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Abstract

In the theory of dynamical systems, heteroclinic networks are invariant
objects in phase space with network structure, consisting of invariant sets
(nodes) and connecting trajectories between them (edges). These objects
are typically not robust dynamical phenomena, but can appear robustly
for dynamical systems with network structure - so called coupled cell sys-
tems - due to the presence of certain synchrony related invariant subspaces.
This link between networks in phase space and networks of dynamical sys-
tems is the topic of this thesis. Examples and results from the literature
on the existence and construction of heteroclinic networks in coupled cell
systems are presented and reviewed, focusing on heteroclinic realisation:
how can coupled cell systems be constructed that support a given hetero-
clinic network? We seek to find explicit vector fields for such realisations,
of which there are relatively few examples in the literature, and provide a
polynomial vector field for a particular heteroclinic network and coupled
system. Finally, we state and prove a novel theorem on the existence of
additional equilibrium points for realisations of this heteroclinic network.





Realiseringar av heteroklina
nätverk i kopplade dynamiska

system

Sammanfattning

Inom teorin för dynamiska system är heteroklina nätverk invariant ob-
jekt i tillståndsrummet som har nätverksstruktur i den mening att de
består av invarianta mängder (noder) och förbindande banor mellan dem
(kanter). Dessa objekt är typiskt inte robusta dynamiska fenomen, men
kan förekomma robust för dynamiska system med nätverksstruktur - så
kallade kopplade dynamiska system - tack vare särskilda invarianta un-
derrum relaterade till synkroni. Det är denna koppling mellan nätverk i
tillståndsrummet och nätverk av dynamiska system som är temat för detta
examensarbete. En litteraturstudie kring exempel och resultat rörande
existens och konstruktion av heteroklina nätverk i kopplade dynamiska
system görs med fokus på heteroklin realisering: hur kan kopplade dy-
namiska system konstrueras att ha ett givet heteroklint nätverk? Vi söker
explicita vektorfält för sådana realiseringar, av vilka det finns relativt få
i litteraturen, och ger ett polynomt vektorfält för ett särskilt heteroklint
nätverk och kopplat dynamiskt system. Slutligen formuleras och bevisas
en ny sats rörande existensen av extra jämviktspunkter i realiseringar av
detta heteroklina nätverk.
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Chapter 1

Introduction

This thesis concerns the relationship between networks of coupled dynam-
ical systems and networks of invariant objects in phase space know as
heteroclinic networks. Central questions about this relationship include
existence; which heteroclinic behaviour can occur for dynamical systems
with a given network structure? and conversely, realisation; which network
dynamical systems support a given network structure in phase space?

The two topics - networks of systems and networks in phase space -
are also of separate interest, and both their study are inspired by appli-
cations, in particular in biology but also in theoretical physics, chemistry
and engineering. Networks are natural models for a vast array of systems
and phenomena, from social sciences to engineering to biology, and vari-
ous kinds of network perspectives in science have arisen over the last two
decades. In regards to dynamical systems, a system can be thought of
as possessing network structure if it consists of distinct dynamical units
coupled together through dynamical influence, creating a network of in-
terconnections. One can then ask how the properties of the system as
a whole is determined by the interplay between this network structure
and the dynamical properties of the component parts. A paradigmatic
example is that of neurons, modelled as dynamical systems for example
via the Hodgkin-Huxley equations, composing a neuronal network through
synaptic couplings.

Of course, network dynamical systems can be modelled mathematically
in various ways, and different contexts and perspectives call for different
formalisms. One formalisation of network dynamical systems is as so called
coupled cell systems, which grew out of the theory of equivariant dynamics
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about 15 years ago, developed by Golubitsky and Stewart et al. [31,32,65],
and Field et al. [1,25]. In this thesis, this is the model of network structure
of dynamical systems that will be considered.

Coupled systems (not just coupled cell systems!) provide interesting
examples of complicated but structured dynamical systems, and the emer-
gence of complex dynamical behaviour. For example, in neural systems
the individual neurons behave in relatively simple ways, but the system
as a whole can have very complex dynamical, and indeed computational,
behaviour: see for example [9]. There is a large literature on the emer-
gent attracting dynamics of coupled systems: this examines in particular
the appearance of different types of synchrony, bifurcations, oscillatory
behaviour, thermodynamic properties for large systems and noise-induced
phenomena.

Just as network dynamical systems consist of nodes (i.e. the systems
that are coupled together) and edges (representing the influence of one
system on another) one can think of invariant structures and in particular
attractors in phase space as having network structure if there are nodes (i.e.
simple invariant sets) and edges (representing trajectories that connect
one node to another). Such networks in phase space are called heteroclinic
networks. In order to avoid confusion, cells and edges will refer to networks
of dynamical systems throughout the thesis, while nodes and connections
will be used for networks in phase space.

Like networks of systems, networks in phase space are useful models
in applications, again notably in biology. They provide a mechanism for
switching between different states of a system, and offer a model for the
seemingly contradictory simultaneous features of robustness and sensitivity
to inputs displayed by biological systems. These properties are particularly
useful in describing intermittent behaviour of networks and in ascribing
some computational functions of networks to these attractors [52, 57, 66,
68]. Rabinovich et al. [56, 58, 59] have developed theory in neuroscience
of brain dynamics based on a winnerless competition principle, modelled
by heteroclinic dynamics. Other applications include celestial mechanics,
where there can be connecting orbits between periodic orbits.

The trajectories connecting the nodes in heteroclinic networks are so
called heteroclinic orbits, often called heteroclinic connections in the con-
text of heteroclinic networks, and correspond to intersections of the stable
and unstable sets of the nodes. Figure 1.1 shows a schematic drawing of
some trajectories and flow directions of a planar vector field with equi-
librium points p and q. The unstable manifold of p intersects with the

2



Figure 1.1: A heteroclinic connection from p to q.

stable manifold of q, creating a heteroclinic connection from p to q, which
is shown in red in the figure. Heteroclinic orbits have mostly been studied
for their appearance in global bifurcations, acting as mechanisms through
which both periodic orbits and chaos can be created, and there is a rel-
atively small literature that recognises that attracting dynamics may ro-
bustly include heteroclinic networks. This requires additional structure of
the dynamical system, and is linked to the existence of invariant subspaces.

Historically, the two types of systems with robust heteroclinic net-
works given the most attention have been equivariant dynamical systems
(systems with symmetry), and Lotka-Volterra systems in mathematical
biology and game theory. In the former, invariant subspaces arise as fixed
point spaces in phase space of the system symmetries [24, 42], and in the
latter as extinction planes, i.e. subspaces with one or more variables equal
to zero [35]. Other contexts in which heteroclinic phenomena appear ro-
bustly are Hamiltonian systems, reversible dynamical systems, and, as will
be our focus, coupled cell systems, where invariant subspaces related to
synchrony of cells provide the necessary dynamical structure for robust
heteroclinic phenomena. For an example of a robust heteroclinic network
in phase space, obtained from a coupled cell system defined and studied
in Section 4.3, see Fig. 1.2.

The first, and arguably most famous, example of a robust heteroclinic
network consists of three equilibria and heteroclinic orbits connecting them
(see Section 3.4 and Fig. 3.1): this was first found and investigated by
May and Leonard [49], in a Lotka-Volterra model describing population
dynamics, and later by Busse and Clever in the context of Rayleigh-Benard
convection [16]. Structural stability (robustness) for such a system on an
invariant sphere was proved by dos Reis [22, Example (4.1d), p641] in
the context of equivariant vector fields on two-manifolds. Guckenheimer
and Holmes brought the example to the attention of a wider community
by showing the appearance of the cycle through a symmetry breaking
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Figure 1.2: The blue lines show an orbit of a three dimensional dynami-
cal system closely following near a heteroclinic network of two equilibria
(1, 1, 1) and (−1,−1,−1) with four heteroclinic connections.

bifurcation at a symmetric equilibrium [33].
The aim of this thesis is twofold. Firstly, to present and review some

of the research that has been made on the questions mentioned at the
start of this introduction, namely how does the structure of a heteroclinic
network in phase space relate to the structure of the network of coupled
cells? So far progress has mostly been by examples rather than by general
constructions. For this reason, the focus is on presenting illustrative such
examples, but to highlight general methods and theory where possible.
The emphasis is on the realisation problem of heteroclinic networks in
coupled cell systems - given a graph, how can one construct a coupled cell
systems with the given graph as a heteroclinic network? Secondly, the
aim has been to extend some of the examples in the literature, and to
obtain explicit vector fields realising heteroclinic networks. In connection
to this, the largely unexplored question of how realisations of heteroclinic
networks can force additional dynamical properties in coupled cell systems
is addressed for a particular heteroclinic network and dynamical system
network structure.

The organisation of the thesis is as follows: Chapter 2 introduces the
concept of a coupled cell system, presenting the definitions, results and
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terminology needed for the rest of the thesis. In Chapter 3 properties of
heteroclinic network attractors in phase space are discussed, in particular
heteroclinic networks and some contexts in which they may be robust.
These contexts include symmetric networks and nonsymmetric networks
with specific coupling types, as discussed and illustrated in Sections 3.4
and 3.5.

Chapter 4 builds on the end of Chapter 3, but adopts a slightly dif-
ferent perspective, and focuses more on the realisation problem, giving a
method due to Field [28] in Section 4.2. Sections 4.3 and 4.4 then give
new explicit realisations of some small heteroclinic networks. Chapter 5
contains original work, examining forced equilibria for a heteroclinic cycle
of two nodes in a three cell coupled cell network, and proves that such equi-
libria exist under mild assumptions. Finally, Chapter 6 provides summary
and discussion, and highlights some open problems relating to coupled cell
systems and the realisation of heteroclinic networks in phase space.
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Chapter 2

Coupled cell systems

Dynamical systems on graphs or networks can be modelled as so called
coupled cell systems. These are systems of interacting dynamical units
(cells), connected according to an underlying network structure, with di-
rected edges indicating dynamical influence of one cell on another.

This chapter contains an overview of some of the literature on cou-
pled cell networks and systems, with an emphasis on concepts relevant to
heteroclinic dynamics in coupled cell systems. While the main aim is to
provide the necessary prerequisites for later chapters, a slightly broader
range of concepts is presented, with the purpose of collecting some central
definitions and results in one place. Furthermore, some proofs of stan-
dard results are difficult to find written down explicitly, and are therefore
presented here, while others are given for the sake of completeness.

2.1 Basic definitions: networks and systems
As two cells might respond differently to the same input, and a cell might
be influenced by two cells in different ways, it is natural to distinguish
cells and edges of different types. Furthermore, it is useful to require that
cells of the same type receive in some sense the same input. With this in
mind, denote by I(c) the input set of c, consisting of those edges targeting
c, and recall the standard definition of source and target functions s and
t for directed multigraphs, sending a directed edge to its source cell and
target cell respectively.
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Figure 2.1: A coupled cell network with two cell types and three edge
types. Each cell also has a self-coupling which is suppressed.

Definition 2.1.1 (Coupled cell network). (cf. [25, 31, 32, 51]). A coupled
cell network N (hereafter simply network if the context is clear) is a di-
rected multigraph (C, E , s : E → C, t : E → C) equipped with equivalence
relations ∼C on the set of cells C, called cell type, and ∼E on the set of
edges E , called edge type. We require the following:

1. If e ∼E f , then s(e) ∼C s(f) and t(e) ∼C t(f).

2. If c ∼C d, then there exists a bijection β : I(c)→ I(d) that preserves
edge types, i.e. e ∼E β(e) for all e ∈ I(c), where I(c) = {e ∈ E :
t(e) = c}.

Remark 1. If there exists a bijection β : I(c)→ I(d) as in the definition
above, c and d are said to be input equivalent. Conventions differ between
authors (and even between papers with the same author). In contrast to
the original definition of Stewart and Golubitsky et al. (e.g. [32]), but in
line with others ( [3,28,51]), it is here required that cells of the same type
are input isomorphic.

Example 1. The coupled cell network in Fig. 2.1 has two cell types, with
c1 ∼C c2 and c3 ∼C c4, and three edge types. It is commonly assumed that
each cell has a self-coupling, modelling an internal dynamical influence,
and in drawings of network architecture these are usually omitted. Note
however that cells may have additional self-couplings, such as c3 in Fig. 2.1,
in which case these are explicitly drawn. The input sets I(c1) and I(c2)
(again suppressing self-coupling) both consist of two edges of the same
type, while the cells c1 and c2 receive inputs of two types.
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For e ∈ E/ ∼E , define Ie(c) = {f ∈ I(c) : f ∼E e}, the input set of c
of edge type e. Input equivalence between c and d amounts to requiring
|Ie(c)| = |Ie(d)| for all e ∈ E/ ∼E . Note that by the compatibility condi-
tion between cell and edge types in Definition 2.1.1, input equivalent cells
must be of the same type.

The maps β are called input isomorphisms. They define an algebraic
structure called a groupoid. As the name suggests, groupoids are closely
related to groups: a groupoid is a set G together with an associative partial
binary operation in which every element has an inverse. Partial binary
operation means a partial function ◦ : G × G ⇀ G, and so a groupoid is
essentially a group where the operation is not necessarily defined between
any pair of elements. Referred to as the network symmetry groupoid, the
groupoid of input isomorphisms has been given much attention in the early
literature on coupled cell networks [31,32,65].

Definition 2.1.2. Writing

G(c, d) = {β : I(c)→ I(d) : β is an input isomorphism}

for c, d ∈ C, the set G =
⊔

c,d∈C
G(c, d) is a groupoid, called the symmetry

groupoid of the network N . The group G(c, c) is called the vertex group at
cell c.

Remark 2. As a side note, a groupoid can be defined as a category in
which every morphism is an isomorphism. In this case, the symmetry
groupoid may be seen as a category with the input sets of the network as
objects and the input isomorphisms as morphisms.

Next, we define coupled cell systems - dynamical systems defined through
vector fields, called admissible vector fields, compatible with a given cou-
pled cell networks. Attention is restricted to smooth flows and vector fields,
and all phase spaces will be smooth manifolds, typically finite-dimensional
vector spaces.

Definition 2.1.3 (Coupled cell system). (cf. [25, 31, 32, 51]). A coupled
cell system F on a network N consists of:

1. A phase space Mc for each cell c ∈ C, with Mc = Md whenever
c ∼C d. The total phase space of F is M =

∏
c∈C

Mc.
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2. A cell component function

fc :
∏
e∈I(c)

Ms(e) → TMc

for each cell c ∈ C, modelling the cells’ dynamical response to inputs.
These are required to satisfy

fc ◦ β∗ = fd

for all input isomorphisms β : I(c)→ I(d), where

β∗ :
∏

e∈I(d)

Ms(e) →
∏
e∈I(c)

Ms(e)

is defined as (β∗x)s(e) = xs(β(e)).

3. An admissible vector field F : M → TM , defined component-wise as
(Fx)c = fc

(∏
e∈I(c) xs(e)

)
for cell component functions as above.

Remark 3. It will be assumed throughout that every cell effects its own
state, in the sense that fc depends on xc. This internal coupling will
be represented by always giving xc as the first argument in fc, and is
suppressed in diagrams of network architecture.

Remark 4. Again, terminology varies. For example, the component func-
tions and the corresponding admissible vector field have been called net-
work maps and network vector field respectively by Field [29], whereas
in [51], they are instead referred to as reaction functions and network map.
Admissible vector field is the original terminology used by Golubitsky and
Stewart et al. [31].

Remark 5. In practice, it is often convenient to put an order on the edge
types, and to give the arguments of the component functions in this order.
The input isomorphism requirement can then be reduced to the statement
that fc = fd whenever c ∼C d, with fc symmetric in inputs corresponding
to the same edge type.

Example 2. The admissible vector fields for the network of Fig. 2.1 are
of the form

ẋ1 = f(x1, x3, x4)
ẋ2 = f(x2, x3, x4)
ẋ3 = g(x3, x1, x3)
ẋ4 = g(x4, x2, x3),
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where xi is the state associated to cell ci, f and g are generically different
functions, and x, y denotes symmetry in the variables x and y, correspond-
ing to inputs of the same type. Note the internal dynamical dependence
of each cell on its own state.

A common assumption is to restrict attention to networks with only
one type of cell.
Definition 2.1.4. If c ∼C d for every c, d ∈ C, thenN is called an identical
cell network and F is called an identical cell system.

The input isomorphism requirement means in particular that cell com-
ponent functions are symmetric in inputs of the same edge type, i.e. a
component function has internal symmetries if and only if the correspond-
ing vertex group is non-trivial. This is one of the ways the symmetry
groupoid of a network can effect the dynamics of the admissible vector
fields. Typically, non-trivial vertex groups of a network induce spectral
degeneracies in the linearisation of the coupled cell systems. Furthermore,
the symmetry groupoid can have a non-trivial effect on the invariant sub-
space structure of the coupled cell systems, see 2.5. For this reason, an
assumption that is often made in the literature is that of asymmetric in-
puts.
Definition 2.1.5. A network is said to have asymmetric inputs if for all
c ∈ C, |G(c, c)|=1.

Coupled cell networks are graphs, decorated with extra structure. As
in graph theory, it is useful to consider the adjacency matrix of a network,
or rather the collection of adjacency matrices, one for each edge type.
Definition 2.1.6. For a network N and some fixed ordering of its cells,
the matrix Ae with (Ae)ij given by the number of edges of type e ∈ E/ ∼E
with target ci and source cj is called the adjacency matrix of edge type e.
In the collection of adjacency matrices, include also a matrix for each cell
type encoding the self-couplings.
Example 3. Consider again the network in Fig. 2.1. Denote with e1 the
edge type of the edge from c1 to c3, with e2 the edge type of the edge
from c3 to c1, and with e3 the edge type of the edge from c3 to itself. The
corresponding adjacency matrices are

Ae1 =


0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0

 , Ae2 =


0 0 1 1
0 0 1 1
0 0 0 0
0 0 0 0

 , Ae3 =


0 0 0 0
0 0 0 0
0 0 1 0
0 0 1 0

 .
10



The self-coupling adjacency matrices are simply

Ac1 =


1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

 and Ac3 =


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 1


for the self-coupling of c1, c2 and c3, c4 respectively.

Remark 6. The inclusion of the self-coupling adjacency matrices is not
standard, but makes the statement of the result below easier.

Adjacency matrices can be used to describe some properties of coupled
cell networks. For example, the linear admissible vector fields on a network
can easily be described in terms of its adjacency matrices, cf. [37].

Proposition 1. A linear vector field ẋ = Ax is N -admissible if and only
if it is a linear combination of the adjacency matrices of N .

2.2 Network symmetries and maps of net-
works

The symmetry groupoid encodes the local symmetries of the input sets.
A network can also have global symmetries, i.e. permutations of the cells
that map the network to itself, as will be made precise below. Such permu-
tations commute with admissible vector fields, and hence the fixed point
space of a network symmetry is a flow-invariant subspace associated to
all coupled cell systems of the network. Note that a coupled cell system
may also have internal symmetries - symmetries of the component func-
tions that are not induced by the vertex groups, such as in Example 4 in
Section 3.4 below.

Recall that a map of directed graphs (also called directed graph ho-
momorphism) is a function between directed graphs that takes nodes to
nodes and edges to edges and commutes with the source and target func-
tions, i.e. for every edge the image of its source is the source of its image,
and analogously for targets. Networks are directed graphs with additional
structure, and so a map of networks should be a map of directed graphs re-
specting that additional structure. For the next two definitions, confer [51]
and [20].
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Definition 2.2.1. For networks N1 = (C1, E1) and N2 = (C2, E2), a map of
networks φ : N1 → N2 is a map of directed graphs such that φ(c) ∼C2 φ(d)
if and only f c ∼C1 d and φ(e) ∼E2 φ(f) if and only if e ∼E1 f .

Definition 2.2.2. A graph fibration is a map of networks φ : N1 → N2
such that

φ : I(c)
∼=→ I(φ(c))

i.e. φ induces a bijection between the edges targeting a cell and the edges
targeting its image.

Definition 2.2.3. (Cf. [61, Section 7] and [7]). A network symmetry of a
network N = (C, E) is a graph fibration φ : N → N that is bijective on C
(and hence necessarily also bijective on E).

The set of network symmetries clearly forms a group Γ. A network
symmetry φ : N → N (or more generally any graph fibration) acts on the
total phase space via the induced map φ∗ :

∏
c∈CMc →

∏
c∈CMc, where

(φ∗x)c = xφ(c) (assume here for simplicity that Mc is a vector space). As
was claimed above, any admissible vector field is equivariant under this
action.

Proposition 2. If F is an admissible vector field and φ a network sym-
metry, then F is φ∗-equivariant, i.e. F ◦ φ∗ = φ∗ ◦ F .

Proof. Clearly F ◦ φ∗ = φ∗ ◦ F if and only if fc
(∏

e∈I(c) φ
∗xs(e)

)
=

fφ(c)

(∏
e∈I(φ(c)) xs(e)

)
for all c ∈ C. Since φ is a graph fibration, it

induces an input isomorphism I(c) → I(φ(c)), and c ∼C φ(c). Write
β = φ|I(c). Then the input isomorphism condition implies fc ◦ β∗ = fφ(c),
i.e. fc

(∏
e∈I(c) β

∗xs(e)

)
= fφ(c)

(∏
e∈I(φ(c)) xs(e)

)
. Rewriting this, and

using that φ is a map of networks, and thus commutes with s, gives

fφ(c)

 ∏
e∈I(φ(c))

xs(e)

 = fc

 ∏
e∈I(c)

β∗xs(e)

 = fc

 ∏
e∈I(c)

xs(β(e))


= fc

 ∏
e∈I(c)

xs(φ(e))

 = fc

 ∏
e∈I(c)

xφ(s(e))

 = fc

 ∏
e∈I(c)

φ∗xs(e)


for all c ∈ C, i.e. F ◦ φ∗ = φ∗ ◦ F .
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Corollary 1. If Ω ⊂ Γ is a subgroup of the network symmetry group and
F is an admissible vector field, then Fix(Ω) ⊂ M , the set of points fixed
by all elements in Ω, is flow-invariant under the flow induced by F .

2.3 Dynamical equivalence of networks
It is useful to have a notion of dynamical equivalence of networks to reduce
the number of networks needed to study. This is done systematically in [1]
and [2]. Also confer [21]. We begin with a couple of preliminary definitions.

Definition 2.3.1. Two coupled cell systems F and F ′ on networks N and
N ′ with the same number of cells are said to have identical dynamics if we
can identify every cell c in N with a unique cell d in N ′ such that c and
d have the same phase space and the time evolutions of c and d under the
flow of F and F ′ are identical.

Dynamical equivalence is defined in terms of a partial ordering on the
set network with a given number of cells.

Definition 2.3.2. For two networks N and N ′ with the same number of
cells, the partial ordering ≺ is defined as N ≺ N ′ if for every admissible
vector field F on N there exists an admissible vector field F ′ on N ′ such
that F and F ′ have identical dynamics.

Definition 2.3.3. Two coupled cell networks N and N ′ are (dynamically)
equivalent if both N ≺ N ′ and N ′ ≺ N , which we write N ∼ N ′.

The next result, proved in [1] and [2], connects equivalence of networks
to the adjacency matrices.

Proposition 3. Two networks N and N ′ are equivalent if and only if the
linear span of their adjacency matrices are the same.

2.4 Linearisation of coupled cell systems
As for any vector fields, it is often of interest to compute linearisations
of admissible vector fields of coupled cell systems. This can of course be
done directly on a case to case basis, but it is convenient to derive a general
formula for the Jacobian in terms of the network structure. Consider the
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collection of maps

πI(c) :
∏
c′∈C

Mc′ →
∏
e∈I(c)

Ms(e)∏
c′∈C

xc′ 7→
∏
e∈I(c)

xs(e)

for c ∈ C. The map πI(c), which we will call the input projection of c, is the
(linear) projection from the total phase space to the cell states influencing
c. Note that an admissible vector field F is of the form

Fc = fc ◦ πI(c),

where fc is a cell component function, and hence the functions πI(c) are
easily read off from the admissible vector fields. Assume for simplicity that
the cell phase spaces are R. Ordering the cells C = {c1, ..., cn}, we have,
to first order,

F (p+ h) = (fc1(πI(c1)p+ πI(c1)h), ..., fcn
(πI(cn)p+ πI(cn)h))T

= F (p) + (∇fc1(πI(c1)p)πI(c1)h, ...,∇fcn(πI(cn)p)πI(cn)h)T

= F (p) + J(p)h

for a point p ∈ Rn. Hence the Jacobian of F at p is

J(p) =

∇fc1(πI(c1)p)πI(c1)
...

∇fcn
(πI(cn)p)πI(cn)

 , (2.1)

In other words,

(J(p))ij = ∇fci
(πI(ci)p) colj(πI(ci)),

where colj(πI(ci)) is the j:th column of the matrix πI(ci) induced by the
ordering of C. Apart from facilitating computations of the Jacobian for
specific coupled cell systems, the formula also clearly shows that if ∆(P )
is a synchrony subspace, and p ∈ ∆(P ), then J(p)∆(P ) ⊂ ∆(P ), since
πI(c) = πI(d) whenever c ∼P d. Note however that not all synchrony
subspaces are necessarily invariant under J(p), and so the linearisation of
an admissible vector field need not define a linear admissible vector field.
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2.5 Synchrony and balanced partitions
There are various notions of synchrony and synchronisation in nonlinear
dynamics. Here, we will say two cells are synchronous if their states have
identical time evolutions. Such synchrony between cells may or may not
depend on the specific choice of vector field. The existence of robust syn-
chrony, that depends only on the network structure of a system and there-
fore persists under structure preserving perturbations, has a significant
impact on network dynamics.

A fully or partially synchronous state of a coupled cell system is de-
scribed by equalities of groups of cell states, and corresponds to a partition
of the set of cells. Note that the states of two cells may be compared only
if their phase spaces are the same. Any partition P of C corresponds to
an equivalence relation ∼P , and P is said to refine ∼C if c ∼P d implies
c ∼C d [31]. Such a partition defines a subspace

∆(P ) = {x ∈M : xc = xd if c ∼P d},

called a polydiagonal.

Definition 2.5.1 (Synchrony subspace). Cf. [31]. For a partition P as
above, the subspace ∆(P ) is called a synchrony subspace if it is flow-
invariant for all admissible vector fields. The partition P is then called
a synchrony class, and we will refer to the equivalence classes of ∼P as
synchrony clusters.

Remark 7. It is perhaps worth emphasising that in the definition above,
invariance under all admissible vector fields means a synchrony subspace
is invariant under any vector field compatible with the network structure,
including choice of phase space.

Remark 8. If M is a general manifold, ∆(P ) will not be a linear sub-
space, as the terminology suggests, but rather a submanifold. It is however
convenient to keep the terminology, even in this case.

Notation. A shorthand notation for synchrony classes is often useful.
Let N be a network with cells C = {c1, ..., cn}, and say P = {P1, ..., Pr}
is a synchrony class of C, with Pk the synchrony clusters. This is written
{P1||P2||...||Pr}, indicating that the cells in Pi are synchronous, but not
necessarily with cells in the other synchrony clusters. For example, if
n = 4, {c1, c2||c3, c4} denotes the synchrony class P where c1 ∼p c2 and
c3 ∼P c4, but the states of say c1 and c3 may differ. It is also convenient
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to omit the singleton synchrony clusters in this notation, i.e. those cells
that are not synchronous to any other cells. Hence {c1, c3} denotes the
synchrony class where only c1 and c3 are identified.

Network symmetries induce robust synchrony: the fixed point space of
a network symmetry is clearly a synchrony subspace. However, a coupled
cell network can have many more synchrony subspaces than those induced
by symmetries. Indeed, there are many networks with no symmetries that
possess a rich synchrony subspace structure.

A combinatorial and very useful characterisation of synchrony sub-
spaces is given in terms of so called balanced partitions:

Definition 2.5.2. A partition P is balanced if whenever c ∼P d, there
exists an input isomorphism β : I(c)→ I(d) such that s(e) ∼P s(β(e)) for
every edge e ∈ I(c), i.e. all cells in a synchrony cluster receive the same
number of inputs of each edge type from each other synchrony cluster.

The following result was first proved in [65].

Proposition 4. ∆(P ) is a synchrony subspace if and only if P is balanced.

Proof. That the criterion is sufficient follows easily from the existence and
uniqueness of (local) integral curves for vector fields: Taking an initial
value x0 ∈ ∆(P ), P balanced means exactly that Fc(x0) = Fd(x0) for
any c, d ∈ C such that c ∼P d and any admissible vector field F . Hence
xt ∈ ∆(P ) for all t > 0 such that the solution exists.

That the criterion is necessary is seen by taking Mc = R for all c ∈ C
and F = (fc)c∈C to be the linear admissible vector field given by

fc

 ∏
e∈I(c)

xs(e)

 =
∑
e∈I(c)

xs(e).

Let IeP (c) = {f ∈ I(c) : f ∼E e and s(f) ∼P s(e)}. That P is balanced
can then be expressed as |IeP (c)| = |IeP (c)| for all synchronous cells c ∼P d
and edge types e ∈ E/ ∼E .

Suppose that c ∼P d but |IeP (c)| 6= |IeP (d)| for some e ∈ E/ ∼E . Then,
without loss of generality, we may assume |IeP (c)| > 0 and e ∈ IeP (c).
Taking an initial condition x0 ∈ ∆(P ) where the only non-zero entries are
those corresponding to the synchrony cluster of s(e) (i.e. (x0)s(f) = 1 if
s(e) ∼P s(f) and zero otherwise) clearly yields Fc(x0) 6= Fd(x0), and so
∆(P ) is not flow invariant under F , and ∆(P ) is not a synchrony subspace
(cf. [3]).
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In fact, the above proof shows that invariance under all linear admis-
sible vector fields is not only necessary, but also sufficient for ∆(P ) to be
a synchrony subspace.

Corollary 2. A polydiagonal ∆(P ) is a synchrony space if and only if it
is invariant under all linear admissible vector fields.

Proof. If ∆(P ) is not a synchrony subspace, P is not balanced, and as
in the proof of Proposition 4 above, there then exists a linear admissible
vector field that does not leave ∆(P ) invariant.

Combining this corollary with Proposition 1 shows that the balanced
partitions are determine by the adjacency matrices of the network in the
following sense, cf. [48] and [37].

Proposition 5. A partition P is balanced if and only if the corresponding
polydiagonal ∆P is invariant under all adjacency matrices, i.e. Ae∆P ⊂
∆P for all edge types e ∈ E/ ∼E , when taking each cell phase space to be
R.

2.5.1 The lattice of synchrony subspaces
The collection of synchrony subspaces defines a lattice, cf. [18]. It has
a natural operation of intersection, and depending on preferences, this is
taken to be either the join or the meet of the lattice. This choice corre-
sponds basically to whether one wishes to have the map sending a balanced
equivalence relation to its corresponding synchrony subspace be an isomor-
phism or an anti-isomorphism. In [29] the former choice is made, whereas
in [64] and [4] the intersection of synchrony subspaces is called the meet.
Since the formal theory of lattices of synchrony spaces has been mostly
developed starting from [64], the convention of that paper is adopted here.

Definition 2.5.3. Let ∆(P1) and ∆(P2) be synchrony subspaces. Then
∆(P1) ∧ ∆(P2) = ∆(P1) ∩ ∆(P2) is also a synchrony subspace, called
the meet of ∆(P1) and ∆(P2). Correspondingly, the synchrony class P12
satisfying ∆(P12) = ∆(P1) ∧ ∆(P2) is called the join of the synchrony
classes P1 and P2, written P12 = P1 ∨ P2.

There is a simple characterisation of the join of synchrony classes, see
[64, Proposition 6.1].
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Proposition 6. Let P12 = P1 ∨ P2. Then c ∼P12 d if and only there
exists a finite sequence of cells c = c1 = c2 = ... = ck = d such that either
ci ∼P1 ci+1 or ci ∼P2 ci+1.

The meet operation of synchrony classes, and hence the join of syn-
chrony subspaces, is more difficult to characterise. If P1 = {C1,1, ..., C1,k}
and P2 = {C2,1, ..., C2,`} are synchrony classes for a network N , let P1 ∧
P2 = {C1,i∩C2,j : 1 ≤ i ≤ k, 1 ≤ j ≤ `}. If N has asymmetric inputs, this
is a synchrony subspace, and defines the meet of P1 and P2 (cf. [3, Theorem
3.8]).

Proposition 7. If N has asymmetric inputs, then P1∧P2 as defined above
is a synchrony class.

Proof. Write P = P1 ∧P2. We shall use Proposition 4 to prove the result.
Assume c ∼P d for c, d ∈ C and consider IeP (c) and IeP (d) for some e ∈
E/ ∼E , as in the proof of Proposition 4. Note that c ∼P d if and only if
c ∼P1 d and c ∼P2 d. Hence

IeP (c) = IeP1
(c) ∩ IeP2

(c) (2.2)

for all c ∈ C. As c ∼P1 d and c ∼P2 d implies |IeP1
(c)| = |IeP1

(c)| and
|IeP2

(c)| = |IeP2
(c)|, this shows that if IeP1

(c) = IeP1
(d) = ∅ or Ie(c)P2 =

Ie(d)P2 = ∅, then IeP (c) = IeP (d) = ∅ and we are done.
Hence assume Ie(c)P1 , I

e(c)P2 , I
e(d)P1 , I

e(d)P2 6= ∅. It follows that
|Ie(c)| > 0, since IeP1

(c), IeP2
(c) ⊂ Ie(c). Furthermore, by the assumption

that N has asymmetric inputs, we have |Ie(c)| ≤ 1 and so |Ie(c)| = 1.
Similarly, |Ie(d)| = 1. Thus IeP1

(c) = IeP2
(c) = Ie(c) and IeP1

(d) = IeP2
(d) =

Ie(d). By use of Eq. (2.2), this shows that |IeP (c)| = |Ie(c)| = 1 = |Ie(d)| =
|IeP (d)|, which by Proposition 4 implies P = P1 ∧ P2 is a synchrony class.

It is clear that asymmetry of inputs is essential for the proof - for a
network with symmetric inputs the above need not define a synchrony
subspace.

Notwithstanding, the collection of synchrony subspaces form a com-
plete lattice for arbitrary network, as is shown in [64]. Note that the
corresponding lattice of balanced equivalence relations is not in general
a sublattice of the lattice of equivalence relations on the cells, since the
meet operation need not agree. Similarly, any linear admissible vector
field ẋ = Ax on a network defines a lattice of A-invariant subspaces, with
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intersection as meet and vector space sum as meet. Again, the lattice of
synchrony subspaces is contained in this lattice, but need not be a sublat-
tice, since the join of synchrony subspaces is typically not given by their
sum. While for a general network there is not an expression for the join
of two synchrony subspaces, there is a description in terms of the meet
operation: the join of two synchrony subspaces ∆P1 and ∆P2 is the meet
of all synchrony subspaces containing both ∆P1 and ∆P2 , cf. [4].

2.5.2 Quotient networks
Since synchrony subspaces are flow-invariant, restricting the dynamics of
a coupled cell system to a synchrony subspace gives a new dynamical
system, which again has the structure of a coupled cell system, called the
quotient network. The easiest way to define this network is through graph
fibrations, as defined in Section 2.2.

Let P be a balanced partition of a network N = (C, E), and denote
with [c] the equivalence class {d ∈ C : d ∼P c}, i.e. the synchrony cluster
containing c.

Definition 2.5.4. The network NP is a quotient network of N with re-
spect to P if there is a surjective graph fibration φ : N → NP such that
φ(c) = [c] for all c ∈ C.

In other words, the cells of NP are CP = {[c] : c ∈ C} and the edges
EP of NP are defined by the properties of the graph fibration φ. Recall
that since φ is a graph fibration, I(c) ∼= I(φ(c)) = I([c]), and so the edges
EP are identified with the edges of N . Denote with Iφ(e)([d], [c]) the set of
edges of type φ(e) from [d] to [c], i.e.

Iφ(e)([d], [c]) = {φ(f) ∈ I([c]) : φ(f) ∼EP
φ(e) and s(φ(f)) = [d]}.

Using that φ is a graph fibration, we have

Iφ(e)([d], [c]) = {φ(f) : f ∈ I(c), f ∼E e and φ(s(f)) = [d]} =
= {φ(f) : f ∈ I(c), f ∼E e and s(f) ∼P d} ∼= Ie(c)P ,

which is well-defined since P is balanced.
Hence the quotient network NP can alternatively be defined as the

network with cells CP , and edges from [d] to [c] of type e (or φ(e) if thought
of via graph fibrations as above) identified with the edges of type e from
the synchrony cluster [d] inN to a representative c of the synchrony cluster
[c].
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Chapter 3

Heteroclinic dynamics

Due to the presence of synchrony subspaces, surprisingly complicated dy-
namics can occur even on small coupled cell networks. Heteroclinic dy-
namics is one striking such example. This chapter defines heteroclinic con-
nections between invariant sets of a dynamical system, and the invariant
network structures in phase space called heteroclinic networks. The aim is
to present some relevant notions from the geometric theory of dynamical
systems, especially robustness, and to demonstrate that heteroclinic net-
works, while non-robust and atypical for generic vector fields, can appear
robustly in systems with additional structure.

In particular, Section 3.5 illustrates through examples and theoretical
considerations how coupled cell systems can exhibit robust heteroclinic
dynamics. Section 3.5.1 presents a coupled cell network that supports
interesting heteroclinic dynamics, and that will be of importance also in
Chapters 4 and 5. Note that while the focus of this chapter and the
thesis as a whole is primarily on heteroclinic connections between equilib-
ria, and the extension to periodic orbits is relatively direct, other types
of networks have been considered in the literature, for example networks
between chaotic invariant sets [19, 24, 38, 66] or unstable attractors for
semiflows [14,41].

3.1 Heteroclinic networks and cycles
Assume throughout thatM is a smooth finite dimensional connected man-
ifold, and (ϕt)t∈R a smooth flow of M , typically corresponding to the so-
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lution x(t) = ϕt(x0) of an ordinary differential equation

d

dt
x = f(x)

for x ∈ M . Although many of the concepts discussed in this thesis apply
to discrete and hybrid dynamical systems or semiflows as well, we focus
our attention on smooth flows.

A heteroclinic connection is a solution trajectory γ : R → M of a
dynamical system that limits onto one flow-invariant set A backwards in
time, and another a flow-invariant set B forwards in time. Recall that the
ω-limit set and α-limit set of a point x ∈M are, respectively,

ω(x) =
⋂
t>0
{ϕs(x) : s > t}, α(x) =

⋂
t<0
{ϕs(x) : s < t}.

where A denotes the closure of A.
The stable set W s(A) of a flow-invariant set A ⊂ M is the set of all

points with ω-limit set contained in A:

W s(A) = {x ∈M : ω(x) ⊂ A},

and the unstable set Wu(A) of A is the set of all points with α-limit set
contained in A:

Wu(A) = {x ∈M : α(x) ⊂ A}.

If A is a hyperbolic invariant set, W s(x) and Wu(x) are manifolds for
each x ∈ A, called the stable and unstable manifolds of A at x, cf. [53]
and [63, Chapter 6]. If A is a normally hyperbolic invariant manifold, e.g.
a hyperbolic equilibrium or periodic orbit, then W s(A) and Wu(A) are
manifolds, that furthermore persist under perturbations [34,67].

With these concepts at hand, the definition of a heteroclinic connection
can now be phrased more precisely in terms of stable and unstable sets. A
flow-invariant set is called recurrent if it is the ω-limit of some trajectory
within the set. Let γ be as above, and let A and B be compact flow-
invariant recurrent subsets of M .

Definition 3.1.1. The solution trajectory γ is a heteroclinic connection
from A to B, written A γ−→ B, if A and B are disjoint and γ(R) ⊂Wu(A)∩
W s(B). If A = B, and γ(R) * A, then γ is said to be a homoclinic
connection.
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A heteroclinic network is a graph in phase space where the nodes are
invariant sets and the edges are heteroclinic connections. Such networks
provide a mathematical framework for dynamical transitions between dif-
ferent states of a system. There are various definitions in the literature
that vary somewhat depending on purpose.

By node, we will mean a compact flow-invariant recurrent subset, as in
the definition above. The following definition is similar to [29, Definition
1.1], but allows for more general nodes.
Definition 3.1.2. A heteroclinic network is a bounded set Σ = A ∪ Γ ⊂
M consisting of a finite set of pairwise disjoint nodes A and a set Γ of
heteroclinic connections, with γ ∈Wu(A)∩W s(B) for nodes A 6= B in A
for all γ ∈ Γ, such that for all ordered pairs of nodes A,B ∈ A, there is a
sequence A = A0

γ1−→ A1
γ2−→ ...

γk−→ Ak = B of connections and nodes in
Σ from A to B.
Definition 3.1.3. A heteroclinic cycle is a heteroclinic network where
there is an ordering of the nodes A = {A1, ..., An} such that there exists a
connection Ai

γ−→ B if and only if B = Ai+1 (subscripts considered modulo
n).
Remark 9. This definition of a heteroclinic cycle allows arbitrarily many
connections between Ai and Ai+1, and so differs from [29], but agrees
with, for example, [10, Definition 2.10]. Note that a cycle can contain a
proper subset of all heteroclinic connections from Ai to Ai+1, and need
not contain all unstable sets of its nodes.

As the nodes are not limited to equilibria or periodic orbits, this def-
inition includes a variety of networks between chaotic or other types of
invariant sets: see for example [14, 19, 24, 38, 41]. See also [10] for an in-
trinsic definition of heteroclinic networks.

It follows from the definition that heteroclinic networks are flow-invariant.
Furthermore, they are strongly connected as graphs, and so every hetero-
clinic network is the union of heteroclinic cycles. Since we allow for a
continuum of connections between nodes (as is possible for example if the
network contains a hyperbolic equilibrium with an unstable manifold of
dimension greater than one [8]) a heteroclinic network is not necessarily
compact. However, if the number of connections is finite, the network is
compact. To distinguish from the more complicated cases alluded to, a
heteroclinic network is said to be simple if all nodes are equilibria with
one-dimensional unstable manifolds. Note that simple heteroclinic net-
works are compact.
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A heteroclinic network Σ with hyperbolic equilibrium nodes A is max-
imal if it contains all heteroclinic connections between the nodes, i.e.

Σ =
⋃

p,q∈A
Wu(p) ∩W s(q)

(note however that the expression to the right need not be a heteroclinic
network by our definition, since it need not be strongly connected). If
furthermore Σ is compact, and contains all unstable manifold of its nodes,
i.e.

Σ =
⋃
p∈A

Wu(p),

then Σ is called clean, cf. [29].

Remark 10. In equivariant dynamics, it is natural to regard symmetry
related nodes and connections as essentially the same, and to consider
networks and cycles modulo the group action. A heteroclinic cycle as
defined above might therefore be called homoclinic if all nodes are sym-
metry related [42]. Similarly, a heteroclinic network may be a homoclinic
or heteroclinic cycle in the symmetric sense, depending on which nodes
and connections are the same modulo the group action. If nothing else is
stated, we will use the terms in the usual, non-symmetric sense. See Ex-
ample 4 for a brief discussion regarding the Guckenheimer-Holmes cycle.

Let Γ = (V,E) be a strongly connected directed multigraph without
loops, and M a smooth connected manifold.

Definition 3.1.4. (cf. [28]). Γ has a realisation as a heteroclinic network
Σ in M if there exists a vector field F on M such that

1. For each vertex v ∈ V there is an equilibrium pv ∈ M of F , with
pv 6= pw if v 6= w.

2. For each edge e ∈ E from v to w there is a heteroclinic connection
γe from pv to pw, with γe 6= γf if e 6= f .

3. Σ has nodes {pv : v ∈ V } and connections {γe : e ∈ E}.

Conversely, for any heteroclinic network Σ there is a strongly connected
multigraph Γ(Σ), with a unique vertex for each node of Σ, and a unique
edge for each connection in Σ. A realisation of a heteroclinic network Σ is
then taken to mean a realisation of Γ(Σ) as a heteroclinic network.
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Definition 3.1.5. A class of vector fields Y is said to support Σ if there
is a realisation of Σ (i.e. of Γ(Σ)) by a vector field in Y.

Remark 11. The above two definitions are given for realisations with
equilibrium nodes, but they can easily be made also for more general het-
eroclinic realisations.

3.2 Genericity, transversality and robustness
Let X be a topological space. A set Y ⊂ X is residual if it contains a
countable intersection of open and dense subsets of X, and X is a called a
Baire space if all residual sets are dense. A property P is called generic if it
holds for all elements in a residual set. In our setting, let X (M) denote the
space of vector fields onM , equipped with the Whitney C∞-topology, and
note that X (M) is a Baire space in this topology [30]. We say a property
P of vector fields is robust if for any F ∈ X with the property, there is an
open neighbourhood U ⊂ X of F such that P holds on U . Of particular
interest to us will be the case where P is the property of having some given
heteroclinic network in phase space.

A concept closely related to robustness is structural stability: a vector
field F ∈ X (M) is structurally stable if there exists a neighbourhood U of
F in X (M) such that any vector field G in U is topologically equivalent
to F , i.e. there exists a homeomorphism h : M → M sending the orbits
of F to the orbits of G and preserving the time orientation [53, Chapter 1].

The simplest example of a heteroclinic connection is that between hy-
perbolic equilibria. In this case, the equilibria have global stable and
unstable manifolds, as noted above. A heteroclinic connection from p to
q corresponds then to a non-trivial intersection of the unstable manifold
of p with the stable manifold of q. As in most cases of interest, hetero-
clinic connections are trajectories contained in the intersection of invariant
manifolds, an understanding of such intersections is central in the study of
heteroclinic dynamics. In particular, for equilibria and periodic orbits, the
concept of transversality is of importance to understand if an intersection
is robust or not to perturbations.

Two submanifolds N1 and N2 of a manifold M are said to intersect
transversely if at any point p in their intersection, the tangent spaces of
N1 and N2 span the tangent space of M , i.e. TpN1 + TpN2 = TpM . Note
that if the intersection is empty, N1 and N2 are trivially transverse. A key
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feature of transversality is that it is a generic property - any non-transverse
intersection of submanifolds may be made transverse by an arbitrarily
small smooth perturbation. This is the content of Thom’s Transversality
Theorem [30]. Furthermore, the Kupka-Smale Theorem ( [53, Chapter
3], [54]) states that generically in X (M), equilibria and periodic orbits are
hyperbolic and their stable and unstable manifolds intersect transversely.
Consequently, only heteroclinic connections contained in a transverse in-
tersection of unstable and stable manifolds persist under perturbations in
the class of general smooth vector fields.

Using this, it is easy to see that heteroclinic cycles of equilibria are
not robust in X (M) [11]. Assume that Σ is a robust heteroclinic cycle
in a phase space with dimension n and nodes {x1, ..., xk} that are equi-
libria of the flow. A minimal requirement for robustness in this context
is hyperbolicity of the nodes of Σ, and so the equilibria x1, ..., xk must
be hyperbolic. The connections lie in intersections of stable and unstable
manifolds, and by the Kupka-Smale Theorem these are generically trans-
verse. Hence, as generic properties are dense in X (M), the intersections
Wu(xi) ∩W s(xi+1) must all be transverse for Σ to be robust. This, to-
gether with the fact that all Wu(xi) ∩W s(xi+1) by assumption contain a
connection, and so dim(Wu(xi) ∩W s(xi+1)) ≥ 1, yields

dim(Wu(xi)) + dim(W s(xi+1)) ≥ n+ 1.

It follows that
k∑
j=1

[dim(Wu(xi)) + dim(W s(xi+1))] ≥ k(n+ 1).

On the other hand, since dim(Wu(xi)) + dim(W s(xi)) = n for all hyper-
bolic equilibria xi, we have

k∑
j=1

[dim(Wu(xi)) + dim(W s(xi+1))] = kn.

This is clearly a contradiction, and so we have shown that heteroclinic
cycles of equilibria are not robust to general perturbations. Being unions
of heteroclinic cycles, the same applies to heteroclinic networks.

While heteroclinic networks cannot appear robustly for general vector
fields, systems with additional structure may support robust heteroclinic
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networks. Typically, this is due to the presence of invariant subspaces -
an intersection of invariant manifolds need not be generically transverse
within a restricted class of vector fields if it is contained in a subspace that
is invariant for all vector fields in the class [22,27,42].

To illustrate, let F be a vector field, in a class Y ⊂ X (M) with the
property that P ⊂ M is an invariant subspace for all vector fields in Y.
Let p and q be equilibria of F lying in P , and assume p is a saddle for
the restriction of F to P , and q a sink. Now, saddle-sink connections
are robust, so if there is a heteroclinic connection from p to q, it will be
robust to perturbations in the class Y. This depends ultimately on the
persistence of invariant manifolds of hyperbolic equilibria: if F ′ in Y is
sufficiently close to F , it will have hyperbolic equilibria p′ and q′ with
invariant manifolds in P arbitrarily close to those of p and q.

3.3 Stability of heteroclinic networks

Many heteroclinic networks can be attractors, in various senses. However,
the stability analysis is intricate, as they often display weaker forms of
stability than asymptotic stability, and we will only very briefly discuss the
topic here, and mainly give references. Note that these references concern
heteroclinic networks of equilibria (for stability conditions for cycles of
chaotic sets, see [24, Chapter 7]).

Asymptotic stability of robust heteroclinic cycles in equivariant sys-
tems has been systematically studied by Krupa and Melbourne in [43]
and [44], where sufficient (and in some cases, necessary) conditions in
terms of eigenvalues of equilibria are given. Intuitively, a cycle is asymp-
totically stable if the contracting eigenvalues dominate the expanding and
transverse eigenvalues of equilibria around the cycle.

Cycles and networks that do not contain all unstable manifolds of their
nodes are not asymptotically stable, or even Lyapunov stable. Still, they
may have other rather strong stability properties, such as essential asymp-
totic stability, defined by Melbourne [50], which corresponds to asymptotic
stability up to a set of very small measure: see [15,17,46,55] for more de-
tails and examples. For heteroclinic networks, one may study the stability
of cycles within the network, or stability of the network as a whole. For
such investigations, see Kirk and Silber [40], Brannath [15] and Castro and
Lohse [17].
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3.4 Heteroclinic networks in symmetric sys-
tems

For networks with symmetries, methods of equivariant dynamical systems
used to study robust heteroclinic networks can be applied. This research
has mostly focused on heteroclinic cycles, but there are exceptions, such
as the network defined and analysed by Kirk and Silber in [40]. Two
phenomena in equivariant dynamics have been shown to create robust
heteroclinic cycles; symmetry breaking bifurcations [26, 33, 36] and forced
symmetry breaking [45, 46, 62]. For an early review of the research on
robust heteroclinic cycles in symmetric systems, see [42], and also Chapter
7 of [24] for a treatment of symmetrically coupled cell systems.

Furthermore, some of the qualitative results on heteroclinic dynamics
developed for equivariant dynamical systems, such as the stability results
discussed in Section 3.3, remain valid in systems without symmetry. More
precisely, those results in the equivariant theory of robust heteroclinic net-
works that depend only on the existence of an invariant subspace structure
do not crucially require symmetry, but rather use symmetry as a natural
setting in which such invariant subspaces arise.

Example 4. The Guckenheimer-Holmes system on M = R3 is the flow
induced by

ẋ = x− ax3 − x(by2 + cz2)
ẏ = y − ay3 − y(bz2 + cx2)
ż = z − az3 − z(bx2 + cy2)

(3.1)

where a, b, c are real parameters. The system is symmetric under the maps
xi 7→ −xi (and cyclic permutations of the coordinates) and therefore the
coordinate planes are invariant under the flow of (3.1). For an open set
of parameter values, the system has an asymptotically stable heteroclinic
cycle between equilibria (±ξ, 0, 0), (0,±ξ, 0) and (0, 0,±ξ) [24, 33, 42]. In
Fig. 3.1 (b,c), the robust cycle is shown as the ω-limit set of the initial
value (0.7, 0.6, 1.5), and parameter values a = 0.32, b = 0.1, c = 0.58,
giving ξ = 1.7677.

Strictly speaking, the cycle is only heteroclinic in the usual sense if
we regard just the part shown in Fig. 3.1 (b), and is asymptotically stable
only if we restrict the dynamics to this flow-invariant octant, but not in the
whole phase space. However, the cycle generates a heteroclinic network
with twelve connections and six equilibria (via the system symmetries)
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Figure 3.1: (a) Coupled cell structure of the Guckenheimer-Holmes sys-
tem, see Example 4. (b) The Guckenheimer-Holmes heteroclinic cycle in
phase space as the limiting set of a trajectory between the saddle equi-
libria (x, y, z) = (ξ, 0, 0), (0, ξ, 0) and (0, 0, ξ) for some ξ > 0, with active
cells along the cycle indicated. Note that this is part of a larger network
of twelve connections between the six equilibria (±ξ, 0, 0), (0,±ξ, 0) and
(0, 0,±ξ); typical initial conditions limit to one of eight possible cycles.
(c) Corresponding time-series showing asymptotic slowing down as the
trajectory approaches the heteroclinic cycle.
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which is asymptotically stable in R3. Indeed, since all nodes and all con-
nections are symmetry related, it is a homoclinic cycle in the symmetric
sense.

The Guckenheimer-Holmes system can be interpreted as a system of
three coupled cells with internal dynamics given by a pitchfork bifurcation
normal form and cubic coupling. For a schematic picture, see Fig. 3.1 (a).
With the same coupling, but replacing the internal dynamics with a Chua
circuit or a Lorenz attractor, it is possible to get the same heteroclinic
cycle but with chaotic sets instead of equilibria [19]. Note that the cycle
is robust to perturbations respecting the symmetries of (3.1), but not to
those only respecting the network structure.

3.5 Heteroclinic networks in coupled cell sys-
tems

While coupled cell systems can have symmetries, many have a trivial sym-
metry group, and the methods of studying heteroclinic dynamics in equiv-
ariant dynamics are somewhat atypical to the general case. While the
problem of synchrony breaking bifurcations in coupled cell systems has
attracted attention in recent years, see for example [6], [61] and [60], there
are few examples of synchrony breaking bifurcations to heteroclinic net-
works in non-symmetric systems in the literature. The one example that
the author is aware of is [39], where a synchrony breaking bifurcation in
a system of four coupled oscillators is observed to create a heteroclinic
ratchet - a heteroclinic network on the torus with all connections winding
in one direction.

In terms of robust heteroclinic dynamics in non-symmetric systems, the
main focus has been to explore existence of heteroclinic networks in coupled
cell systems with few identical cells, without global and local symmetries,
and with asymmetric inputs. For several examples, see [29]. An important
difference is that it is generally easier to construct concrete examples of
equivariant systems with heteroclinic dynamics, than for non-symmetric
coupled cell systems. For the latter, there has therefore been a greater
emphasis on more abstract existence arguments.

3.5.1 Heteroclinic cycles in a three cell network
As a demonstration of typical such existence arguments for heteroclinic
networks in coupled cell systems, this section presents an example due to
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C1 C2 C3

Figure 3.2: The three cell network architecture of P3 from [3]: note the
presence of two edge types.

Aguiar et al. [3], which will be further studied in Chapters 4 and 5. It
is shown in [3] that, up to dynamical equivalence of networks (see Sec-
tion 2.3 and [1, 2, 21] for definition and results), there are two identical
cell networks with two asymmetric inputs supporting robust simple het-
eroclinic networks. These have also been studied in [28], from which the
notation is mostly adopted. We concentrate on the network P3, shown in
Fig. 3.2. The admissible vector fields are of the form

ẋ = f(x, y, z)
ẏ = f(y, x, z)
ż = f(z, y, x).

(3.2)

We will write ∆ for the fully synchronised diagonal {(x, ..., x) ∈ M}, the
maximal synchrony subspace. Note that in identical cell networks, ∆ is
always a synchrony subspace.

We recount the arguments from [3] and [28] that P3 supports a robust
heteroclinic cycle between two equilibria in ∆, but refer to Sections 4.1
and 4.2 for some technical details. Assume smooth vector fields, and that
the cell dynamics of Eq. (3.2) are 1-dimensional; for topological reasons
this is the most difficult case. Accordingly, let the cell phase spaces be R,
and the total phase space be R3.

By the characterisation of synchrony subspaces through balanced par-
titions, one easily checks that P3 has non-maximal synchrony subspaces
S2 = {(x, y, z) ∈ R3 : x = z} and S3 = {(x, y, z) ∈ R3 : x = y}. This syn-
chrony subspace structure suggests the possibility of robust heteroclinic
cycles between equilibria in ∆, with saddle-sink connections in S2 and S3.

To prove that such cycles are possible, the argument splits into a local
computation of eigenvalues, and a consideration of global obstructions due
to network structure.

Let p ∈ ∆. Setting α = ∂f
∂x (p), β = ∂f

∂y (p), γ = ∂f
∂z (p), the Jacobian of
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Eq. (3.2) at p is

J(p) =

α β γ
β α γ
γ β α

 ,
which has eigenvalues and eigenvectors

µ1 = α+ β + γ, u1 = (1, 1, 1),

µ2 = α− β, u2 = (1,−β + γ

β
, 1),

µ3 = α− γ, u3 = (1, 1,−β + γ

γ
),

as is easily verified. Observe that u1 ∈ ∆, u2 ∈ S2 and u3 ∈ S3. By
choosing α, β and γ, the eigenvalues µ1, µ2, µ3 can be given any prescribed
values (the assumption of asymmetric inputs is crucial: if, for example,
f was symmetric in y and z, then β = γ). Hence (see Lemma 4.1.1 in
Section 4.1 for a proof) f can be chosen such that p, q ∈ ∆ are equilibria
of Eq. (3.2), with 1-dimensional unstable manifolds contained in S2 and
S3 respectively, with p a sink in S3 and q a sink in S2. These are the
local properties needed in order to ensure saddle-sink connections within
the synchrony subspaces.

Having checked that there are no local obstructions, we now turn our
attention to global obstructions. Assume (3.2) is defined locally in a tubu-
lar neighbourhood D of ∆, with local properties as above (see Section 4.2
for details). We wish to extend the vector field outside D. Consider the
restrictions to S2 and S3.

S2 : ẋ = f(x, y, x) = H2(x, y), S3 : ẋ = f(x, x, z) = H3(x, z)
ẏ = f(y, x, x) = V (x, y) ż = f(z, x, x) = V (x, z). (3.3)

As indicated, the “vertical components”, i.e. the component functions for ẏ
and ż, are forced by the network structure to be identical. Let ϕ : R→ S2
be a smooth curve from p to q that coincides with the unstable manifold
of p in D. Then (re-parametrising ϕ if necessary) (3.2) can be extended
to have ϕ as a solution trajectory.

Similarly, let ϕ̃ : R→ S3 be a curve from q to p that coincides with the
unstable manifold of q. Identifying points (u, v, u) ∈ S2 and (u, u, v) ∈ S3
with (u, v) ∈ R2, ϕ and ϕ̃ may or may not “intersect” in the sense that
ϕ(s) = ϕ̃(t) in R2 for some s, t ∈ R. There are now two cases, depending
on the eigendirections at p and q: either ϕ̃ may be taken to not intersect
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ϕ, in which case there are no global obstructions to extending Eq. (3.2)
to have both desired connections, or ϕ̃ can be taken to intersect ϕ at only
one point. At the intersection point, Eq. (3.3) implies ϕ̃ and ϕ need to
have the same vertical component. This can be achieved by deforming
and re-parametrising ϕ̃ and ϕ (see Section 4.2 and Fig. 4.2), using that
the horizontal components H2 and H3 can be chosen independently. Thus
in either case, there are no obstructions to extending the vector field as
above, showing Eq. (3.2) supports a robust heteroclinic cycle between p
and q (for formal extension arguments, see Lemma 4.1.2 and 4.1.3 below).

Remark 12. By the same arguments as above, it is possible to have
connections from p to q and from q to p on both sides of ∆, thus giving
a heteroclinic cycle with four connections as in Example 7 and Fig. 4.4
below. A generalisation of the method just presented, due to Field, can
be used to realise arbitrary heteroclinic network for certain coupled cell
networks, and will be presented in Section 4.2.

Example 5. A polynomial coupled cell system on P3 with a robust hete-
roclinic cycle between equilibria p, q ∈ ∆ is given in [3], to which we refer
for further details. The system is defined by Eq. (3.2) with component
function

f(x, y, z) = x(1− x2 − y2 − z2) + 0.13x(y − z)
+ βx2(y + z) + 0.18x3(y − z) + γ(y2 − z2)
+ δ(y + z) + 0.25x2(y2 − z2),

(3.4)

where γ = 0.52, δ = 0.17 and β ∈ (0, 0.4987).
At both p and q, only one branch of the unstable manifold is contained

in the cycle. As noted in Section 3.3, the cycle is thus not Lyapunov
stable. We think of it as being “one-sided”, in the sense that only one out
of two “sides” of the unstable manifolds are involved in the cycle. Instead,
these other branches limit unto other attracting equilibria. Nevertheless,
numerical simulation suggests that the cycle is attracting for portions of
phase space.

3.5.2 Lifting heteroclinic dynamics using inflation
Starting from a network N , one can identify those networks having N as
a quotient, i.e. networks from which there are surjective graph fibrations
to N . Such networks have been called inflations, since one method for
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Figure 3.3: The network architecture of L from Example 6.

generating them is to “inflate” cells in the original network - replacing a
cell with a cluster of cells such that the cluster is a synchrony cluster in
the new network (for results and methods on enumerating and obtaining
inflations of a given network, see [3, 6]).

Inflation can be used as a method for finding more complex coupled
cell networks with support for heteroclinic dynamics. Say N supports a
heteroclinic network Σ, and let M be an inflation of N . The dynamics
on N is the restriction to some synchrony subspace of M, so Σ “lifts”
to the dynamics of M, i.e. M supports Σ. Note, however, that there is
no guarantee that, for example, simple networks lift to simple networks.
It might be that eigenvalues transverse to the synchrony subspace into
which Σ embeds cannot be chosen independently, forcing some unstable
manifolds to have higher dimension. Furthermore, M will typically have
additional synchrony subspaces, apart from those directly associated with
N , and hence may support more complex heteroclinic phenomena.

Example 6. Consider the coupled cell network L in Fig. 3.3. For sim-
plicity we use the same notation as in [3]. The coupled cell systems on L
are

ẋ1 = f(x1, x3, x6) ẋ4 = f(x4, x5, x1)
ẋ2 = f(x2, x4, x5) ẋ5 = f(x5, x3, x2)
ẋ3 = f(x3, x5, x1) ẋ6 = f(x6, x3, x2)

(3.5)

and the synchrony classes are

S1 = {A1,A2||B1,B2,C1,C2}, S5 = {B1,B2||C1,C2},
S2 = {B1,B2||A1,A2,C1,C2}, S6 = {B1,B2},
S3 = {A1,A2||B1,B2||C1,C2}, S7 = {C1,C2}
S4 = {B1,B2||A1,C1,C2}.
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Note that when restricted to S3, (3.5) becomes

ẋ1 = f(x1, x3, x5)
ẋ3 = f(x3, x5, x1)
ẋ5 = f(x5, x3, x1).

(3.6)

Comparing this to the form of admissible vector fields (3.2) for P3 and
identifying x5 with x1, x3 with x2, and x1 with x3, we see that (3.6) and
(3.2) are equivalent. Hence P3 and the quotient network of L with respect
to S3 are equivalent, and so L supports the same heteroclinic networks as
P3, in particular those in Examples 5 and 7. Using for example (2.1), the
Jacobian of (3.5) at a point p ∈ ∆ is easily calculated as

J(p) =


α 0 β 0 0 γ
0 α 0 β γ 0
γ 0 α 0 β 0
γ 0 0 α β 0
0 γ β 0 α 0
0 γ β 0 0 α

 ,

where as before α = ∂f
∂x (p), β = ∂f

∂y (p), γ = ∂f
∂z (p). One checks that, as

expected, Jp has eigenvectors contained in ∆, S1 and S2 with eigenvalues
that can be chosen independently. Additionally, J(p) has one eigendirec-
tion transverse to S3, with an eigenvalue of multiplicity 3 and a sign that
can be chosen independently of the signs of the other eigenvalues. Hence
a simple heteroclinic cycle on P3 lifts to a simple heteroclinic cycle on L.

Furthermore, L supports at least one additional simple heteroclinic
cycle. Namely, observe that S5 is contained in S6 and S7. One verifies that
the synchrony subspaces are compatible with a heteroclinic cycle between
equilibria in S5 and with connections in S6 and S7.

As above, it is straightforward to check by linearising at a point p ∈ S5
that there are no local obstructions to such a simple heteroclinic cycle, as
is done in [3]. As for global obstructions, the restrictions of 3.5 to S6 and
S7 are

S6 : ẋ1 = f(x1, x3, x6) S7 : ẋ1 = f(x1, x3, x5)
ẋ2 = f(x2, x3, x5) ẋ2 = f(x2, x4, x5)
ẋ3 = f(x3, x5, x1) ẋ3 = f(x3, x5, x1)
ẋ5 = f(x5, x3, x2) ẋ4 = f(x4, x5, x1)
ẋ6 = f(x6, x3, x2) ẋ5 = f(x5, x3, x2).
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Thus as functions of R5, the first components are equal, and the last com-
ponents are equal (we stress that the third components are not equal; x5
is the last component in S7, but not in S6). It is clear then that since only
two pairs of components in the two five dimensional synchrony subspaces
are forced to be equal, and the rest can be chosen independently from
those in the other synchrony subspace, it is possible to pick connecting
trajectories in S6 and S6. Hence L supports a robust heteroclinic cycle.
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Chapter 4

From coupled systems to
networks in phase space

The last sections of the previous chapter explored heteroclinic dynamics
for given coupled cell networks. An alternative approach to heteroclinic
networks is to address the inverse problem: how can we construct a coupled
cell system with a given heteroclinic network? In other words, the aim is
instead to understand realisations of graphs as heteroclinic networks in
coupled cell systems. Designing network dynamical systems to support
arbitrary graphs as heteroclinic networks has been primarily studied by
Field [28] for identical cell systems, and Ashwin and Postlethwaite [12,13].

This chapter gathers some theoretical tools that are useful for such a
study, and presents Field’s method for realisation of arbitrary graph as a
heteroclinic network in Section 4.2. Section 4.3 contains a novel extension
of the example presented in Section 3.5.1, presenting an explicit polynomial
admissible vector field with a clean simple heteroclinic cycle of two nodes.
Finally Section 4.4 uses this admissible vector field in combination with
the so called join operation on coupled cell networks to obtain an explicit
realisation of a heteroclinic network with four nodes.

4.1 Local construction and global extensions
This section contains three technical results concerning local constructions
and global extensions of smooth functions and vector fields, already im-
plicitly used in Sections 3.5.1 and 3.5.2, and necessary for the realisation
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arguments in Section 4.2 below.
It was claimed in Section 3.5.1 that compatibility of the eigenvalues

and eigenvectors of the admissible vector fields with the existence of a
given heteroclinic network implies the existence of a coupled cell system
with the necessary local properties. Still, this needs justification. The
following lemma is a straightforward generalisation of [28, Lemma 4.8].
It is assumed for simplicity that the cell phase spaces are R, but similar
results and arguments apply in a more general setting.

Lemma 4.1.1. Given a network N with cells C, a cell c ∈ C with cor-
responding input projection πI(c), distinct points A = {p1, ..., pn} such
that πI(c)(pk) 6= πI(c)(p`) for pk 6= p` ∈ A, and real constants β`j for
j = s(e) with e ∈ I(c), there exists a component function fc for c such that
fc(πI(c)(p`)) = 0 and ∂fc

∂xj
(πI(c)(p`)) = β`j for all ` and j.

Proof. As usual, write
∏
c∈CMc for the total phase space of a coupled cell

system on N . By assumption Mc = R for all cells.
For each p`, take any (for example affine linear) smooth function f `c :∏

e∈I(c)Ms(e) → R such that f `c (πI(c)(p`)) = 0 and ∂f`
c

∂xj
(πI(c)(p`)) = βij .

Since πI(c)(pk) 6= πI(c)(p`) by assumption, we can take pairwise disjoint
open neighbourhoods U` for 1 ≤ ` ≤ n with πI(c)(p`) ∈ U`. Let ψ` be a
smooth bump function for πI(c)(p`) with suppψ` ⊂ U` (see [47, Proposition
2.25]). Now define

fc =
∑
k

ψkf
k
c .
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This gives

fc(πI(c)(p`)) =
∑
k

ψk(πI(c)(p`))fkc (πI(c)(p`))

= ψ`(πI(c)(p`))f `c (πI(c)(p`))
= f `c (πI(c)(p`)) = 0,

and
∂fc
∂xj

(πI(c)(p`)) =
∑
k

∂ψk
∂xj

(πI(c)(p`))fkc (πI(c)(p`))

+ ψk(πI(c)(p`))
∂fkc
∂xj

(πI(c)(p`))

= ∂ψ`
∂xj

(πI(c)(p`))f ic(πI(c)(p`))

+ ψ`(πI(c)(p`))
∂f `c
∂xj

(πI(c)(p`))

= ∂f `c
∂xj

(πI(c)(p`)) = β`j ,

since ψk(πI(c)(p`)), ∂ψk

∂xj
(πI(c)(p`)) = 0 for k 6= `, ψ`(πI(c)(p`)) = 1 and

f `c (πI(c)(p`)) = 0.

Remark 13. We emphasis that the functions f `c can be assumed to be
affine linear. If furthermore the functions ψ` are assumed to be bump
functions not just for πI(c)(p`), but for the closure of an open neighbour-
hood V̄` ⊂ U` of πI(c)(p`), then the constructed function fc will be affine
linear in a neighbourhood of each point πI(c)(p`). This fact will be used
in Section 4.2.

As the local properties of a coupled cell system depends on the values
and derivatives of its component functions at the nodes of the heteroclinic
network, a direct consequence of Lemma 4.1.1 is that we can construct
an admissible vector field with any prescribed admissible Jacobians at the
nodes A.

Finally, the next two lemmas are standard results in the theory of
smooth manifolds, and concern extensions of locally defined functions and
vector fields to the whole phase space.
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Lemma 4.1.2 (Extension Lemma for Smooth Functions). Suppose M
is a smooth manifold, A ⊂ M is a closed subset, and f : A → Rk is
a smooth function. For any open subset U containing A, there exists a
smooth function f̃ : M → Rk such that f̃ |A = f and f̃ ⊂ U ( [47, Lemma
2.26]).

Lemma 4.1.3 (Extension Lemma for Smooth Vector Fields). Let M be
a smooth manifold, and let A ⊂ M be a closed subset. Suppose F is a
smooth vector field on A. Given any open subset U containing A, there
exists a smooth global vector field F̃ on M such that F̃ |A = F and F̃ ⊂ U
( [47, Lemma 8.6]).

4.2 Realisation of heteroclinic networks: Field’s
construction

In [28], Field defines a sequence (Pn)n≥3 of identical cell networks, ob-
tained by extending P3 in the following way: construct P4 by adding to
P3 a fourth cell, giving an input of a new edge type to each old cell, and
receiving an input of type ` from cell c`+1, where subscripts are considered
modulo n = 4. See Fig. 4.1 for a figure of P4. Similarly, the network Pn+1
is obtained from Pn by adding an additional cell and corresponding inputs
as above.

Alternatively, the sequence of networks can be defined via the input
projections πI(c). Denote with πnI(ci) the input projection to cell ci in Pn,
and so letting π3

I(c1), π3
I(c2) and π3

I(c3) be the projections for P3.
Then the networks Pn can be defined by setting πnI(ci) = πn−1

I(ci) ⊕ IdR

for 1 ≤ i ≤ n− 1, and letting

πnI(cn) =

0 0 1
0 1n−2 0
1 0 0

 ,
where 1n−2 is the n− 2 by n− 2 identity matrix and the zeroes represent
zero matrices of the appropriate sizes. This defines the network structure
of Pn and gives admissible vector fields for 1-dimensional cell phase spaces
of the form

ẋi = f(πI(ci)(x)),
where the n in πnI(ci) has been suppressed for convenience of notation. For
general cell phase spaces, the input projections are adjusted accordingly
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Figure 4.1: The coupled cell network P4, constructed from P3 by adding
cell c4 and some edges, shown in red in the figure. Note the three types of
edges, two from P3, and one new, drawn with a circular arrow head.

and give an analogous description of the admissible vector fields. Note
that all networks Pn are identical cell networks with asymmetric inputs.

For each n ≥ 3, {c1, ci} is a synchrony class of Pn for 2 ≤ i ≤ n.
This is seen for example by the fact that πI(c1)(x) = πI(ci)(x) for all
x ∈ ∆({c1, ci}), as is easily checked. Define

Si =
⋂

j≥2,i6=j
∆({c1, cj}),

i.e. Si is the polydiagonal plane where all but component i are identified.
As Si is the intersection of synchrony subspaces, it is clearly a synchrony
subspace. This notation agrees with the notation in Section 3.5.1, where
we had S2 = {(x, y, x) ∈ R3} and S3 = {(x, x, y) ∈ R3}.

The next theorem is the main theorem of [28], see [28, Theorem 4.4].
The proof presented below is the same as in [28], but the formulation is to
an extent different, and also refers at multiple points to the investigation
of P3 in Section 3.5.1.

Theorem 4.2.1. Let Γ = (V,E) be a strongly connected directed multi-
graph without loops. Then Γ can be realised as a robust heteroclinic net-
work Σ for Pn, where n = |E| + 1 and to each heteroclinic connection γ
of Σ there is a unique synchrony subspace Si, as defined above, such that
γ ⊂ Si.
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Figure 4.2: Deformation of intersecting curves in the case that their vertical
components have opposite sign at the intersection. (a) Intersection before
deforming. (b) Deformed curve shown in red. After this local deformation,
the vertical component can be made equal by re-parametrisation.

Proof. Let N = |V |, and order the vertices and edges of Γ as V =
{v1, ..., vN} and E = {e1, ..., en−1}. Take distinct points p1, ..., pN ∈ ∆,
where pi corresponds to vertex vi ∈ V . As in section 3.5.1, assume that
the cell phase spaces are R, and write πI(ci) for the input projections of
Pn. Note that πI(ci)(p`) = p` for all 1 ≤ i ≤ n, 1 ≤ ` ≤ N , since p` ∈ ∆.

It is straightforward to calculate that row j of the Jacobian of an ad-
missible vector field Fi = f ◦ πI(ci) for Pn at one of the points p` ∈ ∆
is [

β`2 · · · β`j α` β`j+1 · · · β`n
]
,

where α` = ∂f
∂x1

(p`) and β`i = ∂f
∂xi

(p`). The eigenvalues and eigenvectors
are easily verified to be

µ`1 = α` +
N∑
j=2

β`j , u`1 = (1, · · · , 1),

µ`i = α` − β`i , u`i = (1, · · · , 1,−(
n∑
j=2

β`j)/β`i , 1, · · · , 1),
,

i.e. with u`i ∈ Si.
This shows that there are no local obstructions for placing heteroclinic

connections in the synchrony planes Si - at a point p` ∈ ∆ they contain
one eigenvector each, with eigenvalues such that the stabilities can be
chosen independently. Hence to an edge ek ∈ E from vi to vj in Γ, we can
associate a unique synchrony subspace Sk, with the local stabilities of pi
and pj in Sk compatible with a heteroclinic connection γek

⊂ Sk from pi
to pj .
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More precisely, take parameter values α` and β`j such that

µ`1 < 0 for all 1 ≤ ` ≤ N
µ`k > 0 if v` = s(ek) in Γ
µ`j < 0 else.

By Lemma 4.1.1, there is a smooth function f such that the admissible
vector field Fi = f ◦ πI(ci) for Pn has hyperbolic equilibria p1, ..., pk, with
∂f
∂x1

(p`) = α` and ∂f
∂xj

(p`) = β`j for 2 ≤ j ≤ n. This defines an admissible
vector field F that is locally compatible with the realisation of Γ in the
theorem statement. Note that this is exactly in parallell with the consider-
ations in Section 3.5.1, with Lemma 4.1.1 providing a rigorous justification
for the local construction.

The next part of the construction is to ensure the heteroclinic con-
nections. Recall from the remark following Lemma 4.1.1 that the cell
component function f can be constructed such that it is affine linear in
some neighbourhood around each point p` (recall πI(ci)(p`) = p`). Assum-
ing this is the case, there is a small enough closed tubular neighbourhood
D of ∆ such that the 1-dimensional eigenspaces of F at each p` intersect
∂D transversally. Now restrict f to D. This gives a locally defined vector
field which we want to extend to have the desired heteroclinic connections.
Transversality at ∂D guarantees that the eigenspaces of the nodes can be
extended to such connections outside of D.

As in Section 3.5.1, take curves γek
: R→ Sk, connecting the nodes p`

according to Γ, and agreeing with the flow on D. Note that the restriction
of an admissible vector field on Pn to Sk is

ẋ1 = f(x1, ..., x1, xk, x1, ..., x1) = Hk(x1, xk)
ẋk = f(xk, x1, ..., x1) = V (x1, xk).

Hence, as for P3, the vertical components in the synchrony subspaces Sk
are equal.

There may now be intersections of the projections of the connections
γek

to R2 (in the sense defined and discussed in Section 3.5.1) which must
be compatible with this restriction on the vertical components. The in-
tersections can be assumed to be finitely many and distinct, and so each
can be handled separately by local deformations. Assume also that they
are transverse (which they generically are). What remains to show more is
how the curves can be deformed such that their vertical components agree
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Figure 4.3: The system (3.2,4.1) in the synchrony subspace S2. Green lines
show the nullcline for the y-component and red lines show the nullcline for
the x-component, with parameters as in text. Blue curves are trajectories
that approximate of the unstable manifold of (x, y, z) = (−1,−1,−1):
note that both branches of the unstable manifold are asymptotic to the
sink at (1, 1, 1). The numerical integration of (3.2,4.1) is performed using
xppaut [23] and a Runge-Kutta integrator with time step 0.05.

at the intersection points. Assume the projections of connections γ1 and γ2
have an intersection. If their vertical components at the intersection point
have the same sign, then they can be made equal by re-parametrisation
of the curves. Else, the curves can be deformed as in Fig. 4.2, and then
re-parametrised.

This defines f on a closed subset of Rn - the union of the tubular
neighbourhood D and the connections γek

. By Lemma 4.1.2, f can be
extended to the whole phase space, thus defining an admissible vector
field F on Rn that realises Γ as a heteroclinic network.

4.3 An explicit realisation of a two-sided het-
eroclinic cycle

The existence argument in the previous section gives no indication of how
an explicit realisation of a heteroclinic network for Pn might look, and
constructing an admissible vector field for even the simplest heteroclinic
networks is surprisingly difficult. Example 5 in Section 3.5.1 gave an ad-
missible vector field for P3 with a heteroclinic cycle with only one-sided
connections: it was an open question in [3] as to whether this could be
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adapted to give two-sided connections. The next example is new, and
shows that it is possible to find a polynomial vector field that answers this
positively.

Example 7. Let

f(x, y, z) = αx(1 − x2 − y2 − z2) + βx2(y + z) + γ(y2 − z2)

+ δ(y + z) − �

2(y + z)(x − y)(x − z) − ζ

2(2x − y − z).
(4.1)

With this choice of cell dynamics for the network P3, and for an open set of
parameters, the coupled cell system (3.2) has two heteroclinic connections
in each synchrony subspace, one on each side of Δ, between equilibria
p, q ∈ Δ. For the parameter choice α = 1.05, β = 0.8, γ = 0.8, δ =
0.25, � = 1.4, ζ = 0.4. , p = (−1, −1, −1) and q = (1, 1, 1), and the resulting
heteroclinic cycle is shown in Fig. 4.4 (a). See Fig. 4.3 for nullclines and
connections in the synchrony subspace S2, and Fig. 4.4 (b) for time-series of
a trajectory along the cycle. Setting � = ζ = 0 yields one-sided connections
similar to those in Example 5.

The heteroclinic cycle is clearly compact. In contrast to the cycle in
Example 5, it also contains all unstable manifolds of its nodes, and all
intersections of stable and unstable manifolds. Hence the cycle is clean,
which is a necessary requirement for asymptotic stability. The contracting
and expanding eigenvalues are λc ≈ −2.15 and λe ≈ 1.05, respectively, at
both p and q, i.e. |λe| < |λc|. The condition in [43] shows the cycle is
asymptotically stable.

Fig. 4.5 shows a sequence of bifurcations of the restriction of (3.2,4.1)
to S3 as the parameter ζ is varied, with the other parameters fixed at
α = 1.05, β = 0.8, γ = 0.8, δ = 0.1, � = 1.6. The nodes p and q are
marked in the figure, with p stable throughout the interval and q loosing
stability via a transcritical bifurcation (TC) at (approximately) ζ = 1.2.
Two branches (right and left) of equilibria are created from a saddle-node
bifurcation (SN) at ζ = 1.6 on the right side of the diagonal. The stable,
right branch stays at the right side of the diagonal, while the other crosses
the diagonal at q in the transcritical bifurcation mentioned above, where
it changes stability.

A heteroclinic connection on the right side of the diagonal is created in
a heteroclinic bifurcation for 0.8 ≤ ζ ≤ 0.9, where a large amplitude limit
cycle is also created, shown in blue in Fig. 4.5. At ζ = 0.8 the right branch
of the saddle-node bifurcation looses stability in a Hopf bifurcation. On
the left side, the other branch undergoes the same bifurcation scenario,
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(a)

(b)

Figure 4.4: (a) The heteroclinic cycle of Example 7 seen in phase space,
with two nodes and four connections. (b) Time-series for a trajectory
along the cycle in (a) with added independent noise of amplitude 10−7 in
all components and initial condition (x, y, z) = (1, 1.001, 0.999). Observe
heteroclinic switching between two synchronised states x = y = z = ±1
but two types of switching owing to the two branches of the unstable
manifold shown in Fig. 4.3: calculations using xppaut [23].

45



Figure 4.5: Bifurcation diagram for the two-sided heteroclinic cycle, gen-
erated using xppaut [23]. For details, see text.

with the heteroclinic and Hopf bifurcations both very close to ζ = 0.7.
In the parameter range between the heteroclinic bifurcation for the left
saddle-node branch, at ζ = 0.7, and the lower saddle-node bifurcation at
approximately ζ = 0.56, there is a two-sided heteroclinic cycle. The right
heteroclinic connection persists for all ζ between 0 and the heteroclinic
bifurcation at approximately ζ = 0.87.

4.4 A join of heteroclinic cycles
A method for generating new networks with heteroclinic dynamics, re-
cently proposed by Aguiar and Dias [5], uses a so called join operation
of networks (not to be confused with the join operation in the lattice of
synchrony subspaces). They prove that the join of coupled cell networks
that support robust simple heteroclinic networks support a heteroclinic
network that is the product of these networks. Using the vector field of
the previous section, such a product heteroclinic network is constructed
below, and from this an explicit realisation of a robust clean heteroclinic
network is also obtained.

The join N1 ∗N2 of two networks N1 and N2 is the disjoint union of N1
and N2, with the cells of N1 and N2 assigned different types in N1 ∗ N2.
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(a)

(b)

Figure 4.6: (a) The product heteroclinic network, with copies of H1 in
Hp̄, Hq̄ ⊂ M1 × ∆2 and copies of H2 in Hp, Hq ⊂ ∆1 × M2. All ar-
rows represent two connections, and are contained in synchrony subspaces
as marked in the figure. (b) Connections on the 2-dimensional unstable
manifolds, in the maximal heteroclinic network containing the product
heteroclinic network.
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Figure 4.7: Time series for the heteroclinic network in Fig. 4.6 and
Eq. 4.2, with initial condition (x1, x2, x3, y1, y2, y3) = (1.01, 0.99, 1.02. −
1,−1.02,−0.97) and added independent noise of amplitude 10−7 in
all components. As indicated by the dashed lines, all four nodes
(−1,−1,−1,−1,−1,−1), (1, 1, 1,−1,−1,−1), (−1,−1,−1, 1, 1, 1) and
(1, 1, 1, 1, 1, 1) are visited. Note that switching occurs both along the diag-
onal heteroclinic connections in Fig. 4.6 (b), which dominates dynamical
behaviour, and along the heteroclinic connections in the product hetero-
clinic network of Fig. 4.6 (a). The latter connections are clearly present
since all nodes all visited, and can be seen for example in the switching
before the first dashed line, or between the second and third dashed lines.
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Furthermore, apart from the arrows in N1 and N2 respectively, cells in N1
all receive one input from each cell in N2, where all edges between given
cell types are taken to be the same. Similarly for edges from N1 to N2.

To clarify, assume N1 = (C1, E1) and N2 = (C2, E2) are identical cell
networks with admissible vector fields of the form

ẋc = f1

 ∏
e∈I(c)

xs(e)

 and ẋd = f2

 ∏
e∈I(d)

xs(e)


for c ∈ C1 and d ∈ C2. Then admissible vector fields of N1 ∗ N2 have the
form

ẋc = f

 ∏
e∈I(c)

xs(e),
∏
d∈C2

yd


ẏd = g

 ∏
e∈I(c)

ys(e),
∏
c∈C1

xc

 ,

where xi, yj are the variables associated to cells in N1 and N2 respectively.
The symmetries of f and g in the arguments

∏
e∈I(c) xs(e) and

∏
e∈I(c) ys(e)

correspond to the symmetries of f1 and f2, and the line over
∏
d∈C2

yd
and

∏
c∈C1

xc indicates that f and g are symmetric in these arguments,
corresponding to all edges from one network to the other are of the same
type.

Say N1 and N2 are identical cell networks supporting robust simple
heteroclinic networks H1 and H2. Denote with M1 and M2 the phase
spaces associated to N1 and N2. The phase space of N1 ∗ N2 is then
M1 ×M2. In a restricted class of admissible vector fields on the form

ẋc = f1

 ∏
e∈I(c)

xs(e)

(1 + h1

(∏
d∈C2

yd

))

ẏd = f2

 ∏
e∈I(d)

xs(e)

(1 + h2

(∏
c∈C1

xc

))
,

(4.2)

where f1 and f2 are admissible component functions for N1 and N2 and
1+h1 and 1+h2 are strictly positive on the whole phase space, Aguiar and
Dias show that N1 ∗ N2 robustly supports a product heteroclinic network
obtained from H1 and H2. See [5] for details on the general case.
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In Fig. 4.6 (a), the product network H is shown in the case that H1 and
H2 are both heteroclinic cycles between p, q ∈ M1 and p̄, q̄ respectively,
as in Section 4.3. Write Hx = (x, x, x) ×M2 and Hx̄ = M1 × (x̄, x̄, x̄).
Under admissible vector fields of the form in Eq. 4.2 above, Hp, Hq, Hp̄, Hq̄

are flow-invariant, and the restriction of Eq. 4.2 to these hyperplanes are
conjugate to the dynamics of N1 and N2 respectively.

In Fig. 4.7, time series for the join of the coupled cell system constructed
in Section 4.3 with itself is shown. More specifically, the system is defined
by letting f1 = f2 = f be of the form in Eq. (4.1) and taking h1(x, y, z) =
h2(x, y, z) = h(x, y, z) = exp(−x2 − y2 − z2) in Eq. (4.2) above, with
parameters α = 0.9, β = 0.9, γ = 0.8, δ = 0, ε = 1.6, ζ = 0.7 for f . The
trajectory is along the maximal heteroclinic network in which the product
heteroclinic network of the join is embedded. Note that switching along
the connections in Fig. 4.6 (b) is clearly visible in Fig. 4.7.

In fact, the maximal heteroclinic network indicated in Fig. 4.7 is clean,
due to the form of Eq. 4.2. Let (x1, x2, x3, y1, y2, y3) be an initial point
in the two-dimensional linear unstable eigenspace at (p, p̄), contained in
S3

1×S3
2. Then (x1, x2, x3) is in the linear unstable eigenspace of Eq. 4.1 at p,

and similarly for (y1, y2, y3) at p̄. The vector field at (x1, x2, x3, y1, y2, y3)
is

ẋ1 = f(x1, x2, x3)(1 + exp(−y2
1 − y2

2 − y2
3))

ẋ2 = f(x2, x1, x3)(1 + exp(−y2
1 − y2

2 − y2
3))

ẋ3 = f(x3, x2, x1)(1 + exp(−y2
1 − y2

2 − y2
3))

ẏ1 = f(y1, y2, y3)(1 + exp(−x2
1 − x2

2 − x2
3))

ẏ2 = f(y2, y1, xy)(1 + exp(−x2
1 − x2

2 − x2
3))

ẏ3 = f(y3, y2, y1)(1 + exp(−x2
1 − x2

2 − x2
3)).

(4.3)

Since 1 + exp(−x2 − y2 − z2) > 0, this shows (x1(t), x2(t), x3(t) and
(y1(t), y2(t), y3(t) are contained in the heteroclinic connections of H1 and
H2 from p to q and p̄ to q̄ respectively for all t > 0. Hence all trajectories
in the unstable manifold of (p, p̄) are heteroclinic connections to (q, q̄). As
corresponding statements are true for all nodes of H, this shows the max-
imal heteroclinic network containing H is both compact and contains all
unstable manifolds of its nodes, i.e. it is clean.
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Chapter 5

Forced equilibria for the
two-sided heteroclinic
cycle

The realisation of a graph as a heteroclinic network in a coupled cell system
will typically force extra structure on the vector field, such as equilibria,
limit cycles and heteroclinic connections, or more complicated dynamics.
Very little is known about such spurious dynamical behaviour in the con-
text of constructing heteroclinic networks. The most difficult case is that
of non-maximal heteroclinic networks, when the network is contained in
a bigger network with unknown dynamics, and where the behaviour on
unstable manifolds might be very complicated. However, even in the clean
case, such as for the example of the two-sided simple heteroclinic cycle
of Section 4.3, the existence of a heteroclinic network might induce addi-
tional structure. The simplest case is that of forced equilibria, and the aim
of this chapter is to investigate this question for coupled cell systems on
P3 realising this two-sided cycle. In particular, the objective is to prove
Theorem 5.0.2 below, which will be restated in full detail later.

Definition 5.0.1. The heteroclinic network Σ has a forced equilibrium in
a class Y of dynamical systems if any system in Y that realises Σ robustly
has an equilibrium that is not a node of Σ.

For our purposes, let Σ be the two-sided heteroclinic cycle of Sec-
tion 4.3, or equivalently, a simple clean heteroclinic cycle between two fully
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synchronised equilibrium nodes. We will consider coupled cell systems on
P3, i.e. admissible vector fields on the form

ẋ = f(x, y, z)
ẏ = f(y, x, z)
ż = f(z, y, x).

(5.1)

Without loss of generality, assume that all (robust) realisations of Σ have
fixed nodes p, q ∈ ∆.

Theorem 5.0.2. A coupled cell system (under some additional assump-
tion to be given below) on P3 with cell phase spaces R that robustly realises
Σ (as defined above) has at least three forced equilibria, one trivial on the
diagonal between the nodes, and two in the non-maximal synchrony sub-
spaces.

For convenience of presentation, it will be useful to establish some
terminology for the proof.

Definition 5.0.3. Given an initial and a final tangential direction, cor-
responding to eigendirections at the nodes, call a heteroclinic connection
between p and q minimal if it has the minimal possible number of local
strict extrema.

Instead of local strict extrema, we will often just say extrema. The type
of an extrema will refer to whether is is a horizontal or a vertical extrema.

Denote with p → q a heteroclinic connection from p to q, and with
q → p a heteroclinic connection from q to p. Recall that for Eq. 5.1, p→ q
and q → p may intersect in R2, as discussed in Sections 3.5.1 and 4.2, and
that at such an intersection, their vertical components must be equal. By
a pair of heteroclinic connections, we will mean either the two heteroclinic
connections on the left side of the diagonal (y > x in S2 and z > x in S3)
or the two heteroclinic connections on the right side of the diagonal (y < x
in S2 and z < x in S3).

Definition 5.0.4. A pair of connections p→ q and q → p are said to have
an admissible intersection (relative to Eq. 5.1) if they intersect with equal
vertical component when embedded into R2.

Theorem 5.0.2 will be proved under the assumption that both pairs of
heteroclinic connections can be transformed via a finite sequence of ele-
mentary deformations, to be defined below, to one of ten cases, where the
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connections are minimal and correspond to the eigenslope configurations
discussed below in Section 5.1. These are listed in Table 5.1 and shown
in Fig. 5.4- 5.15. Furthermore, these elementary deformations cannot re-
move forced equilibria, as shown in Section 5.4, and so it is sufficient to
investigate minimal connections.

The proof is relatively elementary, and relies on phase plane analysis
in the synchrony subspaces, but requires some preliminary results, which
will be presented before giving the main proof. The proof will proceed as
follows: first some preliminary considerations on eigenvalues and eigenvec-
tors of Eq. 5.1 in Section 5.1 and results on nullclines in 5.2. Then a proof
for minimal connections in Section 5.3, using the results of Sections 5.1 and
5.2, and finally a proof in Section 5.4 that this investigation is sufficient
for a large class of admissible vector fields, using the notions of twists and
slides.

The trivially forced equilibrium alluded to in Theorem 5.0.2 is straight-
forward to explain. The nodes involved in the heteroclinic cycle are nec-
essarily sinks in the restriction to the diagonal. By the intermediate value
theorem, this implies the existence of an equilibrium on the diagonal be-
tween the nodes of the cycle. Throughout this section, this forced equilib-
rium will be assumed to be 0.

Remark 14. Purely from Poincaré index considerations, one would not
necessarily expect any extra equilibria apart from the trivially forced equi-
librium 0. This is because if 0 is a source, the Poincaré index of a loop in
the interior of a heteroclinic connection and the diagonal is zero, and does
not imply the existence of any equilibria. See Fig. 5.1.

5.1 Eigenslope configurations
It follows from the results stated in Section 3.5.1 that the eigenslopes (the
slopes of the eigendirections) in S2 and S3 of Eq. (5.1) at p ∈ ∆ are
k2 = −β+γ

β and k3 = −β+γ
γ respectively, where α = ∂f

∂x (p), β = ∂f
∂y (p), and

γ = ∂f
∂z (p).

Observe that k2k3 = (β+ γ)2/βγ. This yields the following simple but
useful lemma, also stated in [3, remark 5.2].

Lemma 5.1.1. If βγ 6= 0 and k2k3 6= 0, then k2 and k3 have opposite
sign if and only if βγ < 0.

Corollary 3. If k2 > 0, then k3 < 0.
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Figure 5.1: (a) If 0 is saddle point, the loop in blue has Poincaré index 1,
and there must be an equilibrium in the interior of the connection q → p.
(b) If 0 is a source, the Poincaré index is 0, compatible with no equilibria
in the interior of the connection.

Proof. Assume k2 > 0, k3 > 0. Then since k2k3 > 0, Lemma 5.1.1 implies
βγ > 0. On the other hand, note that k2 = −β+γ

β implies γ = −(k2 + 1)β,
and so since k2 > 0 it follows that βγ, in contradiction with the above.

Remark 15. The conditions βγ 6= 0 and k2k3 6= 0 are generically satisfied,
and can be assumed without loss of generality in the context of robust
phenomena.

The existence of a robust heteroclinic cycle puts further restrictions on
the possible eigenslope configurations. As in Section 3.5.1, p ∈ ∆ is part of
a robust heteroclinic cycle only if it is stable in the diagonal, a sink in either
S2 or S3 and a saddle in the other synchrony subspace. Assume without
loss of generality that at p, we have µ1 = α + β + γ < 0, α − β > 0 and
α− γ < 0, i.e. that p is a saddle in S2. Note that this implies β < α < γ.

Lemma 5.1.2. The eigenslope configuration k2 > 1, k3 < 0 is incompati-
ble with the existence of a heteroclinic cycle through p, with α−β > 0 and
α− γ < 0.

Proof. By Lemma 5.1.1, βγ < 0. Since β < α < γ, it follows that β < 0.
As previously noted, γ = −(k2 + 1)β, which gives β + γ = −k2β. Since
α + β + γ < 0, this yields α < k2β. Hence k2 > 1 and β < 0 imply
α < k2β < β, which contradicts the assumption that α > β.
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Figure 5.2: Eigenslope configurations at a node in the heteroclinic cycle,
where eigenlines in the different synchrony subspaces are drawn in the
same plane. Top row show possible configurations, while bottom row are
examples of impossible configurations. (a) k2, k3 < 0. Note that k3 < k2,
in accordance with Lemma 5.1.3. (b) k2 < 0, 0 < k3 < 1, (c) k2, k3 > 1,
(d) 0 < k2 < 1, k3 < 0. (e) 0 < k2, k3 < 1, not possible by corollary 3. (f)
0 < k2 < 1, k3 > 1, not possible by corollary 3. (g) k2 > 1, k3 < 0, not
possible by Lemma 5.1.2.

Due to the flow invariant diagonal, it is easy to see that the dynam-
ically different eigenslope cases at p correspond to whether the slope is
less than zero, greater than zero but less than one, or greater than one.
The above results narrow down the number of possible combinations of
eigenslopes in the two synchrony subspaces from nine down to four. These
four eigenslope configurations at p are shown in Fig. 5.2 (a)-(d), where the
eigenlines from both synchrony subspaces are drawn in the same plane.
Figure 5.2 (e)-(g) show some incompatible configurations, due to corol-
lary 3 and Lemma 5.1.2.

To further decrease the number of cases to be checked, the next lemma
connects k2 and k3 in the single remaining case where the slopes have equal
sign, and states that the eigenslope in the plane where the node is a sink is
more negative than the eigenslope in the plane where the node is a saddle.
Assume the same relations between eigenvalues as above.

Lemma 5.1.3. If k2 < 0, k3 < 0, then k3 < k2.

Proof. k2 and k3 have equal sign, so βγ > 0. Using again γ = −(k2 + 1)β,
it follows that k2 + 1 < 0. Note that if k2 + 1 < −1, then |γ| > |β| and
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β, γ > 0, since βγ > 0 and β < γ by assumption. Hence −1 < k2 + 1 < 0
and |k3| = | − β/γ − 1| = | − k2/(k2 + 1)| = |k2|/|k2 + 1| > |k2|.

5.2 Nullcline analysis for planar systems
This section collects and proves some elementary results about nullclines
in the plane needed for the proof of Theorem 5.0.2.

Consider a general smooth vector field

ẋ = f(x, y)
ẏ = g(x, y)

(5.2)

in the plane R2. Per definition, the horizontal nullcline is H = {(x, y) ∈
R2 : f(x, y) = 0} and the vertical nullcline is V = {(x, y) ∈ R2 : f(x, y) =
0}.

Suppose Eq. (5.2) has a hyperbolic equilibrium at (0, 0). The Jacobian
at (0, 0) is

J =
[
∂f
∂x

∂f
∂y

∂g
∂x

∂g
∂y

]
, (5.3)

and is non-singular since (0, 0) is hyperbolic. Let λ1 and λ2 denote the
eigenvalues of J , and assume that λ1 is real and negative. Note that
λ1λ2 = det(J), i.e.

λ1λ2 = ∂f

∂x

∂g

∂y
− ∂f

∂y

∂g

∂x
. (5.4)

Hence λ2 and det(J) have opposite sign.
The rows of the Jacobian J are the gradients ∇f and ∇g, evaluated

at (0, 0), and the nullclines are given locally at (0, 0) by {(x, y) ∈ R2 :
〈∇f, (x, y)〉 = 0} and {(x, y) ∈ R2 : 〈∇g, (x, y)〉 = 0}, where 〈·, ·〉 denotes
the standard inner product. As J is non-singular by assumption, ∇f,∇g 6=
(0, 0), and so locally H and V are lines through (0, 0) normal to ∇f and
∇g respectively, intersecting transversally. Hence the relative orientation
of H and V is determined by the relative orientation of ∇f and ∇g.

A standard result in vector geometry is that this in turn can be deter-
mined by calculating the vector product of ∇f and ∇g, seen as embedded
in R3. By a slight abuse of notation, this will be denoted ∇f ×∇g. More
precisely, letting angles be positive in the counter-clockwise direction, the
angle from ∇f to ∇g is positive if and only if 〈∇f ×∇g, (0, 0, 1)〉 > 0, and
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Figure 5.3

negative if and only 〈∇f ×∇g, (0, 0, 1)〉 < 0. Using the formula for vector
products

u× v = (u2v3 − u3v2, u3v1 − u1v3, u1v2 − u2v1)

and identifying ∇f with (∂f∂x ,
∂f
∂y , 0) and ∇g with ( ∂g∂x ,

∂g
∂y , 0) yields

〈∇f ×∇g, (0, 0, 1)〉 = ∂f

∂x

∂g

∂y
− ∂f

∂y

∂g

∂x
= det(J).

Thus we have the theorem below.

Theorem 5.2.1. If λ1 < 0, then λ2 < 0 if the angle from ∇f to ∇g
is positive, and λ2 > 0 if the angle is negative. If λ1 > 0, the signs are
reversed.

Recall further that ∇f points in the direction of increasing f(x, y), i.e.
horizontal component, and similarly for ∇g and the vertical component.
Given the eigendirection corresponding to λ1 < 0 and the local nullcline
lines of H and V , it is therefore easy to determine the direction of ∇f and
∇g. The following direct consequence of Theorem 5.2.1 will be useful in
our phase plane analysis. See also Fig. 5.3.

Corollary 4. If λ1 < 0, then λ2 < 0 only if H is above V in the sense
that the line corresponding to H is before the line corresponding to V when
going counter-clockwise from the eigendirection of λ1, and λ2 > 0 only if
H is below V , in the above sense. If λ1 > 0, the same holds but with the
orientations reversed.

Next, we state two standard results of smooth manifold theory that
partially justify the assumptions made below on the nullclines of Eq. 5.1,
showing that nullclines of a planar system typically are lines, and either
form closed curves, or go off to infinity. First, a definition.
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Definition 5.2.2. Let f : R2 → R be smooth. A point p ∈ R2 is called a
regular point if dfp : TpR2 → Tf(p)R is surjective, i.e. if ∇f(p) 6= 0. A level
set f−1(c) is a regular level set if all points in f−1(c) are regular.

Theorem 5.2.3 (Regular level set theorem). Every regular level set of a
smooth map between smooth manifolds is a properly embedded submanifold
whose codimension is equal to the dimension of the codomain. Cf. [47,
Corollary 5.14]

Theorem 5.2.4 (Classification of smooth 1-manifolds). Up to diffeomor-
phism, the only connected smooth 1-manifolds are R and S1. Cf. [47, Prob-
lem 15-13].

We end by a short remark concerning non-strict local extrema. Sup-
pose a solution trajectory γ(t) of Eq. (5.2) has a non-strict local horizontal
extrema at t = t0. This means f(x(t0), y(t0)) = 0 and df

dt (t0) = (∂f∂x ẋ +
∂f
∂y ẏ)(x(t0), y(t0)) = (∂f∂xf+∂f

∂y g)(x(t0), y(t0)) = 〈∇f, (f, g)〉(x(t0), y(t0)) =
0. Since∇f is normal toH at each point, this means that either (x(t0), y(t0))
is non-regular, or that γ and H are tangent at (x(t0), y(t0)). For this rea-
son, non-strict local extrema can be ignored in the analysis in Sections 5.3
and 5.4.

5.3 Forced equilibria for minimal connections
This section proves Theorem 5.0.2 for minimal connections and for admis-
sible vector fields F on P3 satisfying the following additional assumption.

Assumption 1. 1. The nullclines of F have a finite number of non-
regular points

Remark 16. By theorems 5.2.3 and 5.2.4, Assumption 1 means that a
nullcline consists of topological lines and circles with finitely many self-
intersections.

Theorem 5.3.1. If Σ has minimal heteroclinic connections, then any P3-
admissible vector field realising Σ and satisfying Assumption 1 has at least
three forced equilibria, one in ∆ and two in the synchrony subspaces.

Proof. The forced equilibria on the diagonal was discussed above. Proving
existence of the other two amounts to an analysis of the cases 1−10, using
Assumption 1 and the results for eigenslopes and nullclines obtained in
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Config- p q Intersection Intersection
uration left right
Case 1 k2, k3 < 0, k3 < k2 k2, k3 < 0, k3 < k2 None None
Case 2.1 k2, k3 < 0, k3 < k2 k2 < 0, 0 < k3 < 1 q → p Both minimal
Case 2.2 k2, k3 < 0, k3 < k2 k2 < 0, 0 < k3 < 1 q → p q → p
Case 2.3 k2, k3 < 0, k3 < k2 k2 < 0, 0 < k3 < 1 p→ q Both minimal
Case 2.4 k2, k3 < 0, k3 < k2 k2 < 0, 0 < k3 < 1 p→ q q → p
Case 3 k2, k3 < 0, k3 < k2 k2 < 0, k3 > 1 None None
Case 4 k2, k3 < 0, k3 < k2 0 < k2 < 1, k3 < 0 None None
Case 5 k2 < 0, 0 < k3 < 1 k2 < 0, 0 < k3 < 1 None None
Case 6.1 k2 < 0, 0 < k3 < 1 k2 < 0, k3 > 1 Both minimal q → p
Case 6.2 k2 < 0, 0 < k3 < 1 k2 < 0, k3 > 1 Both minimal p→ q
Case 6.3 k2 < 0, 0 < k3 < 1 k2 < 0, k3 > 1 p→ q q → p
Case 6.4 k2 < 0, 0 < k3 < 1 k2 < 0, k3 > 1 p→ q p→ q
Case 7.1 k2 < 0, 0 < k3 < 1 0 < k2 < 1, k3 < 0 q → p q → p
Case 7.2 k2 < 0, 0 < k3 < 1 0 < k2 < 1, k3 < 0 q → p p→ q
Case 7.3 k2 < 0, 0 < k3 < 1 0 < k2 < 1, k3 < 0 p→ q q → p
Case 7.4 k2 < 0, 0 < k3 < 1 0 < k2 < 1, k3 < 0 p→ q p→ q
Case 8 k2 < 0, k3 > 1 k2 < 0, k3 > 1 None None
Case 9 k2 < 0, k3 > 1 0 < k2 < 1, k3 < 0 None None
Case 10 0 < k2 < 1, k3 < 0 0 < k2 < 1, k3 < 0 None None

Table 5.1: Cases and subcases, corresponding to the different combinations
of eigenslopes at p and q. The two rightmost columns indicate if there is
an intersection between the projections of p→ q and q → p and which, if
any, connections are deformed from being minimal.
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(a) (b)

(c) (d)

Figure 5.4: Case 1, see table 5.1. (a) All heteroclinic connections in one
plane, and schematically the line segments of the vertical nullcline (green
lines) that they imply. (b) Nullclines and connections in the synchrony
subspace S2, i.e. the plane x = z. Red lines show segments of the hori-
zontal nullcline, under the assumption of no extra equilibria. (c) Vertical
nullcline as a consequence of (b), assuming no extra equilibria. (d) Null-
clines and connections in the synchrony subspace S3, i.e. the plane x = y.
It follows from (b) and (c) that there is a forced equilibrium. Analogous
arguments imply that there is a forced equilibrium also in the x = z plane.
See Theorem 5.3.1 for further details.
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(a) (b)

(c)

Figure 5.5: Case 2.1. (a) Connections and vertical nullcline. (b) Horizontal
nullcline in red, indicating two forced equilibria.

(a) (b)

Figure 5.6: (a) Case 2.2. Analysis as for Case 2.1 in Fig. 5.5 (c) shows the
existence of two forced equilibria. (b) Case 2.3. Case 2.4 below in Fig. 5.7
shows two forced equilibria.
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(a) (b)

Figure 5.7: Case 2.4. (a) Connections and vertical nullclines. (b) Two
forced equilibria in the plane x = z. Right hand side can be connected
such that it has no forced equilibria in either synchrony subspace.

(a) (b)

Figure 5.8: (a) Case 3. (b) Case 8. Compare both to Case 1, Fig. 5.4.

Sections 5.1 and 5.2. Since the arguments in all cases are similar, not all
will be analysed in detail, for brevity of presentation. Indeed, the analysis
of many cases turn out to be more or less identical.

We start by considering Case 1, see Table 5.1 and Fig. 5.4. In Fig. 5.4
(a), both synchrony subspaces S2 (x = z) and S3 (x = y) are identified
with R2, and all four connections are drawn in this plane. The connections
p → q lie in x = z, and the connections q → p lie in x = y, and are
all minimal. Since the vector field has the same vertical component in
both synchrony subspaces, the configuration implies a schematic picture
of segments of the vertical nullcline V , shown in green. Topologically and
combinatorially (which segments can be connected to which), these do not
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(a) (b)

Figure 5.9: Case 4. Forced equilibria indicated in figure.

(a) (b)

Figure 5.10: Case 5. Forced equilibria indicated in figure.

depend on the specific way in which the connections are drawn. Note that
the two sides of the diagonal can be considered separately.

Fig. 5.4 (b) shows the synchrony subspace x = z. The vertical nullcline
are the same as in (a), and the segments of the horizontal nullcline H2 that
can be deduced from the connections are drawn in red. Note the use of
Lemma 4 for drawing H2 at p and q. At 0, H2 is drawn such that 0 is a
source, with H2 above V . If 0 was a saddle, a Poincaré index argument
would immediately imply two forced equilibria, since the index of a loop
in the interior of the connection would be 0, see Fig. 5.1. Thus 0 can be
assumed to be a source. Note that on the left side, H2 must connect the
horizontal extremum of p → q to 0, and that on the right side, H2 must
either connect q to the horizontal extremum of p → q, which is shown in
the figure, or there is a forced equilibrium.

Given this shape of H2, there is only one way to connect the segments
of V on the left side in order to avoided extra equilibria, shown in Fig. 5.4
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(a) (b)

(c) (d)

Figure 5.11: (a) Case 6.1, see Case 2.3. (b) Case 6.2, see Case 5. (c) Case
6.3, see Case 2.4. (d) Case 6.4, see Case 2.2.

(c). This carries over to x = y in Fig. 5.4 (d), since V is the same in
both synchrony subspaces. Again Lemma 4 and the assumption that 0 is
a source, together with the heteroclinic connections, can be used to deduce
segments of the horizontal nullcline H3. Due to V , deduced from Fig. 5.4
(b) and (c), there is now a forced equilibrium, as indicated in the figure.
Note that the same argument applied to the left side in (b) applies to the
right side here, and so there is at least one additional forced equilibria, on
the right side in either x = z or x = y.

Similar arguments apply to the other cases, for which we refer to
Fig. 5.4- 5.15 and the text there. Note that when connections must cross,
as in cases 2, 6 and 7 (see Table 5.1), there are four ways to deform the
minimal connections to achieve an admissible intersection with minimal
number of extrema. Either p→ q is deformed to have an admissible inter-
section with q → p minimal, or vice versa. Note that the intersection of
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(a) (b)

(c) (d)

Figure 5.12: Case 7.1. (a) Vertical nullcline segments induced from the
heteroclinic connections. (b) Horizontal nullcline in x = z. (c) Vertical
nullcline, avoiding forced equilibria. (d) As a consequence of (b) and (c),
there are four forced equilibria in x = y.
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(a) (b)

(c)

Figure 5.13: (a) Case 7.2, cf. Case 7.1. (b) Case 7.3, cf. Case 7.1. (c)
Case 7.4, cf. Case 7.1. Note that for all of these cases, the vertical nullcline
configuration on each side is a mirror image of some side in Case 7.1.

(a) (b)

Figure 5.14: Case 9. Forced equilibria indicated in figure.
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(a) (b)

Figure 5.15: Case 10. Forced equilibria indicated in figure.

minimal connections can be made admissible in some cases, as in the right
side of Fig. 5.5 (a). In such case, one of the above possibilities reduces to
both curves being minimal. These subcases can in principle be distinct,
i.e. may yield a different number of forced equilibria, and therefore need
to be analysed separately. However, it turns out not to be necessary to
study all these in detail, since their analysis will be similar to other cases,
as indicated in Fig. 5.4- 5.15.

5.4 Forced equilibria for non-minimal con-
nections

We now turn to extending these results to non-minimal connections, for
which a couple of definitions are needed.

Definition 5.4.1. A twist is a local deformation of a pair of heteroclinic
connections that adds a pair of (local strict) extrema of the same type to
one, and only one, of the connections, while not creating new intersections
of the connections. There are two types of twists, horizontal or vertical,
as seen in Fig. 5.16, where nullcline segments are also drawn. A twist
is invertible, and both directions will be referred to interchangeably as a
twist.

Definition 5.4.2. A slide is a local deformation of a pair of heteroclinic
connections that creates two new admissible intersections. These are of
the two types shown in Fig. 5.17, corresponding to the local alignments of
the connections.
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Figure 5.16: Twist deformations. (a) Vertical twist. (b) Horizontal twist.

Figure 5.17: Slide deformations. (a) Vertical and aligned connections.
(b) Vertical and anti-aligned connections. (c) Horizontal and anti-aligned
connections. (d) Horizontal and aligned connections.

Remark 17. The connections can be brought to the local configurations in
Fig. 5.17 by deforming them without adding intersections. If any extrema
are added in this process, they are achieved by twists. Furthermore, the
slide deformations in Fig. 5.17 (c) and (d) can be decomposed into first
two twists, and then a local deformation that does not add extrema.

Lemma 5.4.3. A non-minimal connection has two consecutive extrema
of the same type.

Proof. Let γ be a non-minimal connection with extrema of alternating
type. Assume, without loss of generality, that γ is from p to q and on the
left side of the diagonal, as in Fig. 5.18. Starting at p, γ goes to the first
extrema e1. Assume that a minimal connection p → q has four extrema,
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Figure 5.18

so that γ has at least five extrema, and that e1 is a vertical local minimum
(similar arguments to those below apply to the other cases).

The idea is that γ will spiral and thus not be able to reach q without
self-intersecting. By assumption γ lies on the left side of the diagonal, and
so e1 lies below and to the left of p, and e2 is a horizontal minimum. It
follows that e3 is a vertical maximum, e4 a horizontal maximum and e5
a vertical minimum. It is clear that γ cannot reach points above e3 or to
the right of e4 without self-intersecting. Similarly, points below e5 cannot
be reached, and so e5 must lie below q. But then clearly γ must cross the
connection from e4 to e5 in order to end at q, which is not possible. See
Fig. 5.18, where the region that γ can reach after e5 is shaded grey. Thus
γ cannot be a connection from p to q, or has two consecutive horizontal
or vertical extrema.

It follows from Lemma 5.4.3 that a twist can be applied to any non-
minimal connection, thus reducing the number of extrema. It thus seems
reasonable that any pair of heteroclinic connections with finitely many
extrema and admissible intersections can be reduced through a finite se-
quence of twists and slides to a minimal configuration. However, this
assumes that all admissible intersections can be removed through slides as
in Fig. 5.17. While this appears plausible, rather than making a somewhat
unjustified claim, this will instead be stated as an assumption to be added
to Theorem 5.0.2.

Assumption 2. Both pairs of heteroclinic connections can be reduced
through a finite sequence of twists, slides and deformations that add neither
extrema nor admissible vector fields to minimal connections.

Lemma 5.4.4. A twist does not change the number of forced equilibria.
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(a)

(b)

Figure 5.19: (a) The nullcline segments created in the twist are connected
to each other, and do not effect the rest of the configuration. (b) The
created segments are connected to other segments. Dashed lines show
possible or alternative connections.

Proof. Consider a pair of heteroclinic connections. Assume that the con-
figuration has n forced equilibria. Now twist p → q, adding a pair of
segments to either the horizontal or vertical nullcline. By definition of a
twist, q → p is unchanged and no extra intersections are created.

The effect of the twist is to add two nullcline endpoints v1 and v2
to be connected on the inside of p → q, and two on the outside, as in
Fig. 5.16, where the twist is assumed to be vertical. Note that the interior
and exterior (of p→ q and the diagonal) can be considered independently,
and that the argument for both will be the same. Assume that after the
twist, there are less than n forced equilibria in the interior of p → q, and
connect the nullcline segments in such a way that this optimal number of
equilibria is realised.

In this optimal shape of the nullcline, for the new configuration, v1 and
v2 are either connected to each other or not. If they are, the rest of the
nullcline configuration is clearly equivalent to the initial configurations,
see Fig. 5.19 (a). Hence the initial configuration has less than n forced
equilibria, a contradiction.

If v1 and v2 are not connected, they are connected to some other seg-
ments, call them s1 and s2, as in Fig. 5.19 (b). In this case, connecting
instead s1 to s2 and v1 to v2 (shown in dashed lines in Fig. 5.19 (b)) will
not cause extra forced equilibria, since there is no horizontal nullcline seg-
ment between v1 and v2, by definition of a twist. But then in the initial
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Figure 5.20

configuration, s1 and s2 could be connected, yielding the same number of
forced equilibria as for the new configuration. Hence the new configuration
cannot have less than n forced equilibria.

Lemma 5.4.5. Adding admissible intersections through slides cannot re-
duce the number of forced equilibria below two.

Proof. Clearly the analysis for the horizontal and vertical alignments are
the same, with the role of H and V interchanged. Consider Fig. 5.20 (a).
This slide can be achieved by first deforming both segments without adding
any extrema, and then moving the segments horizontally, sliding them over
each other. Assume that after the slide there are n forced equilibria. The
nullcline segments must necessarily be connected in the new configuration.
Thus connecting them also in the initial configuration, before the slide (see
fig. 5.20 (b)) yields an equivalent configuration to the one after the slide,
and so the initial configuration also has n forced equilibria.

In the other scenario, see fig. 5.20 (c), the move can be achieved by
first twisting, which does not effect the forced equilibria, and then sliding.
The new configuration clearly has a forced equilibrium, as indicated in the
figure. Note that this equilibria is in the interior of one of the connections.
Since we can assume that the Poincaré index is zero, there must be at least
one more equilibria in this interior. Hence there are at least two forced
equilibria also after the slide.

This, together with the previous results, proves Theorem 5.0.2, which
is stated again below.
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Theorem 5.4.6. A P3-admissible vector field robustly realising the clean
simple heteroclinic cycle Σ between fully synchronised equilibria, with cell
phase spaces R and satisfying Assumptions 1 and 2 above, has at least three
equilibria apart from the nodes of Σ, one trivial on the diagonal, and two
in the non-maximal synchrony subspaces.

Remark 18. As previously stated, it seems likely that Assumptions 1 and
2 are not necessary. We therefore conjecture that Theorem 5.4.6 holds also
without these.
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Chapter 6

Discussion

This thesis has highlighted some examples and theoretical tools for exis-
tence and realisations of robust heteroclinic networks in coupled cell sys-
tems, as well as presented novel explicit admissible vector fields, extending
some examples from the literature. In Chapter 5, it was also demon-
strated how additional dynamical structure, in the form of equilibria, can
be forced by the presence of a heteroclinic network in vector fields with a
given network structure.

The vector field of Section 4.3 can be easily modified to obtain polyno-
mial realisations of heteroclinic cycles of two nodes with more connections,
by simply considering analogous cell component functions for P4 and P5.
However, it does not suggest an obvious extension to heteroclinic networks
with more than two nodes. It was the aim at the outset of the project to
gain a better understanding of explicit heteroclinic realisations in Pn, and
so in all but the simplest cases, the progress on this problem has been
limited.

While it is possible to prove the existence and realisation of heteroclinic
networks in coupled cell systems, finding explicit vector fields turns out to
be surprisingly difficult. The problem is characterised by an interplay be-
tween the lattice of synchrony subspaces, local stability properties and
relations between vector field components induced by the network struc-
ture. Although in some cases, as was done for the system in Section 4.3, it
is possible to proceed by a combination of phase plane analysis and trial
and error, these restrictions rapidly yield difficult obstructions for bigger
heteroclinic networks. It is possible that this structure must be understood
better on a theoretical level in order to make progress on more complicated
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cases. Alternatively perhaps, is there an intuitive method for designing
these vector fields, exploiting the network structure in some way, similar
to the active/in-active node intuition for Lotka-Volterra/semi-linear feed-
back systems, where designing vector fields therefore is much easier?

A comparison with Lotka-Volterra systems also suggests another ap-
proach, which was recently initiated by Field in [29]: can constructions be
made more easily in other types of systems, and then transformed to real-
isations in coupled cell systems? Although the results of [29] indicate that
there is indeed some link between heteroclinic networks in Lotka-Volterra
systems and in coupled cell systems on the level of existence, they do not
seem to generate concrete realisations in coupled cell systems in an obvi-
ous way, if at all. The reason relates to a more general challenge regarding
transformations of coupled cell systems: coordinate changes do not gen-
erally transform coupled cell systems into coupled cell systems. How can
one determine whether a dynamical system is dynamically conjugate to a
coupled cell system on some network?

Recently theory has been developed around the discovery that certain
coupled cell systems are equivariant under a semigroup action induced by
graph fibrations from the coupled cell network to itself, and that all coupled
cell systems with asymmetric inputs are conjugate to such a system. Is this
so called hidden symmetries approach of Rink et al. [51,60,61] relevant for
understanding global dynamics in coupled cell systems, such as heteroclinic
networks? Could it be used to generate examples of heteroclinic networks
through synchrony breaking bifurcations, analogous to heteroclinic cycles
in equivariant systems? Do normal forms, or other vector field forms
potentially related to the semigroup equivariance, suggest useful admissible
vector fields in regards to heteroclinic dynamics?

The results on forced equilibria in Chapter 5 generalise directly to Pn
and appropriate heteroclinic networks, containing copies of the two-sided
heteroclinic cycle. A natural question is for which cell phase spaces The-
orem 5.0.2 holds. Is it true for cell dynamics on S1? For other coupled
cell networks it is not clear to which extent similar results hold, as the
analysis in Chapter 5 depends heavily on the specific properties of Pn,
most importantly the two-dimensional synchrony subspaces. Nonetheless,
the results obtained here are intriguing, and suggests that at least in some
cases, realisations of heteroclinic networks in coupled cell systems neces-
sarily induce the existence of other flow-invariant objects. How typical is
this property for general heteroclinic realisations? Is there a more general
proof, using techniques that are applicable also to other networks? A guess
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is that consideration of topological index arguments might be of relevance.
Is there a useful index theory for coupled cell systems?

In a similar vein, there are open problems relating to the unstable
manifold structure of realisations of heteroclinic networks, especially for
non-simple networks. Can the coupled cell network structure prohibit
or force certain dynamical behaviour on these manifolds? When is the
maximal heteroclinic network clean? What is the minimal asymptotically
stable heteroclinic network in which a realisation is contained? For the
investigation of such questions it is clearly useful, or even necessary, to
have explicit vector field examples that can be integrated numerically and
be used to explore the dynamical possibilities.

Finally, other interesting questions concern the modularity of coupled
cell systems, i.e. how can networks be composed and combined in useful
ways, and what are the effects on the level of dynamics? In connection to
this, consideration of various maps between networks and induced conjuga-
tions on the level of dynamical systems seem likely to be relevant. Similar
to the examples of inflation and join of networks review in this thesis,
can operations of coupled cell networks be defined that allow complicated
realisations of heteroclinic networks to be built from simpler ones?
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