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Abstract

The problem of detecting a vector of symbols, drawn from a finite alphabet and trans-
mitted over a multiple-input multiple-output (MIMO) channel with Gaussian noise, is
of central importance in digital communications and is encountered in several different
applications. Examples include, but are not limited to; detection of symbols spatially
multiplexed over a multiple-antenna channel and the multiuser detection problem in a
code division multiple access (CDMA) system.

Two algorithms previously proposed in the literature are considered and analyzed.
Both algorithms have their origin in other fields of science but have gained mainstream
recognition as efficient algorithms for the detection problem considered herein. Specifi-
cally, we consider the sphere decoder and semidefinite relaxation detector. By incorpo-
rating assumptions applicable in the communications context the performance of the two
algorithms is addressed.

The first algorithm, the sphere decoder, offers optimal performance in terms of its
error probability. Further, the algorithm has proved extremely efficient in terms of com-
putational complexity for moderately sized problems at high signal to noise ratio (SNR).
Although it is recognized that the algorithm has an exponential worst case complexity,
there has been a widespread belief that the algorithm has a polynomial average complexity
at high SNR. A contribution made herein is to show that this is incorrect and that the
average complexity, as the worst case complexity, is exponential in the number of sym-
bols detected. Instead, another explanation of the observed efficiency of the algorithm is
offered by deriving the exponential rate of growth and showing that this rate, although
strictly positive for finite SNR, is small in the high SNR regime.

The second algorithm, the semidefinite relaxation (SDR) detector, offers polynomial
complexity at the expense of suboptimal performance in terms of error probability. Nev-
ertheless, previous numerical observations suggest that error probability of the SDR algo-
rithm is close to that of the optimal detector. Herein, the near optimality is of the SDR
algorithm is given a precise meaning by studying the diversity of the SDR algorithm when
applied to the (real valued) i.i.d. Rayleigh fading channel and it is shown that the SDR al-
gorithm achieves the same diversity order as the optimal detector. Further, criteria under
which the SDR estimates coincide with the optimal estimates are derived and discussed.
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Sammanfattning

Ett grundläggande problem som påträffats inom digital kommunikation är detekter-
ing av en symbolvektor, tillhörande ett ändligt symbolalfabet, som sänts över en MIMO
(från engelskans multiple-input multiple-output) kanal med Gausiskt brus. Detta prob-
lem påträffas bland annat då symboler sänts över en trådlös kanal med flera antenner
hos mottagaren och sändaren samt då flera användare i ett CDMA system simultant skall
avkodas.

In denna avhandling behandlas två mottagaralgoritmer konstruerade för detta än-
damål. Algoritmerna har sin bakgrund i andra forskningsområden men kan i nuläget
sägas vara mycket välkända inom kommunikationsområdet. De benämns vanligtvis som
sfäravkodaren (eng. sphere decoder) samt den semidefinita relaxeringsdetektorn (eng.
semidefinite relaxation detector). Algoritmerna analyseras i denna avhandling matema-
tiskt genom att införa förenklande antaganden som är relevanta och applicerbara för de
kommunikationsproblem som är av intesse.

Den första algoritmen, sfäravkodaren, löser dessa detektionsproblem på ett optimalt
sätt i betydelsen att den minimerar sannolikheten för att detektorn fattar ett felaktigt
beslut rörande det sända meddelandet (symbolvektorn). Också vad gäller algoritmens
komplexitet har simuleringar visat att den är oväntat låg, åtminstone vid höga signal-
brusförhållanden (SNR). Trots att det är allmänt känt att algoritmen i sämsta fall har
exponentiell komplexitet så har detta lett till den allmänt spridda uppfattningen att
medelkomplexiteten (eller den förväntade komplexiteten) endast är polynomisk vid hö-
ga signalbrusförhållanden. Ett av huvudbidragen i denna avhandling är att visa att denna
uppfattning är felaktig och att också medelkomplexiteten växer exponentiellt i antalet
symboler som simultant detekteras. Ytterligare ett bidrag ligger i att ge en alternativ
förklaring till den observerat låga medelkomplexiteten. Det visas att den exponentiella
hastighet med vilken komplexiteten växer beror på signalbrusförhållande, och att den är
låg för höga SNR.

Den andra algoritmen, den semidefinita relaxeringsdetektorn, erbjuder polynomisk
komplexitet vid en något högre felsannolikhet. Intressant nog har dock felsannolikheten
tidigare, genom simuleringar, visat sig vara endast marginellt högre än felsannolikheten hos
den optimala mottagaren. Bidraget som relaterar till den semidefinita relaxeringsmotta-
garen ligger i att både förklara och i att ge en specifik kvatifierbar mening åt uttalandet att
felsannolikheten endast är marginellt högre. I syfte att åstadkomma detta studeras diver-
sitetsordningen för detektorn, och det bevisas att diversitetsordningen för den semidefinita
relaxeringsdetektorn är densamma som för den optimala mottagaren. Utöver detta karak-
teriseras också de krav som måste uppfyllas för att den detektorn skall finna den optimala
lösningen.
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Chapter 1

Introduction

The joint detection of several information carrying symbols transmitted over a
communications channel with multiple inputs and multiple outputs is of central
importance in modern digital communication. Although the physical meaning of
inputs and outputs may depend on the specific context, the fundamental problem is
encountered in many different areas. In a wireless link the inputs may be symbols
modulated and transmitted from multiple transmit antennas and the outputs may
be signals measured by multiple receive antennas. One could also think of a scenario
where the transmit antennas are not physically colocated but belong to several
different single antenna mobile stations communicating with a common multiple
antenna base station. Alternatively, in a code-division multiple access (CDMA)
system the outputs would typically correspond to the outputs of a matched filter
bank fitted to the signature waveforms of several users sharing a common radio
resource.

Against the background of the CDMA scenario the problem considered herein
has been studied for over two decades under the name of multi-user detection
(MUD) [Ver98]. However, relatively recent technical and theoretical advances re-
garding the physical-layer of wireless communication systems have sparked renewed
interest in the topic from a multiple-antenna point of view. Specifically, it has been
shown that without increasing bandwidth the use of several antennas at both ends
of a wireless channel can significantly increase the capacity[Tel99, FG98] and relia-
bility [DADSC04, ZT03] of the channel by exploiting the spatial dimension offered
by the multi-path propagation of the radio waves. Some of these results have also
been verified by experiments [WFGV98]. However, complex signal processing at
both transmitter and receiver is required to capitalize on these gains. A relatively
exhaustive historical account of the research into wireless multiple-antenna com-
munications is given in [DADSC04].

Further, although the near optimal receiver structures have traditionally been
considered practically infeasible due to high complexity, these receivers have gained
renewed interest following technical advances enabling the hardware implementa-
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2 CHAPTER 1. INTRODUCTION

tion of advanced signal processing algorithms in embedded systems. Also, since
bandwidth is a scarce and expensive resource, it may be beneficial to trade re-
ceiver complexity for spectral efficiency. This thesis focus on the receiver side of
the transmission link and takes a closer look at two, near optimal, algorithms pre-
viously proposed for the joint detection of a vector of symbols transmitted over
a general multiple-input multiple-output (MIMO) channel. The first algorithm,
the sphere decoder, has in fact already been prototyped and implemented in hard-
ware [BBW+05] and is thus a serious contender for implementation in next gener-
ation wireless systems. The second algorithm, the semidefinite relaxation detector,
has its potential application in systems where a much larger number of symbols are
jointly detected, a scenario where the sphere decoder still remains to complex for
implementation. Finally, it should also be mentioned that although the algorithms
and analysis are general in nature, and applicable in a wide variety of scenarios,
we shall tend to be biased towards the multiple-antenna scenario when it comes to
assumptions and terminology.

1.1 The Detection Problem

As noted, the topic of this thesis is the detection of a vector of symbols transmitted
over an n bymMIMO channel. Here, m denotes the number of inputs and n denotes
the number of outputs. Let the vector of symbols be denoted s ∈ Sm where S is
a finite set or constellation alphabet. Then the input output relationship of the
MIMO channel may be modeled as

y = Hs + v , (1.1)

where y ∈ Fn is the vector of received signals, H ∈ Fn×m is the channel matrix, and
v ∈ Fn is an additive noise term which is assumed white and Gaussian. Throughout
the thesis F will be either the set of real or complex numbers, i.e. F ∈ {R,C},
depending on context. The constellation alphabet, S, is a finite subset of F and the
vector of transmitted symbols, s, is assumed to be randomly drawn from the set of
possible vectors, Sm, under the assumption that all vectors are equally likely. The
goal is to determine (or estimate) s ∈ Sm based upon the knowledge of y and H.

As also indicated in the introduction, the problem of detecting a vector of sym-
bols transmitted over a channel modeled according to (1.1) is encountered in many
areas of digital communications. For this reason, we shall in this work take a some-
what abstract point of view starting simply with the equation in (1.1), the idea
being that the end results will be applicable to a range of different end applications.
Examples where the detection problem is encountered are; the detection of symbols
transmitted over the multiple antenna wireless channel [Tel99, FG98, TV05], the
multiuser detection problem in CDMA [DHZ95, Ver98, WP99], and the simultane-
ous detection of multiple users in a digital subscriber line (DSL) system affected by
crosstalk [GC02]. In essence, any situation where a finite set of symbols are linearly
modulated and transmitted over a (known) linear channel subject to Gaussian noise
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can be modeled on the form of (1.1) [Bar89, KP98]. It should also be noted that
model in (1.1) does not only apply to the transmission of symbols but also to other
areas, for instance quantization [AEVZ02]. However, we shall herein primarily focus
on the transmissions context with an eye towards wireless communications.

In essence, this thesis examines various properties of (receiver) algorithms de-
signed for the detection of s. It will throughout be assumed that the detector, or
receiver, has access to not only the vector of received signals, y, but also the channel
matrix, H. How exactly the receiver gains access to these quantities is interesting
in its own but is not the primary concern of this thesis and it will in general depend
on the specific end application considered.

In the most general term, a detector or receiver1 will in this work simply refer
to a mapping which takes the vector of received signals, y, and the channel matrix,
H, as inputs and produces an estimated symbol vector, ŝ, as output [Bar89]. That
is, a detector is defined by some (possibly random) map ϕ,

ϕ : Fn × Fn×m 7→ Sm ,

for which ŝ = ϕ(y,H) and where F is either R or C. It will also be interesting to
consider how ϕ is computed as this relates to the implementation of the detector.
Naturally, it is also more interesting to consider detectors which are good in some
(quantifiable) sense. However, what the exact interpretation of good should be is
debatable. Most often, there are more than one criteria by which to measure the
performance of any one detector and most (if not all) detectors offer some form of
tradeoff between such criteria.

One of the most important performance measures of the detector is the detec-
tor’s probability of error. The probability of error, pe, is defined as the probability
that the estimated vector of symbols, ŝ, does not equal the vector of symbols actu-
ally transmitted, s, i.e.

pe ,P (ŝ 6= s) (1.2)

where ŝ = ϕ(y,H). Further, whenever the estimate, ŝ, coincides with the vector of
transmitted signals, s, the receiver, ϕ, is said to have made a correct decision.

For obvious reasons, it is desirable to keep the probability of error as low as pos-
sible subject to various constraints, such as for instance complexity considerations,
which may be placed upon the receiver design. The receiver providing the minimum
probability of error (assuming equally likely transmitted messages s ∈ Sm) is the
maximum-likelihood (ML) receiver [Tre68] which in the context considered herein
can be expressed as

ŝML = arg min
ŝ∈Sm

‖y − Hŝ‖2 , (1.3)

1The terms detector and receiver will herein be used interchangeable but will always refer to
the same thing. Note that this is a slight deviation from common terminology where the detector
only forms a part of the full receiver. In order not to deviate further from commonly accepted
terminology, we will also frequently use the term sphere decoder even though sphere detector may
have been more appropriate.



4 CHAPTER 1. INTRODUCTION

see e.g. [Bar89, KP98]. Unfortunately, the optimization problem given in (1.3)
is computationally difficult, especially when the number of symbols, m, is large.
In principle, (1.3) may always be solved by enumerating all possible combinations
of s ∈ Sm but since there are |S|m such combinations, this brute force approach
becomes infeasible even for moderate m. At times, there are structural properties
of H which simplify the optimization [KP98, UY98, SE98, SG00]. However, for a
general H and y the problem is NP-hard [Ver89], which implies that there are no
known efficient (i.e. polynomial time) algorithms that solve (1.3) exactly and the
focus of this thesis is on the case where no such special structure exists.

The two algorithms considered herein have been previously proposed for the
(approximate) solution of (1.3). As will also be seen later, the two algo-
rithms are fundamentally different in how they address the optimization prob-
lem in (1.3). The first algorithm, commonly referred to as the sphere de-
coder [Mow94, VB99, AEVZ02, DGC03, MGDC06] in the communications liter-
ature, obtains the exact solution of (1.3) by a constrained search in the set of
possible symbol vectors, Sm. The second algorithm, the semidefinite relaxation
detector [TR01, MDW+02, ANJM02, WLA03], obtains an approximate solution
to (1.3) by means of a convex relaxation [BV04] technique. It should also at this
point be made clear that the contribution of this thesis is not one of suggesting im-
provements for these two algorithms (or any other algorithms for that matter), but
to analyze and provide insights into the approaches to the ML detection problem
these two detectors represent. This will be often be done by applying simplifying
assumptions, where necessary, and by considering asymptotic (in terms of size and
noise variance) statements.

1.2 The Random Channel

A measure of quality for the channel in (1.1) is given by the signal to noise ratio
(SNR) which is the ratio between the power of the information bearing part of the
received signals and the power of the additive noise. The SNR is herein denoted by
ρ and defined according to

ρ,
E
{
‖Hs‖2

}

mσ2
(1.4)

where σ2 denotes the noise variance, i.e. E
{
|vi|2

}
= σ2 where vi denotes the ith

component of the noise term, v. For the detectors considered, the probability of
error will be strictly decreasing as a function of SNR indicating that the detection
problem is more easily solved at high SNRs than at low SNRs. However, as will
also be seen in what follows, the SNR does not tell the full story and the detectors
will also be affected by the specific properties of H.

The model in (1.1) along with the distributions of s and v completely speci-
fies the channel model when the channel matrix, H, is viewed as a deterministic
quantity. Further, as the detectors considered do not explicitly depend on how H

is obtained or structured, they are applicable to any system that can be modeled
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according to (1.1), regardless of whether it is a multiple antenna system with un-
coded V-BLAST transmission [WFGV98], a multiple antenna system using linear
dispersive space-time block codes (LD-STBC) [HH02], a synchronous CDMA sys-
tem [Ver98], or a DSL link with crosstalk [GC02]. However, as soon as statements
regarding the average or expected performance of the detectors are made these must
inevitably also depend on some assumption regarding the statistical properties of
H and such assumptions are typically made with a specific application in mind. For
instance, when the multiple antenna channel is considered, the entries of H may
physically correspond to the channel gains between the transmit and receive anten-
nas [FG98, Tel99] while in the CDMA application the columns of H may represent
spreading codes of each user [Ver98]. Thus, the specific end application considered
will determine the process by which H is generated and thereby determine the
statistical distribution of H.

We shall explicitly consider channel matrices H that are drawn with i.i.d. zero
mean Gaussian elements which are either real or complex valued. Following the
terminology used for wireless multiple antenna channels, this will be referred to
as the i.i.d. (real or complex valued) Rayleigh fading channel2. It will also be
explicitly assumed that the elements in H have a variance of n−1. Similarly, it will
be assumed that the transmitted symbols have zero mean and unit energy such that
E
{
‖s‖2

}
= m. While the assumptions regarding the scaling of H, v and s have

no bearing on the end results, which depend on the scaling of parameters in (1.1)
only through ρ, they will simplify notation and have the appealing property that
ρ−1 = σ2. Further, unless otherwise stated, it will also be assumed that n ≥ m
which in the i.i.d. Rayleigh case implies that H is full rank with probability one.

The explicit assumption of an i.i.d. Rayleigh fading channel will naturally re-
strict the scope of the results obtained but it will also have many benefits. However,
it is important to note that the model is physically motivated when considering the
detection of symbols transmitted in a V-BLAST (Vertical - Bell Labs Layered Space
Time) fashion over a narrow band, multiple antenna wireless MIMO channel with
rich scattering, such as for example an indoor environment [FG98, Tel99, TV05].
Additionally, the model is also partly motivated by the analysis of large unstruc-
tured random matrices [TV04] which has applications in the CDMA scenario. Fur-
ther, the adoption of such a simplistic model enables analysis of the detection
algorithms which would have been intractable otherwise. There is also another,
not so obvious, benefit of the i.i.d. Rayleigh fading model. It extends in a natural
fashion to arbitrary n and m and this is valuable when the effect of n and m on
the detection algorithm is considered, such as for instance when the complexity is
analyzed.

Some care should however naturally be taken when extrapolating the insight
gained under this model to other, for some specific applications, more realistic mod-

2Note that this is a slight abuse of terminology in the real valued case since the word Rayleigh

refers to the magnitude of the entries in H and these entries are only Rayleigh distributed in the
complex case.
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els. We do however expect that the algorithms will behave similarly for channels
where the distribution of the condition number and/or eigenvalues of H is similar to
those that are obtained for the i.i.d. Rayleigh fading model. However, when con-
sidering channels where the distribution of H is very dissimilar to the i.i.d. Rayleigh
fading channel the results will differ. Intuitively, we expect the results in Part I
to be more robust towards error in the i.i.d. Rayleigh fading assumption than the
results in Part II. To some extent, this issue is exemplified by the discussion in
Section 8.4 regarding the SDR error probability where the explicit structure of H is
taken into account. However, if these ideas were easily made rigorous, they would
have already been included in the analysis.

1.3 Performance Measures

As indicated previously, it is obviously desirable to compare different solutions to
the detection problem and to be able to discuss the relative merits of the different
solutions. To enable such a discussion there is a need for performance measures by
which to evaluate the detectors. The two most important measures, the probability
of error and the computational complexity, have already been introduced.

The Computational Complexity

Although there is no real consensus in the digital communications community on
how exactly to interpret the concept of complexity it is generally defined as the num-
ber of floating point operations (additions, multiplications etc.) which are required
to compute the estimate ŝ or the running time of the algorithm when implemented
on some specific platform. There is also typically a tradeoff between the complex-
ity of a detector and its performance in terms of error probability. The optimal,
ML, detector which provides the minimum probability of error is often prohibitively
complex while the computationally simplest detectors will have a poor performance
in terms of error probability. An investigation of the complexity performance trade-
off of many detectors proposed in the literature is given in [HLP+04] in the context
of CDMA. A similar comparison of the sphere decoding algorithm and some exten-
sions of the lattice basis reduction aided (LRA) detectors (see Section 1.4) in the
context of the multiple antenna channel can be found in [WLFH06]

Simple, closed form, expressions for the complexity are rare and it is often conve-
nient to instead characterize the rate at which the complexity grows with m. Let the
complexity of the algorithm be given by C(m), then C(m) is said to be in O(f(m)),
for some function f(m), if there are constants c and M for which C(m) ≤ cf(m)
for m ≥ M [AHU74]. If the complexity of an algorithm is in O(p(m)) for some
polynomial p(m) the algorithm is said to be of polynomial complexity. Note here
that the O(·) notation only bounds the rate at which the complexity, C(m), tends
to infinity and that the complexity at any one m can be arbitrarily large. Still,
polynomial complexity algorithms are generally considered to be efficient, a point
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of view which is supported by the fact that the complexity of most polynomial algo-
rithms is quite small in practise [AHU74]. Further, although complexity measures
obtained by simulations may be relevant when contemplating a system design or
implementation, such results are of limited value from an academic point of view as
they depend explicitly on hardware, compilers, architectures, etc., i.e. parameters
which may change rapidly. Also, for small problem sizes the complexity is typically
dominated by overhead while the rate of growth offers a deeper insight into the
behavior of the algorithm which is not implementation specific.

In Chapter 3 and Chapter 4 we will address the expected complexity of the
sphere decoder at length. The exact definition of expected complexity used herein
will be made clear later although it can for now be thought of as the number of
essential stages the algorithm goes through (on average) or the expected number
of floating point operations that is required for computing the estimate ŝ ∈ Sm for
some problem size, m. One of the key points made within these chapters is that
the expected complexity of the sphere decoder grows exponentially in m for any
finite SNR. This is of particular interest since it has previously been claimed that
the average complexity of the algorithm is only polynomial at high SNRs [HV05a,
HV05b], a claim which is proven incorrect by the results of Chapter 3.

The Diversity Order

As for the complexity, the explicit computation of the error probability, pe, is often
difficult. Further, obtaining pe by computer simulations for some particular setup
offers limited insight due to the explicit dependence on the simulation conditions.
Therefore, it is common to consider other performance measures which make more
general statements regarding the error probability of a detector and which are more
likely to admit closed form solutions. Also here, such performance measures are
typically obtained through some form of asymptotic analysis of the detectors.

A particularly useful measure of the performance of a detector when applied
to an i.i.d. Rayleigh fading channel is the diversity order [TV05]. The detector
diversity order, d, or simply the detector diversity is defined as the negative slope
of the error probability versus SNR curve (in log-log scale) in the high SNR regime.
Specifically

d,− lim
ρ→∞

ln pe

ln ρ
= lim

σ2→0

ln pe

lnσ2
, (1.5)

where pe , P (ŝ 6= s). Ignoring gains which amount to constant factors in terms of
SNR, the diversity order specifies the rate at which the error probability tends to
zero in the high SNR limit. Thus, in the high SNR regime, a detector with a higher
diversity order will also have smaller probability of error. It is well known that the
diversity orders of most suboptimal detectors are strictly smaller than the diversity
order of the optimal ML detector [TV05].

To give an example, the diversity of the ML detector is n in the complex case
and n

2 in the real valued case. A proof for the complex case is given in [NZA00]
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and the real valued case can be shown in a similar way. For most liner detectors,
including their non-liner decision feedback (DFE) extensions (see Section 1.4), the
diversity order is n−m+1 in the complex case and n−m+1

2 in the real valued case.
The diversity of the linear detectors is thus significantly smaller than the diversity
of the ML detector, especially when n = m.

The diversity of the semidefinite relaxation (SDR) detector is studied in Chap-
ter 8 and to some extent also in Section 7.3. Specifically, we show that a particular
(and simple) implementation of the SDR detector achieves the maximal diversity
of any detector which is equal to the diversity of the ML detector. In order to
simplify the notation in these sections we will, following [ZT03], make use of

.
= to

denote exponential equality where
.
= is defined according to

f(ǫ)
.
= ǫa ⇔ lim

ǫ→0

ln f(ǫ)

ln ǫ
= a .

In this notation, a detector is said to have diversity d if pe
.
= ρ−d. The definition

of
.
= (as well as

.
≤ and

.
≥) and some properties which follow by this definition is

covered in Appendix B.

Other Performance Measures

Naturally, there are also other performance measures which quantify the error
probability performance of a detector. Two measures which are particularly use-
ful in the CDMA scenario are the asymptotic efficiency and the near-far resis-
tance [Ver86, LV89]. We shall however not consider these measures in this work.

Further, it should be acknowledged that the focus of this thesis is mainly on the
transmission of uncoded symbols, or more precisely, detection where the presence
of an outer error correcting code is not taken into account. Thus, if viewing the
detector in the larger perspective offered by explicitly considering the detector as
part of more complex transmission system, where the information bits are protected
by an outer code, other performance measures may be more relevant. One such
measure is the capacity of the equivalent inner channel, seen by the outer code and
where the detectors discussed herein are viewed as part of the inner channel. Such
a point of view is for instance taken in [MG04] where the capacity loss incurred by
separate detection and decoding is studied. In this framework, one can also discuss
and give answers regarding the difference between a detector offering hard decisions
(which is the case considered herein) and a detector computing bit probabilities.
One could also move further up the in the layers of the communication system and
study effects on data packets (as opposed to individual symbols) while taking for
example packet losses and retransmissions into account. However, these concepts
are naturally more challenging to treat with mathematical rigor, at least if the
assumptions made relate to the physical layer. Still, as is often done when studying
highly complex systems such as wireless communications, the results in the thesis
provide a useful level of abstraction for the physical layer when applying the studied
algorithms.
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1.4 Detector Structures

As noted, the straightforward implementation of the optimal detector in the sense
of achieving the minimum probability of error leads to a prohibitively complex
detector. As also noted, the optimal, ML, detection problem in (1.3) is known to be
NP-hard [Ver89] which implies that there are no known solutions with polynomial
complexity. Further, there are results stating that closely related shortest vector
problem is hard in a certain average sense [Ajt96]. The research into suboptimal, but
computationally advantageous, detection algorithms is therefore highly motivated.

During the last two decades there has been a massive amount of research into
the detection problems with a focus on providing less complex solutions which at
the same time offers an acceptable error probability performance. A large body of
work has been published for the (multiuser) detection problem in the synchronous
CDMA scenario and more recently, there have been a large body of work focusing
on the multiple antenna scenario. Although it is not possible to cover every idea
presented for the detection of s, we will in what follows briefly discuss some different
approaches that have been suggested in the literature. The reader is referred to
books on the subject for a more exhaustive treatment, see e.g. [Ver98] for detection
in the CDMA context. It should also be noted that although we group the detectors
into various classes, the distinction between these classes is somewhat blurred and
many well known detectors could be placed in more than one class.

Linear Detectors

One of the most important classes of detectors is provided by the class of linear
detectors [LV89]. In a linear detector the vector of received symbols is pre-multiplied
(filtered) by some matrix, G ∈ Cm×n, in order to procure a linear estimate of s, s̃,
typically not in Sm. This estimate is then used to obtain an estimate ŝ ∈ Sm by
component-wise rounding. In short,

s̃ = Gy and ŝ = ⌈s̃⌋

where ⌈·⌋ denotes component-wise rounding to the closest constellation point.
One of the simplest detectors of this type is given by the zero forcing (ZF), or

decorrelating, detector where G is chosen as the pseudo inverse of H, i.e.

ŝZF ,⌈GZFy⌋ where GZF ,(HHH)−1HH . (1.6)

The rational behind using this detector is that in the zero-noise case, i.e. where

y = Hs ,

the filter completely removes the effect of channel matrix H and s̃ = s. Note
however that this detector is in general not optimal when noise is present since
after the application of GZF the noise is colored and component-wise rounding is
no longer optimal.
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An improved linear detector is given by the linear minimum mean square error
(MMSE) detector where G is chosen as the minimizer of

E
{
‖s − Gy‖2

}
. (1.7)

The minimizer of (1.7) can be explicitly written as GMMSE = (HHH + σ2)−1HH.
The MMSE estimate is given by

ŝMMSE ,⌈D−1GMMSEy⌋ (1.8)

where D = Diag(HH(σ2I + HHH)−1H) is a diagonal matrix used to remove a bias
introduced by GMMSE. Note also that D is superfluous when the constellation has
constant modulus (i.e. when |s| is constant for all s ∈ S).

Naturally, other candidates for G can also be envisioned. At least in principle,
the matrix G can be chosen such that it minimizes the probability of error (1.2)
although the computation of this particular G seems intractable in practise. The
matrix G maximizing the asymptotic efficiency (see [Ver98] for a definition) was
derived in [LV89].

The linear detectors are among the least computationally complex detectors
(as they essentially only require a matrix vector multiplication) but their error
probability is typically much worse than that of the optimal detector, especially
when applied to the fading channel [TV05] or when the channel matrix H is rank
deficient [KMV04].

Decision Feedback Detectors

A non-linear extension of the linear detectors is provided by the class of decision
feedback (DFE) detectors. In the DFE detectors a linear filter is used to obtain
linear estimates of the transmitted symbols in s just as for the linear detectors.
However, instead of making a decision regarding all the transmitted symbols in s

a decision is only made for one or a group of symbols [Var99]. The effect of these
particular symbols on the vector of received signals, y, is then cancelled prior to
the detection of the remaining symbols. Previous decisions are thus fed back into
the detector to improve the following decisions. However, due to their nature of
using previous decisions the DFE detectors suffer from error propagation which will
typically limit their performance when applied to fading channels. This can however
to some extent be remedied by detecting the symbols in different orders depending
on the realization of the channel matrix in such a way that “easy” symbols are
detected first.

The decision feedback detectors offer an improvement in terms of error probabil-
ity over the linear counterparts at a marginal increase in the complexity. However,
at least when applied to the i.i.d. Rayleigh fading channel, the DFE detectors offer
no increase in the detector diversity order [PV04, LG04]. This has also been shown
to be the case when the optimal symbol detection ordering is used [JVZL05].
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The sphere decoder studied in Chapter 2 can be viewed as a generalization of
the DFE idea where the detector is allowed to change its decisions regarding the
previously detected symbols [MGDC06].

Relaxation Detectors

Now, consider again the ML detection problem given in (1.3), i.e.

ŝML = arg min
ŝ∈Sm

‖y − Hŝ‖2

In some sense, the reason why the ML detection problem is difficult is that the
optimization is performed over the discrete set Sm. Thus, a sometimes useful
suboptimal approach is to relax the constraints imposed by Sm such that the min-
imization is computed over a larger, but in some respects simpler, set to obtain an
estimate s̃, not necessarily in Sm. Next, the final estimate ŝ ∈ Sm can be obtained
by component-wise rounding similarly to the linear detectors. Specifically,

ŝ,⌈s⌋ where s̃ = arg min
s̄∈A

‖y − Hs̄‖2 , (1.9)

and where A ⊂ Cm represents the relaxation of Sm. It should also here be noted
that the ZF detector can be interpreted as a relaxation detector where Sm is re-
placed by A = Cm.

The relaxation approach lends itself more easily to the case of binary constella-
tions in the real valued and constant modulus constellations in the complex case.
For constant modulus alphabets,

Asphere ,{s̄ | ‖s̄‖2 ≤ m} (1.10)

and
Abox ,{s̄ | ‖s̄‖∞ ≤ 1} (1.11)

are candidates for A which have been investigated in the literature [YYU02]. Ad-
ditionally, for S which is constant modulus the MMSE detector can also be viewed
as a perturbed relaxation of (1.3) where σ2‖s̄‖2 (which is constant over s̄ ∈ Sm)
is added to the criterion prior to a relaxation where A = Cm or A = Rm. The
complexity and error probability of the relaxation detectors is largely dependent on
which particular relaxation is considered.

The semidefinite relaxation (SDR) detector studied in Chapter 6 is a relaxation
detector. However, the difference between the SDR detector and the relaxation
detectors described above is that in the SDR detector the detection problem is
first lifted into a higher dimensional space before the relaxation takes place. It
can in fact be shown that the relaxation provided by the SDR receiver is tighter
than those given by (1.10) and (1.11) [MDW+02]. It is also interesting to note
that (at least in the real valued case) by allowing perturbations dependent on
y and H all of the above relaxations (including the SDR) could similarly to the
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MMSE detector be regarded as perturbed relaxations with A = Rm, see [PRW95] or
[WSV00, Section 13.4]. Intuitively, the perturbations would correspond to Lagrange
multipliers [BV04] corresponding to the constraints imposed by A.

Finally, it should be noted that relaxing the detection problem does not neces-
sarily lead to a large loss in terms of error probability. In fact, the main contribution
of Chapter 8 is to show that the SDR detector achieves the maximal diversity in
the real valued case when n ≥ m.

Search Algorithms

A conceptually different approach to the problem of obtaining the estimate, ŝ, is
to again consider the ML detection problem, but instead of searching the entire set
given by Sm restrict the search to some subset of Sm. Specifically,

ŝ = arg min
s̄∈A

‖y − Hs̄‖2 (1.12)

where A ⊂ Sm and where |A| ≪ |Sm|. Naturally, the definition of A must depend
on y and H. Otherwise the transmitted message s could not belong to A with
non-zero probability for all s ∈ Sm unless A = Sm. Typically, the definition of A is
not explicit. Most often A is defined implicitly by the algorithm which takes y and
H as inputs and generates a sequence of candidates, ŝk for k = 1, . . . ,K, which are
then evaluated according to the ML metric. Taking this point of view, the detector
performs a search through the set of possible vectors in Sm with the aim of finding
a good estimate, ŝ. Obviously, the error probability of such a detector is limited
by the probability that A contains the transmitted symbol and the complexity is
determined both by the number of candidates, K, visited in the search as well as
the complexity of obtaining the next candidate in the sequence. It should however
be be stressed that the partial search does not necessarily imply suboptimality in
terms of error probability as the search may be such that A always contains the
ML estimate, ŝML. The sphere decoder in Chapter 2 is an example of such an
implementation.

The branch and bound algorithm [LW66], when applied to the ML detection
problem, may be viewed as a detector of this type. As noted, the same is true for
the sphere decoder algorithm which can also be viewed as a particular instance of
the branch and bound framework [MGDC06]. There are however numerous other
suggestions of detectors which may be described as partial searches over the set of
possible transmitted messages Sm. Examples are given by the Tabu search [TR02],
the SAGE algorithm [NP96], and genetic algorithms [EH00]. Another (often quite
successful) approach is to perform a local search around some given, possibly sub-
optimal, estimate, ŝ [LHBH04].

Lattice Reduction Aided Detectors

The use of lattice reduction can improve the performance, both in terms of compu-
tational complexity as well as in terms of error probability, of many of the detectors
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considered above [AEVZ02, YW02, WLF03, WF03]. In this setting, the transmit-
ted vector is considered to be part of the integer lattice Zm. That is,

y = Hs + v

where s ∈ Zm. The benefit of taking on this view is that the system model is
invariant under transformations of s which maps Zm onto itself, i.e transformations,
T ∈ Rm×m, for which Zm = TZm. Under this transformation, the system model
may be written as

y = HTs̃ + v (1.13)

where s = Ts̃. It can also be shown that the necessary and sufficient conditions
for T to satisfy Zm = TZm are that the entries of T belong to Z and that the
determinant of T is either 1 or −1.

In (1.13) the effective channel is given by HT and as such, the matrix T adds ad-
ditional degrees of freedom which can be exploited. Further, there are efficient algo-
rithms for finding T such that HT is relatively well conditioned [LLL82, AEVZ02].

The performance of many suboptimal detectors is severely limited when faced
with poorly conditioned channel matrices. However, by applying these detectors to
the effective channel in (1.13) will drastically improve their performance [YW02].
In fact, it can be shown that a LLL lattice basis reduction [LLL82] followed by a ZF
detector applied to the effective channel in (1.13) can achieve the maximal diversity
for the case of the i.i.d. Rayleigh fading channel [TMK06]. It is also known that
by first applying a lattice reduction, the performance in terms of computational
complexity, can be improved in some cases [AEVZ02, DGC03].

1.5 Examples

In order to provide some intuition into the performance of the sphere decoder3 and
the semidefinite relaxation detector4, two numerical examples are given below. In
both examples, the detectors are evaluated numerically for the i.i.d. real valued
Rayleigh fading channel assuming a binary, S = {±1}, symbol alphabet.

Example 1.1 The Probability of Error
In order to gain insight into the error probability of the sphere decoder (which in
the example coincides with the ML detector) and the SDR detector we consider a
rather small scale example where the channel matrix, H, is generated according to
the i.i.d. real valued Rayleigh fading distribution where m = n = 4.

3The sphere decoder was for the example implemented according to the Schnorr-Euchner
search strategy with an infinitely large starting radius [AEVZ02] and with the symbol detection
ordering proposed in [WES05], see Chapter 2 for details.

4The semidefinite relaxation detector was for the example implemented as outlined in [TR02]
but using the last column approximation to obtain the estimates, see Chapter 6 for details. Note
that the gap between the ML detector and the SDR detector would have been smaller, had the
randomization approach been used.
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Figure 1.1: The SDR probability of error when H ∈ Rn×m has i.i.d. real valued
Gaussian entries, and where m = n = 4.

In Figure 1.1 the detection error probability of the ML detector and the SDR
receiver are illustrated. The error probability of the MMSE detector is also included
for reference. Although suboptimal, it can be seen that the difference between
the SDR detector and the optimal ML detector is rather small. Further, a very
important property of the SDR detector can also be seen in Figure 1.1. When
compared to the MMSE and ML detectors it can be seen that the SDR detector
behaves more like the ML detector than the MMSE detector in the high SNR
regime. Specifically, the slope of the SDR curve in log-log scale, or equivalently
the diversity order of the SDR detector, seems to be equal to that of the ML
detector. This is however not the case for the MMSE detector which can be shown
analytically [TV05] and also seen in Figure 1.1.

As stated previously, one of the contributions of this work is to analytically
establish this property for the SDR detector. Namely, to prove that when applied
to an i.i.d. real valued Rayleigh fading channel with n ≥ m the SDR detector
achieves the maximum possible diversity. This is formally proven in Chapter 8.

Example 1.2 The Computational Complexity
The computational complexity of the two algorithms was obtained as functions of
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Figure 1.2: Average number of flops required by the sphere decoder SDR algorithms
as a function of the size, m, for a fixed SNR of ρ = 10dB. The average number
of flops required by the QR factorization (the preprocessing stage) in the sphere
decoding algorithm is included for reference.

m = n by counting the average number of floating point operations (flops) required
in order to obtain the estimates, ŝ. The result is shown in Figure 1.2.

The sphere decoder is based on two stages. A pre-processing stage computing
the QR factorization of the channel matrix, H, and a search stage finding the es-
timate, ŝML. The complexity of the prepossessing stage is included for reference.
Based on Figure 1.2 it is evident that the sphere decoder is, at least for this par-
ticular setup, less computationally complex than the SDR algorithm for small to
moderately sized problems.

However, Figure 1.2 also indicates that for large m the complexity of the sphere
decoder grows exponentially (linearly on a logarithmic scale) in m. The SDR de-
tector on the other hand, has a complexity which only grows polynomially and
it follows that the SDR detector will inevitably be less computationally complex
than the sphere decoder for sufficiently large m. One of the major contributions
of this work is to establish analytically that the sphere decoder does in fact have
an exponential expected complexity, regardless of the SNR, and to compute the
asymptotic slope of the complexity curve for the sphere decoder. These are the
topics of Chapters 3 and 4.
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1.6 Outline and Contributions

As stated previously, the aim of this thesis is to provide insight into the solutions
of the detection problem provided by the sphere decoder and the semidefinite re-
laxation detector. The thesis is divided into two major parts. The first part (Part I
including Chapters 2, 3, 4 and 5) focus on the sphere decoding algorithm. The
second part (Part II including Chapters 6, 7, 8 and 9) focus on the semidefinite
relaxation detector.

The focus of Part I and Part II are somewhat different in nature. In Part I,
dealing with the sphere decoder, the main focus in on characterizing the complexity
of the algorithm. In Part II, dealing with the semidefinite relaxation detector, the
main focus in on characterizing the performance in terms of the error probability.
This difference in focus follows naturally since the questions which are relevant
and interesting are different for the two algorithms. In the case of the sphere
decoder, the error probability is well known to coincide with that of the optimal
ML detector (under a few assumptions regarding the implementation) while the
complexity of the algorithm is much less well understood. In the case of the SDR
detector, which is suboptimal, a relevant question is how suboptimal the detector is
and if bounds on the suboptimality can be given. For the SDR detector, the issue
of complexity is related to the complexity of solving convex optimizations problems
which, although non-trivial and very interesting, is much better understood [NN94,
BV04]. Therefore, we shall not herein consider the complexity of the SDR in detail.

Part I, Sphere Decoding

The first part of the thesis treats the complexity of the sphere decoding algorithm.
The sphere decoder has gained mainstream recognition in the communications lit-
erature during the last decade5 and is a widely popular approach for solving (1.3)
in a wide variety of applications. Although it is generally recognized that the worst
case complexity of the algorithm is exponential in the number of symbols detected
it has also been widely believed (and cited) that the average complexity of the
algorithm, averaged over the channel and noise realizations, is polynomial given a
sufficiently high signal to noise ratio (SNR) [DAML01, HV02, HV05a, HV05b].

Unfortunately, this claim is incorrect in the sense that given any fixed (but
arbitrary large) signal to noise ratio, the expected number of operations required
to obtain the sphere decoder estimate grows exponentially in m. This was shown
in [JO04] for the basic sphere decoding algorithm, excluding various optimizations
that have appeared in the literature.

The sphere decoding algorithm is described in Chapter 2. In Chapter 3 a slightly
stronger statement than the one in [JO04] is given regarding the sphere decoder
complexity when applied to the randomly generated channel. In essence, it is shown

5Science citation index contains 75 articles, published between 2000 and present, that (in title,
keywords or abstract) contains the phrase “sphere decoder” or “sphere decoding”. An equivalent
search on Scopus returns 229 articles.
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that for a large class of sphere decoder algorithms (including most of the optimized
versions that have appeared in the communications literature) the complexity grows
exponentially for all instances of the detection problem except for a set of instances
which occur with negligible probability. Next, in Chapter 4 the specific exponential
rate at which the expected complexity grows is obtained through the use of tech-
niques from large deviation theory [DZ98]. The work related to the sphere decoding
algorithm is then concluded and summarized in Chapter 5. The material on which
the results in Part I of the thesis are based have been previously presented in the
works listed below. The material of [JO05c] relates to the implementational aspects
of the algorithm which are not addressed directly in the thesis.

[JO04] J. Jaldén and B. Ottersten. An Exponential Lower Bound on the Expected
Complexity of Sphere Decoding. In Proc. IEEE International Conference on
Acoustics, Speech, and Signal Processing, ICASSP, May 2004.

[JO05a] J. Jaldén and B. Ottersten. On the complexity of sphere decoding in
digital communications. IEEE Transactions on Signal Processing, 53(4):1474-
1484, April 2005.

[JO05b] J. Jaldén and B. Ottersten. On the limits of sphere decoding. In Proc.
IEEE International Symposium on Information Theory, ISIT, September
2005.

[JO05c] J. Jaldén and B. Ottersten. Parallel implementation of a soft output
sphere decoder. In Proc. Asilomar Conference on Signals, Systems, and
Computers, November 2005.

Part II, Semidefinite Relaxation

The focus of the second part of the thesis is on the performance of the semidefinite
relaxation detector in terms of error probability. The SDR detector was introduced
in the context of CDMA [TR01, MDW+02, ANJM02, WLA03] but is applicable
also in other scenarios although it has received much less attention than the sphere
decoder.

The performance of the SDR detector has previously been addressed in terms of
the tightness of the semidefinite relaxation. Roughly speaking, as part of the SDR
detector a lower bound on the optimal value of (1.3) is obtained. The tightness
of the relaxation is defined as the (possibly normalized) gap between the optimal
value of (1.3) and the lower bound provided by the relaxation. Whenever the gap
is identically equal to zero we say that the relaxation is tight and in this case it is
known that the SDR estimate will coincide with the optimal ML estimate. There are
worst case bounds on the tightness of the relaxation [Nes97] but unfortunately these
are too loose to explain the experienced performance of the SDR when applied in the
communications context. In [MDW+02] it was shown that several other suboptimal
detectors may be viewed as further relaxations of the SDR detector, a result which
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speaks in favor of the SDR detector. Probabilistic bounds on the tightness of SDR
has also been obtained in [KL05]. However, it is not straightforward to extend
the results regarding the tightness of the relaxation to results bounding the error
probability of the detector.

The SDR detector is described in detail in Chapter 6. The contribution relating
to the SDR detector can be found in Chapters 7 and 8. Specifically, in Chapter 7
we completely characterize under what conditions the relaxation is tight. Next, in
Chapter 8 we derived the diversity of the SDR detector and prove that the SDR de-
tector (under some specific assumptions) achieves the same diversity as the optimal
ML detector. Further, by doing so, we provide one of the strongest performance
guarantees available for the SDR detector when applied in the communications
context. The analysis of the SDR detector is concluded in Chapter 9.

The material relating to Part II (excluding Section 7.3 which contains an un-
published result) has previously been presented (or been submitted for possible
publication) in the works listed below. The material in [JO06c] relates to the im-
plementation of the SDR detector which is not explicitly discussed in the thesis.

[JMO03] J. Jaldén, C. Martin and B. Ottersten. Semidefinite programming for
detection in linear systems – optimality conditions and space-time decoding.
In Proc. IEEE International Conference on Acoustics, Speech, and Signal
Processing, ICASSP, April 2003.

[JOM05] J. Jaldén and B. Ottersten and W.-K. Ma. Reducing the average com-
plexity of ML detection using semidefinite relaxation. Proc. IEEE Inter-
national Conference on Acoustics, Speech, and Signal Processing, ICASSP,
September 2004.

[JO06a] J. Jaldén and B. Ottersten. The diversity order of the semidefinite relax-
ation detector. Submitted to the IEEE Transactions on Information Theory,
July 2006.

[JO06b] J. Jaldén and B. Ottersten. High Diversity Detection using Semidefinite
Relaxation. In Proc. Asilomar Conference on Signals, Systems, and Com-
puters, October 2006. To appear.

[JO06c] J. Jaldén and B. Ottersten. Channel dependent termination of the
semidefinite relaxation detector. In Proc. IEEE International Conference
on Acoustics, Speech, and Signal Processing, ICASSP, May 2006.

Contributions Outside the Scope of the Thesis

In this section, some of the authors contributions relating to the field of digital
communications which does not fall within the scope of the thesis are briefly pre-
sented.
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On the Random Coding Exponents for Coded MIMO Systems

In an effort to analyze the value of space-time block codes in multiple antenna
systems using a strong outer error protecting code the error exponent [Gal68] of
such as system was computed. By doing so, the effect of the inner space-time block
code on the overall performance could be investigated. This work was presented in,

[JSO04] J. Jaldén, M. Skoglund, and B. Ottersten. On the random coding ex-
ponent of multiple antenna systems using space-time block codes. In Proc.
IEEE International Symposium on Information Theory, ISIT, July 2004.

On the Implementation of MIMO Systems

In order to address the implementation details and proving feasibility of multiple
antenna MIMO systems a 2 by 2 MIMO system was implemented. The implemented
system used spatial multiplexing and adaptive rate trellis coded modulation to
achieve a spectral efficiency exceeding 15 bps/Hz in a realistic indoor environment.
Further, partly due to the relatively simple hardware used, a large part of these
performance gains could be attributed to the signal processing algorithms used in
the receiver. This work was presented in,

[ZJL+04] P. Zetterberg, J. Jaldén, H. Lundin, D. Samuelsson, P. Svedman, and X.
Zhang. Implementation of SM and RxTxIR on a DSP-based wireless MIMO
test-bed. In The European DSP Education and Research Symposium EDERS,
November 2004.

[SJZO06] D. Samuelsson, J. Jaldén, P. Zetterberg, and B. Ottersten. Realiza-
tion of a spatially multiplexed MIMO system. EURASIP Journal on Applied
Signal Processing, 2006.

On the Performance of the Fixed Complexity Sphere Decoder

The fixed complexity sphere decoder (FSD) was introduced in [BT06a, BT06b,
BT06c] to overcome some of the problems facing the original sphere decoder in
relation to its hardware implementation. Specifically, it addressed the variable
complexity of the sphere decoder and the sequentiality of certain parts of the sphere
decoder algorithm which made a pipelined implementation difficult. The FSD can
in essence be described as a partial search through the constellation set Sm using
a specific detection (or search) ordering. In [BT06b] it was shown that the FSD
achieves maximal diversity when applied to the 2 by 2 i.i.d. Rayleigh fading multiple
antenna channel.

Interestingly, the diversity of the detector could be established also for arbitrar-
ily size MIMO systems by appealing to some result from linear algebra relating to
the eigenvalues of principal sub-matrices [HJ85]. In addition, a stronger statement



20 CHAPTER 1. INTRODUCTION

than full diversity could be proved. Specifically, it was shown that

lim
σ2→0

P (ŝFSD 6= s)

P (ŝML 6= s)
= 1 ,

which implies that the coding loss experienced by the FSD detector in the high
SNR regime is negligible. Further, the worst case complexity of the detector is at
most O(|S|

√
m) when n = m (and lower for n > m). This work has been submitted

in order to be considered for publication in,

[JBOT07] J. Jaldén, L. G. Barbero, B. Ottersten, and J. S. Thompson. Full
Diversity Detection in MIMO Systems with a Fixed-Complexity Sphere De-
coder. In Proc. IEEE International Conference on Acoustics, Speech, and
Signal Processing, ICASSP, 2007. Submitted.
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Sphere decoding
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Chapter 2

The Sphere Decoding Algorithm

The sphere decoder (also known in the communications literature as the sphere
demodulator and universal lattice decoder) address the computationally difficult
optimization problem in (1.3) by performing a constrained search among the pos-
sible transmitted symbol vectors. It can also be interpreted as a particular in-
stance of the branch and bound algorithm. The underlying principles of the sphere
decoder were originally developed for finding vectors of short length in lattices
[Poh81, FP85]. This lattice problem is encountered in a wide range of areas includ-
ing for example problems in lattice design, Monte Carlo second-moment estimation
and cryptography, see [AEVZ02]. The sphere decoder was first applied to the ML
detection problem (as it appears in the communications context) in the early 90’s
[Mow92, VB93, Mow94], but gained main stream recognition with a later series of
papers [VB99, DCB00]. The historical background as well as state of the art im-
plementations are covered in two semi-tutorial papers [AEVZ02, DGC03]. A recent
review of many possible extensions and improvements over the original algorithm
is also provided in [MGDC06] under a unified framework which contains virtually
all previously proposed implementations as special cases.

The algorithm has also been studied under many different communications sce-
narios. Examples include [VH02] which focus on the multiple antenna channel,
[BB03] with focus on the CDMA scenario, and [HB03] where the sphere decoder is
extended to generate soft information required by concatenated coding schemes.

The main focus of this work is on characterizing the complexity of the sphere
decoding algorithm when applied to a random channel. The complexity of the al-
gorithm has previously been addressed in [FP85, AEVZ02] and in [HV05a, HV05b].
In [FP85, AEVZ02] upper bounds on the complexity of the algorithm are attained
under a worst case point of view. However, by the nature of the worst case scenar-
ios, the performance guarantees obtained are rather pessimistic and the perceived
performance is usually much better than what is suggested by these bounds. We
shall herein take an approach which more closely resembles the approach taken
in [HV05a, HV05b]. In [HV05a, HV05b] the authors study the average complexity
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under a suitable random model (the i.i.d. Rayleigh fading channel assumption) and
derive closed form expressions for the average complexity.

Based on the results in [HV05a, HV05b] the authors of these papers claim that
the average (or expected) complexity is only polynomial in the high SNR regime.
These claims have also been adopted by the communications community and are
widely cited. However, unfortunately the claims are overly optimistic and under
a strict definition of polynomial complexity they are (as will be shown) incorrect.
It can in fact be shown that the average number of operations required by the
algorithm tend to infinity at an exponential rate with increasing problem size,
see [JO05a, JO05b] and Chapters 3 and 4.

In what follows, we discuss the basic sphere decoder algorithm and some of its
various improvements. Then, in Chapter 3, a probabilistic lower bound on the com-
plexity of a large class of sphere decoder algorithms is given for the i.i.d. Rayleigh
fading channel and in Chapter 4 asymptotically tight upper and lower bounds on
the average complexity are provided under some simplifying assumptions regarding
the specific sphere decoder implementation. Throughout these chapters we will
exclusively consider the exclusively consider the complex case, i.e. F = C, although
the extensions to the real valued case are trivial.

2.1 The Basic Algorithm

As stated in the introduction, the sphere decoding algorithms solves the ML detec-
tion problem,

ŝML = arg min
ŝ∈Sm

‖y − Hŝ‖2,

by searching over a (small) subset of Sm known to contain ŝML. In order to in-
troduce the sphere decoder consider the QR-factorization of the channel matrix,
i.e. QR = H where R ∈ Cm×m is upper triangular and Q ∈ Cn×m has orthogonal
columns of unit norm. In the basis given by the columns of Q the data model
in (1.1) can equivalently be written as

x = Rs + w (2.1)

where x = QHy and w = QHv. Further, due to the invariance of the Euclidean
norm under unitary rotations, the ML detection problem can equivalently be writ-
ten as

ŝML = arg min
ŝ∈S

‖x − Rŝ‖2 (2.2)

in this new basis. The main difference between (2.2) and (1.3) is that R, by
construction, is upper triangular. The sphere decoder solves (2.2) by searching
over all vectors, ŝ ∈ Sm, satisfying a spherical constraint on the form

‖x − Rŝ‖2 ≤ r2 . (2.3)

In what follows, r will be referred to as the search radius for the obvious reason. It
is straightforward to see that if r is sufficiently large, at least one vector, ŝ ∈ Sm,
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satisfies (2.3) and the sphere decoder will obtain the ML estimate. Naturally, it is
not practically feasible to verify (2.3) for every ŝ ∈ Sm as this would require a com-
plexity equal to the original brute force ML approach. Instead, the sphere decoder
finds all ŝ ∈ Sm satisfying (2.3) through a constrained tree search [MGDC06].

To this end, note that

‖x − Rŝ‖2 =

m∑

i=1

|xi −
m∑

j=i

rij ŝj |2 ≤ r2

where rij , xi, and ŝj are the (i, j)th entry of R, ith entry of x and the jth entry of
ŝ respectively. Thus, a sufficient condition for (2.3) to be satisfied is given by

m∑

i=m−k+1

|xi −
m∑

j=i

rij ŝi|2 ≤ r2 (2.4)

for k = 1, . . . ,m. Due to the triangular structure of R, (2.4) is only a constraint
on sm−k+1, . . . , sm. In particular, if k = 1, (2.4) is equivalent to

|rmmŝm − xm|2 ≤ r2 ⇔ |ŝm − zm| ≤ r−1
mmr (2.5)

where zm , r−1
mmxm is the unconstrained least squares estimate of ŝm. In other

words the admissible, in the sense that (2.4) is not violated, values of ŝm belong to
a sphere of radius r−1

mmr, centered at zm.
Similarly, for k = 2, . . . ,m (2.4) is equivalent to

|ŝm−k+1 − zm−k+1| ≤ r−1
m−k+1,m−k+1

√
√
√
√r2 −

m∑

i=m−k+2

|xi −
m∑

j=i

rij ŝi|2 (2.6)

where

zm−k+1 ,xm−k+1 −
m∑

j=m−k+2

rm−k+1,j ŝj (2.7)

is the unconstrained least squares estimate of ŝm−k+1 given ŝm−k+2, . . . , ŝm. An
implicit assumption is naturally that the term appearing in the square root on the
righthand side of (2.6) is positive. In the case that it is not positive, there are no
ŝm−k+1 that satisfy (2.4).

The above bounds suggest an iterative (or recursive) approach for solving (2.2),
and thus also the original ML detection problem in (1.3), by enumerating the
admissible values of ŝm which satisfied (2.5). Each admissible value of ŝm yield
a set of admissible values for ŝm−1 through (2.6). Similarly, given ŝm−1 and ŝm, a
new set of admissible values for ŝm−2 is obtained and so on.

The sphere decoding algorithm can be illustrated as a tree search procedure
using (2.4) as a pruning criteria to reduce the search. In the tree search analogy, a
sequence of symbol decisions, {ŝm−k+1, . . . , ŝm} corresponds to a node of the search
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Figure 2.1: Example illustrating the sphere decoder search tree. Nodes visited by
the algorithm are shown in black.

tree at the kth level, counting from the root of the tree which by default is at the 0th
level. Any full sequence {ŝ1, . . . , ŝm} is referred to as a leaf node and corresponds in
the obvious way with a symbol estimate, ŝ, satisfying (2.3). The algorithm search
in a structured manner all nodes that satisfy (2.4) and when complete, the entire
set of symbol estimates, ŝ, satisfying (2.3) will have been generated. The symbol
estimate, ŝ, yielding the smallest criterion value according to (2.2) is equal to the
ML estimate. Note also that there is no possibility that the ML estimate does not
belong to the set of leaf nodes visited by the algorithm (assuming there are some
leaf nodes visited). This follows since the bound in (2.3) assures that nodes not
visited have a larger criterion than the optimal, ML, estimate.

Example 2.1 The Search Tree
An example of the search tree generated by the sphere decoder is given in Figure 2.1
for the case where m = 3, S = {±1}, and r2 = 3 and where x and R in (2.2) are
given by

x =





0
3.8
−1.1



 , and R =





0.4 −1.2 −2.7
0 0.5 −2.7
0 0 0.6



 .

Each candidate message, ŝ ∈ S3, is indicated by a leaf node in the tree. The metric
of each node, given by the left hand side of (2.4), is indicated by the number to the
right of each node. Each node with a metric less than r2 is included in the search
and indicated in black. White nodes are not visited by the SD algorithm. The ML
estimate, ŝML =

[
−1 +1 −1

]
, has an objective value of 1.82 in (2.2) which is

also the smallest node value.
By moving down the tree until the sphere constraint in (2.4) is violated or until

the bottom of the tree is reached, then moving back up to adjust previous decisions
and proceed down other branches, the SD algorithm will eventually have visited
all nodes satisfying (2.4). As the number of nodes visited in Figure 2.1 is less than
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the total number of nodes in the full tree, it follows that the SD algorithm is less
complex than the brute force search over all nodes.

As indicated by Example 2.1 the complexity of the algorithm is proportional
to the number of nodes that are visited by the tree search. The total number of
nodes visited is however typically much larger than the number of leaf nodes visited
meaning that it is the recurring verification of (2.4) which accounts for the larger
part of the complexity of the algorithm, not the final number of estimates in the
search sphere given by (2.3). However, the total number of nodes visited is usually
much smaller than the set of all symbol vectors, Sm, which implies that the sphere
decoder is of substantially lower complexity than the brute force search.

The complexity analysis in Chapter 3 will indicate that by requiring that the
sphere decoder visits at least one leaf node (which is essential if the sphere decoder
should find an estimate, ŝ) it will also follow that the search tree is left unpruned up
to some fraction γ ∈ (0, 1] of the total search depth. This will however unfortunately
imply that the number of nodes visited by the algorithm also grows exponentially
fast, albeit with smaller exponent than the full search over |S|m.

2.2 Algorithm Improvements

So far not much has been said regarding the choice of search radius, r, and the
order in which the nodes of the tree are searched. In the case of the search radius it
is clear that the radius should be chosen as small as possible, without risking that
the search sphere is empty. Regarding the order in which the nodes are searched
there is nothing to be gained if the radius, r, is kept constant. This is since the
number of nodes in this case is not dependent on the order in which the nodes are
searched. However, an immediate improvement over the basic algorithm described
is Section 2.1 is to adapt the search radius to tangent the current best estimate ŝ.
That is, whenever a leaf node, ŝ, is visited during the search the radius parameter
is updated according to

r2 = ‖x − Rŝ‖2

before the search continues. By reducing the search radius the number of nodes
visited by the algorithm is consequently also reduced. It should also be mentioned
that it is relatively straightforward to perform such an update without having
to restart the search [DGC03]. However, unlike the fixed radius search case, the
search order will in this case affect the number of nodes visited in the tree and
should be performed optimally in some sense. The search ordering now favored by
most authors in the communications literature is referred to as the Schnorr-Euchner
(SE) [SE94] search ordering and is described below.

The Schnorr-Euchner Search Order

The philosophy of the SE search order is to quickly find good estimates, ŝ, and
by doing so quickly reduce the search radius. The SE search ordering performs a
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depth first search of the search tree, at each level k selecting the admissible symbol
estimates, ŝm−k+1, according to an increasing distance from the unconstrained least
squares estimate zm−k+1 given in (2.7). This strategy was first proposed in [SE94]
(see also [AEVZ02]) and rediscovered in [CL02].

As such, the SE search ordering represents a greedy approach which at each
level, k, of the search tree first selects the symbol estimate ŝm−k+1 that minimize
the metric on the left hand side of (2.4). The benefit of this approach is that the
first leaf node visited by the algorithm corresponds to the ZF-DFE estimate (also
referred to as the Babai estimate [AEVZ02]) of the transmitted message. Since the
ML metric in (1.3) is fairly small for the ZF-DFE estimate the search radius will
immediately be set to a small value which limits the complexity of the search, even
if the initial search radius was chosen very large or even infinite. This implies that
the complexity of the algorithm when using the SE search ordering is not affected
by the initial search radius (assuming here that the ZF-DFE is contained within
the search sphere) and the problem of selecting an appropriate search radius is
effectively eliminated. Further, by setting the initial search radius infinitely large
the sphere decoder is guaranteed to obtain the ML estimate.

The original paper by Fincke and Pohst [FP85] considered the case of real valued
vectors, matrices and (integer) symbols. In this case, there is a natural ordering of
the elements between the lower and upper bound on the admissible symbols, ŝm−k+1

given by (2.4). The natural ordering (which would be to investigate the branches
expanding from a node in Figure 2.1 from left to right) is commonly referred to
as the Pohst strategy in the communications literature [AEVZ02]. Although the
adaptive radius update procedure is also applicable to this case the benefit of the
radius updates is not as significant. Also, it is recognized in the literature that
the SE ordering strategy is typically far superior to the Pohst strategy [AEVZ02,
DGC03].

An Incremental Radius

The Pohst and SE orderings both assume that the tree is searched in a depth
first fashion. However, it is also possible to perform the search of the tree in
other fashions, see [MGDC06] where virtually every conceivable search procedure
is elegantly put into a unified framework and where the relative merits of different
procedures are discussed.

A particularly interesting search procedure for the sphere decoder was proposed
in [XWZW04], see also [MGDC06] where an equivalence between this procedure and
the stack decoder [Jel69] is established. As with the previous procedures, this search
procedure is initiated at the root node. However, instead of searching three in the
depth first fashion, the nodes in the search tree are visited in increasing order subject
to the criterion on the left hand side of (2.4). The benefit of this search procedure is
that the search can be terminated as soon as a leaf node is encountered since the first
leaf node encountered is guaranteed to be the leaf node corresponding to the ML
decision, ŝML. In fact, it can also be shown that this search procedure will visit the
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smallest set of nodes of all search procedures guaranteed to obtain at least one leaf
node, i.e. search procedures which obtain the ML decision [XWZW04, MGDC06].
It is fairly straightforward to show that the set of nodes generated by this approach
is exactly the same set of nodes that would be visited by a sphere decoder employing
a fixed search radius, tangent to the objective value of the actual ML estimate.

This search procedure is referred to as the increasing radius (IR) search pro-
cedure as it may be viewed as a sphere decoder where the radius is incrementally
increased in order to tangent the objective value of the currently searched node.
Of course, under such a search procedure the sphere radius is more of a conceptual
idea rather than an effective pruning criteria and the term sphere decoder may be
slightly misleading.

The penalty of this approach is that there is a significant increase in complexity
associated with finding the next node to be searched. Also, the previous search
procedures discussed can be easily implemented without actually storing the search
tree in memory. This is unfortunately not the case for the IR procedure where at
least part of the search tree, or more precisely a list of active nodes [MGDC06], must
be stored in memory. Thus, in a sense, the IR procedure trades time complexity
for space complexity. An interesting, and most likely challenging, topic for future
research which remains to be investigated is how the size of the list of the IR sphere
decoder grows with the problem size.

Channel Matrix Preprocessing

In the preceding discussion it was implicitly assumed that the symbol decisions in
the tree search are made starting with the last symbol in ŝ, i.e. sm. This is however
not necessary, and often not even desirable. For and arbitrary permutation matrix,
Π ∈ Rm×m, the optimization problem given by

min
ŝ∈Sm

‖y − HΠŝ‖2 (2.8)

is equivalent to the original ML detection problem in (1.3) in the sense that the
solution of (1.3) is easily obtained from the solution of (2.8). Specifically, if s̄ is
the minimizer of (2.8), then ŝML = Π−1s̄.

Applying the sphere decoder to (2.8) with HΠ as the channel matrix effectively
yields an alternative detection ordering, as given by Π. By applying the QR factor-
ization on HΠ, i.e. such that QR = HΠ, the effective upper triangular matrix R

depends on the choice of Π. The concept of permuting the columns of H by right
side multiplication by Π will in what follows be referred to as channel matrix pre-
processing [DGC03] or detection ordering. Note also that the detection ordering is
different to the search ordering discussed above and that the strategy for detection
ordering and search ordering can be applied independent of each other.

As stated, by the introduction of detection ordering the structure of the R

matrix in (2.2) is affected. Naturally, a desirable choice of Π is one which reduces
the complexity of the decoder, or equivalently the number of nodes in the search
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tree. It has been shown [SW05] that the optimal (in the sense that the number of
searched nodes is minimized) detection order, Π, must be a function of both the
channel matrix H as well as the vector of received values, y. However, finding this
optimal detection ordering, Π, does not seem to be tractable.

Instead, heuristic approaches are used in practise. There are a few suggestions
for detection orderings which take both the channel matrix, H, as well as the vector
of received signals, y, into account [WMPF03, SW05]. However, more frequently,
the detection ordering is based on the channel matrix alone. Such a strategy has
the additional advantage that the channel matrix preprocessing has to be done
once when dealing with a constant (deterministic) channel or less frequently when
channel matrix remains constant for several realizations of y, a situation typically
encountered when detecting symbols transmitted over slowly fading wireless chan-
nel [DGC03, TV05].

Intuitively, it is beneficial to make the admissible range for any intermediate
symbol, ŝi, as small as possible. From (2.6) it is evident that this may be (par-
tially) accomplished by attempting to maximize the diagonal elements of R. Also,
the greatest benefit of such a strategy is gained if the search tree is heavily pruned
near the root node which corresponds to trying to maximize the diagonal elements
near the lower right corner of R. A simple such strategy is the column norm or-
dering [DGC03] which simply sorts the columns of H in increasing order of their
Euclidean norm. However, this strategy has usually only limited effectiveness as
it does not take the angle between the columns into account and nearly parallel
columns may result in a small value along the diagonal of R. A more effective
(and probably the most widely used) approach is to maximize the minimum di-
agonal element of R. This approach is often referred to as the V-BLAST optimal
ordering [FGVW99, DGC03] and results in an ordering which can also be efficiently
computed [WFGV98, Has00].



Chapter 3

Sphere Decoder Complexity

In this chapter, we take a first look at the complexity of the sphere decoder. As
noted, the complexity of the SD has also been studied previously in the litera-
ture [FP85, AEVZ02, HV05a]. We shall herein take a somewhat different, and
perhaps more pessimistic, view and instead of considering upper bounds on the
complexity consider a lower bound. We will adopt the modeling assumptions used
in [HV05a] and consider the complexity to be a random variable, dependent on the
realization of the detection problem in (1.3).

The phrase complexity will in what follows explicitly refer to the number of nodes
(as they appear in Figure 2.1) that are visited by the sphere decoder during the tree
search phase. The number of numerical operations required to find the detection
order, Π, in (2.8) and to obtain the initial search radius, r, is not considered. Note
that the complexity in this sense is a random variable with a distribution induced
by the statistics according to which problem instances are generated as well as
the specific implementation of the sphere decoder. Further, we will by expected
complexity mean the expected (or average) number of nodes visited, where the
expected value is obtained by averaging over the channel and noise realizations as
well as the transmitted message.

In [FP85] the authors prove that the complexity of the sphere decoder is at most

O
((

1 +
m− 1

⌊4dr2⌋

)⌊4dr2⌋)

(3.1)

where d−1 is a lower bound on the squared diagonal values of R in (2.2). The
authors also point out that for a fixed d and r2, (3.1) is polynomial in m. How-
ever, when considering random instances of the detection problem there are no
(deterministic) lower bounds on the diagonal values of R. Further, and definitely
more problematic, the assumption regarding r2 being independent of m is, as shall
be seen in Section 3.1, not realistic for the problems considered herein. We will
therefore not consider (3.1) further.
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As previously stated, several versions of the sphere decoder have appeared in
the literature. Many of these differ only in how the search radius, r, and the
permutation matrix, Π, are chosen. Naturally, the complexity of the algorithm will
also depend on how these are chosen. In an effort to remain as general as possible
we shall in this chapter only consider the detection ordering and search radius to be
some (measurable) functions of the data available to the detector, i.e. Π = Π(H,y)
and r = r(H,y). No restriction will be placed on the computational efforts required
to obtain Π and r. The analysis will however be restricted to the case where the
channel matrix, H ∈ Cn×m, is generated according to the i.i.d. Rayleigh fading
channel model.

From (2.3) it can be seen that the number of nodes, N , visited by the sphere
decoder can be made arbitrary low by allowing the search radius to be arbitrarily
small. However, setting r too small will also have as a consequence that no vector
of transmitted symbols, ŝ, will satisfy the constraint in (2.3) and thus the detector
will not obtain an estimate. Therefore, an implicit constraint on the search radius
is that it is large enough for at least one point to be found within the search sphere.
Let r̄ be defined according to

r̄, min
ŝ∈Sm

‖x − Rŝ‖ . (3.2)

We shall assume that r = r(H,y) is such that r ≥ r̄. It should also be noted that
when the sphere decoder is implemented with an adaptive radius, such as in the
Schnorr-Euchner implementation of the sphere decoder, this lower bound is valid
throughout the entire search.

However, before exploring the lower bound on the sphere decoder complexity in
Section 3.2, we shall consider the statistics of r̄ (defined as in (3.2)) in Section 3.1.

3.1 The Search Radius

Let r̄ be given as in (3.2). Then, as previously stated, r ≥ r̄ is an implicit lower
bound on the search radius for any sphere decoder implementation which actually
obtains the ML estimate. The purpose of this section is to derive a probabilistic
lower bound on r̄, and thus also on r. The main result is stated by Theorem 3.1.

Consider again the equivalent data model in (2.1) for QR = HΠ where Π is
the detection ordering. The squared distance from the vector of received signals, x,
to the noise-free output corresponding to the transmitted signal, i.e. Rs, is given
by

‖x − Rs‖2 = ‖w‖2 = ‖QHv‖2 .

In the above, the equivalent noise, w, is not necessarily independent and Gaussian
as the matrix Q ∈ Rn×m may be dependent on v through the detection ordering
Π = Π(H,v). However, the squared length, ‖w‖2, is given by the squared length of
the projection of v onto the range of H and will thus not depend on the particular
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detection ordering. Therefore we have E
{
‖w‖2

}
= σ2m and also

lim
m→∞

P
(
‖w‖2 ≤ κσ2m

)
= 0

for any κ < 1. Thus, the squared distance to the transmitted point will essentially
grow linearly with increasing problem size. This observation served as a basis for
the complexity analysis of [HV05a]. It is therefore also natural to assume that the
distance to the closest point will grow linearly with m. We end this section by
giving a rigorous proof of this statement which holds for any distribution of H as
long as the constellation, S, is finite. Thus, in light of Theorem 3.1 it follows that
any sphere decoder implementation where r is fixed, and independent of m, will
have a vanishing probability of actually finding the ML estimate.

Theorem 3.1. For any κ ∈ (0, |S|−1), the distance to the closest constellation
point, r̄, satisfies

lim
m→∞

P
(
r̄2 ≤ κσ2m

)
= 0

where r̄ is given in (3.2).

Proof: Note that the distance to the closest constellation point is not affected by the
detection ordering so the theorem can without loss of generality be proved under
the assumption that Π = I. Now, the idea behind the proof is to show that with
a high probability all constellation points are far away from the received point,
x = QHy. To this end choose some κ ∈ (0, |S|−1) and ǫ > 0 such that κ|S|eǫ < 1.
Let V be the set vectors in Cm which are close to a constellation point, i.e.

V ,{x ∈ Cm | ∃ŝ ∈ S ‖x − Rŝ‖2 ≤ κσ2m}

and note that x ∈ V is equivalent to the statement

‖x − RŝML‖2 ≤ κσ2m

where ŝML is the ML estimate in (2.2). Since V is the union of |S|m spheres in Cm

of squared radius r2 = κm the volume of V is upper bounded as

vol(V) ≤ πm(κσ2m)m

m!
|S|m

where the first term in the product is the volume of one such sphere. Further, let
M be defined by

M,{x ∈ Cm | ‖x − Rs‖2 ≥ (1 − ǫ)σ2m}

where s ∈ Sm is the transmitted message, not necessarily equal to ŝML due to the
possibility of an ML detection error. Note that from (2.1) it follows that

lim
m→∞

P (x ∈ Mc) = 0 (3.3)
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due to the law of large numbers since

lim
m→∞

m−1‖x − Rs‖2 = lim
m→∞

m−1‖QHv‖2 = σ2 w.p.1.

Now consider the probability density function of x, i.e.

fx(x) =
1

πmσ2m
e−

1
σ2 ‖x−Rs‖2 ≤ 1

πmσ2m
e−(1−ǫ)m , f̄x

for any x ∈ M. The above bound implies that

P (x ∈ V ∩M) =

∫

V∩M
f(x)dx ≤

∫

V∩M
f̄xdx

≤
∫

V
f̄xdx = f̄xvol(V) ≤ (κσ2|S|eǫ)mmme−m

m!
.

However, since by Stirling’s approximation formula [Dur96]

lim
m→∞

mme−m
√

2πm

m!
= 1

and since (κσ2|S|eǫ) < 1 by assumption it follows that

lim
m→∞

P (x ∈ V ∩M) = 0 . (3.4)

Therefore, by using

P (x ∈ V) =P (x ∈ V ∩M) + P (x ∈ V ∩Mc)

≤P (x ∈ V ∩M) + P (x ∈ Mc)

combined with (3.3) and (3.4) it follows that

lim
m→∞

P (x ∈ V) = 0 . (3.5)

This implies that the closest constellation point, RsML, will lie at least a squared
distance of κσ2m away from the received point, x, with a probability which tend
to 1 as m grows. This concludes the proof. �

3.2 Algorithm Complexity

In this section a probabilistic lower bound on the number of nodes visited by the
sphere decoder is given. In essence, it will be shown that regardless of how the
detection ordering and search strategy are chosen (as long as there is at least one
point in the search sphere) all but a vanishingly small set of instances of the detec-
tion problem has a complexity that grows exponentially in the number of symbols
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jointly detected. By this it also follows that the expected complexity grows expo-
nentially. Note also that the result does not rely on the power of the noise, σ2,
and therefore contradicts the previous belief that the expected complexity would
be polynomial at high a SNR [HV05a, HV05b].

First of all, a definition of the number of nodes visited by the sphere decoder
will be given. To this end, we shall adopt a somewhat more compact version of
(2.4). Note that (2.4) can be expressed as

‖xk − Rkŝk‖2 > r2 (3.6)

for ŝk ∈ Sk, where xk is the vector containing the last k components of x and
where Rk is the k by k lower right corner of R. The set of nodes enumerated at
any depth, k, of the search tree of size m is given by

Rk ,{ŝk ∈ Sk | ‖xk − Rkŝk‖2 ≤ r2}. (3.7)

Thus, the total number of nodes visited by the sphere decoder in the pruning
process, obtained by summing the nodes at each level, is given by

N =

m∑

k=1

|Rk| (3.8)

where | · | indicates the size, or cardinality, of the set. We shall, as previously
stated, refer to N as the complexity of the sphere decoder and simply note that
N provides a lower bound on the number of numerical operations required by the
decoder since the verification of (2.4) requires at least one operation. The main
result of this section is that N will grow exponentially in m which is formalized by
Theorem 3.2.

The underlying idea behind Theorem 3.2 is that the search tree will remain
intact up to some fraction, a ∈ (0, 1), of the total depth. As the tree at depth
k = am (ignoring here that k must be an integer) contains roughly |S|k = |S|am

nodes the result will follow for any γ < a ln |S|. As Theorem 3.1 already provides
a probabilistic lower bound on the squared search radius, r2, given by κσ2m it is
necessary to show that by selecting a > 0 sufficiently small the left hand side of
(3.6) will be upper bounded by κσ2m, regardless of which detection ordering is
employed.

Theorem 3.2. Let N be the number of nodes visited by the sphere decoder where the
statistics of Nm are induced by the channel fading and the functions r = r(y,H) ≥
r̄2 and Π = Π(y,H). Then there exists a constant, γ > 0, such that

lim
m→∞

P (N ≥ eγm) = 1. (3.9)

Further, γ = γ(ρ,S) can be chosen as a function of ρ and S, independent of the
particular choice of r and Π.
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Proof: Throughout the proof it is convenient to use the equivalent data model
(similar to in (2.1)) given by

x = Rs̃ + w (3.10)

where QR = HΠ, where s̃,Π−1s, x,QHy and w ,QHv. It is important to
realize that the distributions of s̃ and w may be different from those of s and v.
This is because the permutation, Π, may depend on y which in turn is a function of
s and v. For example, the symbols of s̃ may be correlated with each other, w may be
non-Gaussian and s̃ and w may be statistically dependent. Following the previous
notation, s̃k and wk will denote the vectors composed of the last k components of s̃

and w respectively. Note that while ‖w‖2 has the same distribution as if Π would
have been fixed, the distribution of ‖wk‖2 will depend on the particular Π used.

This said, let k be the sequence given by

k,⌊am⌋ (3.11)

for some a ∈ (0, 1) and where ⌊am⌋ is the floor operator, i.e. the largest integer less
than am. In order to prove the theorem it is sufficient to show the existence of a
constant a > 0 for which

lim
m→∞

P
(
Rk = Sk

)
= 1 (3.12)

since by (3.8) the complexity, N , is given by

N ,

m∑

i=1

|Ri| ≥ |Rk|.

That is,
N ≥ |S|k ≥ |S|am−1

whenever Rk = Sk. Note also that |S|am−1 > eγm for any γ < a ln |S| and
sufficiently large m.

Turning the attention to the definition of Rk in (3.7), i.e.

Rk ,{ŝk ∈ Sk | ‖xk − Rkŝk‖2 ≤ r2},
the event that Rk = Sk occurs whenever the inequality

‖xk − Rkŝk‖2 ≤ r2 (3.13)

is satisfied for all ŝk ∈ Sk. In order to obtain a simpler, but sufficient, condition
for (3.13) note that

‖xk − Rkŝk‖
(a)
=‖Rk(s̃k − ŝk) + wk‖
(b)

≤‖Rk(s̃k − ŝk)‖ + ‖wk‖
(c)

≤‖Rk‖2‖s̃k − ŝk‖ + ‖wk‖
(d)

≤‖H‖2‖s̃k − ŝk‖ + ‖wk‖ .
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In the above; (a) is due to (3.10); (b) is due to the triangle inequality; (c) is a
property of the maximum singular value (which is equal to ‖Rk‖2)); and (d) follows
since ‖Rk‖2 ≤ ‖H‖2. Note that ‖Rk‖2 ≤ ‖H‖2 follows since Rk is a sub-matrix of
QHHΠ and since Q and Π are unitary matrices.

Whenever r2 ≥ κσ2m it is sufficient that

‖H‖2
2‖s̃k − ŝk‖2 ≤ κσ2m

4
∀ ŝk ∈ Sk (3.14)

and

‖wk‖2 ≤ κσ2m

4
(3.15)

for (3.13) to hold. In what follows we argue that both (3.14) and (3.15) are satisfied
with high probability, as long as a is chosen sufficiently small.

By the i.i.d. Rayleigh fading assumption on H it follows [TV04, Theorem 2.37]
that

lim
m→∞

‖H‖2
2 = τ w.p.1. (3.16)

where τ ,(1 +
√
β)2 and β is the limit of m/n. Further, since S is a finite set there

is some constant, ξ, such that

max
s̃,ŝ∈S

|s̃− ŝ|2 ≤ ξ

which implies that
max
ŝk∈Sk

‖s̃k − ŝk‖2 ≤ ξk ≤ ξam.

Therefore,
lim

m→∞
P
(
‖H‖2

2‖s̃k − ŝk‖2 ≤ τξam ∀ŝk ∈ Sk
)

= 1

which implies that (3.14) is satisfied with high probability as long as a > 0 is chosen
such that τξa ≤ 1

4κ.
Next, consider (3.15). If it were not for the permutation, Π, the vector wk

would be Gaussian which would have as a consequence that

lim
m→∞

1

m
‖wk‖2 = aσ2 w.p.1

and the desired result would follow directly. However, as outlined previously the
dependence between Π and v, may affect this. However, a somewhat loser bound,
still adequate for our purposes, is given by Lemma 3.3 in the appendix. Specifically,
for some sufficiently large c > 0 it holds that

lim
m→∞

P
(
‖wk‖2 ≤ c

√
aσ2m

)
= 1 . (3.17)

From (3.17) it can be seen that by choosing a such that c
√
aσ2 ≤ 1

4κ (3.15) holds
with a probability which tends to one with increasing m. Thus, for sufficiently
small a > 0 it will hold that

lim
m→∞

P
(
‖xk − Rkŝk‖2 ≤ r2 ∀ŝk ∈ Sk

)
= 1
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given that k = ⌊am⌋. This, as outlined previously, implies (3.12) and concludes the
proof. �

An implication of Theorem 3.2 is also that the complexity will remain exponen-
tial even if r were to be chosen as the distance to the closest constellation point and
the detection ordering is chosen as the ordering which minimizes N over all possible
orderings. Note however that this would not be practical due to the computational
complexity of obtaining these parameters. Nevertheless, it does effectively illus-
trate that it is not the lack of an efficient detection ordering or search radius which
is the cause of the exponential complexity but a more fundamental limitation of
the sphere decoder enumeration procedure. Also, the conclusion of the theorem
will hold even when the radius is adaptively updated throughout the search as the
radius at any given time will be lower bounded by r̄ in (3.2).

In order to relate Theorem 3.2 to the result of [HV05a, DAML01] (which claimed
polynomial expected complexity) note that whenever the factor γm is small the
exponential function in (3.9) is well approximated by its Taylor expansion around
zero, i.e. a polynomial function of some degree. This occurs when for instance the
SNR is large and m is a modest number. Since the analysis in [HV05a, DAML01]
is only for a finite range of m it is not as such necessarily contradictory to the
asymptotic statements of Theorem 3.2. Polynomial complexity in the complexity
theoretic sense is however not implied by the results in [HV05a, DAML01].

A final remark regarding Theorem 3.2 is that a careful inspection of the following
proof reveals that the convergence in probability occurs at an exponential rate.
Therefore, by application of the Borel-Cantelli Lemma [Dur96], the slightly stronger
statement

lim inf
m→∞

1

m
lnN ≥ γ w.p.1 (3.18)

could be made, the interpretation of (3.18) being that the sphere decoder is of
exponential complexity with probability one. However, the practical difference
between (3.18) and (3.9) is slim.

3.A Appendix

Lemma 3.3. Let wk be the vector consisting of the last k,⌊am⌋ components in
w ,QHv where QR = HΠ and Π = Π(H,y). Then there exist a constant c > 0
(independent of a and Π) for which

lim
m→∞

P
(
‖wk‖2 ≤ c

√
aσ2m

)
= 1

Proof: Note that while w is not necessarily i.i.d. Gaussian due to the data dependent
permutation w̃ = Q̃Hv is, assuming a fixed permutation Π̃ and where Q̃R̃ =
HΠ̃ is the permuted QR-factorization for this permutation. Let w̃k be the last k
components of w̃ and note that ‖w̃k‖2 is the (squared) length of the projection of v

onto the space spanned the last columns of Q̃. The value of ‖w̃k‖2 depends only on
the space spanned by the columns of Q̃ and not the particular values of the column
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vectors. Therefore, the set of values which ‖w̃k‖2 can attain, as a function of Π̃

when v is fixed, is bounded by the number of possible ways of choosing k values
out of m possible, i.e.

(
m

k

)

=

(
m

⌊am⌋

)

.

Asymptotically,

lim
m→∞

1

m
ln

(
m

⌊am⌋

)

= H(a) (3.19)

where
H(a),−a ln a− (1 − a) ln(1 − a)

is the binary entropy function [TMC91].
For a fixed permutation, Π̃, the value of ‖w̃k‖2 is given by the sum of k ex-

ponentially distributed stochastic variables (as w̃k is complex Gaussian) and the
probability that ‖w̃k‖2 is large may be bounded as

lim sup
k→∞

1

k
ln P

(
‖w̃k‖2 > λkσ2

)
≤ −I(λ)

for any λ ≥ 1 where I(λ),λ − 1 − lnλ, see e.g. [DZ98, Exercise 2.2.23(c)]. This
implies that

lim sup
m→∞

1

m
ln P

(
‖w̃k‖2 > λaσ2m

)
≤ −aI(λ) (3.20)

which is obtained by using k = ⌊am⌋.
The probability that there exists a permutation such that ‖w̃k‖2 > λam can

thus be limited by the union bound and by combining (3.19) and (3.20), i.e.

P
(

∃ Π̃ ‖w̃k‖2 > λaσ2m
)

≤
(

m

⌊am⌋

)

P
(
‖w̃k‖2 > λaσ2m

)

which implies

lim sup
m→∞

1

m
ln P

(

∃ Π̃ ‖w̃k‖2 > λaσ2m
)

≤ H(a) − aI(λ). (3.21)

Now let λ = ca−1/2 and define f(a) as

f(a),H(a) − aI(ca−1/2).

As the probability that ‖wk‖2 ≥ λam is bounded by (3.21) it follows that

lim sup
m→∞

1

m
ln P

(
‖wk‖2 > c

√
aσ2m

)
≤ f(a). (3.22)

For a sufficiently large c > 0 the function f(a) is strictly negative for all a ∈ (0, 1)
which implies that P

(
‖wk‖2 > c

√
aσ2m

)
tends to zero (at an exponential rate).
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It is straightforward, but somewhat tedious, to show this and an explicit proof is
therefore omitted. However, an effective way of establishing this is to show that
f(a) → 0 as a→ 0 and that f ′(a) < 0 for a ∈ (0, 1) provided c is sufficiently large.
(Actually, c = 4 will be sufficient.) Note also that c does not have to depend on a.

By using (3.22) it follows that

lim
m→∞

P
(
‖wk‖2 ≤ c

√
aσ2m

)
= 1

for any a ∈ (0, 1) which is what was to be proven. �



Chapter 4

The Complexity Exponent

By the result in the previous chapter it is clear that the expected complexity of
the sphere decoder is exponential in m. The bound used to prove this is however
extremely loose. This is in part due to simplifications made in the derivation, but
also due to the generous assumptions regarding r and the detection ordering Π.
By making less general assumptions regarding both the detection ordering, Π, and
the radius, r, much sharper results may be obtained.

Let C , E {N} be the expected (or average) complexity of the sphere decoder
where the expected value is computed over the channel and noise realizations as
well as the transmitted message, s. In this section an asymptotic analysis of C is
carried out by restricting attention to the case where the natural detection ordering
is used (i.e. Π = I) and where the search radius is selected by a linearly increasing
function in m. We shall also in this chapter, as in the previous chapter, assume
that the channel matrix is i.i.d. Rayleigh fading. Additionally, we shall throughout
the chapter make the simplifying assumption that n = m although it is possible to
extend the analysis to cover the case where n ≥ m.

The particular setup considered in this chapter is the same as the setup which
was previously studied in [HV05a] where also an exact expression for the expected
complexity was derived for the case when the radius is chosen as r2 = κσ2m for
κ > 0. Although closed form, the complexity expression of [HV05a] is somewhat
complicated and also becomes increasingly cumbersome to compute for larger m.
Also, the dependence of the SNR on the complexity is not obvious. Therefore, the
value of an asymptotic analysis presented herein lies in the analytical simplicity of
the results which may be obtained. Specifically, it will be the goal of this section
to compute the exponent of the expected complexity, C, i.e. to obtain results on
the following form.

C ≍ eγm (4.1)

where ≍ denotes equal to the first order in the exponent [TMC91]1 and is equivalent

1In [TMC91] the symbol
.

= is used to denote equality to the first order in the exponent.

41
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to the statement

lim
m→∞

1

m
lnC = γ (4.2)

for some γ ∈ R. The intuitive interpretation of this notation is that C(m) behaves
roughly as the exponential function on the right hand side of (4.1) for large m.

As stated earlier the complexity of the algorithm, and therefore γ, depend on
the way which the radius, r, of the sphere is chosen. Therefore, to enable the
analysis of the asymptotic complexity and motivated by Section 3.1 the radius is
assumed to satisfy

lim
m→∞

r2

m
= κσ2 (4.3)

for some fixed κ > 0. It is also assumed that r is statistically independent of H

and y. The important special case where r is chosen such that

P
(
‖x − Rs‖ ≤ r2

)
= 1 − ǫm

for any sequence {ǫm}∞m=1 where

lim inf
m→∞

ǫm > 0 and lim sup
m→∞

ǫm < 1

satisfies these assumptions with κ = 1 and is thus included in the analysis. Al-
though not obvious at this point, the assumption about r in (4.3) together with
the i.i.d. Gaussian distribution of H are sufficient for the existence of the limit in
(4.2) for any constellation, S, and SNR, ρ > 0. This will be shown in the following
sections.

First, in Section 4.1, we introduce the notion of search depth which is defined as
the depth in the search tree where a randomly chosen path is cut off by the criterion
in (2.4). This notion is then used in Section 4.2 where the expected complexity of
the sphere decoder is computed up to the first order in the exponent.

4.1 The Search Depth

In order to study the complexity of the sphere decoder it is convenient to introduce
the notion of search depth. To this end, let for ŝ ∈ Sm the vector ŝk ∈ Sk be given
by the last k components in ŝ. The search depth, d(ŝ), for some particular path,
ŝ ∈ Sm, is defined according to

d(ŝ), sup (0 ∪ {k ∈ N | 1 ≤ k ≤ m, ŝk ∈ Rk}) (4.4)

where Rk is defined in (3.7) and ŝk ∈ Sk is the vector containing the last k elements
of ŝ. For a given H and y the search dept is a function of ŝ. However, by assigning a

However,
.

= is used herein to denote exponential equality in the sense of Appendix B. Although
the two concepts are related (which is seen by replacing ǫ with e

−m in the Appendix B) we will
used the notation ≍ to avoid confusion.
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probability distribution to ŝ the search depth, d = d(ŝ), may be viewed as a random
variable with a probability distribution induced by the distributions of H, y and ŝ.
Any analysis of the complexity of sphere decoding will inevitably involve counting
the number of nodes visited in the search tree. However, by assigning a uniform
input distribution to ŝ the number of nodes in the search tree may be expressed
in terms of the statistics of d. Lemma 4.1, given below, expresses the expected
complexity, C, in terms of this random search depth. In addition to providing a
different way of viewing the expected complexity, this lemma provides the basis for
the subsequent analysis in Section 4.2.

Lemma 4.1. Let d = d(ŝ) be the stochastic variable defined by (4.4) with a prob-
ability distribution induced by H, y and ŝ when ŝ is uniformly distributed over the
set Sm. Then

C =
E
{
|S|d+1

}
− 1

|S| − 1
, (4.5)

where C is the expected number of nodes visited by the sphere decoder.

Proof: Let, for s̄ ∈ Sk,

1Rk
(s̄) =

{
1 s̄ ∈ Rk

0 s̄ /∈ Rk

be the indicator function for the set Rk. Let N = N(H,y) be the number of nodes
visited in the search tree for a given H and y. Further, for ŝ ∈ Sm, let ŝk ∈ Sk

denote the vector consisting of the last k elements in ŝ. Then, N may be computed
by summing over all nodes using 1Rk

(s̄) to count only nodes which are included in
the search. Thus

N =

m∑

k=0

∑

s̄∈Sk

1Rk
(s̄)

=

m∑

k=0

|S|−(m−k)
∑

s̃∈Sm−k

∑

s̄∈Sk

1Rk
(s̄)

=
m∑

k=0

|S|−(m−k)
∑

ŝ∈Sm

1Rk
(ŝk)

=
∑

ŝ∈Sm

|S|−m
m∑

k=0

|S|k1Rk
(ŝk)

=
∑

ŝ∈Sm

|S|−m

d(ŝ)
∑

k=0

|S|k

=
∑

ŝ∈Sm

|S|−m |S|d(ŝ)+1 − 1

|S| − 1
(4.6)
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where the otherwise ill-defined terms corresponding to k = 0 and k = m are conve-
niently defined as

∑

s̄∈S0

1R0
(s̄), 1

and ∑

s̃∈S0

∑

s̄∈Sm

1Rm
(sm),

∑

s̄∈Sm

1Rm
(sm).

Note that the last line in (4.6) equals

N =
Eŝ

{
|S|d(ŝ)+1

}
− 1

|S| − 1

for a random variable, ŝ, uniformly distributed over Sm. Therefore, since by defi-
nition

C , EH,y {N} ,
the expected complexity may be computed as

C =
E
{
|S|d+1

}
− 1

|S| − 1

where expectation is taken over H, y and ŝ. This concludes the proof. �

An immediate consequence of Lemma 4.1 is that, by Jensen’s inequality [Dur96]
and since |S|d is a convex function in d, a lower bound on the complexity is given
by

C ≥ |S|E{d}+1 − 1

|S| − 1
.

This implies that the expected complexity of the sphere decoder will be exponential
whenever E {d} grows linearly in m. In fact, Lemma 4.1 was previously used to
establish exponential expected complexity in [JO04] although those results have to
a large extent been superseded by the stronger statements given in Chapter 3.

4.2 The Asymptotic Rate

The purpose of this section is to, through a sequence of lemmas, show the existence
of the limit in (4.2) and also to provide a method for efficiently computing the
limit. This, although the obtained results are not in closed form but rather given
as the solution to an optimization problem, enables the study of how the system
parameters such as S and ρ affect the complexity. This is further explored in the
following section where it is illustrated how to compute the value of γ in practise.

In order to establish the existence of, and to compute, the limit in (4.2) it is
convenient to consider the search depth, d, of (4.4) and to define

z = zm ,
d

m



4.2. THE ASYMPTOTIC RATE 45

as the normalized search depth. Due to the normalization, {zm}∞m=1 is a sequence
of random variables taking values in [0, 1]. The statistics of zm are those induced
by H, s, ŝ, v, and by the choice of r. Also, note that from Lemma 4.1 it can be
seen that

lim
n→∞

1

m
lnC = lim

n→∞
1

m
ln E {|S|mz} (4.7)

whenever the limit on the right hand side exists since only the term E
{
|S|d+1

}

in (4.5) will affect the asymptotic behavior of C. Therefore, attention may be
restricted to the right hand side of (4.7). The rationale behind introducing the
normalized search depth is that it can be shown that the limit

lim
n→∞

1

m
ln E {|S|mzm}

can be computed from the probability that zm is larger than some fraction of the
range [0, 1]. This is formalized by Lemma 4.2 below. Note that this result is closely
related to a more general theorem from large deviations theory which is known as
Varadhan’s integral Lemma [DZ98]. The proof given herein follows the proof of
Varadhan’s integral Lemma given in [SW95]. However, a reason for presenting the
proof in full is that in this particular case the proof itself is simpler than establishing
the assumptions2 required for the general theorem to hold.

Lemma 4.2. Let g(a) be given by

g(a),− lim
m→∞

1

m
ln P (zm ≥ a) .

If the limit exists for all a ∈ [0, 1], then

E {|S|mzm} ≍ eγm

where
γ = sup

0≤a≤1
(a ln |S| − g(a)) .

Proof: The proof is divided into two parts, one which established a lower bound on
the form

lim inf
m→∞

1

m
ln E {|S|mzm} ≥ sup

0≤a≤1
(a ln |S| − g(a))

and a second part which gives the upper bound

lim sup
m→∞

1

m
ln E {|S|mzm} ≤ sup

0≤a≤1
(a ln |S| − g(a)) .

2The use of Varadhan’s integral Lemma in it’s standard form would require proving that
{zm}∞

m=1
satisfies a large deviation principle [DZ98]. In this case however, particulary since

|S|mzm is increasing in zm, this is not required for the conclusion to hold.
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The lower bound is somewhat easier to prove. To this end note that for any a ∈ [0, 1]
it holds that

E {|S|mzm} =

∫

[0,1]

|S|mzmP (dzm)

≥
∫

[a,1]

|S|mzmP (dzm) ≥ |S|maP (zm ≥ a)

which implies

lim inf
m→∞

1

m
ln E {|S|mzm}

≥ lim inf
m→∞

(

a ln |S| + 1

m
ln P (zm ≥ a)

)

= a ln |S| − g(a).

However, since a ∈ [0, 1] is arbitrary it follows that

lim inf
m→∞

1

m
ln E {|S|mzm} ≥ sup

0≤a≤1
(a ln |S| − g(a))

which establishes the lower bound.
In order to prove the upper bound consider the following. Given ǫ > 0, choose

some K, and ak, k = 1, . . . ,K, such that a1 = 0, aK = 1, ak ≤ ak+1 and ak+1 ≤
ak + ǫ for k = 1, . . . ,K. Note that this can be done for any ǫ > 0. Let Fk =
[ak, ak+1) for k = 1, . . . ,K − 2 and FK−1 = [aK−1, aK ] which implies

∪K−1
k=1 Fk = [0, 1] and Fi ∩ Fj = ∅ i 6= j.

Then

E {|S|mzm} =

∫

[0,1]

|S|mzmP (dzm) =

K−1∑

k=1

∫

Fk

|S|mzmP (dzm)

≤
K−1∑

k=1

|S|mak+1P (zm ∈ Fk) ≤
K−1∑

k=1

|S|m(ak+ǫ)P (zm ≥ ak)

≤K max
1≤k<K

|S|m(ak+ǫ)P (zm ≥ ak) .

Using the above

lim sup
m→∞

1

m
ln E {|S|mzm}

≤ lim sup
m→∞

(
lnK

m
+ max

1≤k<K

(

(ak + ǫ) ln |S| + 1

m
ln P (zm ≥ ak)

))

≤ max
1≤k<K

((ak + ǫ) ln |S| − g(ak)) ≤ sup
0≤a≤1

(a ln |S| − g(a)) + ǫ ln |S|.
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Since ǫ > 0 was arbitrary it follows that

lim sup
m→∞

1

m
ln E {|S|mzm} ≤ sup

0≤a≤1
(a ln |S| − g(a))

which establishes the upper bound and concludes the proof. �

To interpret Lemma 4.2 note that the expected value of (4.7) is lower bounded
as

E {|S|mzm} ≥ |S|maP (zm ≥ a) ≍ e(a ln |S|−g(a))m

for any a ∈ [0, 1]. What Lemma 4.2 states is that the best bound of this type,
which is obtained by maximizing over the free parameter a, is tight in the sense
that it gives the correct linear term in the exponent.

However, to compute g(a) from zm directly is difficult due to the explicit depen-
dence of zm on the radius r among other things. Therefore it is convenient to first
introduce bounds on P (zm ≥ a) which are analytically simpler but still capture the
asymptotic nature of zm. Such bounds are given by the following lemma.

Lemma 4.3. Let the sequence of stochastic variables {wk}∞k=1 be given by

wk ,
1

k

k∑

i=1

|qi|2

where {qi}∞i=1 are i.i.d. complex Gaussian of zero mean and unit variance. Simi-
larly, let {uk}∞k=1 be given by

uk ,
1

k

k∑

i=1

|si − ŝi|2
2

where {si}∞i=1 and {ŝi}∞i=1 are i.i.d. uniformly distributed over S. Let P (α, k) be
given by

P (α, k), P
((

2ρα2uk + α
)
wk ≤ κ

)
. (4.8)

Then, for any α > a there is an M such that

P (zm ≥ a) ≥ P (α, ⌈am⌉) (4.9)

for m ≥M and for any α < a there is an M such that

P (zm ≥ a) ≤ P (α, ⌈am⌉) (4.10)

for m ≥M .

Proof: To begin, note that

P (zm ≥ a) = P (d ≥ ma) = P (d ≥ ⌈ma⌉)
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where the last equality follows since d is integer valued. Now, let k = ⌈ma⌉ and
note that

P (d ≥ k) = P
(
‖Rk(sk − ŝk) + wk‖2 ≤ r2

)
.

Let Hk be lower right k by k submatrix of H (or any other k by k i.i.d. Rayleigh
fading channel matrix with the same variance). One of the results derived in [HV03]
is that while ‖Rk(sk− ŝk)+wk‖2 is generally not equal to ‖Hk(sk− ŝk)+vk‖2 they
have the same distribution. Using this result the above probability may written as

P (d ≥ k) = P
(
‖Rk(sk − ŝk) + wk‖2 ≤ r2

)
= P

(
‖Hk(sk − ŝk) + vk‖2 ≤ r2

)
.

By noting that Hk(sk − ŝk) + vk is a Gaussian vector for fixed s and ŝ it can be
seen [HV03] that

P (zm ≥ a) = P

((‖sk − ŝk‖2

m
+ σ2

)

‖qk‖2 ≤ r2m

)

where q ∈ Cm is vector of i.i.d. Gaussian elements of unit variance. To simplify the
expression further the following definitions are introduced as in the theorem.

wk ,
1

k

k∑

i=1

|qi|2 (4.11)

and

uk ,
1

k

k∑

i=1

|si − ŝi|2
2

(4.12)

where qi are i.i.d. zero-mean normally distributed with unit variance and where si

and ŝi are i.i.d. uniformly distributed over S. The normalization is chosen such that
E {wk} = 1 and E {uk} = 1 and thus both uk and wk converge in probability to 1
due to the weak law of large numbers. Using the above definition the probability,
P (zm ≥ a), may be written as

P (zm ≥ a) =P

((
2kuk

m
+ σ2

)

kwk ≤ r2
)

=P

((

2ρ
k

m
uk + 1

)
κσ2k

r2
wk ≤ κ

)

(4.13)

where ρ = σ−2 has been used for the last equality.
Now introduce the function P (α, k) as

P (α, k), P
((

2ρα2uk + α
)
wk ≤ κ

)
.

Due to the equality k = ⌈am⌉, and by the assumption on r2 given in (4.3) it follows
that

lim
m→∞

k

m
= lim

m→∞
κσ2k

r2
= a.
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Therefore it can be seen from (4.13) that for any α > a there is an M such that

P (zm ≥ a) ≥ P (α, ⌈ma⌉)

for m ≥M . Similarly, for any α < a there is an M such that

P (zm ≥ a) ≤ P (α, ⌈ma⌉)

for m ≥M . �

While not obvious at this stage the function P (α, k) will also have the appealing
properly that

P (a, ⌈am⌉) ≍ P (zm ≥ a) . (4.14)

Thus, the asymptotic behavior of P (zm ≥ a) may be obtained from the analysis of
P (a, ⌈am⌉). In order to compute the exponential rate of P (a, ⌈am⌉) note that

lim
m→∞

1

m
lnP (a, ⌈am⌉) = lim

k→∞

a

k
lnP (a, k) = a lim

k→∞

1

k
lnP (a, k)

which follows by letting k = ⌈am⌉ and by noting that

lim
m→∞

⌈am⌉
m

= a.

Thus

lim
m→∞

1

m
lnP (a, ⌈am⌉)

may be obtained from the limit

lim
k→∞

1

k
lnP (a, k).

To compute this limit it is convenient to write P (α, k), originally given in (4.8), as

P (α, k) = P ((uk, wk) ∈ Aα) (4.15)

where
Aα ,{(u,w) | (2ρα2u+ α)w ≤ κ}. (4.16)

Now, the limit

lim
k→∞

1

k
lnP (a, k) = lim

k→∞

1

k
ln P ((uk, wk) ∈ Aα)

is written on a form which may be computed using the following theorem.

Theorem 4.4 (Cramér’s theorem for vectors in Rd). Let {ζi}∞i=1 be i.i.d. stochastic
vectors in Rd. Let

ξk =
1

k

k∑

i=1

ζi
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be the empirical mean of ζi. Define the logarithmic moment generating function,
Λ(λ) for λ ∈ Rd, as

Λ(λ), ln E
{

eλTξ1

}

.

Also, let the rate function I(ξ) be given by

I(ξ) = sup
λ∈Rd

(

λTξ − Λ(λ)
)

.

Then, if Λ(λ) <∞ for λ in some neighborhood of 0, it holds that

lim sup
k→∞

1

k
ln P (ξk ∈ F) ≤ − inf

ξ∈F
I(ξ)

for any closed set F ⊂ Rd and

lim inf
k→∞

1

k
ln P (ξk ∈ G) ≥ − inf

ξ∈G
I(ξ)

for any open set G ⊂ Rd.

Proof: The proof is given in [DZ98].
Theorem 4.4 is particularly useful for sets, A, which have the property3 that

inf
ξ∈Ao

I(ξ) = inf
ξ∈Ā

I(ξ) (4.17)

where Ao and Ā denotes the interior and closure of A respectively. This is because
for such as set the upper and lower bounds of Theorem 4.4 imply that

lim
k→∞

1

k
ln P (ξk ∈ A) = − inf

ξ∈A
I(ξ).

As it turns out the sets of interest, Aα, have this property for any α ∈ [0, 1] and

lim
k→∞

1

k
ln P ((uk, wk) ∈ Aα) (4.18)

may be computed as

lim
k→∞

1

k
ln P ((uk, wk) ∈ Aα) = inf

(u,w)∈Aα

I(u,w)

where I(u,w) is the rate function for (uk, wk). Therefore, by computing the rate
function for (uk, wk) the limit of (4.18) may be obtained.

3A set, A, with this property is referred to as an I-continuity set [DZ98]. Also, note that this
property depends on the rate function as well as the set.
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In order to compute I(u,w) let λ = [λ1 λ2]
T and note that

ln E
{

eλTξ1

}

= ln E
{
eu1λ1+w1λ2

}
= ln E

{
eu1λ1

}
+ ln E

{
ew1λ2

}

due to the independence of u1 and w1. The rate function I(u,w) may thus be
obtained as

I(u,w) = Iu(u) + Iw(w)

where
Iu(u), sup

λ

[
uλ− ln E

{
eλu1

}]
(4.19)

and
Iw(w), sup

λ

[
wλ− ln E

{
eλw1

}]
. (4.20)

The former, Iu(u), depends on the input alphabet, S, and in general there is no
closed form expression for Iu(u). The later, Iw(w), may however be explicitly
computed. To do so, note that w1 is exponentially distributed (as it is the squared
magnitude of a complex Gaussian variable) and therefore it follows that

E
{
eλw1

}
=

∫ ∞

0

eλxe−xdx =
1

1 − λ

for λ < 1 and ∞ otherwise. Thus, Iw(w) can be computed as

Iw(w) = sup
λ

[wλ+ ln(1 − λ)] = w − 1 − lnw.

While lacking a closed form expression for constellations other than the binary, the
function Iu(u) can always be evaluated numerically by computing

E
{
eλu1

}
=

1

|S|2
∑

s∈S

∑

ŝ∈S
e

λ

2 |s−ŝ|2

and numerically maximizing (4.19). The only caveat is that the number of terms
in the sum is equal to |S|2 which may make the computation cumbersome for
large constellations. However, it can always be done in theory. Also, in many
situations the constellation inhibits special structure which may be used to lower
the complexity of the computation.

By using the rate functions Iu(u) and Iw(w) the limit of interest may now finally
be obtained according to the following lemma.

Lemma 4.5. Let Aα, Iu(u) and Iw(w) be given by (4.16), (4.19) and (4.20) re-
spectively. Define the function f(α) as

f(α), inf
(u,w)∈Aα

[Iu(u) + Iw(w)] (4.21)

and let g(a), af(a). Then

lim
m→∞

1

m
ln P (zm ≥ a) = −g(a).
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Proof: Since Aα is closed it follows immediately from Theorem 4.4 and the definition
of f(a) in (4.28) that

lim sup
k→∞

1

k
lnP (α, k) = lim sup

k→∞

1

k
ln P ((uk, wk) ∈ Aα) ≤ −f(a).

Note that the technical condition of Theorem 4.4, i.e. Λ(λ) < ∞ for some neigh-
borhood of 0, is satisfied since

Λ(λ) = ln E
{
eλ1u1

}
+ ln E

{
eλ2w1

}

where the first term on the right hand side is finite for any λ1 ∈ R and the second
term is finite for λ2 < 1.

By the definition of Aα in (4.16) it can be seen that Aᾱ ⊂ Ao
α for any ᾱ > α.

Thus

lim inf
k→∞

1

k
lnP (α, k) = lim inf

k→∞

1

k
ln P ((uk, wk) ∈ Aα)

≥ lim inf
k→∞

1

k
ln P ((uk, wk) ∈ Ao

α) ≥ − inf
(u,w)Ao

α

[Iu(u) + Iw(w)]

≥− inf
(u,w)∈Aᾱ

[Iu(u) + Iw(w)] = −f(ᾱ)

for any ᾱ > α. In Lemma 4.8 in the appendix it is shown that f(α) is (absolutely)
continuous in α. Therefore, by the continuity of f(α) and since the above property
holds for any ᾱ > α, it follows that

lim inf
k→∞

1

k
lnP (α, k) ≥ −f(α).

Further, noting that k = ⌈ma⌉ implies

lim
m→∞

k

m
= a

and it follows by (4.10) that

lim sup
m→∞

1

m
ln P (zm ≥ a) = lim sup

m→∞

a

k
ln P (zm ≥ a)

≤ lim sup
k→∞

a

k
lnP (α, k) = −af(α)

for any α < a. Similarly, by equation (4.9),

lim inf
m→∞

1

m
ln P (zm ≥ a) = lim inf

m→∞
a

k
ln P (zm ≥ a)

≥ lim inf
k→∞

a

k
lnP (α, k) = −af(α)
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for any α > a. However, since α may be arbitrarily close to a and since f(α) is
continuous in α ∈ [0, 1] by Lemma 4.8 it follows that

lim
m→∞

1

m
ln P (zm ≥ a) = −af(a) = −g(a)

which concludes the proof. �

Lemma 4.5 together with Lemma 4.2 establish the existence of the rate γ. For
completeness, we state the result below in Theorem 4.6.

Theorem 4.6. Assume that H ∈ Cm×m is i.i.d. Rayleigh fading and let S be an
arbitrary constellation alphabet. Then the expected complexity, C, of the sphere
decoder with a fixed detection ordering and a search radius satisfying (4.3) is given
up to the first order in the exponent by

C ≍ eγm

where
γ = sup

a∈[0,1]

(a ln |S| − g(a)),

for

f(a) = inf
(u,w)∈Aa

[Iu(u) + Iw(w)], Aα ,{(u,w) | (2ρα2u+ α)w ≤ κ},

and where

Iw(w) = w − 1 − ln(w) and Iu(u) = sup
λ



λu− ln




1

|S|2
∑

s,ŝ∈S
e

λ

2 |s−ŝ|2








An interesting and immediate consequence of Theorem 4.6 is that the probability
that the number of nodes, N , visited by the sphere decoder is substantially larger
than its expected value, tends to zero as m grows. To see this note that for ǫ > 0,

P
(

N ≥ e(γ+ǫ)m
)

≤ E {N}
e(γ+ǫ)m

=
C

e(γ+ǫ)m
≍ e−ǫm, (4.22)

by the Marcov inequality [Dur96]. Thus, for the system which has been considered
it can be argued that it makes more sense to study the asymptotic expression for
the expected complexity rather than the worst case complexity. Still, for finite m
the worst case complexity of the algorithm may be significantly larger than the
expected complexity. However, in the asymptotic sense we conjecture that the
expected complexity is a pessimistic estimate of the complexity for all but a very
small set of instances of the detection problem. Although un-intuitive at first, it
should be remembered that in light of the above discussion, it is known that the
expected complexity at least does not overestimate the complexity of the algorithm
in this sense. We formalized this idea in the following conjecture which ends this
section.
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Conjecture 4.7. Given the setup of Theorem 4.6 and γ for which

C = E {N} ≍ eγm .

Then there exist µ < γ for which

lim
m→∞

P (N ≥ eµm) = 0.

4.3 Computing the Asymptotic Rate in Practice

In Section 4.2 the existence of the asymptotic rate, γ, such that

C ≍ eγm

is proven. Also, a way of computing this γ is obtained. In this section a few words
will be said about the practical aspects of this computation. Some numerical exam-
ples to show how γ depends on parameters such as the SNR, ρ, and constellation,
S, are given in the following section. To recall the result of the previous section,
the computation of γ can be outlined as follows.

1. Let Iw(w) be given by

Iw(w) = w − 1 − ln(w) (4.23)

and compute Iu(u) by numerically maximizing

Iu(u) = sup
λ



λu− ln




1

|S|2
∑

s,ŝ∈S
e

λ

2 |s−ŝ|2






 (4.24)

over λ ∈ R.

2. Compute g(a) = af(a) by solving

f(a) = inf
(u,w)∈Aa

[Iu(u) + Iw(w)] (4.25)

where

Aα ,{(u,w) | (2ρα2u+ α)w ≤ κ}.

3. Compute γ as in Lemma 4.2 by

γ = sup
a∈[0,1]

(a ln |S| − g(a)). (4.26)



4.4. EXAMPLES 55

While daunting at first there are several properties of the functions and sets
in the above which enables the computation of γ in practice. First of all, from
the proof of Lemma 4.8 it follows that if (2ρa2 + a) ≤ κ then f(a) and g(a) are
identically equal to zero. Since

(2ρa2 + a) ≤ κ⇔ a ≤
√

8ρκ+ 1 − 1

4ρ
,µ

it is known that g(a) = 0 in the range a = [0, µ]. From (4.26) it therefore follows
that an analytical lower bound on γ is given by

γ ≥
√

8ρκ+ 1 − 1

4ρ
ln |S|. (4.27)

This bound is however not tight for any ρ or constellations S. In other words,
the supremum of (4.26) is achieved for some a > µ. However, by Lemma 4.8 it is
known that g(a) is uniformly continuous in a ∈ [0, 1] and this supremum is easily
computed numerically.

Further, by Lemma 4.8 it is known that for a > µ the infimum of (4.25) is
achieved on the boundary of Aa given by (2ρa2u + a)w = κ for some u < 1 and
w < 1. Thus, by parametrization f(a) can be computed by numerically minimizing
Iu(u) + Iw(w) over u and w where

max

(

0,
κ− a

2ρa2

)

≤ u ≤ 1

and
w = w(u) =

κ

(2ρa2u+ a)
.

This is a one-dimensional optimization problem. There is however unfortunately
no guarantee that the criterion function is unimodal given this parametrization of
u and w. Still, numerical experience suggests that this does not pose any serious
problems in practise.

Finally, by the theory in [DZ98] it can be shown that the function Iu(u) satisfies
Iu(0) = ln |S|, Iu(1) = 0. Further, for u ∈ (0, 1) the criterion function of (4.24) is
concave and has a unique maximum for some λ < 0 which makes the computation
of Iu(u) easy. For the numerical examples in the following section the computation
of Iu(u) is performed using a Newton approach while the optimizations in (4.25)
and (4.26) are solved using a grid search combined with a golden section search to
increase the accuracy.

4.4 Examples

To investigate the effect of S and ρ on the rate γ some numerical examples are
presented. To limit the number of possible scenarios the constant κ of (4.3) will in
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Figure 4.1: The normalized rate γ̄ and analytic lower bound µ̄ as a function of SNR
for the case where S is a 4-QAM constellation

this section be fixed to 1. Note, as before, that this is the case when the radius, r,
is chosen such that

P
(
‖x − Rs‖ ≤ r2

)
= 1 − ǫ

for some ǫ ∈ (0, 1) which is the strategy of choosing r proposed in [HV02] and
[HV05a].

The analytical results of Section 4.2 along with the theory of Section 4.3 were
used to compute the rate γ̄ given by

γ̄, lim
m→∞

1

m
log|S| C(m).

Note that γ̄ relates to γ as γ = ln |S|γ̄. The normalized rate γ̄ was chosen over γ
since it is always in the range [0, 1] and thus gives a direct measure of the improve-
ment offered by the sphere decoder over the full search, i.e.

C ≍ |S|γ̄m ≤ |S|m.

Thus, γ̄ can be interpreted as a reduction of the original problem size of m to a
subproblem of size γ̄m which is exhaustively searched by the sphere decoder.
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Figure 4.2: The normalized rate γ̄ and analytic lower bound µ̄ as a function of SNR
for the case where S is a 8-PSK constellation

Different choices of S corresponding to 4-QAM, 8-PSK and 16-QAM were con-
sidered. The channel matrix was chosen according to the i.i.d. Rayleigh fading
channel model. The results are shown in Figures 4.1, 4.2 and 4.3 where the analyt-
ical lower bound on γ̄,

µ̄ =

√
8ρ+ 1 − 1

4ρ
,

from (4.27) is included for reference. As can be seen the value of γ̄ is always strictly
above the bound given by µ̄. Typically, the larger the constellation is the loser the
bound. Also, not surprisingly, as the SNR, ρ, is increased the value of γ̄ is decreased
and the sphere decoder become more efficient. This has previously been recognized
in the literature [HV02, HV05a, HV05b, DAML01]. Note that the interpretation
of the figures is that for an SNR of ρ = 20dB, where γ̄ ≈ 10−1, roughly 10 times
as large problems can be solved if the sphere decoder is applied instead of the full
search.
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Figure 4.3: The normalized rate γ̄ and analytic lower bound µ̄ as a function of SNR
for the case where S is a 16-QAM constellation

4.A Appendix

Lemma 4.8. Let the set Aα be given as in (4.16) and define the function f(α) as

f(α), inf
(u,w)∈Aα

[Iu(u) + Iw(w)]. (4.28)

Then, given ρ, κ > 0, the function f(α) is uniformly continuous over α ∈ [0, 1].

Proof: In order to prove the lemma some properties of Iu(u) and Iw(w) must be
obtained. From the closed form expression of Iw(w) it can be seen that the function
is continuous for w > 0. Further Iw(w) is convex, nonnegative and attains a unique
minimum equal to 0 for w = 1. The function is also decreasing in the range (0, 1].
While lacking a closed form expression, the function Iu(u) can be proven to have
similar properties. Since Iu(u) is the rate function for a sum of i.i.d. variables it is a
nonnegative convex function [DZ98] and convergence of uk to 1 implies that Iu(u)
attains a unique minimum equal to 0 for u = 1. Further, since u1 belong to a finite
alphabet, P (u1 = 0) > 0 and P (u1 ≥ 1) > 0, it follows that Iu(u) is continuous
on the compact set [0, 1] [DZ98]. This together with convexity implies that Iu(u)
must be a continuous, decreasing function in the range u = [0, 1]. Having obtained
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these properties of Iu(u) and Iw(w), the lemma can be successfully proven in what
follows.

Now let (u⋆, w⋆) be the optimizer of (4.28). Since both Iu(u) and Iw(w) are
decreasing for u,w ≤ 1 and attain minimums at 1 the optimizing (u⋆, w⋆) must
satisfy u⋆ ≤ 1 and w⋆ ≤ 1. Also,

(2ρα2u⋆ + α)w⋆ = κ

if (2ρa2 + a) ≤ κ, and (u⋆, w⋆) = (1, 1) otherwise. Thus, for any given u, the w
which minimize the criterion of (4.28) is given by

w = w(u, α) = min

(

1,
κ

2ρα2u+ α

)

which is a continuous function over (u, α) ∈ D,[0, 1] × [0, 1]. It further holds that

w(u, α) ≥ min

(

1,
κ

2ρ+ 1

)

> 0

for any (u, α) ∈ D. Thus, since Iw(w) is continuous for w > 0, the function

h(u, α), Iu(u) + Iw(w(u, α))

is a continuous function over D. Additionally, since D is compact, uniform conti-
nuity of h(u, α) follows [Rud96].

Using h(u, α), the function f(α) can be written as

f(α) = inf
u∈[0,1]

h(u, α). (4.29)

The uniform continuity of h(u, α) implies that given δ > 0 there is an ǫ > 0 such
that |h(u, α)−h(ū, ᾱ)| < δ whenever |u− ū| < ǫ and |α− ᾱ| < ǫ. Assume now that
δ and ǫ are chosen as above and let α, ᾱ satisfy |α− ᾱ| < ǫ. Further let u⋆ and ū⋆

be the optimizing u of (4.29) for α and ᾱ respectively. Note that u⋆ and ū⋆ always
exist due to the continuity of h(u, α) over the compact set D. It is however not
necessary that |u⋆ − ū⋆| < ǫ. Still,

f(α) = h(u⋆, α) ≥ h(u⋆, ᾱ) − δ ≥ h(ū⋆, ᾱ) − δ = f(ᾱ) − δ

where the first inequality follows from the uniform continuity of h(u, α) and the
second inequality follows since ū⋆ is the minimizer of (4.29) for ᾱ. By interchanging
the roles of α and ᾱ it similarly follows that

f(ᾱ) ≥ f(α) − δ

which implies that given δ > 0, there is an ǫ > 0 such that

|f(α) − f(ᾱ)| < δ

whenever |a − ā| < ǫ. Thus, f(α) is uniformly continuous over α ∈ [0, 1] which is
what was to be proven. �





Chapter 5

Conclusions and Future Work

In Part I of the thesis we established that the sphere decoder has exponential
complexity, not only with regards to its worst case complexity, but also in a prob-
abilistic best sense and in an average sense. A tighter asymptotic approximation
of the expected or average complexity has been derived. The effect of changing
the constellation and SNR on the overall complexity of the algorithm has also been
established.

These results were obtained for the i.i.d. complex valued Rayleigh fading channel
but extends in a trivial manner to the i.i.d. real valued Rayleigh fading channel.
Additionally, in [JO04] and [JO05a] exponential expected complexity was shown for
a more general class of channels. However, the results in [JO04] and [JO05a] were
not shown to hold for arbitrary detection orderings and for case of an adaptively
updated search radius.

Naturally, it would be more satisfactory to remove the explicit assumption re-
garding the channel matrix distribution so that the complexity results would apply
to a larger class of situations than the i.i.d. Rayleight fading scenario. It is however
also very appealing to only make broad statements regarding the detection ordering
and search radius so that a large class of sphere decoder algorithms is included. We
do find it is plausible that exponential expected complexity could be shown as long
as the SNR, defined in (1.4), does not tend to infinity with m, but without making
any further assumption regarding the statistics of H or the detection ordering. The
explicit proof of this has however proven difficult in the case where the detection
ordering is allowed to depend on y. We do not however believe that a statement as
strong as Theorem 3.2 will hold in such a general setting unless one restrict atten-
tion to the class of channel matrices where maximum eigenvalue of HHH converge
to some finite non-random limit as m tends to infinity.

Since the optimal sphere decoder has been shown to have an exponential com-
plexity, an important topic for future research is sub-optimal implementations (in
respect to error probability) but with lower complexity. One example of such an
approach is the fixed complexity sphere decoder in [BT06b, JBOT07] which can be
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(analytically) shown to have a negligible loss in terms of error probability at high
SNR and a sub-exponential complexity of O(|S|

√
m). However, there is much more

to be said regarding this issue.



Part II

Semidefinite relaxation
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Chapter 6

The Semidefinite Relaxation

Detector

The sphere decoding algorithm in Chapter 2 addressed the ML detection problem
posed in (1.3) by searching over a subset of the entire set of possible transmitted
vectors Sm. However, as seen in Chapter 3, the price of such an approach is an
algorithm of exponential complexity and thus the most important drawback of the
brute force approach remain. The semidefinite relaxation detector, applicable to
the case where the input alphabet is binary, addresses the ML detection problem
from an entirely different direction. By lifting the detection problem into a higher
dimension and replacing the discrete set of possible vectors, Sm, by a convex (and
therefore connected) set the use of convex optimization techniques can be used to
obtain an approximate solution to (1.3). Although the approximate solution, due to
the relaxation, is not guaranteed to belong to Sm it is possible to recover a vector
in Sm by a form of rounding procedure. Overall, this yields a polynomial time
approximation of the difficult optimization problem present in ML detection and
further, the performance of the suboptimal SDR detector is surprisingly close to
that of the original exact ML detector in many quantifiable ways. For example, in
Chapter 7 the relaxation in the SDR detector is shown to be tight with a probability
which tends to one with increasing SNR and in Chapter 8 it is shown that diversity
of the detector coincides with that of the ML detector.

The use of semidefinite relaxation for bounding the optimal value of a combina-
torial optimization problem was considered as early as in the late seventies [Lov79]
(where it was used to bound the Shannon capacity of a graph). Theoretical work
in the nineties [LS91] along with the introduction of practical methods for solving
semidefinite programs [Jar93, NN94, VB95] made semidefinite relaxation a viable
method for finding approximate solutions to a class of combinatorial problems,
including the ML detection problem considered herein. Maybe the most famous
example where the SDR technique has been successfully applied is the max cut
problem in graph theory [GW95]. There is a strong connection between the max
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cut problem and the ML detection problem considered herein and the max cut
problem is also hard to solve from a complexity theoretic point of view. In fact, it
is even hard to approximate within certain bounds [Hås01].

The application of SDR to the detection problem considered herein has been
studied previously in the communications literature [TR01, MDW+02, ANJM02,
WLA03]. There are also extensions to other areas within the communications
context such as detection in coded systems [SLW03] and blind detection of data
transmitted using orthogonal space time block codes [MCDX03].

We will in this chapter provide a review of the SDR detector with focus on
the communications context. The reader is also referred to the original works
in [TR01, MDW+02, ANJM02, WLA03] for additional details. Apart from the
above, see also [WSV00] for a comprehensive collection of results regarding semidef-
inite programming in general and also specific results regarding the semidefinite
relaxation technique. The basic SDR technique is outlined in Section 6.1 and an
alternative, dual, interpretation is presented in Section 6.2. Some of the different
methods of obtaining symbol estimates from the relaxed solution are addressed in
Section 6.3. Then, in Section 6.4, some of the extensions to the original algorithm
which have been proposed in the literature are discussed.

The basic SDR algorithm lends itself more naturally to the real valued version
of (1.1), i.e. where the channel matrix, H ∈ Rn×m, and the noise v ∈ Rn are
real valued. We shall therefore, unless otherwise stated, in Chapters 6, 7 and 8
assume that all quantities are real valued. We will further, although extensions
have been suggested in the literature, only consider the case of binary signaling
(when S = {±1}) in the analysis of Chapter 7 and 8.

6.1 Semidefinite Relaxation

The sphere decoding algorithm in Chapter 2 addressed the ML detection problem,

ŝML = arg min
ŝ∈Sm

‖y − Hŝ‖2, (6.1)

by a constrained search. As noted, the SDR detector is based on a fundamentally
different approach. It approximates (6.1) by relaxing the feasible set of (6.1) in a
way which leads to a computationally simpler optimization problem with a solution
that can be used as a heuristic for finding an approximate solution to (6.1).

This far, the above description is also true for the ZF detector. In the ZF
detector the set Sm is replaced by Rn to yield

s̃, arg min
ŝ∈Rm

‖y − Hŝ‖2 = (HTH)−1HTy.

The ZF estimate, ŝZF, is then obtained from s̃ by component wise threshold deci-
sions according to ŝZF = sgn(s̃). Similarly, the MMSE detector may be viewed as
a relaxation of a regularized version of (6.1) as noted in Section 1.4.
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The SDR detector differs from the ZF and MMSE detectors in the respect
that prior to the relaxation, the optimization problem is lifted into a higher dimen-
sion [PRW95]. To introduce the SDR detector, first note that the objective function
of (6.1), i.e.

f(ŝ), ‖y − Hŝ‖2 = HTH − 2yTHs + yTy

can be written as a purely quadratic function according to

f(ŝ) =
[
ŝT 1

]
[

HTH −HTy

−yTH yTy

] [
ŝ

1

]

.

Thus, one can without loss of generality consider optimization problems of the form

min
x∈Sm+1

xTLx (6.2)

where

L,

[
HTH −HTy

−yTH yTy

]

(6.3)

and S = {±1}. The constraint given by [x]m+1 = 1 does not need to be enforced
explicitly due to the symmetry of the problem, i.e. if x̃ is a minimizer of 6.2 then
so is −x̃. By noting that

xTLx = Tr(LxxT)

and

x ∈ {±1}m+1 ⇔ diag(xxT) = e (6.4)

since x2 = 1 implies x ∈ {±1} if follows that

min
x

Tr(LxxT)

s.t. diag(xxT) = e
(6.5)

is equivalent to (6.1) in the sense that the solution to (6.1) is easily obtained from
the solution to (6.5) and vise verse. Further, (6.5) is equivalent to

min
X

Tr(LX)

s.t. diag(X) = e

rank(X) = 1

(6.6)

since any rank one matrix X satisfying diag(X) = e may be factorized according
to X = xxT for x ∈ {±1}m+1 = Sm+1.

The problem given by (6.6) is thus equivalent to (6.1). Therefore, from a compu-
tational complexity point of view, the problems are equally hard to solve. Specif-
ically, the optimization problem in (6.6) is NP-hard [Ver89]. Problem (6.6) is a
non-convex problem due to the existence of the non-convex rank one constraint
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on the optimization variable X. Replacing this constraint with a looser, positive
semidefinite, constraint, X � 0, yields the semidefinite relaxation of (6.6) given by

min
X

Tr(LX)

s.t. diag(X) = e

X � 0.

(6.7)

Since X = xxT implies X � 0 it follows that (6.7) represents a relaxation of (6.6).
Also, as X has (m + 1)2 variables, as opposed to the m + 1 variables in x, the
relaxed optimization takes place in a higher dimensional space.

Problem (6.7) is a convex problem and thus there are efficient algorithms for
its solution [NN94, BV04]. In particular, there is an interior point algorithm which
solves (6.7) in O(m3.5) time [HRVW96]. If the solution to (6.7) is rank one for
some reason then it is also a solution to (6.6). The existence of rank one solutions
to (6.7) is however by no means guaranteed and in the general case, the solution
to (6.7) can only be used as a basis for finding approximate solutions to (6.6). In
Section 6.3 several ways of obtaining an estimate of s based on the (not necessarily
rank one) solution to (6.7) are discussed. The topic of characterizing under what
conditions the (6.7) represents a tight relaxation is treated in Chapter 7. However,
before considering how to obtain approximate solutions to (6.6) we will consider
another way of deriving (6.7) through duality theory.

6.2 The Dual Formulation

Another way to interpret the relaxation in (6.7) is as the (bi)-dual problem of

min
x

xTLx

s.t. x2
i = 1 i = 1, . . . ,m

(6.8)

where L is defined as in (6.3). The Lagrangian [BV04] function for the optimization
problem in (6.8) is given by

L(x, z),xTLx +

m+1∑

i=1

zi(1 − x2
i ) = xT(L + Diag(z))x + eTz

where x = (x1, . . . , xm+1) and z = (z1, . . . , zm+1). Further, the Lagrange dual
function is given by

g(z), inf
x∈Rm+1

L(x, z) =

{
eTz if L + Diag(z) � 0

−∞ otherwise .

Thus, the dual problem corresponding to (6.8) is given by

max
z

eTz

s.t. L + Diag(z) � 0 .
(6.9)
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Duality theory [BV04] states that any feasible objective value (and therefore also the
optimal objective value) of (6.9) provides a lower bound on (6.8) or the equivalent
problem in (6.6). The optimal lower bound, obtained by solving (6.9) is however
not tight in general as (6.8) is not a convex problem. Actually, in Chapter 7, we
shall characterize when exactly (6.9) is tight in terms of H, s and v.

Now, interestingly, it can be shown that the dual problem of (6.7) is also equal
to (6.9), see e.g. [BV04, Problem 5.39] or [WSV00]. However, as (6.7) is a convex
problem (satisfying Slater’s condition) it is known that (6.9) provides a tight lower
bound on (6.7). This implies that the relaxation of (6.6) obtained by solving (6.9) is
equal to the relaxation in of (6.7) in the sense that they give the same optimal value.
Further, deriving the dual of (6.9) (or equivalently bi-dual of (6.6)) yields (6.7) and
thus a less heuristic motivation for the SDR detector.

Also, (6.9) is a useful tool when analyzing the performance of the SDR detector.
Such an approach was taken in [KL05] where a probabilistic bound on the tightness
of the semidefinite relaxation was considered. We shall also use the dual problem,
although indirectly through the KKT optimality conditions [BV04], in the analysis
of Chapter 7.

6.3 Rank One Approximations

As note earlier, when the optimal point of (6.7) has rank one it can be factored
according to X = xxT. By selecting x such that the last component is positive
(and therefore equal to 1) the estimate of s, ŝSDR, can be obtained according to

x =

[
ŝSDR

1

]

. (6.10)

Further, by the tightness of the relaxation in this case it is known that ŝSDR = ŝML.
Since the existence of rank one solutions to (6.7) is not guaranteed in general some
heuristic approximation must be applied to deal with the high rank cases. Several
such heuristics are however available in the literature. Some of these are reviewed
below.

Last Column Approximation

Consider the rank one matrix Xŝ defined according to

Xŝ ,

[
ŝ

1

]
[
ŝT 1

]
=

[
ŝŝT ŝ

ŝT 1

]

.

As the estimate, ŝ, appears in last column of Xŝ (or equivalently the last row)
a natural, simple, candidate heuristic is obtained by simply obtaining the symbol
estimates by rounding the elements of the last column of X⋆, where X⋆ is optimal
in (6.7), to the closest constellation point in S. This can be done regardless of
whether X⋆ is rank one or not. Additionally, since S = {±1}, finding the closest
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constellation point in S is equivalent to simply taking the sign of these elements in
X⋆. In short, the estimate of s, ŝSDR, is obtained according to

[ŝSDR]i = sgn([X⋆]i,m+1) (6.11)

for i = 1, . . . ,m. Naturally, this gives the correct (or more precisely ML) estimate
whenever X⋆ is rank one and provides a suitable heuristic otherwise. This approach
was briefly mentioned in [TR01] but discarded in favor of the superior eigenvector
approximation described next.

Strongest Eigenvalue Approximation

Another approximation approach is based on finding the closest (in Frobenius norm)
rank one matrix to X⋆ in Sm

+ . Disregarding the diagonal constrains on X in (6.7)
this matrix is obtained by approximating X⋆ with the matrix obtained by setting
all but the largest eigenvalue to zero. Specifically, given a solution X⋆ to (6.7) the
closest matrix in Sm

+ Frobenius norm is given by λuuT where λ = λmax(X
⋆) denotes

the maximum eigenvalue of X⋆ and where u denotes the corresponding eigenvector.
By choosing u such that [u]m+1 ≥ 0 the estimate of s is obtained according to

[ŝSDR]i = sgn([u1]i)

for i = 1, . . . ,m. Similar to the last column approach this method coincides
with (6.10) whenever X⋆ is rank one. The quality of SDR with the strongest
eigenvalue approximation was studied through simulations in [TR01].

Randomizations

One of the stronger approximations of (6.6) are obtained through a randomized
approach where candidate solutions in the feasible set of (6.6) are generated based
on the optimal solution, X⋆, of (6.7). To this end, note that X⋆ can be factored
according to

VTV = X⋆

were V ∈ R(m+1)×(m+1). By selecting a vector u ∈ Rm+1 randomly according to
the uniform distribution over the unit sphere in Rm+1 a feasible point for (6.7) is
obtained according to

X = x̂x̂T

where
x̂ = sgn(VTu) . (6.12)

The intuition behind this approach is that it will generate estimates which are
in some sense close to the eigenvector corresponding to the strongest eigenvalue
but that it will also take the remaining eigenvalues into account when these are
significant. Also in this case, it can be shown that X will (with probability one)
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correspond to the minimizer of (6.6) whenever X⋆ is rank one [MDW+02]. In
practise, a few random vectors, ui, are used to generate a set of candidates, x̂i,
and the candidate with the smallest ML metric is chosen as the final estimate. The
symbol vector estimate is, as in the previous approximations, obtained according
to (6.10).

Interestingly enough, the quality of the random estimates generated by (6.12)
can be bounded in a certain probabilistic sense. Specifically, for x̂ given as in (6.12)
it can be shown that

E
{
x̂TLx̂

}
− ν

ν − ν
≤ π

2
− 1 ≤ 4

7
(6.13)

where
ν, min

x∈Sm+1
xTLx and ν, max

x∈Sm+1
xTLx .

This bound was first derived in [Nes97] by generalizing a previous bound for the
max cut problem [GW95] (see also [WSV00, Section 13.3]) and represents one of
the better known performance guarantees for the SDR approximation. However,
in the context of the detection problem studied herein (6.13) represents an rather
loose bound on the quality of the SDR estimates and is therefore of limited use
when it comes to assessing the performance of the SDR detector. Further, simula-
tions indicate that the performance of the SDR detector using randomizations to
obtain the SDR estimate is much better than what might be expected from (6.13)
[MDW+02]. For this reason we will not consider (6.13) further.

6.4 Extensions

Several extensions to the basic algorithm can be found in the communications
literature. Many of these focus on overcoming the limitation of the SDR detector,
as described above, due to the explicit assumption regarding to binary symbol
alphabets.

One way to relax this assumption is to again consider the constraint which was
used to enforce (6.4), namely s2i = 1. At least in principle, by choosing another
function p(si) for which

p(si) = 0 ⇔ si ∈ S
the constraint of an arbitrary constellation could be enforced. Also, as

p(si),
∏

s̃i

(si − s̃i) (6.14)

satisfies this property it is known that well behaved (continuously differentiable)
such functions exist. The relaxation for general S could, in principle, be obtained
through the dual similarly to Section 6.2. Also, some of the difficulties associated
with a direct approach based on (6.14) can be circumvented by adding slack vari-
ables [BV04] at the expense of larger optimization problems. Such approaches have
been previously considered in [DFV03] and in [WES05].
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Another way to obtain a relaxation of (6.1) while not significantly increasing
the number of variables is to first relax the finite alphabet constrains according to
L ≤ x2

i ≤ U for some upper and lower bounds corresponding to the constellation.
Further relaxing this relaxation leads to a problem very similar to (6.7) but where
the diag(X) = e constraint is replaced by Le ≤ diag(X) ≤ Ue. This approach was
recently suggested in [SL06].

In the complex case, where H, v and s are complex valued, and where the
transmitted signal is taken form a constant modulus constellation (i.e. PSK) another
relaxation has been suggested in [LLK03] and [MCD04]. Here the finite alphabet
constraint is replaced by a constant modulus constraint given by |si|2 = 1 yielding
a relaxation of (6.1) given by

min
x

xHLx

s.t. |xi|2 = 1 i = 1, . . . ,m
(6.15)

where now L is a PSD matrix defined analogously to (6.3). The optimization
problem in (6.15) is still not convex but (6.15) can be further relaxed by the SDR
technique [MCD04] or approximately solved using an iterative approach [LLK03].
There does however seem to be a significant loss associated with the relaxation
in (6.15) although the exact nature of this loss is not well understood.



Chapter 7

Optimality Conditions

This chapter is the first chapter of two which attempts to characterize the perfor-
mance of the SDR receiver. First the event that the SDR is tight will be charac-
terized in terms of the channel matrix, H, the noise vector, v, and the transmitted
message, s. Second, in the following chapter, it will be illustrated that the average
performance of the SDR receiver can be quantified when applied to a fading channel
by deriving the diversity order of the SDR receiver.

The SDR relaxation is herein said to be tight whenever the relaxation in (6.7)
admits unique rank one solutions. Under such conditions, the SDR estimate, ŝSDR,
will coincide with the ŝML estimate and the optimal value of the dual problem
in (6.9) coincides with the optimal value of (6.1). Naturally, one may expect that
this would occur when the detection problem is easy to solve in some sense. This
intuition will also be confirmed by the analysis. Specifically, it will be shown that
if the channel matrix H has orthogonal columns the SDR will always admit a rank
one solution, regardless of the noise realization, v, and the transmitted message
s. Further, if H is full rank, then the probability of obtaining a rank one solution
in (6.7) tends to one with decreasing noise variance σ2.

While the characterization of rank one solutions is positive in the sense that
it predicts a large amount of rank one solutions in the high SNR regime, it is
unfortunately not sufficient for explaining the SDR performance in the high SNR
regime. Specifically, in Section 7.3 it is shown that the event that (6.7) admits rank
one solutions has the same diversity order as the ZF detector (which is much lower
than that of the SDR detector). Thus, to assess the SDR diversity order the step
in the detector where high rank solutions are used to obtain estimates of s must be
taken into account in the analysis. This is also done in the following chapter.

The outline of this chapter is as follows. First, in Section 7.1 the rank one
events are characterized by Theorem 7.1. Then, a practical use of Theorem 7.1 is
described in Section 7.2. Next, based on the result of Theorem 7.1, Section 7.3
shows that rank one matrices fail to occur with an probability comparable to the
error probability of the ZF detector.
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7.1 Rank One Analysis

We will begin by stating and proving the main result of this section, namely The-
orem 7.1. Following the proof, some interpretations of the result are given.

Theorem 7.1. Given s, let the convex set Vs be defined according to

Vs ,{v | HTH + S−1Diag(HTv) � 0} (7.1)

where S = Diag(s). Then the SDR in (6.7) has a rank 1 solution corresponding
to s if and only if v ∈ Vs. Further, if v is in the interior of Vs, i.e. v ∈ Vo

s , the
solution is unique.

Proof: A solution X, satisfying X � 0, is an optimal solution to (6.7) if and only
if there are Z ∈ Rm+1, Z � 0, and z ∈ Rn+1 such that [WSV00, Ch 4.2]

diag(X) = e

Z + Diag(z) = L

XZ = 0 (7.2)

where Z and z are dual variables and (7.2) are the Karush-Kuhn-Tucker, KKT,
conditions for (6.7). Assuming that (6.7) has a rank 1 solution corresponding to s,
i.e. X = xxT for xT = [sT 1], (7.2) implies

XZ = xxT(L − Diag(z)) = 0.

Multiplying on the left by xT and taking the transpose yields

Lx = Diag(z)x

and
z = Diag(x)−1Lx

where Diag(x) is invertible due to the constraint diag(X) = e. The matrix Z is
thus explicitly given by

Z = L − Diag(x)−1Diag(Lx) . (7.3)

Note that by the definition of L in (6.3) it follows that

Lx =

[
HTH −HTy

−yTH yTy

] [
s

1

]

=

[
HTHs − HTy

−yTHs + yTy

]

=

[
HTv

−yTHs + yTy

]

where the last equality follows by using y = Hs + v from (1.1). Computing Z

in (7.3) yields

Z =

[
HTH + S−1Diag(HTv) −HTHs − HTv

−sTHTH − vTH sTHTHs + sTHTv

]

(7.4)
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where S = Diag(s). Note that Z can be written as

[
I −s

]T
(HTH + S−1Diag(HTv))

[
I −s

]
. (7.5)

This implies that Z is positive semidefinite if and only if

HTH + S−1Diag(HTv) � 0. (7.6)

Thus, for any s ∈ Sm the optimal solution to the SDR problem will have a rank
1 solution corresponding to s if and only if (7.6) is positive semidefinite. This
proves that X = xxT where x = [sT 1]T is a solution to (6.7) if and only if (7.6) is
satisfied. What remains to be shown is that if, in addition, (7.6) is satisfied with
strict inequality no other X can solve (6.7).

To this end, note that if the matrix on the left hand side of (7.6) is strictly
positive definite then by (7.5) there is a dual optimal matrix, Z, which has rank
m. However, since any optimal X must satisfy (7.2) with this Z, it follows that
any optimal X is at most rank one. Assume now that there are several rank one
solutions. Since the problem is convex it follows that any convex combination of
rank one solutions (which are of higher rank due to the structure of the rank one
solutions) must also be solutions. However, since there are no solutions of higher
rank it follows that there can only be one rank one solution. This concludes the
proof. �

First of all, it should be noted that the statement corresponding to s is an
important part of Theorem 7.1. It is possible for (6.7) to have a rank 1 solution,

Xŝ ,

[
ŝ

1

]
[
ŝT 1

]
,

even when v /∈ Vs but the distinction is that in this case ŝ 6= s.
From Theorem 7.1 it follows that for all y ∈ Y where

Y ,
⋃

ŝ∈Sm

Yŝ and Yŝ ,Hŝ + Vs (7.7)

the SDR is guaranteed to produce the ML estimate of s. In what follows, the sets Ys

will be called the rank one regions in analogy with the ML decision regions [Tre68].
The first conclusion which can be drawn from Theorem 7.1 is that when the

matrix H is of rank m, the product HTH will be strictly positive definite and the 0

vector will lie in the interior of Vs. This implies that whenever H is of rank m the
probability of obtaining the ML estimate by SDR goes to 1 as the SNR increases,
i.e.

lim
σ2→0

P (rank(X⋆) = 1) = 1

where X⋆ is the solution of (6.7).
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Figure 7.1: The rank one regions for a simple 2 dimensional example are shown as
light regions. The noise free hypothesized messages, Hs, are shown as small circles
and the boundary of the ML decision regions are shown by bold lines.

Further, assuming that s ∈ Sm was transmitted across the channel, a necessary
but not sufficient condition for ŝML = s is

hT
i hi + s−1

i hT
i v ≥ 0 i ∈ {1, . . . ,m} (7.8)

where hi is the ith column of H. This condition is obtained by observing that for
ŝML = s the sent vector s should have a lower objective value according to the ML
metric in (6.1) than s̃ ∈ Sm where s̃ = s− 2siei and ei is the ith unit vector, i.e. s̃

is a vector obtained by changing the sign of one of the components of s. If H has
orthogonal columns then HTH is diagonal and v ∈ Vs reduces to (7.8). Thus for
any H with orthogonal columns the SDR detector always obtains the ML estimate,
i.e. if sML = s then by necessity v ∈ Vs. Of course, for the orthogonal channel
matrix ML decoding is already a trivial problem and most suboptimal detectors
are equivalent to ML for this particular case.

Example 7.2 Rank One Regions
Figure 7.1 shows the rank one regions as a function of the received vector y for the
case where

H =

[
1 0.2

0.2 1

]

. (7.9)
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The four white regions show Ys for all different values of s ∈ S2. The boundary of
the ML decision regions are shown by the bold lines. From this picture it is clear
how the rank one regions approximate the ML decision regions. Note that Ys are
subsets of the ML decision regions which follows since the ML and SDR estimate
coincides when (6.7) has a rank 1 solution. Also, note that the rank one regions
only depend on H and not on the SNR.

7.2 ML Verification

A nice practical use of Theorem 7.1 is that it effectively provides a way of estab-
lishing that a candidate estimate, ŝ, is an ML solution. To this end, let ŝ be an
estimate of s which is obtained by any detector. Let v̂ be given by

v̂ ,y − Hŝ.

By Theorem 7.1 it follows that if v̂ ∈ Vŝ then it is known that ŝ = ŝML. The veri-
fication of v̂ ∈ Vŝ can be done in O(m3) time by applying a Cholesky factorization
[HJ85] to the matrix of (7.1).

Using this observation enables the following reduction in average complexity of
any ML detector. First, obtain and estimate of s by a simple, e.g. linear, detector
and test this estimate as above to see if it is equal to the ML estimate. Then use the
computationally more expensive ML detection algorithm (e.g. the sphere decoder)
only in those instances when v̂ 6= Vŝ. The efficiency of this method is of course
related to the probability that v̂ ∈ Vv̂ and this probability is strongly dependent
on parameters such as the conditioning of the channel matrix and the signal to
noise ratio. It is however likely that this method may be able to reduce the average
complexity of the ML detection is some scenarios. This ML verification technique
has been explored in [JOM05] and [MVDC05]. Further, by the results presented
in the following section, it is known that the probability of the ML verification
test being true for the transmitted symbol vector s is on the same order as the
error probability of the class of linear detectors which suggests that there is little to
gain by considering stronger detectors than the ZF and MMSE detectors in order
to obtain the initial estimate. This was also observed in [JOM05] but based on
numerical simulations.

7.3 Rank One Diversity

Section 7.1 characterizes when and when not the relaxed problem in (6.7) is tight in
the sense that the solution to (6.7) coincides with the solution to (6.6). However, as
indicated in the introduction, this analysis does not fully explain the performance
of the SDR detector. In particular, a hypothetical SDR detector which calls an
error whenever the solution to (6.7) is not of rank one would not be significantly
better than much simpler suboptimal detectors such as the ZF or MMSE detectors.
Actually, it is quite likely that it would have worse performance.
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In order to show this we study the performance of such an SDR detector and
show that the diversity order of this detector is the same as that of the ZF and the
MMSE detectors for the real valued i.i.d. Rayleigh fading channel. This is formal-
ized by the following Theorem. What is especially interesting about Theorem 7.3
is that it effectively shows that any analysis that attempts to explain the diversity
of the SDR detector mush also take the rounding part of the detector into account.
This is also done in the following chapter where the diversity of the SDR detector
is derived.

Theorem 7.3. Assume that H ∈ Rn×m is generated with i.i.d. real valued Gaussian
entries. Then

lim
σ2→0

log P
(
HTH + S−1Diag(HTv) � 0

)

log σ2
=
n−m+ 1

2
. (7.10)

Proof: The theorem is proved by providing upper and lower bounds on the limit
in (7.10). We begin by providing a lower bound on the probability that

HTH + S−1Diag(HTv) � 0 (7.11)

occurs and note that this will give an upper limit on the diversity order of the rank
one event.

To this end, consider the probabilistic events A, B, and C defined according to

A,{λ1(H
TH) ≤ σ2} (7.12)

where λ1(H
TH) denotes the smallest eigenvalue of HTH,

B,{‖hT
i v‖ > σ2, i = 1, . . . ,m} , (7.13)

and
C ,{si = −sgn(hT

i v), i = 1, . . . ,m} . (7.14)

If all these events occur simultaneously, then we claim that (7.11) is satisfied. To
see this, note that by B and C, it follows that

S−1Diag(HTv) � −σ2I.

Therefore, if A is simultaneously satisfied, it follows that the smallest eigenvalue
of the matrix on the left hand side of (7.11) is less than zero and therefore the
condition of (7.11) is satisfied. Thus, we have that the combined even of A, B and
C implies (7.11) and

P
(
HTH + S−1Diag(HTv) � 0

)
≥ P (A ∩ B ∩ C) . (7.15)

The object is now to show that

P (A ∩ B ∩ C)
.
≥(σ2)

n−m+1
2 .
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Using the chain rule for conditional probabilities yields

P (A ∩ B ∩ C) = P (C|A ∩ B) P (B|A) P (A) . (7.16)

By considering C defined in (7.14) it can be seen that P (C|A ∩ B) does not depend
on A and B (unless hT

i v = 0 for some i which is an event of zero measure) and
therefore it follows that

P (C|A ∩ B) =
1

2m

is independent of σ2 and strictly positive. Next consider the second term in the
expansion in (7.16), i.e. P (B|A). By dividing both sides of the inequality appearing
in the definition of B in (7.13) by σ2 it follows that

P (B|A) = P
(
‖hT

i u‖ > 1, i = 1, . . . ,m|A
)

(7.17)

where u,σ−2v ∼ N (0, 1) is independent of σ2. Note also that it is fairly straight-
forward to show that P (B|A) is not identically equal to zero. For the finial term
in 7.16, i.e. P (A) it is by Property B.11 in Appendix B known that

P (A), P
(
λ1(H

TH) ≤ σ2
) .

= (σ2)
n−m+1

2 (7.18)

by identifying ǫ = σ2.
By combining (7.15) and (7.16) it follows that

lim sup
σ2→0

log P
(
HTH + S−1Diag(HTv) � 0

)

log σ2

≤ lim sup
σ2→0

[
log P (C|A ∩ B)

log σ2
+

log P (B|A)

log σ2
+

log P (A)

log σ2

]

. (7.19)

However, the first two terms on the right hand side in (7.19) tend to zero since
P (C|A ∩ B) and P (B|A) are strictly positive and independent of σ2. It follows that

lim sup
σ2→0

log P
(
HTH + S−1Diag(HTv) � 0

)

log σ2
≤ n−m+ 1

2

or (by Definition B.3 in Appendix B) equivalently

P
(
HTH + S−1Diag(HTv) � 0

) .
≥(σ2)

n−m+1
2

which establishes the upper bound on the diversity order.
In order to establish the lower bound, note that it is sufficient that λ1(H

TH) ≥
|hT

i v| for i = 1, . . . ,m in order for

HTH + S−1Diag(HTv) � 0 (7.20)
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to be satisfied for all s ∈ Sm. Consider the event that λ1(H
TH) ≥ (σ2)α and

‖hT
i v| ≤ (σ2)α for some α ∈ (0, 1) and note that this is also sufficient for (7.20) to

be satisfied. Thus, by applying the union bound it follows that

P
(
HTH + S−1Diag(HTv) � 0

)

≤P
(
λ1(H

TH) < (σ2)α
)

+
m∑

i=1

P
(
|hT

i v| > (σ2)α
)

(7.21)

for any α ∈ (0, 1). For the first term on the right hand side of (7.21), it follows
from (7.18) that

P
(
λ1(H

TH) < (σ2)α
) .
≤(σ2)

α(n−m+1)
2 .

The other terms, i.e. P
(
|hT

i v| > (σ2)α
)
, satisfy

P
(
|hT

i v| > (σ2)α
)

= P
(
|hT

i u| > (σ2)α−1
)

where again u,σ−2v ∼ N (0, 1). As either ‖hi‖ or ‖u‖ must be larger than (σ2)
α−1

2

for |hT
i u| > (σ2)α−1 to occur and since α−1 < 0 it follows that P

(
|hT

i u| > (σ2)α−1
)

tends to zero at an exponential rate with decreasing σ2, see Property B.8 in Ap-
pendix B. Therefore,

P
(
HTH + S−1Diag(HTv) � 0

) .
≤(σ2)

α(n−m+1)
2 +m(σ2)∞

.
≤(σ2)

α(n−m+1)
2

by B.5 and B.4 and since the inequality holds for α arbitrarily close to 1 it follows
that

P
(
HTH + S−1Diag(HTv) � 0

) .
≤(σ2)

n−m+1
2

or equivalently

lim inf
σ2→0

log P
(
HTH + S−1Diag(HTv) � 0

)

log σ2
≥ n−m+ 1

2

which establishes the lower bound and concludes the proof. �

What is shown by Theorem 7.3 is that the probability of obtaining high rank
solutions tend to zero with a diversity of n−m+1

2 for the i.i.d. real valued Rayleigh
fading channel. This is the same as the diversity of the ZF detector error probability
and thus far from the diversity of the optimal ML detector. However, it is not
necessary for the relaxation to obtain a rank one solution in order for the SDR
receiver to obtain the correct estimate, ŝSDR = s. What is required is that the
optimal point of (6.7) is close to the rank one solution corresponding to s, Xs. In
this case, the rank one approximation will still recover the correct rank one matrix
and the detector will make a correct decision. Therefore, a much tighter bound on
the error probability is obtained by considering the event that the solution is close
to the correct rank one matrix, Xs. Such an approach is taken in the following
chapter where the diversity of the SDR detector with rounding is obtained.



Chapter 8

SDR Diversity

We will in this chapter prove the observation made in Section 1.5, namely that
when applied to an i.i.d. real valued Rayleigh fading channel with n ≥ m the SDR
detector achieves the maximum possible diversity. This result, formally stated in
Theorem 8.1 below, represents a non-trivial extension of previously known perfor-
mance guarantees available for the SDR detector, see e.g. [Nes97, MDW+02, KL05].

Theorem 8.1. Assume that H ∈ Rn×m in (1.1) consists of i.i.d. Gaussian entries
of zero mean and fixed (non-zero) variance. Assume further that n ≥ m. Then

lim
ρ→∞

ln P (ŝSDR 6= s)

ln ρ
= lim

ρ→∞
ln P (ŝML 6= s)

ln ρ
= −n

2
.

First of all, it is important to note that the SDR (and maximum) diversity is
n
2 and not n. This (as mentioned in Section 1.3) is because we explicitly consider
a real valued channel matrix (1.1) as opposed to the complex channel case more
frequently studied in the literature. It is straightforward to show that the maximum
achievable diversity in this case is n

2 by extending the proof of [NZA00] to cover the
real valued case. In the case of ZF and MMSE the diversity is n−m+1

2 which can be
seen by following the argument in [TV05, Section 8.5.1.] with a real valued channel
matrix. It should also be noted that, as the SDR detector is of only polynomial
complexity in the number of symbols jointly detected, Theorem 8.1 also provides a
rather strong statement regarding the complexity of near-optimal detection in the
high SNR regime.

Using the exponential equality notation of Appendix B generally allows for
a more compact (and suggestive) notation and in this notation the statement of
Theorem 8.1 becomes

P (ŝSDR 6= s)
.
= P(ŝML 6= s)

.
= ρ−

n

2 .

Now, most of remaining part of chapter is devoted to the proof of Theorem 8.1.
The formal proof is divided into several lemmas presented in Section 8.2 and Sec-
tion 8.3. However, before presenting the proof in full, a short outline is given in
Section 8.1. Also, some generalizations of the result are discussed in Section 8.4.

81



82 CHAPTER 8. SDR DIVERSITY
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Figure 8.1: Illustration of the feasible set, X , of the SDR detector in (6.7). The
hyperplane H separates points in the feasible set that are close to and far from Xe.

8.1 The SDR Diversity Proof, Outline

Note that due to the symmetry of the problem (and the detector) it can without
loss of generality be assumed that s = e was transmitted. This will also be done in
the sequel. In the m = 2 case it is possible to graphically illustrate the feasible set,
X , of (6.7) in order to gain intuition. To this end, consider parameterizing X ∈ X
as in [Hel00] or [TR01], i.e. according to

X =





1 x y
x 1 z
y z 1



 .

The feasible set, X , is illustrated in Figure 8.1. The rank one matrix, Xe, that
corresponds to the transmitted message, s = e, is also indicated in the figure.

Intuitively, one can characterize the error events of the SDR receiver as follows.
When the optimal point of (6.7), X⋆, is close to Xe then the rounding proce-
dure described in Section 6.3 will be able to recover the correct rank one matrix,
namely Xe. It is only when the optimal point of (6.7) is far from Xe that an error
can occur.

Consider now the introduction of a hyperplane, H, as in Figure 8.1 that sepa-
rates the points in X that are close to and far from Xe. Specifically, let X+ be the
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points in X that are on the same side of H as Xe and let X− be the points on the
other side. Assume also that H is chosen such that points in X+ are rounded off to
Xe. Let us also first consider the zero noise case, i.e. when v = 0. In this case Xe

is always optimal for (6.7) with a criterion value equal to 0. Further, let τ ≥ 0 be
given by

τ = min
X∈X∩H

Tr(LX),

i.e. τ is the minimum objective value over the intersection of the hyperplane and
the feasible set, assuming v = 0. As the criterion function, Tr(LX), is linear and
X is convex it follows that the criterion function for any X ∈ X− will also satisfy
Tr(LX) ≥ τ .

Now allow for v 6= 0 but assume that ‖v‖ is significantly smaller than τ . In this
case, Tr(LXe) is still small as Tr(LXe) is continuous in v. At the same time it is
guaranteed that Tr(LX) is not significantly smaller than τ for any X ∈ X−, again
since Tr(LX) is continuous in v. This implies that there is a point in X+ with a
criterion value close to zero, while all points in X− have objective values which are
at least on the order of τ . In other words, the optimum over X must belong to X+

and therefore be close to Xe. This in turn implies that no error is made by the
SDR receiver. In short, it is sufficient that τ is large in comparison with the noise
in order for the detector to make a correct decision. This statement is also made
rigorously by Lemma 8.2 in Section 8.2.

The proof of Theorem 8.1 follows the heuristic argument given above and is
divided into two parts. The first part, is concerned with proving that the error
probability of the SDR detector is, in the high SNR regime, governed by the proba-
bility that τ is atypically small rather than the probability that v is atypically large.
This statement is formalized by Lemma 8.3 in Section 8.2. Note that the technique
of interpreting typical errors as caused by particularly bad channels (in our case
channels which cause τ to be small) is common in the literature, see e.g. [TV05]. It
is also similar in many respects to the analysis of coded multiple antenna systems
where errors are typically caused by channels in outage [ZT03].

The second part of the proof, contained in Section 8.3, is concerned with bound-
ing the probability that τ is atypically small. Note that in order for τ to be small
there must be at least one X ∈ X ∩ H for which Tr(LX) is small. In essence, the
technique used to establish our bound on the probability of τ being small can be
summarized as follows.

1. Cover X ∩ H (or more precisely a set isomorphic to X ∩ H) with ǫ-balls
and bound the probability that each specific ǫ-ball contains an X for which
Tr(LX) is small.

2. Count the number of ǫ-balls required to cover X ∩H and use the union bound
to bound the probability that τ is small.

Much of the difficulty of the proof stems from that the probability that each ǫ-ball
contains an X for which Tr(LX) is small depends on where in X ∩ H the ǫ-ball is
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located. Also, the technically most challenging part of the proof relates to counting
the number of ǫ-balls required to cover certain subsets of X ∩ H. The analysis
of each particular ǫ-ball is provided by Lemma 8.4 and the counting argument is
captured in Lemma 8.5 in Section 8.3. The proof of Theorem 8.1, given at the end
of Section 8.3, then follows by combining Lemma 8.4 and Lemma 8.5.

8.2 The SDR Diversity Proof, Part I

The purpose of this section is to give rigorous justification of the first part of the
heuristic argument given in Section 8.1 and show that the noise, v, can effectively
be removed from (or integrated out of) the analysis of the receiver diversity. To this
end, we will begin by giving a proper definition of some of the concepts appearing
in the heuristic argument.

First of all, the feasible set, X , of (6.7) is given by

X ,{X ∈ Sm+1 | diag(X) = e, X � 0} (8.1)

where Sm+1 denotes the set of symmetric matrices. Let H be the hyperplane (or
affine subset of Sm+1) given by

H,{X ∈ Sm+1 | Tr(MXMT) = 1} (8.2)

where

M,
[
I −e

]
∈ Rm×m+1. (8.3)

It will later be established that an H chosen this way is sufficient for separating
point close to Xe from points far from Xe. The optimal value of Tr(LX) over the
intersection set X ∩H is under the zero noise, v = 0, assumption given by

τ , min
X∈X∩H

Tr(L0X) (8.4)

where

L0 ,

[
Q −Qe

−eTQ eTQe

]

= MTQM

and Q,HTH. Note that L0 is equal to L in (6.3) when v = 0. It is also straight-
forward to show that τ is equivalently given by

τ = inf
Y∈Y

Tr(QY) (8.5)

where

Y ,M(X ∩H)MT = Ỹ ∩ {Y ∈ Sm | Tr(Y) = 1} (8.6)

and

Ỹ = MXMT. (8.7)



8.2. THE SDR DIVERSITY PROOF, PART I 85

The set Ỹ is a linear mapping of X ⊂ Sm+1 onto Sm given by MXMT under which
the criterion Tr(L0X) and H have a somewhat simpler structure. Note also that
Ỹ is convex since it is a linear transformation of a convex set. The main reason for
introducing (8.5) is that it is frequently more convenient to work with (8.5) rather
than with (8.4) directly.

We are now able to pose and prove the first lemma regarding the error probabil-
ity of the SDR detector. In essence, we wish to establish that a large τ is sufficient
for correct detection. These statements are captured by Lemma 8.2 given below
(note again that s = e is assumed to be the transmitted message).

Lemma 8.2. Let τ be given by (8.4). Then

τ > 4‖v‖2 ⇒ ŝSDR = e.

Proof: We will first prove the lemma under the assumption that the optimal point of
(6.7) is rank deficient and then argue that this assumption can be made without loss
of generality. Thus, consider an X ∈ X for which X ⊁ 0 (X is positive semidefinite
but not positive definite) and partition X as

X =

[
AT

aT

]
[
A a

]
=

[
ATA ATa

aTA aTa

]

where A ∈ Rm×m and a ∈ Rm. Note that this is possible since X has at most rank
m. Note also that ‖a‖ = 1 follows from diag(X) = e. Further, note that the matrix
L defined in (6.3) can be written as

L,

[
HTH −HTy

−yTH yTy

]

=

[
HT

−yT

]
[
H −y

]
.

Thus,

Tr(LX) =Tr

([
HT

−yT

]
[
H −y

]
[
AT

aT

]
[
A a

]
)

=Tr

(
[
H −y

]
[
AT

aT

]
[
A a

]
[

HT

−yT

])

=Tr((HAT − yaT)(HAT − yaT)T)

=‖HAT − yaT‖2

where ‖ · ‖ above refers to the Frobenius norm. Now, the model of (1.1) for s = e

yields (through y)
Tr(LX) = ‖H(AT − eaT) − vaT‖2.

Note that

‖H(A − eaT) − vaT‖
≥‖H(A − eaT)‖ − ‖vaT‖
=‖H(A − eaT)‖ − ‖v‖
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where the last equality follows from ‖a‖ = 1. Thus, whenever

‖H(A − eaT)‖ > 2‖v‖ ⇔ ‖H(A − eaT)‖2 > 4‖v‖2

it follows that
Tr(LX) > ‖v‖2. (8.8)

At the same time, for

Xe ,

[
e

1

]
[
eT 1

]

it follows that

Tr(LXe) =Tr

([
HT

−yT

]
[
H −y

]
[
e

1

]
[
eT 1

]
)

=Tr

(
[
H −y

]
[
e

1

]
[
eT 1

]
[

HT

−yT

])

=Tr((He − y)(He − y)T)

=‖He − y‖2 = ‖v‖2. (8.9)

Thus, by (8.8) and (8.9), it follows that

‖H(A − eaT)‖2 > 4‖v‖2 ⇒ Tr(LX) > Tr(LXe) (8.10)

which implies that X can not be optimal for (6.7) if

‖H(A − eaT)‖2 > 4‖v‖2 ⇔ ‖H(A − eaT)‖ > 2‖v‖.

Now, note that

(A − eaT) = M

[
AT

aT

]

,

for M defined in (8.3) and

‖H(A − eaT)‖2

=Tr

(

HM

[
AT

aT

]
[
A a

]
MTHT

)

=Tr

(

HTHM

[
AT

aT

]
[
A a

]
MT

)

=Tr(HTHMXMT). (8.11)

Let X⋆ ∈ X be the optimal point for (6.7) and let Y⋆ ∈ Ỹ be given by
Y⋆ ,MX⋆MT. Note that

Tr(QY⋆) ≤ 4‖v‖2

for Q = HTH as otherwise X⋆ would not be optimal due to (8.10) and (8.11).
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Assume (as in the lemma) that

τ > 4‖v‖2.

This implies that Tr(QY) > 4‖v‖2 for any Y ∈ Y. The same conclusion could
also be drawn for any Y ∈ Ỹ which satisfies Tr(Y) ≥ 1. This follows since Ỹ is a
convex set which contains 0 (since 0 = MXeM

T). That is, if there were Y ∈ Ỹ
for which Tr(Y) ≥ 1 and Tr(QY) ≤ 4‖v‖2 then Ỹ , γY ∈ Y for some γ ∈ (0, 1]
and Tr(QỸ) ≤ 4‖v‖2 contrary to the assumption.

Thus, under the assumption of the lemma, it follows that

Tr(Y⋆) < 1

and ‖diag(Y⋆)‖∞ < 1 as Y⋆ � 0 implies that Y⋆ has positive diagonal elements.
Now, partition X⋆ as

X⋆ =

[
B b

bT 1

]

where diag(B) = e due to diag(X⋆) = e. Computing Y⋆ explicitly under this
partitioning yields

Y⋆ = MX⋆MT = B − ebT − beT + eeT

which implies
‖e − b‖∞ = 1

2‖diag(Y⋆)‖∞ < 1
2

since diag(Y⋆) = 2e− 2b. Thus, the rounding procedure given in (6.11) will round
the last column of X⋆, namely b, to e and it follows that ŝSDR = e.

What remains now is to show that the optimal point of (6.7) must be rank
deficient. By applying the result in [Pat98] it is known that there will always be a
rank deficient optimal point. A potential problem could arise if there are several
optimal points, some of which are full rank. We will however show that this is not
possible.

In order for any optimal point of (6.7) to be full rank, all off diagonal elements
of L in (6.3) must be identically zero. This follows since otherwise there would be
a search direction in the nullspace of diag(X) = e for which the criterion function
would decrease, contradicting the optimality of any full rank X. Thus HTH has
zero off diagonal elements (as it appears in L) and H has orthogonal columns. In
this special case the SDR detector will always have rank one solutions which are
unique as long as the ML problem has a unique solution. see Chapter 7 or [JMO03].
However, the assumption that τ > 4‖v‖2 implies that

‖y − He‖2 < ‖y − Hŝ‖2

for any ŝ ∈ Bm, ŝ 6= e, and it follows that the ML solution is unique. Therefore,
there are no full rank solutions under the assumption in the lemma. This completes
the proof. �
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Essentially, Lemma 8.2 states that for an error to occur in the high SNR regime
one of two thing must happen. Either τ is atypically small or v is atypically large.
As stated in Section 8.1 it can be argued that the probability of the former event
outweighs the probability of the latter. This is formally stated by the following
Lemma which concludes this section.

Lemma 8.3. Let τ be given by (8.4). Then

P
(
τ ≤ ρ−1

) .
≤ ρ−d ⇒ P (ŝSDR 6= e)

.
≤ ρ−d. (8.12)

Proof: Assume (as was done in the lemma) that

P
(
τ ≤ ρ−1

) .
≤ ρ−d.

This, combined with P
(
τ ≤ ρ−1

)
≤ 1, implies that for any arbitrarily small δ > 0

there is a constant, c, for which

P
(
τ ≤ ρ−1

)
≤ cρ−d+δ

for all ρ ≥ 0. Now, by Lemma 8.2,

pe ,P (ŝ 6= e) ≤ P
(
τ ≤ 4‖v‖2

)
.

Introduce a Gaussian vector, w ∈ Rn, with i.i.d. zero mean elements of variance
one and note that ρ−1‖w‖2 has the same distribution as ‖v‖2. Let f‖w‖2(γ) denote
the probability density function of γ = ‖w‖2. As τ is independent of v (and w) it
follows that,

pe ≤ P
(
τ ≤ 4ρ−1‖w‖2

)

=

∫ ∞

0

P
(
τ ≤ 4ρ−1‖w‖2 | ‖w‖2 = γ

)
f‖w‖2(γ)dγ

=

∫ ∞

0

P
(
τ ≤ 4ρ−1γ

)
f‖w‖2(γ)dγ

≤ c4d−δρ−d+δ

∫ ∞

0

γd−δf‖w‖2(γ)dγ

= c4d−δρ−d+δE
{

‖w‖2(d−δ)
}

= c′ρ−d+δ

for some c′ independent of ρ. Note that c′ < ∞ follows since ‖w‖ has finite
moments. Thus,

pe

.
≤ ρ−d+δ.

However, as the relation holds for arbitrary small δ > 0 it follows that

pe

.
≤ ρ−d

which concludes the proof. �
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8.3 The SDR Diversity Proof, Part II

Let τ be given by (8.4) or equivalently (8.5). In light of Lemma 8.3 all that remains
to be done in order to prove Theorem 8.1 is to provide a bound on

P
(
τ ≤ ρ−1

)

in the high SNR limit. Note however that at this point the variable ρ−1 is just
a dummy variable and we can, and will, replace ρ−1 by ǫ and study the proba-
bility that τ ≤ ǫ for small ǫ > 0. Thus, what remains to be done is to bound
P (τ ≤ ǫ) around ǫ = 0. We will also in the remaining part of this work focus on
the optimization problem given in (8.5) rather than the equivalent problem in (8.4).

The probability that Tr(QY) ≤ ǫ for some particular Y ∈ Y will generally
depend on the specific Y considered (as mentioned in Section 8.1). In order to deal
with this we shall first partition Y into a finite number of subsets {Yi},

Y ⊂
⋃

i

Yi,

such that P (Tr(QY) ≤ ǫ) is more or less constant for all Y within one such subset.
Then, the probability that τ ≤ ǫ will be bounded by applying the union bound
according to

P (τ ≤ ǫ) ≤
∑

i

P (τi ≤ ǫ) (8.13)

where

τi , inf
Y∈Yi

Tr(QY)

and where by property B.5 in Appendix B it is known that the sum in (8.13) will in
the exponential equality sense be given (or completely dominated) by its maximal
term.

It is interesting to note that this corresponds to the identification of typical
error events (or classes of error events), which is closely related to the analysis of
typical outage events in [ZT03]. However, in [ZT03] typical events where identified
by classifying particularly bad channels, H, while here, we shall use the concept
to identify particularly troublesome subsets of Y. In essence, we shall partition Y
based on the eigenvalues of Y ∈ Y (or how close to singular Y is). Then the subset
which dominates (8.13) will be found by optimizing over the possible eigenvalue
combinations. Note also that these subsets will generally depend on ǫ but that
we will adopt a somewhat casual terminology and refer to them simply as subsets
rather than by the technically more correct term “sequence of subsets”. However,
before considering the general partitioning of Y into such subsets we will treat two
motivating, and relatively simple, special cases to gain intuition.
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Special Cases

Rank One Matrices

First, let us consider the set of rank one matrices Y ∈ Y, i.e. the set given by

YR1 ,Y ∩ {Y | rank(Y) = 1}.

For any particular Y in this set, with an eigenvalue decomposition given by Y =
σuuT where ‖u‖ = 1, we have

Tr(QY) = σuTQu. (8.14)

As σ = 1 due to the constraint Tr(Y) = 1 it follows that

P (Tr(QY) ≤ ǫ) = P
(
‖Hu‖2 ≤ ǫ

) .
= ǫ

n

2

for this particular Y ∈ YR1. It can also be shown that there are exactly 2m − 1
distinct Y ∈ YR1. In essence, each such Y corresponds to the point at which the
line (in X ) connecting

Xŝ ,

[
ŝ

1

]
[
ŝT 1

]

and Xe intersects the hyperplane H, given in (8.2). Therefore, by applying the
union bound to the finite number of rank one Y ∈ YR1 it follows that

P (τR1 ≤ ǫ)
.
= ǫ

n

2

where
τR1 = inf

Y∈YR1

Tr(QY).

Note also that there is a one-to-one correspondence between the rank one matrices
and all possible messages (not equal to the transmitted message), ŝ ∈ Bm\e, that
are searched over by the ML detector. This is also the reason why

P (τR1 ≤ ǫ)
.
= P(ŝML = e) . (8.15)

Full Rank Matrices

Next, consider the set of full rank (or more precisely well conditioned) Y ∈ Y given
by

YFR ,Y ∩ {Y | Y � cI}
for some constant c > 0, and let

τFR , inf
Y∈YFR

Tr(QY).

As the criterion function, Tr(QY), may be bounded as

Tr(QY) ≥ cTr(Q) = c‖H‖2
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for any Y ∈ YFR it follows directly that

P (τFR ≤ ǫ)
.
≤ ǫ

mn

2

by applying property B.7 in Appendix B. This result can also be strengthened to
show that

P (τFR ≤ ǫ)
.
= ǫ

mn

2 . (8.16)

Discussion

The implication of the result in (8.15) and and (8.16) is that the event that τ ≤ ǫ is
(in the limit) much less likely to be caused by one of the matrices in YFR than one
of the matrices in YR1. The probability of the former is on the order of ǫ

mn

2 while
the later is only ǫ

n

2 and ǫ
mn

2 ≪ ǫ
n

2 when ǫ is small (provided m > 1). Thus, (in a
very loose sense) the reason for the high diversity of the SDR detector is that the
elements added in the relaxation (the ones in YFR) are less likely to cause errors
than the elements already present in the feasible set of the ML detection problem
(the ones in YR1).

The question which however remains to be answered is if there is some other
set of Y, somewhere between the full rank and rank one matrices, which can cause
τ ≤ ǫ to occur with a probability substantially larger than ǫ

n

2 . The answer to this
question is somewhat surprisingly no provided that n ≥ m (but yes in some n < m
cases). In fact, most of the remaining part of the paper is concerned with the formal
proof of this statement.

The General Case

In the general case we consider sets on the form given by

Y(a,b),Y ∩ {Y | ǫak ≤ σk(Y) ≤ ǫbk} (8.17)

where a = (a1, . . . , am), b = (b1, . . . , bm) and σk(Y) denotes the kth eigenvalue of
Y. For notational convenience we will also in (8.17) interpret ǫak as 0 for ak = ∞
in order to allow one or more eigenvalues to be identically equal to zero. We
can without loss of generality assume that the eigenvalues are ordered and that
0 ≤ a1 ≤ . . . ≤ am, 0 = b1 ≤ . . . ≤ bm and bk ≤ ak for k = 1, . . . ,m. Note that
the assumption that b1 = 0 can be made since (8.17) would, due to the Tr(Y) = 1
constraint of Y in (8.6), be empty otherwise. Similarly to before we define

τ(a,b), inf
Y∈Y(a,b)

Tr(QY). (8.18)

In what follows, a bound on the probability of τ(a,b) ≤ ǫ is obtained by first
partitioning Y(a,b) into even smaller sets (essentially ǫ-balls) and then using the
union bound to bound P (τ(a,b) ≤ ǫ). It will be more convenient to work with a



92 CHAPTER 8. SDR DIVERSITY

square root factorization of Y ∈ Y instead of with Y directly. Thus, we define a
function,

θ : Sm
+ 7→ Rm×m (8.19)

(where Sm
+ denotes the set of symmetric, positive semidefinite matrices) for which

A = θ(Y) satisfies A = UΣ
1
2 and where UΣUT = Y is the eigenvalue decompo-

sition of Y. That is, θ provides square root factors of Y which have orthogonal
columns with norms equal to

√
σi. Let A(a,b) be given by

A(a,b), θ(Y(a,b)), (8.20)

i.e. A(a,b) is the set of square root factors which can be obtained from Y ∈ Y(a,b).
Note that Tr(QY) = ‖HA‖2 since Q = HTH and A = θ(Y). The random variable
τ(a,b), defined in (8.18), can thus be equivalently defined by

τ(a,b) = inf
A∈A(a,b)

‖HA‖2. (8.21)

We are now ready to provide the first lemma regarding the probability that
‖HÃ‖2 ≤ ǫ for any Ã in an ǫ

1
2 -ball around a given center point A ∈ A(a,b).

Lemma 8.4. Consider A ∈ A(a,b) and define

Aǫ(A),{Ã | ‖Ã − A‖ ≤ ǫ
1
2 }. (8.22)

Further, let

τ(A), inf
Ã∈Aǫ(A)

‖HÃ‖2. (8.23)

Then,

P (τ(A) ≤ ǫ)
.
≤ ǫν where ν,

m∑

k=1

n(1 − ak)+

2
.

and where (·)+ = max(0, ·).

Proof: Note that, due to the rotational symmetry of the distribution of H, it can
without loss of generality be assumed that A is diagonal (and equal to Σ

1
2 where

Σ is a diagonal matrix containing the eigenvalues of Y ∈ Y for which A = θ(Y)).

Pick some δ > 0 and consider the event that

‖H‖ ≤ ǫ−δ (8.24)

and where at least one column of H, hk, satisfies

‖hk‖ ≥ 2ǫ
1−ak

2 −δ. (8.25)
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We will first show that this event implies that τ(A) > ǫ and next that the event

fails to occur with a probability which is no larger (in the
.
≤ sense) than ǫν−nmδ.

Hence

P (τ(A) ≤ ǫ) ≤ P
(

‖H‖ ≥ ǫ−δ ∪ ‖hk‖ < 2ǫ
1−ak

2 −δ ∀k
)

.
≤ ǫν−nmδ.

Note first that (8.25) implies

‖hkσ
1
2

k ‖ ≥ 2ǫ
1
2−δ

for at least one k since σk ≥ ǫak . Note also that this implies

‖HA‖ = ‖HΣ
1
2 ‖ ≥ 2ǫ

1
2−δ.

Now, consider ‖HÃ‖ for any Ã satisfying ‖Ã − A‖ ≤ ǫ
1
2 . Under the additional

assumption of (8.24) it follows that

‖HÃ‖ =‖HA − H(A − Ã)‖
≥‖HA‖ − ‖H(A − Ã)‖

≥ 2ǫ
1
2−δ − ǫ

1
2−δ

= ǫ
1
2−δ > ǫ

1
2

where the last inequality holds whenever ǫ ≤ 1. Note also that ‖HÃ‖ > ǫ
1
2 implies

‖HÃ‖2 > ǫ. Therefore, (8.24) and (8.25) imply that τ(A) > ǫ.
Now, consider the probability that (8.25) fails to hold, e.g. that

‖hk‖ < 2ǫ
1−ak

2 −δ

for all k = 1, . . . ,m. As the columns of H are independent this probability can be
upper bounded as

P
(

‖hk‖ < 2ǫ
1−ak

2 −δ ∀k
)

=

m∏

k=1

P
(

‖hk‖ < 2ǫ
1−ai

2 −δ
)

.
≤

m∏

k=1

ǫ
n(1−ak−2δ)+

2 ≤ ǫν−nmδ

where we have used

P
(
‖h‖ ≤ ǫ

c

2

)
= P

(
‖h‖2 ≤ ǫc

) .
≤ ǫ

nc
+

2



94 CHAPTER 8. SDR DIVERSITY

according to B.7 in Appendix B with ǫ = ρ−1. The probability that (8.24) fails to
hold can be upper bounded as

P
(
‖H‖ > ǫ−δ

) .
≤ ǫ∞

according to B.8 in Appendix B. Therefore, by applying the union bound,

P (τ(A) ≤ ǫ) ≤ P
(

‖H‖ ≥ ǫ−δ ∪ ‖hk‖ < 2ǫ
1−ak

2 −δ ∀k
)

.
≤ ǫν−nmδ + ǫ∞

.
≤ ǫν−nmδ.

However, as δ > 0 was arbitrary it follows that

P (τ(A) ≤ ǫ)
.
≤ ǫν

which concludes the proof. �

The next lemma provides a bound on the number of ǫ
1
2 -balls (defined as

in (8.22)) which are required to completely cover the set A(a,b). Lemma 8.5
is the technically most difficult result of this work and we discuss this lemma below
but save the stringent proof for Appendix 8.A.

Lemma 8.5. Let A(a,b) and Aǫ(A) be defined as in (8.20) and (8.22), respectively.
Then there is a collection of points, A = {Ai}, for which

A(a,b) ⊂
⋃

Ai∈A

Aǫ(Ai)

and
|A|

.
≤ ǫ−µ

where |A| denotes the number of elements of A and where

µ,

m∑

k=2

(m− k + 2)(1 − bk)+

2
. (8.26)

Proof: Given in Appendix 8.A. �

Essentially, the proof of Lemma 8.5 relies on a geometric argument based on
the dimensionality of low rank subsets of A. Specifically, as part of the proof of
Lemma 8.5 it is shown that the set of rank r matrices A ∈ A, i.e.

ARr ,A ∩ {A | rank(A) = r},

is part of a dr-dimensional (smooth) manifold where

dr ,

r∑

k=2

(m− k + 2), r = 2, . . . ,m
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and d1 , 0. The manifold containing ARr is locally diffeomorphic (having a one-
to-one differentiable relation) with the dr-dimensional unit cube in Rdr (this is a
property of any smooth dr-dimensional manifold [Mil65] and not specific to ARr).

The volume, V , covered by one dr-dimensional ǫ
1
2 -ball is on the order of

V
.
= (ǫ

1
2 )dr = ǫ

dr

2

and therefore one needs on the order of

N
.
=

1

V

.
= ǫ

−dr

2 (8.27)

such ǫ
1
2 -balls to cover the unit cube in Rdr . By exploiting that there is a differen-

tiable (and therefore continuous) map between the unit cube and the manifold this
result carries over to a covering of ARr.

Thus, the set of rank r matrices, ARr, can be covered by a collection of points,
Ar, satisfying

|Ar|
.
≤ ǫ−µr

where

µr =
dr

2
=

r∑

k=2

(m− k + 2)

2
.

Extending this line of reasoning from rank r dimensional subsets, ARr, to subsets
which are close to being low rank in the sense that the singular values of A are
bounded by powers of ǫ yields the result stated in Lemma 8.5. Note also that this
is similar to the discussion following Theorem 4 in [ZT03].

Now, Lemma 8.4 and Lemma 8.5 can be combined in order to bound the prob-
ability that A(a,b) contains an A for which ‖HA‖2 ≤ ǫ. Then, by optimizing over
a and b, one can find the set of the form of A(a,b) most likely to contain such an
A. It can also be argued that this set will dominate the probability of error in the
high SNR regime. These ideas are captured by the following lemma.

Lemma 8.6. Let τ be defined as in (8.4). Then

P (τ ≤ ǫ)
.
≤ ǫζ

where

ζ , inf
1≥c2≥...≥cm≥0

n

2
+

m∑

k=2

(n−m+ k − 2)ck
2

. (8.28)

Proof: Consider picking some b = (b1, . . . , bm) for which b1 = 0 and b1 ≤ b2 ≤
. . . ≤ bm ≤ 1 and choose a δ > 0. Let a = (a1, . . . , am) be given such that a1 = δ
and ak = bk + δ if bk + δ ≤ 1 or ak = ∞ otherwise for k = 2, . . . ,m.
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The probability that τ(a,b) ≤ ǫ where τ(a,b) is defined in (8.18) can be
bounded, using the union bound according as

P (τ(a,b) ≤ ǫ) ≤
∑

Ai∈A

P (τ(Ai) ≤ ǫ)

where A is chosen according to Lemma 8.5 and where τ(Ai) is given by (8.23).
Each term in the sum is upper bounded by

P (τ(Ai) ≤ ǫ)
.
≤ ǫν

where ν is given in Lemma 8.4. The number of terms in the sum is upper bounded
by

|A|
.
≤ ǫ−µ

where µ is given by (8.26). Thus, the probability that τ(a,b) ≤ ǫ is bounded as

P (τ(a,b) ≤ ǫ)
.
≤ ǫν−µ

where

ν − µ =
m∑

k=1

n(1 − ak)+

2
−

m∑

k=2

(m− k + 2)(1 − bk)+

2

≥n
2

+
m∑

k=2

(n−m+ k − 2)(1 − bk)+

2
− mnδ

2

≥ζ − mnδ

2

and where the property
(1 − ak)+ ≥ (1 − bk)+ − δ

(for ak chosen as above) was used to establish the first inequality. The second
inequality follows by the definition of ζ in (8.28) along with bk ≥ 0.

Now, let
A, θ(Y)

where θ is given by (8.19). Note that we can pick a finite set of b ∈ [0, 1]m,
B = {bi}, such that

A ⊂
⋃

b∈B

A(a,b) (8.29)

where a = a(b) according to the above. This follows since by specifying b =
(b1, . . . , bm) we include the matrices Y ∈ Y for which the kth eigenvalue satisfies
ǫbk+δ ≤ σk ≤ ǫbk if bk < 1 and σk ≤ ǫ if bk = 1. Thus we can cover the entire
range of σk ∈ [0, 1] with a finite number of bk ∈ [0, 1]. For the special case of k = 1
we know that σ1 is bounded away from 0 due to Tr(Y) = 1 which implies that
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σ1 ∈ [ǫδ, 1] for sufficiently small ǫ given that δ > 0 which is why b1 = 0 can be
assumed without loss of generality.

Using the union bound it follows that

P (τ ≤ ǫ) ≤
∑

b∈B

P (τ(a,b) ≤ ǫ)

.
≤ǫζ−mnδ

2

since each term in the sum satisfies

P (τ(a,b) ≤ ǫ)
.
≤ ǫζ−

mnδ

2

and the number of terms is finite. However, as δ > 0 was arbitrary it follows that

P (τ(a,b) ≤ ǫ)
.
≤ ǫζ

which concludes the proof. �

In light of Lemma 8.6 the proof of Theorem 8.1 is now almost trivial. All that
remains is to compute ζ in (8.28) and apply Lemma 8.3. We give the proof below.

Proof (of Theorem 8.1): For the case where n ≥ m all terms in the sum appearing
in (8.28) are non negative. Thus, the minimum in (8.28) is achieved for c2 = . . . =
cm = 0 and it follows that

ζ =
n

2
.

This, combined with Lemma 8.3, proves that

P (ŝSDR 6= e)
.
≤ ρ−

n

2 .

Next, note that the error probability of the SDR receiver is lower bounded by

P (ŝSDR 6= e) ≥ P (ŝML 6= e)
.
= ρ−

n

2

since the ML detector achieves the minimum probability of error. It therefore
follows that

P (ŝSDR 6= e)
.
= P(ŝML 6= e)

.
= ρ−

n

2 .

By noting again that s = e can be assumed without loss of generality the statement
of Theorem 1 follows. �

8.4 Extensions

At this stage, only the case of real valued systems on the form of (1.1) have been
considered. Also, for the proof of Theorem 8.1 it was assumed that n ≥ m. In this
section, we discuss the extensions which would follow by relaxing these constraints
and some illustrative numerical examples are given.
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The n < m Case

As stated above, full diversity has so far been shown under the condition that
n ≥ m. However, a careful inspection of the proofs shows that the only part which
explicitly relies on this assumption is when it is argued that c2 = . . . = cm = 0 is
an optimal point for (8.28) in the n ≥ m case. However, nontrivial bounds on the
diversity will follow whenever ζ in (8.28) is strictly positive. The following theorem
provides a lower bound on the diversity for the case when n < m.

Theorem 8.7. Given the assumptions of Theorem 8.1 but for r,m − n > 0, it
holds that

lim
ρ→∞

ln P (ŝSDR 6= s)

ln ρ
≤ −d

where

d =
1

2

(

m− r(r + 3)

2

)

(8.30)

Proof: All that needs to be done in this case is to find the optimum in (8.28) and
apply Lemma 8.3. To this end, note that the optimum of (8.28) is achieved for
ck = 1 for all k satisfying

n−m+ k − 2 < 0 ⇔ k ≤ m− n+ 1

and ck = 0 for k satisfying

n−m+ k − 2 ≥ 0 ⇔ k ≥ m− n+ 2.

The value of ζ in (8.28) is thus given as

ζ =
n

2
+

m−n+1∑

k=2

n−m+ k − 2

2
=

1

2

(

m− r(r + 3)

2

)

This completes the proof. �

Note that this result is only nontrivial if

m >
r(r + 3)

2

as otherwise Theorem 8.7 would simply state that the probability of error is less
than one. Further, we have no specific reason to believe that the bound is tight

(in the sense that
.
≤ could be replaced by

.
=) in the n < m case, even in the cases

where the bound is non-trivial. An indication of this is given in Figure 8.2 where
the diversity of the SDR detector seems to be larger than 2 which is predicted
by (8.30). It is however also unreasonable to expect the bound to be very loose
in the sense that the SDR detector would maintain the same diversity as the ML
detector in the general case where n < m. This is indicated by Figure 8.3 where the
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Figure 8.2: The probability of error when H ∈ Rn×m has i.i.d. real valued Gaussian
entries, and where m = 4 and n = 3.

error probability of the SDR is significantly larger than that of the ML detector.
Intuitively, in the n < m case, it can become likely that a matrix with higher rank
than one achieves the minimum in (8.5). Therefore, the typical error events of the
SDR detector no longer coincide with the error events of the ML detector and the
SDR detector can experience a loss in diversity. We do not however, as pointed out
above, expect the loss to be as large as what is indicated by (8.30).

A possible way to strengthen the analysis in the n < m case can actually be
seen by turning back to Figure 8.1. Essentially, as part of proving Theorem 8.1
(and Theorem 8.7) the intersection of X and H is covered with ǫ-balls. However,
due to the linearity of the objective function it is already known that the minimum
objective value over the intersection set must be achieved by one of the boundary
points of X . Therefore, it would suffice to cover the intersection of H with the
boundary of X . This would in turn strengthen the bound on |A| in Lemma 8.5 but
would also require a framework for parameterizing the boundary set. It may also
be possible to use the structure of the problem in other ways. One such way could
be to make use of the results in [Pat98] (where bounds on the rank of extremal
matrices for semidefinite programs are provided) to further limit the part of the
feasible set that needs to be covered.
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Figure 8.3: The probability of error when H ∈ Rn×m has i.i.d. real valued Gaussian
entries, and where m = 4 and n = 2.

Complex Channel Matrices

It is well known that the SDR receiver is also applicable to the case where 4-QAM
symbols are transmitted over a complex valued MIMO channel, see e.g. [TR01].
The most direct strategy is to rewrite the problem in an equivalent real valued
form according to

[
ℜ(yc)
ℑ(yc)

]

=

[
ℜ(Hc) −ℑ(Hc)
ℑ(Hc) ℜ(Hc)

] [
ℜ(sc)
ℑ(sc)

]

+

[
ℜ(vc)
ℑ(vc)

]

(8.31)

where yc ∈ Cnc , Hc ∈ Cnc×mc , sc ∈ Cmc and vc ∈ Cnc are the (to (1.1)) corre-
sponding complex valued quantities and where ℜ(·) and ℑ(·) denote the real and
imaginary parts. Note also that for (8.31) we have n = 2nc and m = 2mc.

However, the proof of Theorem 8.1 does unfortunately not extend to cover this
case. The specific reason is found in Lemma 8.4 where the rotational symmetry of
H is explicitly used. This symmetry is lost in the formulation given in (8.31), even
in the case where Hc is i.i.d. compex, circularly symmetric, zero mean Gaussian.
More importantly, numerical simulations suggest that the extension of Theorem 8.1
to this case may not even be true. An indication of this can be seen in Figure 8.4
where it is plausible to believe that the SDR receiver does experience a loss of
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Figure 8.4: The probability of error when H ∈ Cnc×mc has i.i.d. complex valued
Gaussian entries, and where nc = mc = 2.

diversity. However, it should also be pointed out that we do not expect the loss (if
any) to be very large in general. This belief is based on extensive simulations, such
as the one shown in Figure 8.5, that indicates a high SDR diversity in the complex
case.

At first sight, what would be required in order to cover the complex case would
be to update Lemma 8.4 for the structure of the effective channel matrix, H,
in (8.31). It is however also likely that Lemma 8.5 would need to be strengthened
(as discussed previously) in order to obtain a tight bound on the diversity. How-
ever, these steps remain a challenge. Also, note that if the SDR detector does not
achieve full diversity, the issue of providing a lower bound on the error probability
(or equivalently an upper bound on diversity) will also become more challenging.

8.A Appendix

This appendix provides the proof of Lemma 8.5. However, before proving
Lemma 8.5 we establish the following technical result regarding the feasible set
of (8.5).
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Figure 8.5: The probability of error when H ∈ Cnc×mc has i.i.d. complex valued
Gaussian entries, and where nc = mc = 4.

Lemma 8.8. The set Y defined in (8.6) satisfies

Y = {Y ∈ Sm | Tr(Y) = 1,Y � 1
4ddT,d = diag(Y)}. (8.32)

Proof: Consider the transformation given by

[
Y a

aT c

]

︸ ︷︷ ︸

P

=

[
I −e

0T 1

]

︸ ︷︷ ︸

T

X

[
I 0

−eT 1

]

(8.33)

or inversely,

X =

[
I e

0T 1

]

︸ ︷︷ ︸

R

[
Y a

aT c

] [
I 0

eT 1

]

(8.34)

since T−1 = R. Note also that Y is given by Y = MXMT as M =
[
I −e

]

by (8.3). Expanding X from (8.34) yields

X =

[
Y + aeT + eaT + eceT a + ec

aT + ceT c

]

.
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Thus, the constraint diag(X) = e for X ∈ X implies that c = 1 for Y ∈ Y since
Y ⊂ Ỹ = MXMT for Y given in (8.6) and where Ỹ is given in (8.7). Further, for
c = 1

diag(Y + aeT + eaT + eeT) = diag(Y) + 2a + e = e

which implies that
a = − 1

2diag(Y). (8.35)

Thus, given a matrix Y ∈ Ỹ there is actually a unique X ∈ X for which Y =
MXMT. In other words, the mapping from X to Ỹ is one-to-one.

Since T (and R) are invertible the constraint X � 0 is equivalent to P � 0.
However, P � 0 if and only if its Schur complement [BV04] is positive semidefinite,
i.e. if

Y − c−1aaT � 0.

Thus, by combining (8.35) with c = 1 and identifying d = −2a the equalities
of (8.6) and (8.32) are established. �

We are now in a position to prove the statement given by Lemma 8.5. For
convenience the lemma is restated below.

Lemma 8.5: Let A(a,b) and Aǫ(A) be defined as in (8.20) and (8.22) respec-
tively. Then there is a collection of points, A = {Ai}, for which

A(a,b) ⊂
⋃

Ai∈A

Aǫ(Ai)

and
|A|

.
≤ ǫ−µ

where

µ,

m∑

k=2

(m− k + 2)(1 − bk)+

2
.

Proof: Consider the triplet (U,λ, z) ∈ Rm×m × Rm × Rm and the system of
equations given by

Tr(Λ2) = 1 (8.36a)

diag(UΛ2UT) = Uz (8.36b)

UTU = I (8.36c)

Λ2 − 1
4zz

T � 0 (8.36d)

where Λ, diag(λ). The set of solutions to (8.36) will in what follows be denoted by
M. The set of solutions to (8.36a), (8.36b) and (8.36c) but not necessarily (8.36d)
is denoted by N and it follows that M ⊂ N . From (8.36a) and (8.36c) it follows
that λ and U in the solution set are bounded. However, as U is full rank due
to (8.36c) it follows through (8.36b) that z is also bounded. Therefore, both N and
M are compact (closed and bounded) sets.
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The constraints of (8.36) are such that any solution, (U,λ, z), of (8.36) sat-
isfies UΛ2UT ∈ Y and any eigenvalue decomposition, Y = UΣUT, of Y ∈ Y
solves (8.36) for Λ = Σ

1
2 and some (unique) z. To see this, consider the eigenvalue

decomposition, Y = UΣUT, of some Y ∈ Y where Y is given by (8.6). Note also
that Y belongs to Y if and only if it satisfies the constraints of (8.32) as proven in
Lemma 8.8. The orthogonality of U ∈ Rm×m is a property of the eigenvalue decom-
position and therefore (8.36c) is satisfied. For Λ = Σ

1
2 and z = UTdiag(UΛ2UT)

the constraint of (8.36b) is satisfied. As Y ∈ Y it follows that Y− 1
4ddT � 0 where

d = diag(Y). Therefore, diag(Y) = diag(UΛ2UT) = Uz implies

UΛ2UT − 1
4UzzTUT � 0 ⇔ Λ2 − 1

4zz
T � 0

which means that (8.36d) is satisfied. Finally, the constraint Tr(Y) = 1 in (8.32)
implies Tr(Λ2) = 1 and (8.36a) is satisfied. Reversing the reasoning and applying
Lemma 8.8 show that any solution to (8.36) must also have the property that
UΛ2UT ∈ Y.

The value of introducing (8.36) is that it will, through the implicit function
theorem [Rud96], provide a means of parameterizing the eigenvalues and vectors of
Y ∈ Y. To this end, let

p,m+
m(m+ 1)

2
+ 1,

q,m2 + 2m,

and ω ∈ Rq be given by

ω ,(U,λ, z).

Define

H : Rq 7→ Rp

according to

H(ω),





Tr(Λ2) − 1
diag(UΛ2UT) − Uz

svec(UTU − I)





and note that H(ω) = 0 corresponds to (8.36a), (8.36b) and (8.36c). In the above,
svec(·) referrers to the vector obtained by stacking the upper triangular part of a
symmetric matrix into a vector. Let

ω̄ ,(Ū, λ̄, z̄)

be a solution of (8.36) and I be an index set satisfying

I ⊂ {1, . . . , q} (8.37)

and

|I| = p. (8.38)
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Denote by ωI ∈ Rp the vector of components in ω indexed by I and let ωIc ∈
Rq−p be the vector consisting of the remaining components. The implicit function
theorem [Rud96] states that if

∣
∣
∣
∣

∂H(ω)

∂ωI

∣
∣
∣
∣
ω=ω̄

6= 0, (8.39)

then there is a neighborhood, U ⊂ Rq, containing ω̄ and a differentiable mapping

g : Rq−p 7→ Rp

satisfying ωI = g(ωIc) for any ω ∈ U ∩H−1({0}).
Further (8.39) implies the existence of a differentiable mapping

ψ : D 7→ R

for which ω = ψ(ξ), where ξ ,ωIc−ω̄Ic ∈ Rq−p, where D is an open subset of Rq−p

containing 0 and where R,ψ(D) ⊂ Rq. This mapping is easily obtained from g by
including the components in ωIc and performing a translation to a neighborhood
of 0. Thus, assuming that (8.39) is satisfied, the solution set of (8.36) is locally
parameterized by q − p scalar parameters. It will in fact later be shown that
given any solution, ω̄, to (8.36) there will be some index set, I, satisfying (8.37)
and (8.38) for which (8.39) is satisfied. This implies that N is a q − p dimensional
(smooth) manifold embedded in Rq [Boo86]. Note however that the specific index
set, I, required to satisfy (8.39) will generally depend on the particular ω̄ chosen.
This is analogous to the problem of parameterizing the unit circle based on solving
x2 + y2 = 1 where the choice of x or y as the free parameter depends on if the
parametrization neighborhood should include x = 0 or y = 0.

Note that it can without loss of generality be assumed that the domain of ψ, is
given by

D = (−κ, κ)q−p, (8.40)

i.e. that D is an open hypercube for some κ > 0 [Boo86]. Further, since N is
compact it can be assumed that κ is independent of ω̄. It can also, without loss of
generality, be assumed that ψ is Lipschitz continuous [Bar64] on D. This follows
since the inverse function theorem guarantees that ψ has continuous derivatives
on the closure of D, D̄ (actually, in its standard form the inverse function theorem
guarantees continuous derivatives on D but by reducing κ if necessary the continuity
can be extended to the closure of D). Further, again due to the compactness of N ,
it can be assumed that the Lipschitz constant of ψ is independent of ω̄.

In order to prove the existence of an index set, I, for which (8.39) is satisfied it
is sufficient to prove that the Jacobian matrix D,

D,
∂H(ω)

∂ω

∣
∣
∣
∣
ω=ω̄

∈ Rp×q, (8.41)
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is full rank. In this event, the index set, I, can be taken as the indexes of any p
linearly independent columns of D. For our purposes however, we shall need to be
a bit more specific about how I is chosen. Therefore, note again that it will be
of particular interest to study parameterizations of M (and N ) around solutions
ω̄ corresponding to rank deficient Y ∈ Y (see the discussion in Section 8.3). To
this end, consider some ω̄ ∈ M for which λr+1 = . . . = λm = 0, i.e. ω̄ corresponds
to a rank r matrix Ȳ ∈ Y. Here, and in what follows, λk and zk refer to the kth
component of λ and z respectively. For any ω̄ ∈ M it follows by (8.36d) that |zk| ≤
2|λk| for k = 1, . . . ,m and in particular it follows that zk = 0 whenever λk = 0. We
will in what follows refer to any ω̄ ∈ N which satisfies both λr+1 = . . . = λm = 0
and zr+1 = . . . = zm = 0 as a rank r point, even in the case that ω̄ 6= M. The
reason for using this terminology is that it is often difficult to verify that (8.36d) is
satisfied but sufficient to provide a parametrization around rank r points, ω̄ ∈ N .

Let

pr ,m+
r(r + 1)

2
+ 1

and
qr , r(m+ 2)

and note that p = pm and q = qm. Further, let uk denote the kth column of U. It
will in what follows be shown that ω, in a neighborhood of a rank r point, ω̄, can
be parameterized by specifying λk and zk for k = r + 1, . . . ,m, a subset of m − k
parameters from uk for k = r + 1, . . . ,m, and a subset of qr − pr parameters from

ωr ,(u1, . . . ,ur, λ1, . . . , λr, z1, . . . , zr).

It is straightforward to verify that this amounts to a total of q−p parameters. The
specific parameters chosen from uk for k = r + 1, . . . ,m and from ωr will remain
unspecified. In line with the previous discussion these must ultimately depend on
the specific ω̄ around which M or N is parameterized.

Before proving the preceding statement consider first the slightly more general
system of equations given by

Tr(Λr) + η = 1 (8.42a)

diag(UrΛrUr) + γ = Urzr (8.42b)

UT
r Ur = I (8.42c)

where (Ur,λr, zr,γ, η) ∈ Rm×r × Rr × Rr × Rm × R1 for some r, 1 ≤ r ≤ m. For
now, it is sufficient to view the addition of γ and η as (small) perturbations of the
constraints in (8.42). These will later be used to develop a perturbation analysis of
the solutions to (8.36) around the rank r points.

Let
ωr ,(Ur,λr, zr)

and define ω̄r analogously. Define

Hr : Rqr+m+1 7→ Rpr
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according to

Hr(ωr,γ, η),





Tr(Λ2
r) + η − 1

diag(UrΛ
2
rU

T
r ) + γ − Urzr

svec(UT
r Ur − I)





and note that Hr(ωr,γ, η) = 0 is equivalent to (8.42). In order to establish that
the solution set of (8.42) can (locally around a particular solution (ω̄r,0,0)) be
parameterized by qr − pr + m + 1 parameters it is sufficient to establish that the
Jacobian

Dr =
∂Hr(ω̄r)

∂ω̄r

∣
∣
∣
∣
ω=ω̄

∈ Rpr×qr (8.43)

is full rank when evaluated at ω̄r satisfying Hr(ω̄r,0, 0) = 0.
Note that, similarly to before, if Dr in (8.43) is full rank then this implies the

existence of a Lipschitz continuous function

ψr : Dr 7→ Rr (8.44)

where (Ur,λr, zr) = ψr(ξr,γ, η) for ξr ∈ Rqr−pr , where Dr ∈ Rqr−pr+m+1 is an
open neighborhood of 0, and where Rr = ψr(Dr). Also, without loss of generality
it can be assumed that

Dr = (−κ, κ)qr−pr+m+1.

In order to establish the full rank property of Dr consider the matrix

D̃r ,
∂Hr(ω̄r)

∂(gT
1 , . . . ,g

T
m, z

T
r ,λ

T
r )

∣
∣
∣
∣
∣
ω=ω̄

where gk is the kth row of Ur, i.e.

Ur =
[
u1 · · · ur

]
=
[
g1 · · · gm

]T
.

Note that D̃r is related to Dr by a permutation of the columns (due to a changed
order of differentiation) and that D̃r is full rank if and only if Dr is full rank.
Computing D̃r (semi) explicitly yields

D̃r =










0 · · · 0 0 λ̄
T
r

2ḡT
1 Λ̄2

r − z̄T
r · · · 0T ḡT

1 2Λ̄rḡ
2
1

...
. . .

...
...

...
0T · · · 2gT

mΛ̄2
r − z̄T

r ḡT
m 2Λ̄rḡ

2
m

Ḡ1 · · · Ḡm 0 0










where

Ḡk ,
∂Gr(Ur)

∂gk

∣
∣
∣
∣
ωr=ω̄r

for Gr(Ur), svec(UT
r Ur − I)
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and where ḡ2
i denotes element wise squaring of ḡi. Assume first that 2ḡT

i Λ̄2
r−z̄T

r = 0

for some i, 1 ≤ i ≤ m. This implies through (8.42b) (and γ = 0) that

ḡT
i Λ̄2

rḡi = 2ḡT
i Λ̄2

rḡi

and in turn Λ̄2
rḡi = 0 as Λ2

r � 0. Further, it follows that z̄r = 0 and that Λ̄r = 0

by inserting z̄r = 0 into (8.42b). This however violates (8.42a) and contradicts that
ω̄r is a solution to (8.42). Thus, it can be assumed that 2ḡT

i Λ̄2
r − z̄T

r 6= 0 for all
i = 1, . . . ,m which implies that the first m+1 rows of D̃r are linearly independent.

Establishing that the last r(r + 1)/2 rows of D̃r are linearly independent is a
standard exercise in proving that the (m, r)-Stiefel manifold (the set of m by r
unitary matrices) has dimension

mr − r(r + 1)

2

which is a well known result [Boo86]. We will for this reason not provide an explicit
proof of this. In fact, the last r(r+1)/2 rows of D̃r are not only linearly independent
but also orthogonal.

What now remains to be done, in order to show that D̃r is full rank, is to prove
that none of the first m + 1 rows can be written as a linear combination of the
remaining r(r+ 1)/2 rows. For the first row, this is obvious due to the structure of
D̃r together with λ̄r 6= 0. For the next m rows the only potential problem would
be if gi = 0 for some i. However, as

Gr(Ur) = svec(UT
r Ur − I) =

m∑

i=1

svec(gig
T
i ) − svec(I)

it follows that Ḡi is linear in ḡi and equal to zero whenever ḡi = 0. Together with
the property that 2ḡT

i Λ̄2
r− z̄T

r 6= 0 it follows that none of the first m+1 rows can be
formed as a linear combination of the remaining r(r + 1)/2 rows. This establishes
that D̃r, and Dr, are full rank. Note that as

D = Dm

it also follows that the assertion of (8.39) has been proven.
Consider again the parametrization of N around some rank r ω̄ ∈ N and

consider the matrix

P =
∂H(ω)

∂(ωr,ur+1, . . . ,um)

∣
∣
∣
∣
ω=ω̄

.

Note that P is nothing more than D with the columns corresponding to λk and zk

for k = r+1, . . . ,m removed. It is straightforward to verify that P is structured as

P =








Dr 0 · · · 0

× F̄T
r+1 · · · 0

× × . . .
...

× × × F̄T
m








(8.45)
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where
F̄k =

[
ū1 · · · ūk−1 2ūk

]
(8.46)

and where ūi is the ith column of Ū in (Ū, λ̄, z̄) = ω̄. The structure of (8.46) follows
by differentiating svec(UT

r Ur −I) with respect to the kth column of Ur (remember
that svec forms a vector of the upper triangular part of its matrix argument). Note
that FT

k ∈ Rk×m is full rank for any k, 1 ≤ k ≤ m, (as the rows are orthogonal)
and that Dr ∈ Rpr×qr is full rank as proven earlier. By considering the structure of
P it follows that a linearly independent set of columns can be selected by choosing
pr columns form the set of columns containing Dr and k columns from each set
containing Fk for k = r + 1, . . . ,m. This, as elaborated on earlier, is however
equivalent to the statement that the set of solutions to (8.36) can locally around
ω̄ be parameterized by specifying qr − pr parameters from ωr, m − k parameters
from uk along with λk and zk for k = r + 1, . . . ,m.

Now, turn attention to the original problem posed by Lemma 8.5, that is,
the problem of obtaining a covering of A(a,b) defined in (8.20) and where
a = (a1, · · · , am), b = (b1, · · · , bm) and 0 ≤ b1 ≤ . . . ≤ bm. Let r be the maximum
integer for which

0 = b1 = . . . = br < br+1 ≤ . . . ≤ bm.

As stated earlier, if b1 > 0 then A(a,b) will be empty for sufficiently small ǫ. It is
thus safe to assume that b1 = 0 and r ≥ 1. Further, it can without loss of generality
be assumed that ǫ is arbitrary small. In particular, it can be assumed that

ǫ
br+1

2 < κ

where κ is the constant introduced in (8.40).
Consider the set

M(b),M∩ {(U,λ, z) | |λi| ≤ ǫ
bi

2 }.

The set M(b) is chosen such that any matrix A ∈ A(a,b) can be expressed as
A = UΛ for some (U,λ, z) ∈ M(b). Thus, the parametrization of M(b) will also
provide a parametrization of A(a,b).

Let {ψ(l)}L
l=1 be a set of parameterizations (around rank r points) such that

M(b) ⊂
L⋃

l=1

R(l) (8.47)

where R(l) ,ψ(l)(D). The assumption that ǫ
br+1

2 ≤ κ ensures that it is suffice to
consider parameterizations around rank r points, ω̄ ∈ N , in order to cover M(b).
Note also that by the assumption in (8.40) the coordinate neighborhoods of ψ(l)

are all equal to D. Further, since M(b) ⊂ N is compact (and since R(l) is open)
it can be assumed that L is finite [Rud96]. Define D(l)(b) according to

D(l)(b),ψ−1(M(b) ∩R(l))
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and note that D(l)(b) ⊂ D. Finally, define

P(l)(b),{A | ∃z, (U,λ, z) ∈ M(b) ∩R(l), A = UΛ}

where Λ, Diag(λ) and note that

A(a,b) ⊂
L⋃

l=1

P(l)(b). (8.48)

So far, the existence of a specific parametrization, given by I, has been proven.
However, not much has been said regarding the properties of this particular
parametrization. Thus, to specify the benefits of the particular parametrization
chosen, let in the parameter vector ξ the components obtained by selecting a sub-
set of (u1, λ1, z1, . . . ,ur, λr, zr) be denoted by θr ∈ Rqr−pr . Similarly, let the
components obtained from uk, for k = r + 1, . . . ,m be denoted by θk ∈ Rm−k.
That is,

ξ = (θr,θr+1, λr+1, zr+1, . . . ,θm, λm, zm).

Further, introduce ξ̂ and ξ̃ and partition these analogously. Assume that ξ, ξ̂ ∈
D(l)(b), let (U,λ, z) = ψ(l)(ξ) and (Û, λ̂, ẑ) = ψ(l)(ξ̂) and let A = UΛ and

Â = ÛΛ̂ where Λ̂, Diag(λ̂). Further, let Ã = Â − A, i.e. Ã is the perturbation

in A resulting from a perturbation, ξ̃ , ξ̂ − ξ, of ξ. The objective is now to show
that if ξ̃ ∈ C where

C ,{ξ̃ | ‖θ̃r‖∞ ≤ cǫ
1
2 , ‖θ̃k‖∞ ≤ cǫ

1−bk

2 , |λ̃k| ≤ cǫ
1
2 ,

|z̃k| ≤ cǫ
1
2 , k = r + 1, . . . ,m}

and c is some (yet to be defined) constant it will follow that

‖Â − A‖ = ‖Ã‖ ≤ ǫ
1
2 . (8.49)

In the above and in the following, λ̂k, λ̃k, ẑk and z̃k refer to the kth component of
λ̂, λ̃, ẑ and z̃ respectively.

Let uk and ûk denote the kth columns of U and Û. Let

(Ũ, λ̃, z̃) = (Û, λ̂, ẑ) − (U,λ, z)

and let ũk denote the kth column of Ũ. The first step is to prove that ‖ũk‖∞ ≤
cKkǫ

1−bk

2 for some constant Kk. Note that since b1 ≤ . . . ≤ bm it follows immedi-
ately from the Lipschitz continuity of ψ that ‖ũm‖ ≤ cKmǫ

1−bm

2 for some constant

Km. This is since ǫ
1−bk

2 ≤ ǫ
1−bm

2 for k ≤ m implies that ‖ξ̃‖∞ ≤ cǫ
1−bm

2 and Km

could simply be selected as the Lipschitz constant (in ∞-norm) of ψ.
For k < m, let Uk ∈ Rm×r be the matrix consisting of the first k columns of U,

let λk ∈ Rk the vector of the first k elements of λ and let zk ∈ Rk be the vector
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of the first k elements of z. Assume that ‖ũi‖ ≤ cKiǫ
1−bi

2 for some k < i ≤ m and
note that (Uk,λk, zk) must satisfy (8.42) for

γ =

m∑

i=k+1

λ2
i diag(uiu

T
i ) − uizi

and

η =

m∑

i=k+1

λ2
i .

Note also that, by the structure of P in (8.45) it follows that

(Uk,λk, zk) =

ψk(θr,θr+1, λr+1, zr+1, . . . ,θk, λk, zk,γ, η) (8.50)

where ψk is the function given by the implicit function theorem in (8.44). By
expanding

γ̂ ,

m∑

i=k+1

λ̂2
i diag(ûiû

T
i ) − ûiẑi

=

m∑

i=k+1

(λi + λ̃i)
2diag((ui + ũi)(ui + ũi)

T)

− (ui + ũi)(zi + z̃i)

and

η̂,

m∑

i=k+1

λ2
i =

m∑

i=k+1

(λi + λ̃i)
2

it is straightforward to show that γ̃ , γ̂ − γ and η̃, η̂ − η satisfies

‖γ̃‖∞ ≤ cK̃kǫ
1
2 and |η| ≤ cK̃kǫ

1
2

for some constant K̃k. In essence, the potentially large perturbation (on the order

or ǫ
1−bi

2 ) in θi for i, k < i ≤ m is always multiplied by factors on the order of ǫ
bi

2

which results in a perturbation, γ̃, on the order of ǫ
1
2 . Note also that it is implicitly

assumed that ǫ is such that cK̃kǫ
1
2 ≤ κ or otherwise (ωr,γ, η) /∈ Dr. However, as

ǫ can be assumed arbitrary small this is not a problem.
By the Lipschitz continuity of ψk in (8.44), it follows that

‖ũk‖2 ≤ cKkǫ
1−bk

2

for some constant Kk since the argument in (8.50) is bounded by

max(cǫ
1−bk

2 , cK̃kǫ
1
2 ) ≤ cK̃kǫ

1−bk

2 .
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By induction it follows that ‖ũk‖2 ≤ cKkǫ
1−bk

2 for k = r + 1, . . . ,m and ‖ũk‖ ≤
cKrǫ

1
2 for k = 1, . . . , r where Kk, k = r, . . . ,m, are constants independent of ǫ and

c. Now, by expanding

Â =ÛΛ̂ = (U + Ũ)(Λ + Λ̃)

=UΛ + UΛ̃ + ŨΛ + ŨΛ̃

it follows that Ã, Â − A satisfies ‖Ã‖ ≤ cKǫ
1
2 for some constant, K. Finally, by

selecting c according to c = K−1 it follows that

‖Ã‖ = ‖Â − A‖ ≤ ǫ
1
2 .

What has been shown so far is that a perturbation, ξ̃, around a point, ξ, in
the parameter space D(l) will, given that ξ̃ ∈ C, result in a perturbation of A, Ã,
which satisfies ‖Ã‖ ≤ ǫ

1
2 . This implies that given a set of ξ ∈ D(l)(b), {ξ(l,i)}I

i=1,
for which

D(l)(b) ⊂
I⋃

i=1

C(ξ(l,i))

where
C(ξ), C + ξ,

we will also have a covering of P(l)(b) given by

P(l)(b) ⊂
I⋃

i=1

Aǫ(A
(l,i)) (8.51)

where A(l,i) = U(l,i)Λ(l,i),

(U(l,i),λ(l,i), z(l,i)),ψ(l)(ξ(l,i)),

Λ(l,i) , Diag(λ(l,i)) and where Aǫ(A) is defined in (8.22). However, as C(ξ) is
simply a (rectangular) box centered at ξ and since

D(l)(b) ⊂ {ξ | ‖θr‖∞ ≤ 2, ‖θk‖∞ ≤ 1, |λk| ≤ ǫ
bk

2 ,

|zk| ≤ 2ǫ
bk

2 , k = r + 1, . . . ,m} (8.52)

it follows that {ξ(l,i)}I
i=1 could be chosen such that

I
.
≤ ǫ−µ

where

µ =
(qr − pr)

2
+

m∑

k=r+1

(m− k)(1 − bk)+

2
+

2(1 − bk)+

2
.
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This follows from the general statement that in order to cover a largeM -dimensional
box with side lengths ǫβi , i = 1, . . . ,M , with small boxes of side length ǫαi , i =
1, . . . ,M , one needs (in the

.
= sense)

M∏

i=1

ǫ−(αi−βi)
+

= ǫ−
∑

M

i=1 (αi−βi)
+

small boxes in total. Note also that if αi < βi the “small” boxes are actually wider
than the large box in the ith dimension which is the reason for the (αi − βi)

+

expression as opposed to (αi − βi).
By noting that

qr − pr = (m+ 2)r −m− r(r + 1)

2
− 1 =

r∑

k=2

m− k + 2

and using the assumption that bk = 0 for k = 1, . . . , r it follows that µ can be
written as

µ =

m∑

k=2

(m− k + 2)(1 − bk)+

2
.

Thus, it has so far been shown that it is possible to cover P(l) by I
.
≤ ǫ−µ sets

Aǫ(Ai). By (8.48) and since L was finite this result extends to the covering of
A(a,b). That is, it has been shown that there exists a covering, A, which satisfies

A(a,b) ⊂
⋃

Ai∈A

Aǫ(Ai)

and
|A|

.
≤ ǫ−µ

as was asserted by Lemma 8.5. �





Chapter 9

Conclusions and Future Work

In Part II, necessary and sufficient criteria for the semidefinite relaxation to be
tight have been obtained. It has further been shown that the SDR detector, when
applied to the i.i.d. Rayleigh fading channel achieves the same diversity as the
optimal ML detector. However, this result does unfortunately not extend to the
complex case in any trivial way. Based on simulations, it also seems likely that the
straightforward implementation of the SDR detector may not have full diversity
in this case. Thus, obvious extensions to the work presented herein, are both to
attempt to obtain an analytical expression for the diversity in the complex case or
to suggest modifications of the SDR detector under which it has full diversity in
this scenario.

Another important area for future research is the extension of the SDR detector
to non-binary constellation alphabets. As noted in Section 6.4, some progress
towards this goal has already been made although the performance of the suggested
solutions are not well understood. Thus, there is also a need for further analysis.
In the specific case considered in [MCD04], i.e. the PSK scenario with a complex
channel matrix, we believe that the methods applied herein could be used in a fairly
straightforward manner to show that the diversity of this method is at least

d = n− m

2
,

again assuming n ≥ m. Essentially, the interpretation of this result would be
that by replacing the PSK alphabet by the constraint that |si|2 = 1 an equivalent
of m real valued degrees of freedom [TV04] are lost but that no further degrees
of freedom are lost in the semidefinite relaxation. It is also at least plausible that
similar techniques could be used to analyze the diversity of other versions of the SDR
detector such as for instance the detectors suggested in [DFV03] and in [WES05].

It is naturally interesting to ask the question whether the techniques used in
Chapter 8 could be generalized in order to be useful for computing the diversity of
other relaxation detectors. Similar observations regarding the diversity properties
have been observed for other relaxations [CHT06] but remain to be proven. An
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important open question is whether relaxation detectors achieving full diversity
(or performing close to the ML detector under some other metric) can be found
regardless of the structure and size of the constellation S.



Part III

Epilogue
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Chapter 10

Thesis Conclusions

This thesis aims to fill part of the knowledge gap relating to the detection prob-
lem faced when a vector of symbols is transmitted over a linear MIMO channel.
Specifically, it presents several analytical results relating to the performance of two
specific detection algorithms previously proposed in the communications literature,
namely the sphere decoder and the semidefinite relaxation detector.

It was effectively established that the sphere decoding algorithm which is op-
timal in terms of the detection error probability also suffers from an exponential
complexity. It also brings some clarity to the issue regarding the average complex-
ity of the algorithm which hereto was thought to be polynomial. Specifically, it was
by applying results from large deviation theory shown that the average complexity
is exponential but also that the exponent is very much dependent on the signal to
noise ratio of the channel. Thus, for high signal to noise ratios the sphere decoder
can present a practical approach to moderately sized detection problems without
posing a contradiction to the complexity results presented herein. There is how-
ever no finite SNR for which the expected or average complexity of the algorithm
becomes polynomial.

Further, the potential problem posed by the exponential complexity of the al-
gorithm is not because of a difficulty in selecting the search radius and detection
order. In fact, the complexity of the algorithm would remain exponential even if
these parameters were chosen optimally (even if this meant that they were chosen to
minimize the complexity). Thus, the cause of the exponential expected complexity
is inherent to the approach itself (which is really not that surprising remembering
that we are dealing with an NP-hard problem).

An analytic proof was given that shows that the semidefinite relaxation detector
achieves the maximum possible diversity for the i.i.d. real valued Rayleigh fading
channels. By parameterizing the feasible set of the optimization problem posed
in semidefinite relaxation, a relatively tight bound on the error probability of the
detector was obtained. This constitutes, to date, the strongest performance guar-
antees for the SDR detector when applied in the communications context. The
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diversity for the complex case remains to be proven but it seems likely that similar
techniques which are used to analyze the real valued case may be applicable in the
complex case and also useful for analyzing a larger class of relaxation detectors.



Appendix A

Notation and Acronyms

A.1 Notation

The following notation is used throughout the thesis. Plain letters, e.g. x and X,
are used for scalars. Boldface letters are used for vectors and matrices, e.g. x is a
(column) vector and X is a matrix. Calligraphic upper case letters, e.g. A, are used
to denote sets. The set notation is also used to denote probabilistic events with
an eye towards some underlying probability space [Dur96] although we do not find
the need to be explicit regarding these issues. Further, no notational distinction
is made between random variables and their realizations. When it is required to
consider random variables and sets parameterized by some parameter, say ǫ, these
random variables and sets is text simply be referred to as random variables and sets
although in many placed a the technically more correct term would be sequences
of random variables and sequences of sets. Further notational conventions are:

xT, XT The transpose of a vector, x, or matrix, X.
xH, XH The Hermitian transpose of a vector, x, or matrix, X.
X−1 Inverse of square matrix X.
X† Moore-Penrose generalized inverse, see [HJ85].
‖x‖ The Euclidean norm of a vector x, see [HJ85].
‖X‖ The Frobenius norm of a matrix X, see [HJ85].
‖x‖p, ‖X‖p The ℓp norm of a vector and matrix [HJ85].
X ◦ Y Element-wise product of matrices (or vectors).
rank(X) The rank of a matrix, X, see [HJ85].
range(X) The range of X, see [HJ85].
Tr(X) Trace of a matrix, see [HJ85].
diag(X) A column vector with the diagonal elements of X.
Diag(x) A diagonal matrix with elements given by x.
Diag(X) A diagonal matrix with the same diagonal elements as X.
A× B Cartesian product of A and B, see [Fri82].
Am mth Cartesian product, Am = A×A× . . .×A.
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|A| The cardinality or size of a finite set A.
Ao, Ā Interior and closure of a set A, see [Rud96].
R,C,Z,N The sets of real, complex, integer, and natural numbers.
ℜ(a), ℑ(a) The real and imaginary parts of a complex number a.
P (A) Probability of A.
P (A|B) Probability of A given B.
E {a} Expected value of a.
E {a|A} Conditional expectation of a given A.
N (µ, σ2) Gaussian distribution with mean µ and variance σ2.

, Equal by definition (mathematically equivalent to =).
.
= Exponential equality, see Appendix B.
.
≤ Exponential inequality, see Appendix B.
.
≥ Exponential inequality, see Appendix B.
≍ Equal to the first order in the exponent.
ln, logb Natural and base-b logarithm.
⌈a⌉ ⌈a⌉ = b where b is the smallest integer such that a ≤ b (ceiling).
⌊a⌋ ⌊a⌋ = b where b is the largest integer such that a ≥ b (floor).

A.2 Acronyms

CDMA Code Division Multiple Access
DFE Decision Feedback
FSD Fixed Complexity Sphere Decoder
IR Increasing Radius
KKT Karush-Kuhn-Tucker (optimality conditions) [BV04]
LD-STBC Linear Dispersive Space-Time Block Code
LRA Lattice basis Reduction Aided
MIMO Multiple-Input Multiple-Output
ML Maximum Likelihood
MMSE Minimum Mean Square Error
MUD Multiuser detection
NP Nondeterministic Polynomial
PSD Positive Semidefinite
PSK Phase Shift Keying
QAM Quadrature Amplitude Modulation
SD Sphere Decoder
SDR Semidefinite relaxation
SE Schnorr - Euchner
SNR Signal to Noise Ratio
V-BLAST Vertical - Bell Labs Layered Space Time
ZF Zero-Forcing



Appendix B

Exponential Equality

In this appendix the definition of exponential equality [ZT03] and some of the prop-
erties which follows the are listed and proved. To this end, let a ∈ [−∞,∞]. Then
.
=,

.
≤ and

.
≥ are defined by

Definition B.1.

f(ǫ)
.
= ǫa ⇔ lim

ǫ→0

ln f(ǫ)

ln ǫ
= a , (B.1)

by

Definition B.2.

f(ǫ)
.
≤ ǫa ⇔ lim inf

ǫ→0

ln f(ǫ)

ln ǫ
≥ a , (B.2)

and by

Definition B.3.

f(ǫ)
.
≥ ǫa ⇔ lim sup

ǫ→0

ln f(ǫ)

ln ǫ
≤ a (B.3)

respectively.
Below, we list some of the properties associated with the definition of exponential

equality in (B.1). These properties are easily derived from the definition in (B.1)
and can also be found (often implicitly) in many texts, see e.g. [ZT03], [TV05].
First, some basic properties are listed. Next, some results relating to Gaussian
vectors and matrices are listed.

Basic Properties

Property B.4 (Scaling). For any a ∈ [−∞,∞] and c ∈ (−∞,∞) it holds that

f(ǫ)
.
= ǫa ⇒ cf(ǫ)

.
= ǫa.
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Proof: For c ∈ (−∞,∞),

lim
ǫ→0

ln cf(ǫ)

ln ǫ
= lim

ǫ→0

ln c

ln ǫ
+ lim

ǫ→0

ln f(ǫ)

ln ǫ
= lim

ǫ→0

ln f(ǫ)

ln ǫ

since

lim
ǫ→0

ln c

ln ǫ
= 0 ,

which establish the property. �

Property B.5 (Summation). Let ai ∈ [−∞,∞] for i = 1, . . . ,K. Then

fi(ǫ)
.
= ǫai i = 1, . . . ,K ⇒

K∑

i=1

fi(ǫ)
.
= ǫmini ai

Proof: Note that,

max
i
fi(ǫ) ≤

∑

i

fi(ǫ) ≤ max
i
Kfi(ǫ) .

However, due to B.4 and since ln ǫ < 0 for small ǫ

lim
ǫ→0

ln maxiKfi(ǫ)

ln ǫ
= lim

ǫ→0

ln maxi fi(ǫ)

ln ǫ
= min

i
lim
ǫ→0

ln fi(ǫ)

ln ǫ
= min

i
ai

and the property follows. �

Property B.6 (Multiplication). Let ai ∈ (−∞,∞] for i = 1, . . . ,K. Then

fi(ǫ)
.
= ǫai i = 1, . . . ,K ⇒

K∏

i=1

fi(ǫ)
.
= ǫ

∑

i
ai

Proof: Follows directly since

ln

K∏

i=1

fi(ǫ) =

K∑

i=1

ln fi(ǫ) .

Note also that B.4 may be vied as a special case of B.6. �

It should also be noted that the properties given in B.4, B.5 and B.6 will hold

with
.
≤ or

.
≥ in place of

.
=.

Gaussian Vectors and Matrices

Property B.7 (Small realizations of a real valued Gaussian vector). Let h ∈ Rd

be a vector of i.i.d. Gaussian elements of fixed non-zero variance. Then

P
(
‖h‖2 ≤ ǫc

) .
= ǫ

dc
+

2

for c ∈ (−∞,∞), where c+ , max(c, 0).
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Proof: Note that ‖h‖2 is (a possible scaled) χ2 distributed random variable with d
degrees of freedom and its PDF can be written explicitly according to

f‖h‖2(x) = Kx
d

2−1e−
x

2

for some constant K. Thus, for small x there are βL and βU , 0 < βL ≤ βU < ∞
for which

βLx
d

2−1 ≤ f‖h‖2(x) ≤ βUx
d

2−1 .

For c > 0 straightforward integration yields

P
(
‖h‖2 ≤ ǫc

)
=

∫ ǫc

x=0

f‖h‖2(x)dx ≤ 2βU

d
(ǫc)

d

2 =
2βU

d
ǫ

dc

2

and

P
(
‖h‖2 ≤ ǫc

)
=

∫ ǫc

x=0

f‖h‖2(x)dx ≥ 2βL

d
(ǫc)

d

2 =
2βL

d
ǫ

dc

2

for sufficiently small ǫ. Applying Property B.4 to the upper and lower bound on
P
(
‖h‖2 ≤ ǫc

)
yields the stated property for c > 0. For c ≤ 0 it follows that ǫc ≥ 1

and
0 < P

(
‖h‖2 ≤ 1

)
≤ P

(
‖h‖2 ≤ ǫc

)
≤ 1

and thus P
(
‖h‖2 ≤ ǫc

) .
= 0 which concludes the proof. �

Property B.8 (Large realizations of a real valued Gaussian vector). Let h ∈ Rd

be a vector of i.i.d. Gaussian elements of fixed non-zero variance. Then

P
(
‖h‖2 ≥ ǫ−c

) .
= ǫ∞

for any c > 0.

Proof: Assume d ≥ 2 for simplicity. The proof for d = 1 can be obtained in a
similar fashion. As in the proof of B.7, consider the PDF of ‖h‖2 given by

f‖h‖2(x) = Kx
d

2−1e−
x

2

for some constant K. For x ≥ 1 we have

f‖h‖2(x) ≥ Ke−
x

2 ,

P
(
‖h‖2 ≥ ǫ−c

)
≥
∫ ∞

ǫ−c

Ke−
x

2 dx =
K

2
ǫ−

ǫ
−c

2

and by B.4

lim inf
ǫ→0

ln P
(
‖h‖2 ≥ ǫ−c

)

ln ǫ
= lim inf

ǫ→0

−ǫ−c

2 ln ǫ
= ∞

which establishes the property. �
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Property B.9 (Small realizations of a complex valued Gaussian vector). Let h ∈
Cd be a vector of i.i.d. complex Gaussian elements of fixed non-zero variance. Then

P
(
‖h‖2 ≤ ǫc

) .
= ǫdc+

for c ∈ (−∞,∞), where c+ , max(c, 0).

Proof: Analogous to the proof of B.7 with d in place of d
2 . �

Property B.10 (Large realizations of a complex valued Gaussian vector). Let
h ∈ Cd be a vector of i.i.d. complex Gaussian elements of fixed non-zero variance.
Then

P
(
‖h‖2 ≥ ǫ−c

) .
= ǫ∞

for any c > 0.

Proof: Analogous to the proof of B.8 with d in place of d
2 . �

Property B.11 (Smallest eigenvalue of a real valued Wishart matrix). Let H ∈
Rn×m be i.i.d. Rayliegh distributed (i.e. have i.i.d. Gaussian elements). Let Q =
HTH and let λ1(Q) denote the smallest eigenvalue of Q. Then

P (λ1(Q) ≤ ǫ)
.
= ǫ

n−m+1
2 .

Proof: Although short of a simple closed form expression it follows from [Ede89,
Theorem 4.3] that the PDF of λ1 ,λ1(Q) satisfies

βLx
n−m−1

2 ≤ fλ1
(x) ≤ βUx

n−m−1
2

for some βL and βU , 0 < βL ≤ βU <∞, for small x. By proceeding as in the proof
of B.7 the stated property follows. �

Property B.12 (Smallest eigenvalue of a complex valued Wishart matrix). Let
H ∈ Cn×m be i.i.d. Rayliegh distributed (i.e. have i.i.d. complex Gaussian ele-
ments). Let Q = HTH and let λ1(Q) denote the smallest eigenvalue of Q. Then

P (λ1(Q) ≤ ǫ)
.
= ǫn−m+1 .

Proof: Again, falling short of a simple closed form expression, it follows from [Ede89,
Theorem 5.4] that the PDF of λ1 ,λ1(Q) in the complex case satisfies

βLx
n−m ≤ fλ1

(x) ≤ βUx
n−m

for some βL and βU , 0 < βL ≤ βU < ∞, for small x. Note that the proof that
βL > 0 and βU <∞ may be obtained by bounding the integral in (5.5) in [Ede89].
By proceeding as in the proof of B.7 the stated property follows. Note also that
the property follows as a special case of equation (15) in [ZT03]. �
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