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Sammanfattning 
Dynamisk programmering är en allmänt använd optimal styrmetod. Detta 
examensarbete syftar till att minska beräkningstiden av dynamisk programmering 
av parallella beräkningar. En ny dynamisk programmering Matlab funktion är 
utvecklat av detta examensarbete med tillämpning av Matlab-funktionen fmincon 
optimering lösare och parallella beräkningar. Två fallstudier löstes både den nya 
program och en allmänt använd sekventiell program för dynamisk programmering. 
Lämplig analys och diskussion presenterades baserat på jämförelsen mellan 
utförandet av nya dynamisk programmering och den generiska dynamisk 
programmering. 
 
Detta examensarbete studerade också hybrid miljöbil som heter Elba byggdes av 
KTH studentgruppen för Shell Eco Car Marathon konkurrens. I detta 
examensarbete var en decentraliserad hierarkisk förutsägande styrarkitektur som 
används för att styra drivlinan Elba bil. Strategin hastighet och tillhörande 
uppslagningstabellblock fördes och integreras i bilfabriken modell Elba i Simulink. 
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Abstract 
Dynamic programming is a widely used optimal control method. This master 
thesis project aims to decrease the computation time of dynamic programming by 
parallel computing. A new dynamic programming Matlab function is developed by 
this master thesis project with applying the Matlab function fmincon optimization 
solver and parallel computing. Two case studies were solved both by the new 
programming and a widely used sequential program for dynamic programming. 
Appropriate analysis and discussion were presented based on the comparison 
between the performance of the new dynamic programming and the generic 
dynamic programming.  
 
This master thesis project also studied the hybrid eco car named Elba built by the 
KTH student group for the Shell Eco Car Marathon competition. In this master 
thesis project, a decentralized hierarchical predictive control architecture was used 
to control the powertrain of Elba car. The speed strategy and the related look-up 
table block were completed and integrated into the Elba car plant model in 
Simulink.  
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NOMENCLATURE 

 Abbreviations 
DP Dynamic Programming 
HEV Hybrid Electric Vehicle 
ICE Internal Combustion Engine 
EV Electric Vehicle 
EM Electric Motor 
EMS Energy Management Strategy 
DDP Deterministic Dynamic Programming 
SDP Stochastic Dynamic Programming 
BLDC Brushless DC Electric Motor 
SOC State-of-Charge 
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         1 INTRODUCTION 
	
In this chapter, the background of the developing history of vehicles and hybrid 
electric vehicles are introduced briefly. The background of Shell Eco-Marathon is 
introduced in short. Brief development history of dynamic programming is also 
included in this chapter.		

1.1 Background 
Modern society relies heavily on fossil fuel-based transportation for economic and 
social development. In the next 50 years, earth’s population is expected to grow 
from six billion to ten billion, if all vehicles are powered by internal combustion 
engines (ICEs), the world will face a serious challenge in energy demand and 
supply [1] [2]. Growing concerns about oil prices and environmental protection 
have forced the automotive industry to accelerate the pace of the development of 
hybrid electric and fuel cell vehicles for mass marketing [3]. Compared to hybrid 
electric vehicles (HEVs), fuel cell vehicles are in their early developing stages. 
Hybrid electric vehicles (HEVs) seem to be the most economically viable solution 
so far [4].  
 
The hybrid car has a traditional internal combustion engine (ICE) with a fuel tank 
as well as one or more electric motors (EM) with a battery pack. The hybrid car is a 
typical electro-mechanical-chemical system, integrating electrical, mechanical, 
chemical and thermodynamic systems. The transfer, transform, and evolution of 
power flow, energy flow and information flow occur when hybrid vehicles are in 
motion. Therefore, the potential of energy saving and emission reduction for HEVs 
are decided by both innovative powertrain configuration and instantaneous power 
split law between ICE and EM. The system’s configuration includes the selection of 
system topology and parameter design of major components. Based on mechanical 
architecture, powertrain configuration can be generally classified into three types: 
series, parallel, and series-parallel. Every configuration has its own advantages and 
disadvantages. The main challenge for hybrid vehicles is how to split the power in 
an optimal manner while delivering desired performance under system constraints. 
Energy management Strategy (EMS) has become one of most extensive research 
topics in hybrid vehicles so far [5]. 
 
Shell Eco-marathon is a unique competition that challenges students around the 
world to design, build and drive the most energy-efficient car. The competition is 
split into two categories which are prototype and urban concept. The prototype 
class focuses on maximum efficiency, while passenger comfort takes a back seat. 
The Urban-Concept class encourages more practical designs. Cars are also divided 
by energy type: internal combustion engine fuels include petrol, diesel, liquid fuel 
made from natural gas and ethanol, and the electric mobility category which 
vehicles are powered by hydrogen fuel cells and lithium-based batteries [6]. 
 
The hybrid car was built by KTH students for the competition and is named Elba. 
Elba is a series parallel hybrid car. Its powertrain system is consisted of three parts: 
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an ICE engine, a small DC motor, and a brushless DC electric motor (BLDC). In 
this thesis project, dynamic programming (DP) was chosen to generate the look-up 
table for Elba car.  
 
Dynamic programming (DP) was developed by Bellman and has since been 
popular because it guarantees globally optimal solution and can solve a 
constrained non-linear and mixed integer problem. There is a very broad variety of 
practical problems that can be solved by dynamic programming. Even though, DP 
suffers from the dimensionality difficulty. As the number of state variables 
increases, not only the computation time but also the required computer memory 
will increase exponentially. Generally, the computer only has a very limited 
amount of memory. Because of this limitation on computer memory, we probably 
will never solve a very large general DP problem. The research on DP essentially 
focuses on how to overcome the dimensionality difficulties. Various techniques 
have been devised, the curse of dimensionality still exists. One approach to solve 
this dimensionality problem seems to be by the use of approximation [7] [8]. In 
this paper, new methods to find the minimum in each stage and parallel 
computing were applied to DP in order to decrease the computation time as well as 
being helpful to the dimensionality problem.  
 

1.2 Purpose 
The main purpose of this thesis project is to decrease the computing time of DP 
and try to keep the computation accuracy as well. This thesis project is also 
planned to help the Elba car with the EMS task as well as take this as a study case. 

1.3 Delimitations 
There are many ways to reduce DP’s computation time. The main methods of the 
project to decrease the computation time of DP are to use gradient based 
optimization method in each stage and apply parallel computing on DP program. 
The method to decrease the computation amount of function evaluations studied 
in this thesis project is the Matlab function fmincon optimization solver. 

1.4 Method 
Literature study is the first step of the master thesis project. There are many 
published papers about DP. One widely used DP code is offered by ETH (Swiss 
Federal institute of Technology in Zurich) which can be downloaded on the ETH 
website [21]. Case study in this thesis project includes fishery problem and Elba 
car problem. In this thesis project, we used this DP code to solve the two study 
cases at first. One reason for this was to know the DP better, the other reason for 
this was to compare the computation time and calculation accuracy with the new 
DP developed by this master thesis project. Then we solved the two study cases 
with the new DP to see the computation time and the calculation accuracy. 
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Appropriate analysis and discussion of the new DP’s performance were presented 
in the end of the report.  
This master thesis also helped the Elba car team generate the look-up table block 
for the Elba car plant model in Simulink. 
	

1.5 Research Questions 
In the thesis, we will conduct a study of DP. The purposes of the thesis are to try to 
reduce the computing time of DP and generate the speed strategy for the Elba eco 
car. Research questions considered in the study are listed below. 
 
1. Can the gradient-based optimization methods available in Matlab Optimization 
Toolbox be applied on the DP to make it quicker to find the minimum value in 
each DP time step? 
 
2. Regarding to the DP code includes loop structures, can the parallel computing 
methods be used in the DP to save the computing time? 
 
3. Can the new DP with applying the optimization toolbox and parallel computing 
solve the problem correctly and efficiently?  

1.6 Thesis structure 
Chapter 1 gives the background of HEVs, DP, and a brief introduction of the Shell 
Eco car Marathon competition. The research questions are also listed in this 
chapter. Chapter 2 is the literature review. In this chapter, DP and the Elba eco car 
are introduced in a specific way. Problems of the DP algorithm are mentioned. The 
Matlab function fmincon optimization toolbox and parallel computing are also 
introduced in the literature review. Chapter 3 is the implementation. Basic ideas 
and some analysis are introduced. Chapter 4 is the results of experiments. Results 
of the experiments are presented in this chapter. Chapter 5 is the discussions and 
conclusions. This chapter mainly analyses the results presented in the chapter 4. 
Problems are discussed. Evaluation of method is also stated. Chapter 6 is the 
recommendation and future work.  
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2 THEORETICAL BACKGROUND 
	

In this chapter, dynamic programming and the hybrid eco car Elba are studied in 
depth. The Matlab function fmincon optimization toolbox and parallel computing 
toolbox are introduced and chosen as the methods to improve DP in this thesis 
project.	

2.1 Dynamic Programming 
	
2.1.1 Basic introduction of DP 
	
DP is a numerical method used to solve multi-stage decision making problems and 
can provide optimal solution to very complex problems. The DP technique rests on 
a very simple idea called the principle of optimality. The name is due to Bellman 
[7], who contributed a great deal to the popularization of DP and to its 
transformation into a systematic tool. The principle of optimality is stated as below 
[11], 
	
An optimal policy has the property that whatever the initial state and initial 
decision are, the remaining decisions must constitute an optimal policy with 
regard to the state resulting from the first decision. 
	
Any optimal policy has the property that, whatever the current state and decision, 
the remaining decisions must constitute an optimal policy with regard to the state 
resulting from the current decision. The principle of optimality suggests that an 
optimal policy can be constructed in piecewise fashion. The DP algorithm would 
construct an optimal policy for the “tail sub-problem” involving the last stage, then 
extend the optimal policy to the “tail sub-problem” involving the last two stages, 
and continue in this manner until an optimal policy for the entire problem is 
constructed. The DP algorithm is based on this idea: it proceeds sequentially, by 
solving all the tail sub-problems of a given time length, using the solution of the 
tail sub-problems of shorter time length. 
 
There is a very broad variety of practical problems that can be solved by DP. In 
order to state the DP algorithm and show its optimality by translating into 
mathematical terms, a basic model with two principal features has been modelled, 
the two principal features are: (1) an underlying discrete time dynamic system, and 
(2) a cost function that is additive over time. The dynamic system expresses the 
evolution of some variables, the system’s “state”, under the influence of decisions 
made at discrete instances of time. The system has the form 

	 𝑥"#$ = 𝑓" 𝑥", 𝑢", 𝜔" , 𝑘 = 0,1, … , 𝑁 − 1,	 (1)	

where k indexes discrete time, x2	is the state of the system and summarizes past 
information that is relevant for future optimization, u2	is the control or decision 
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variable to be selected at time k, ω2	is a random parameter (also called disturbance 
or noise depending on the context), N	is the number of times that control is applied, 
and f2	is a function that describes the system and in particular the mechanism by 
which the state is updated. Among this, x2	is an element of a space S2, u2	is an 
element of a space C2  and ω2		 is an element of a space C2 . The control 	u2  is 
constrained to take values in a given nonempty subset U(x2) ⊂ C2, which depends 
on the current state x2. 
 
The cost function is additive in the sense that the cost incurred at time k, denoted 
by g2(x2,u2, ω2), accumulates over time. The total cost is  

	 𝑔@ 𝑥@ + 𝑔"(𝑥", 𝑢", 𝜔")@B$
"CD 	 (2)	

where gE(xE) is a terminal cost incurred at the end of the process. However, 
because of the presence of ω2	, the cost is generally a random variable and cannot 
be meaningfully optimized. We therefore formulate the problem as an 
optimization of the expected cost 
	 𝐸 𝑔@ 𝑥@ + 𝑔"(𝑥", 𝑢", 𝜔")@B$

"CD 	 (3)	

where the expectation is with respect to the joint distribution of the random 
variables involved. The optimization is over the controls uD, u$, … , uEB$, but some 
qualification is needed here; each control u2 is selected with some knowledge of 
the current state x2. We consider the class of policies (also called control laws) that 
consist of a sequence of functions 
	 𝜋 = 𝑢D, 𝑢$, … , 𝑢@B$ 	 (4)	

where µ2 maps states x2 into controls u2 = µ2(x2) and is such that  µ2(x2) ∈ U2(x2) 
for all x2 ∈ S2. Such policies will be called admissible. For every initial state xD, the 
optimal cost J∗(xD) of the basic problem is equal to JD(xD), given by the last step of 
the following algorithm, which proceeds backward in time from period N-1 to 
period 0: 
	 𝐽@ 𝑥@ = 𝑔@(𝑥@),	 (5)	
	 𝐽" 𝑥" = min

PQ∈RQ(SQ)TQ
𝐸 𝑔" 𝑥", 𝑢", 𝜔" + 𝐽"#$(𝑓"(𝑥", 𝑢", 𝜔")) ,	𝑘 = 0, 1… ,𝑁 − 1,(6)	

which depends on x2 and u2. Furthermore, if u2∗ = µ2∗(x2) minimizes the right side 
of EV for each x2	and k, the policy is π∗ = µD∗ , µ$∗ , … , µEB$∗  optimal [9]. In dynamic 
programming (DP) terminology, each point where decisions are made is usually 
called a stage of the decision making process [10].  
 
A very popular numerical example of DP is the shortest time problem. The 
problem is presented in Fig 1 with nodes s, x, y, t  and branches 
s, x , s, y , x, y , x, t , y, t  with branch distances 3,5,1,8,5 , respectively [11].  

 
	
	
	
	
	
	



	 13	

	
	
	
	
	
	
	
	
	
	
	
	
	
In stead of explaining the process of solving the problem by graph, we use the 
dynamic programming functional equation (DPFE) to show the process of solving 
this problem. The DPFE for the shortest path from s  to t  yields the following 
equations: 
	 𝑓 𝑠 = min 𝑏 𝑠, 𝑥 + 𝑓 𝑥 , 𝑏 𝑠, 𝑦 + 𝑓 𝑦 , 𝑏 𝑠, 𝑡 + 𝑓 𝑡 ,	 (7)	
	 𝑓 𝑥 = min 𝑏 𝑥, 𝑦 + 𝑓 𝑦 , 𝑏 𝑥, 𝑡 + 𝑓 𝑡 ,	 (8)	
	 𝑓 𝑦 = min 𝑏 𝑦, 𝑡 + 𝑓 𝑡 ,	 (9)	
	 𝑓 𝑡 = 0.	 (10)	

Among those equations, b x$, xc  stands for the distance from node x$ to node xc, 
f x$  is the length of the shortest path from node x$ to the destination node. In this 
example, the destination node is node s. 
 
Consider evaluating the minimizing value of f s  by relaxation which in 
mathematics refers to certain iterative methods of solving a problem by 
successively obtaining better approximations, i.e., 

𝑓 𝑠 = min 𝑏 𝑠, 𝑥 + 𝑓 𝑥 , 𝑏 𝑠, 𝑦 + 𝑓 𝑦 , 𝑏 𝑠, 𝑡 + 𝑓 𝑡 ,	

	 = min min 𝑏 𝑠, 𝑥 + 𝑓 𝑥 , 𝑏 𝑠, 𝑦 + 𝑓 𝑦 , 𝑏 𝑠, 𝑡 + 𝑓 𝑡 .	 (11)	

f x  and f y  in the innermost min should be evaluated before f t , but in fact both 
f x and  f y  depend upon f t . Thus, f t  should be evaluated first. 
 
Substituting the above given branch distances into the foregoing equations, we 
have 
	 𝑓 𝑠 = min 3 + 𝑓 𝑥 , 5 + 𝑓 𝑦 ,∞ + 𝑓 𝑡 ,	 (12)	
	 𝑓 𝑥 = min 1 + 𝑓 𝑦 , 8 + 𝑓 𝑡 ,	 (13)	
	 𝑓 𝑦 = min 5 + 𝑓 𝑡 ,	 (14)	
	 𝑓 𝑡 = 0.	 (15)	

If these equation are evaluated in ‘bottom-up’ order, then we have 	f t = 0, f y =
5, f x = 6, and f s = 9. 
 
 

s	

x	

y	

t	

3	 8	

1	

5	 5	

Infinity		

Figure 1 Shortest Path Problem in an 
Acrylic Graph 
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2.1.2 Deterministic Dynamic Programming 
	
The DP includes the deterministic dynamic programming (DDP) and stochastic 
dynamic programming (SDP). The widely used DP is known as Deterministic 
Dynamic Programming (DDP). In this paper, two case studies are both 
deterministic dynamic programming (DDP). In DDP a discrete-time dynamic 
system is considered 
	 𝑥"#$ = 𝑓" 𝑥", 𝑢", 𝜔" , 𝑘 = 0,1, … , 𝑁 − 1,	 (16)	

The dynamic states x2, control inputs u2, and disturbances ω2 are both discrete in 
time and value. As the name suggests the DDP is deterministic, the disturbance ω2 
must be known in advance. The DDP discrete-time model would be given by 
	 𝑥" = 𝑓" 𝑥", 𝑢" , 𝑘 = 0,1, … , 𝑁 − 1,	 (17)	

Let π = uD, u$, … , uEB$  be a control policy. The discretized cost of using π with the 
initial state x 0 = xD be  
	 𝐽g 𝑥D = 𝑔@ 𝑥@ + 𝜙@ 𝑥@ + ℎ" 𝑥", 𝜇" 𝑥" + 𝜙" 𝑥" ,@B$

"CD 	 (18)	

where gE xE + ϕE xE  is the final cost. The first term gE xE  represents the final 
cost. The second term ϕE xE  is an additional penalty function that can be used to 
enforce a constraint on the final state. The function h2 x2, µ2 x2  is the cost of 
applying the control µ2 x2  at x2.  ϕ2 x2  is used to enforce the state constraints for 
k = 0, 1, … , N − 1. The optimal control policy πD	is the policy that minimizes Jm 
	 𝐽∗ 𝑥D = min

g∈∏
𝐽g 𝑥D ,	 (19)	

where Π is the set of all admissible policies. 
 
Based on the principle of optimality, the DP algorithm evaluates the optimal cost-
to-go function at every node in the discretized state-time space by proceeding 
backward in time: 
 
1) End cost calculation step 

	 𝐽@ 𝑥p = 𝑔@ 𝑥p + 𝜙@ 𝑥p 	 (20)	
2) Intermediate calculation step for k = N − 1 to 0 

The optimal control is given by the argument that minimizes the right-hand side of 
Eq.(21) for each xq at time index k of the discretized state-time space. 
 
The cost-to-go function J2#$ f2 xq, u2  is evaluated only on discretized points in 
the state space [10]. There are a few methods to evaluate the cost-to-go function 
what we called interpolation, such as using a nearest interpolation, linear 
interpolation, and so on. In this paper, linear interpolation was used. 
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To be simple, in a deterministic dynamic-programming process, if the system is in 
state sr with n stages to go and decision dr is selected from the set of permissible 
decisions for this stage and state, then the stage return fr dr, sr  and the state of 
the system at the next stage, given by srB$ = tr dr, sr  where tr is the transition 
function, are both known with certainty.  
	
2.1.3 Backward DP Structure 
	 	
The DP algorithm can be applied both forward and backward. The forward mainly 
is used for evaluation while backward is mainly used for generating the optimal 
control strategy. We made a structure to show how the backward goes clearly, 
	

	
Figure 2 Backward DP Structure 

	
To be clear, in the following text, the dimension of state variables and control 
inputs means the number of variables while the amount of state variables and 
inputs means the number of discrete points for each variables.  
 
The process of backward algorithm is shown in the Fig 2. As we can see from the 
process, the computational complexity of every DP algorithm is exponential in the 
number of states and inputs. When the dimensions of states and inputs are too 
high, the famous problem of DP named curse of dimensionality arises. In addition 
to dimensions, when the amount of states and inputs are too large, the computing 
cost would be very high.  
 
Generally, in each stage, for the same inputs and states, if the grid is denser, the 
calculation results would be more accurate. The Matlab function fmincon will help 
for decreasing both the dimension and the amount of control inputs. 
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2.2 The Hybrid Eco car 
	
In this thesis project, EMS management of hybrid car is involved. The Hybrid Eco 
car Elba which was built by the KTH student group is used as a case study in 
chapter 4.  
 
There are four different structures of the hybrid car, which are series hybrid, 
parallel hybrid, series-parallel hybrid, and complex hybrid. The powertrain 
structures of the four types of hybrid car are shown in Fig 3 [5], 
	

	
Figure 3 Structures of Hybrid Vehicles 

	
l Series hybrid system 

The series hybrid is the simplest kind of HEV. Its engine mechanical output is 
converted into electricity using a generator. The converted electricity either 
charges the battery or bypass the battery to propel the wheels via the same electric 
motor and mechanical transmission.  
 
l Parallel hybrid system 

The parallel HEV allows both the engine and electric motor to deliver power in 
parallel to drive the wheels. Since both the engine and electric moor are generally 
coupled to the drive shaft of the wheels via two clutches, the propulsion power can 
be supplied by the engine alone, by the electric motor alone or by both. 
 
l Series-parallel hybrid system 

In the series-parallel hybrid car, the configuration incorporates the features of 
both the series and parallel HEVs, but involves an additional mechanical link 
compared with the series hybrid and also an additional generator compared with 
the parallel hybrid. 
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l Complex hybrid system 

As reflected by its name, this system involves a complex configuration which 
cannot be classified into the above three kinds. Since the generator and electric 
motor are both electric machinery, the complex hybrid seems to be similar to the 
series-parallel hybrid. However, the key difference is due to the bidirectional 
power flow of the electric motor in the complex hybrid and the unidirectional 
power flow of the generator in the series-parallel hybrid. This bidirectional power 
flow can allow for versatile operating modes, especially the three propulsion power 
(due to the engine and two electric motors) operating mode, which cannot be 
offered by the series-parallel hybrid. Similar to the series-parallel HEV, the 
complex hybrid suffers from higher complexity and costliness. Nevertheless, some 
newly introduced HEVs adopt this system for dual axle propulsion [5]. 
 
The structure of Elba car is similar to the complex hybrid car as shown in Fig 4 [12], 

	
Figure 4 Structure of Elba 

	
As shown in figures, there is a difference between the structure of Elba and the 
structure of normal complex hybrid car which is shown in Fig 3. 
 
The only difference is that the ICE and the electric motors do not have any direct 
connection between their output shafts, everything is connected through the 
transmission. The reason for choosing the complex hybrid car structure is because 
the small DC motor is not powerful enough to accelerate the car or use the 
regenerative braking to decelerate since it will take too long time and more losses 
are introduced due to friction. The acceleration and the start of ICE has to be done 
by the big electric motor with higher power output instead. 
 
To study the EMS management of HEVs, it is necessary to have a mathematical 
representation of the system.  
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2.2.1 Vehicle Dynamics 
	
The forces that acts on the vehicle and affects the dynamics during propulsion are 
the driving force, drag force, rolling resistance force and the gravitational force. 
The drag resistance is a type of friction that is present due to the air surrounding 
the vehicle. The mathematical model for air drag is 

	 𝐹u =
vwxyz{

c
𝑣c	 (22)	

where F~ is the drag force, A�c� is the coefficient of drag for the vehicle and v is the 
speed of the vehicle. The rolling resistance comes from the deformation of tires 
when them roll over a surface. The mathematical representation of the rolling 
resistance is  
	 𝐹� = 𝐶�𝑁	 (23)	

where F� is the rolling resistance force, C� is the rolling resistance coefficient and N 
is the normal force on tires. The force due to rolling resistance is implicitly 
dependent on the speed of the vehicle in the sense that it is only present when the 
vehicle starts to move. 
 
The gravitational force affects the vehicle dynamics when there is a slope, the 
mathematical model for the gravitational force is 
	 𝐹� = 𝑚𝑔 sin 𝛼	 (24)	

where F� is the gravitational force that acts in the direction of propulsion, m is the 
total mass of the vehicle, g is the gravitational acceleration and  α is the slope angle. 
 
The driving force of the vehicle is dependent on the transmission of the powertrain 
and the torque output from the motors. For Elba, the driving force is modelled as 

	 𝐹p� =
$

������
𝑅�(𝑇������B����� − 𝑇���� 𝑣 )	 (25)	

where Fqr is the driving force, r����� is the radius of the tire, R¡ is the gear ratio of 
the planetary gear, T£¤¥¤¦§B¥¤¥¨� is the total motor torque after corresponding gears 
and motors, and T�¤§§ v  is the torque loss present in the transmission, which is 
modelled as a function of the vehicle speed v. The function T�¤§§ v  is based purely 
on measurements. 
 
The vehicle dynamics is derived from Newton’s second law. The result is a 
differential equation of the vehicle’s speed v 

	 ©ª
©�
= $

�
𝐹p� − 𝐹u − 𝐹� − 𝐹� 	 (26)	

where �«
�¥

 is the acceleration of the vehicle, use  to stand for �«
�¥

 in the following text. 
There is a simplification in the vehicle dynamics that the inertia of the wheels and 
the motor shafts are neglected. The reason for this is that they do not affect the 

a
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dynamics significantly since the inertia due to the mass of the vehicle being much 
bigger [12]. 
 
2.2.2 Hybrid Car Control Architecture 
	
Among the general problems of the hybrid cars’ power trains, the most critical 
problem is the determination of the power-split ratio between the mechanical and 
the electrical paths. This problem is known as the energy management strategy 
(EMS). Adding an additional energy source (the battery) to the engine leads to an 
additional degree of freedom to the operation control of the power train, since the 
propulsion energy can be provided either by the engine or by the battery, or the 
combination of both [18]. Therefore, finding the proper power-split ratio between 
the engine and the battery is the major concern of the power train controller in 
order to optimize the energy consumption of the vehicle over the desired route. 
The most frequently overall optimization strategy reviewed in the literature is DP 
program [13] [14] [16].  
 
As stated before, DP suffers from the curse of dimensionality, which means that 
computation time grows exponentially with the number of state variables and 
control signals. This thesis project refers to a decentralized hierarchical predictive 
control system which can handle models with several state variables when dealing 
with the EMS of HEVs [17]. The idea of this decentralized hierarchical predictive 
control system helps decrease the number of state variables in each layer. 
 
The vehicle speed and possible additional energy states are optimized in the top 
layer with DP or other direct optimal control algorithm whereas management of 
battery is optimized in a lower control layer with a DP algorithm. In this way, the 
number of state variables is decreased in each layer.  
 
Here is a simple structure to present the top control layer and the lower control 
layer, 
	

	
Figure 5 Control architecture of Hybrid car 
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As stated in Fig 5, the driving cycle is a standard velocity profile originated from 
the realistic driving pattern, one of its application is the certification of automotive 
fuel consumption and emission. Each driving cycle is used to simulate a specific 
driving condition [15]. 
 
In this thesis project, top control layer is used as a study case. The top control layer 
is responsible for planning a vehicle speed reference which is required by the 
controller. In Johannesson et.al’s paper, they applied direct optimal method to the 
top control layer because they dealt with the online control problem. But in our 
case, it is an off line problem, hence instead of direct optimal method, we chose DP 
algorithm in the top control layer. 
 
In the top layer, based on the vehicle dynamics, the vehicle is modelled as a point 
mass system with the longitudinal vehicle dynamics described as Eq. (26). 
	 𝑚¬𝑎 = 𝐹p� − 𝐹u − 𝐹� − 𝐹� 	 (27)	

inside this, the m� is the effective mass which equals the the mass of the vehicle 
plus the mass of the driver. 
 
To be specific,  
	 𝐹u =

vwxyz{
c

𝑣c	 (28)	
	 𝐹� = 𝑚𝑔𝑐� cos 𝛼	 (29)	

inside these two equations, ρ¨  is the Air density coefficient, A�c�  is the 
Aerodynamic drag coefficient, c¦ is the Rolling resistance coefficient, and α is the 
angle of the track’s slope. 
We got the representation of the driving force Fqr from those equations, 

	 𝐹p� =
vwxyz{

c
𝑣c + 𝑚𝑔𝑐� cos 𝛼 + 𝑚𝑔 sin 𝛼 +𝑚¬𝑎	 (30)	

The representation of Fqr shown above is based on an assumption that this hybrid 
car does not have the regenerative brake. In some hybrid vehicles, some fraction of 
the braking energy (wasted in conventional vehicles) can be recovered by operating 
the motor drive as a generator and restoring it into the power storage, in this 
condition, Eq. (30) does not fit anymore [19]. 
 
In DP, the Elba car problem is discrete. In order to simplify the problem, we 
assumed the motion of the Elba car in each stage is a uniformly accelerated linear 
motion. So the kinematical equation of the vehicle can be presented as, 
	 𝑣"c − 𝑣"B$c = 2 ∙ 𝑎 ∙ 𝑠	 (31)	
	 𝑣�ª¬��³¬ =

ªQ#ªQ´µ
c

	 (32)	

v2  and v2B$  stand for the driving speed of the vehicle in the sequential two 
different time, v¨«�¦¨¶�  is the average speed in each step, and s  is the driving 
distance which is a constant value in the DP algorithm. 
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Since the Elba car has no regenerative brake, the equation of calculating energy 
consumption  should be max Fp�, 0 ∙ s. 

2.3 The Matlab function fmincon 
	
According to paper [20], we describe the class of optimal control problems that can 
be solved with DP as below: 
	 min

P �
𝐽 𝑢 𝑡 	 (33)	

s.t	
	 𝑥 𝑡 = 𝐹 𝑥 𝑡 , 𝑢 𝑡 , 𝑡 	 (34)	
	 𝑥 0 = 𝑥D	 (35)	
	 𝑥 𝑡 ∈ 𝑥¸,�p�, 𝑥¸,��S 	 (36)	
	 𝑥 𝑡 ∈ 𝒳 𝑡 ⊂ ℛ�	 (37)	
	 𝑢 𝑡 ∈ 𝑈 𝑡 ⊂ ℛ�	 (38)	
where 
	 𝐽 𝑢 𝑡 = 𝐺 𝑥 𝑡 + 𝐻 𝑥 𝑡 , 𝑢 𝑡 , 𝑡 𝑑𝑡�y

D 	 (39)	
is the cost functional.  
 
If the problem is a continuous-time control problem, it must be discretized in time 
first. Based on the theory of DP algorithm, in each stage, the cost-to-go function is 
needed to be minimized. In Guzzella and Sundström’s dynamic programming 
MATLAB function named DPM which can be download on the website [21], 
command “min” is used in the Matlab code to find the minimum cost-to-go 
function in each stage. In this way, we need not only the grid of state variables but 
also the grid of control signal variables. In each stage, in the loop of all the state 
variables, every control signal possibility is needed to be evaluated by the problem 
function. When the number of control signal states increases, the computation 
time and computer resource usage will increase exponentially.  
 
The gradient based method considered in this thesis project is the Matlab function 
fmincon. Fmincon aims to find a minimum of a constrained nonlinear 
multivariable function, 
	 min

S
𝑓 𝑥 	 (40)	

s.t.	
	 𝑐 𝑥 ≤ 0	 (41)	
	 𝑐𝑒𝑞 𝑥 = 0	 (42)	
	 𝐴 ∙ 𝑥 ≤ 𝑏	 (43)	
	 𝐴𝑒𝑞 ∙ 𝑥 = 𝑏𝑒𝑞	 (44)	
	 𝑙𝑏 ≤ 𝑥 ≤ 𝑢𝑏	 (45)	
where x is the control signal, it can be scalar or vectors, c x  and ceq x  are the 
nonlinear constraints, A and Aeq are the linear constraints, lb is the low boundary 
of control signals while ub is the high boundary of control signals, and f x  is the 
objective function which you want it to be minimized. This Matlab function should 
return a scalar. 
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The syntax used in DP problem is usually, 

𝑥, 𝑓𝑣𝑎𝑙 = 𝑓𝑚𝑖𝑛𝑐𝑜𝑛 𝑓𝑢𝑛, 𝑥0, 𝐴, 𝑏, 𝐴𝑒𝑞, 𝑏𝑒𝑞, 𝑙𝑏, 𝑢𝑏, 𝑛𝑜𝑛𝑙𝑐𝑜𝑛, 𝑜𝑝𝑡𝑖𝑜𝑛𝑠 	
where the nonlinear inequalities c x  and equalities ceq x  are defined in nonlcon 
[22]. 
	
For the options set by “optimset” in fmincon, the choice of “tolerance” can 
influence how many points are chosen to find the minimum by fmincon. This has 
influence on the time used by the fmincon to find the minimum and the accuracy 
of the result. Appropriate options are required with respect to time and accuracy 
[22]. 
 
Tolerances and Stopping Criteria 
 
At theory aspect, using fmincon to search the minimum in each iteration is faster 
than the command min because fmincon takes less number of iterations than min. 
The number of iterations in an optimization depends on a solver’s stopping criteria. 
These criteria include several tolerances. Generally, a tolerance is a threshold 
which, if crossed, stops the iterations of a solver. 
 
Generally, set the TolFun and Tolx tolerances to well above eps, and usually above 
1e-14. Setting small tolerances doesn’t guarantee accurate results. Instead, a solver 
can fail to recognize when it has converged, and can continue futile iterations. A 
tolerance value smaller than eps may disable the stopping condition effectively. 
 
The Matlab function fmincon has four algorithms options: 
 
l interior-point 

l trust-region-reflective 

l sqp 

l active-set 

The interior-point is the default algorithm in fmincon solver. Interior point 
methods (also referred to as barrier methods) are a certain class of algorithms that 
solve linear and nonlinear convex optimization problems. The interior-point 
algorithm used by fmincon can track both the primal and dual optimization 
variables, that is, primal-dual methods. The interior-point algorithm in fmincon 
can accept a Hessian function as an input. When you supply a Hessian, you may 
obtain a faster, more accurate solution to a constrained minimization problem. 
 
Large-Scale and Medium-Scale Algorithms 
 
An optimization algorithm is large scale when it uses linear algebra that does not 
need to store, nor operate on full matrices. This may be done internally by storing 
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sparse matrices, and by using sparse linear algebra for computations whenever 
possible. Furthermore, the internal algorithms either preserve sparsity, such as a 
sparse Cholesky decomposition, or do not generate matrices, such as a conjugate 
gradient method. This algorithm is a subspace trust region method and is based on 
the interior-reflective Newton method described in [23] [24]. 
 
In contrast, medium-scale methods internally create full matrices and use dense 
linear algebra. If a problem is sufficiently large, full matrices take up a significant 
amount of memory, and the dense linear algebra may require a long time to 
execute. Interior-point algorithms in fmincon have many good characteristics, 
such as low memory usage and the ability to solve large problems quickly. 
However, their solutions can be slightly less accurate than those from other 
algorithms. The reason for this potential inaccuracy is that the internally 
calculated barrier function keeps iterate away from inequality constraint 
boundaries [25] [26] [27]. 
 
Knowing these is helpful for us to chose the appropriate algorithm to solve the 
problem. 

2.4 Parallel Computing 
	
A parallel pool is a set of MATLAB workers in a computer cluster or desktop as 
shown in Fig 6. BY default, a parallel pool starts automatically when there are 
parallel language features such as “parfor”. The default pool size and cluster are 
specified by the parallel preferences. The pool size and cluster are indicated on the 
“Parallel>Parallel Preferences” menu. You can change your pool size and cluster in 
this menu. Alternatively, you can choose your cluster and pool size using par-
cluster and par-pool respectively, on the MATLAB command line.  
	

	
Figure 6 Parallel Workers Architecture 
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The workers in a parallel pool can be used interactively and can communicate with 
each other during the lifetime of the job. While these pool workers are reserved for 
your interactive use, they are not available to other users. You can have only one 
parallel pool accessible at a time from a MATLAB client session. In MATLAB, the 
current parallel pool is represented by a parallel.Pool object [28]. 
	
2.4.1 Parallel Computing Toolbox Product Description 
	
The Parallel Computing Toolbox lets you solve computationally and data-intensive 
problems using multicore processors, GPUs, and computer clusters. High-level 
constructs-parallel for-loops, special array types, and parallelized numerical 
algorithms-let you parallelize MATLAB applications without CUDA or MPI 
programming. You can use the toolbox with Simulink to run multiple simulations 
of a model in parallel. 
The toolbox lets you use the full processing power of multicore desktops by 
executing applications on workers (MATLAB computational engines) that run 
locally. Without changing the code, you can run the same applications on a 
computer cluster or a grid computing service (using MARLAB Distributed 
Computing Server TM). You can run parallel applications interactively or in batch 
[29]. 
	
2.4.2 parfor-loops in MATLAB 

	
Figure 7 parfor-loops 

	
The basic concept of a parfor-loop in MATLAB software is the same as the 
standard MATLAB for-loop: MATLAB executes a series of statements (the loop 
body) over a range of values. The MATLAB client (where the parfor is issued) 
coordinates with MATLAB workers comprising a parallel pool, so that the loop 
iterations can be executed in parallel on the pool. The necessary data on which 
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parfor operates is sent from the client to workers, where most of the computation 
happens, and the results are sent back to the client and pieced together. 
 
Because several MATLAB workers can be computing concurrently on the same 
loop, a parfor-loop can provide significantly better performance than its analogous 
for-loop. 
 
Each execution of the body of a parfor-loop is an iteration. MATLAB workers 
evaluate iterations in no particular order, and independently of each other. 
Because each iteration is independent, there is no guarantee that the iterations are 
synchronized in anyway, nor is there any need for this. If the number of workers is 
equal to the number of loop iterations, each worker performs one iteration of the 
loop. If there are more iterations than workers, some workers perform more than 
one loop iteration; in this case, a worker might receive multiple iterations at once 
to reduce communication time. 
	
2.4.2.1 LIMITATIONS OF PARFOR-LOOPS 
	
There are many limitations when use parfor in MATLAB. Most of these restrictions 
result from the need for loop iterations to be completely independent of each other 
or the fact that the iterations run on MATLAB worker sessions instead of the client 
session. Those limitations exist at many aspects: 
l Inputs and Outputs 

l Classes and Handles 

l Nesting and Flow 

l Variables and Transparency 

2.4.2.2 CLASSIFICATION OF VARIABLES IN PARFOR-LOOPS 
	
The variables in parfor-Loops are classified into 5 categories which are: 
	
l Loop Variable 

The loop variable defines the loop index value for each iteration. It is set with the 
beginning line of a parfor statement. For values across all iterations, the loop 
variable must evaluate to ascending consecutive integers. Each iteration is 
independent of all others, and each has its own loop index value. Assignments to 
the loop variable are not allowed. 

	
l Sliced Variables 

A sliced variable is one whose value can be broken up into segments, or slices, 
which are then operated on separately by different workers. Each iteration of the 
loop works on a different slice of the array. Using sliced variables is important 
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because this type of variable can reduce communication between the client and 
workers. Only those slices needed by the worker would be sent to it, and only when 
the worker starts working on a particular range of indices. 
The sliced variable has the following characteristics, type of first-level indexing, 
fixed index listing, exactly one index involves the loop variable, and constant shape 
of array. 

		
l Broadcast Variables 

A broadcast variable is any variable other than the loop variable or the sliced 
variable, it is not affected by the assignment inside the loop. At the start of a parfor 
loop, the values of the broadcast variables are sent to all workers. Although this 
type of variable can be useful or even essential, broadcast variables are always 
large that will cause a lot of communication between client and workers. In some 
cases, it might be more efficient to use temporary variables for this purpose by 
creating and assigning them inside the loop. 

	
l Reduction Variables 

MATLAB supports an important exception, called reductions, to the rule that loop 
iterations must be independent. A reduction variable accumulates a value that 
depends on all the iterations together, but is independent of the iteration order. 
MATLAB allows reduction variables in parfor-Loops. For any reduction variable, 
the same reduction function or operation must be used in all reduction 
assignments for that variable. 

	
l Temporary Variables 

A temporary variable is any variable that is the target of a direct, non-indexed 
assignment, but is different from a reduction variable. In contrast to the behavior 
of a for-loop, MATLAB effectively clears any temporary variables before each 
iteration of a parfor-Loop. To help ensure the independence of iterations, the 
values of temporary variables can not be passed from one iteration of the loop to 
another. Therefore, temporary variables must be set inside the body of the parfor-
loop, so that their values are defined separately for each iteration. MATLAB does 
not send temporary variables back to the client. A temporary variable in the 
context of the parfor statement has no effect on the variable with the same name 
that exists outside the loop in contrast to ordinary for-Loops. 
 
The body of a parfor-loop must be transparent, meaning that all references to 
variables must be “visible” (i.e., occur in the text of the program). Before using the 
parfor-loop, we need to ensure whether this problem is appropriate to use parfor-
loop. 
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3 IMEPLEMENTION 
		
In this chapter, three methods of implementing the new DP MATLAB function 
were introduced with the appropriate analysis.  

3.1 Implementation of the new DP Matlab function 
Assume we are dealing with an optimal control problem with one state variable 
with 𝑁S grid points, one control signal, and N stages. We are going to solve this 
problem in Matlab on a computer with n cores. The pseudo code of the new DP 
Matlab function without using parallel computing is shown in the Fig 8. This 
Matlab function has two loops, one is the stage loop, the other is the state variable 
loop. The fmincon function is used to find the control signal which minimize the 
function model in each iteration. Parallel computing can be applied on the Matlab 
function in three methods, the stage loop, the state variable loop, and the fmincon 
solver. The pseudo codes of all the three methods are presented in Fig 9, Fig 10, 
and Fig 11 separately. 
 
for i = 1:N-1 
      k = N-i;   %Backward algorithm 

empty variables; 
for j = 1:Nx 
      fmincon(…)   %to find the control signal to minimize the function model 
end 
assign variables; 

end	
Figure 8 pseudo code of Matlab function without parallel computing 

	
Fig 9 shows the pseudo code when apply the parallel computing on the stage loop. 
But the parallel computing actually can not be used in this way. The main reason is 
the limitations of parfor-loops which was introduced in the literature review. The 
requirement of using parfor-loops is that there is no relation between each stage, 
that is, the loop index must be sliced variables. This structure apparently does not 
satisfy this requirement. DP is a kind of recursion algorithm. The result generated 
by the current stage would have influence on the next stag. 
 
 
 
 
 
 
 
 
 
 
 



	 28	

 
open parallel computing, distribute stages to n workers evenly. 
worker 1: for i = 1:(N-1)/n 
                      k = N-i;   %Backward algorithm 

                  empty variables; 
                  for j = 1:Nx 
                        fmincon(…)   %to find the control signal to minimize the function 

model 
                  end 
            assign variables; 

                  end 
worker 2: for i = ((N-1)/n)+1:2(N-1)/n 
                        … 
                  end 
… 
combine all the variables 
end 

Figure 9 Pseudo code of method 1 

	
open parallel computing 
for i = 1:N-1 
      k = N-i; 

empty variables; 
distribute Nx state variables grid points to n workers; 

      worker 1: for i = 1:(Nx)/n 
                        fmincon(…)   %to find the control signal to minimize the function 

model 
                  end 
                  assign variables; 

       worker 2: for i = ((Nx)/n)+1:2(Nx)/n 
                               fmincon(…) 
                         end 
        … 
        combine all the variables 
end	

Figure 10 Pseudo code of method 2 

	
Fig 10 is the pseudo code when apply the parallel computing on the state variable 
loop. This method is theoretically reasonable. Each implementation inside the 
state variable loop is independent. The loop index can be sliced. 
 
As for the third method, the optimization set of the fmincon solver has a selection 
named ‘Useparallel’ which means the fmincon solver can use multi workers to find 
minimize the function model. This method is also reasonable theoretically just like 
the second method. 
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open parallel computing 
for i = 1:N-1 

k = N-i; 
empty variables; 
for j = 1:Nx 
      fmincon(…’Useparallel’,…); 
end 
assign varibales; 

end	
Figure 11 Pseudo code of method 3 

During the experiments, only the second method and the third method were tested. 
Both structures were used to solve the same problem named Lotka-Volterra 
Fishery problem. The problem is described in detail in the next chapter. The 
second method is finally chosen to continue the following experiments because the 
third method cost an incredibly amount of time during the experiment. The reason 
for this would be discussed later. 
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4 EXPERIMENTS 
	
In this chapter, one linear problem with one dimension and one nonlinear problem 
with two dimensions are chosen to be the case studies. For the same problem, 
there are three independent variables, the different choice of solvers within the 
Matlab function fmincon, the amount of cores for parallel computing, and number 
of states grid points. The dependent variables that we concern are computing time 
and calculation accuracy. 
	
4.1 Lotka-Volterra Fishery 
	
4.1.1 Problem Description 
	
Management of the fishery aims to modify or limit the activities of the fishermen 
in order to realize a change in the fish population, the catch rate, or both. Lotka-
Volterra problem is a typical case of this kind of fishery management problem. The 
purpose of this management is to obtain the maximum total fish catch with 
satisfying the specific limitations [30]. 
 
Lotka-Volterra belongs to the continuous time problem. In order to solve the 
problem with the dynamic program, the Euler forward approximation should be 
used to discretize the problem model with a time step T§ = 0.2 days.  
 
The discrete-time model is  
	 𝑥"#$ = 𝑓 𝑥", 𝑢" + 𝑥", 𝑘 = 0,1, … , 𝑁 − 1	 (46)	

where 

	 𝑓 𝑥", 𝑢" = 𝑇� ∙
c
$DD

∙ 𝑥" −
SQ
Ì

$DDD
− 𝑢" 	 (47)	

The state x2 ∈ 0,1000  is the amount of fishes in a lake, the control signal u2 ∈
0,10  is the constant fishing rate during one stage. The discrete-time optimal 

control problem of maximizing the amount of fishes caught over a fixed period of 
time can be formulated as Eqs. (33) -(39): 
	 min

PQ∈ D,$D
−𝑢" ∙ 𝑇�@B$

"CD 	 (48)	

	
	 𝑥"#$ = 𝑓 𝑥", 𝑢" + 𝑥"	 (49)	
	 𝑥D = 250	 (50)	
	 𝑥@ ≥ 750	 (51)	
	 𝑥" ∈ 0,1000 	 (52)	
	 𝑁 = cDD

ÏÐ
+ 1	 (53)	

	

s.t .
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4.1.2 Results of Experiments 
	
The independent variables of the experiments include choices of the algorithm 
inside fmincon, numbers of parallel computing cores, and amount of state 
variables grid points. The independent variables are computing time and 
calculation accuracy. 
 
Whatever the independent variable is, the changing process of fish population and 
control signal map are similar as shown in Fig 12 and Fig 13. 
	

	
Figure 12 Fish Population 

	

	
Figure 13 Control Signal Map 
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4.1.2.1 RESULTS OF NEW DP MATLAB FUNCTION 
	
1. Different solvers of fmincon as the independent variable 

	

In this part of experiments, the number of parallel computing cores is 20, amount 
of state variables is 201. 
 
The results of calculation accuracy between different algorithms are listed in the 
following table: 

	

Table 1 Results of new DP with different algorithm	

Solvers active-set sqp Interior-
point 

trust-region-
reflective 

Computing 
time (s) 

173.9608 242.4288 695.9241 / 

Calculation 
accuracy 

-427.7552 -429.5947 / / 

	
Based on the introduction of the four algorithms inside fmincon, the trust-region-
reflective is not appropriate to be used to solve this problem. Because the trust-
region-reflective is appropriate for large scale problem and requires the gradient 
function of the function model. 
 
When using the interior-point algorithm, the final constraints was not satisfied 
which led the final result went wrong. 
 
Compare the results of active-set algorithm and of sqp algorithm, the sqp has the 
better calculation accuracy while the active-set has the fastest computing time. 
Based on this result, the active-set is used during the following experiments. 
	
2. Numbers of parallel computing cores as the independent variable 

In this part of experiments, the chosen algorithm is active-set. All the results are 
shown in the following tables. 

	
i. Amount of state variables is 201 

	

Table 2 Results of 201 amount of state variable with different cores 

Number of 
cores 

1 5 10 15 20 

Computing 
time (s) 

1536.96385 417.5568 232.2469 189.9109 173.9608 

Calculation 
accuracy 

-427.7552 -427.7552 -427.7552 -427.7552 -427.7552 
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ii. Amount of state variables is 501 

	

Table 3 Results of 501 amount of state variable with different cores 

Number of 
cores 

1 5 10 15 20 

Computing 
time (s) 

3940.9070 889.0918 509.1529 387.6048 344.0320 

Calculation 
accuracy 

-437.8722 -437.8722 -437.8722 -437.8722 -437.8722 

	
iii. Amount of state variables is 1001 

	

Table 4 Results of 1001 amount of state variable with different cores 

Number of 
cores 

1 5 10 15 20 

Computing 
time (s) 

7769.5534 1761.1541 967.6411 724.2805 623.5460 

Calculation 
accuracy 

-445.6898 -445.6898 -445.6898 -445.6898 -445.6898 

	

Comparing the data in the three tables, we can draw the conclusion that the 
number of cores does not have any influence on the calculation accuracy. The 
smaller is the step size of the state variable, the more accurate the result is. As for 
the computing time, it does not decrease proportionally to the number of cores. 
The number of iteration of fmincon in each stage is less than 10 when using the 
active-set algorithm.  

	
4.1.2.2 RESULTS OF DPM MATLAB FUNCTION 
	
This problem is also solved by dpm Matlab function with 201 grid points of state 
variable and different amount of control signals grid points. The results are 
presented in the following table: 
	

Table 5 Results of DPM for fishery problem 

Amount of 
control signals 

5 10 1001 2001 

Computing 
time (s) 

3.4878 3.9544 32.5646 76.2809 

Calculation 
accuracy 

-451.6953 -451.6931 -451.6935 -451.6935 
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Based on the data in the Table 5, we can draw the conclusion that higher amount of 
control signals grid points cost longer time, and led more accurate result. The 
result accuracy changed slightly along with the change of number of control signals 
grid points.  
 
By comparing the data in Table 2 and Table 5, we can see the dpm Matlab function 
worked much better than the new DP Matlab function on the Lotka-Volterra 
fishery problem. Not only is the computing time less, but also the calculation 
accuracy is higher than the new DP Matlab function. 
	
4.2 Elba car control problem 
	
4.2.1 Problem Description 
	
Elba car is a hybrid car build by KTH student group which was planned to take 
part in the 2016 Shell Marathon. This thesis project took the responsibility to do 
the control job for the Elba car. The Elba car was supposed to drive along the fixed 
track with a specific time limitation during the competition. According to the 
hierarchical control architecture introduced in the paper [17], the control 
architecture of Elba car consists of two or three layers. The top control layer has 
been finished in this thesis project. The top layer is responsible for planning the 
speed reference that is sent to the controller in the Elba car dynamic Simulink 
plant model.  
 
Elba car is a continuous system. The motion of Elba in each stage is assumed to be 
a uniformly accelerated motion. We chose to discretize the track profile to transfer 
the continuous problem into a discrete problem. In this problem, there are two 
state variables including the driving speed v and the driving time t, one control 
signal which is acceleration a. Instead of the time step, each stage is actually a 
distance step. 
 
Based on the introduction in the literature review, according to Eqs (27) -(32), we 
describe the problem as the Eqs (33) -(39), 
 
	 𝑥 1 "#$ = 𝑥 1 " + 2 ∙ 𝑢" ∙ 𝑇�, 𝑘 = 0,1, … , 𝑁 − 1	 (54)	
	 𝑥 2 "#$ = 𝑥 2 " + ∆𝑡, 𝑘 = 0,1, … , 𝑁 − 1	 (55)	
	 min

PQ∈ B$,$ ,S $ Q∈ D,cD
𝐹p� 𝑘, 𝑥 1 ", 𝑢" ∙ 𝑇�@B$

"CD 	 (56)	

	 𝑥 1 D = 0	 (57)	
	 𝑥 1 @ = 0	 (58)	
	 𝑥 2 D = 0	 (59)	
	 𝑥 1 " ∈ 0,15 	 (60)	
	 𝑥 2 " ∈ 0,300 	 (61)	
	 𝑢" ∈ −1,1 	 (62)	
	 𝑁 = ccÒÒ

ÏÐ
+ 1	 (63)	

where x 1 2 is the driving speed, x 2 2 is the driving time and u2 is the acceleration 
in each time step. As presented in the upper text, 
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	 𝐹p� =
vwxyz{

c
𝑣c + 𝑚𝑔𝑐� cos 𝛼 + 𝑚𝑔 sin 𝛼 +𝑚¬𝑎	 (64)	

According to Eq. (31) and Eq. (32), we got the the representation of ∆t, 

 Δt = ÏÐ
ÔwÕ�Öw×�

 (65)	

In introduction, T§  stands for the value of the time step. In this problem, the 
problem is discretized by track distance instead of time. 
 

4.2.2 Problem Parameters 
	
The problem parameters include two parts, vehicle parameters and parameters 
involved in DP.  
 
Vehicle parameters are listed in Table 6,  
	

Table 6 Vehicle Parameters 

Parameter Value 
Effective mass in cruise gear  
Aerodynamic drag coefficient 

 
Rolling resistance coefficient 

 
Air density 

 
Gravitational acceleration 

 

	
 
The track file of the competition was provided by the Shell Eco car Marathon 
organization including the total length and the height parameters along the race 
track as shown in Fig 14. 
 

	
Figure 14 Track parameters 

m=216kg
cdAf =0.3630
cr =0.0042

ρa =1.2kg/m3

g= 9.81m/ s2
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As shown in Fig 14, the relation between distance and height is represented. The 
total length of the track is 2244m.  
 
The next step is to use those track parameters to calculate the angle degree of slope 
signed by α. 
 𝛼 = tanB$ ∆Ø

∆�
 (66) 

∆h is the change of height and ∆s is the change of distance. 
 

	
Figure 15 Discrete slope parameters 

	
As shown in Fig 15, the circle track is divided into 100 parts. This file is saved as 
‘.mat’ format which needed to be loaded when running the dpm MATLAB function. 
In the real running process, this slope file will be discretized again according to the 
number of the problem stages by the method of linear interpolation. After this, the 
angle degree will be calculated by Eq. (66). 
 
4.2.3 Results of Experiments 
	
4.2.3.1 SPEED PROFILE 
 
The generation of the speed profile is done by the dpm Matlab function.  
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Figure 16 Speed profile 

	
The figure of speed shows the constraints of x 1  are satisfied well. The range of 
speed is between 0 and 15. As for the final constraints, the final speed is 0.152m/s 
which is very close to 0. 

	
Figure 17 Driving time 

	
As shown in the time figure, the constraints of x 2  is satisfied. The final time is 
265.5670s less than 300s. 
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Figure 18 optimal acceleration control map 

	
The range of the acceleration is between -1 and 1. 
	
4.2.3.2 LOOK-UP TABLE 
	
The output of dpm MATLAB function has two parts, res and dyn.  The content of 
dyn includes all the strategies. The content of res is the strategy which satisfy the 
initial constraints. To build the look-up table, we always need a multi dimensions 
data structure [31] [32]. 
 
In this case study, it is a 3-dimension data structure. The first dimension is the 
vehicle speed, the second dimension is the driving time, and the third dimension is 
the current position. The code to generate the 3-dimension data structure is shown 
in the following table. 
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Table 7 look-up table generation code 
function ecocar = lookuptable(dyn,grd,prb) 
%inputs: 
%dyn: data set 
%grd 
%1st dimension: speed 
%2nd dimension: time 
%3rd dimension: current position 
%output of the block is the acceleration,ecocar.a 
%Ts = 1s; 
%position is the current position 
ecocar.v = linspace(grd.Xn{1}.lo, grd.Xn{1}.hi, grd.Nx{1}); %speed 
ecocar.t = linspace(grd.Xn{2}.lo, grd.Xn{2}.hi, grd.Nx{2}); %time 
ecocar.idex = 1:1:prb.N; 
len3 = length(ecocar.idex); 
ecocar.dyn = zeros(grd.Nx{1}, grd.Nx{2}, len3); 
for i = 1:len3 
     
    ecocar.dyn(:,:,i) = dyn.Uo{1,i}; 
     
end 
  
end 
	
	
The ecocar data structure is implemented in the 3-D Lookup table block as shown 
in Fig 19. 
 

	
Figure 19 look-up table block 

	
Implement the upper part into a subsystem and do some simulation as shown in 
Fig 20,  
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Figure 20 look-up table test model 

	
Given the speed as a sine wave between the range of 0 to 15, the time is 24s, and 
current position is 500m, the output of acceleration is represented as Fig 20. 
 
The sampling time is 10s and sampling step is 1s. Fig 21 is the sine wave input 
signal stands for the speed input. Fig 22 is the related output of acceleration. (Mi C, 
2011) 
 

	
Figure 21 Simulation speed inputs 

	

	
Figure 22 test result of acceleration output 
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5 DISCUSSION AND CONCLUSIONS 
	
In this chapter, we focused on analyzing the results of experiments that we 
presented in chapter 4. The main attention is put on the computing time and 
analysis the speed profile of Elba car with track profile together. 
	
5.1 Computing time 
	
5.1.1 Execution time of parallel computation 
	
5.1.1.1 DIFFERENCE BETWEEN THE PRACTICAL AND THE IDEAL 
COMPUTING TIME 
	
As the results shown in chapter 4, we can see the computing time is not decreased 
in linear relationship of the number of cores. It means that for the same problem, 
if the computing time with 5 cores is 100s, the computing time with 10 cores is not 
50s. We use several figures to state this phenomenon, 
 

	
Figure 23 Computing time of different cores 

 
In Fig 23, 201, 501, and 1001 stand for the amount of state variable grid points in 
the fishery problem. To make the phenomenon much clearer, take the 201 state as 
an example to show the difference between the practical and theoretical in Fig 24. 
In the new DP Matlab function, the part which is not included in the parallel 
computing does not have any heavy calculation, it would only cost very little time 
compared to the parallel computing part. Owing to this reason, the theoretical total 
computing time is simplified as in linear relationship of the number of cores.  
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Figure 24 Difference between the practical and the theoretical 

	
As shown in Fig 24, the blue line stands for the real time used in the programming 
running while the red line stands for the theoretical case. The ideal line apparently 
costs less time than the real time.  
	
5.1.1.2 REPRESENTATION OF PARALLEL EXECUTION TIME 
	
A parallel program’s execution time is a common performance indicator. It is 
defined as the time elapsed from that instance at which the first processor starts 
program execution to that instance at which the last processor completes.  
 
Assume we are dealing with a problem with size n and p parallel workers. The 
execution time T¡¨¦¨���� of a program that solves an n size problem on p workers  is 
given by [33]: 
	 𝑇������¬� = 𝜎 𝑛 + Û �

�
+ 𝜅 𝑛, 𝑝 	 (67)	

where σ n  is the program’s serial part execution time, φ n vis the program’s 
parallel part execution time, and κ n, p  is the communication time. 
 
In our program, σ n  is mainly just the time of data assignments which just 
occupies a very little in the total execution time. So the factor leads to the 
difference between the practical and the ideal computing time we discussed in part 
5.1.1.1 is the communication time κ n, p .  
 
This is an unavoidable factor. Communication overhead can dramatically affect the 
performance of parallel computations. So it should be taken into serious 
consideration when you want to use the parallel computing. If the problem is too 
simple and length of loop is short, parallel computing is not a good choice to 
reduce the computing time. In this thesis project, we solved the problem in 
MATLAB, there is no any effective way to reduce the communication time. But if 
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you are using GPU, distributed system, and so on, some methods can decrease the 
influence of the communication time [34]. 
	
5.1.2 Difference between the computing time of the new DP and 
the computing time of the DPM MATLAB function 
	
Solve the problem by using the dpm MATLAB function, the results of this are 
presented in Table 8, 
	

Table 8 Results of DPM with different amount of state variable grid points 

Amount of state 
variable 

201 501 1001 

Computing time/s 5.4524 6.1389 7.9116 
Calculation 

accuracy 
-451.6935 -451.6936 -451.6936 

	
Through Table 5 and Table 8, we can see that the computing time of dpm Matlab 
function is apparently much less than the computing time of new DP Matlab 
function whatever increase the amount of control signal grid points or the amount 
of state variable grid points. The calculation accuracy is also higher than the 
calculation accuracy of new DP Matlab function. 
 
In addition to the communication time between parallel working workers and 
redundant calculation of problem functions, the main reason caused this is 
because that the dpm Matlab function uses matrix calculation while the new DP 
Matlab function uses extra loops. In Matlab, the matrix calculation is much faster 
than other computations [35]. 
 
The calculation accuracy of dpm is higher than the new DP Matlab function. The 
calculation accuracy of the new DP Matlab function mainly depends on the 
algorithm choice of fmincon. Different algorithm will lead different calculation 
accuracy. 
 
5.2 Elba car 
	
5.2.1 DPM Matlab Function 
	
In this part, we want to prove the top control layer is actually working. This control 
job is finished by dpm Matlab function.  
	
We implemented the lookup table block in the Elba plant model to compare the 
difference of the final fuel consumption between the plant model with the top layer 
control implemented and without the top layer control implemented. The results 
are listed in Table 9. 
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Table 9 The difference of fuel consumption between two simulations 

 Total fuel consumption 
(Liter) 

Distance per liter 
(Km/Liter) 

With the top layer control 
implemented 

0.01266 172.8 

Without the top layer 
control implemented 

0.01539 156.5 

 
Both of the simulations were experimented with the same conditions except 
whether the top layer control was implemented or not. We can see in Table 9 that 
when the top layer control is implemented in the plant model, the total fuel 
consumption is less than without the top layer control implemented. The distance 
per liter is also higher. These two sets of data can prove the top layer control is an 
optimized control method which can help the Elba car optimize the fuel 
consumption. 
 
5.2.2 New DP Matlab Function 
	
We also tried to finish this control job by using the new DP MATLAB function, but 
unfortunately, we met some tricky problems. 
 
In the theoretical layer, the new DP Matlab function should be better than the 
Matlab function dpm because this control program is a two-dimension problem. 
But when we were experimenting the program, fmincon failed to find the 
appropriate minimum value of the cost to go function in each stage. The output of 
the strategy is occupied by NAN (Not a number) factors.  
	
5.3 Conclusions 
	
Before the experiments, we thought there could be two achievable improvements 
by using fmincon optimization toolbox and parallel computing. One of the 
achievable improvements is that the new DP Matlab function could do much better 
than the dpm Matlab function in dealing with multi-dimension control inputs and 
huge amount of control signal grid points, because generally the fmincon would 
choose less than 10 points to find the minimum value in each iteration when using 
the algorithm “sqp”. The other achievable improvement is that huge computing 
time would be decreased because parallel computing could distribute the sliced 
jobs to different workers to let them be executed at the same time.  
 
But the results are that the computing time is not decreased and the accuracy is 
worse. As for the computing time, the reason for the failure is that we replaced the 
matrix calculations in Matlab by nested for-loops which reduce the computing 
speed heavily. In addition to this, communication between cores also decreases the 
performance of parallel computing. The accuracy is worse because the numerical 
inaccuracy of the algorithm used inside fmincon. 



	 45	

6 RECOMMENDATIONS AND FUTURE WORK 

6.1 Recommendations 
	
This thesis project studied the dynamic programming and EMS of the Hybrid car. 
For the dynamic programming, we tried gradient-based methods to find the 
minimum value during each iteration and divided the heavy computing task by 
parallel toolbox in MATLAB.  
 
We offered new ideas to decrease the computing cost of DP. We can give several 
recommendations on the related work for others, 
	
1. Our experiments proved that matrix calculation has obvious advantages in 

Matlab. We suggest you to use matrix calculation when you implement DP in 
Matlab. 

2. If you want to use parallel computing in your function, we suggest you to take 
the communication time into consideration.  

3. In addition to the function fimcon, please try more solvers to find the 
minimum value during each iteration.  

6.2 Future Work 
	
The future work of this thesis project will mainly focus on studying more solvers of 
fmincon Matlab function to solve the multi dimensions problem by the new DP 
MATLAB function and promise the calculation accuracy.  
 
In order to show the metrics of new DP MATLAB function, one more case study 
can be experimented. The case study should have multi-dimension control signals 
and dense grid of state variables. 
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