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�Q= h(V �Y); �	�������


�X�I�F�S�FV �J�T �B �I�P�N�P�H�F�O�F�P�V�T �N�B�U�S�J�Y �S�F�Q�S�F�T�F�O�U�J�O�H �U�I�F �D�P�N�C�J�O�F�E �Q�S�P�K�F�D�U�J�P�O �B�O�E �W�J�F�X�J�O�H

�U�S�B�O�T�G�P�S�N�B�U�J�P�O�T��h �J�T �U�I�F �G�V�O�D�U�J�P�O �U�I�B�U �D�P�O�W�F�S�U�T �U�I�F �S�F�T�V�M�U �J�O�U�P ���% �J�N�B�H�F �D�P�P�S�E�J�O�B�U�F�T �C�Z

�O�P�S�N�B�M�J�[�J�O�H �U�I�Fx �B�O�Ey �W�B�M�V�F �X�J�U�I �J�U�T �G�P�V�S�U�I �D�P�N�Q�P�O�F�O�U �B�T

h(�Y) =
�

x
w

y
w

�
: �	�������
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�W�F�M�P�D�J�U�Z_�Q�D�B�O �U�I�V�T �C�F �D�P�N�Q�V�U�F�E �B�T �G�P�M�M�P�X�T��

_�Q= h0(V �Y)(
� (V �Y)

� �R
) _�R; �	�������


�X�I�F�S�Fh0(�Y) �J�T �U�I�F �S�F�T�V�M�U�J�O�H �N�B�U�S�J�Y �G�S�P�N �U�I�F �E�F�S�J�W�B�U�F �P�Gh(�Y)�� �R�I�B�T �I�F�S�F �C�F�F�O �E�J
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�X�J�U�I �S�F�T�Q�F�D�U �U�Pq �X�J�U�I �B4� n �N�B�U�S�J�Y�� �$�I�B�O�H�J�O�H �U�I�F �O�P�U�B�U�J�P�O �G�P�S �D�P�N�Q�B�D�U�O�F�T�T �D�B�O �C�F �E�P�O�F

�C�Z �E�F
W�O�J�O�H �U�I�F2 � n �N�B�U�S�J�Y

J = h0(V �Y)
� (V �Y)

� �R
; �	�������


�T�V�D�I �U�I�B�U

_�Q= J _�R: �	�������
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������ �T�J�O�D�Fh(x) �J�T �O�P�O�M�J�O�F�B�S �B�O�E �J�O �H�F�O�F�S�B�M �T�P �J�TV�Y�� 	_�J�T �Q�S�P�I�J�C�J�U�T �B�O �B�O�B�M�Z�U�J�D�B�M �T�P�M�V�U�J�P�O �U�P
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E =
( _�R� _�R��)2

2
�T�V�C�K�F�D�U �U�P_�Q� J _�R= 0; �	�������


�X�I�F�S�F_�Q� J _�R= 0 �J�T �U�I�F �F�O�G�P�S�D�J�O�H �D�P�O�T�U�S�B�J�O�U �U�I�B�U �F�O�T�V�S�F�T �U�I�F �J�N�B�H�F �Q�P�J�O�U �W�F�M�P�D�J�U�Z
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dE
d_�R

= _�R� _�R�� = J T � () _�R= _�R�� + J T � �	�������
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�" �N�P�S�F �S�F�D�F�O�U �Q�V�C�M�J�D�B�U�J�P�O �D�B�M�M�F�E �4�D�S�F�F�O���4�Q�B�D�F �U�I�B�U �X�B�T �Q�S�P�Q�P�T�F�E �C�Z �3�F�J�T�N�B�O �F�U �B�M�� �<���>

�I�B�T �C�F�F�O �U�I�F �G�P�D�V�T �P�G �U�I�J�T �U�I�F�T�J�T�� �3�F�J�T�N�B�O �F�U �B�M�� �F�Y�U�F�O�E�F�E �U�I�F �D�P�O�U�S�P�M �P�G �� �%�0�'�
 �H�F�O�F�S�B�M�M�Z

�U�S�B�O�T�M�B�U�J�P�O �B�T �X�F�M�M �B�T �P�O�F �P�S�J�F�O�U�B�U�J�P�O �B�Y�J�T�
 �U�P �B�M�M �T�J�Y �E�F�H�S�F�F�T �P�G �G�S�F�F�E�P�N �X�I�J�D�I �J�O �F
V�F�D�U

�S�F�N�P�W�F�E �U�I�F �O�F�F�E �P�G �B�O�Z �F�Y�Q�M�J�D�J�U �H�F�T�U�V�S�F �Q�S�P�D�F�T�T�J�O�H �B�O�E �U�P�P�L �U�I�F �T�D�S�F�F�O���T�Q�B�D�F �Q�S�J�O�D�J�Q�M�F�T

�G�S�P�N ���% �U�P ���%�� �.�V�D�I �M�J�L�F �F�R�V�B�U�J�P�O �������
 �B �G�V�O�D�U�J�P�O �J�T �E�F
W�O�F�E �X�I�J�D�I �N�B�Q�T �B �Q�P�J�O�U�Y�J�O ���%

�N�P�E�F�M �W�J�F�X�
 �N�B�O�J�Q�V�M�B�U�F�E �C�Z �U�I�F �%�0�' �Q�B�S�B�N�F�U�F�S�T�R�B�O�E �Q�S�P�K�F�D�U�F�E �C�B�D�L �U�P �T�D�S�F�F�O���T�Q�B�D�F

�Q�P�J�O�U�Q��

�Q= s(�Y; �R) = h(PM (�R)�Y); �	�������


�X�I�F�S�Fh �B�T �C�F�G�P�S�F �J�T �U�I�F �W�J�F�X �N�B�U�S�J�Y�
P �J�T �U�I�F �Q�S�P�K�F�D�U�J�P�O �N�B�U�S�J�Y �B�O�EM �J�T �B �N�B�U�S�J�Y

�Q�B�S�B�N�F�U�F�S�J�[�F�E �C�Z �U�I�F �W�F�D�U�P�Sq �X�I�J�D�I �N�B�Q�T�Y�J�O�U�P �X�P�S�M�E���T�Q�B�D�F��M �J�T�
 �B�T �C�F�G�P�S�F�
 �B �D�P�N�C�J��

�O�B�U�J�P�O �P�G �T�F�W�F�S�B�M �S�P�U�B�U�J�P�O�
 �U�S�B�O�T�M�B�U�B�U�J�P�O �B�O�E �T�D�B�M�J�O�H �N�B�U�S�J�D�F�T�� �#�Z �L�F�F�Q�J�O�H �U�I�F �Q�S�P�K�F�D�U�J�P�O

�N�B�U�S�J�YP �D�P�O�T�U�B�O�U�
 �U�I�F �P�O�M�Z �X�B�Z �U�P �B�M�U�F�S �B �N�P�E�F�M �W�J�F�X �Q�P�J�O�U�Ý�T �D�P�S�S�F�T�Q�P�O�E�J�O�H �Q�P�J�O�U �J�O

��



�T�D�S�F�F�O���T�Q�B�D�F �J�T �C�Z �U�I�F �M�P�D�B�M �U�P �X�P�S�M�E���T�Q�B�D�F �U�S�B�O�T�G�P�S�N�B�U�J�P�O�
 �B�T �O�P �D�I�B�O�H�F �J�T �E�P�O�F �U�P �B�O�Z

�P�G �U�I�F �D�B�N�F�S�B�Ý�T �%�0�'��

�*�O�T�U�F�B�E �P�G �V�T�J�O�H �B �E�J
V�F�S�F�O�D�F �T�D�I�F�N�F �B�T �(�M�F�J�D�I�F�S �F�U �B�M�� �<���>�
 �U�I�F �C�F�T�U��
W�U �U�S�B�O�T�G�P�S�N �Q�B��

�S�B�N�F�U�F�S�TM (�R) �J�T �G�P�V�O�E �C�Z �N�J�O�J�N�J�[�J�O�H �U�I�F �O�P�O���M�J�O�F�B�SL2 �F�S�S�P�S �G�V�O�D�U�J�P�O �U�I�B�U �N�F�B�T�V�S�F�T

�U�I�F �U�P�U�B�M �T�R�V�B�S�F�E �E�J�T�U�B�O�D�F �C�F�U�X�F�F�O �U�I�F �D�P�O�U�B�D�U �Q�P�J�O�U�T�Ý �T�D�S�F�F�O���T�Q�B�D�F �Q�S�P�K�F�D�U�J�P�O �B�O�E �U�I�F�J�S

�D�P�S�S�F�T�Q�P�O�E�J�O�H �T�D�S�F�F�O���T�Q�B�D�F �U�B�S�H�F�U �Q�P�T�J�U�J�P�O�T�� 	_�F �F�S�S�P�S �J�T �E�F
W�O�F�E �B�T

E =
X

i

jj s(�Y�J; �R) � �Q�Jjj2; �	�������


�X�I�F�S�F�Y�J �B�O�E�Q�J �B�S�F �U�I�F �Q�P�T�J�U�J�P�O�T �P�G �U�I�Fi th �P�C�K�F�D�U���T�Q�B�D�F �D�P�O�U�B�D�U �Q�P�J�O�U �B�O�E �T�D�S�F�F�O��

�T�Q�B�D�F �U�B�S�H�F�U �Q�P�J�O�U�T�
 �S�F�T�Q�F�D�U�J�W�F�M�Z �B�O�E �U�I�F �N�J�O�J�N�J�[�B�U�J�P�O �P�GE �J�T �X�J�U�I �S�F�T�Q�F�D�U �U�P�R�� �/�P�U�F

�U�I�B�U �J�O �D�B�T�F�T �X�J�U�I �B �M�B�S�H�F �O�V�N�C�F�S �P�G �D�P�O�U�B�D�U �Q�P�J�O�U�T �U�I�F �N�J�O�J�N�J�[�B�U�J�P�O �N�F�U�I�P�E �C�F�D�P�N�F�T

�P�W�F�S�T�B�U�V�S�B�U�F�E �B�T �J�U �P�O�M�Z �I�B�T �D�P�O�U�S�P�M �P�W�F�S �T�J�Y �%�0�' �J�O �U�I�S�F�F �E�J�N�F�O�T�J�P�O�T �B�O�E �U�I�V�T �I�B�W�F �O�P

�Q�F�S�G�F�D�U �T�P�M�V�U�J�P�O�� �6�O�M�F�T�T �E�F�Q�M�P�Z�J�O�H �B�O �B�M�U�F�S�O�B�U�F �T�D�I�F�N�F�
 �U�I�F �F
V�F�D�U �J�T �T�F�F�O �B�T �B�O �F�W�F�O �T�Q�S�F�B�E

�P�G �T�M�J�Q�Q�B�H�F �B�D�S�P�T�T �B�M�M �D�P�O�U�B�D�U �Q�P�J�O�U�T��

	_�F �U�Z�Q�F �P�G �U�S�B�O�T�G�P�S�N�B�U�J�P�O�
 �B�O�E �Q�B�S�U�J�D�V�M�B�S�M�Z �J�U�T �%�0�'�
 �J�T �D�F�O�U�S�B�M �J�O �F�O�T�V�S�J�O�H �U�I�F �E�F�T�J�S�F�E

�J�O�U�F�S�B�D�U�J�P�O�� �"�T �U�I�F �T�D�S�F�F�O���T�Q�B�D�F �G�P�S�N�V�M�B�U�J�P�O �C�Z �3�F�J�T�N�B�O �F�U �B�M�� �B�J�N�T �U�P �F�Y�U�F�O�E �Q�S�F�W�J�P�V�T

�3�4�5 �N�F�U�I�P�E�P�M�P�H�Z �U�P ���%�
 �U�I�F �U�Z�Q�F �P�G �E�F�T�J�S�F�E �U�S�B�O�T�G�P�S�N�B�U�J�P�OM (�R) �N�V�T�U �D�P�O�U�B�J�O �S�P�U�B�U�J�P�O�


�U�S�B�O�T�M�B�U�J�P�O �B�O�E �T�D�B�M�J�O�H �N�B�U�S�J�D�F�T�� �)�P�X�F�W�F�S�
 �U�I�F �%�0�' �X�I�J�D�I �Q�B�S�B�N�F�U�F�S�J�[�F �U�I�F�T�F �U�S�B�O�T�G�P�S��

�N�B�U�J�P�O�T �J�O�U�F�S�B�D�U �X�J�U�I �U�I�F �Q�S�P�K�F�D�U�J�P�O �N�B�U�S�J�YP �X�I�J�D�I �D�B�O �D�B�V�T�F �E�J
V�F�S�F�O�U �Q�B�S�B�N�F�U�F�S�T �U�P

�H�F�O�F�S�B�U�F �U�I�F �T�B�N�F �S�F�T�V�M�U�T�� �'�P�S �F�Y�B�N�Q�M�F�
 �U�S�B�O�T�M�B�U�J�P�O �P�G �B�O �P�C�K�F�D�U �U�P�X�B�S�E�T �U�I�F �D�B�N�F�S�B �X�J�U�I

�B�O �P�S�U�I�P�H�S�B�Q�I�J�D �Q�S�P�K�F�D�U�J�P�O �X�J�M�M �O�P�U �D�I�B�O�H�F �U�I�F �P�C�K�F�D�U �T�J�[�F �J�O �T�D�S�F�F�O �T�Q�B�D�F�
 �X�I�J�M�F �X�J�U�I �B

�Q�F�S�T�Q�F�D�U�J�W�F �Q�S�P�K�F�D�U�J�P�O �J�U �J�T �J�O�E�J�T�U�J�O�H�V�J�T�I�B�C�M�F �U�P �T�D�B�M�J�O�H�� 	_�F �T�F�W�F�O �%�0�' �	�U�S�B�O�T�M�B�U�J�P�O�
 �S�P�U�B��

�U�J�P�O �B�O�E �T�D�B�M�J�O�H�
 �U�I�B�U �B �V�T�F�S �D�P�V�M�E �I�B�W�F �D�P�O�U�S�P�M �P�W�F�S �N�B�Z �O�P�U �C�F �V�T�F�G�V�M�� 	_�F �T�D�S�F�F�O���T�Q�B�D�F

�Q�B�Q�F�S �B�T�T�V�N�F�T �U�I�F �V�T�F �P�G �B �Q�S�P�K�F�D�U�J�P�O �N�B�U�S�J�Y �B�O�E �U�I�V�T �J�H�O�P�S�F�T �U�I�F �S�F�E�V�O�E�B�O�U �T�D�B�M�F �Q�B��

�S�B�N�F�U�F�S �U�P �I�B�W�F �D�P�O�U�S�P�M �P�W�F�S �B �U�P�U�B�M �P�G �T�J�Y �%�0�' �J�O ���%�� 	_�F �U�S�B�O�T�G�P�S�NM (�R�B�O�E �J�U�T �W�F�D�U�P�S

�Q�B�S�B�N�F�U�F�S�T�R�D�B�O �U�I�F�O �C�F �E�F
W�O�F�E �B�T

�R=
�

tx ty tz qx qy qz
�

�	���������


M (�R) = T(tx ; ty; tz)Q(qx ; qy; qz); �	���������


�X�I�F�S�FT �J�T �B �U�S�B�O�T�M�B�U�J�P�O �N�B�U�S�J�Y �B�O�EQ �B �V�O�J�U���R�V�B�U�F�S�O�J�P�O �N�B�U�S�J�Y �T�V�D�I �U�I�B�U

qw =
q

1 � q2
x � q2

y � q2
z : �	���������


����



�.�V�M�U�J�Q�M�F �P�Q�U�J�P�O�T �F�Y�J�T�U�T �G�P�S �N�J�O�J�N�J�[�B�U�J�P�O �N�F�U�I�P�E�T �P�G �U�I�F �O�P�O���M�J�O�F�B�S �M�F�B�T�U���T�R�V�B�S�F �F�S��

�S�P�S�
 �J�O�D�M�V�E�J�O�H �U�I�F �E�F�S�J�W�B�U�J�W�F �T�D�I�F�N�F �V�T�F�E �C�Z �(�M�F�J�D�I�F�S �F�U �B�M�� �<���>�� �3�F�J�T�N�B�O �F�U �B�M�� �D�I�P�T�F

�U�P �F�N�Q�M�P�Z �B �-�F�W�F�O�C�F�S�H���.�B�S�R�V�B�S�E�U �B�M�H�P�S�J�U�I�N �	�-�.�"�
 �<�����> �U�P �F�O�T�V�S�F �D�P�O�U�S�P�M �U�P �S�F�N�B�J�O �S�F��

�T�Q�P�O�T�J�W�F �X�J�U�I�P�V�U �B�O�Z �I�J�H�I���D�P�T�U �J�O �Q�F�S�G�P�S�N�B�O�D�F�� �-�.�" �J�N�Q�P�T�F�T �B �D�P�O�T�U�S�B�J�O�U �J�O �U�I�B�U �J�U �D�B�O

�P�O�M�Z �D�P�O�U�S�P�M �B�T �N�B�O�Z �%�0�' �B�T �U�I�F �O�V�N�C�F�S �P�G �U�F�S�N�T �U�I�B�U �H�F�U�T �T�F�O�U �J�O�U�P �J�U�� �&�B�D�I �O�F�X �D�P�O��

�U�B�D�U �Q�P�J�O�U �B�E�E�T �U�X�P �U�F�S�N�T �U�P �F�R�V�B�U�J�P�O ������ �B�T �F�B�D�I �J�N�B�H�F �Q�P�J�O�U �D�P�O�U�B�J�O�T ���% �D�P�P�S�E�J�O�B�U�F�T��

	_�J�T �N�F�B�O �U�I�B�U �X�J�U�I �P�O�F �D�P�O�U�B�D�U �Q�P�J�O�U �U�I�F �G�P�S�N�V�M�B�U�J�P�O �D�B�O �P�O�M�Z �D�P�O�U�S�P�M �U�X�P �%�0�'�
 �X�J�U�I

�U�X�P���Q�P�J�O�U �J�O�U�F�S�B�D�U�J�P�O�T �G�P�V�S �%�0�' �B�O�E �T�P �P�O�� �&
V�F�D�U�J�W�F�M�Z�
 �U�I�J�T �C�J�O�E�T �B�O �B�E�E�J�U�J�P�O�B�M �P�G �T�F�U�T

�P�G �U�X�P �%�0�' �U�P �U�I�F �D�V�S�S�F�O�U �O�V�N�C�F�S �P�G �D�P�O�U�B�D�U �Q�P�J�O�U�T�� 	_�J�T �E�P�F�T �O�P�U �D�B�V�T�F �B�O�Z �J�T�T�V�F �X�I�F�O

�N�J�N�J�D�J�O�H �U�I�F �T�U�B�O�E�B�S�E �3�4�5���T�U�Z�M�F �T�Z�O�F�S�H�Z �G�P�S �C�P�U�I �T�J�O�H�M�F �B�O�E �E�V�B�M���Q�P�J�O�U �J�O�U�F�S�B�D�U�J�P�O�T�� �"�M�M

�P�G �U�I�F �U�S�B�O�T�G�P�S�N�Ý�T �%�0�' �B�S�F �J�O�D�M�V�E�F�E �G�P�S �N�J�O�J�N�J�[�B�U�J�P�O�T�
 �J�O�W�P�M�W�J�O�H �U�I�S�F�F �P�S �N�P�S�F �D�P�O�U�B�D�U

�Q�P�J�O�U�T�� �3�F�J�T�N�B�O �F�U �B�M�� �G�P�V�O�E �U�I�B�U �U�I�F�J�S �N�F�U�I�P�E �I�B�E �T�V�Q�Q�P�S�U �P�G �B �O�V�N�C�F�S �P�G �V�O�J�R�V�F �N�B�O�J�Q��

�V�M�B�U�J�P�O�T �Q�S�F�W�J�P�V�T �N�F�U�I�P�E�T �E�J�E �O�P�U �X�J�U�I �U�I�F �Q�S�J�D�F �P�G �T�P�N�F �V�O�J�O�U�F�O�E�F�E �C�F�I�B�W�J�P�V�S �J�O �D�B�T�F�T

�P�G �S�P�U�B�U�J�P�O�B�M �F�Y�U�S�F�N�B �E�V�F �U�P �S�P�U�B�U�J�P�O�B�M �B�N�C�J�H�V�J�U�J�F�T �P�S �S�P�U�B�U�J�P�O�B�M �F�Y�I�V�B�T�U��

�"�N�C�J�H�V�P�V�T �S�P�U�B�U�J�P�O�T �B�Q�Q�F�B�S �J�O �O�P�S�N�B�M �V�T�F �X�J�U�I �U�I�S�F�F���Q�P�J�O�U �J�O�U�F�S�B�D�U�J�P�O�T�� �*�G �U�X�P �D�P�O��

�U�B�D�U �Q�P�J�O�U�T �S�F�N�B�J�O �T�U�B�U�J�P�O�B�S�Z �X�I�J�M�F �U�I�F �U�I�J�S�E �J�T �C�S�P�V�H�I�U �D�M�P�T�F�S �U�P �U�I�P�T�F �Q�P�J�O�U�T �U�I�F �S�P�U�B�U�J�P�O

�X�J�M�M �P�D�D�V�S �J�O �U�I�F �D�B�N�F�S�B�Ý�TXY ���Q�M�B�O�F�� �)�P�X�F�W�F�S�
 �X�I�F�O �B�M�M �U�I�S�F�F �Q�P�J�O�U�T �B�S�F �B�U �S�P�V�H�I�M�Z �F�R�V�B�M
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