and the same numerical methods for discretization are
applicable.

All algorithms are implemented in the high performance computing branch
of Unicorn, which is part of the open source software framework FEniCS-
HPC. The strong advantage of implementing the solvers in an open source
software is the accessibility and reproducibility of the results which enhance
the prospects of developing a method with clinical relevance.
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Sammanfattning

Hjärtsjukdomar är den ledande dödsorsaken i världen. Därför genomförs
flera studier för att identifiera indikatorer som kan användas för att upptäcka
dysfunktioner i ett hjärta i ett tidigt skede. Bland annat anses flödesdynamik
av blodet (hemodynamik) innehålla relevant information som är relaterat till
onormal hjärtfunktion. Denna avhandling presenterar ett robust ramverk för
numerisk simulering av blodflödets dynamik i hjärtats vänstra kammare och
aortaklaffarnas fluid-struktur interaktion.

Först beskrivs en patientspecifik modell för att simulera det intravent-
rikulära blodflödet. Rörelsen av den endokardiella delen av hjärtväggen är
framtagen med hjälp av medicinsk bildbehandling, och vi använder Navier-
Stokes ekvationer för att modellera hemodynamiken i kammaren. Vi sätter
randvillkor för att modellera mitral- och aortaklaffarnas öppning respektive
stängning, och använder en stabiliserad Arbitrary Lagrangian-Eulerian (ALE)
rum-tid finita elementmetod för att simulera blodflödet. Även om det är svårt
att samla in-vivo data för validering, visar befintliga data och resultat från
andra simulationsmodeller att vårt angreppssätt har förmåga och potential
för att ge relevant information om det intraventrikulära blodflödet.

En semi-automatisk plattform som möjliggör en direkt väg från 4D ult-
raljudsbilder till patientspecifik simulering av blodflödet i den vänstra kam-
maren utvecklades för att demonstrera modellens robusthet och kliniska rele-
vans. Resultaten är lovande och ytterligare simuleringar och analyser av stora
datamängder är planerade.

Vi förbättrade vår flödeslösaren genom att inkludera olika geometriska
prototyper av både en naturlig och en mekanisk hjärtklaff vid området för
vänster kammarens utflöde. Både kontaktmekaniken och fluid-struktur inter-
aktionen är modellerade som ett enda kontinuum med hjälp av mass- och
momentum ekvationerna. Att använda denna modell för simulering av klaf-
farnas dynamik är unik. Den har fördelen att hela problemet kan beskrivas
med partiella differentialekvationer, och samma numeriska metoder för dis-
kretiseringen kan användas.

Alla algoritmer är implementerade som öppen källkod i Unicorn för hög-
prestanda beräkningar som en del av FEniCS-HPC plattformen. Den stora
fördelen med att implementera lösarna som en öppen källkod är resultatens
tillgänglighet och reproducerbarhet, som förbättrar möjligheten att utveckla
en metod med klinisk relevans.
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Chapter 1

Introduction

Cardiovascular disease is the number one cause of death in the world [115], and
therefore the understanding of normal cardiac functions and diseases is vital. To-
day, computer simulation is emerging as an important tool in enhancing our un-
derstanding of the heart and offers the potential to serve as decision-making aid in
diagnostics and treatment. Patient-specific computational fluid dynamics (CFD)
can support, complement and explain clinical observations by providing detailed
information of the fluid flow which might not be accessible with in-vivo measure-
ments. CFD also offers the possibility of large-scale patient studies which is a key
to identify indicators for cardiac health.

The field of cardiac modelling demands expertise in not only medicine, but
mechanics, computer science, mathematics, numerical analysis and visualization,
and is thus highly interdisciplinary, where advancements in each field brings us
closer to adequately simulate cardiac functions by a computer-based, mathematical
model.

Macroscale behavior of a fluid can be described by the conservation laws of mass,
momentum and energy expressed as a system of partial different equations (PDE).
A finite element method is a technique to discretize this mathematical description
into a set of algebraic equations to be solved in time and space. To establish a
valid and efficient simulator of cardiac function, it is essential to choose proper flow
and constitutive models; e.g. is the flow turbulent or laminar, is it Newtonian or
Non-Newtonian, how is the wall interacting with the fluid; and to choose a suitable
numerical method, e.g. structured or unstructured meshes, iterative methods, serial
or parallel algorithm and mesh movement techniques.

Modelling of the heart can be divided into three domains, namely the modelling
of the electrical excitation, the modelling of the cardiac muscle contraction and
the modelling of the fluid dynamics of the blood flow (hemodynamics). It may be
desirable to embed these various micro- and macroscopic properties of the heart
in one computational framework. However, coupling several parts into one single
model is associated with serious challenges as e.g. convergence of the coupled

3



4 CHAPTER 1. INTRODUCTION

numerical method and optimal use of computer resources, as outlined e.g. by Lee
et al. [76].

Depending on the scientific question or clinical context, we might not need such
a coupled simulation model with high complexity, but instead one specific aspect
of the heart function can be identified and examined, separately. In this thesis,
we focus on the blood flow in the heart which is assumed to contain relevant in-
formation related to abnormal performance of the heart and we present a method
for simulating the hemodynamics in the left ventricle of the human heart and the
fluid-structure interaction (FSI) of the blood flow and the aortic valve. Several
studies have been conducted to simulate the three dimensional blood flow in the
left ventricle and the motion of the valves. Our contribution to the field of car-
diac research lies in combining patient-specific measurements with high performanc
computing (HPC) in one flexible and robust framework implemented in the open
source software Unicorn [49, 52].

HPC allows high spatial resolution to capture small flow structures occuring
when laminar flow develops turbulent phenomena. The great benefits of using an
open source software are the accessibility, the reproducibility and comparability
of the results which ultimately increase the chance of developing a method with
clinical relevance.

The first part of the thesis provides an overview and establishes the framework
for our work presented in the second part where the results of our research are
compiled in the form of journal and conference articles. The introductory chapters
are structured as follows. First, we give an overview of the structure and function of
the heart in Chapter 2. We specify the mathematical model and the finite element
method in Chapter 3. In Chapter 4, we outline our approach to simulate the fluid-
structure interaction of the aortic valve and we discuss our contact model in Chapter
5. The software implementation in the open source project FEniCS is described
in Chapter 6 and we set our model approach in context by reviewing other heart
and valve models in Chapter 7. In Chapter 8, we present two different application
platforms. In the first case, a pathway from 4D cardiac ultrasound imaging to
patient-specific flow simulation was established and more than 100 patient-specific
numerical simulations in healthy and pathological conditions were performed to
analyze the robustness and clinical feasbility of our model. In the second case,
a showcase was designed to enhance the public’s interest and understanding of
our research by integrating expertise in simulation techniques, visualization and
interaction. We conclude the first part of the thesis with a summary of our results
and an outlook towards future work in Chapter 9.



Chapter 2

Structure and function of the heart

The aim of this chapter is to provide the reader with necessary background in
cardiac structure and function for this thesis. It is mainly based on the educational
book [65].

2.1 The circulatory system

The human body possesses a circulatory system of blood (cardiovascular system)
that delivers nutrients, oxygen and other substances to each cell of the body. This
system is composed of the heart and a network of blood vessels. Arteries are blood
vessels that carry blood away from the heart to the rest of the body and the veins
transport the blood from the body to the heart. The network of arteries and veins
can be compared to a tree, where the main artery, the aorta, can be thought of as
the trunk, and arteries and veins as branches splitting into more and more smaller
vessels. The tiniest vessels are called capillaries.

A frequently applied model to describe the relation between the blood pressure
and the blood flow in the circulatory system is the Windkessel model [36, 114]. It is
an electrical network model and characterizes the hemodynamics in terms of arterial
compliance, flow resistance, current and voltage. The current is associated with the
flow rate and the voltage drop with the pressure drop. Compliance describes the
relation between the pressure and the volume and it can be derived from material
properties as e.g. elasticity. Resistance to flow is quantified by the relation between
the pressure difference and the flow through a blood vessel and depends on the
length and diameter of the vessel and the viscosity of blood. The Windkessel
model can be used to calculate the pressure load as boundary conditions for an
isolated model of the heart.

5



6 CHAPTER 2. STRUCTURE AND FUNCTION OF THE HEART

(a) The four heart chambers: Left Atrium
(LA), Left Ventricle (LV), Right Ventricle
(RV) and Right Atrium (RA).

(b) The inner wall of the left ventricle is
lined with muscular ridges, the trabecu-
lae carneae, and the mitral valve is con-
nected to the wall by the so called chor-
dae tendineae.

Figure 2.1: Heart Anatomy

2.2 The anatomy and physiology of the heart

The human heart is a muscular organ on the scale of a fist and consists of four
chambers, the two atria and the two ventricles. For illustration, see Figure 2.1a.
The deoxygenated blood from the body is pumped to the lungs via the right atrium
and ventricle. The oxygenated blood is then flowing back to the left ventricle (LV)
via the left atrium, where it is delivered back to the body through the aorta.

The function of the heart is to supply the body with enough blood and to keep
the blood pressure sufficiently high so that the transport through the cardiovascular
system to each single cell in the body is ensured. In idle position, the heart pumps
5 l/min and has a heart rate ranging between 60 to 100 beats/min.

The heart wall consists of three different layers, the endocardium (innermost
layer), the myocardium and the epicardium. The inner wall of the two ventricles
is lined with muscular ridges, the trabeculae carneae, as shown in Figure 2.1b.
The myocardium is formed by cardiac muscle cells which contract when they are
activated by an electrical stimulation. The recording of this electrial activity of the
heart is called electrocardiography (ECG).

2.3 The different phases of a cardiac cycle in the LV

The heart cycle of the left ventricle can be divided into systole and diastole. During
systole the heart muscle is contracting and during diastole the heart muscle is
relaxing. These two phases can be subdivided more precisely as depicted in Figure
2.2.
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Figure 2.2: Simplified and generalized pressure and volume curve of the left ventricle
during the various phases of one cardiac cycle [38, 101, 114].

The initial phase of systole is called isovolumetric contraction. Both valves are
shut and the ventricle is a closed chamber. During this stage, the heart muscle starts
to contract and the ventricular pressure increases rapidly. When the ventricular
pressure rises above the aortic pressure, the aortic valve opens and the blood is
ejected from the left ventricle into the aorta (rapid ejection). After a while the
ventricular pressure declines and is measured slightly under the aortic pressure.
This is the period of reduced ejection. At the very end of systole, a small amount
of aortic backflow can be observed before the valve closes.

Diastole is initiated by the isovolumetric relaxation phase, when both valves are
again closed and the ventricular pressure decreases until it drops below the pressure
in the left atrium. After the isovolumetric relaxation period, diastole can be divided
into 3 phases: the rapid filling phase, diastasis and atrial systole [38]. During the
rapid filling phase a strong jet flows from the mitral opening into the LV chamber.
This jet declines in the phase of diastasis. In the very last stage of one heart cycle,
the atrial systole, the left atrium contracts and additional blood is ejected from the
atrium into the LV.
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2.4 Blood properties

Let us have a closer look at the relationship between the stress and the deformation
in the blood. We assume the blood to be isothermal, isotropic and incompressible.
From fluid mechanics [71], we know that the relation between the stress tensor
τij and the strain rate tensor eij can be expressed by the following constitutive
equation

ϵ(u) := eij = 1
2

( ∂ui

∂xj
+ ∂uj

∂xi
), (2.1)

τij = −pδij + σij(eij), (2.2)

where p is the pressure of the fluid, δij denotes the Kronecker delta and σij iden-
tifies the nonisotropic part of the tensor and is called the deviatoric stress tensor.
Throughout this thesis we consider a three dimensional space, so the indices i and
j ranges from 1 to 3. The viscosity of a fluid µ measures the relationship between
σij and eij . If this relationship can be expressed as a linear function, then the fluid
is called Newtonian [96]:

σij = 2µeij . (2.3)

µ is called the dynamic viscosity. If µ is divided by density ρ, then it is referred as
the kinematic viscosity ν.

The human blood is a suspension, where different particles are embedded in the
blood plasma. The viscosity of the blood depends on the viscosity of the plasma,
which is mainly composed of water, and the volume percentage of red blood cells
due to its predominant concentration [114]. Figure 2.3 depictes different approaches
of modelling the relationship between the viscosity and the shear rate in the blood
γ̇ := 2

√∑3
i,j eijeij , see e.g. [13]. Strictly speaking, the blood shows non-Newtonian

behavior. However, in large arteries with a diameter larger than 1mm and a shear
rate higher than 100s−1 , the viscosity becomes constant [114]. Therefore, it is gen-
erally agreed that the blood flow can be modeled as a homogenous, incompressible
Newtonian fluid, where the vessel size is much larger than the size of a red blood
cell. In this thesis, we set the dynamic viscosity to µ = 0.0027Pa · s and the blood
density to ρ = 1060kg/m3.

2.5 Valves

The left ventricle possesses the mitral and the aortic valves, each of them consisting
of two respectively three leaflets in a normal heart. The valves ensure unidirectional
flow and prevent the blood to flow back. The opening and closing of the valves are
mainly controlled by the pressure gradient between the ventricle and the adjacent
chamber. One edge of the leaflet is completely attached to the inner wall of the
heart. The free edge of the mitral valve is connected to the papillary muscles with
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Shear rate [1/s]

10 -2 10 -1 10 0 10 1 10 2 10 3 10 4 10 5 10 6

V
is

c
o
s
it
y
 [
P

a
 s

]

10 -3

10 -2

10 -1

10 0

10 1

Carreau-Yasuda model

Casson

Newtonian model

mu ~ 0.0035

Figure 2.3: Two examples of Non-Newtonian blood models (Casson’s law, Carreau-
Yasuda model) compared to the Newtonian viscosity.

strings, the so called chordae tendineae as it can be observed in Figure 2.1b. The
aortic leaflets do not have such muscle cords and their motion is not caused by
muscles.

The nomenclatur of the different components of the aorta root can vary remark-
ably as revealed by [100]. We apply the definitions proposed in [100], as indicated
in Figure 2.4. The aortic root is situated between the left ventricle and the ascend-
ing aorta and is bordered by the annulus and the sinutubular junction. The three
bulges just above the annulus are referred to as sinus of Valsalva. The aortic valve
contains three leaflets which are attached to the aorta wall. The point of contact
where two leaflets meet at the root wall is called commissure and the surface of
contact at the free edge is known as coaptation.

The fibers in an aortic leaflet are aligned in circumferential direction [103] and
the mechanical properties of the different parts of the aortic valve vary [66]. The
leaflets are made of a very thin, flexible but inextensible material. For the frame-
work of this thesis, it is sufficient to assume the solid material to be homogenous,
isothermal and isotropic.

Figure 2.4: Glossary of the aortic root proposed by [100]. The aortic valve consists
of the three leaflets only.





Chapter 3

Mathematical model and
numerical method

In this chapter, we will introduce the mathematical model of the blood in the form
of partial differential equations, and explain the numerical methods and algorithms
we apply to solve the equations.

3.1 Navier-Stokes equations

In large and medium vessels, the blood flow can be modeled as an incompressible,
homogenous and isothermal Newtonian fluid as explained in Chapter 2.4. The
governing equations are the Navier-Stokes equations which can be derived from the
equations of mass, momentum and energy conservation.

Let Ω ⊂ R3 and t ∈ I := [0, T ]. We denote vectors and matrices with bold
letters. Our aim is to find velocity vector u(x, t) : Ω × [0, T ] → R3 and pressure
p(x, t) : Ω × [0, T ] → R such that

ρ(u̇ + (u · ∇)u) − ∇ · τ (u, p) = f (x, t) ∈ Ω × I, (3.1a)
∇ · u = 0 (x, t) ∈ Ω × I, (3.1b)

u(x, 0) = u0(x) (x, 0) ∈ Ω (Initial condition), (3.1c)
u = g (x, t) ∈ ∂ΩD × I (Dirichlet boundary condition), (3.1d)

τ · n = h (x, t) ∈ ∂ΩN × I (Neumann boundary condition). (3.1e)

The density ρ and the dynamic viscosity µ are constant, g prescribes the ve-
locity and h the stress at the boundary, while n is the unit vector normal to the
interface. The source term on the right hand side is labelled by f and the fluid
force is expressed by the divergence of the stress tensor ∇ · τ (u, p), which can be

11



12 CHAPTER 3. MATHEMATICAL MODEL AND NUMERICAL METHOD

reformulated using (2.1)-(2.3):

∇ · τ (u, p) = µ △ u − ∇p. (3.2)

For the sake of simplicity, we assume homogenous Dirichlet boundary conditions
in this chapter, g = 0, and ∂ΩD = ∂Ω.

The pair (u, p) is called a classical solution of the time-dependent Navier-Stokes
equations if (u, p) satisfies the equations (3.1). The question of existence, unique-
ness and regularity of such classical solutions is still an open challenge and is
strongly related to the appearance of turbulence phenomena [54]. The Clay Math-
ematics Institute formulated it as one of the most important problems in mathe-
matics.

In 1934, Jean Leray [78] proved the existence of solutions satisfying the Navier-
Stokes problem not pointwise but in ”average” using a weak formulation. This
idea of weaken the pointwise requirement by ”average” values using an integral
formulation with respect to test functions is also the basis of the finite element
method.

3.2 Weak formulation

The finite element method (FEM) offers a discretization framework for approximat-
ing a solution of partial differential equations (PDEs) using the weak formulation,
also referred to as variational formulation. The strength and beauty of FEM can
be found in its mathematical framework of functional analysis.

Let us review some definitions from the theory of functional analysis to derive
the variational formulation of (3.1). The interested reader is pointed to [14] for an
elaborated and detailed derivation.

Let Ω ⊂ R3 be a Lebesque measurable domain, then

H1(Ω) := {v ∈ L2(Ω)| ∂v

∂xk
∈ L2(Ω), k = 1, 2, 3}, (3.3)

H1
0 (Ω) := {v ∈ H1(Ω)| v = 0 on ∂Ω}. (3.4)

The Sobolev space H1(Ω) is a Hilbert space with an inner product (., .)1 and
an induced norm ∥.∥1,

(u, v) :=
∫

Ω
u · v dx and ∥v∥ = (v, v) 1

2 u, v ∈ L2(Ω), (3.5)

(u, v)1 := (u, v) + (∇u, ∇v) and ∥v∥1 = (v, v)
1
2
1 u, v ∈ H1(Ω), (3.6)

where u · v denotes the inner product in R3.
Accordingly, we can define the space of the vector valued functions H1(Ω) such

that

H1(Ω) := {vj ∈ L2(Ω)| ∂vj

∂xk
∈ L2(Ω), j, k = 1, 2, 3}, (3.7)
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Figure 3.1: The time and space discretization of u is defined on the space-time slab
Sn = Ω × In.

and ∥v∥1 = (
∑3

i=1 ∥vi∥2
1) 1

2 .
Based on these definitions and applying the homogenous Dirichlet boundary

conditions and partial integration, the variational formulation of (3.1) and (3.2)
reads as follows: find the weak solution u(x, t) ∈ H1

0(Ω) and p(x, t) ∈ L2(Ω) such
that for ∀t ∈ I

(ρu̇, v) + ((ρu · ∇)u, v) + (2µϵ(u), ϵ(v)) − (p, ∇ · v) + (∇ · u, q) = (f , v), (3.8a)
u(x, 0) = u0(x), (3.8b)

for ∀(v, q) ∈ H1
0(Ω) × L2(Ω), where (ϵ(u), ϵ(v)) =

∑3
i,j(eij(u), eij(v)).

3.3 Time and space discretization

Let 0 = t0 < t1 < · · · < tN = T be a sequence of discrete time steps, with associated
time intervals In = (tn−1, tn] of length kn = tn −tn−1. We define a space-time finite
element method over the space-time slab Sn := Ω × In as illustrated in Figure 3.1,
while T n = {K} identifies the spatial discretization of Ω at time tn and hK ∼ h
denotes the diameter of element K.

We introduce the following finite dimensional function spaces of continous, piece-
wise linear polynomials for the pressure and velocity on T n:

W n : = {v ∈ C(Ωtn

)|v ∈ P 1(K), ∀K ∈ T n}, W n ⊂ H1(Ωtn

) (3.9)
W n

0 : = {v ∈ W n|v = 0 on ∂Ωtn

}, (3.10)
Wn

0 : = [W n
0 ]3. (3.11)

We apply low order polynomials to keep the calculations simple and the storage
and computational cost low. In time, we choose U to be piecewise linear, and P, v
and q to be piecewise constant. We call this choice the cG(1)cG(1) method [54].
Using these function spaces, a function U defined on the space-time slab Sn can
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be expressed as

U(x, t) = t − tn−1

tn − tn−1 Un(x) + tn − t

tn − tn−1 Un−1(x), (3.12)

Un(x) =
M∑

i=1
ciϕi(x), (3.13)

where {ϕi}M
i=1 forms the finite element basis of Wn

0 .
If we apply the midpoint quadrature rule in order to approximate the time

integral, we obtain an implicit temporal discretization that corresponds to the
Crank-Nicolson time-stepping, so that the space-time discretization of (3.8) can
be formulated as: for n = 1, · · · , N find (Un, P n) = (U(tn), P (tn)) ∈ Wn

0 × W n,
such that:

(ρk−1
n (Un − Un−1), v) + (ρ(Ūn · ∇)Ūn, v) + (2µϵ(Ūn), ϵ(v)) − (P n, ∇ · v)

+ (∇ · Ūn, q) = (f̄n, v), (3.14a)
Un(x, 0) = U0(x), (3.14b)

for ∀(v, q) ∈ Wn
0 × W n, where Ūn = Un+Un−1

2 and f̄n = f n+f n−1

2 .

3.4 Stabilization techniques for finite element methods

The combination of the discrete function spaces for the pressure W n and the velocity
Wn

0 has to be modified in order to avoid numerical instabilities. When we for a
moment only consider the stationary problem and insert (3.13) into (3.14), we get a
system of linear equations, which can be linarized by applying an iteration process
as e.g. the Newton method, such that

[
A BT

B 0

] [
c
d

]
=

[
f̂
0

]
, (3.15)

where A ∈ RMxM , B ∈ RJxM and J denotes the dimension of the discrete pressure
space. The matrix A stands for the contributions from the viscous and linearized
convective part of (3.14), B arises from the divergence of U and f̂ contains the
prescribed boundary conditions and the source term. This system is called a saddle
point problem [10]. The system can be under-determined since the incompressibility
condition Bc = 0 does not include the pressure.

In order to guarantee a unique solution of (3.15), the finite element discretization
has to fullfill the Ladyzhenskaya-Babuška-Brezzi (LBB) condition, [6, 15, 72, 99]:

infq∈W nsupv∈Wn
0

(∇ · v, q)
∥v∥Wn

0
∥q∥W n

:= γ > 0. (3.16)
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This inf-sup condition sets a requirement for the combination of the function
spaces for pressure and velocity. We note that the cG(1)cG(1) method does not
fullfill (3.16).

Additionally, when solving the incompressible Navier-Stokes equations with a
finite element method, spurious oscillations can be observed due to a dominating
convective term [16, 29]. To restrain these instabilities and to circumvent the LBB
condition, extra mesh-dependent terms are added to the equation system such that
a solution to the modified saddle point problem (3.15) can be found:[

Ã B̃T
1

B̃2 C̃

] [
c
d

]
=

[
f̃
0

]
. (3.17)

This technique is referred to as a stabilization method. Since the late 70’s
different stabilized finite element methods have been derived, studied, improved
and compared.

An established technique is the stabilization based on the residual. Since the sta-
bilization term is based on the residual, the additional term disappears when applied
to the exact solution. Such methods are called consistent. Examples of residual
based stabilization techniques are the Galerkin/least-squares method [60], where a
least-squares form of the residual is included, and the Streamline upwind/Petrov-
Galerkin (SUPG) method [16, 58]. Since the latter method adds a diffusion term
in the streamline direction by modifying the test function v to v + δ(h)U∇U, it is
also referred to as streamline diffusion method [62, 63].

Another approach are the local projection methods which use a finer mesh
and let the stabilization term only be active on this subgrid as presented in e.g.
[43, 9, 25].

In edge stabilization methods, least squares terms of the gradient jumps of the
velocity and pressure across adjacent elements are added, see e.g. [18, 19].

Stabilized formulations of the incompressible Navier-Stokes equations have been
analyzed in [63, 47, 35, 106, 108, 53] among others.

In this thesis, we apply a simplified Galerkin least squares method, where we
drop the time derivative and the viscosity term. This slight loss of consistency
appears to be acceptable in our computational results. Alternative stabilization
techniques will be investigated in future work. Thus, (3.14) is modified to: for
n = 1, · · · , N find (Un, P n) ∈ Wn

0 × W n, such that:

(ρk−1
n (Un − Un−1), v) + (ρ(Ūn · ∇)Ūn, v) + (2µϵ(Ūn), ϵ(v)) − (P n, ∇ · v)

+ (∇ · Ūn, q) + SDδ(Ūn, P n, v, q) = (f , v), (3.18)

for ∀(v, q) ∈ Wn
0 × W n, where the stabilization term SDδ is defined as

SDδ(Ūn, P n, v, q) = (δ1ρ((Ūn · ∇)Ūn + ∇P n − f), ρ(Ūn · ∇)v + ∇q)
+ (δ2∇ · Ūn, ∇ · v). (3.19)
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The stabilization parameters are chosen as δ1 = κ1ρ−1(k−2
n + |Un−1|2h−2)−1/2 and

δ2 = κ2ρh|Un−1|. The parameters κ1 and κ2 are problem independent positive
constants of unit size.

3.5 Arbitrary Lagrangian-Eulerian method

When simulating the blood in the pumping left ventricle or the fluid-structure in-
teraction (FSI) of the aortic valve, large deformations of the computational domain
have to be handled. There are two classical ways to describe the motion of a quan-
tity in continuum mechanics. In the Lagrangian description the nodes of the
computational mesh move with the same velocity as the assigned material particle
and in the Eulerian description the coordinate system is fixed and the quantity
is calculated with respect to this static grid.

We apply the Arbitrary Lagrangian-Eulerian (ALE) framework, which
was developed with the aim to join the advantages of both coordinate systems. It
is a generalization of both descriptions, where the coordinate system can deform
arbitrarily and independently of the continuum. A good introduction and derivation
of the framework is given in [30].

As presented in [31], we assume there is a family of local ALE transformations
ψτ , which maps the domain Ωτ at time τ to its deformation Ωt at time t ∈ [τ, T ]

ψτ : Ωτ × [τ, T ] → Ω̃ = ∪t∈[τ,T ]Ωt (3.20)
Ωt := {ψτ (xτ , t) = xt|xτ ∈ Ωτ }, (3.21)

such that ψτ is bijective. That is, there exists an inverse function ψ−τ and ψτ (., τ)
is the identity function. The set Ωτ is called the reference configuration and ψτ (., t)
the ALE mapping.

In the ALE framework, the Navier-Stokes equations (3.1) are expressed as fol-
lows: for the time-dependent domain Ωt find velocity vector u(., t) : Ωt → R3 and
pressure p(., t) : Ωt → R such that

ρ(∂u
∂t

|xτ + ((u − β) · ∇)u) − ∇ · τ (u, p) = f x ∈ Ωt, (3.22a)

∇ · u = 0 x ∈ Ωt, (3.22b)

where

β(xτ , t) = ∂

∂t
ψτ (xτ , t) (domain velocity), (3.23)

∂u(x, t)
∂t

|xτ = ∂û(xτ , t)
∂t

, (3.24)

û(xτ , t) = u(ψτ (xτ , t), t) = u(x, t). (3.25)

Since we use the ALE mapping over one time step between two consecutive
domain configurations, we name our approach local ALE [50], see Figure 3.2 for an
illustration.
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Figure 3.2: The local ALE mapping between two time steps. The exact path is
only approximated linear.

Thus, having updated Ωtn−1 to Ωtn with the mesh velocity βn and knowing
Un−1 on Ωtn−1 , we compute Un on Ωtn where Un−1(xn, t) = Un−1(ψ−tn−1(xn), t).

3.6 Summary

Having presented the space-time discretization, stabilization method and the ALE
formulation, we can state the final, fully discretized form of the Navier-Stokes
equations (3.1) which we solve to compute the blood flow in the heart: for each
n = 1, · · · , N find (Un, P n) ∈ Wn

0× ∈ W n, such that:

(ρk−1
n (Un − Un−1) + (ρ(Ūn − βn) · ∇)Ūn, v) + (2µϵ(Ūn), ϵ(v)) − (P n, ∇ · v)

+(∇ · Ūn, q) + SDδ(Ūn, P n, v, q) = (f̄n, v), (3.26a)

for ∀(v, q) ∈ Wn
0 × W n, with βn the discrete mesh velocity. On the boundary, βn

is computed by the movement of the boundary extracted from the medical images,
and within the fluid the discrete mesh velocity is determined by the reallocation of
the vertices by the mesh smoothing algorithms described in the following section.

SDδ(Ūn, P n, v, q) is defined as

SDδ = (δ1ρ(((Ūn − βn) · ∇)Ūn + ∇P n − f̄n)), ρ((Ūn − βn) · ∇)v + ∇q)
+ (δ2∇ · Ūn, ∇ · v), (3.27)

and the stabilization parameters are chosen as:

δ1 = κ1ρ−1(k−2
n + |Un−1 − βn|2h−2)−1/2, (3.28)

δ2 = κ2ρh|Un−1|. (3.29)

3.7 Mesh smoothing methods

Due to the pumping movement of the left ventricle and the opening and closing
mechanics of the valve, the computational mesh needs to be updated at every time
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step. These spatial deformations can result in poorly shaped elements in the mesh
and introduce numerical difficulties.

There are different ways to enhance and optimize the quality of the mesh. One
can change the number of vertices by coarsening or refining the mesh. An alternative
is to keep the number of vertices and either retain the topology and relocate the
vertices, or change the topology by swapping the faces and edges. Mesh smoothing
algorithms can be grouped in either local or global techniques.

In the local approach, the geometric position of each mesh vertex is adjusted
at a time to enhance the quality of the mesh in its neighborhood. An overall
improvement of the mesh is achieved by performing one or several sweeps over all
vertices in critical areas.

A global mesh smoothing algorithm adjusts all the vertices simultaneously.
The most commonly used technique is Laplacian smoothing [34], where the

nodal point is moved to the arithmetic center of the adjacent vertices. Even though
this approach is computationally cheap, there is no guarantee to improve the quality
of the elements of the mesh.

Therefore, several optimization techniques have been presented as alternatives
to the Laplacian smoothing as briefly reviewed in [37]. These methods usually
use optimization functions based on geometric criteria for a priori improvement.
There are also a posteriori metrics proposed to reduce the error in the solution by
modifying the positions of the vertices as done in [7]. A frequently applied global
approach is to move the vertices according to the govering equations of an elasticity
problem [105].

In transient, parallel computations it is cumbersome to apply remeshing op-
erations as coarsening or refinement. Moreover, interpolation and projection of
solutions between two different meshes can introduce projection errors and numer-
ical diffusion. Therefore, it is preferable to use a mesh smoothing method which
omits the necessity or at least minimizes the frequency of remeshing [105].

To limit the computational cost and still keep a good mesh quality, our numerical
solvers can choose between a linear and a nonlinear elastic smoothing algorithm.
Both methods are briefly described in the following subsections.

The best choice of smoothing algorithm can depend on the problem, and may
have to be optimized and fine tuned based on preliminary simulation results. For
our heart model, it turned out that the best choice was to apply both. The linear
smoother accounts for the rough overall re-distribution of the vertices while the
nonlinear smoother optimizes tangled local domains in particular. Figure 3.3 is an
illustration to see how the cells are adjusted to fit the deformation of the mesh.

Linear Smoother

The linear smoother solves a linear elastic equation for the mesh velocity. It is
a fast and simple method to enhance the quality of a mesh where the vertices
are diffusively relocated over the domain. However, since no information about the
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quality of the elements of the mesh is included in the equation, there is no guarantee
that the mesh quality is improved.

Nonlinear Smoother

In the nonlinear smoother the deformation of the mesh is formulated as a time-
dependent nonlinear elasticity problem. The stiffness of the model is weighted by
the quality Q(K) of the element K ∈ T n:

Q(K) := ||F ||2F
d · det(F )2/d

, (3.30)

where d stands for the spatial dimension of the domain Ω. F is the deformation
gradient between K ∈ T n and an ideal element with optimal quality and ||F ||F
denotes its Frobenius norm.

By advancing the partial differential equation in time and approaching a sta-
tionary solution, the quality of the mesh is enhanced towards its goal of optimal
shape. A more detailed and elaborated description can be found in [50].

To keep the computational cost low, the nonlinear smoother is not run until
a stationary solution is obtained. Instead, it is stopped after a certain number of
’pseudo’ time steps ∆t̃. The total number of pseudo time steps can adaptively be
adjusted depending on the quality of the current mesh.

(a) t = 0.08s. (b) t = 0.25s. (c) t = 0.4s.

Figure 3.3: A linear and non-linear smoother of the mesh is applied to keep the
quality of the mesh elements without using remeshing. The deformation is illus-
trated by the movement of a leaflet in the aortic root.





Chapter 4

Fluid-structure interaction

The interaction between a fluid and a submerged structure is encountered in various
engineering applications. Therefore, many efforts have been made to build robust,
accurate and efficient numerical methods to address this problem. In this section,
we shortly review different Fluid-Structure Interaction (FSI) methods in order to
put our approach into context.

Usually, the fluid flow is formulated in the Eulerian coordinate system, whereas
the structure is described in the Lagrangian framework. At the common interface
of the two domains, the kinematic and dynamic constraints have to be fullfilled,

uf = us kinematic constraint, continuity of the velocity (4.1)
τs · n = τf · n dynamic constraint, continuity of the normal stresses.(4.2)

The footer indicates whether the variable is defined in the solid respectively in the
fluid part. Depending on how to couple both the fluid and solid mesh and the fluid
and the solid solver, FSI simulations can broadly be grouped into moving or fixed
mesh methods, respectively partitioned or monolithic approaches.

4.1 Discretization of a coupled problem

Numerical methods which are applied to FSI problems can be classified in two
groups [12], namely moving mesh methods and fixed mesh methods.

For fixed mesh methods, the computational mesh containing both the fluid and
the structure domain is fixed and is discretized in a non-boundary conforming mat-
ter. Since the solid object is spatially detached from the fixed background mesh, it
is critical to implement an efficient technique to track the motion of the interface.
It is possible to discretize the interface with a set of markers which are tracked
in a Lagrangian matter (front tracking) or the interface is represented by contours
or level sets of a scalar function (front capturing). The fixed mesh methods was
prioneered by Peskin and McQueen [84, 94, 95] introducing the concept of im-
mersed boundary methods where body forces are imposed on the fluid domain to

21
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account for the interaction between the fluid and the structure. This approach
has been adapted by many others thereafter as reviewed in [86]. Even though this
method can handle FSI problems with large structural displacements, the interface
can be diffuse since it is represented by a discrete delta function. This drawback
can be improved by increasing the mesh resolution in the vicinity of the immersed
boundary or by treating the boundary as a sharp interface (sharp-interface im-
mersed boundary methods). The latter can be achieved by e.g. locally cutting the
elements to fit the boundary (cut-cells methods), by including proper jump condi-
tions of the pressure in the numerical scheme (immersed interface methods [79]) or
by using an appropriate interpolation for reconstructing the boundary conditions
in the vicinity of the immersed boundary (hybrid Cartesian/immersed boundary,
curvlinear-immersed boundary [86, 39, 12]).

The fictitious domain method is a fixed grid technique where Lagrange mul-
tipliers account for the dynamic and kinematic constraints between the fluid and
solid domain [40, 5, 111]. Another approach to couple the motion and to ensure
the equilibrium across the interface is based on Nitsche’s method [45, 46, 17].

In moving mesh methods, the computational mesh conforms to the deformation
of the solid domain and is generally represented by the Arbitrary Lagrangian Eule-
rian (ALE) method, see e.g. [59, 28, 105, 57, 56, 8, 26, 91, 51, 107]. The strength of
moving mesh methods is its accuracy and clearly defined coupling condition since
the mesh is aligned with the fluid-structure interface. However, large deformation
can distort fluid elements such that they become invalid and the major difficulty
of this approach is to keep the quality of the computational mesh. This can be
achieved by either a good mesh smoothing algorithm or local remeshing. The lat-
ter is to avoid if possible since it can introduce interpolation errors when solutions
are projected between two different meshes.

Whether to choose a fixed or moving mesh method depends on the problem. Ac-
cording to [110], the moving mesh methods, are supposably the preferred approach
due to their accuracy and stability, as long as the frequency of remeshing can be
kept low or remeshing can even be omitted.

4.2 Coupling strategies

Depending on whether the structure and the fluid problem are solved simultaneously
or separately, the FSI solver can be classified as a monolithic or a partitioned solver.

The FSI approach is called monolithic if the fluid and solid problem are solved
together as one, with no matching of the data required at the interface. The
main advantage of a monolithic solver is the stability and that there is no need of
additional iteration loops.

The numerical method corresponds to a partitioned approach if there are two dif-
ferent solvers simulating the fluid and solid part respectively. Partitioned methods
have the advantage to allow the use of different codes and numerical discretization
for the solid and the fluid part. If the coupling between the solvers is explicit in
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time, then the coupling is loose or weak. Since only one coupling iteration is used,
the loose scheme has low computational cost. However, the calculations can become
numerically unstable.

To overcome these instability issues, the partitioned problem can be formulated
implicit in time introducing an iteration loop at each time step until a dynamic
equilibrium between the fluid and solid is achieved. Data exchange between the
fluid and solid part in this way is called a strong coupling.

4.3 Unified continuum model

Having presented different methods for solving the FSI problem, we specify now
our ansatz. Our approach corresponds to a monolithic, moving mesh method. An
elaborate description can be found at full length in [51]. Here, we only present the
main features.

With the aim of establishing a framework that allows for a general formula-
tion and implementation of different models while applying adaptive error control
for realistic 3D applications in continuum mechanics, a so-called unified continuum
modeling for FSI problems was developed. The problem is described by the con-
servation laws of mass and momentum for an incompressible continuum, where a
stress τ and phase variable θ are used for defining the properties of the continuum.

Thus, we solve a slightly modified version of (3.1): our goal is to find u(., t) :
Ωt → R3 where Ωt contains both the solid and the fluid domain and u defines the
fluid velocity in the fluid part and the deformation velocity in the structure part:

ρ(u̇ + ((u − β) · ∇)u) = ∇ · τ (u, p) (x, t) ∈ Ωt × I, (4.3a)
∇ · u = 0 (x, t) ∈ Ωt × I. (4.3b)

Here, β denotes the mesh velocity used in the ALE formulation. In the solid
part, we choose β to be the material velocity of the structure. In the remaining
part of the mesh, β is determined by the mesh smoothing algorithm which is used
to uphold the quality of the mesh.

The fluid-structure constitutive laws are defined via the stress term. The phase
function θ is set to zero in the solid domain and one in the fluid domain, which
gives:

τ = τD − pI,

τD = θτ f + (1 − θ)τ s,

τ f = 2µf ϵ(u),
τ̇ s = 2µsϵ(u) + ∇uτ s + τ s∇uT .

The kinematic constraint uf = us at the fluid-structure interface is fullfilled
implicitly by the continuity of the velocity field u for the whole continuum. The
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dynamic constraint is indirectly enforced by using integration by parts on the stress
function and omitting this term in the weak formulation,∫

ΓInterface

(τ f − τ s) · n · vds = 0. (4.4)

This approach enables us to use the same discretization method, stabilization tech-
nique and mesh deformation algorithm as described for the pure fluid problem, see
Figure 4.1 and 4.2 for an illustration of the method using the example of the FSI
of an aortic valve.

Figure 4.1: This Figure shows a cut of the velocity field shortly before the closure
of the leaflets. The phase function θ is set to 0 in the solid domain (black) and 1
otherwise.

(a) t = 0.08s. (b) t = 0.25s. (c) t = 0.4s.

Figure 4.2: The magnitude of the velocity field (left) and valve position (right) at
different time points during one heart cycle (1.124 sec).



Chapter 5

Contact model

When a solid material moves according to its interaction with a fluid, we have to
consider the possibility that it comes in contact with either itself or another object.
A very good overview of general problem areas, solution methods and literature
references in contact mechanics is given in [68, 116].

The mathematical framework for studying contact problems is supported by
the rich theory of optimization theory and variational methods. Aspects related to
existence and uniqueness have to be considered and there are different possibilities
to incorporate the contact constraint in the variational formulations, as using e.g.
Lagrange multipliers, a penalty method or a Nitsche method.

A finite element formulation of the contact problem can be described by a system
of differential equations and contact conditions. Different contact algorithms have
been designed depending on how they enforce the contact condition.

Alongside a stable discretization technique, the numerical solution algorithm
needs to have a fast solution process to search and determine if contact between
solids is established.

In Paper III we present our approach to model contact which is derived from the
idea to simulate the fluid-structure interaction as an unified continuum. We model
contact implicitly by switching fluid cells to solid cells when contact is detected
based on a distance criterion as shown in Figure 5.1. The distance between solid
surfaces is obtained by using a finite element method to solve an Eikonal equation.

This new approach for a computational contact model has several advantageous
properties. Since there is no change in the topology of the mesh due to contact,
the system matrix does not have to be changed during the evolution of events.
The contact phenomenon and the distance criterion are both modeled by partial
differential equations that can be solved numerically in our automated software
framework. The method is robust in the sense that the interface conditions are
automatically weakly satisfied, and efficient since no element based master-slave
contact detection algorithm has to be developed which is the common approach.

25
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(a) t = 0.09s. (b) t = 0.09s, zoomed.

(c) t = 0.11s. (d) t = 0.11s, zoomed

(e) t = 0.15s. (f) t = 0.15s, zoomed

(g) t = 0.20s. (h) t = 0.20s, zoomed

Figure 5.1: The contact between a falling sphere and the ground is visualized at
several instants of time. As soon as contact is detected the phase function marks
the cells within the contact zone as solid i.e. the cells change the color from red to
blue.



Chapter 6

Software implementation

The Heart Solver and the FSI Solver with contact were developed using the HPC
branch [61] of the open source FEM library DOLFIN [81] and the adaptive compu-
tational mechanics solver Unicorn [52, 49] which are implemented in the FEniCS
framework [80, 2].

The aim of the FEniCS project is to provide a FEM platform of software pack-
ages for automated scientific computing. The DOLFIN library builds the numerical
framework for solving differential equation problems and Unicorn contains various
solvers for advanced continuum mechanics applications.

The computationally demanding simulations were performed on Lindgren, a
Cray XE6 system, where each node has 2 cpus (AMD Opteron 12-core ’Magny-
Cours’) with 12 cores, and Beskow, a Cray XC40 system, where each node has 2
cpus (Intel E5-2698v3) with 16 cores. Both machines were located at PDC Center
for High Performance Computing at the KTH Royal Institute of Technology.

For an illustration of the parallel performance, Figure 6.1 shows the strong
scalability of the Heart Solver.

The volume meshes are generated with ANSA [1], a computer-aided engineering
tool for pre-processing.

In order to examine the numerical results, different quantities must be identified
and visualized. We use the visualization tools VisIt [22] and Paraview [3] to display
simulation data as e.g. pathlines, the pressure and velocity field.

We also apply the open source code Saaz [69] to calculate vortex structures with
the λ2-method.
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(a) Heart Solver (417′126 vertices). (b) Heart Solver (1′578′505 vertices).

(c) Nonlinear elastic smoother (417′126
vertices).

(d) Nonlinear elastic smoother
(1′578′505 vertices).

Figure 6.1: Strong scalability: Comparision between the linear speed up (black
curve) and the mean performance time (blue curve) to advance one timestep with
the fluid solver of left ventricle and to solve one step for the nonlinear elastic mesh
smoother.



Chapter 7

State of the art

In this chapter, we give an overview of different mathematical models and numerical
methods of the blood flow in the left ventricle and the fluid-structure interaction
around the aortic valve. There is a fast growing, extensive literature in the area
of simulation methods for cardiac modelling. The work presented by [83] compiled
a reference list of more than 890 scientific papers on simulations in cardiovascular
mechanics and cardiology for the period of 1993-2004. Nevertheless, our topic of
interest is specific and here, we aim to provide a rough insight of how researchers
are trying to tackle these two interesting problems.

7.1 Mathematical models and numerical methods of the
blood flow in the left ventricle

According to [98], CFD simulation of blood flow in the heart can be divided into
two categories, namely simulations with prescribed wall movement, and simulations
where the interaction between the fluid and the structure is taken into account. The
latter can further be split into the so called fictitious FSI algorithms [94, 77, 84, 70],
where the essential idea is to replace the elastic wall structure by forces from the wall
deformation, and realistic FSI algorithms [113, 21, 92, 20, 112] with the dynamics
of the wall taken into account explicitly.

If the goal is to study an holistic integration of the fluid and structure of the
heart, then the coupled approach is essential, but the more complex and compu-
tationally demanding the model becomes. If the interest lies mainly in the hemo-
dynamics, then applying the movement of the wall as a boundary condition may
be a sufficient approach. The kinematics of the wall can either be simulated by a
simplified wall model, as done e.g. in [41, 104, 89, 27, 118], or deduced from images,
see [64, 98, 82, 97, 85, 67, 23, 90, 87] among others.

Complex models of the heart require not only efficient numerical algorithms
and programming techniques but also powerful computational resources. Thus,
programming of high performance computers is indispensable. Several groups have

29



30 CHAPTER 7. STATE OF THE ART

come a long way in the field of multi-scale, coupled cardiac models using parallel
computing as presented e.g. in [73, 55].

In [102] we focus on the aspect of fluid mechanics and present a robust and
simple computational model of the blood flow in the left ventricle (LV) of the
heart, which is implemented in the open source software Unicorn [52, 49] for high
performance finite element simulations.

Our computational framework uses an approach with a prescribed wall move-
ment. The input is a set of snapshots in time of a deforming surface mesh that
describes the movement of the endocardium. This set of surface meshes can come
from a cardiac wall model, or patient-specific measurements. The model geome-
try in the form of a surface triangulation is generated from ultrasound measure-
ments of the position of the endocardial wall of the LV at a number of snapshots
in time during the cardiac cycle, from which intermediate states are constructed
by interpolation. A three dimensional volume mesh is deformed in time to fit
these LV surface meshes using mesh smoothing algorithms. Finally, an Arbitrary
Lagrangian-Eulerian (ALE) space-time finite element method is used to simulate
the blood flow by solving the incompressible Navier-Stokes equations. Velocity and
pressure boundary conditions are set to model the inflow from the mitral valve and
outflow through the aortic valve.

Our contribution to the field of cardiac research lies in combining patient-specific
measurements and parallel computing in one flexible and robust framework which
we have implemented in the open source software Unicorn. The simulation can
be extended to different circumstances, e.g. patient-specific calibration, coupling
to other computation models or to include fluid-structure interaction of cardiac
valves.

7.2 Fluid-structure interaction around a biological and
prosthetic aortic valve

Even though the three dimensional motion of aortic leaflets is highly complicated
and demands very advanced numerical techniques, promising in-silico research stud-
ies have been conducted to enhance the scientific and medical understanding of the
hemodynamics in the vicinity of the valve and to contribute to the improvement of
the design of implants and the subsequent care of patients.

Nowadays, there are three major mechanical heart valves (MHV): bileaflet valve,
tilting disc and caged-ball. The most computational simulations of a MHV are con-
ducted using a bileaflet valve (BMVH), which has two semicircular leaflets attached
to hinges and divides the outflow area in three orifices as shown in Figure 7.1.

Research groups using a fixed mesh method are [94, 109, 39, 12, 117, 42] among
others. The fictitious domain method where Lagrange multipliers account for kine-
matics constraints between the fluid and solid domain is used in e.g. [40, 48, 111, 4].

Reviewing the literature of aortic valve simulation, we came across the following
groups which apply an ALE approach with a moving mesh for their numerical cal-
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culation. [11] and [93] calculate the flow past a geometrically simplified mechanical
valve prosthesis taking advantage of its symmetrical form; in [32] two commercially
available bileaflet mechanical heart valves are compared regarding hemodynamic
and thrombogenic performance; [44] employs particle image velocity measurements
to quantitatively and qualitatively compare experiments and numerical simulations;
the FSI model of [24] provides detailed flow information and leaflet behavior of a
BMHV. [88] analyzes the fluid dynamics of an aortic trileaflet valve for only the
initial opening phase. The majority of the numerical simulations are conducted in
commercial software.

We enhanced the computational framework of the heart solver by embedding
different protoypes of both a native and a mechanical aortic valve. The novelty
of our approach is to model both the fluid-structure interaction and the contact
problem as a unified continuum.

Figure 7.1: A mechanical valve replacement using two semicircular leaflets attached
to hinges.





Chapter 8

Application platforms

In this chapter, we describe two different application platforms. In the first case, we
developed a pathway from 4D cardiac ultrasound imaging to patient-specific flow
simulation in order to examine the robustness and clinical feasibility of our model.
The other plateform is a showcase, where different technologies were combined to
improve our perception of the simulated blood flow.

8.1 Patient-specific intraventricular flow simulations from
4D echocardiology

The design of patient-specific simulation tools is the key to support clinical diagnosis
for individualized health care. With the objective to integrate cardiac simulations
into clinical practice in order to improve medical care, we established a pathway
from routine 4D cardiac ultrasound imaging (echocardiography) to patient-specific
flow simulations of the LV.

Due to its simplicity, accuracy and availability, echocardiography is the most
commonly applied technique for cardiac imaging. Even though computed tomogra-
phy (CT) and magnetic resonance imaging (MRI) provide detailed anatomical in-
formation using high spatial resolution, they can not capture transient flow events,
where temporal resolution is important, as echocardiography is capable of.

The pathway consists of image acquisition, endocardial segmentation of the
LV and identification of the valve location, volume mesh generation, numerical
simulation of the intraventricular blood flow and post-processing as depicted in
Figure 8.5. The established pathway has been applied to more than 120 different
patients. Even though there are other models for simulating the intraventricular
blood flow, only few have been applied and analyzed on such a big group of subjects.

In order to evaluate the robustness of the framework, input variables as data
acquisition, performing clinician and valve position were alternated and the com-
puted flow velocity in different regions within the LV were compared to quantify
differences. The results [75] were promising, see Figure 8.4, and further analysis on
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a larger group of patients is planned in order to investigate the feasibility of any
clinical application.

Currently, studies [74] are conducted to identify suitable ventricular hemody-
namic parameters for validation and detection of cardiac dysfunction, for example
as averaged velocity fields during systole and diastole, or identification of different
flow components as presented in [33]. Figure 8.2 and 8.3 illustrate both metrics.

Future work involves analysis of the accuracy of the numerical simulations com-
pared with image-based flow measurements provided by Doppler ultrasound and
MRI.

8.2 Gestural 3D interaction with a beating heart:
simulation, visualization and interaction

With the aim to bring together expertise in simulation techniques, visualization and
interaction and to enhance the public’s interest and understanding of our research,
a showcase of a virtual heart was designed.

The user is able to interact with the pre-calculated velocity and pressure fields of
a heart displayed on a screen by using various movements of the hand. The gestures
are captured and tracked by a depth-sensing camera (kinect). The different modes
of interaction are zooming in and out, rotating and switching data.

The showcase was exhibited at the KTH Library, at several open house days
and for a longer period at the House of Science.

Figure 8.1: Gestural interaction with the velocity and pressure field of the heart.
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Figure 8.2: Computed velocity fingerprints are superimposed on ultrasound images
at the onset of systole respectively diastole.

Figure 8.3: Flow particles are divided into four different components according to
their pathline during one heart cycle. If the blood particle enters during diastole
and leaves during systole, it is colored green (direct flow). The particle is yellow
if it enters and stays in the LV (retained flow), and blue if it starts within the LV
and exists during systole (delayed ejection). The particle is marked red if it resides
in the LV during the whole cycle (residual volume).
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(a) (b)

Figure 8.4: Velocity magnitude at the mitral (8.4a) and aortic (8.4b) valve position
for one subject is compared for CFD simulation (blue), measured pulsed wave (PW)
Doppler (yellow) and cine phase-contract (PC) MRI (red).

(a) Data acquisition. (b) Segmentation. (c) Mesh generation.

(d) Simulation. (e) Post-processing.

Figure 8.5: The pathway from 4D cardiac ultrasound imaging to patient-specific
flow simulation.



Chapter 9

Summary and future work

In this thesis, we focused on establishing a robust FEM-HPC framework for simu-
lating the fluid dynamics within the left ventricle of the heart and the fluid-structure
interaction of aortic leaflets. Our model can easily be pieced together and decom-
posed into different building blocks (pure fluid solver, FSI solver, contact model).

We first developed a patient-specific model for numerically computing the blood
flow in the left ventricle (Paper I). The contracting and relaxing movement of
the endocardial wall is derived from ultrasound measurements and we apply the
incompressible Navier-Stokes equations to simulate the hemodynamics within the
chamber, while we set time-dependent boundary conditions to model the opening
and closing of the mitral and aortic valves respectively. Although it is difficult to
obtain good in-vivo data for validation, the resultant flow features are comparable
to results of other simulation models which indicate that our approach possesses the
potential and capability to provide relevant information about the intraventricular
blood flow.

To analyze the robustness and clinical feasibility of our model, we developed
a pathway from 4D-echocardiography to patient-specific simulation of the blood
flow in the left ventricle and evaluated the sensitivity of the numerical output by
alternating various input variables (Paper V). The results are promising and further
simulations and analysis of a larger data set are planned.

We continued our work by embedding different prototypes of both a native and a
mechanical aortic valve in the outflow area of the left ventricle (Paper II). Both, the
contact (Paper III) as well as the fluid-structure interaction, are modeled as a unified
continuum problem using conservation laws for mass and momentum, whereas a
phase function marks the solid and fluid domain respectively. To use this ansatz
for simulating the valvular dynamics is novel and has the advantageous properties
that the whole problem can be described with partial differential equations and the
same numerical methods for stability analysis and discretization are applicable.

We use a stabilized Arbitrary Lagrangian-Eulerian (ALE) space-time finite el-
ement method that we implement in the HPC branch of the open source software
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DOLFIN and Unicorn (Paper IV). Using an open source software, the code and the
results can easily be reviewed, reproduced and adapted which eventually elevate
the quality and clinical usability of the model.

In order to improve the statistical evaluation and the confidence in our results,
future work regarding the heart solver concerns a closer examination of how uncer-
tainty propagates from clinical data to simulation results. Performance on larger
groups of subjects is needed and additional, quantifiable parameters must be iden-
tified for validation.

We aim to complete the left ventricle geometry with the subject-specific atrium
and aortic root. It is also desirable to connect the whole model to a model of
the circulatory system. Further considerations must be taken to model the mitral
valves.

Regarding the fluid-structure interaction of the aortic leaflets, further studies
and simulations on finer meshes are required. The current calculations are run on
meshes with rather large elements which are relatively easier to stretch and squeeze
than finer meshes. More realistic geometries of the MHV are also targeted as future
work.
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