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Abstract 

Dampening systems are important in heavy vehicles utilized in rough 

terrains, with purpose to reduce shocks and vibrations with negative 

influences on the vehicle and, more importantly, on the operator of the 

vehicle. During the years the heavy vehicles require sturdier construction 

parts, due to demands on higher load capacity, where the easy solution to 

scale up the construction parts is not always applicable for dampening 

systems with nonlinear behavior. Hence, the sturdiness in the design of these 

dampening systems requires improvement. 

In this thesis the design of the rubber spring used as rubber spring in 

Volvo’s articulated hauler A40G is treated. The aim of this thesis is to find 

alternative design solutions on the rubber spring, improving its lifetime. 

The usual failure of these rubber springs is crack propagation in the rubber 

body. In the method of this thesis, alternative design solution are generated 

in concepts though brain storming, which are adjusted to achieve the desired 

behavior of the rubber spring through calculations and tested in performance 

through simulations in Abaqus. 

From analyzing the generated data, it is concluded that among the tested 

design solutions, a combination of fewer plates and shaping the plates as 

thin bowls, results in highest potential increase in lifetime. 

Key words: Rubber spring, elastomer, principal stretch, nominal stress, 

maximum surface stress, lifetime 
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1 Introduction 

1.1 Background and problem description 

Today there is a big need in several industries for transportation of heavy 

loads over rough terrain. Due to the rough terrain the freighter is subjected to 

vibrations and repeated shocks, which shortens the lifespan of the carrier. 

These vibrations and shocks can cause considerable discomfort and have a 

negative influence on the health of the operator. In the carrier, the frame is 

affected by extreme loads, since it is carrying the freighter´s weight and the 

weight of the transported load. Since the frame is affected by these extreme 

static and dynamic loads, it is easily worn out. Usually, a damping system is 

attached to the frame, to dampen these dynamic loads and prolong its 

lifetime [1]. There are several damping systems in use, for example 

Schacman F2000 heavy truck use multi leaf springs [2]. Scania use air 

suspension containing air springs on their heavy trucks [3]. 

Dump trucks are often used in rough terrains, for example in mining and 

building sites, for transportation of loose materials. One example of dump 

trucks are Volvo CE’s articulated haulers. Volvo started to develop the 

articulated hauler in Braås, Sweden in the 1960s. Since then it has been a 

reliable carrier due to its ability to transport heavy loads in difficult terrain. 

Today Volvo is one of the largest manufacturers in the world of articulated 

haulers. Since the first articulated hauler where constructed it has been under 

constant development, to meet customer demands. The demand for 

transporting heavier loads has pushed Volvo to develop larger articulated 

haulers. Volvo´s first articulated hauler. 

DR 631 (Gravel Charlie), had a load capacity of 10 ton (t) [4]. Today 

Volvo´s smallest articulated hauler, A25G, has a load capacity of 24 t and 

their largest articulated hauler, A60H, has a load capacity of 55 t [5]. 

The increased load capacity requires a sturdier construction, which 

Volvo CE sometimes solves by scaling up different parts of the construction. 

One part adjusted with this method is the damping system of the dump body, 

which is a spring element called “elephant foot”, see Figure 1 and Figure 2. 

This is a rubber spring made from steel plates and rubber. Today Volvo´s 

largest articulated haulers are close to the required lifespan of the rubber 

spring, just by scaling it up. 
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Figure 1 Rubber spring inside Volvo’s A40G 

 

 

Figure 2 Rubber spring 
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1.2 Aim and purpose 

The aim of this thesis project is to find alternative design solutions on a 

rubber spring to improve its lifetime, with a case study on Volvo’s spring 

system. 

To achieve the main aim all of the following sub aims has to be fulfilled: 

• Determine critical dimensions that relates to the desired behaviors. 

• Adjust these critical dimensions for each design solution to achieve 

the desired behaviors. 

The purpose of this thesis is to improve the lifetime of an existing rubber 

spring, through product development. 

 

1.3 Hypothesis and limitations 

The load capacity and fatigue life of a rubber spring does not increase 

linearly with its size. 

It is supposed that a small modification in construction design can increase 

strength more than increased size. 

This study will focus on the development to improve Volvo´s rubber spring. 

Due to limited time, the data used to evaluate the lifetimes of the alternative 

designs will only be generated from ABAQUS simulations and hand 

calculations. 

The materials in the current design are used with the design solutions, so 

fatigue due to the environmental factors is not taken into consideration in 

this thesis. 
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1.4 Reliability, validity and objectivity 

Simulations in Abaqus, generates reliable data, since it is based on 

computational calculations. If the input is defined correctly in the software, 

the resulting data from the simulations are valid. 

Mathematical hand calculations are reliable, since it will give the same 

results with the same input. Since some approximation is necessary when 

deriving the calculation method, the calculation output is less valid. 

Literature studies are reliable but may lack validity if the information is not 

evaluated correctly. On the one hand, data collected for testing and 

calculating purpose should be more valid, since it is objective data. On the 

other hand, subjective data collected for inspirational purpose may lack 

validity, since the authors of this thesis may not be able to apply the 

subjective data to the particular situation. 

This may be a problem later in the thesis, where the validity of the collected 

subjective data only can be evaluated when the data is applied to the final 

result of this thesis. 

The product development tools aid the participants of this thesis to be 

efficient during the development process. If the participants lack experience 

of the product, treated in the development process, the data generated from 

the development tools may lack validity. Since the design changes are small, 

the comparison between lifetimes of the new designs and the existing design 

should increase in validity. 

With guidelines, received from interviews with experienced product 

developers, the reliability of this method should increase. From studying the 

behavior of the existing design of the rubber spring through simulations and 

interviews with engineers at Volvo CE, the validity of the generated data 

from this method should increase. 
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2 Literature Review 

2.1 Crack Initiation and Propagation in Circular Rubber Bearings 

Subjected to Cyclic Compression 

In article [6], the fatigue crack initiation and propagation in circular rubber 

bearings, affected by dynamic compression, is analyzed through hand 

calculations and finite element analysis. The analysis in this article is based 

on cyclic compression experiments on neoprene rubber bearings, see Figure 

3, earlier executed by authors of this article. From these experiments, the 

authors conclude that crack initiates at the interface between the rubber and 

the plates, see Figure 4. 

 

 

 

 
Figure 4 Observations on specimen 

tested with different cyclic loads [6] 

 

 

Figure 3 Example of the hockey puck like 

circular neoprene rubber bearing 

http://en.chenggongyi.com/ueditor/php/upload/

image/20170405/1491401939341903.jpg 

(2017-05-20) 

http://en.chenggongyi.com/ueditor/php/upload/image/20170405/1491401939341903.jpg
http://en.chenggongyi.com/ueditor/php/upload/image/20170405/1491401939341903.jpg
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The analysis of crack development, in article [6], is applied on bonded 

rubber cylinders, see Figure 5, and is quasi-static (the dynamic force is 

divided into small time increments of static forces). These rubber bearings 

are typically used in buildings and bridges to isolate vibrations. 

 

 

Figure 5 Bonded rubber cylinder [6] 

 

The authors of article [6] analyzed the crack energy density in different points of 

the bonded rubber cylinders, to evaluate where crack initiation has the highest 

probability to occur. Crack energy density is the energy, per volume unit, created 

by the acting principle stresses around an already existing crack. 

In this quasi-static analysis, the authors assumed the following: 

• The rubber material is isotropic and affected by small deformation 

• Effects of crack propagation caused by stress fields in the rubber body 

are negligible 

• The principal stretches is the main cause of crack propagation in rubber 
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The conclusion of this article is that the crack initiates at the point in the rubber 

with the highest crack energy density and the crack propagation follows the path 

with the lowest crack energy density. It is also concluded that circular bearings 

with increased radius and/or rubber layers with decreased height has better 

fatigue resistance. 

The analysis executed in article [6] can support an analysis on possible crack 

initiation and propagation on concepts generated in this thesis. Since the circular 

bearing treated in article [6] contains a rubber body with bonded plates, it relates 

much to the rubber spring treated in this thesis. The circular bearings are also 

typically used to withstand and isolate impact from vehicles in bridges, which 

relates to the function of the rubber spring. 

One difference in design, is that the plates in the circular bearings, treated in 

article [6], is fully imbedded in the rubber body, while the outer circumference 

surface is free on the plates inside the rubber spring, treated in this thesis. This 

means that the protrusion of the rubber in the circular bearings acts differently 

compared to the protrusion of the rubber in the rubber spring, which might affect 

where the fatigue crack initiation occurs. 

The plates in the rubber spring treated in this thesis have a hole in the middle, 

while the plates in the circular bearings treated in article [6] are solids. This 

means that the deformation of the rubber inside the circular bearings acts 

differently compared to the deformation of the rubber in the rubber spring. The 

circular bearings are also designed to only withstand vertical shocks in bridges, 

which differ from the rubber spring, designed also to withstand rapid radial 

relative movement between the top and bottom of the rubber spring. These 

differences in design might make the concluded ration theory, of better fatigue 

resistance with increased radius and/or decreased rubber layer thickness, 

inapplicable for the design of the rubber spring. 

In conclusion, the prediction of crack initiation and propagation from inner 

stresses in rubber, concluded in article [6], is applicable when evaluating the 

lifetime of the concepts, generated in this thesis. 
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2.2 Modelling of elastomeric bearings with application of Yeoh’s 

hyper elastic material model 

In article [7], the accuracy of predicting the behavior of hyper elastic 

material with Yeoh’s model and neo-Hookean’s model are compared. The 

main goal, of this article, is to prove that the simple model of Yeoh is an 

applicable replacement for the more typically utilized neo-Hookean model, 

for describing the elastic properties of elastomers. 

In article [7], the material parameters for Yeoh’s model and neo-Hookean’s 

model are derived with finite element analysis on experimental data on the 

rubber material, retrieved from the article [8]. In these experiments are the 

load cases axial compression and radial shear related to axial stretch and 

shear strain for the treated elastomeric material in article [7]. 

The accuracy, derived by the authors of this article, of Yeoh’s model and 

neo-Hookean model compared to the results from experimentation is shown 

in Figure 6. 

When deriving the material parameters the authors, of article [7], treats the 

elastomer as an incompressible material, assuming that rubber, as a nearly 

incompressible material, can be approximated as incompressible. 

 

 
Figure 6 Accuracy of Yeoh’s model (straight line) and neo-Hookean model (crosshatched line) 

compared to tested stress-strain results of the material (dotted line). 

S11 resembles axial compression, 𝛌𝟏 resembles axial stretch, S12 resembles shear stress and γ 

resembles shear strain [7] 
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In article [7], a bridge bearing (see Figure 7) is simulated in 

Abaqus/Standard with both Yeoh’s model and neo-Hookean model, to 

analyze how accurate the models are to describe the behavior of a rubber 

dampening system.  

 
Figure 7 Dimensions of bridge bearing 

Dimensions of bridge bearing in Abaqus, with pinned boundary condition on 

the bottom plate [7]. 

 

In the middle of the surface, on the top plate, a reference point is placed and 

bounded to the top edges of the top plate. In the simulations, the top plate is 

affected by compression, acting like an axial load in the reference point, and 

a shearing load, acting like a vertical load in the reference point. 

The authors assume that the deformations, in the bridge bearings, can be 

simulated in a 2D model, of the side view, with applied plane strain. To test 

the theory, the bridge bearing is simulated both in a 3D model and a 

2D model. In the 2D model, the reference point is bonded to the top edge of 

the plate. The results from the simulations are shown in Figure 8 and 

Figure 9. 
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Figure 8 Accuracy of Yeoh’s model (MY_2) and neo-Hookean model (NH) compared to axial 

stress/displacement relation based on testes of rubber material (MY_1). 

PSS resembles results from simulations in with the 2D model, 3 D resembles results from 

simulations in with the 3D model and Plim resembles the maximum force applied in the tests [7]. 

 

 

 

Figure 9 Accuracy of Yeoh’s model (MY_2) and neo-Hookean model (NH) compared to 

horizontal shear/displacement relation based on testes of rubber material (MY_1). 

PSS resembles results from simulations in with the 2D model ,3 D resembles results from 

simulations in with the 3D model and ulim resembles the maximum displacement length applied 

in the tests [7]. 
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The conclusion, of article [7], is that Yeoh’s model relates more to the real 

scenario compared to neo-Hookean model. It is also noted that axial 

compression simulations with plane strain affected 2D models is not 

accurate enough, and the simulations of rubber bearing should be executed 

in 3D to avoid misleading data. 

The analysis from article [7] can support the simulation process of the 

concepts, generated in this thesis. Since the bridge bearings treated in article 

[7] contains a rubber body with bonded plates, the conclusion relates much 

to the rubber spring treated in this thesis. The bridge bearing is also typically 

used to withstand and isolate impact from vehicles in bridges, which relates 

to the function of the rubber spring. 

One difference in design is that the bridge bearing, treated in article [7], is 

formed as a rectangular parallelepiped while the rubber spring, treated in this 

thesis, is formed as a cylinder. This means that the deformation of the 

circular bearings acts differently compared deformation of the rubber spring, 

which might mean that simulations with plane strain affected 2D models 

might be applicable for the concepts generated in this thesis. 

The curves, in the plots of article [7], representing the results from physical 

tests are generated, from approximation of the authors of the experimental 

results with Yeoh’s model. This approximation is derived from combining 

several different experimental data, received from literature studies. This 

reduces the validity and reliability of the results in the article, since the 

generated theoretical results are not compared to any practical results related 

to the same situation. This might mean that there is an inequality between 

the theoretical test results, in the article, and the results from practical tests, 

with reduced applicability of Yeoh’s model. 

In conclusion, article [7] is applicable to presuppose when simulating the 

stresses and strains in the concepts, generated in this thesis. 
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3 Theory 

3.1 Mechanical properties of rubber 

Rubber is categorized as a vulcanized elastomer [9], where an elastomer is a 

material with the ability to elongate and return to its original state. Natural 

rubber materials maximum elongation varies between 500-800%, whereas 

the most flexible elastomer can elongate up to 1000% [10]. Elastomers have 

a nonlinear elastic behavior between stress/strain [11]. Elastomers are 

compounds that can be based on several types of polymers which gives the 

elastomers its properties [10].  

When making experiments or simulations with rubber the assumption that 

rubber is incompressible can be made [12]. Compression occurs only under 

high pressure and is a result of crystallization in the rubber molecular 

structure [13]. 

According to the article [14] there are three critical parameters to take into 

concideration when predicting the fatigue life of cylindrical rubber bearings: 

• Mechanical properties 

• Intrinsic flaw size 

• Maximum cyclic compressive stress 

3.1.1 Crack development 

Since industrial rubber is heterogeneous, material fatigue is linked to both a 

dissipative behavior and flaws in its microstructure. To predict fatigue in a 

materials lifetime under cyclic load there must be a description of both the 

thermo-mechanical response and the microstructure of the material. 

In the article [15] it is concluded that the fatigue life of a polymer under 

cyclic load is driven by the initial crack development which is initiated 

earlier than 20 % of its fatigue life. With the exception of the highest strain 

areas the crack growth is slow during the fatigue cycles. In the article [15] 

the crack initiation is heavily correlated to the maximum strain in the 

material. As shown in Figure 10 a decrease in strain will result in an 

exponential increase in the lifetime of the material. 
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Figure 10 Relation between maximum strain and lifetime for rubber [15] 
 

3.1.2 Strain energy density 

For explanation of terms, symbols and units, see Appendix B. 

For hyper elastic materials the inner stresses can be predicted based on the 

inner stretches with a strain energy density function, where only the shear 

modulus of the material is taken into consideration. The strain energy 

density function shows the amount of energy per volume unit W, created 

from the strain invariants I1, I2 and I3, in the material. The strain invariants 

are generalized measures of the strain and are based on three orthogonal 

stretches in one point of the elastomer. If the stretches are oriented to be 

nominal, the expression of the invariants I1, I2 and I3 are: 

𝐼1 = λ1
2 + λ2

2 + λ3
2
 

𝐼2 = λ1
2 ∙ λ2

2 + λ1
2 ∙ λ3

2 + λ2
2 ∙ λ3

2
 

𝐼3 = λ1
2 ∙ λ2

2 ∙ λ3
2
, 

where λ1, λ2 and λ3 are the so called principal stretches in the material [16]. 
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The stain energy equation is defined in several well-known models. One 

example is Yeoh’s equation of strain energy which is a polynomial 

expression containing three material parameters and utilizes only the first 

strain invariant I1: 

𝑊 = 𝐶10 ∙ (𝐼1 − 3) + 𝐶20 ∙ (𝐼1 − 3)
2 + 𝐶30 ∙ (𝐼1 − 3)

3, 

where C10, C20 and C30 are constants related to the shear modulus of the 

elastomer. In this general version of Yeoh’s equation, all energy from 

tension force is approximated to be deformation energy (strain energy). 

Hence, it is assumed in this version of Yeoh’s model that the deformation of 

the hyper elastomer is isochoric (incompressible). 

Yeoh’s strain energy equation is applicable for predicting the behavior of 

elastomer in non-axial tension and simple shear tests [17] [7]. 

 

The nominal stress P parallel to a certain stretch λ is derived by deriving a 

function of the strain energy W with the stretch λ. This relation can be 

simplified to the derivative of the strain energy W with the strain invariants 

I1, I2 and I3 multiplied with the derivative of the strain invariants with the 

stretch λ: 

𝑃 =∑
𝜕𝑊

𝜕𝐼𝑖
∙
𝑑𝐼𝑖
𝑑λ

3

𝑖=1

 

From Yeoh’s model of strain energy, the nominal stress P is defined as: 

𝑃 = (𝐶10 + 𝐶20 ∙ 2 ∙ (𝐼1 − 3) + 𝐶20 ∙ 3 ∙ (𝐼1 − 3)
2) ∙

𝑑𝐼1

𝑑λ
, 

where the derivative of the first strain invariant I1 of the stretch λ is: 

𝑑𝐼1

𝑑λ
= 2 ∙ (λ1 ∙

𝑑λ1

𝑑λ
+ λ2 ∙

𝑑λ2

𝑑λ
+ λ3 ∙

𝑑λ3

𝑑λ
). 

 

3.2 Abaqus 

Abaqus/CAE is a software which is used for finite element analysis. It was 

created in 1978 and is used in many different industries [18]. The finite 

element software Abaqus is one of the most commonly used tools for finite 

element analysis [19]. 
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3.3 Brainstorming 

Brainstorming is a technique used in groups, where ideas of how to solve 

specific problems are generated. The technique was developed by the 

advertising executive Alex F. Osborn in 1939. He developed it as he felt 

frustrated that employees lacked the ability to come up with creative ideas in 

advertisement campaigns. He started to host group sessions where the 

amount and quality of ideas increased. The methods of these sessions were 

outlined in the book Your Creative Power which was published in 1948 

[20]. 

Osborn came up with these four rules to make the technique effective: 

• Go for quantity: The aim is to come up with as many ideas as 

possible. The idea is that this will result in one or more good 

solution. 

• Withhold criticism: The process shall be non-judgmental and open 

minded. The idea is that criticism can prevent creativity and new 

ideas which would be counterproductive.  

• Welcome wild ideas: The aim is to come up with as many ideas as 

possible. To reach this aim wild ideas are encouraged. Wild ideas 

can often give a new perspective on a problem and might help to 

solve it. 

• Combine and improve ideas: Combining different ideas from the 

process might solve the problem. 

 

3.4 Pugh matrix 

Stuart Pugh was a professor at the University of Strathclyde in Glasgow and 

developed the Pugh matrix. The Pugh matrix is also called Pugh analysis, 

Pugh method and decision matrix [21]. 

Pugh matrix is used when choosing between different concept options 

against a baseline of an exciting design. The user of the matrix determines 

the critical features for the design, of the treated product, and ranks each 

feature in a weight column, (from 1-4) based on importance. 

Appendix A shows an example of how to use the Pugh matrix.  
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4 Method and implementation 

This process generates alternative improved designs of the rubber spring and 

test data of the lifetime of each concept. In this process the generated 

concepts are adjusted to equal the behavior of the current design in use.  

4.1 Generate alternative design solutions 

Here, small alternative design modifications are generated that may increase 

the lifetime of the rubber spring. 

4.1.1 Description of the current rubber spring 

The treated rubber spring in this thesis is used in Volvo’s A40G articulated 

hauler, connected to the bogie-suspension where the rear axle is suspended 

with an A-track rod, track rod and bogie beam. Between the scale beam and 

the rear axle, the rubber spring is placed to allow a certain movement 

between these two components. 

From tests at Volvo where the rubber spring is subjected to a cyclic axial 

compression, fluctuating between 0 and 330 kN at 0.2 Hz, the documented 

compression length of the rubber spring is 17 mm. While the rubber spring 

is in use, the top plate is able to move horizontally in the relation to the 

bottom plate, with a maximum relative radial displacement over 20 mm 

between the top and the bottom plates. 

The design of the rubber spring is shown in Figure 11 and Figure 12. 
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Figure 11 Orthogonal view of the rubber spring 

 

 

 

 

 

 

 

 

 

 

 

 

  

Figure 12 Side view of the rubber spring 
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4.1.2 Compile alternative design solutions 

Here, several ideas of design solutions are generated, with the current 

problem in focus. 

 

4.1.2.1 Description of the current problem 

Here, the problem of the rubber spring is described in more detail. 

In the current design of the rubber spring, the lifetime to failure is close to 

than the target lifetime specified by the company. From company tests and 

analysis on worn out rubber springs, it is determined that most failures occur 

due to crack propagation on the circumference rubber surface. This crack 

forms on the top rubber layer near the top plate on the surface. 

 

4.1.2.2 Generate alternative design solutions 

Here, several ideas of small design changes are generated through 

brainstorming, focused to prevent the current problem. 

The fatigue life of an elastomer is driven by the initiating cracks and the 

initiating crack occurs at the largest strains in the elastomer. 

Hence, it is decided that the concepts generated in this section are focused to 

reduce the stresses and strains on the circumference surface of the rubber 

layers in the rubber spring. 

 

More plates hypothesis 

By adding more sheet plates in the rubber spring, its stiffness will increase 

which can be reduced by reducing the amount of rubber material. When 

reducing the amount of rubber material the protrusion volume, from 

compression, might decrease as well. This in theory reduces resulting strains 

and stresses on the rubber surface, and prolongs the fatigue life of the rubber 

spring. 

 

Fewer plates hypothesis 

By removing sheet plates from the rubber spring, the amount of compressed 

rubber increases per layer, assuming that rubber is adequately compressible 

to be considered. This increased amount of compressed rubber might reduce 

resulting strains and stresses on the rubber surface, and prolongs the fatigue 

life of the rubber spring. 
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Convex plates hypothesis 

By giving the plates convex shapes the largest stresses might move more to 

the center of the rubber spring in compression. The design of the plates is 

shown in the figure below and the design of the rubber layer shown in 

Figure 13.  

 
Convex metal plate middle point cut view 

This might decrease the maximum stress and strains on the rubber surface 

and prolongs the fatigue life of the rubber spring. 

 

Concave plates hypothesis 

By giving the plates a concave shape, the rubber might be pushed more 

toward the center of the rubber spring in compression. Assuming that rubber 

is adequately compressible to be considered, this will increase the amount of 

compressed rubber and decrease protrusion volume. The design of the plates 

is shown in the figure below and the design of the rubber layers are shown in 

Figure 13. 

 

 
Concave metal plate middle point cut view 

The reduced protrusion might decrease the maximum stress and strains on 

the rubber surface and prolongs the fatigue life of the rubber spring. 

 

 
Figure 13 Sketch of the rubber layer between the convex and concave plates 
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4.2 Derive the calculation model calculation 

Here the calculation model is derived, describing the relation between the 

design solution in each concept and selected critical dimensions. 

For explanation of terms, symbols and units, see Appendix B. 

4.2.1 Define leading equation 

To start with a general mathematic equation of the model, an equation 

describing equilibrium between the acting forces and deformation in the 

concepts is selected. 

In this thesis, an equation of strain energy is used as the equation of 

equilibrium, this is to predict the stress created by the stretches from the 

deformations in the rubber. In this thesis, Yeoh’s equation of strain energy, 

as shown in equation Eq 1, is selected, since it is applicable for vulcanized 

rubber, which is used in the rubber spring. 

𝑊 = 𝐶10 ∙ (𝐼1 − 3) + 𝐶20 ∙ (𝐼1 − 3)
2 + 𝐶30 ∙ (𝐼1 − 3)

3. Eq 1 

In equation Eq 1, 𝐼1 is a strain invariant and C10, C20 and C30 are material 

parameters relating to the shear modulus of the rubber. 

 

By deriving the strain energy equation Eq 1 with a stretch λ in a certain 

direction, the equation of the nominal stress 𝑃 parallel to the stretch λ is 

achieved: 

𝑃 =
𝑑𝑊

𝑑λ
, 

which can be rewritten as: 

𝑃 =
𝜕𝑊

𝜕𝐼1
∙
𝑑𝐼1

𝑑λ
. 

The equation of the strain invariants is shown in equation Eq 2: 

𝐼1 = λ1
2 + λ2

2 + λ3
2
,    Eq 2 

where λ1, λ2 and λ3 are orthogonal principal stretches in a point of the 

rubber. 
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By setting the principle stretches λ1, λ2 and λ3 as functions of the stretch λ, 
and inserting equation Eq 2 into equation Eq 1, the nominal stress 𝑃 parallel 

to the stretch λ is derived. The relation between the nominal stress 𝑃 and the 

principal stretches λ1, λ2 and λ3 is shown in equation Eq 3: 

 

𝑃 =
𝜕𝑊

𝜕𝐼1
∙
𝑑𝐼1
𝑑λ

 

𝜕𝑊

𝜕𝐼1
= (𝐶10 + 𝐶20 ∙ 2 ∙ (𝐼1 − 3) + 𝐶30 ∙ 3 ∙ (𝐼1 − 3)

2) 

 

𝐼1 = λ1
2 + λ2

2 + λ3
2
    Eq 2 

 

 

𝜕𝑊

𝜕𝐼1
= (

𝐶10 + 𝐶20 ∙ 2 ∙ (λ1
2 + λ2

2 + λ3
2 − 3)

+𝐶30 ∙ 3 ∙ (λ1
2 + λ2

2 + λ3
2 − 3)

2 ) 

𝑑𝐼1
𝑑λ
= 2 ∙ (λ1 ∙

𝑑λ1
𝑑λ

+ λ2 ∙
𝑑λ2
𝑑λ

+ λ3 ∙
𝑑λ3
𝑑λ
) 

 

𝑃 =
𝜕𝑊

𝜕𝐼1
∙
𝑑𝐼1
𝑑λ

 

 

𝑃 = (
𝐶10 + 𝐶20 ∙ 2 ∙ (λ1

2 + λ2
2 + λ3

2 − 3)

+𝐶30 ∙ 3 ∙ (λ1
2 + λ2

2 + λ3
2 − 3)

2 ) 

∙ 2 ∙ (λ1 ∙
𝑑λ1

𝑑λ
+ λ2 ∙

𝑑λ2

𝑑λ
+ λ3 ∙

𝑑λ3

𝑑λ
).   Eq 3 

  

By integrating the vertical nominal stress Pv, parallel to the axial 

compression of the rubber spring, over horizontal cross section area Ad of 

the deformed rubber body, the vertical reaction force Fv is derived: 

𝐹𝑣 = ∫ 𝑃𝑣𝐴𝑑
𝑑𝑎. 
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Since all concepts are axisymmetric, the section area Ad can be rewritten as: 

𝐴𝑑 = ∫ 2 ∙ 𝜋 ∙ 𝑟
𝑅𝑑
0

𝑑𝑟 = 2 ∙ 𝜋 ∙ ∫ 𝑟
𝑅𝑑
0

𝑑𝑟, 

where Rd is the radius of the cross section Ad, hence the 

leading equation Eq 4 is derived: 

𝐹𝑣 = 2 ∙ 𝜋 ∙ ∫ 𝑃𝑣 ∙ 𝑟
𝑅𝑑
0

𝑑𝑟.   Eq 4 

 

The vertical nominal stress Pv, in equation Eq 4, is calculated as shown in 

equation Eq 5, where the stretch λ𝑣 is replaced by the vertical stretch λ in 

equation Eq 3: 

 

𝑃𝑣 = (
𝐶10 + 𝐶20 ∙ 2 ∙ (λ1

2 + λ2
2 + λ3

2 − 3)

+𝐶30 ∙ 3 ∙ (λ1
2 + λ2

2 + λ3
2 − 3)

2 ) 

∙ 2 ∙ (λ1 ∙
𝑑λ1

𝑑λ𝑣
+ λ2 ∙

𝑑λ2

𝑑λ𝑣
+ λ3 ∙

𝑑λ3

𝑑λ𝑣
).   Eq 5 

 

4.2.2 Relate concept-solutions to leading equation 

Here, the deformations in the rubber body of the concepts are connected to 

the variables in the leading equation. In this thesis, the leading equation is 

the equation Eq 4:  

𝐹𝑣 = 2 ∙ 𝜋 ∙ ∫ 𝑃𝑣 ∙ 𝑟
𝑅𝑑
0

𝑑𝑟.   Eq 4 

In this thesis, the relation between the vertical stretch λ𝑣 and the principal 

stretches λ1, λ2 and λ3 are approximated from simulations on the current 

design in the software Abaqus. 
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4.2.2.1 Analysis in Abaqus 

Here the deformation of the rubber inside the rubber spring is analysed from 

simulations on the current design of the rubber spring in Abaqus. Since the 

main focus is to observe the deformations in rubber, defined inputs for these 

simulations are mainly based on the mechanical behaviors of elastomers. 

The parts of the model in Abaqus includes the rubber body, the small plates 

inbeded in the rubber body and the large plate that connects to the 

articulated hauler. All parts are created in axisymetric modelling space, and 

connecting with default tie interaction between all connecting surfaces. 

For the small and large plates the elastic material properties are set to 

Young’s modolus of 210 Gpa and Poisson’s ratio 0.3 this from an 

assumption of a typical mechanical property of steel. For the rubber body, 

the elastic material properties of a hyper elastomer are defined with material 

constants C10, C20, C30 and d1 from Yeoh’s equation. The material properties 

expansion, conductivity, specific heat and density are defined for the rubber 

bodyf as well. 

The compression step is defined as a static/general procedure type with the 

geometric nonlinearity “Nlgeom” on. 

Since the circumferential rubber surface may collide with itself during 

compression, a self contact iteraction is set on these surfaces. For the 

properties of this interaction, the normal behavior is defined as hard contact. 

The lower large plate are pinned and all other plates are set not to move 

horizontally as boundary conditions. On the top large plate, a downward 

pressure is applied, resembeling the acting force 330 kN over the circular 

area. 
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In alla parts, the element type of the mesh is standard within the family of 

axisymmetric stress. The plates are meshed with rectangular element shape 

and linear geometric order. For the rubber body, the elements of the mesh is 

of quadratic geometric order with hybrid formulation and with element 

deletion. To achieve a good view of the vertical and horizontal 

displacements of the nodes in the mesh the larger region is meshed with 

rectangular shaped elements. A continual grid of the mesh, as shown in 

Figure 14, is achieved by partitioning the part into rectangular regions, as 

shown in Figure 14, and assigning seeds to each vertical line. 

 

 

 

It is assumed that 88 elements along the centerline, 8 elements along the 

partition lines with approximated global size 3 mm is enough to analyze the 

deformations inside the rubber body. 

  

Figure 14 Partition lines and mesh of the rubber body in Abaqus 
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According to the report [6], there is a risk of the rubber folding in on the 

circumferential surface of the prortuded rubber. To avoid element distortion, 

caused by folding rectangular elements, this region is meshed with triangular 

elements, see Figure 15. 

 

 

The deformation in the rubber from simulations is shown in Figure 16: 

 

Figure 15 Mesh of the region near the circumference surface of the 

rubber layers 

Figure 16 The current design of the rubber spring before and after 

compression 
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Observations of the deformation lines in Figure 16, the grid in the left region 

seems to contain nearly horizontal and vertical lines. The grid in the right 

region is twisted but seems to contain horizontal lines. 

From these observations, following hypotheses are established: 

• The horizontal and vertical stretches λℎ𝑙 and λ𝑣𝑙 is constant 

everywhere in the left region 

• The vertical stretch λ𝑣𝑟 is constant everywhere in the right region 

The vertical and horizontal stretches in the rubber body is approximated 

from analyzing vertical displacement of element nodes in the same 

horizontal positions, and horizontal displacement of element nodes in the 

same vertical position. These displacements are analyzed by plotting curves 

along several vertical and horizontal paths in the left and right region. 
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The paths shown in Figure 17 are used to analyze the vertical displacement 

in the left region. The plots of the displacements along these paths, when the 

rubber spring is compressed, are shown in Figure 18. 

 

 

 

 

 

  

 

 

 

 

 

 

 
 

 

a. b. c. 

Figure 17 Simulation paths of the vertical stretch in the left region 

Figure 18 Plot of the vertical position of the points as shown in Figure 17, during no and maximum 

compression of the rubber spring 

 

Path 17.a 

Path 17.c 

Path 17.b 
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The slopes of the curves in Figure 18 are nearly linear and are almost 

overlapping one another, hence are the vertical stretches λ𝑣𝑙 approximated to 

be constant in this region. 

The paths shown in Figure 19 are used to analyze the vertical displacement 

in the left region. The plots of the displacements along these paths are 

shown in Figure 20. 

 

 

 

 

 

 

 

 
Figure 19 Simulation paths of the vertical stretch in the right region 

 

 

 
Figure 20 Plot of the vertical position of the points as shown in Figure 19, during no and maximum 

compression of the rubber spring 

  

y 
x 
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x 

y 
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The curves of the vertical displacements along the paths in Figure 20 are 

over lapping one another, which means that the vertical stretches is constant 

along horizontal paths in this region. However, there is no linear relation 

between the vertical position and the vertical displacement in these curves, 

which means that the vertical stretch is not constant in the right region. 

The paths shown in Figure 21 are used to analyze the vertical displacements 

in the left and right region. The plots of the displacements along these paths 

are shown in Figure 22. 
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Path 21.a 

Path 21.b 

Path 21.c 

Path 21.d 

Figure 21 Simulation paths of the horizontal stretch in 

Figure 22 Plot of the horizontal position/displacement of the elements 

y 
x 
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The curves of the horizontal displacements along the paths in Figure 22 

overlap one another along the part of the path in the left region with a linear 

slope, but diverge at about 30 mm on the x-axis. To simplify calculations 

further on, in this thesis, the horizontal stretch λℎ𝑙  are treated to be constant 

in the left region. 

The slope of the curves in Figure 22 is linear in the right region, but don’t 

overlap one another. Hence the horizontal stretches λℎ𝑟 are approximated to 

be constant along same horizontal path in the right region.  

From here on in this thesis, the horizontal and vertical direction, as defined 

in this section, will be referred to as radial and axial direction. 
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4.2.2.2 Define the relation between the principal stretches, from the leading 

equation, and the vertical stretch 

From the analysis in Abaqus, the deformed mesh of the region within the 

inner radius of the plates contains a nearly radial and axial grid when the 

rubber spring is fully compressed, see Figure 23. This means that the 

principal stretches λ1, λ2 and λ3 is horizontal and vertical in this region, and 

can be set to the horizontal stretch λℎ𝑙, vertical stretch λ𝑣𝑙 and the tangential 

stretch λ𝑡𝑙: 

λ1 = λℎ𝑙 

λ2 = λ𝑣𝑙 

λ3 = λ𝑡𝑙, 

where the tangential stretch λ𝑡𝑙 is the stretch revolving, along circumference 

o, around the Axial center line of the rubber body in the deformed rubber 

spring. 

 

 

 

 

  

Region 

between 

plates 

Region 

within the 

inner 

radius of 

the plates 

 

Figure 23 The regions inside the rubber body 
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Since the tangential stretch λ𝑡𝑙 follows the circle o, can the stretch be 

described as shown below: 

λ𝑡𝑙 =
𝑑𝑜

𝑑𝑂
, 

where O is the circumference of the circle around the center of the 

non-deformed rubber spring. 

 

Since the circumference O is dependent of the radius Rt,  λ𝑡𝑙 can be specified 

as shown below: 

λ𝑡𝑙 =
𝑑(𝑟𝑡 ∙ 𝜋 ∙ 2)

𝑑(𝑅𝑡 ∙ 𝜋 ∙ 2)
 

λ𝑡𝑙 =
𝑑(𝑟𝑡)

𝑑(𝑅𝑡)
, 

where 𝑅𝑡 is the radius of the circular circumference O before compression 

and 𝑟𝑡 is the radius of the circular circumference o after compression. 

 

The non-deformed radius 𝑅𝑡 is the same as the radial position X with origin 

in the axial centerline of the rubber body the deformed radius 𝑟𝑡 is the same 

as the radial position x with origin in the axial centerline of the rubber body 

λ𝑡𝑙 =
𝑑(𝑥)

𝑑(𝑋)
. 

Since the horizontal stretch λℎ𝑙 is constant, the deformed radial position 𝑥 

can be rewritten as shown below: 

𝑥 = λℎ𝑙 ∙ 𝑋, 

and hence the tangential stretch λ𝑡𝑙 is the same as the horizontal stretch λℎ𝑙, 
as shown below: 

λ𝑡𝑙 =
𝑑(λℎ𝑙 ∙ 𝑋)

𝑑(𝑋)
 

λ𝑡𝑙 = λℎ𝑙.    Eq 6 

 

Since the rubber is assumed to be incompressible, equation Eq 7 applies 

λ1 ∙ λ2 ∙ λ3 = 1.    Eq 7 
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By replacing the principal stretches λ1, λ2 and λ3 with the stretches λℎ𝑙, λ𝑣𝑙 
and λ𝑡𝑙, the relation between the principal stretches and the vertical stretches 

are defined, as shown in equation Eq 9.a:  

λ1 ∙ λ2 ∙ λ3 = 1 

 

λ1 = λℎ𝑙 

λ2 = λ𝑣𝑙 

λ3 = λ𝑡𝑙 

 

λℎ𝑙 ∙ λ𝑣𝑙 ∙ λ𝑡𝑙 = 1 

λ𝑡𝑙 = λℎ𝑙 

 

λℎ𝑙
2 ∙ λ𝑣𝑙 = 1 

λ𝑣𝑙 =
1

λℎ𝑙
2 

λℎ𝑙 = λ𝑡𝑙 =
1

√λ𝑣𝑙
    Eq 8.a 

 

λ1 = λℎ𝑙 =
1

√λ𝑣𝑙
 

λ2 = λ𝑣𝑙 

λ3 = λ𝑡𝑙 =
1

√λ𝑣𝑙
 

 

λ1 =
1

√λ𝑣𝑙
;  λ2 = λ𝑣𝑙;  λ3 =

1

√λ𝑣𝑙
 ,   Eq 9.a 

where the vertical stretch λ𝑣𝑙 is the total axial height h of the rubber body 

after compression divided by the total axial height H before compression: 

λ𝑣𝑙 =
ℎ

𝐻
.     Eq 10.a 
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From analysis in Abaqus, it is approximated that only the horizontal 

stretches are constant along the same radial path while the vertical stretch is 

not constant in the rubber region between the plates, as shown in Figure 23. 

Since the vertical stretch λ𝑣𝑟 is not constant in this region, the amount of 

deformed volume is taken into consideration when defining the relation 

between λ𝑣𝑟 and the principal stretches λ1, λ2 and λ3. 

 

Figure 23 The regions inside the rubber body 

Since the horizontal stretch λℎ𝑟 is constant in the radial direction the 

tangential stretch λ𝑡𝑟, revolving around the axial center line of the rubber 

body, can be set equal to the horizontal stretch λℎ𝑟: 

λ𝑡𝑟 = λℎ𝑟, 

simularly as the tangential stretch λ𝑡𝑙 can be set equal to the horizontal 

stretch λℎ𝑙, in equation Eq 6. 

  

Region 

between 

plates 

Region 

within the 

inner 

radius of 

the plates 
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Since the rubber is assumed to be incompressible, the product between the 

horizontal stretch λℎ𝑟, the vertical stretch λ𝑣𝑟 and the tangential stretch λ𝑡𝑟 is 

to one: 

λℎ𝑟 ∙ λ𝑣𝑟 ∙ λ𝑡𝑟 = 1, 

which means that the vertical stretch λ𝑣𝑟 can be defined as: 

λ𝑣𝑟 =
1

λℎ𝑟∙λ𝑡𝑟
, 

and since the tangential stretch λ𝑡𝑟 is equal to the horizontal stretch λℎ𝑟, is 

the relation between the vertical stretch and the horizontal stretch: 

λ𝑣𝑟 =
1

λℎ𝑟
2.    Eq 11 

 

Since the vertical stretch λ𝑣𝑟 is related to the horizontal stretch λℎ𝑟, the 

vertical stretch λ𝑣𝑟 can be defined by determining the horizontal stretch λℎ𝑟. 
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From observing the deformed mesh lines of the current model, see Figure 

24, the deformation of the vertical lines form curves inside the material. 

 

 

 

 

 

 

 

 

 

 

These curved lines are the result of the horizontal stretch λℎ𝑟 variating in the 

axial direction. Since the horizontal stretch λℎ𝑟 is constant in the radial 

direction, the horizontal stretch λℎ𝑟 can be defined as a function of the 

vertical position y: 

λℎ𝑟 = λℎ𝑟(𝑦). 

The curves in Figure 24 are similar to second order curves, which means that 

the equation y of λℎ𝑟 can be approximated as shown below: 

λℎ𝑟(𝑦) = 𝑘 ∙ 𝑦
2 + 𝑐 ∙ 𝑦 + 𝑚, 

where k, c and m are constants. 

 

Here, it is decided to set the origin of y in the middle of the deformed rubber 

region viewed in Figure 24. 

  

Figure 24 Deformations in the middle rubber layer 
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The largest radial translation ux, of the nodes in Figure 24, is in the middle of 

the laminar, which means that the largest stretch λℎ𝑟 is in this vertical 

position as well. Since the stretch λℎ𝑟 is largest in this position, the 

derivative of λℎ𝑟(𝑦) is zero when y equals zero: 

𝑑𝜆ℎ(𝑦=0)

𝑑𝑦
= 0, 

which gives the value of c in the equation λℎ(𝑦): 

2 ∙ 𝑘 ∙ 0 + 𝑐 = 0 

𝑐 = 0. 

 

The rubber layers are fastened to the plates, so the radial translation ux in the 

maximum axial position ymax and minimum axial position ymin , of the rubber 

layer, is zero. Since the radial displacement in this axial position is zero the 

horizontal stretch equals’ one, which means that the horizontal stretch 

λℎ𝑟(𝑦) in y position ymax and ymin is one: 

λℎ𝑟( 𝑦𝑚𝑎𝑥) = λℎ𝑟(𝑦𝑚𝑖𝑛) = 1, 

Which gives the relation between k and m in the equation of λℎ𝑟(𝑦): 

λℎ𝑟(𝑦) = 𝑘 ∙ 𝑦
2 +𝑚 

λℎ𝑟(𝑦𝑚𝑎𝑥) = 𝑘 ∙ 𝑦𝑚𝑎𝑥
2 +𝑚 = 1 

𝑘 =
(1−𝑚)

𝑦𝑚𝑎𝑥2
. 

 

From inserting the relation between k and m into the equation of λℎ𝑟(𝑦), 
equation Eq 12 is derived: 

λℎ𝑟(𝑦) = 𝑘 ∙ 𝑦
2 +𝑚 

𝑘 =
(1 − 𝑚)

𝑦𝑚𝑎𝑥2
 

 

λℎ𝑟(𝑦) =
(1−𝑚)

𝑦𝑚𝑎𝑥2
∙ 𝑦2 +𝑚.   Eq 12 
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To define the constant m in the equation of λℎ𝑟(𝑦), the relation between the 

volume deformation inside the rubber body and the radial displacement has 

to be approximated. 

The deformation of the rubber is assumed to be incompressible, which 

means that the volume Vp of the protruded rubber material is the same as the 

volume loss Vc from pure compression. The compressed volume Vc is equal 

to the axial displacement height u times the median radial section area A of 

the non-deformed rubber body: 

𝑉𝑐 = 𝑢 ∙ 𝐴. 

 

Since the rubber body is asymmetrical, the radial section area A is the 

squared median radius R of the non-deformed rubber body times pi: 

𝐴 = 𝑅2 ∙ 𝜋, 

and the compressed volume Vc is: 

𝑉𝑐 = 𝑢 ∙ 𝑅
2 ∙ 𝜋. 

 

Since the protruded volume Vp is formed in circles around the rubber body, 

the protruded volume Vp is close to the section area Ap, in radial and axial 

direction, of the protruded material times the circumference Op of protruded 

material around the rubber body: 

𝑉𝑝 = 𝐴𝑝 ∙ 𝑂𝑝. 

  

 

The circumference Op has a radius Rp, from the center of the rubber body to 

the middle of the section area Ap, which means that the circumference Op is 

Rp times two pi: 

𝑂𝑝 = 𝑅𝑝 ∙ 2 ∙ 𝜋, 

and the protruded volume Vp can be described as: 

𝑉𝑝 = 𝐴𝑝 ∙ 𝑅𝑝 ∙ 2 ∙ 𝜋. 
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From assuming that the rubber body is incompressible, the protruded 

volume Vp is equal to the compressed volume Vc, which gives the defining 

equation of Ap in equation Eq 13: 

𝑉𝑝 = 𝑉𝑐 

𝐴𝑝 ∙ 𝑅𝑝 ∙ 2 ∙ 𝜋 = 𝑢 ∙ 𝑅
2 ∙ 𝜋 

 

𝐴𝑝 =
𝑢 ∙ 𝑅2 ∙ 𝜋

𝑅𝑝 ∙ 2 ∙ 𝜋
 

𝐴𝑝 =
𝑢∙𝑅2

2∙𝑅𝑝
.    Eq 13 

In the rubber body, the horizontal radius from the axial center line of the 

rubber body to the circumference surface varies in two regions, which are 

the region within the inner radius of the plates and the regions between the 

plates, see Figure 23. 

 

 

 

 

 

 

 

 

 

 

 

Figure 23 The regions inside the rubber body  
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The horizontal radius Ri of the region within the inner radius of the plates 

are constant, which means that this region has a median radius Rim equal to 

Ri. The horizontal radius Rb in the region between the plates varies between 

the smallest radius Rbs and the largest radius Rbl. From observing the 

dimensions of the rubber surface, as shown (marked red) in Figure 25, the 

mean radius Rbm is approximated to one third of Rbl and two thirds Rbs. 

𝑅𝑏𝑚 =
2 ∙ 𝑅𝑏𝑠 + 𝑅𝑏𝑙

3
 

 

 

Figure 25 Radii Ri , Rbs and Rbl, and region thicknesses dhi and dhb 

 

The total height H of the rubber body is divided into 8 smaller sections of 

the region within the inner radius of the plates and 9 regions between the 

plates. Based on the height of each region compared to the total height H, 

the mean radius R can be defined as: 

𝑅 =
𝑁𝑖∙𝑑ℎ𝑖∙𝑅𝑖𝑚+𝑁𝑏∙𝑑ℎ𝑏∙𝑅𝑏𝑚

𝐻
, 

where Ni and dhi are the number of regions and the height of each region 

within the inner radius of the plates, and Nb and dhb are the number of 

regions and the height of each region between the plates. By inserting Ni, Nb 

and the relation between the mean radius Rbm to the radii Rbs and Rbl, 

following relation is derived: 

𝑅 =
8 ∙ 𝑑ℎ𝑖 ∙ 𝑅𝑖𝑚 + 9 ∙ 𝑑ℎ𝑏 ∙ (

2 ∙ 𝑅𝑏𝑠 + 𝑅𝑏𝑙
3 )

𝐻
 

 

𝑅 = 𝑅𝑖𝑚 ∙
8∙𝑑ℎ𝑖

𝐻
+ 𝑅𝑏𝑠 ∙

6∙𝑑ℎ𝑏

𝐻
+ 𝑅𝑏𝑙 ∙

3∙𝑑ℎ𝑏

𝐻
. 

dhi 

Rbl 

Rbs 

Ri 

dhb 
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As shown in Figure 25, the height dhi of the regions within the inner radius 

of the plates is much shorter than the height dhb of regions between the 

plates. Since the quantity Ni is smaller than the quantity Nb, the value of the 

mean radius R is much closer either to the radii Rbs or Rbl. 

The radius Rbs is between the radii Rim and Rbl, and since it is approximated 

to take up twice as much of the mean radius R it is approximated that R is 

very close to Rbs: 

𝑅 ≈ 𝑅𝑏𝑠.     Eq 14 

 

The axial compression height u of the rubber body is relatively small 

compared to the total height H of the rubber body, so the volume Vp of the 

protruded material is assumed to be small compared to the total volume of 

the rubber body. From this assumption, the radius Rp, of the circular formed 

protruded material around the rubber body, is close to the radius Rbs: 

𝑅𝑝 ≈ 𝑅𝑏𝑠, 

which means, as shown in equation Eq 14, the radius Rp is very close to the 

radius R: 

𝑅𝑝 ≈ 𝑅. 

 

From the approximations above, the defining equation of the vertical section 

area Ap, in equation Eq 13 can be simplified as shown in equation Eq 15: 

𝐴𝑝 =
𝑢∙𝑅2

2∙𝑅𝑝
    Eq 13 

𝑅𝑝 ≈ 𝑅 

𝐴𝑝 =
𝑢 ∙ 𝑅2

2 ∙ 𝑅
 

 

𝐴𝑝 =
𝑢∙𝑅

2
 .    Eq 15 
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The non-deformed radius R, of the median section area A, relates to the 

volume of the whole rubber body, which gives a section area Ap of the 

protruded material from equation Eq 15. By decreasing the radius R, of A, to 

a an arbitrary radius R0 inside the rubber body between the plates, the 

relation in equation Eq 15 describes the vertical section Apo for the amount 

of material that passes the axial line with radial position Ro: 

𝐴𝑝𝑜 =
𝑢∙𝑅𝑜

2
.    Eq 16 

 

The section area Apo can also be described as the integral of the radial 

displacement uRo times the number of rubber regions Ns between the plates: 

𝐴𝑝𝑜 = 𝑁𝑠 ∙ ∫ 𝑢𝑅𝑜(𝑦)𝑑ℎ
𝑑𝑦, 

where uRo are the displacements of the nodes on the axial line in axial 

position Ro and dh is the height of a region between two plates. 

 

The radial displacement uRo is the radial position Ro times the horizontal 

stretch λℎ𝑟 minus one: 

𝑢𝑅𝑜 = 𝑅0 ∙ (λℎ𝑟 − 1), 

which means that the section area Apo can be described as: 

𝐴𝑝𝑜 = 𝑁𝑠 ∙ ∫ 𝑢𝑅𝑜(𝑦)
𝑑ℎ

𝑑𝑦 

𝐴𝑝𝑜 = 𝑁𝑠 ∙ ∫ 𝑅0 ∙ (λℎ𝑟(𝑦) − 1)
𝑦𝑚𝑎𝑥

𝑦𝑚𝑖𝑛

𝑑𝑦 

 

𝐴𝑝𝑜 = 𝑁𝑠 ∙ 𝑅0 ∙ ∫ (λℎ𝑟(𝑦) − 1)
𝑦𝑚𝑎𝑥

𝑦𝑚𝑖𝑛
𝑑𝑦. 
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From equation Eq 12, the equation of λℎ𝑟(𝑦) is defined as: 

λℎ𝑟(𝑦) =
(1−𝑚)

𝑦𝑚𝑎𝑥2
∙ 𝑦2 +𝑚,   Eq 12 

 

which gives equation Eq 17 of the section area Apo: 

𝐴𝑝𝑜 = 𝑁𝑠 ∙ 𝑅0 ∙ ∫ (λℎ𝑟(𝑦) − 1)
𝑦𝑚𝑎𝑥

𝑦𝑚𝑖𝑛

𝑑𝑦 

𝐴𝑝𝑜 = 𝑁𝑠 ∙ 𝑅0 ∙ ∫ (
(1 − 𝑚)

𝑦𝑚𝑎𝑥2
∙ 𝑦2 +𝑚 − 1)

𝑦𝑚𝑎𝑥

𝑦𝑚𝑖𝑛

𝑑𝑦 

 

𝐴𝑝𝑜 = 𝑁𝑠 ∙ 𝑅0 ∙ (1 − 𝑚) ∙ ∫ ((
𝑦

𝑦𝑚𝑎𝑥
)
2

− 1)
𝑦𝑚𝑎𝑥

𝑦𝑚𝑖𝑛
𝑑𝑦. Eq 17 

 

The integrated equation in equation Eq 17 contains only variables with even 

exponents (where 1 is equal to y0), and since the origin of y is half way in 

between ymin and ymax, ymax is equal to minus ymin, so the integral: 

∫ ((
𝑦

𝑦𝑚𝑎𝑥
)
2

− 1)
𝑦𝑚𝑎𝑥

𝑦𝑚𝑖𝑛
, 

can be rewritten as: 

2 ∙ ∫ ((
𝑦

𝑦𝑚𝑎𝑥
)
2

− 1)
𝑦𝑚𝑎𝑥

0
, 

which gives the following equation Apo: 

𝐴𝑝𝑜 = 𝑁𝑠 ∙ 𝑅0 ∙ (1 − 𝑚) ∙ 2 ∙ ∫ ((
𝑦

𝑦𝑚𝑎𝑥
)
2

− 1)
𝑦𝑚𝑎𝑥

0
. 
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Below, in equation Eq 18, the integral is solved from equation Eq 17: 

𝐴𝑝𝑜 = 𝑁𝑠 ∙ 𝑅0 ∙ (1 − 𝑚) ∙ 2 ∙ ∫ ((
𝑦

𝑦𝑚𝑎𝑥
)
2

− 1)
𝑦𝑚𝑎𝑥

0

 

𝐴𝑝𝑜 = 𝑁𝑠 ∙ 𝑅0 ∙ (1 − 𝑚) ∙ (
𝑦𝑚𝑎𝑥

3

3 ∙ 𝑦𝑚𝑎𝑥
2 − 𝑦𝑚𝑎𝑥) 

 

𝐴𝑝𝑜 = 𝑁𝑠 ∙ 𝑅0 ∙ (1 − 𝑚) ∙ (
−2

3
) ∙ 𝑦𝑚𝑎𝑥.  Eq 18 

 

 

By inserting equation Eq 16 into equation Eq 18, m is solved: 

𝐴𝑝𝑜 =
𝑢∙𝑅𝑜

2
    Eq 16 

𝐴𝑝𝑜 = 𝑁𝑠 ∙ 𝑅0 ∙ (1 − 𝑚) ∙ (
−2

3
) ∙ 𝑦𝑚𝑎𝑥  Eq 18 

𝑁𝑠 ∙ 𝑅0 ∙ (1 − 𝑚) ∙ (
−2

3
) ∙ 𝑦𝑚𝑎𝑥 =

𝑢 ∙ 𝑅𝑜
2

 

 

𝑚 = 1 +
𝑢∙3

𝑁𝑠∙𝑦𝑚𝑎𝑥∙4
, 

which gives, from equation Eq 12 the defining equation of the horizontal 

stretch λℎ𝑟(𝑦): 

 

λℎ𝑟(𝑦) =
(1−𝑚)

𝑦𝑚𝑎𝑥2
∙ 𝑦2 +𝑚,   Eq 12 

 

λℎ𝑟(𝑦) = 1 +
𝑢∙3∙(𝑦𝑚𝑎𝑥

2−𝑦2)

𝑁𝑠∙4∙𝑦𝑚𝑎𝑥3
. 
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As shown in Figure 24, the elements are not twisted in the middle of the 

rubber layer, where y is equal to zero. Hence the principal stretches λ1, λ2 

and λ3 are parallel to λℎ𝑟, λ𝑣𝑟 and λ𝑡𝑟 in this axial position: 

λ1 = λℎ𝑟(𝑦 = 0) 

λ2 = λ𝑣𝑟(𝑦 = 0) 

λ3 = λ𝑡𝑟(𝑦 = 0), 

where the relation between the vertical stretch λ𝑣𝑟, the horizontal stretch λℎ𝑟 
and the tangential stretch λ𝑡𝑟 at y position equal to zero is: 

λ𝑣𝑟(0) =
1

λℎ𝑟(0)
2
=

1

λℎ𝑡(0)
2
,   Eq 11 

which gives the following relation between the principal stretches λ1, λ2 and 

λ3 and the vertical stretch λ𝑣𝑟: 

λ1 =
1

√λ𝑣𝑟
;  λ1 = λ𝑣𝑟; λ3 =

1

√λ𝑣𝑟
.   Eq 9.b 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 24 Deformations in the middle rubber layer  
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The horizontal stretch λℎ𝑟 at y position zero is: 

λℎ𝑟(0) = 1 +
𝑢∙3∙(𝑦𝑚𝑎𝑥

2−02)

𝑁𝑠∙4∙𝑦𝑚𝑎𝑥3
= 1 +

𝑢∙3

𝑁𝑠∙4∙𝑦𝑚𝑎𝑥
,  Eq 8.b 

hence, as shown in equation Eq 11, the vertical stretch λ𝑣𝑟 can be described 

as shown below in equation Eq 10.b: 

λℎ𝑟(0) = 1 +
𝑢∙3

𝑁𝑠∙4∙𝑦𝑚𝑎𝑥
   Eq 8.b 

λ𝑣𝑟(0) =
1

λℎ𝑟(0)
2 =

1

λℎ𝑡(0)
2   Eq 11 

 

λ𝑣𝑟 =
1

(1+
𝑢∙3

𝑁𝑠∙4∙𝑦𝑚𝑎𝑥
)
2.    Eq 10.b 

 

 

The relation between the principal stretches λ1, λ2 and λ3 and the vertical 

stretch λ𝑣𝑙 of the rubber within the inner radius of the plates is shown in 

equation Eq 9.a: 

λ1 =
1

√λ𝑣𝑙
;  λ2 = λ𝑣𝑙;  λ3 =

1

√λ𝑣𝑙
 ,   Eq 9.a 

where the vertical stretch λ𝑣𝑙 is defined in equation Eq 10.a: 

λ𝑣𝑙 =
ℎ

𝐻
.     Eq 10.a 

 

The relation between the principal stretches λ1, λ2 and λ3 and the vertical 

stretch λ𝑣𝑟 in the rubber layers is shown in equation Eq 9.b: 

λ1 =
1

√λ𝑣𝑟
;  λ1 = λ𝑣𝑟; λ3 =

1

√λ𝑣𝑟
,   Eq 9.b 

where the vertical stretch λ𝑣𝑟 is defined in equation Eq 10.b: 

λ𝑣𝑟 =
1

(1+
𝑢∙3

𝑁𝑠∙4∙𝑦𝑚𝑎𝑥
)
2.    Eq 10.b 

In equation Eq 10.b ymax is half the thickness of a non-deformed rubber 

layer.  
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4.2.3 Adjust critical dimensions to desired behaviors 

Here, the critical dimensions of the concepts are adapted to achieve the 

desired behaviors of the rubber spring. 

The stated desired behavior is: 

• During a compression of 330 kN the height of the rubber spring shall 

decrease with 17 mm. 

In this thesis, the inner radius Rbs of all rubber layers in each concept, as 

shown in Figure 25, are adjusted to maintain the desired compression length 

of 17 mm, from the applied load of 330 kN. 

 

 
Figure 25 Radii Ri , Rbs and Rbl, and region thicknesses dhi and dhb 

  

  

dhi 

Rbl 

Rbs 

Ri 

dhb 
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4.2.3.1 Connect concept-dimensions to leading equation 

The theoretical total vertical reaction force Ftot , in the middle radial section 

of a rubber layer, is received by applying equation Eq 4 and Eq 5 on the 

section Sl within the inner radius of the plates and the section Sr between the, 

with axial position y equal to zero: 

𝐹𝑣𝑡𝑜𝑡 = 𝐹𝑣𝑙 + 𝐹𝑣𝑟 

𝐹𝑣 = 2 ∙ 𝜋 ∙ ∫ 𝑃𝑣 ∙ 𝑟
𝑅𝑑
0

𝑑𝑟   Eq 4 

𝑃𝑣 = (
𝐶10 + 𝐶20 ∙ 2 ∙ (λ1

2 + λ2
2 + λ3

2 − 3)

+𝐶30 ∙ 3 ∙ (λ1
2 + λ2

2 + λ3
2 − 3)

2 ) 

∙ 2 ∙ (λ1 ∙
𝑑λ1

𝑑λ𝑣
+ λ2 ∙

𝑑λ2

𝑑λ𝑣
+ λ3 ∙

𝑑λ3

𝑑λ𝑣
)   Eq 5 

 

𝐹𝑣𝑙 = 2 ∙ 𝜋 ∙ ∫ 𝑃𝑣𝑙(λ𝑣𝑙) ∙ 𝑟𝑆𝑙
𝑑𝑟   Eq 19.a 

𝐹𝑣𝑟 = 2 ∙ 𝜋 ∙ ∫ 𝑃𝑣𝑙(λ𝑣𝑟) ∙ 𝑟𝑆𝑟
𝑑𝑟   Eq 19.b, 

 

where Sl range between zero and the deformed radius Ridl, of the radius Ri in 

the region within the inner radius of the plates, with axial position y equal to 

zero: 

0 ≤ 𝑆𝑙 ≤ 𝑅𝑖𝑑𝑙, 

and Sr range between the deformed inner radii Ridr and Rbsdr of the radius Ri 

and Rbs in the region between the plates, with axial position y equal to zero: 

𝑅𝑖𝑑𝑟 ≤ 𝑆𝑟 ≤ 𝑅𝑏𝑠𝑑𝑟. 
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In this thesis the deformed radii Ridl, Ridr and Rbsdr are the non-deformed radii 

Ri and Rbs times the horizontal stretch in the different regions: 

𝑅𝑖𝑑𝑙 = λℎ𝑙(𝑅𝑖) ∙ 𝑅𝑖 

𝑅𝑖𝑑𝑟 = λℎ𝑟(𝑅𝑖) ∙ 𝑅𝑖 

𝑅𝑏𝑠𝑑𝑟 = λℎ𝑟(𝑅𝑏𝑠) ∙ 𝑅𝑏𝑠. 

From analyzing the current design in Abaqus, under paragraph 0, the 

horizontal stretches λℎ𝑙 and λℎ𝑟 are approximated to be constant, which 

means that paths Sl and Sr can be described as: 

0 ≤ 𝑆𝑙 ≤ λℎ𝑙 ∙ 𝑅𝑖 

λℎ𝑟 ∙ 𝑅𝑖 ≤ 𝑆𝑟 ≤ λℎ𝑟 ∙ 𝑅𝑏𝑠. 
 

As shown in equation Eq 5 the equation of the vertical nominal stress Pv is: 

𝑃𝑣 = (
𝐶10 + 𝐶20 ∙ 2 ∙ (λ1

2 + λ2
2 + λ3

2 − 3)

+𝐶30 ∙ 3 ∙ (λ1
2 + λ2

2 + λ3
2 − 3)

2 ) 

∙ 2 ∙ (λ1 ∙
𝑑λ1

𝑑λ𝑣
+ λ2 ∙

𝑑λ2

𝑑λ𝑣
+ λ3 ∙

𝑑λ3

𝑑λ𝑣
).   Eq 5 

 

The vertical force Fvl and Fvr are derived in Appendix D into equation 

Eq 22.a and Eq 22.b: 

𝐹𝑣𝑙 = 4 ∙ 𝜋 ∙

(

 
 
 
 𝐶10 + 𝐶20 ∙ 2 ∙ (

2 + λ𝑣𝑙
5
2

√λ𝑣𝑙
− 3)

+𝐶30 ∙ 3 ∙ (
2 + λ𝑣𝑙

5
2

√λ𝑣𝑙
− 3)

2

)

 
 
 
 

∙ (λ𝑣𝑙 − λ𝑣𝑙
−2) ∙ ∫ 𝑟

𝑆𝑙

𝑑𝑟 

𝐹𝑣𝑟 = 4 ∙ 𝜋 ∙

(

 
 
 
 𝐶10 + 𝐶20 ∙ 2 ∙ (

2 + λ𝑣𝑟
5
2

√λ𝑣𝑟
− 3)

+𝐶30 ∙ 3 ∙ (
2 + λ𝑣𝑟

5
2

√λ𝑣𝑟
− 3)

2

)

 
 
 
 

∙ (λ𝑣𝑟 − λ𝑣𝑟
−2) ∙ ∫ 𝑟

𝑆𝑟

𝑑𝑟 
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0 ≤ 𝑆𝑙 ≤ λℎ𝑙 ∙ 𝑅𝑖 

 

λℎ𝑟 ∙ 𝑅𝑖 ≤ 𝑆𝑟 ≤ λℎ𝑟 ∙ 𝑅𝑏𝑠 

 

𝐹𝑣𝑙 = 2 ∙ 𝜋 ∙

(

 
 
 
 𝐶10 + 𝐶20 ∙ 2 ∙ (

2 + λ𝑣𝑙
5
2

√λ𝑣𝑙
− 3)

+𝐶30 ∙ 3 ∙ (
2 + λ𝑣𝑙

5
2

√λ𝑣𝑙
− 3)

2

)

 
 
 
 

 

∙ (λ𝑣𝑙 − λ𝑣𝑙
−2) ∙ (λℎ𝑙 ∙ 𝑅𝑖)

2    Eq 22.a 

𝐹𝑣𝑟 = 2 ∙ 𝜋 ∙

(

 
 
 
 𝐶10 + 𝐶20 ∙ 2 ∙ (

2 + λ𝑣𝑟
5
2

√λ𝑣𝑟
− 3)

+𝐶30 ∙ 3 ∙ (
2 + λ𝑣𝑟

5
2

√λ𝑣𝑟
− 3)

2

)

 
 
 
 

 

∙ (λ𝑣𝑟 − λ𝑣𝑟
−2) ∙ λℎ𝑟

2 ∙ (𝑅𝑏𝑠
2 − 𝑅𝑖

2).  Eq 22.b 

 

 

The equation of the vertical stretch λ𝑣𝑙 and the horizontal stretch λℎ𝑙are 

shown in equations Eq 10.a and Eq 8.a: 

λ𝑣𝑙 =
ℎ

𝐻
     Eq 10.a 

 

λℎ𝑙 =
1

√λ𝑣𝑙
    Eq 8.a 

λℎ𝑙 = √
𝐻

ℎ
,    Eq 23 

where h is the of the compressed rubber body and H is the height of the 

uncompressed rubber body. 
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The equation of the vertical stretch λ𝑣𝑟 and the horizontal stretch λℎ𝑟 are 

shown in equation Eq 10.b and Eq 8.b: 

λ𝑣𝑟 =
1

(1+
𝑢∙3

𝑁𝑠∙4∙𝑦𝑚𝑎𝑥
)
2    Eq 10.b 

λℎ𝑟 = 1 +
𝑢∙3

𝑁𝑠∙4∙𝑦𝑚𝑎𝑥
,    Eq 8.b 

where u is the total axial compression length of the rubber body, Ns is the 

number of rubber layers in the rubber-plate lamina and ymax is half the height 

of a rubber layer. 

 

According to this the approximated relation between deformation length u 

and reaction force Ftot, the inner reaction force Fvl is dependent on the 

material parameters C10, C20 and C30, the non-deformed and deformed 

heights H and h as well as the inner plate radius Ri, as shown in equations 

Eq 22.a, Eq 10.a and Eq 23. 

 

𝐹𝑣𝑙 = 2 ∙ 𝜋 ∙

(

 
 
 
 𝐶10 + 𝐶20 ∙ 2 ∙ (

2 + λ𝑣𝑙
5
2

√λ𝑣𝑙
− 3)

+𝐶30 ∙ 3 ∙ (
2 + λ𝑣𝑙

5
2

√λ𝑣𝑙
− 3)

2

)

 
 
 
 

 

∙ (λ𝑣𝑙 − λ𝑣𝑙
−2) ∙ (λℎ𝑙 ∙ 𝑅𝑖)

2   Eq 22.a 

λ𝑣𝑙 =
ℎ

𝐻
     Eq 10.a 

λℎ𝑙 = √
𝐻

ℎ
    Eq 23 
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If this approximation is applicable, the inner force Fvl will not change in any 

concept, if no variable in Fvl changes in any concept Hence, it is decided to 

not to change the dimensions in any concept, derived in equation Eq 22.a, to 

simplify further calculations. 

From this decision only the following equilibrium needs to be satisfied: 

𝐹𝑣𝑟𝐶 = 𝐹𝑣𝑟𝑁, 

where 𝐹𝑣𝑟𝐶is the vertical reaction force in the radial section area between the 

plates in the current design, and 𝐹𝑣𝑟𝑁 is the vertical reaction force in the 

radial section area between the plates in the generated concepts. 
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4.2.3.2 Define the adjusted sizes of the critical dimensions 

Here, the functions of half the height ymax,c(r) of each concept are selected, 

where r ranges from inner plate radius Ri to the inner radius, of all rubber 

layers, Rbs,c in the concept. 

The inner radius Rbs in the current design of the rubber spring is shown in 

Figure 26. 

 

 

 

 

 

 

 

From equation Eq 22.b, Eq 10.b and Eq 8.b the theoretical reaction force Fvr, 

from the compression length u, is in the horizontal section area Avr in the 

middle of a rubber layer (where Avr goes between Rid and Rbsd in the 

horizontal symmetry line in Figure 26). 

 

𝐹𝑣𝑟 = 2 ∙ 𝜋 ∙

(

 
 
 
 𝐶10 + 𝐶20 ∙ 2 ∙ (

2 + λ𝑣𝑟
5
2

√λ𝑣𝑟
− 3)

+𝐶30 ∙ 3 ∙ (
2 + λ𝑣𝑟

5
2

√λ𝑣𝑟
− 3)

2

)

 
 
 
 

 

∙ (λ𝑣𝑟 − λ𝑣𝑟
−2) ∙ λℎ𝑟

2 ∙ (𝑅𝑏𝑠𝑑
2 − 𝑅𝑖𝑑

2).  Eq 22.b 

 

λ𝑣𝑟 =
1

(1+
𝑢∙3

𝑁𝑠∙4∙𝑦𝑚𝑎𝑥
)
2.    Eq 10.b 

λℎ𝑟 = 1 +
𝑢∙3

𝑁𝑠∙4∙𝑦𝑚𝑎𝑥
.    Eq 8.b 

 

y 

r 

ymax 

Ri 

Rbs 

Figure 26 Radii Ri and Rbs inside a rubber layer 
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From inserting the constants C10, C20 and C30, inner radii Ri and Rbs, the 

compression length u, number of rubber layers Ns and half of the thickness 

ymax of each rubber layers into equation Eq 22.b, Eq 10.b and Eq 8.b, the 

following theoretical reaction force Ftheor is derived: 

𝐹𝑡ℎ𝑒𝑜𝑟 = −20.54 𝑘𝑁 

 

By creating a function of a step load dF of the increasing step radius dr and 

go step by step of dr in r, starting at r=Rid and F=0, until the force F reaches 

the theoretical force Ftheor, can the theoretical radius Rbs,theor be derived: 

∑ 𝑑𝐹(λℎ𝑟 ∙ (𝑅𝑖 + 𝑗 ∙ 𝑑𝑟))
𝑛𝑐
𝑗=1 = 𝐹𝑡ℎ𝑒𝑜𝑟  Eq 24 

where nc is the required quantity of dr for the summation of dF to reach 

Ftheor. 

As shown in equation Eq 19.b and Eq 10.b, the relation between the force 

and the variating height ymax,c(r) of the rubber layers in a concept is: 

𝐹𝑣𝑟 = 2 ∙ 𝜋 ∙ ∫ 𝑃𝑣𝑟(λ𝑣𝑟) ∙ 𝑟𝑆𝑟
𝑑𝑟   Eq 19.b 

λ𝑣𝑟 =
1

(1+
𝑢∙3

𝑁𝑠∙4∙𝑦𝑚𝑎𝑥,𝑐(𝑟)
)
2    Eq 10.b 

 

𝐹𝑣𝑟 = 2 ∙ 𝜋 ∙ ∫ 𝑃𝑣𝑟 (
1

(1+
𝑢∙3

𝑁𝑠∙4∙𝑦𝑚𝑎𝑥,𝑐(𝑟)
)
2) ∙ 𝑟𝑆𝑟

𝑑𝑟. 

 

This integral, in the equation above, can be rewritten as an equation where 

the radius r is a function of the step force dF(r): 

𝑑𝐹(𝑟) = 2 ∙ 𝜋 ∙ 𝑃𝑣𝑟 (
1

(1+
𝑢∙3

𝑁𝑠∙4∙𝑦𝑚𝑎𝑥,𝑐(𝑟)
)
2) ∙ 𝑟 ∙ 𝑑𝑟.  Eq 25 
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By inserting equation Eq 25 into equation Eq 24, the summation equation dF 

is derived: 

∑ 𝑑𝐹(λℎ𝑟 ∙ (𝑅𝑖 + 𝑗 ∙ 𝑑𝑟))
𝑛𝑐
𝑗=1 = 𝐹𝑡ℎ𝑒𝑜𝑟  Eq 24 

𝑑𝐹(𝑟) = 2 ∙ 𝜋 ∙ 𝑃𝑣𝑟 (
1

(1+
𝑢∙3

𝑁𝑠∙4∙𝑦𝑚𝑎𝑥,𝑐(𝑟)
)
2) ∙ 𝑟 ∙ 𝑑𝑟  Eq 25 

 

∑ 2 ∙ 𝜋 ∙ 𝑃𝑣𝑟 (
1

(1+
𝑢∙3

𝑁𝑠∙4∙𝑦𝑚𝑎𝑥,𝑐(λℎ𝑟∙(𝑅𝑖+𝑗∙𝑑𝑟))
)

2) ∙ (λℎ𝑟 ∙ (𝑅𝑖 + 𝑗 ∙ 𝑑𝑟)) ∙ 𝑑𝑟
𝑛𝑐
𝑖=1 = 𝐹𝑡ℎ𝑒𝑜𝑟. 

 

The function Pvr(λ𝑣𝑟) is derived in appendix D, as shown below in equation 

Eq 21: 

𝑃𝑣𝑟(λ𝑣𝑟) = 2 ∙

(

 
 
𝐶10 + 𝐶20 ∙ 2 ∙ (

2+λ𝑣𝑟
5
2

√λ𝑣𝑟
− 3)

+𝐶30 ∙ 3 ∙ (
2+λ𝑣𝑟

5
2

√λ𝑣𝑟
− 3)

2

)

 
 
∙ (λ𝑣𝑟 − λ𝑣𝑟

−2).  Eq 21 

 

By inserting the values of C10, C20, C30, u and Rid and defining an equation 

for ymax(r) and setting a low value for dr in a Matlab script, the quantity nc of 

dr for a concept is derived through a while loop, stopping when the 

summation of dF reaches Ftheor. By summing Ri with the product of nc with 

dr, the compensated inner radius Rbs,c for a concept is is defined: 

𝑅𝑏𝑠,𝑐 =
𝑅𝑖𝑑+𝑛𝑐∙𝑑𝑟

λℎ𝑟
. 
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For the concept where the number of plates are variating, the height ymax(r) 

of the rubber regions between the plates is half of a constant rubber layer 

thickness Cnp, see Figure 27: 

𝑦𝑚𝑎𝑥,𝑛𝑟_𝑜𝑓_𝑝𝑙𝑎𝑡𝑒𝑠(𝑟) =
𝐶𝑛𝑝

2
, 

where Cnp is the total rubber body height H minus number of plates times 

plate thickness (Npl ∙ dhi) minus the compression length u divided by number 

of rubber regions Nrg: 

𝐶𝑛𝑝 =
𝐻−𝑁𝑝𝑙∙𝑑ℎ𝑖−𝑢

𝑁𝑟𝑔
, 

where the number of rubber regions Nrg is the number of plates added by 

one: 

𝑁𝑟𝑔 = 𝑁𝑝𝑙 + 1. 

 

 

 

 

 

 

 

  

y 
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ymax 

Ri 

Rbs 

Figure 27 Thickness Cnp of a rubber layer 
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Two concepts represent the current design with one added plate and one 

plate removed. This gives the following equation of ymax,added_plate(r) and 

ymax,removed_plate(r): 

𝑦𝑚𝑎𝑥,𝑎𝑑𝑑𝑒𝑑_𝑝𝑙𝑎𝑡𝑒(𝑟) =
𝐶𝑛𝑝,𝑎𝑑𝑑𝑒𝑑_𝑝𝑙𝑎𝑡𝑒

2
 

𝑦𝑚𝑎𝑥,𝑟𝑒𝑚𝑜𝑣𝑒𝑑_𝑝𝑙𝑎𝑡𝑒(𝑟) =
𝐶𝑛𝑝,𝑟𝑒𝑚𝑜𝑣𝑒𝑑_𝑝𝑙𝑎𝑡𝑒

2
 

 

𝐶𝑛𝑝,𝑎𝑑𝑑𝑒𝑑_𝑝𝑙𝑎𝑡𝑒 =
𝐻 − (𝑁𝑐𝑝𝑙 + 1) ∙ 𝑑ℎ𝑖 − 𝑢

𝑁𝑐𝑟𝑔 + 1
 

𝐶𝑛𝑝,𝑟𝑒𝑚𝑜𝑣𝑒𝑑_𝑝𝑙𝑎𝑡𝑒 =
𝐻 − (𝑁𝑐𝑝𝑙 − 1) ∙ 𝑑ℎ𝑖 − 𝑢

𝑁𝑐𝑟𝑔 − 1
 

 

𝑁𝑐𝑟𝑔 = 𝑁𝑐𝑝𝑙 + 1 

 

 

𝑦𝑚𝑎𝑥,𝑎𝑑𝑑𝑒𝑑_𝑝𝑙𝑎𝑡𝑒(𝑟) =
𝐻 − (𝑁𝑐𝑝𝑙 + 1) ∙ 𝑑ℎ𝑖 − 𝑢

(𝑁𝑐𝑝𝑙 + 2) ∙ 2
 

𝑦𝑚𝑎𝑥,𝑟𝑒𝑚𝑜𝑣𝑒𝑑_𝑝𝑙𝑎𝑡𝑒(𝑟) =
𝐻−(𝑁𝑐𝑝𝑙−1)∙𝑑ℎ𝑖−𝑢

𝑁𝑐𝑝𝑙∙2
, 

where Ncpl and Ncrg are the number of plates and rubber regions in the 

current design of the rubber spring. 

From setting the function ymax,c(r) as the equation ymax,added_plate(r) and 

ymax,removed_plate(r) into two separate Matlab scripts, where the code is 

presented in Appendix C, theoretical efter inner diameters Rbs, added_plate and 

Rbs, removed plate are derived.  
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For the concepts with angled plates, the height ymax,angled_plates(r) of the rubber 

regions between the plates variates linearly: 

𝑦𝑚𝑎𝑥,𝑎𝑛𝑔𝑙𝑒𝑑_𝑝𝑙𝑎𝑡𝑒𝑠(𝑟) = 𝑦0 +
𝑘𝑝∙(𝑟−𝑅𝑏𝑙)

2
, 

where y0 is half the thickness dhb of the rubber sections at the edges of 

the plates, kp is the growth/reduction of thickness dhb per radius r and 

radius Rbl is the maximum radius of the rubber body, see Figure 28 and 

Figure 29.  

Here, it is decided that the slope kp for the concepts are positive or 

negative quota of the thickness dhi of the plates in the existing design 

divided by radius Rbl: 

𝑘𝑝 = ±
𝑑ℎ𝑖

𝑅𝑏𝑙
. 
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Figure 28 Rubber layer in concept with concave plates 

Figure 29 Rubber layer in concept with convex plates 
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For the concepts designed with convex (cc) and concave (cv) plates it is 

decided to use thinner and thicker plates than in the current design. Rubber 

layers between the thinner plates has half outer thicknesses y0,cc_thin and 

y0,cv_thin and rubber layers between the thicker plates has half outer 

thicknesses y0,cc_thick and y0,cv_thick. 

For the concave design, the slope kp,cc is negative and it decided that y0,cc_thin  

is the same as ymax and y0,cc_thick  is ymax reduced by half of dhi: 

𝑘𝑝 = −
𝑑ℎ𝑖
𝑅𝑏𝑙

 

𝑦0,𝑐𝑐_𝑡ℎ𝑖𝑛 = 𝑦𝑚𝑎𝑥  

𝑦0,𝑐𝑐_𝑡ℎ𝑖𝑐𝑘 = 𝑦𝑚𝑎𝑥−
𝑑ℎ𝑖

2
, 

where ymax is half of and dhi is the thickness of the rubber layers in the 

current design. 

For the convex design, the slope kp,cv is positive and it decided that y0,cv_thin  

is ymax summed with half of dhi and y0,cv_thick  is the same as ymax: 

𝑘𝑝 =
𝑑ℎ𝑖
𝑅𝑏𝑙

 

𝑦0,𝑐𝑣_𝑡ℎ𝑖𝑛 = 𝑦𝑚𝑎𝑥 +
𝑑ℎ𝑖
2

 

𝑦0,𝑐𝑣_𝑡ℎ𝑖𝑛 = 𝑦𝑚𝑎𝑥 , 

where ymax is half of and dhi is the thickness of the rubber layers in the 

current design. 
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This gives the equations for the height ymax,angled_plates(r) of the rubber regions 

between the plates, with thin or thick concave plates (see figure 28): 

𝑦𝑚𝑎𝑥,𝑐𝑐_𝑡ℎ𝑖𝑛(𝑟) = 𝑦𝑚𝑎𝑥 −
𝑑ℎ𝑖 ∙ (𝑟 − 𝑅𝑏𝑙)

𝑅𝑏𝑙 ∙ 2
 

𝑦𝑚𝑎𝑥,𝑐𝑐_𝑡ℎ𝑖𝑐𝑘(𝑟) = 𝑦𝑚𝑎𝑥−
𝑑ℎ𝑖∙𝑟

𝑅𝑏𝑙∙2
, 

and the equations for the height ymax,angled_plates(r) of the rubber regions 

between the plates, with thin or thick convex plates (see figure 29):  

𝑦𝑚𝑎𝑥,𝑐𝑣_𝑡ℎ𝑖𝑛(𝑟) = 𝑦𝑚𝑎𝑥 +
𝑑ℎ𝑖 ∙ 𝑟

𝑅𝑏𝑙 ∙ 2
 

𝑦𝑚𝑎𝑥,𝑐𝑣_𝑡ℎ𝑖𝑐𝑘(𝑟) = 𝑦𝑚𝑎𝑥 +
𝑑ℎ𝑖∙(𝑟−𝑅𝑏𝑙)

𝑅𝑏𝑙∙2
. 
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Figure 28 Rubber layer in concept with concave plates  

Figure 29 Rubber layer in concept with convex plates  
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From setting the function ymax,c(r) as the equation ymax,cv_sml, ymax,cc_sml, 

ymax,cv_lrg and ymax,cc_lrg into four separate Matlab scripts, where the code is 

presented in Appendix C, the theoretical inner diameters Rbs,cv_sml, Rbs,cc_sml, 

Rbs,cv_lrg and Rbs,cc_lrg are derived. 

 

4.3 Generate data describing lifetime of each concept 

Here, data are generated from tests of the concepts, relating to the lifetime of 

each concept. 

In this thesis, it is decided to perform simulations in Abaqus to generate data 

on maximum stress of each concept in static use. 

 

4.3.1 Test models in Abaqus 

Here, the generated concepts are sketched in Abaqus to test the maximum 

surface stress on the rubber layers. 

 

4.3.1.1 Axial/vertical compression simulation 

To analyze which concept undergoes lowest stress, each concept are 

analyzed as axial symmetric models in Abaqus, affected by the compression 

force from the articulated hauler. 

The input beneath the tags Part, Property, Assembly, Step, Interaction, Load 

and Mesh for the simulations on the concepts is the same as described in 

paragraph 0. For some concepts the mesh has to change to avoid to large 

element distortions. Here it is compensated by reducing the edge seeds to 44 

elements along the centerline, 4 elements along the partition lines and reduce 

the approximated global size to 2 mm. The mesh of the current design is also 

changed as described above and run through the simulation a second time. 

After running the job, the largest stress on the surface on the top rubber layer 

are retrieved, by setting a path along this surface and analyzing the Mises 

stresses along this path. 

To evaluate how well the design of each concept achieve the desired 

behavior, are the compression lengths retrieved as well. 

To evaluate how the deviation in compression length affects the maximum 

surface stress, two simulations additional simulations are executed on the 

current design, with 10 mm increased and reduced inner radius Rbs. 
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4.3.1.2 Radial/horizontal displacement during compression simulation 

To analyze how the maximum surface stress changes on each concept, each 

concept are simulated as 3D models in Abaqus, affected by the compression 

force and displacement between the upper and lower large plates. 

Compared to the radial displacement between the upper and the lower plate, 

it is assumed that the angular variation of the upper big plate in operation 

has no large effect on the maximum stress in the rubber. Hence, only the 

radial displacement is simulated. 

Here, half the models are simulated in Abaqus, with boundary condition for 

nodes in the section surface (red-marked area shown in Figure 30) not to 

move perpendicular to that area. The upper large plate is restricted to move 

in this direction as well. 

 
Figure 30 Non-deformed model of half the rubber spring in 3D simulation 

The input beneath the tags Part, Property, Assembly, Step and Interaction 

for the simulations on the concepts is the same as described in paragraph 

4.2.2.1, except the large plates are quadratic instead of circular. The applied 

force is divided in half and spread over the top as a pressure on the top of the 

upper plate, since only half the model is simulated. The upper large plate is 

also affected by a radial displacement, tangential to the separation area and 

the lower large plate is pinned. A simulation of the current design is 

executed as well.  

Simular to the analysis in Abaqus in paragraph 4.2.2.1, the element type of 

the mesh is standard within the family of axisymmetric stress in all parts. 

The plates are meshed with cuboid element shape and linear geometric 

order. For the rubber body, the elements of the mesh is of quadratic 

geometric order with hybrid formulation  and with element deletion. To 

achieve an effective mesh, easier for the program to handle, is the larger 
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region meshed with cuboid shaped elements. A continual grid of the mesh, 

as shown in Figure 31, is achieved by partition the part into three half 

cylindrical rectangular cells, as shown in Figure 31, and assigning seeds to 

each partition line. To make the mesh more affective and reduce simulation 

time, the curved lines in Figure 32 are seeded with 20 elements, the longest 

lines, shown in to the right in Figure 32, seeded with 44 elements and the 

shortest lines is seeded with 4 elements. The approximated global size of the 

elements is set to 15 mm. 

 
 

  

Figure 32 Partitions in rubber region in 3D simulation 

Figure 31 Meshed rubber region in 3D simulation 
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Figure 33 shows how the rubber spring is deformed from the radial 

displacement simulation of the top plate. 

 

 

 

 

 

 

 

 

 

 

To analyze the relation between the radial displacement of the upper plate 

and the maximum surface stress on each concept, it is decided to simulate a 

displacement length of 10 mm on each concept. 

For approximation of the relation displacement and maximum surface stress 

is the Abaqus model of the current design simulated and analyzed for 

displacement lengths of in 0 mm, 2.5 mm, 5 mm and 7.5 mm as well. 

 

  

Figure 33 Model of the current rubber spring before and after simulated radial displacement during 

compression 
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5 Result and analysis 

Here, the results from the implemented methods are presented and analyzed 

5.1 Results 

5.1.1 Concepts with compensated critical dimensions 

Here, the generated concepts, with geometry compensated to act according 

to desired behaviors, are presented. 

The sketches of the generated concepts are shown in Appendix E. 
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5.1.2 Simulations in Abaqus 

5.1.2.1 Axial/vertical compression simulation 

The results from the axial compression simulation on each concept are 

shown below in Table 1: 

 
Table 1 Generated data from axial compression simulations in Abaqus 

  

 

 

 

 

 

 

 

 

Concept 

Axial 

compression 

length 

Deviation to 

desired 

compression 

length 

Maximum 

surface stress 

(Mises) 

Deviation to 

current 

maximum 

surface stress 

Existing design 15.1 mm 0% 7.6 Mpa 0% 

One plate added 13.8 mm -9.1% 6.5 Mpa -14.6% 

One plate removed 17.5 mm +15.7% 5.8 Mpa -23.7% 

Convex 

plates 

Thick 13.5 mm -10.6% 4.4 Mpa -41.7% 

Thin 17.5 mm +15.9% 8.5 Mpa +12.2% 

Concave 

plates 

Thick 14.8 mm -2.2% 4.5 Mpa -41.1% 

Thin 15.9 mm +5.2% 3.6 Mpa -53.2% 
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The results from the test in the relation between deviation compression 

length and maximum surface stress are shown below in Table 2: 

 

Table 2 Generated data from analyzing the current design of the rubber spring with variating radius 

of the rubber body 

 

 

5.1.2.2 Radial/horizontal displacement during compression simulation 

The results from the radial displacement simulation on each concept are 

shown below in Table 3: 

 
Table 3 Generated data from horizontal displacement in Abaqus 

 

Variation of 

radius Rbs 
Compression length 

Deviation in 

compression 

length 

Maximum 

surface stress 

Deviation in 

surface stress 

10 mm reduced 20.2 mm +33.3% 7.3 Mpa -4.6% 

10 mm added 12.8 mm -15.2% 10.9 Mpa +42.9% 

Concept 
Maximum surface stress 

(Mises) 

Deviation to current 

maximum surface stress 

Existing design 12.7 Mpa 0% 

One plate added 12.6 Mpa -1% 

One plate removed 9.2 Mpa -28% 

Convex 

plates 

Thick 15.2 Mpa +19.4% 

Thin 11 Mpa -13.3% 

Concave 

plates 

Thick 16.2 Mpa +27.3% 

Thin 9.4 Mpa -26.1% 
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The results from the test of the relation between radial displacement 

length and deviation in maximum surface stress are shown below in 

Table 4: 

 

 

 
Table 4 Generated data from analyzing the current design of the rubber spring affected by variating 

horizontal displacement 

 

  

Displacement 

length 

Maximum surface 

stress 

Deviation in maximum surface 

stress from zero displacement 

0 mm 7.6 Mpa 0% 

2.5 mm 8.8 Mpa +14.4% 

5 mm 10 Mpa +30.5% 

7.5 mm 11.3 Mpa +47.9% 

10 mm 12.7 Mpa +66.5% 
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5.2 Analyze results 

5.2.1 Evaluate validation of data received from axial/vertical 

compression simulation 

For explanation of terms, symbols and units, see Appendix B. 

According to the results in Table 2, a concept with too small inner radius Rbs 

results in a significant increase in compression length and a minor reduction 

of its maximum surface stress. This means that the optimum inner diameter 

Rbs for a concept with too large compression length gives a minor 

increase of its maximum surface stress. 

From the results in Table 2, a concept with too large inner radius Rbs results 

in a minor decrease in compression length and a significant increase of its 

maximum surface stress. This means that the optimum inner diameter Rbs 

for a concept with too small compression length gives a significant 

decrease of its maximum surface stress. 

 

 
 

Table 2 Generated data from analyzing the current design of the rubber spring with variating radius 

of the rubber body 

  

Variation of 

radius Rbs 
Compression length 

Deviation in 

compression 

length 

Maximum 

surface stress 

Deviation in 

surface stress 

10 mm reduced 20.2 mm +33.3% 7.3 Mpa -4.6% 

10 mm added 12.8 mm -15.2% 10.9 Mpa +42.9% 
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From this conclusion does the compression length of the concepts, with 

inner diameters optimized in this thesis, needs a significant deviation over 

the desired compression length to show a maximum surface stress, much 

lower than if the concepts’ inner diameter is optimized with more precision. 

As shown in Table 1, there are no large positive deviation in compression 

length and no concept with less maximum surface stress, which is close to 

the current design in maximum surface stress. 

This means that all concepts determined to have lower surface stress then the 

current design, in this thesis, probably do not have higher maximum surface 

stress than the current design, if the inner diameter in these concepts is 

optimized with more precision. 

 

Table 1 Generated data from axial compression simulations in Abaqus 

 

 

 

  

Concept 

Axial 

compression 

length 

Deviation to 

desired 

compression 

length 

Maximum 

surface stress 

(Mises) 

Deviation to 

current 

maximum 

surface stress 

Existing design 15.1 mm 0% 7.6 Mpa 0% 

One plate added 13.8 mm -9.1% 6.5 Mpa -14.6% 

One plate removed 17.5 mm +15.7% 5.8 Mpa -23.7% 

Convex 

plates 

Thick 13.5 mm -10.6% 4.4 Mpa -41.7% 

Thin 17.5 mm +15.9% 8.5 Mpa +12.2% 

Concave 

plates 

Thick 14.8 mm -2.2% 4.5 Mpa -41.1% 

Thin 15.9 mm +5.2% 3.6 Mpa -53.2% 
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5.2.2 Evaluate data received from radial/horizontal displacement 

simulation 

According to the results in Table 4, the maximum surface stress increases 

close to 15 % for each increasing step in displacement length: 

Table 4 Generated data from analyzing the current design of the rubber spring affected by 

variating horizontal displacement 

 

As shown of the curve in Figure 34, the relation between the maximum 

surface stress and displacement length is almost linear: 

 
Figure 34 Relation between horizontal displacement of the top plate and maximum surface stress 

Displacement 

length 

Maximum surface 

stress 

Deviation in maximum surface 

stress from zero displacement 

0 mm 7.6 Mpa 0% 

2.5 mm 8.8 Mpa +14.4% 

5 mm 10 Mpa +30.5% 

7.5 mm 11.3 Mpa +47.9% 

10 mm 12.7 Mpa +66.5% 
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By applying the same linear relation in all concepts, based on the results 

from Table 1 and Table 3, the performance of the concepts can be analyzed 

in a plot, as shown in Figure 35. 

Table 1 Generated data from axial compression simulations in Abaqus 

 

Table 3 Generated data from horizontal displacement in Abaqus 

Concept 

Axial 

compression 

length 

Deviation to 

desired 

compression 

length 

Maximum 

surface stress 

(Mises) 

Deviation to 

current 

maximum 

surface stress 

Existing design 15.1 mm 0% 7.6 Mpa 0% 

One plate added 13.8 mm -9.1% 6.5 Mpa -14.6% 

One plate removed 17.5 mm +15.8% 5.8 Mpa -23.7% 

Convex 

plates 

Thick 13.5 mm -10.6% 4.4 Mpa -41.7% 

Thin 17.5 mm +15.9% 8.5 Mpa +12.2% 

Concave 

plates 

Thick 14.8 mm -2.2% 4.5 Mpa -41.1% 

Thin 15.9 mm +5.2% 3.6 Mpa -53.2% 

Concept 
Maximum surface stress 

(Mises) 

Deviation to current 

maximum surface stress 

Existing design 12.7 Mpa 0% 

One plate added 12.6 Mpa -1% 

One plate removed 9.2 Mpa -28% 

Convex 

plates 

Thick 15.2 Mpa +19.4% 

Thin 11 Mpa -13.3% 

Concave 

plates 

Thick 16.2 Mpa +27.3% 

Thin 9.4 Mpa -26.1% 
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Figure 35 Plotted maximum surface stress depending on horizontal displacement in generated 

concepts 

The concepts with lowest maximum surface stress changes at 10 mm and 

30 mm displacement length. This could mean that there exists an optimum 

plate angle for a distinct displacement length, resulting in a minimum 

possible surface stresses on the rubber layers. 
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5.2.3 Evaluate concept performance in Pugh matrix 

Here, the results from simulations and analyzations are used to evaluate the 

desired performances of the concepts in a Pugh matrix: 

The main criteria of the rubber spring is that it should have longer life length 

than the current model. 

In use, it is assumed that the relative radial displacement is within 

10 mm for the most time, when the articulated hauler drives straight on 

uneven ground. Since the main criteria of the rubber spring is to extend the 

lifetime, this criteria is weighted 4 in the Pugh matrix. 

It is also assumed that the relative radial displacement reaches a maximum 

of about 40 mm, when the articulated hauler drives over bumps or in pits in 

the ground. The main criteria of the rubber spring is to extend the lifetime, 

but since the rubber springs reaches maximum displacement, this criteria is 

weighted as 3 in the Pugh matrix. 

A second criteria is the desired behavior of the rubber spring, which is that it 

should be compressed about 17 mm from an axial compression of 330 kN. 

Since it is more important to extend the lifetime of the rubber spring, this 

criteria is weighted 2 in the Pugh matrix. 

With the plot in Figure 35 and the compression lengths in Table 1, the 

authors of this thesis generated the Pugh matrix in Table 5 for all generated 

concepts, with the current design of the rubber spring as Base line. 

The criteria “Translate 17 mm during compression of 330 kN” relates to 

how applicable the calculation model in this thesis is to compensate the 

critical dimensions of the generated concepts. As shown in Table 1, there is 

a noticeable deviation in compression length for all concepts, except for the 

concepts with concave plates. From this, it is decided to grade all, except the 

concave concepts, with a negative sign in this criteria. 

As shown in Table 5, the concept with thin concave plates stands as the 

winner. 
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 Table 5 Pugh matrix applied on generated concepts 

Criteria 
Weight 

1-4 

Base line 

(current 

design) 

One plate 

removed 

One plate 

added 

Thin 

convex 

plates 

Thick 

convex 

plates 

Thin 

concave 

plates 

Thick 

concave 

plates 

Minimum surface stress 

within 10 mm radial displacement 
4 0 + 0 - - ++ - 

Minimum surface stress 

during 40 mm radial displacement 
3 0 ++ - ++ -- + -- 

Translate 17 mm 

during compression of 330 kN 
2 0 - - - - 0 0 

Positive sum 0 3 0 2 0 3 0 

Negative sum 0 1 2 2 4 0 3 

Sum 0 2 -2 0 -4 3 -3 

Weighted sum 0 8 -5 0 -12 11 -10 
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Figure 35 Plotted maximum surface stress depending on horizontal displacement in 

generated concepts 

 Table 1 Generated data from axial compression simulations in Abaqus  

Concept 

Axial 

compression 

length 

Deviation to 

desired 

compression 

length 

Maximum 

surface stress 

(Mises) 

Deviation to 

current 

maximum 

surface stress 

Existing design 15.1 mm 0% 7.6 Mpa 0% 

One plate added 13.8 mm -9.1% 6.5 Mpa -14.6% 

One plate removed 17.5 mm +15.7% 5.8 Mpa -23.7% 

Convex 

plates 

Thick 13.5 mm -10.6% 4.4 Mpa -41.7% 

Thin 17.5 mm +15.9% 8.5 Mpa +12.2% 

Concave 

plates 

Thick 14.8 mm -2.2% 4.5 Mpa -41.1% 

Thin 15.9 mm +5.2% 3.6 Mpa -53.2% 
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6 Discussion 

When the concepts of alternative design solutions where generated, brain 

storming was used, limited to generate small design changes with focus on 

the described current problem. In this thesis, the generated ideas from the 

limited brain storming are based on the properties of the damping material in 

the treated rubber spring. This may limit the innovation of the results, which 

probably contradicts the meaning of utilizing brain storming. 

It may be more applicable to generate alternative design solutions from case 

studies on rubber springs with similar designs to the rubber spring treated in 

this thesis. One advantage of performing these case studies is that the 

generated design ideas are based on designs already in use, while one 

disadvantage is that there may be very few examples of rubber springs with 

similar designs to study. 

In this thesis, rubber is used as the dampening material and during the 

compilation of the calculation model it is treated as an incompressible 

material, although rubber is a nearly incompressible material in reality. 

Since the real compressibility property of rubber is not used in the 

calculation model, the generated theoretical results deviates more from 

reality. If this increase in deviation is major, the compensated concepts may 

not achieve the desired behavior. The compression lengths of the generated 

and compensated concepts in this thesis deviate between 2% and 16% from 

the desired compression length. This deviation is probably within the 

acceptable compression length span, considering how much this deviation 

affects the dampening ability of the rubber spring. For concepts with larger 

design solutions this deviation may be much larger, and the 

incompressibility of rubber might need to be studied in more detail when 

compensating the critical dimensions. Executing physical deformation 

experiments and studying the deformed geometry of the rubber spring, may 

give deeper understanding how the uncompressed geometry relates to the 

compressed geometry. One advantage of performing physical tests, 

compared to simulations in software, is that the data is more reliable. One 

disadvantage of physical tests is that some observations, for example 

observations of the inner geometry deformations, are more difficult to 

analyze. 

When analyzing the deformation in the rubber, in paragraph 4.2.2.1, the 

radial stretches are approximated to be constant in the rubber region within 

the inner radius of the plates and in radial sections of the rubber layers. From 

this approximation the assumed constant radial stretches along a radial path 

are not the same in these regions. This results in cavern between the regions, 

which does not exist in reality, which might mean that the calculation model 

is not applicable for any rubber spring, when compensating the critical 

dimensions of the concepts. From the results in deviating compression 

length the largest deviation is 16%, which is assumed to be within the 

acceptable tolerance, based on the importance of the criteria of compression 
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length. With these acceptable deviations the calculation model is assumed to 

be quite applicable for the designs of the generated concepts in this thesis. 

In the calculation model and analysis of the concepts, the applied loads and 

radial transpositions are treated as static forces and static displacements. The 

rubber spring is affected by dynamic forces and dynamic displacements, 

which make the resulting durability, measured in this thesis, divergent from 

the correct durability of the concepts. Among the generated concepts, the 

concept with highest static durability may not have the highest dynamic 

durability. This might mean that the method used in this thesis is 

inapplicable to generate data related to the sustainability of the concepts. 

Calculations and simulations based on dynamic deformation might be 

required for the evaluation of the concept’s sustainability to be valid. 

In this thesis, it was decided to use a simulation tool to predict the behavior 

of the concepts. Since rubber acts as the damping material in each concept, 

the simulation program needs to predict the nonlinear behavior of rubber. 

Abaqus is chosen as the utilized simulation software in this thesis, but there 

might be more suitable simulation software for analyzing deformations in 

rubber. 

Since the main focus, when analyzing the concepts, is to decrease the 

probability of crack initiation in the rubber body, it is decided not to 

consider probability of crack initiation in the steel plates. This might mean 

that the designs of the concepts, with longer lifetime of the rubber body than 

the current design, might fail earlier due to crack development in the steel 

plates. To avoid possible failures due to crack propagation, all parts of the 

concepts might require analysis of crack initiation probability. 

During the analysis of the data generated from radial displacement 

simulations, the theory of linear relation between maximum surface stress 

and displacement length was approximated. This approximation is based on 

observations on changes in maximum surface stress on the current design, 

translated with variated displacement lengths. For concepts with plate design 

similar to the design of the current rubber spring, such as the concept with 

one plate removed, it is more likely that the approximation is valid. 

However, for concepts with different plate design, such as the concepts with 

convex plates, it is not as certain that the approximation is valid. If the 

evaluation in the analysis shall be reliable, the relation between maximum 

surface stress and displacement length of the concepts with different plate 

design might need to be simulated and analyzed as well. 

The divergences in compression lengths, from the simulations of the 

concepts, are approximated not to affect the lifetime of each concept 

negatively. This approximation is based on test simulations of the current 

rubber spring with variating minimum radial diameter of the rubber layers 

between the plates. This approximation may be applicable for the concepts 

generated in this thesis, since the inner diameter in all concepts are within 
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the diameters used in the test simulations. However, this approximation may 

not be valid for concepts with major difference in inner diameter, and test 

simulations might be required on these concepts as well. 

In this thesis, it is assumed that the concept with lowest maximum surface 

stress, measured with Mises, from simulations has the longest lifespan. In 

reality, the lifespan of a hyper elastomer subjected to cyclic loads is defined 

from the possibility of crack initiation and potential crack propagation, 

which is dependent on the crack energy density in the material. Since the 

stress measured with Mises and crack energy density in a point of the 

material variates similarly with variating strain in that point, the assumption 

may be valid. The aim of this thesis is to find design solutions of an existing 

damping system to increase its lifetime, which makes this assumption 

applicable. In further investigations, where the design changes of the rubber 

spring have to increase its lifetime to the desired length, the maximum crack 

energy density might be required when evaluating if the design changes 

achieves the desired lifetime. 

When evaluating the applicability of the calculation model on each concept, 

in the criteria “Translate 17 mm during compression of 330 kN” of the 

Pugh matrix, all but the concave plates is graded with a negative value. 

Since the theory behind the concave plates is to decrease the protrusion of 

the rubber to increase compression, this might mean that the generated 

calculation model, in this thesis, is most applicable for concept supposed to 

increase the compression of an almost incompressible rubber material. 

In the analysis, the concept with one plate removed and the concept with 

thin concave plates are evaluated to be applicable design solutions on the 

rubber spring. The biggest weakness on these designs, according to the 

authors of this thesis, is assumed reduction of dampening of the horizontal 

motion in the rubber spring. The horizontal motion for the rubber spring is 

fully controlled by link rods, track rods, boggy and shafts, steering the 

horizontal motion from uneven terrain. Since there is no need to dampen the 

horizontal motion the design solutions, proven to be applicable from tests 

and analysis in this thesis, might be functional. 
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7 Conclusion 

Based on the analysis in this thesis, the authors suggests to use plates angled 

inwards, as shown in Figure 36 and Figure 37, and/or reduce the number 

plates in the rubber spring in Volvo’s A40G articulated hauler, to increase 

its lifetime. 

 

 
Figure 36 Concave metal plate in top-down view 

 

 

 
Figure 37 Concave metal plate in middle point cut view 

 

Concluded from tested designs in this thesis the maximum thickness of the 

angled plates should not be larger than the thickness of the plates in the 

current design, to increase the lifetime of the rubber spring. 

 

From tests and analysis on plates with different designs, as shown in 

Figure 35, following theory for the life length is derived: 

• In a rubber spring constructed by sheet plates bonded between rubber 

layers, by decreasing number of sheet plates increases the lifetime of 

the rubber spring. Based on the relative radial displacement between 

the top and bottom of the rubber spring, there also exists an optimum 

plate angle resulting in an optimum length in lifetime. 
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Figure 35 Plotted maximum surface stress depending on horizontal displacement in generated 

concepts 

To achieve the longest possible lifetime, utilizing the design solutions 

studied in this thesis, the authors suggest further investigations of the 

optimum plate angle combined with a lower quantity of plates in the rubber 

spring. 
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Appendix A 

The values, in Table 6, are based on an example where a company develops a 

new axe, and evaluates the designs of generated concepts of the axe with the 

Pugh matrix. The Baseline represents an existing axe, manufactured by a 

competitor, and is always set to zero in on all features to make it easier to grade 

the concepts designs in each feature, compared to the features on competitor’s 

axe design. The features, of each concept, are judged and graded with either plus 

signs, minus signs or zero. (++) is much better, (+) is better, (0) is judged the 

same, (-) is worse and (--) is much worse than the feature on baseline. After 

grading the features of each concept, the quantity of positive signs and negative 

signs are set, beneath each concept, in separate rows. Beneath these rows the 

criteria sums are set for each concept, which is of the quantity of positive signs 

reduced with the quantity of negative signs. If it is a clear which concept fits best 

to the features, with highest sum, it can be selected as the axe design, the 

company will produce. If there is no clear winner, the grades of the features on 

each concept can be multiplied with the weight of the feature. The feature weight 

is a rating on the importance of each feature to the function of the axe, ranked 

between 1 (low importance) and 4 (high importance). The sum of the feature 

grades, multiplied with weight of each feature, is displayed bellow all concept, in 

a row called Weighted sum. In this example, concept 3 is given 6 points in the 

weighted sum criteria and stands as the winner. 
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Table 6 Example of Pugh matrix, applied to develop new design for an axe 

Criteria Weight 

1-4 

Base Concept 1 Concept 2 Concept 3 

Steady grip 2 0 (2x) + (2x) 0 (2x) ++ 

Cost 1 0 (1x) 0 (1x) + (1x) - 

Weight of 

axe 

3 0 (3x) - (3x) + (3x) + 

∑+   1 2 3 

∑-   1 0 1 

Sum+ and-   0 2 2 

Weighted 

sum 

  -1 4 6 
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Appendix B 
𝐴 - Median radial section area of 

   the unreformed rubber body [mm2], 

 

𝐴𝑑 - Radial section area of the deformed 

   rubber body [mm2], 

 

𝐴𝑝 -  Section area of the protruded material, 

    in radial and axial direction [mm2], 

 

𝐴𝑝𝑜 -  Section area of bulging material outside 

    an arbitrary radial position inside the rubber body, 

    in radial and axial direction [mm2], 

 

𝐶𝑛𝑝 - Thickness of a rubber layer in the current design 

   of the rubber spring [mm], 

 

𝐶10, 𝐶20 𝑎𝑛𝑑 𝐶30 - Material parameters, in Yeoh’s equation of 

   strain energy density, relating to shear modulus of 

   the rubber body [N/mm2], 

 

𝐹𝑡ℎ𝑒𝑜𝑟 - Theoretical reaction force in the most deformed 

   radial section area of a rubber layer [kN], 

 

𝐹𝑣 - Vertical reaction force in a deformed radial section 

   area of the rubber body [kN], 

 

𝐹𝑣𝑙 - Vertical reaction force in a deformed radial section 

   area, within the inner radius of the plates, of the 

   rubber body [kN], 

 

𝐹𝑣𝑟 - Vertical reaction force in a deformed radial section 

   area, between the plates, of the rubber body [kN], 

 

𝐹𝑣𝑟𝐶 - Vertical reaction force in a deformed radial section 

   area, between the plates, in the current design of the 

   rubber body [kN], 

 

𝐹𝑣𝑟𝑁 - Vertical reaction force in a deformed radial section 

   area, between the plates, in a new design of the 

   rubber body [kN], 

 

𝐹𝑣𝑡𝑜𝑡 - Total theoretical reaction force in a radial section 

   area of the rubber body [kN], 
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𝐻  - Height of the non-deformed rubber body [mm], 

 

𝐼1, 𝐼2 𝑎𝑛𝑑 𝐼3 - The first, second and third strain invariant, 

   from inner material stretches [-], 

 

𝑁𝑏  - Number of rubber layers in the rubber body [-], 

 

𝑁𝑖 - Number of rubber regions within the plates in 

   the current design of the rubber spring [-], 

 

𝑁𝑝𝑙 - Number of plates in the current design of 

   the rubber spring [-], 

 

𝑁𝑟𝑔 - Number of rubber layers in the current design of 

   the rubber spring [-], 

 

𝑁𝑠 - Number of rubber regions between the plates in 

  the rubber body [-], 

 

𝑂 - Circumference of bulging material outside an 

   arbitrary radial position inside 

   the rubber body [mm], 

 

𝑂𝑝 - Circumference of protruding material of 

   the rubber body [mm], 

 

𝑃  - Nominal stress [N/mm2], 

 

𝑃𝑣  - Vertical nominal stress in the rubber body [N/mm2], 

 

𝑃𝑣𝑙 - Vertical nominal stress, within the inner radius of 

   the plates, in the rubber body [N/mm2], 

 

𝑃𝑣𝑟 - Vertical nominal stress, between the plates, 

   in the rubber body [N/mm2], 

 

𝑅  - Median horizontal radius of the rubber body [mm], 

 

𝑅𝑏𝑙 - Maximum horizontal radius of 

   the rubber body [mm], 

 

𝑅𝑏𝑚 - Median horizontal radius of the rubber body 

   between the plates [mm], 

 

𝑅𝑏𝑠 - Minimum horizontal radius of the rubber body 

   between the plates [mm], 
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𝑅𝑏𝑠𝑑𝑟 - Theoretical largest deformation of radius Rbs in 

   the rubber region between the plates [mm], 

 

𝑅𝑏𝑠,𝑐 - Derived theoretical length of radius Rbs 

   in a concept [mm], 

 

𝑅𝑑  - Median radius of the deformed rubber body [mm], 

 

𝑅𝑖  - Inner radius of the plates [mm], 

 

𝑅𝑖𝑑𝑙 - Theoretical largest deformation of radius Ri in 

   the region within the inner radius of 

   the plates [mm], 

 

𝑅𝑖𝑑𝑟 - Theoretical largest deformation of radius Ri 

   in the region between the plates [mm], 

 

𝑅𝑖𝑚 - Median value of the radii, between the plates, 

   of the rubber body [mm], 

 

𝑅𝑜 - Arbitrary radius of the rubber body, 

   between the plates [mm], 

 

𝑅𝑝 - Radius of the circular formed protrusion 

   of the deformed rubber [mm], 

 

𝑅𝑡 - Radius of a ring formed region in the rubber body, 

   without compression on the rubber body [mm], 

 

𝑆𝑙  - Path between 0 and 𝑅𝑖𝑑𝑙 [mm], 

 

𝑆𝑟  - Path between 𝑅𝑖𝑑𝑟 and 𝑅𝑏𝑠𝑑𝑟 [mm], 

 

𝑉𝑐 - Volume loss from pure compression, 

   of the rubber body [mm3], 

 

𝑉𝑝  - Volume of the protruded material [mm3], 

 

𝑊  - Strain energy density [J/mm3], 

 

𝑋 - Arbitrary radial position in the rubber body, 

without applied compression [m], 

 

𝑐, 𝑘 𝑎𝑛𝑑 𝑚  - Polynomial constants [-], 
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ℎ - Height of the rubber body during 

   maximum compression [mm], 

 

𝑑ℎ  - Axial height of a rubber layer [mm], 

 

𝑑ℎ𝑏 - Thickness of the rubber layers in 

   the current design of the rubber spring [mm], 

 

𝑑ℎ𝑖 - Thickness of the plates in the current design 

   of the rubber spring [mm], 

 

𝑘𝑝 - Polynomial constant, multiplied with first order 

   variable, describing the slope of angled plates [-], 

 

𝑛𝑐 - Number of relatively small radial steps from 

   inner plate radius to radius 𝑅𝑏𝑠,𝑐 for a concept [-], 

 

𝑜 - Circumference of a ring shaped material region, 

   around the axial centerline of the rubber body, 

   without compression on the rubber body [mm], 

 

𝑟  - Arbitrary radius inside the rubber body [mm], 

 

𝑟𝑡 - Radius of a ring formed region in the rubber body, 

   during maximum compression [mm], 

 

𝑢 - Compression length of the rubber spring, 

   during maximum compression [mm], 

 

𝑢𝑅𝑜 - Radial displacement length of a point 

   in the rubber layers [mm], 

 

𝑥 - Radial position of point X, 

   during maximum applied compression [mm], 

 

𝑦 - Axial position in a layer, with origin in 

   the center of the layer [mm], 

 

𝑦𝑚𝑎𝑥  𝑎𝑛𝑑  𝑦𝑚𝑖𝑛 - Maximum and minimum value of y in a rubber 

  layer, in the current design of 

  the uncompressed rubber spring [mm], 

 

𝑦𝑚𝑎𝑥,𝑐(𝑟) - Maximum and minimum value of y in a 

   rubber layer, in the design of a concept, 

   in an arbitrary radial position r [mm], 
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𝑦0 - Maximum and minimum value of y in 

   a rubber layer, in the design of a concept, 

   in maximum radial position [mm], 

 

λ - Stretch, in an arbitrary direction, in an 

   arbitrary point in the rubber body [-], 

 

λ1, λ2 𝑎𝑛𝑑 λ3 - The principle stretches in an arbitrary point 

   in the rubber body [-], 

 

λ𝑣 𝑎𝑛𝑑 λℎ - The vertical and horizontal stretch, in axial and 

   radial direction, in an arbitrary point 

   in the rubber body [-], 

 

λ𝑣𝑙, λℎ𝑙 𝑎𝑛𝑑 λ𝑡𝑙 - The vertical, horizontal and tangential stretch, 

   in axial, radial and tangential direction, 

   in an arbitrary point in the rubber region 

   within the inner radius of the plates [-], 

 

λ𝑣𝑟, λℎ𝑟 𝑎𝑛𝑑 λ𝑡𝑟 - The vertical, horizontal and tangential stretch, in 

   axial, radial and tangential direction, in an arbitrary 

   point in the rubber region between the plates [-]. 
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Appendix C 
Here, the Matlab code to derive the required inner radius Rbs to reach the 

desired compression length u of the concepts with angled concepts applied 

load Ftheor is displayed: 

 

 
Input: 

 

Values: 

Ftheor 

u 

Ri 

Ns 

C10 

C20 

C30 

 

Relations/equations: 

ymax(r) 

 

ymax0=ymax(Ri); 

lambdahr0=1+(3*u)/(Ns*4*ymax0); 

 

dr=0.001; 

r=(Ri+dr/2)*lambdahr0; 

 

F=0; 

 
while abs(F)<abs(Ftheor) 

 

ymax=ymax(r); 

 

lambdahr=1+(3*u)/(Ns*4*ymax); 

 

lambdavr=1/(lambdahr^2); 

     
P=2*(C10+C20*2*((2+lambdavr^(5/2))/(sqrt(lambdavr))-3) 

  +C30*3*((2+lambdavr^(5/2))/(sqrt(lambdavr))-3)^2); 
 

 

dF=2*pi*P*r*(dr*lambdahr); 

  
F=F+dF; 

  
r=r+(dr*lambdahr); 

        
end 

  
Rbs=r/lambdahr; 
Output: 

Rbs 
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Appendix D 
For the section S the relation between the principal stretches λ1, λ2 and λ3 

and the vertical stretch λ𝑣 is as shown in equation Eq 9: 

λ1 =
1

√λ𝑣
;  λ1 = λ𝑣;  λ3 =

1

√λ𝑣
,   Eq 9 

which gives the derivation of the principal stretches: 

𝑑λ1
𝑑λ𝑣

=
𝑑λ3
𝑑λ𝑣

=
𝑑

𝑑λ𝑣
(
1

√λ𝑣
) = −

1

2 ∙ λ𝑣
3
2

 

𝑑λ2
𝑑λ𝑣

=
𝑑

𝑑λ𝑣
(λ𝑣) = 1 

 

𝑑λ1

𝑑λ𝑣
= −

1

2∙λ𝑣
3
2

;  
𝑑λ2

𝑑λ𝑣
= 1; 

𝑑λ3

𝑑λ𝑣
= −

1

2∙λ𝑣
3
2

.  Eq 20 

The nominal stress Pv is calculated by inserting equation Eq 9 and Eq 20 

into equation Eq 5, as shown in equation Eq 21: 

𝑃𝑣 = (
𝐶10 + 𝐶20 ∙ 2 ∙ (λ1

2 + λ2
2 + λ3

2 − 3)

+𝐶30 ∙ 3 ∙ (λ1
2 + λ2

2 + λ3
2 − 3)

2 ) 

∙ 2 ∙ (λ1 ∙
𝑑λ1

𝑑λ𝑣
+ λ2 ∙

𝑑λ2

𝑑λ𝑣
+ λ3 ∙

𝑑λ3

𝑑λ𝑣
)   Eq 5 

 

λ1 =
1

√λ𝑣
;  λ1 = λ𝑣; λ3 =

1

√λ𝑣
   Eq 9 

𝑑λ1

𝑑λ𝑣
= −

1

2∙λ𝑣
3
2

;  
𝑑λ2

𝑑λ𝑣
= 1; 

𝑑λ3

𝑑λ𝑣
= −

1

2∙λ𝑣
3
2

  Eq 20 

 

𝑃𝑣 = 2 ∙

(

 
 
𝐶10 + 𝐶20 ∙ 2 ∙ (

2+λ𝑣
5
2

√λ𝑣
− 3)

+𝐶30 ∙ 3 ∙ (
2+λ𝑣

5
2

√λ𝑣
− 3)

2

)

 
 
∙ (λ𝑣 − λ𝑣

−2). Eq 21 
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The vertical force Fvr is derived by inserting Pvr from equation Eq 21 into 

equation 16.b: 

𝐹𝑣 = 2 ∙ 𝜋 ∙ ∫ 𝑃𝑣(λ𝑣) ∙ 𝑟𝑆
𝑑𝑟   Eq 19 

 

𝑃𝑣 = 2 ∙

(

 
 
𝐶10 + 𝐶20 ∙ 2 ∙ (

2+λ𝑣
5
2

√λ𝑣
− 3)

+𝐶30 ∙ 3 ∙ (
2+λ𝑣

5
2

√λ𝑣
− 3)

2

)

 
 
∙ (λ𝑣 − λ𝑣

−2) Eq 21 

 

 

 

𝐹𝑣 = 4 ∙ 𝜋 ∙

(

 
 
 
 𝐶10 + 𝐶20 ∙ 2 ∙ (

2 + λ𝑣
5
2

√λ𝑣
− 3)

+𝐶30 ∙ 3 ∙ (
2 + λ𝑣

5
2

√λ𝑣
− 3)

2

)

 
 
 
 

 

∙ (λ𝑣 − λ𝑣
−2) ∙ ∫ 𝑟

S
𝑑𝑟    Eq 22  
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Appendix E 

Thick concave plates 
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Thick convex plates 
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One plate added 
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One plate removed 
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Thin concave plates 
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Thin convex plates 

 


