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I 

ABSTRACT 

Since the Basel Committee on Banking Supervision first suggested a transition to Expected Shortfall as 
the primary risk measure for financial institutions, the question on how to backtest it has been widely 
discussed. Still, there is a lack of studies that compare the different proposed backtesting methods. 
This thesis uses simulations and empirical data to evaluate the performance of non-parametric 
backtests under different circumstances. An important takeaway from the thesis is that the different 
backtests all use some kind of trade-off between measuring the number of Value at Risk exceedances 
and their magnitudes. The main finding of this thesis is a list, ranking the non-parametric backtests. 
This list can be used to choose backtesting method by cross-referencing to what is possible to 
implement given the estimation method that the financial institution uses.  

Keywords: Backtesting Expected Shortfall; Non-parametric; Backtesting under Basel III; Backtesting 

under Fundamental review of the trading book. 
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SAMMANFATTNING 

ICKE-PARAMETRISK BACKTESTING AV EXPECTED SHORTFALL

Sedan Baselkommittén föreslog införandet av Expected Shortfall som primärt riskmått för finansiella 
institutioner, har det debatteras vilken backtesting metod som är bäst. Trots detta råder det brist på 
studier som utvärderar olika föreslagna backtest. I studien används simuleringar och historisk data 
för att utvärdera icke-parametriska backtests förmåga att under olika omständigheter 
upptäcka underskattad Expected Shortfall. En viktig iakttagelse är att alla de undersökta testen 
innebär ett avvägande i vilken utsträckning det skall detektera antalet och/eller storleken på 
Value at Risk överträdelserna. Studien resulterar i en prioriterad lista över vilka icke-parametriska 
backtest som är bäst. Denna lista kan sedan användas för att välja backtest utefter vad varje 
finansiell institution anser är möjligt givet dess estimeringsmetod. 
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NOTATIONS 

𝑁  denotes the number of simulated samples, 𝑇. 

𝑇   denotes the sample size. In this thesis the number of trading days of a year which is 
assumed to be 250.  

𝛼   denotes a quantile or the level of VaR and ES, i.e. 𝑉𝑎𝑅𝛼 and 𝐸𝑆𝛼. In this thesis 𝛼 ≤ 2.5%. 

𝑝  denotes the p-value or significance of a test statistic. 

𝜂   denotes the significance level used in rejecting a null hypothesis. In this thesis 𝜂 = 5%. 

𝑉𝑡  denotes the portfolio value at time 𝑡. 

𝑅0  denotes the logreturn of a reference instrument. 

𝑋𝑡  denotes the logreturn from time 𝑡 − 1 to 𝑡 for 𝑡 > 0. 

𝑋  denotes {𝑋𝑡}𝑡=1
𝑇 . 

𝐿𝑡 denotes the portfolio loss at time 𝑡 

𝐿𝑡 = −
𝑉𝑡 − 𝑉𝑡−1𝑒

𝑅0

𝑒𝑅0
. 

�̂�  denotes an estimate of the general variable 𝑘.  

 [𝑘]  denotes the integer of the general variable 𝑘 rounded down. 

𝟙{𝜔}  denotes the indicator function assigning 1 if the event 𝜔 is true, otherwise 0. 

𝜑(𝑌)  denotes the risk spectrum function. 

𝛷(𝜇, 𝜎)   denotes the probability density function of the Normal distribution with mean 𝜇  and 
standard deviation 𝜎. 

ϕ(𝜇, 𝜎)   denotes the cumulative density function of the Normal distribution with mean 𝜇  and 
standard deviation 𝜎. 

𝑡𝜈   denotes the probability density function of the Student’s t distribution with 𝜈 degrees of 
freedom. 

𝑔𝜈   denotes the cumulative density function of the Student’s t distribution with 𝜈 degrees of 
freedom. 

𝐵𝑖𝑛(𝑛, 𝛼) denotes the probability density function of the Binomial distribution with number of trials 
𝑛 and success probability 𝛼. 

𝑈(𝑎, 𝑏)  denotes the probability density function of the Uniform distribution between 𝑎 and 𝑏. 
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𝐺𝑌
−1  denotes the quantile function of the distribution 𝐺 representing 𝑌. 

𝐹𝑡   denotes the real probability distribution of observations at time 𝑡.  

𝑃𝑡  denotes the predicted probability distribution of observations at time 𝑡. 

𝐹𝑡
(𝛼)

  denotes the 𝛼-quantile of the real probability distribution of observations at time 𝑡. 

𝑃𝑡
(𝛼)

  denotes the 𝛼-quantile of the predicted probability distribution of observations at time 𝑡. 

𝐼𝑡 denotes the violation process 

𝐼𝑡 = 𝟙{𝑋𝑡 + 𝑉𝑎𝑅𝛼,𝑡 < 0}. 

𝛬𝑇 denotes the number of violations (VaR exceedances) in a sample  

𝛬𝑇 = ∑ 𝐼𝑡
𝑇

𝑡=1
. 
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1. INTRODUCTION 

In 2007 the world saw the start of one of history’s most severe financial crises. The reason was 
primarily mortgage loans in the US which, for the years prior to the crisis, were given out more and 
more generously and without sufficient risk management. When the defaults on the mortgages started 
to increase they ignited the financial crisis that quickly spread over the world. The crisis also affected 
other asset classes which decreased heavily in value and subsequently created a liquidity crisis. Several 
financial institutions were on the brink of collapsing, some did whereas others were bailed out by their 
respective governments (Berk & DeMarzo, 2013). 

One main reason for financial institutions’ inability to manage the liquidity shortage was the fact that 
they had excessive, on- and off-balance sheet, leverage. During the crisis the highly leveraged financial 
institutions became distressed by the decreasing level and quality of their capital bases. During the 
worst period of the financial crisis, society lost confidence in the financial institutions which led to large 
withdrawals and deleveraging. Therefore, the liquidity in the financial system was drained and 
governments had to step in with liquidity and guarantees. In the aftermath of the financial crisis, as a 
result of the need for large bailout packages, the governments wanted to ensure that this would not 
happen again and started looking at tightening regulations. As a part of the tightened regulation, Basel 
III was introduced and is planned to be fully implemented in 2019. The goal of Basel III is to ensure a 
more solid capital base for financial institutions. Through the regulation, the capital base will be more 
heavily regulated both when it comes to the quantity and quality of the capital (Basel Committee on 
Banking Supervision, 2011).  

Before the financial crisis, the used risk measure under Basel was Value at Risk (VaR), a risk measure 
that had been questioned since 1998 because of structural drawbacks. Already 2001, Expected 
Shortfall (ES) was proposed as an alternative (Acerbi & Szekely, 2014). The main disadvantage of VaR 
is that it ignores most of the risk’s probability distribution. Thus hiding very unlikely but large losses, 
as the ones suffered during the Financial crisis. However, ES calculates the average of the VaR values 
below a specified level, thus including these very unlikely losses with large impact in the portfolio value 
(Hult et al., 2012). Further, the lack of subadditivity in VaR prevents it from rewarding diversification 
(Weber, 2006). ES however, is a coherent risk measure and has the property of subadditivity, thus 
rewarding diversification (Hult et al. 2012).  

Because of the benefits of ES, Basel III did not only raise the capital ratios required for financial 
institutions, it also suggested that ES would replace VaR as the risk measure in the new regulatory 
framework Basel III. The level for ES was set to 2.5% because it is roughly comparable to a VaR at level 
1% (Basel Committee on Banking Supervision, 2013). 

The change of risk measure from VaR to ES in the Basel III accord introduced a new set of challenges 
for financial institutions. Besides the challenges of a new estimation procedure, the institutions need 
to find a way to verify that their estimations are correct. This is according to Kerkhof and Melenberg 
(2004) one of the most important aspects of implementing a new risk measure from a regulatory 
perspective. Also from an internal perspective it is important to be able to verify the estimations in 
order to know which risks the financial institution expose itself to. 

Backtesting is a well-established framework to verify estimation methods, or more specifically the 
prediction generated by such models. The verification is done by comparing historical predictions of 
the model with their associated actual outcomes making sure these were in line with each other. The 
backtest then accepts the estimation model as being correct or rejects it as being faulty (Szylar, 2013). 
In an ES setting this means comparing a financial institution’s historical prediction of ES with the actual 
losses made. If actual losses often are more severe than the financial institution’s predicted the 
backtest should reject the estimation as being wrong. From a regulatory perspective backtesting 
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should prevent a financial institution from systematically underestimating its ES. An underestimated 
ES would enable the institution to improve profitability through holding less capital. 

Unfortunately, the primary problem with implementing ES is the difficulty to backtest it. Already during 
the development of Basel II, ES was proposed but discarded due to problems with backtesting (Kerkhof 
and Melenberg, 2004). The debate of backtesting ES gained new momentum in 2011 when research 
published by Gneiting created a consensus that ES was impossible to backtest. The debate became 
even more intense when ES finally was proposed for Basel III in 2013 (Acerbi & Szekely, 2014). 
Gneiting’s (2011) critique was due to its lack of elicitability, which according to Acerbi and Szekely 
(2014) was something risk professionals never had heard of before 2011. The word elicitability did not 
even exist during the debate regarding Basel II, it was introduced by Lambert, Pennock, and Shoham 
in 2008.  

The simple definition of elicitability is that a random variable 𝑌 is elicitable if the following expression 
has a solution  

 𝛤 = argmin
𝑘

𝐸(𝑆(𝑘, 𝑌)), (1) 

where 𝑆 is a scoring function and 𝑘 a realised value (Acerbi & Szekely, 2014). A scoring function is 
simply a way to measure the error of a prediction by comparing the outcome with the prediction, for 
example by calculating the mean squared error. The problem with ES is that it has no such scoring 
function to make it elicit (Gneiting, 2011). For this thesis the only knowledge needed regarding 
elicitability is that it is a mathematical property that enables straight forward backtesting through a 
scoring function. 

Because the conventional way of backtesting is using scoring functions, (Emmer, Kratz & Tasche, 2013) 
Gneiting’s (2011) statement that ES lacks scoring function, initially made it badly suited as a risk 
measure. But regardless of elicitability, the financial institutions needed to find a way to backtest it in 
order to be able to implement it.  

Thankfully, the situation led to a range of literature suggesting how to backtest ES despite its overall 
lack of elicitability. Some literature, such as Emmer, Kratz and Tasche (2015) suggests approximation 
of ES with elicitable increments whereas others such as Acerbi and Szekely (2014) and Constanzino 
and Curran (2015), dismiss the idea that a lack of elicitability makes backtesting impossible. To quote; 
Constanzino and Curran (2015) wrote; “In fact, recently Acerbi and Szekely made a strong argument 
that elicitability has nothing to do with backtesting at all, but rather only model selection.”. 

In 2015, Fissler and Ziegel, with more focus on the mathematical properties than the implementation 
of ES, extended both the findings of Emmer, Kratz and Tasche (2015) and Acerbi and Szekely’s (2014). 
They highlighted that the previous works used the concepts of conditional elicitability and joint 
elicitability respectively and generalised these concepts beyond ES. Today, thanks to their work, ES can 
be considered backtestable. 

Even if the arguments for backtestability of ES and their associated methods of doing so is 
comforting, financial institutions are still puzzled in their choice of backtesting method for ES 
(Constanzino & Curran, 2015). Although Basel III states how regulators will control financial 
institutions' ES estimations, it is not stated which method they should use internally (Committee on 
Banking Supervision, 2013). In the research field, there is also a lack of research comparing different 
backtesting methods against each other. In the research found, Wimmerstedt’s (2015) and Engvall’s 
(2016) recommend, independently of each other, to further improve backtests using quantile 
approximation of ES. They argue that it is the only reasonable way from an implementation 
perspective, still it does not perform good enough to be recommended without improvements. 
Further, Clift, Constanzino and Curran (2015) use a unconventional analytical evaluation method to 
recommend the backtests by Constanzino and Curran (2015), a recommendation that could be 
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biased due to the original authors involvement. These three earlier evaluations contribute with a 
greater knowledge of the backtestability of ES and available methods for backtesting. But none of 
them can be considered to suggest a specific backtesting method that is suitable for the greater part 
of the financial institutions.  

All this leads up to the purpose of this study, which is to contribute to the research field with an 
evaluation of non-parametric backtesting methods for Expected Shortfall. To fulfil this purpose this 
thesis also aims to achieve the sought improvement of quantile approximation methods for 
backtesting Expected Shortfall. This thesis will answer the following questions 

What is, for a financial institution, a good model to backtest Expected Shortfall? 

Does the Basel III Expected Shortfall model adequately represent the risks? 

The study has made three delimitations to narrow the focus of this study and to increase the relevance 
for financial institutions. 

1. Only evaluating non-parametric backtests 
2. Only looking at the ES2.5% level  
3. Not investigating the effort of implementing the backtests for financial institutions  

The first delimitation refers to the fact that no parametric assumptions should be made in the backtest 
themselves which prevents model risks from being built in to the backtest. Thus, a non-parametric 
backtest is enabling the detection of all types of risks in the estimation method. Note that backtests 
may still need a parametric estimation method. The second delimitation means that all backtested ES 
predictions are at the 2.5% level. This delimitation is in line with Basel III and makes it possible to, to 
some degree, optimise backtests to this level. The third should be self-explainatory but some obvious 
factors, such as the number of needed simulation, will be used to decide of which backtest that will be 
recommended. 

A few previous attempts has been made to evaluate different suggested backtesting methods. The 
ones found during this study are 

 Clift, Constanzino and Curran (2015) 

 Engvall (2016) 

 Wimmerstedt (2015) 

This thesis is structured with seven chapters of which the first is this introduction. Chapter 2 (Literature 
Review) elaborates further on the previous research that has been done in the field. This includes the 
definition of ES and other underlying mathematical concepts. Moreover, previous research on the 
subject of backtesting ES is described. Chapter 3 (Methodology) explains how the empirical data will 
be collected. Further, this chapter explains the evaluation process of the backtesting methods. Chapter 
4 (Results) presents the main findings of the two different evaluation methodologies used in this thesis. 
Chapter 5 (Discussion) presents the analysis performed during the study. The discussion includes both 
an analysis of the methods used as well as an analysis of the provided results. Chapter 6 (Further 
Research) presents suggestions of research that should extend the contribution of this study to the 
research field. Chapter 7 (Conclusion) summarises the main finding of the study and gives a 
recommendation to financial institutions. In the Appendix, all of the results obtained during this study 
can be found. 
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2. LITERATURE REVIEW 

2.1 RISK MEASUREMENTS 

A risk measurement, 𝜌(𝑋), aims to present a portfolio’s risk through a real value. The function can be 
interpreted as the amount that must be added to the portfolio and invested in the reference 
instrument’s logreturn 𝑅0 at time 0 to ensure an acceptable risk. If 𝜌(𝑋) ≤ 0 no capital needs to be 
added (Hult et al., 2012). In this section two specific risk measurements will be presented; VaR and ES. 
These two are common in practice and the only two relevant for this study. 

2.1.1 VALUE AT RISK  

To understand the definition of ES it is important to understand Value at Risk (VaR). VaR is defined as 

 𝑉𝑎𝑅𝛼(𝑌) = min
𝑚

 {𝑃(𝑌 ≤ 𝑚) ≥ 1 − 𝛼}, (2) 

where 𝛼 ∈  (0,1). The input value 𝑌 is in practice often  

 
𝐿𝑡 = −

𝑉𝑡 − 𝑉𝑡−1𝑒
𝑅0

𝑒𝑅0
, (3) 

with 𝑉𝑘 defined as the portfolio value,𝐿𝑡  is interpreted as the present value of the portfolio loss. Thus, 
the interpretation of VaR is that m is the minimum number of unlevered assets that needs to be in the 
portfolio to make sure that the loss is less than m with probability 1 − 𝛼 (Hult et al. 2012). Because (2) 
is the 1 − 𝛼 quantile of Y’s probability distribution function 𝐺𝑌, 𝑉𝑎𝑅𝛼(𝑌) can also be expressed as its 

quantile function 𝐺𝑌
−1 

 𝑉𝑎𝑅𝛼(𝑌) = −𝐺𝑌
−1(𝛼), (4) 

if 𝐺𝑌 is strictly increasing 𝐺𝑌
−1 is the inverse of 𝐺𝑌 (Hult et al. 2012). 

2.1.2 EXPECTED SHORTFALL 

The risk measurement Expected Shortfall (ES), which is the measurement under Basel III, is defined as 

 
𝐸𝑆𝛼(𝑌) =

1

𝛼
∫ 𝑉𝑎𝑅𝑢(𝑌)𝑑𝑢

𝛼

0

, (5) 

where 𝛼 ∈  (0,1). Using (4) ES can also be written  

 
𝐸𝑆𝛼(𝑌) =

1

𝛼
∫ 𝐺𝑌

−1(𝑢)𝑑𝑢
𝛼

0

, (6) 

If 𝑌 has a continuous distribution function ES can be written as the expectation 

 𝐸𝑆𝛼(𝑌) = 𝐸(𝑌|𝑌 ≥ 𝑉𝑎𝑅𝛼(𝑌)) (7) 

(Hult et al., 2012). 
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2.2 ESTIMATING EXPECTED SHORTFALL 

There are several methods to estimate ES from empirical data and when each method is applicable 
varies depending on the data. Below, two parametric methods and one non-parametric method are 
described. A parametric estimation method is not to be confused with a parametric backtest. Thus, 
non-parametric backtests can be used when backtesting a parametric estimation method.  

2.2.1 PARAMETRIC ESTIMATION 

Parametric estimation of VaR and ES use the definitions (4) and (6) respectively. To calculate VaR and 
ES through these expressions the distribution of the returns must be known. Thus, a distribution is 
assumed and the distribution’s parameters are fitted to a set of empirical data. Given the parametric 
estimation of the return distribution an estimated VaR and ES is easily calculated explicitly through (4) 
and (6) (Hult et al., 2012). There are two main types of parametric estimation methods, one which 
assumes constant volatility and one which assumes a stochastic volatility. 

2.2.1.1 CONSTANT VOLATILITY 

The constant volatility model is the easiest of the two types to implement and is quite unresponsive 
as the volatility does not change much for each individual day (Clift, Constanzino & Curran, 2015). It 
uses a Maximum Likelihood Estimation to estimate 𝜇𝑡 and 𝜎𝑡 for the model 

 𝑋𝑡−𝑚 = 𝜇𝑡 + 𝜖𝑡−𝑚, 

𝜖𝑡−𝑚 = 𝜎𝑡𝑒𝑡−𝑚, 

𝑒𝑡−𝑚 ~ 𝐼𝐼𝐷(0,1), 

(8) 

where 𝑚 = 1,… ,𝑀  and 𝑒𝑡−𝑚 can be any type of Independent and Identically Distributed (I.I.D.) 
normalized random variable. The estimated parameters become more stable the longer estimation 
period that is used but it also becomes less responsive to changes in the underlying data. 

2.2.1.2 STOCHASTIC VOLATILITY MODELS 

In empirical data the variance of the returns is fluctuating over time and creating clustered volatility in 
financial time series. For that reason the stochastic volatility models, Autoregressive Conditional 
Heteroscedasticity (ARCH) and Generalized ARCH (GARCH), was created to better reflect the stylised 
features of financial time series. The generalization GARCH is often found to have a better fit to 
financial data than ARCH (Brockwell & Davis, 2016) and will therefore be used in this thesis. In the 
GARCH(1,1) process the returns 𝑅𝑡 is defined  

 𝑋𝑡−𝑚 = 𝜇𝑡 + 𝜖𝑡−𝑚, 

𝜖𝑡−𝑚 = 𝜎𝑡−𝑚𝑒𝑡−𝑚, 

𝑒𝑡−𝑚 ~ 𝐼𝐼𝐷(0,1), 

𝜎𝑡−𝑚
2 = 𝜔𝑡 + 𝛼𝑡𝜖𝑡−𝑚

2 + 𝛽𝑡𝜎(𝑡−𝑚)−1
2 , 

(9) 

where 𝜇𝑡 , 𝜔𝑡, 𝛼𝑡 , 𝛽𝑡  are the parameters to be fitted (Brockwell & Davis, 2016).  

  



2. Literature Review 

 6 

The most common distribution of 𝑒𝑡−𝑚 , according to Brockwell and Davis (2016), is Normal 
distribution 

 𝑒𝑡−𝑚 ~ 𝑁(0,1) (10) 

or Student’s t distribution 

 

√
𝑣𝑡

𝑣𝑡 − 2
𝑒𝑡−𝑚 ~ 𝑡𝜈𝑡

, (11) 

where 𝑣𝑡 > 2. 

2.2.2 HISTORICAL ESTIMATION 

If VaR and ES is to be estimated without parametric assumptions it is not possible to use (4) and (6) as 
stated in Section 2.2.1. In this case Hult et al. (2012) propose that an empirical quantile function is used 
to estimate the return distribution and therefore to estimate VaR and ES. The empirical function to 
estimate VaR is  

 𝑉𝑎�̂�𝛼(𝑌) = 𝐿[𝛼𝑇]+1, (12) 

where 𝐿𝑘 is the kth value in the ordered sample of 𝑌. Using this empirical estimate of ES can also be 
calculated by taking the average of the VaR estimates that fall into the ES quantile  

 
𝐸�̂�𝛼(𝑌) =

1

𝛼
∫ 𝐿[𝑢𝑇]+1𝑑𝑢

𝛼

0

. (13) 

To account for the fact that the sample only have integer step sizes and that 𝛼𝑇 could be a decimal 
number, a summand is added to estimate that effect by using the first VaR value in the sample that 
was not within the ES quantile 

 

𝐸�̂�𝛼(𝑌) =  ∑
𝐿𝑘

𝛼𝑇

[𝛼𝑇]

𝑘=1

+ (1 −
[𝛼𝑇]

𝛼𝑇
) 𝐿[𝛼𝑇]+1 (14) 

(Hult et al., 2012). 

2.3 BACKTESTING EXPECTED SHORTFALL 

Gneiting’s (2011) statement that it is impossible to backtest ES was followed by several suggestions on 
how it actually could be done where the non-parametric suggestions is described in this section. These 
suggestions can roughly be divided in to three different types of methodologies  

1. Simulations 
2. Asymptotically Normally distributed Z-test 
3. Quantile approximation 

2.3.1 BACKTESTING THROUGH SIMULATIONS 

The first methodology, backtesting ES with simulations, was proposed, in a non-parametric setting by 
Acerbi and Szekely (2014). Their view was that the lack of elicitability for ES is no problem for 
backtesting as scoring functions are not usually used in practical backtesting. The principles of Acerbi 
and Szekely’s (2014) proposed methods can be summarised as  
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1. A test statistic, 𝑍, is calculated based on an outcome sample, i.e. actual returns  
2. 𝑁, samples are simulated from the probability distribution that losses were predicted to come 

from  

3. The simulated samples from step 2 is used to calculate 𝑁 predicted test statistics, {�̂�𝑛}
𝑛=1

𝑁
 

4. The test statistic from step 1 is compared to the predicted distribution in step 3. The ratio  

 
𝑝 =

∑ 𝟙{�̂�𝑛 > 𝑍𝑁
𝑛=1 }

𝑁
, 

 
(15) 

Is calculated where the ES prediction is accepted if 𝑝 ≥ 𝜂 and rejected if 𝑝 < 𝜂  

Acerbi and Szekely (2014) proposed three different test statistics to use in the algorithm above. The 
main differences between them being their need of predicting the distribution of losses and their 
denominator in their ES estimations. Regarding the need for a loss distribution, the two first test 
statistics only need a prediction of the tail of ES whereas the third needs to predict the entire 
distribution. Regarding the denominator of the three test statistics, it differs to detect different aspects 
of ES outcomes.  

2.3.1.1 THE FIRST TEST STATISTICS 

The first of Acerbi and Szekely’s (2014) test statistics is 

 

𝑍1(𝑋) =

∑
𝑋𝑡𝐼𝑡
𝐸𝑆𝛼,𝑡

𝑃
𝑇
𝑡=1

𝛬𝑇
+ 1, 

(16) 

To break down this test statistic, 
∑ 𝑋𝑡𝐼𝑡

𝑇
𝑡=1

𝛬𝑇
 is simply the approximation of observed ES, i.e. the average 

loss of the actual VaR exceedances. Through dividing this term with the predicted ES, 𝑍1, reflects if ES 
is over- or underestimated. Note that the term will be negative as the approximation of observed ES 
is negative whereas the predicted ES is positive by definition. The plus one term is added in order for 
thepredicted Z1 outcome to be centred around zero. 

The null hypothesis of this test is 

 𝐻0: 𝐹𝑡
(𝛼)

= 𝑃𝑡
(𝛼)

, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡, (17) 

and alternative hypothesis 

 𝐻1: 𝐸𝑆𝛼,𝑡
𝐹 ≥ 𝐸𝑆𝛼,𝑡

𝑃 , 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 𝑎𝑛𝑑 > 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑡 

                                           𝑉𝑎𝑅𝛼,𝑡
𝐹 = 𝑉𝑎𝑅𝛼,𝑡

𝑃 , 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡. 
(18) 

For this backtest the prediction 𝑉𝑎𝑅𝛼,𝑡 is still correct under the alternative hypothesis, making Acerbi 
and Szekely (2014) suggesting it as a complement to a VaR backtest The backtest itself does not at all 
take into account the number of VaR exceedances so theoretically the backtest could accept an 
outcome where all of the losses were over the predicted VaR value as long as the average of them 
were lower than the predicted ES. 
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2.3.1.2 THE SECOND TEST STATISTIC 

The second test statistic of Acerbi and Szekely (2014) is similar to the first one but uses the expected 
number of VaR exceedances in the denominator of the implied ES estimator rather than the actual 
amount. Thus, the second test statistic is 

 

𝑍2(𝑋) =

∑
𝑋𝑡𝐼𝑡
𝐸𝑆𝛼,𝑡

𝑃
𝑇
𝑡=1

𝛼𝑇
+ 1. 

(19) 

with the following hypotheses 

 𝐻0: 𝐹𝑡
(𝛼)

= 𝑃𝑡
(𝛼)

, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 (20) 

 𝐻1: 𝐸𝑆𝛼,𝑡
𝐹 ≥ 𝐸𝑆𝛼,𝑡

𝑃      

                           𝑉𝑎𝑅𝛼,𝑡
𝐹 ≥ 𝑉𝑎𝑅𝛼,𝑡

𝑃 , 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡. 
(21) 

The Z2 backtest is just like the Z1-test based on average VaR exceedances. However, in order to not be 
restricted by the assumption that the estimated VaR is correct it calculates the sum of all VaR 
exceedances divided by the expected number of VaR exceedances. This implicitly means that it uses 

the ES estimator 
∑ 𝑋𝑡𝐼𝑡

𝑇
𝑡=1

𝛼𝑇
. In the case where more than the expected number of VaR exceedances occur 

the backtest then penalizes by giving a lower test statistic. Also the opposite is true so the backtest will 
accept exceptionally large exceedances as long as they are few in number.  

2.3.1.3 THE THIRD TEST STATISTIC 

The final backtest that Acerbi and Szekely (2014) propose checks whether the overall predicted 
distribution is correct. This model is slightly more complicated and the third test statistic is formulated 
as 

 
𝑍3(𝑋) = −

1

𝑇
∑

𝐸�̂�𝛼(𝑃𝑡
−1(�⃗⃗� ))

𝔼𝑉[𝐸�̂�𝛼(𝑃𝑡
−1(�⃗� ))]

+ 1,

𝑇

𝑡=1

 (22) 

where  

 𝑈𝑡 = 𝑃𝑡(𝑋𝑡), 𝑉𝑡 ∈ 𝑈(0,1) (23) 

and 

 

𝐸�̂�𝛼
(𝑇)(𝑌) = −

1

[𝛼𝑇]
∑ 𝑌𝑖

[𝛼𝑇]

𝑖=1

, (24) 

where 𝑌 is the ordered sample of 𝑋. 

The motivation behind 𝑃𝑡
−1(𝑈) is to transform observations from different predicted distributions into 

the same by using realized ranks. Thus, the average sum around the expression (22) is just to take the 
average of the different results using different predictions. If the predictions are the same for all of the 
observations in the sample i.e.  

 𝑃𝑖(𝑌) = 𝑃𝑗(𝑌)  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 𝑎𝑛𝑑 𝑗, (25) 

the expression (22) can be condensed to 
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𝑍3(𝑋) =

𝐸�̂�𝛼(𝑋)

𝔼𝑉[𝐸�̂�𝛼(𝑃−1(�⃗� ))]
, (26) 

This empirical estimator (24) takes the average, not of the VaR exceedances, but of the 𝛼𝑇 highest 
values implying that values that has not yielded a VaR exceedance will draw down the test statistic 
compared to Z1. 

The denominator in the test statistic expression is a finite sample estimate to compensate for the bias 
of the estimator. This can also be computed analytically. 

 
𝔼𝑉(𝐸�̂�𝛼(𝑃𝑡

−1(�⃗� ))) = −
𝑇

[𝛼𝑇]
∫ 𝐵(1 − 𝑢; 𝑇 − [𝛼𝑇], [𝑎𝑇])𝑃𝑡

−1(𝑢)𝑑𝑢
1

0

 (27) 

where 𝐵(𝑥; 𝑎, 𝑏) is the incomplete beta function. 

The hypotheses for this test is 

 𝐻0: 𝐹𝑡 = 𝑃𝑡 , 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 
𝐻1: 𝑃𝑡 ≽ 𝐹𝑡 , 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑡 𝑎𝑛𝑑 𝑃𝑡 ≻ 𝐹𝑡𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑡. 

(28) 

In Z3’s test statistic, (26), its numerator is the average magnitude of VaR exceedances of the sample 
whereas the denominator is the expected average magnitude of VaR exceedances for each day given 
the predicted distribution. This implies that Z3 should not be particularly sensitive to VaR exceedances. 
For example, in cases where the number of VaR exceedances is higher than [𝛼𝑇], Z3 still counts the 
average magnitude of the [𝛼𝑇] highest values.  

2.3.2 BACKTESTING THROUGH ASYMPTOTICALLY NORMALLY DISTRIBUTED Z-TEST 

The second methodology, using a Normally distributed Z-test, was proposed by Constanzino and 
Curran (2015). They define their backtest for any spectral risk measure using the Central Limit Theorem 
to approximate the Normal distribution. Similar to Acerbi and Szekely (2014), Constanzino and Curran 
(2015) use the violation process, modified for a spectral risk measure, 𝜑𝑎, they call it failure indicator, 
𝜓𝜑𝛼

𝑡  

 
𝜓𝜑𝛼

𝑡 (𝑋) ≡ ∫𝜑(𝑢)

1

0

𝟙{𝑋𝑡 + 𝑉𝑎𝑅𝑢,𝑡 < 0}𝑑𝑢, (29) 

where ∫ 𝜑(𝑢)𝑑𝑢
1

0
 ∈ (0,1). From (29) the failure rate is defined as 

 

𝛹𝜑𝛼
𝑇 (𝑋) ≡

1

𝑇
∑𝜓𝜑𝛼

𝑡 (𝑋) =
1

𝑇
∑∫𝜑(𝑢)

1

0

𝟙{𝑋𝑡 + 𝑉𝑎𝑅𝑢,𝑡 < 0}𝑑𝑢

𝑇

𝑡=1

𝑇

𝑡=1

, (30) 

𝛹𝜑𝛼
𝑇 (𝑋)  ∈ (0,1), and it is interpreted as the average risk breaches at level 𝛼 during 𝑇 trading days. By 

the Central Limit Theorem, Constanzino and Curran (2015) show that 𝛹𝜑𝛼
𝑇 (𝑋) is approximately Normal 

distributed. Hence, a test statistic can be defined as  

 
𝑍4 =

�̂�𝜑𝛼
𝑇 (𝑋) − 𝜇𝜑

𝜎𝜑
, (31) 

where �̂�𝜑𝛼
𝑇 (𝑋) is the empirical failure rate.  
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Considering the ES spectral risk measure  

 
𝜑𝐸𝑆 =

1

𝛼
𝟙{0 ≤ 𝑢 ≤ 𝛼}, (32) 

the failure rate becomes 

 
𝛹𝐸𝑆𝛼

𝑇 (𝑋) ≡
1

𝑇
∑

1

𝛼

𝑇

𝑡=1

∫ 𝟙{𝑋𝑡 + 𝑉𝑎𝑅𝑢,𝑡 < 0}𝑑𝑢.

𝛼

0

 (33) 

Constanzino and Curran (2015) show that under the null hypothesis the mean is 

 𝜇𝐸𝑆𝛼
=

𝛼

2
 (34) 

and the variance is 

 
𝜎𝐸𝑆𝛼

2 =
𝛼

𝑇
×

4 − 3𝛼

12
. (35) 

Hence, the test statistic for ES at level 𝛼 is 

 
𝑍4 = √3𝑇 

2�̂�𝐸𝑆𝛼

𝑇 (𝑋) − 𝛼

√𝛼(4 − 3𝛼)
. (36) 

 

The null hypothesis is  

 𝐻0: {𝜓𝐸𝑆𝛼

𝑡 (𝑋)}
𝑡=1

𝑇
 𝑎𝑟𝑒 𝐼. 𝐼. 𝐷 

 𝑃(𝑋𝑡 + 𝑉𝑎𝑅𝑣,𝑡
𝑃 ≤ 0) = 𝑣 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑣 ∈ (0, 𝛼]. 

(37) 

The backtest cannot find which of the parts in the null hypothesis that is rejected.  

With the test statistic, 𝑍4, a p-value is obtained for each ES prediction, these are accepted if 𝑝 ≥ 𝜂 and 
rejected if 𝑝 < 𝜂. 

The intuitive interpretation of this backtest is that it calculates the probability of an event for all VaRα 
exceedances in the sample. The function (31) then normalize the outcome to be zero centred with 1 
in variance. Comparing the sensitivity for VaR exceedances, Z4 can be compared to Z2 as it implicitly 
divides by the expected number of VaR exceedances when it divides its integral with 𝛼. Therefore this 
backtest can also be expected to need more VaR exceedances to reject the hypothesis. 

2.3.3 BACKTESTING THROUGH QUANTILE APPROXIMATION 

The third methodology, backtesting through Quantile approximation, was proposed by Emmer, Kratz 
and Tasche (2015). They use the fact that (5) can be approximated as a sum of VaR terms 

 1

𝛼
∫ 𝑉𝑎𝑅𝑢(𝑌)𝑑𝑢 ≈

𝛼

0

𝑉𝑎𝑅𝛼(𝑌) + 𝑉𝑎𝑅0.75𝛼(𝑌) + 𝑉𝑎𝑅0.5𝛼(𝑌) + 𝑉𝑎𝑅0.25𝛼(𝑌)

4
, (38) 

where the quantiles are used for the calculation of VaR as in (4). These VaR terms are elicitable risk 
measures and can be backtested with previous backtesting methodologies. As in the other backtests, 
Quantile approximation also uses the violation process 𝐼𝑡. Emmer, Kratz and Tasche (2015) suggest 
backtesting the VaR terms with knowledge of the probability distribution of the violation process.  



2. Literature Review 

 11 

If 

 𝐸(𝐼𝑡) = 𝛼 (39) 

and  

 𝐼𝑡 is independent of 𝐼𝑠 for 𝑡 ≠ 𝑠 (40) 

𝐼𝑡 is I.I.D Bernoulli distributed with success probability 𝛼 (Christoffersen, 2012).  

Because of these properties of a violation process Emmer, Kratz and Tasche (2015) propose 
backtesting through controlling if 𝐼𝑡 was Bernoulli distributed for the observed data. This corresponds 
to controling that the sum of VaR exceedances, 𝛬𝑇, is Binomially distributed with success probability 
𝛼. Given the p-value of the backtest, the backtest accepts the VaR prediction if there are no significant 
difference (𝑝 > 𝜂) and it rejects the prediction if there are a significant difference (𝑝 ≤ 𝜂).  

The backtest of ES is to perform the VaR backtest for all of the four mentioned VaR terms. If all four 
VaR predictions are accepted the ES prediction is accepted, if at least one of the VaR predictions are 
rejected the ES prediction is rejected. Since it is enough that one VaR level is rejected for the whole 
backtest to reject the prediction, it is possible to reject a sample even though the threshold ES level of 
2.5% is not breached.  
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3. METHODOLOGY 

3.1 EVALUATING BACKTESTING METHODS THROUGH SIMULATIONS 

To objectively evaluate a backtesting method there is a need to know whether the backtest should 
reject the prediction or not in each case. Thereby there is a need to know what the correct ES of the 
observed distribution is. This is to avoid the chicken or the egg problem of whether it is the estimation 
method or the backtest that is wrong. In this part of the thesis, simulations are therefore used to 
generate samples with a known ES. 

3.1.1 EVALUATION FRAMEWORK 

Similarly to Acerbi and Szekely (2014) and Wimmerstedt (2015), backtests will be evaluated on their 
ability to accept true predictions and the ability to reject false predictions. This is similar to a confusion 
matrix structure (Powers, 2007) where each test is categorised according to; true positive, false 
positive, true negative and false negative. In this thesis however only the rejection ratio (positive 
result) is presented and the implied true negative and false negative is left implicit.  

The evaluation will be conducted through comparing a predicted distribution to simulated samples of 
an observed distribution. The observation will be simulated 𝑁 times to create a rejection ratio, i.e. the 
share of simulations in which the backtest signalled that an observation was higher than the prediction. 
The predicted distribution corresponds to the distribution from which the estimated ES would be 
calculated and the observed distribution to actual losses made. Using different predicted and observed 
distributions, cases will be created where backtests should accept and when they should reject. 
Because both the predicted and observed ES is known in this evaluation it is known if the backtest 
reacted correctly. Since the different combinations will have different rejection ratios these ratios will 
be separated for each combination. Further, according to the arguments in Section 3.1.2.3 VaR will be 
held constant to evaluate the backtests actual ability to detect ES underestimations and not just VaR 
underestimations.  

3.1.2 SIMULATED DATA 

In this section, the simulated data used for the evaluation of the backtests is described.The data is 
simulated from the following three distributions 

1. Normal distribution 
2. Student’s t distribution 
3. Generalized Pareto distribution 

all these distributions are used as both predicted and observed distributions. The main reason to 
implement Normal and Student’s t distribution is to make it possible for readers to compare this thesis 
to earlier studies using simulations. Acerbi and Szekely (2014), Wimmerstedt (2015) and Engvall 
(2016), all use these distributions. Generalized Pareto is included to increase the total number of 
distributions that backtests has been evaluated with. The specific choice of Generalized Pareto is 
because Sheikh and Qiao (2009) holds it as an efficient distribution to use when modelling tails of 
empirical data. A large part of the thesis readers should be active in modelling, thus interested in this 
particular distribution. 
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3.1.2.1 NORMAL DISTRIBUTION 

The Normal distribution is the only distribution in this study where VaR2.5% is not always held constant. 
This will give a reference of how the different backtests perform when VaR2.5% is not held constant. 
When creating samples representing a predicted distribution, the Standard Normal distribution will be 
used. When creating samples representing the observed distribution a wider variety of standard 
deviations will be used. In the case where the Normal distribution is the observed distributions and 
VaR2.5% is not held constant, the following standard deviations will be used  

𝜎 = {0.8, 1.0, 1.2, 1.4, 1.6, 1.8, 2.0}.  

See the top figures in figure 4 for these distributions. In the case where VaR2.5% is held constant the 
following standard deviations are used instead 

𝜎 = {1, 2, 3, 4, 5, 10}. 

  

FIGURE 1 - Left: Tail distribution of the Normal distribution when VaR2.5% is constant. Right: Normal 
distribution when VaR2.5% is constant. 
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3.1.2.2 FAT TAILS 

Two different fat tailed distributions are used in this thesis, Student’s t and Generalized Pareto 
distribution. That VaR is held constant can clearly be seen in the full distribution picture, figure 2 of 
the Generalized Pareto distribution due to the fact that it is put together with the Standard Normal 
distribution. For the two distributions the following parameters are used. 

Student’s t(𝜈):  

 Predicted: 𝜈 = 10 

 Observed: 𝜈 = {100, 20, 10, 5, 3} with constant VaR 

 

FIGURE 2 - Left: Tail distribution of the Student’s t distribution when VaR 2.5% is constant. Right: Student’s t 
distribution when VaR2.5% is constant. 

Generalized Pareto distribution(𝜉 , 𝜎, 𝜇) fitted on standard normal distribution at 10% tail: 

 Predicted: 𝜉 = 0, 𝜎 =
10%

𝜙(Φ−1(10%))
, 𝜇 =  𝛷−1(10%). 

 Observed: 𝜉 = {−0.3,−0.2,−0.1, 0, 0.1, 0.2, 0.3, 0.4, 0.5} , 𝜎 =
10%

𝜙(𝛷−1(10%))
, 𝜇 =  𝛷−1(10%). 

 

FIGURE 3 - Left: Tail distribution of the Generalized Pareto distribution when VaR 2.5% is constant. Right: 
Generalized Pareto distribution when VaR 2.5%  is constant. 
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3.1.2.3 HOLDING VAR CONSTANT 

A main motivation for implementing ES instead of VaR is to better represent and understand the tail 
risk behind the VaR frontier (Basel Committee of Banking Supervision, 2011). For an ES backtest this 
means that it should capture things that a normal VaR test would not. As seen in the literature review 
several of the backtests use the number of VaR exceedances to determine if ES is underestimated. 
Thus, there is a need to evaluate if these backtests can find ES underestimations even when the VaR2.5% 
is correctly estimated. This characteristic is essential for gaining all the advantages of implementing 
ES. Because of this, VaR will be held constant for a majority of the tests. 

In this study a correct VaR2.5% prediction combined with a faulty ES prediction, is represented through 
holding VaR2.5% constant by shifting the observed distribution curve so that VaR2.5% match. The 
difference this shift does to the distribution is seen in figure 4. In Section 4.1.3 results of how different 
backtests’ performances are affected by holding or not holding VaR2.5% constant is presented. In 
Section 4.1.1 and 4.1.2, all ES predictions are using a constant VaR2.5%.  

 

 

FIGURE 4 – Top left: Tail distribution of the Normal distribution when VaR 2.5% is not constant. Top right: 
Normal distribution when VaR2.5% is not constant. Bottom Left: Tail distribution of the Normal distribution 

when VaR2.5% is constant. Bottom Right: Normal distribution when VaR2.5% is constant 
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3.1.2.4 GENERAL SIMULATION PARAMETERS 

To generate the data, a couple of parameters are set up. The first type of parameter is sample length, 
𝑇, a longer sample will here allow the backtests to easier detect differences in ES but will also increase 
the intervals between the backtests.. In this thesis, the sample length will be 250 days which is roughly 
equal to the trading days of a year and also the norm for most Basel regulations (Basel Committee on 
Banking Supervision, 2013).  

The second type of parameter is the number of simulations, 𝑁, that should be done during each 
evaluation. This affects the precision of the results where more simulations yield more significant 
figures but also requires more computing power. For the results presented in Section 4.1 each backtest 

will be evaluated 105 times to create a rejection ratio. For Acerbi and Szekely backtests, that need 
simulated distributions for their test statistics, this thesis will use 105 simulations to create these 
distributions. 

3.2 COMPARATIVE EVALUATION OF BACKTESTING METHODS 

In this evaluation all backtests are applied on empirical data to see if there are consensus between the 
backtests. 

3.2.1 EVALUATION FRAMEWORK 

The idea of investigating if there is consensus between backtests was used by Clift, Constanzino and 
Curran (2015). This thesis will use a similar procedure, still the relevance is high due to more backtests 
being evaluated, for different financial instruments, over longer time horizons, using additional 
estimating methods. 

The framework for the comparative evaluation have two main components; estimating ES and VaR 
and analysing the outcome of the backtests. The first component is described further in Section 3.2.3. 
The second and most important component, analysing the outcome of the backtests, has three major 
outcomes 

 Full consensus (all backtest have the same result) 

 Majority consensus (a majority of the backtests have the same results) 

 No consensus (half of the backtests rejects and half of them accept) 

Of the three outcomes stated above, the majority consensus and no consensus are of greatest interest 
because they can clearly show differences between the backtests. If there is a general trend in majority 
consensus over multiple evaluation periods, i.e. the same backtests are recurrently violating the 
consensus, it could be an indication that either the backtests going against consensus are superior to 
the others or that these backtests have a high degree of false rejections/acceptances. There is a need 
for a qualitative assessment of each individual case. As a part of this assessment the results will be 
compared to the number of VaR exceedances at different VaR levels. This will give a better 
understanding why each individual backtest rejected or not. 
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3.2.2 EMPIRICAL DATA 

To perform the comparative evaluation of the backtests four different time series are used 

 OMXS30, a Swedish stock index 

 Swedish Government Bonds with two years maturity 

 The Euro SEK exchange rate 

 VSTOXX, a volatility index for EUROSTOXX50 

This thesis models the four time series for each day during five years, 2012 to 2016, which gives a daily 
prediction for both VaR and ES. Each year is used as a separate sample. In the modelling of the time 
series, further described in Section 3.2.3, 252 or 504 data points are used. Hence, to model the time 
series for the first day of 2012, an additional 504 data points are needed to perform the comparative 
evaluation of the backtest. More information on the periods used for data collection is given in table 
1. 

Times series 
First day of 

estimating period 

Trading days per year 

2012 2013 2014 2015 2016 

OMXS30 2010-01-07 250 250 249 251 253 

SE Gov Bond 2010-01-05 257 260 261 261 261 

EURSEK 2010-01-05 250 250 247 251 252 

VSTOXX 2010-01-15 254 253 253 253 256 
 

TABLE 1 – Days included in the comparative evaluation of the backtests. The empirical data is gathered from 
Macrobond. 

The modelling of these time series will be done with two different parametric estimation methods. As 
a first step in this modelling there is a need of a parametric assumption. The parametric assumption is 
needed as some of the backtests need a tail or full distribution for the prediction. It is important to 
remember that this thesis’ purpose is to evaluate if backtests can detect underestimations. This means 
that some of the estimates of ES and VaR should be wrong in order to get rejections from the backtests. 
To systematically underestimate ES it is suitable to use a parametric assumption with a less fat tailed 
distribution than what is actually observed. However, it is also of interest to analyse the backtests’ 
performances for a good estimation. For these reasons, both the Normal distribution and the Student’s 
t distribution is used in this study.  

To estimate the suitability of the parametric assumptions the data is observed in a QQ-plot against 
both the Normal and Student’s t distribution. The result of which can be seen in figure 5 and 6, please 
keep in mind that these plots are on the complete sample not only the first estimation period. 
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FIGURE 5 – QQ-plots of data against Normal distribution. Top left:OMXS30,  
Top right: Sv Gov Bond, Bottom Left: EURSEK, Bottom Right: VSTOXX  

It is clear from these plots that all of the observed data is more fat tailed than a Normal distribution 
which is as sought to create estimations that should be rejected. Using the Normal distribution will 
therefore create predictions that will allow for backtests to reject.  

𝜇 = 0.00036 
𝜎 = 0.012 

 

𝜇 = 1.8 × 10−5 
𝜎 = 0.00062 

 

𝜇 = −0.00039 
𝜎 = 0.063 

 

𝜇 = −7.4 × 10−5 
𝜎 = 0.0043 
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FIGURE 6 – QQ-plots of data against Student’s t distribution. Top left:OMXS30,  
Top right: Sv Gov Bond, Bottom Left: EURSEK, Bottom Right: VSTOXX  

In these plots the data show a much better fit with the Student’s t distribution than in the previous 
case. However, some tendencies to overestimating the tails can be seen in the slight “S”-shape of the 
data plots. This is particularly clear in the low end of the distribution. The overestimation will create 
an even harder time for the backtests to detect any errors since they are one-sided. Thus, it is of even 
greater importance to also include Normally distributed estimations to be able to expose the backtests 
to underestimations.  

3.2.3 ESTIMATING VALUE AT RISK AND EXPECTED SHORTFALL 

When using empirical data it is impossible to know the true ES or VaR for each given day but it is 
important to generate a plausible estimate in order to evaluate our backtests. Estimation will be done 
with two different parametric estimation methods, both using a Normal distribution and a Student’s t 
distribution. The two different parametric estimation methods are a Constant Volatility model and a 
GARCH model with an offset constant. The first one will be an unresponsive model and the second one 
will be a more responsive method that faster identifies changes in risk level. 

  

𝜇 = 0.00057 
𝜎 = 0.0093 
𝑣 = 4.23 

 

𝜇 = 2.1 × 10−5 
𝜎 = 0.00037 
𝑣 = 2.66 

 

𝜇 = −0.0035 
𝜎 = 0.047 
𝑣 = 4.39 

 

𝜇 = −0.00016 
𝜎 = 0.0035 
𝑣 = 5.99 
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The Constant Volatility model is created through Maximum Likelihood Estimation (MLE) of 𝜇𝑡 and 𝜎𝑡 
for each 𝑡 in the model 

 𝑋𝑡−𝑚 = 𝜇𝑡 + 𝜖𝑡−𝑚 

𝜖𝑡−𝑚 = 𝜎𝑡𝑒𝑡−𝑚 

𝑒𝑡−𝑚 ~ 𝐼𝐼𝐷(0,1). 

(41) 

The model is estimated over a period of around 2 business years 𝑚 = 0,… . , (𝑀 − 1) where 𝑀 = 504. 

The purpose of the GARCH model is to be more dynamic and responsive to changes in the risk level. 
Through MLE and Sequential Quadratic Programming (SQP) the parameters 𝜇𝑡 , 𝜔𝑡, 𝛼𝑡 , 𝛽𝑡  from 
expression (42) are fitted to the data. The model is estimated over a period of 1 business year, 𝑀 =
252,𝑚 = 0,… . , (𝑀 − 1). As the optimisation algorithm used, SQP, ran into errors with some of the 
data points, a backup method, interior point, will be used on those occasions. The model is defined as  

 𝑋𝑡−𝑚 = 𝜇𝑡 + 𝜖𝑡−𝑚 

𝜖𝑡−𝑚 = 𝜎𝑡−𝑚𝑒𝑡−𝑚 

𝑒𝑡−𝑚 ~ 𝐼𝐼𝐷(0,1) 

𝜎𝑡−𝑚
2 = 𝜔𝑡 + 𝛼𝑡𝜖𝑡−𝑚

2 + 𝛽𝑡𝜎(𝑡−𝑚)−1
2 . 

(42) 

For both of these models, 𝑒𝑡−𝑚 will be estimated using Normal and Student's t distributions. In the 
normally distributed case, the Constant Volatility and GARCH model yields an estimated 𝜇𝑡 and 𝜎𝑡. This 
is used to calculate VaR and ES for each 𝑡 by using the standard formula for Normal distribution’s VaR 
and ES 

 
𝐸𝑆𝛼,𝑡 = 𝜎𝑡 ∗

𝜙(−Φ−1(𝛼))

𝛼
− 𝜇𝑡 (43) 

and   

 𝑉𝑎𝑅𝛼,𝑡 = 𝜎𝑡 ∗ (−Φ−1(𝛼)) − 𝜇𝑡  (44) 

(McNeil et al., 2005). 

For the Student’s t distributed data, the parameters 𝜇𝑡  and 𝜎𝑡  is complemented by the degrees of 
freedom 𝑣𝑡 . Also in this instance, the standard formula for ES and VaR is used, but this time the 
Student’s t formula (McNeil et al., 2005) 

 
𝐸𝑆𝛼,𝑡 = 𝜎𝑡 ∗

𝑡𝑣(𝑔𝑣
−1(𝛼))

𝛼

𝑣 + 𝑔𝑣
−1(𝛼)2

𝑣 − 1
− 𝜇𝑡 (45) 

and   

 𝑉𝑎𝑅𝛼,𝑡 = 𝜎𝑡 ∗ (−𝑔𝑣
−1(𝛼)) − 𝜇𝑡  (46) 

(McNeil et al., 2005). 
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3.3 IMPLEMENTING BACKTESTING METHODS 

3.3.1 BACKTESTS EVALUATED IN THE STUDY 

The backtests that will be investigated in this thesis have been limited to non-parametric backtests 
and within this area the thesis has tried to find all recognised backtests. In total the thesis has found 
seven methods to implement and evaluate 

Z1: Acerbi & Szekely’s (2014) first test statistic 

Z2: Acerbi & Szekely’s (2014) second test statistic  

Z3: Acerbi & Szekely’s (2014) third test statistic 

Z4: Constanzino & Curran’s (2015) Asymptotically Normally distributed Z-test  

Z5: Emmer, Kratz & Tasche’s (2015) Quantile approximation with modifications  

Z6: Z5 with an added VaR0.05% term  

Z7: Basel’s (2016) suggested backtest 

For further reading on these methods please study the literature review. Z1 to Z4 is directly 
implemented as the authors suggested whereas Z5 to Z7 are all different types of interpretations of 
Emmer, Kratz and Tasche’s (2015) Quantile approximation. These three interpretations are explained 
in Section 3.3.3.  

3.3.2 CHALLENGES WITH QUANTILE APPROXIMATION 

The original paper of Emmer, Kratz and Tasche (2015) is really open to interpretations regarding the 
number of VaR quantiles and how to weigh them together. Even if they exemplify the Quantile 
Approximation with four VaR quantiles they stress that the number of VaR quantiles needs to be 
decided for each specific case. They suggest that all VaR terms should be individually successfully 
backtested but no procedure to weigh them together to form a single decision in ES backtesting is 
mentioned. 

Regarding the number of VaR quantiles, Wimmerstedt (2015) puts the backtest in a Basel context and 
suggests that using five VaR quantiles is more compatible with the 𝐸𝑆2.5% that Basel propose.  

Regarding how the VaR quantiles should be weighed together, both Wimmerstedt (2015) and Engwall 
(2016) have struggled. Their solution was to let the backtests’ p-value for the entire sample of 250 
observation be the lowest p-value obtained by any individual VaR test in the sample. This p-value was 
then compared with the significance level, 𝜂, set for the backtest and accepting and rejecting in a usual 
matter. This approach led to high levels of rejections even when the backtest should have accepted as 
the p-value was not the combined p-value from all of the VaR quantiles Thus, the backtest is not 
comparable with other backtests. The two authors both ask for further research in weighing the VaR 
levels so that this problem can be solved. 

3.3.3 INTERPRETATION OF QUANTILE APPROXIMATION 

Because of the struggle that Wimmerstedt (2015) and Engvall (2016) had, this thesis have chosen 
another solution. The suggestion is to use a bar with pre-specified allowed exceedances for each 
quantile where, if any quantile has more than or an equal amount of VaR exceedances than their 
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specified level, the sample is rejected. This is the same methodology as used by Basel (Basel Committee 
on Banking Supervision, 2013). The usage of a bar makes it possible to specify rejection levels that have 
a comparable significance with other backtests but with the drawback of not getting a p-value. 
However, because the p-values in Wimmerstedt (2015) and Engwall 2016) are not comparable with 
the other backtests, their p-values is not considered an advantage. It is still possible to know if a 
backtest is close to failing by looking at the VaR exceedances and how close they are to the bar, this 
would be similar as seeing if a p-value is close to the significance level. 

3.3.3.1 Z5 – EMMER, KRATZ & TASCHE’S QUANTILE APPROXIMATION WITH MODIFICATIONS 

The first interpretation of Quantile approximation, Z5, uses, for the same reasons as Wimmerstedt 
(2015), five VaR terms equally distributed over the ES-quantile. But to create the bar, thus improving 
previous work, an algorithm has been developed to create a rejection bar that has a significance level 
close to 𝜂.  

The first issue when creating the algorithm is how to measure the combined significance of the 
quantiles. This is done by comparing a proposed bar with simulated exceedances, 𝑆𝑘. Assume the VaRα 
levels 𝛼1 …𝛼𝑘 , 𝑘  being the total number of VaR levels and 𝛼𝑖 > 𝛼𝑗 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑖 < 𝑗 , then the 

corresponding number of simulated exceedances will be distributed as follows 

 𝑆𝑘 ∈ 𝐵𝑖𝑛(𝑇, 𝛼𝑘), 

𝑆𝑖 = 𝑆𝑖+1 + 𝐷𝑖 𝑤ℎ𝑒𝑟𝑒 𝐷𝑖 ∈  𝐵𝑖𝑛(𝑇, 𝛼𝑖 − 𝛼𝑖+1), 0 < 𝑖 < 𝑘. 
(47) 

Given this distribution a number of events is created, an event meaning one outcome of {𝑆𝑖}𝑖=1
𝑘 . 

Letting 𝑃 be the number of events and 𝜌 the number of events where at least one of the 𝑆𝑖 exceeds 

the proposed bar, an estimate of the significance level of the bar is the ratio 
𝜌

𝑃
. In this thesis 𝑃 = 105 

is used. Using the estimate of total significance it is possible to define an algorithm for achieving 
wanted significance level. 

The first target of the algorithm is to create a bar that is as close to the specified significance level as 
possible. This of course has a number of different solutions and one may run into solutions that 
completely remove a term or set the likelihood of a breach of one of the bars to an incredibly low 
possibility. This would result in an impairment of the sought ES estimation due to overfitting. 
Therefore, the second target of the algorithm is to keep the bar at an even level where the likelihood 
of rejecting each VaR term is as similar as possible. This is equal to stating that the individual probability 
of breaching the bar at each VaR level should be as close together as possible. But the second target is 
not added just to prevent overfitting, remembering the motivation behind the Quantile 
approximation, to approximate the ES integral in (5), it is suitable to put the same weight to VaR 
exceedances at every VaR level. 

The algorithm works with the following steps. 

1. Start with a bar of zero allowed exceedances 
2. Check the individual probability of exceeding each VaR level if the bar is increased by 1 
3. Increase the VaR level with the highest probability by 1 

a. If more than one VaR level has exactly the same probability and this probability is 
higher than for any other VaR level, increase the lowest VaR level with one, i.e. the 
level with lowest 𝛼𝑖 

4. If combined p-value for the bar created in step 3, is higher than  the specified significance level 
η, return new bar to step 2 

5. Otherwise choose the one of the last bar and current bar that has p-value closest to the 
specified significance level 𝜂 
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The inclusion of 3 a. in the algorithm increases its generalisability through handling the unlikely events 
where VaR levels has exactly the same probability. The design of step 3 a., is motivated with the second 
target of the algorithm. The discrete step, from 𝑃(𝑆 ≤ 𝑠) to 𝑃(𝑆 ≤ 𝑠 + 1), 𝑆 ∈ 𝐵𝑖𝑛(𝑁, 𝛼), is larger 
when 𝛼 is smaller. Thus, the highest VaR level had the p-value most different to the other VaR levels 
before the increase by one. So even if the first target of the algorithm is not affected by which VaR 
level, amongst those with the same p-value, that is increased with one the second target is, thus 
making the design of 3 a. obvious.  

Performing the algorithm for Z5, the first step looks like this 

 VaR2.5% VaR2.0% VaR1.5% VaR1.0% VaR0.5% 

Bar 0 0 0 0 0 

Individual p 99.8% 99.4% 97.7% 91.9% 71.4% 
 

TABLE 2 – Starting bar for allocation algorithm for Z5 given 250 observations. Row one display the current 
bar and row two the individual probability for an exceedance if each individual limit is increased with 1. 

Note: The given bar do not correspond to the probabilities in row  2. 

The individual probability is the highest for VaR2.5% and that VaR level is therefore increased by 1 in the 
next bar. The combined probability of the bar compared with the simulations is 1 as the zero terms 
are always reached. The algorithm therefore continues with the new bar using the same principles 
until the final step which we also can exemplify. In the situation below the current combined 
probability is 5.8%. 

 VaR2.5% VaR2.0% VaR1.5% VaR1.0% VaR0.5% 

Bar 13 11 9 7 4 

Individual p 0.46% 0.50% 0.49% 0.40% 0.89% 
 

TABLE 3 - Bar for rejecting a sample under Z5 given 250 observations. Row one display the current bar and 
row two the individual probability for an exceedance if each individual limit is increased with 1. Note: The 

given bar do not correspond to the probabilities in row 2.  

Since the individual probability is the highest for VaR0.5% the algorithm tries to add one to that VaR 
level but will then realise that the new bar has a lower significance than 5%, namely 3.5%. It will 
therefore choose the second to last bar since 5.8% is closer to 5% than 3.5%. The bar in table 3 is the 
bar used in the Z5 backtest. 

3.3.3.2 Z6 – Z5 WITH AN ADDED VAR0.05% TERM 

Z6 is suggested by this study to further improve Z5. It adds a sixth VaR level at a very high level (VaR0.05%) 
i.e. at a 1/2000 probability level. This is suggested to better detect distributions where the 0.5% tail is 
very heavy tailed. The allocation algorithm is used which creates a bar that is similar to the Z5 bar but 
with another term and VaR0.5% raised by one. This new backtest have a lower significance level than Z5, 
4% instead of 5.8%. Due to the discrete nature of exceedances it is hard to get these significances 
closer without lowering the ES resemblance.  

VaR2.5% VaR2.0% VaR1.5% VaR1.0% VaR0.5% VaR0.05% 

13 11 9 7 5 2 
 

TABLE 4 - Bar for rejecting a sample under Z6 given 250 observations 
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3.3.3.3 Z7 – BASEL’S SUGGESTED BACKTEST 

Z7 is the way that the Basel Committee on Banking Supervision (2016) is suggesting to backtest 
predictions of ES. Z7 counts the number of exceedances of the VaR2.5% and VaR1.0% levels. They suggest 
that having more exceedances than 30 and 12 respectively should lead to a rejection. The individual 
probability of this happening if VaR is correctly estimated is incredibly low (4x10-13 for VaR2.5% and  
2x10-6 for VaR1.0%) so this backtest is clearly expected to be much more forgiving than the others where 
a 5% significance is set. 

VaR2.5% VaR1.0% 

31 13 
 

TABLE 5 - Bar for rejecting a sample under Z7 given 250 observations  
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4. RESULTS 

4.1 EVALUATING BACKTESTING METHODS THROUGH SIMULATIONS 

As stated in the methodology, the seven backtests are evaluated through simulations. The results of 
these simulations are presented in tables showing the rejection ratio. Each table represents one 
predicted distribution, looking at for example the first table, table 6, the predicted distribution is 
Generalized Pareto distributed. The rows in the table represent different observed distributions, in this 
case Normal distribution with different standard deviation. The distributions used in each table can be 
found in the text under each table. The first column shows the parameter that varies for the observed 
distribution. The second shows the ES under the observed distribution and the third the difference in 
ES between the observed and the predicted distribution. Column four to ten finally shows the rejection 
ratio of each of the seven backtests. 

It is important to note that a well performing backtest is marked with a high rejection ratio when the 
observed ES is higher than the predicted ES and a low rejection ratio when the observed ES is lower 
than the predicted ES. In for example table [6] rejection ratio should be low for the first row and high 
for the others.  

The results of evaluating backtesting methods through simulations can be summarized as follows: 

1. Z1 has the overall highest correct rejection ratios and it is the only backtests which is not 

affected negatively by holding VaR constant 

2. Z3, Z5 and Z6 all have satisfying correct rejection ratios even if they are higher when VaR is not 

constant than when it is 

3. Z2, Z4 and Z7 all have rejection ratios which, compared to other backtests when VaR is held 

constant, are not satisfactory 

4. All seven backtests have a high ability to accept, i.e. the false positives are in line with the 

significance level 

5. Backtests have a harder time detecting underestimation when both observed and predicted 

distribution is fat tailed 

These findings are motivated more in detail below. First there will be a result presentation of when 
VaR2.5% is held constant using Normal, Student’s t and Generalized Pareto distributions. After that the 
effects of our decision to keep VaR2.5% constant is examined through comparing the results on Normal 
distributions when VaR2.5% is held constant and when it is not held constant. Some selected result 
tables are also presented in this section, all tables is found in Appendix A.  
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4.1.1 NORMAL DISTRIBUTION 

σ ES 
ES diff 

obs-pred   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

1 2.45 -0.19   0.00 0.03 0.00 0.02 0.02 0.02 0.00 

2 2.83 0.19   0.17 0.08 0.17 0.14 0.16 0.11 0.00 

3 3.20 0.56   0.57 0.16 0.46 0.24 0.35 0.32 0.00 

4 3.58 0.94   0.80 0.25 0.65 0.32 0.49 0.51 0.00 

5 3.96 1.32   0.90 0.35 0.74 0.37 0.57 0.65 0.00 

10 5.85 3.21   0.98 0.66 0.89 0.48 0.74 0.88 0.00 
 

TABLE 6 - Rejection ratios when the prediction is an ES of 2.64 generated by a Generalized Pareto 
distribution. The observations are Normally distributed with different standard deviations (σ).  

Looking at table 6 the first interesting finding is that for row 1, where the predicted ES is higher than 
the observed one, all backtests have low rejection ratios. This is of course an important property for 
the backtest in order to have the claimed significance. Furthermore it can be seen that Z1 has the 
highest rejection ratio followed by Z3. Z5 and Z6 rank in the middle. Z2 is nearly comparable with Z5 and 
Z6 at really large ES observations but it is clearly behind at lower levels. Z4 does not reach a level of 50% 
rejection ratio even when the difference is really large and Z7 barely rejects at all. At last it can be notice 
that Z5 outperforms Z6 at small differences but the opposite is true when observed ES increase. All of 
these observations can be recognized in several of the following tables and in the Appendix A. 

4.1.2 FAT TAILED DISTRIBUTIONS 

ξ ES 
ES diff 

obs-pred   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

-0.3 2.25 -0.09   0.00 0.04 0.00 0.03 0.02 0.02 0.00 

-0.2 2.32 -0.02   0.03 0.05 0.03 0.06 0.05 0.03 0.00 

-0.1 2.41 0.07   0.13 0.06 0.13 0.10 0.11 0.08 0.00 

0 2.53 0.19   0.33 0.09 0.29 0.14 0.18 0.18 0.00 

0.1 2.69 0.35   0.54 0.13 0.46 0.19 0.26 0.31 0.00 

0.2 2.90 0.56   0.70 0.19 0.59 0.23 0.34 0.44 0.00 

0.3 3.19 0.85   0.81 0.26 0.70 0.28 0.42 0.56 0.00 

0.4 3.61 1.27   0.88 0.35 0.77 0.31 0.49 0.65 0.00 

0.5 4.24 1.90   0.92 0.44 0.82 0.35 0.54 0.73 0.00 
 

TABLE 7 - Rejection ratios when the prediction is an ES of 2.34 generated by a Standard Normal distribution. 
The observations are Generalized Pareto distributed with different shapes (ξ) 

Looking at table 7 the most interesting is the confirmation that the results are similar to the results in 
table 6. The order between the backtests’ performances remains unchanged. 
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v ES 
ES diff 

obs-pred   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

100 2.47 -0.17   0.00 0.03 0.00 0.02 0.02 0.02 0.00 

20 2.54 -0.10   0.01 0.04 0.01 0.04 0.03 0.02 0.00 

10 2.66 0.02   0.06 0.05 0.06 0.07 0.06 0.04 0.00 

5 3.02 0.38   0.36 0.12 0.32 0.15 0.19 0.19 0.00 

3 3.93 1.29   0.78 0.33 0.67 0.28 0.42 0.51 0.00 

2.5 4.70 2.06   0.88 0.45 0.78 0.33 0.52 0.64 0.00 
 

TABLE 8 - Rejection ratios when the prediction is an ES of 2.64 generated by a Generalised Pareto 
distribution. The observations are Student’s t distributed  with different degrees of freedom (𝑣).  

In table 8 a fat tailed ES of 2.64 is compared to fat tailed observation from Student’s t distributions. 
Through analysing some specific rows one interesting finding is detected. For rows 5 and 6 in table 8, 
the difference between the observed and predicted ES is similar to the corresponding values at rows 
5 and 8 in table 7. When comparing the performance of the backtests, excluding Z7 because its 
proximity to zero, the finding is that all backtests’ rejection ratios is lower in table 8 were two fat tailed 
distributions are compared. Hence, it can be considered that it is harder for the backtests to identify 
differences between two fat tailed distributions. On average this underperformance is 19% whereas 
the underperformance of Z2 stands out at just 5%. But because Z2 has an overall low rejection ratio it 
cannot be suggested as the best backtest when comparing fat tailed distributions. 

Approx. ES diff  
(obs - pred) 

Row in 
table 7 

Row table 
8 

Underperformance in table 8 compared to 
table 7 
  

      Z1 Z2 Z3 Z4 Z5 Z6 Avg. 

0.37 5 5 -34% -1% -29% -19% -27% -40% -25% 

1.29 8 6 -11% -8% -13% -11% -13% -22% -13% 

Avg.     -22% -5% -21% -15% -20% -31% -19% 

 

TABLE 9 – Underperformance of backtests when comparing fat tailed distribution against each other 

Additional result tables with fat tailed distributions as observed data is available in Appendix A. These 
results are not considered to contribute to additional conclusions but they do strengthen some of the 
previous conclusions. 

4.1.3 EFFECTS OF HOLDING VAR CONSTANT 

The main purpose of this evaluation is to assess the consequence of the choice to mostly look at 
situations where VaR2.5% is held constant. This subsection therefore presents the change in 
performance when backtests work on observed distributions where VaR2.5% is not held constant 
compared to earlier when that was the case. 
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σ ES 
ES diff 

obs-pred   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

0.8 1.87 -0.47   0.03 0.00 0.00 0.00 0.00 0.00 0.00 

1 2.34 0.00   0.05 0.05 0.05 0.06 0.06 0.04 0.00 

1.2 2.81 0.47   0.14 0.77 0.68 0.79 0.75 0.72 0.02 

1.4 3.27 0.94   0.45 1.00 0.99 1.00 0.99 0.99 0.43 

1.6 3.74 1.40   0.85 1.00 1.00 1.00 1.00 1.00 0.93 

1.8 4.21 1.87   0.98 1.00 1.00 1.00 1.00 1.00 1.00 

2 4.68 2.34   1.00 1.00 1.00 1.00 1.00 1.00 1.00 
 

TABLE 10 – Rejection ratios when the prediction is an ES of 2.34 generated by a Standard Normal 
distribution. The observations are Normally distributed with different standard deviations (σ). VaR is not 

held constant. 

σ ES 
ES diff 

obs-pred   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

1 2.34 0.00   0.05 0.05 0.05 0.06 0.06 0.04 0.00 

2 2.72 0.38   0.62 0.13 0.50 0.24 0.35 0.37 0.00 

3 3.09 0.75   0.88 0.23 0.72 0.34 0.53 0.64 0.00 

4 3.47 1.13   0.95 0.33 0.82 0.40 0.63 0.77 0.00 

5 3.85 1.51   0.97 0.43 0.86 0.44 0.69 0.85 0.00 

10 5.74 3.40   0.99 0.73 0.93 0.52 0.79 0.94 0.01 
 

TABLE 11 - Rejection ratios when the prediction is an ES of 2.34 generated by a Standard Normal 
distribution. The observations are Normally distributed with different standard deviations (σ). VaR is held 

constant. 

Looking at table 10 and 11, it can be noted that the parameters in column 1 are different, the reason 
for this is to have similar values in column 3. Even if the difference between observed and predicted 
ES never is equal in table 10 and 11 the general trend is obvious. Z1 is the only backtest actually gaining 
performance by holding VaR constant and this performance increase is large. For all other backtests 
the performance loss can be said to be large. Still, for Z3 the performance loss is comparably 
acceptable. Z5 and Z6 cannot be seen as the worst cases whereas Z2, Z4 and Z7 stand out as the worst 
performing backtests. The trend between the backtests is true also when using prediction from other 
distribution, this can be further studied in Appendix A. 

4.2 COMPARATIVE EVALUATION OF BACKTESTING METHODS 

As stated in the methodology, the seven backtests are also evaluated comparatively through empirical 
data. These results are presented in tables showing the number of actual VaR exceedances (column 2 
to 5) and outcomes of each backtest (column 6 to 12). As described above, the outcome from the first 
four backtest (column 6 to 9) is a p-value whereas the outcome from the last three backtests (column 
10 to 12) is a single decision; accept (a) or reject (r). To ease the reading, the cases where the backtests 
reject the ES estimation with significance 5% are marked with white text on grey fond.  
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The result tables are divided into underlying data and estimation method, both the underlying data 
and the estimation method can be found in the text under each table. The possible combinations yield 
sixteen tables that all can be viewed in their full extent in Appendix B. In this section however, four of 
the most interesting tables are presented as examples of the complete findings from Appendix B.  

The results of the comparative evaluation of backtesting methods can be summarized as follows: 

1. Z1 most often goes against the consensus 
2. Z2 and Z4 rarely reject but when they do, the number of VaR exceedances are so much higher 

than expected that a simple VaR test usually detects these at 2.5% 
3. Z6 never rejects when Z5 does not 
4. Z7 only rejects in one case 

These findings are motivated more in detail below. 

In table 12, it is clearly seen that Z1 goes against the general consensus at each given year. It is also 
interesting to notice that the years where Z1 does accept the estimated ES are years with more 
exceedances than expected. If looking on the Quantile Approximation methods on the right of table 
12 one can also notice that the forgiving Basel backtest, Z7, never rejects, despite VaR exceedances of 
up to 16.  

Year VaR2.5% VaR1.0% VaR0.5% VaR0.05%   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

2012 6 3 3 1   0.01 0.35 0.02 0.37 a a a 

2013 13 5 4 2   0.17 0.00 0.01 0.00 r r a 

2014 11 5 3 1   0.17 0.02 0.02 0.01 a a a 

2015 16 7 4 1   0.27 0.00 0.01 0.00 r r a 

2016 6 3 3 1   0.00 0.28 0.00 0.39 a a a 
 

TABLE 12 - outcomes for ES backtests for OMXS30 modelled as a Normal distributed GARCH process.  

In table 13, looking at 2015, a year with a large number of exceedances, it is even more obvious that 
Z1 violates the consensus. With these number of exceedances at the different VaR levels backtest Z2 to 
Z4 rejects with p-values close to zero whereas Z1 accepts it without even being close to the significance 
level. The row for 2015 is also further proof that Z7 almost never rejects even if it is close this time, it 
would have rejected if the VaR1.0% exceedances had been 13 instead of 12. Had this estimation been 
done with a Normally distributed constant volatility model, as done in table 28 in Appendix B, it had 
been 14 exceedances in 2015 at the VaR1.0% level, thus Z7 had rejected.  

Year VaR2.5% VaR1.0% VaR0.5% VaR0.05%   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

2012 4 1 0 0   0.88 0.87 0.91 0.88 a a a 

2013 1 0 0 0   1.00 1.00 1.00 0.98 a a a 

2014 8 3 1 0   0.57 0.27 0.36 0.59 a a a 

2015 22 12 3 1   0.36 0.00 0.02 0.00 r r a 

2016 9 5 4 1   0.05 0.04 0.00 0.06 r a a 
 

TABLE 13 - outcomes for ES backtests for OMXS30 modelled as a Student’s  t distributed constant volatility 
process. 
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In table 14, the years of 2012 and 2013 give further proof of Z1 going against consensus. These years 
are the inverted example of table 13 because Z1 rejects the ES estimate with a very low p-value 
whereas Z2 to Z4 have p-values close to one. 

Year VaR2.5% VaR1.0% VaR0.5% VaR0.05%   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

2012 1 1 1 0   0.02 0.99 0.99 0.94 a a a 

2013 1 1 1 0   0.02 0.98 0.88 0.94 a a a 

2014 1 1 1 0   0.07 0.98 1.00 0.95 a a a 

2015 0 0 0 0   1.00 1.00 1.00 0.99 a a a 

2016 1 1 0 0   0.61 0.99 1.00 0.97 a a a 
 

TABLE 14 - outcomes for ES backtests for SE GV 2Y modelled as a Student’s t distributed GARCH process.  

In table 15 the trend of Z1 rejecting at low VaR2.5% exceedances continues but one can here also see 
that Z3 rejects in 2016, a year where the other backtests are in agreement that it should not be 
rejected. Thus, making Z3, besides Z1, the only backtest able to reject ES estimates where the number 
of VaR exceedances are low. 

Year VaR2.5% VaR1.0% VaR0.5% VaR0.05%   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

2012 2 2 1 1   0.00 0.95 0.88 0.87 a a a 

2013 3 1 1 1   0.02 0.89 0.61 0.85 a a a 

2014 1 1 1 1   0.00 0.97 0.98 0.94 a a a 

2015 5 4 4 2   0.00 0.39 0.00 0.24 r r a 

2016 2 2 1 1   0.00 0.66 0.00 0.87 a a a 
 

TABLE 15 – outcomes for ES backtests for SE GV 2Y modelled as a Normal distributed constant volatility 
process. 

The remaining result tables are found in Appendix B, these are not considered to add any additional 
conclusions. 
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5. DISCUSSION 

5.1 WHAT AN EXPECTED SHORTFALL BACKTEST SHOULD DETECT 

The literature review, Section 2.3, has made clear that different backtests differ in which types of error 
they detect. These differences lead to the question; what should an ES backtest detect. All ES backtests 
try to detect if the risk has been underestimated using one of the following measures 

1. Number of exceedances of predicted VaR 
2. Magnitude of exceedances of predicted VaR 
3. Magnitude of the samples lowest observed quantile 

Number one and two are fairly self-explanatory, the third one refers to the Z3 backtest where the 
empirical estimator take the average of the 𝛼𝑇 largest losses in the sample.  

As the definition of ES is the average magnitude of VaR exceedances, the first measure may feel slightly 
redundant. However, when measuring the magnitude of VaR exceedances there is also a need to 
decide if an observation is a VaR exceedance or not, thus the VaR level must be known. To identify the 
VaR level for the observed distribution one must either estimate it from the sample, like implicitly done 
in the third measure, or work from the predicted VaR level and test its correctness. To test the 
correctness, the first measure become very useful and such a test can either be conducted as a 
standalone test or be built in to the test statistic directly.  

Putting this in the context of our backtests, Z1 is the only backtest which does not control for VaR 
misestimation whereas Z2-7 to different extents include a VaR tests. The curious reader is referred back 
to the literature review for further reading on the degree to which the backtests relies on the number 
of VaR exceedances. 

Another important aspect of a backtest is the power or sensitivity of the backtest because one 
naturally want to detect an inconsistency as easily as possible to either be able to raise the significance 
level or to detect even smaller inconstancies. Wanting a higher power is natural for any test but as 
always the power of the backtest often come with some trade-off or can be differently powerful on 
different types of distributions. All backtests in this thesis are non-parametric which should minimise 
the effect of different distributions however as found in this thesis the backtests still react comparably 
better to some distributions. 

5.2 THE THESIS’ PROPOSAL OF QUANTILE APPROXIMATION METHOD 

The decision to use five VaR terms in Z5 was made by determining that it would create natural levels 
in a Basel context where the pre-specified ES level is 2.5%. Assuming that it is preferable to use equal 
steps between the VaR terms, using five VaR terms allows steps of 0.5% which is seemingly natural for 
implementation. If one would have used four VaR terms like Emmer, Kratz and Tasche (2015) 
suggested then these equal steps would instead be 0.625%. Mathematically there is nothing wrong 
with using this but in practical implementation these very distinctly specified levels might damage the 
intuitiveness of the model, making it harder to implement and losing some of its edge compared to 
other evaluated methods.  

Two other methods to decide the number and location of the VaR terms is to place them to create an 
exact significance level or to set them after fixed expected exceedances levels. The first one would fill 
a good mathematical purpose as it would solve the issue of binomial distributions discrete significant 
levels. This would then lead to VaR terms placed with different spacing, at seemingly random locations 
and would require a new algorithm to place the VaR terms. The second method would basically be 
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another method of placing the VaR terms at natural levels. The issue with this method is that the first 
VaR term is always fixed in its location in order to cover the full ES tail meaning that this will always 
have a given expected number of exceedances. For VaR2.5% and 250 observations, that number is 6.25.  

5.3 STRENGTHS AND WEAKNESSES OF EACH INDIVIDUAL BACKTEST 

5.3.1 ACERBI & SZEKELY’S FIRST TEST STATISTIC – Z1 

Z1 is the backtest that seems to have the best ability to reject when summarising all evaluations. In the 
simulative evaluation we can clearly see that Z1 has the highest rejection ratio as long as VaR is held 
constant. The high rejection ratio is achieved without having a higher rejection ratio when the 
observed distribution has an equal or lower ES than the predicted one. The only drawback of Z1 stems 
from it assuming a correctly estimated VaR. This can lead to both false rejections and false acceptances 
in the case where the predicted VaR was not correct. This weakness of Z1 means that it probably cannot 
be implemented at a financial institution without a complementary VaR test.  

Looking at the comparative evaluation, it can also be seen that Z1 is the backtest that most rarely follow 
consensus. The reason for this discrepancy is again the fact that it assumes correct VaR estimates, 
since it only measures the average of the exceedances. In the comparative evaluation Z1 therefore 
rejects when there are few exceedances but they are relatively large in size. One here comes back to 
what an ES backtest should detect, Z1 detects the average magnitude of the exceedances but not the 
VaR itself. Thus, Z1 cannot be used as a standalone backtest which is in line with Acerbi and Szekely’s 
(2014) own proposal of combining it with Basel’s standard VaR backtest described in Basel Committee 
on Banking Supervision (1996).  

But according to this thesis, this VaR test will have to be two-sided as both a too high estimate and a 
too low estimate of VaR can result in inaccurate rejections or acceptations from Z1. Implementation of 
Z1 would therefore create a need to measure VaR two-sided. From a regulatory standpoint it has so far 
only been of interest if VaR was underestimated but now it might also cause problems if VaR is 
overestimated. However, from an institutional standpoint there has always been an incentive to check 
if a risk is overestimated as that would bind more capital and thereby cost more. Still, the 
implementation poses a specific problem because the regulatory frameworks often imply that the 
number of observations should be as few as 250 days. When running a two-sided non-parametric 
VaR2.5% exceedance backtest with 95% significance on such a small data set, the backtest would only 
reject if the number of exceedances was less than two or more than eleven. This creates a very wide 
spectrum and VaR can be quite severely misestimated before a large share of the outcomes would be 
rejected by the VaR test and then the Z1 backtest would be unreliable as well. Thus, the Z1 backtest, 
even though it is very sensitive to higher ES with the same VaR, is not recommended when VaR 
estimations can be deemed unreliable. 

5.3.2 ACERBI & SZEKELY’S SECOND TEST STATISTIC – Z2 

Z2 is almost the opposite of Z1 in the sense that it is heavily reliant on the number of detected VaR 
exceedances. This makes it one of the least sensitive backtests in the simulative evaluation. Further, it 
is so heavily reliant on VaR exceedances that it in the comparative evaluation only twice rejects a 
sample where a one sided VaR exceedance backtest would have missed it. Thereby, using Z2, the 
introduction of ES as risk measure will not yield much extra value compared to VaR. This conclusion is 
in contrast to Acerbi and Szekely’s (2014) own conclusion that Z2 is the only of their three proposed 
backtests that is suitable as a standalone backtest.  
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The only instance when it stands out in a better light is that it does not have that much lower rejection 
ratio when comparing two fat tails against each other, as seen in table 9. However, Z2 has a very low 
rejection ratio to start with so the fact that it does not perform that much worse is no great selling 
point for this backtest.  

5.3.3 ACERBI & SZEKELY’S THIRD TEST STATISTIC – Z3 

Z3 has, as previously described, a mixture between measuring the magnitude and the number of 
exceedances. This yields that it often performs second best, after Z1, in the simulative evaluation where 
VaR is held constant. When VaR is not held constant it performs much better than Z1. This indicates 
that it is a potential candidate to get a good mixture of measurements without relying too much or too 
little on the number of VaR exceedances. It also demonstrates this capability in the second 
comparative evaluation where it can detect underestimated ES using both the magnitude of and the 
number of VaR exceedances.  

The non-intuitive set up of the backtest can yield it problematic to understand at first but compared 
to the rest of Acerbi and Szekely’s backtests, Z1 and Z2, the only drawback of this backtest is that one 
needs to record the full probability distribution and not only the 𝛼-tail.  

Acerbi and Szekely (2014) themselves suggest the implementation of Z3 as a complementary backtest 
to find tail index misspecification only, instead preferring Z2. It is unclear why they draw this conclusion 
because there are no specific argumentation on the case and their result of the ability to reject for Z2 
and Z3 is in line with this thesis result, i.e. Z3 has the better ability. In our view, Z3 is the best trade-off 
between measuring number of VaR exceedances and their magnitude.  

5.3.4 CONSTANZINO & CURRAN’S ASYMPTOTICALLY NORMALLY DISTRIBUTED Z-TEST – Z4 

Z4 is similar to Z2 and has an equal performance. In the simulative evaluation it generally performs 
slightly better than Z2 when ES is mildly misestimated but slightly worse when it is quite severely 
misestimated. But most often it is comparable to or worse than other backtests. In the comparative 
evaluation, where they most often agree, the similarities between Z2 and Z4 become even more 
obvious. However, Z4 seems to have a higher rejection ratio than the specified significance level (in the 
evaluation 5%) when testing a distribution against itself. This is not too problematic but is an issue that 
a user should be aware of. 

An implementation benefit of Z4 compared to Acerbi and Szekely’s (2014) backtests is that there is no 
need for simulating test statistics as it is compared to the Normal distribution through the Central Limit 
Theorem. This yields a computational benefit which Clift, Constanzino and Curran (2015) deemed to 
be 30,000 times faster than Acerbi and Szekely’s Z1-2 when using 20,000 simulations for Z1-2. It is even 
better when comparing with Z3 where it is approximately 120,000 times faster when Z3 is simulated 
20,000 times. Because of this benefit, in the view of this thesis, Z4 is preferred over Z2, but thanks to 
other available models there is no need of settling with any of their performances.  

The authors themselves especially highlight the generality of their backtest (Constanzino & Curran, 
2015), but this is of no benefit in the strict ES setting of Basel III. Further, Clift, Constanzino and Curran 
(2015) accentuate the single decision characteristic as compared to Quantile approximation where 
some VaR levels can be rejected while others are not. But the results in this thesis indicate that this is 
not a practical problem for the backtests Z5 and Z6. Constanzino and Curran (2015) also suggest that 
their method is a good complement to other backtests, especially the “saddle-point technique”, a 
parametric backtest by Wong (2008). Because this study does not include parametric backtests this 
statement will not be evaluated. But there are no strong arguments for combining it with another non-
parametric backtest. Hence, the recommendation of not settling with Z4 as preferred backtests stands. 
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5.3.5 EMMER, KRATZ & TASCHE’S QUANTILE APPROXIMATION WITH MODIFICATIONS – Z5 

The first of the Quantile approximation backtests, Z5, performs relatively well in both types of 
evaluations where it, generally speaking, performs better than Z2 and Z4 but slightly worse than Z1 and 
Z3. It may seem surprising that it performs so well with VaR held constant even though it only counts 
VaR exceedances. But the VaR level that is kept constant is only the first, 2.5%, of the quantiles 
measured in the backtest. The rest of the quantiles, 2.0% to 0.5%, make it possible to reject even when 
VaR is held constant. The backtest can therefore, like Z3, offer a trade-off between number of VaR 
exceedances and the magnitude of these exceedances. The trade-off property will differ depending on 
how the required level of VaR exceedances for rejections is set. In the allocation algorithm, proposed 
here, the number of VaR exceedances required for rejections is fixed but still offer a mixture between 
these two types of measurements.  

The implementation aspect of this backtest is fairly good as it only rely on estimated VaR terms. Of 
course it is slightly more cumbersome to estimate five VaR terms than one, but it should be a lot easier 
than, for example, in Z1-4 that needs estimations of tail or whole distribution. Emmer, Kratz and Tasche 
(2015) says that their suggested procedure is a reasonable combination of statistical testing and 
human oversight, which is in line with this thesis’ conclusion. The trade-off between slightly lower 
rejection ratio and implementation benefits leaves every individual financial institution to decide 
whether to prefer Z5 over other backtests. 

5.3.6 Z5 WITH AN ADDED VAR0.05% TERM – Z6 

The similarities between Z6 and Z5 are large so the discussion for Z5 mostly holds for Z6 as well and 
therefore only the differences between these backtests will be discussed. Compared to Z5, Z6 has an 
extra added term for high VaR exceedances and with a slightly higher bar for rejecting a sample based 
on VaR0.5% exceedances. The result of this is that Z6 has a lower significance level 4% instead of 5.8% 
which is an important aspect to keep in mind when evaluating the difference in performance between 
these two backtests. Naturally it is a good thing to have a higher significance level as long as they are 
as sensitive to rejecting when it is false.  

Implementation wise Z6 is slightly harder to implement compared to Z5. This is due to the fact that the 
highest VaR term that needs to be estimated at each instance is much higher for Z6 than for Z5 which 
has a minimum VaR term of 0.05% compared to 0.5%. If empirical estimation is used to estimate the 
VaR quantiles the sample will have to be considerably larger (≈× 10) just to get a good estimate of 
VaR0.05% compared to VaR0.5%. To even get an upper bound, which will be the largest observed return 
in the sample, of a 95% confidence interval of the VaR0.05% there is a need for a sample size of around 
7,400 which is equal to around 30 years of daily data. The equivalent for VaR0.5% is instead 740 data 
points which is equal to around 3 years of daily data. This can be concluded by solving the following 
equations (Hult et. al., 2012) 

𝑃(𝑌 < 1) = 0.025, 

𝑌~𝐵𝑖𝑛(𝑘, 𝛼), 

where 𝑘 is the needed sample size and α the quantile that is to be estimated. This of course can be a 
great drawback depending on how financial institutions estimate its ES and VaR as working with long 
data series also brings other issues such as assuming that things have not changed over time. However, 
if the VaR levels are predicted using another method than empirical estimation, for example by using 
parametric assumptions, the quantiles could be estimated using smaller samples.  
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In the comparative evaluation there was no observation where Z6 rejected where Z5 did not reject. 
However, there was three occasions where Z5 rejected where Z6 did not. This itself is not proof of 
anything but indicates that the parametric estimation methods also have trouble in estimating the 
0.05% tail. This result might also be an indication that the VaR0.05% term does not add so much value 
to the backtest. However, it is hard to judge from the comparative evaluation and in the cases where 
Z5 reject without Z6 it is actually Z6 and not Z5 that follows consensus. 

From the simulated results it can be seen that Z6 performs slightly worse than Z5 in rejecting small 
differences in ES but slightly better when the difference is larger. This difference could be attributed 
to the fact that Z6 has a lower significance level and therefore starts out at a lower rejection ratio even 
when the predicted outcome and the observed outcome comes from the same distribution. To 
summarise, Z6

 performs better than Z5 in most of the cases. It outperforms Z5 both when ES is correctly 
estimated and when it is largely underestimated. Z6 is only beaten by Z5 when ES is slightly 
underestimated. Furthermore, even if Z6 is assumed to be harder to implement than Z5 this 
disadvantage is not believed to be so forthcoming that it offsets the sensitivity benefit of Z6. This leads 
this thesis to recommend Z6 over Z5 in the cases when it is possible to implement. 

5.3.7 BASEL III’S SUGGESTED BACKTEST – Z7 

Z7 has a rather peculiar situation because it is the suggested backtesting method under the regulatory 
framework (Basel Committee on Banking Supervision, 2013). The regulation is the reason that Z7 is the 
sole subject of one of two questions of this study; Does the Basel III Expected Shortfall model 
adequately represent the risks? Still, it is the backtesting method that performs, by far, the worst in 
this study.  

To actually answer the question there is a need for a deeper look into the results. From the simulative 
evaluation it is seen that Z7 has almost always the lowest rejection ratio. Also, it is severely impacted 
by keeping VaR constant. Even if VaR cannot be held constant in practise when using empirical data, 
Z7 should not be the model of choice. Using the comparative evaluation of backtest nothing can be said 
to increase the confidence in Z7’s ability to reject. Throughout 80 samples of empirical estimation, 
spanning four asset classes, five years and four estimation methods, it only rejects one ES prediction. 
Thus, it can be said that Z7 fails to adequately represent the risks.  

The reasons for Z7’s underperformance is twofold; compared to the other Quantile approximation 
backtest it has fewer VaR terms and it needs a higher number of VaR exceedances for each level. The 
first, make it a rough estimation of ES by only having one term, VaR1.0%, that is not affected by keeping 
VaR constant. But, it is the second one that is mainly guilty for the underperformance of detecting risk. 
For the VaR levels of 2.5% and 1.0% that Z7 measures, Z5 and Z6 needs at least 13 and 7 exceedances 
respectively to reject the test, the same number for Z7 is 31 and 13. For Z5 and Z6 this is roughly a 
significance level of 5%, the same level that Z1 to Z4 also use, for Z7 the significance level is around  
2x10-6. With the lower significance level in mind it is reasonable that Z7’s performance is so bad. 

But again given the peculiar situation of Z7, the effect of Basel III, suggesting a backtesting method that 
accepts ES prediction that is far lower than the observed one, should be discussed. Basel III’s extremely 
low significance levels makes it hard to prove that an ES estimate is wrong but nearly impossible to get 
a false rejection. However, the significance level is set so low that it, if used yearly, would only falsely 
reject once every 500 000 years. This might seem a bit excessive because a lower level would still make 
it really hard to falsely reject but allow the backtest to correctly detect underestimations to a larger 
extent. If financial institutions are evaluated based on this backtest, then they should be able to 
systematically underestimate their risk and get away with it, thereby getting to hold less capital. This 
implies that Basel does not enforce financial institutions to follow the ES level of 2.5%.  
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6. FURTHER RESEARCH 

During this study we found two areas of concern were we propose further research. 

The first suggestion concerns the value of Basel III’s suggested framework. In this study it is shown that 
six out of seven evaluated backtests to a high extent rely on backtesting ES from VaR exceedances. The 
study also questions to which degree this makes the backtests more than a VaR backtest. If methods 
using VaR exceedances as the main measure continues to be the only possible way to backtest in 
practice, the question is what value the introduction of ES brings to the Basel III’s framework. Thus, we 
recommend further research investigating if ES in practice better captures the risk of financial 
institutions than the VaR framework did. 

The second suggestion concerns the implementation of backtesting methods. Acerbi and Szekely 
(2014) have introduced two backtests Z1 and Z3 that are satisfying in the sense of their ability to reject 
faulty ES predictions independently of the state of the VaR2.5% predictions. But even if this thesis did 
not study the implementation of backtests, it is obvious that Z1-4 are the most rigorous backtests to 
implement amongst those evaluated here. In our opinion it seems to be a gap between financial 
institutions‘ and the research field’s preference regarding the implementation of backtests. To bridge 
this gap further research is recommended, perhaps in two steps. 

Firstly, we call for a study of financial institutions’ preferences regarding which properties a ES 
backtesting method should fulfil. This will probably, in a large extent, be a study of implementation 
aspects and a deeper analysis of what regulatory bodies limit them to do. 

Secondly, we call for research aiming in proposing a backtesting method fulfilling the properties from 
the suggested study above, still being competitive in the sense of ability to reject. Because the debate 
of the backtestability of ES is played out, there should be room to take a more practical aim at 
backtesting instead of preferring the mathematical depth that were needed when discussing the 
implications of lack of elicitability.  
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7. CONCLUSION 

It follows from the discussion of each backtest that the choice of backtesting methods will be given in 
the light of two factors: 

 Ability to reject  

 Implementation restrictions 

Much can be said about the weighing of these two factors. Since all of Z1 to Z6 outperforms the 
regulatory backtest Z7, all of them could be used as an internal backtesting model, thus only making 
the implementation aspects interesting. But on the other hand, there are always benefits to have an 
internal control that better captures risk. Thus, there are good arguments for putting a high weight to 
the ability to reject. Further, this is not a study of the implementation of backtests, thus only obvious 
implementation aspects can be noted when comparing backtests. From these obvious aspects it is 
possible to create a categorization regarding the sophistically level of the estimation used. The three 
categories are, in falling degree of sophistication 

 Simulated backtests, Z1-3, require estimated distribution of outcome and are computational 
intensive. Z1-2 only require tail distribution 

 Asymptotically Normally distributed Z-test, Z4, requires tail distribution 

 Quantile backtests, Z5-7, require estimated discrete VaR terms  

But still, every financial institution have to do their own investigation of which backtests they are able 
to implement before making their decision. 

To start with Z2 will not be recommended because it is both in the most sophisticated estimation 
category and has a low ability to reject underestimations. On the other hand, Z4 and Z7, need less 
sophisticated estimation methods, but they have comparably low abilities to reject and will not be 
recommended unless there is no other option. Further, it has been shown that both Z5 and Z6 have a 
satisfying ability to reject and, as quantile approximation backtests with similarities to the old VaR 
backtests, they should be possible to implement with ease. Because Z6 performs better compared to 
Z5, it is the preferred backtest of the two. Moreover, Z1 has shown a very impressive ability to reject. 
However, it has not only the need for a sophisticated estimation method but also VaR needs to be 
known, which is a very unlikely scenario in practical implementation. Lastly Z3 has also impressed with 
its ability to reject while it also follows consensus during the comparative evaluation. While seemingly 
being on top of the other backtests it can be assumed to be the hardest to implement. 

As the first question of this thesis was “What is, for a financial institution, a good model to backtest 
Expected Shortfall?” our final recommendation is 

1. Z1 if tail distribution is estimated and VaR is known 
2. Z3 if distribution is estimated and VaR estimate uncertain 
3. Z6 if distribution is not estimated but discrete VaR values can be estimated 

Finally, the answer to the second question of the study; Does the Basel III Expected Shortfall model 
adequately represent the risks?, is that the Basel III ES model fail to adequately represent risks.   
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APPENDIX 

All results in this thesis is presented as tables in this section. These results include both results that are 
displayed above, here with all significant figures, and additional results that were not displayed above. 

A. EVALUATING BACKTESTING METHODS THROUGH SIMULATIONS 

A.1 PREDICTIONS FROM THE STANDARD NORMAL DISTRIBUTION 

In the four tables below the prediction is an ES of 2.34 generated by a Standard Normal distribution. 

σ ES 
ES diff 

obs-pred   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

0.8 1.87024 -0.46756   0.03474 0.00000 0.00001 0.00000 0.00003 0.00001 0.00000 

1 2.33780 0.00000   0.05057 0.05070 0.04969 0.06166 0.05748 0.03970 0.00000 

1.2 2.80536 0.46756   0.13701 0.77331 0.67622 0.79484 0.74908 0.71546 0.01598 

1.4 3.27292 0.93512   0.45164 0.99573 0.98585 0.99660 0.99451 0.99327 0.43220 

1.6 3.74048 1.40268   0.84594 0.99996 0.99983 0.99998 0.99997 0.99997 0.92507 

1.8 4.20805 1.87024   0.98401 1.00000 1.00000 1.00000 1.00000 1.00000 0.99713 

2 4.67561 2.33780   0.99934 1.00000 1.00000 1.00000 1.00000 1.00000 0.99994 
 

TABLE 16 - Rejection ratios when the observations  are Normally distributed with different standard 
deviations (σ). VaR is not held constant.  

σ ES 
ES diff obs-

pred   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

1 2.337802792 -0.002197208   0.04868 0.04920 0.04917 0.06183 0.05768 0.03960 0.00000 

2 2.715641600 0.375641600   0.61723 0.12997 0.50019 0.23694 0.34509 0.36678 0.00026 

3 3.093480408 0.753480408   0.88008 0.23214 0.72300 0.34041 0.53001 0.64295 0.00089 

4 3.471319215 1.131319215   0.94999 0.33289 0.81503 0.39665 0.62552 0.77474 0.00189 

5 3.849158023 1.509158023   0.97261 0.43450 0.86229 0.44247 0.68595 0.84512 0.00285 

10 5.738352061 3.398352061   0.99357 0.72541 0.92881 0.52278 0.78897 0.94339 0.00579 
 

TABLE 17 - Rejection ratios when the observations  are Normally distributed with different standard 
deviations (σ). VaR is held constant.  
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v ES 
ES diff 

obs-pred  Z1 Z2 Z3 Z4 Z5 Z6 Z7 

100 2.35449 0.01449   0.06707 0.05344 0.06628 0.06980 0.06647 0.04752 0.00001 

20 2.43055 0.09055   0.16764 0.06833 0.15978 0.10318 0.11271 0.09380 0.00002 

10 2.55082 0.21082   0.35995 0.09157 0.31364 0.14732 0.18988 0.19414 0.00001 

5 2.91096 0.57096   0.72157 0.18873 0.60251 0.24796 0.36901 0.46005 0.00028 

3 3.81710 1.47710   0.92772 0.40371 0.81899 0.36202 0.56900 0.73826 0.00105 

2.5 4.59099 2.25099   0.96360 0.52769 0.87685 0.40951 0.64352 0.82150 0.00190 
 

TABLE 18 - Rejection ratios when the observations comes from Student’s t distributions with different 
degrees of freedom (ν). VaR is held constant.  

ξ ES 
ES diff 

obs-pred   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

-0.3 2.24914 -0.09086   0.00354 0.03651 0.00079 0.02754 0.02361 0.02058 0.00000 

-0.2 2.31982 -0.02018   0.02917 0.04682 0.02668 0.05727 0.05098 0.03376 0.00000 

-0.1 2.41091 0.07091   0.13427 0.06332 0.13180 0.09921 0.10588 0.08053 0.00001 

0 2.52977 0.18977   0.32551 0.08817 0.29055 0.14193 0.17873 0.17879 0.00003 

0.1 2.68723 0.34723   0.53563 0.12630 0.45594 0.18711 0.26214 0.31044 0.00007 

0.2 2.89979 0.55979   0.69559 0.18537 0.58893 0.23260 0.34394 0.44085 0.00024 

0.3 3.19377 0.85377   0.80524 0.26343 0.69525 0.27588 0.41930 0.55752 0.00031 

0.4 3.61345 1.27345   0.87735 0.35278 0.77072 0.31292 0.48659 0.65192 0.00057 

0.5 4.23919 1.89919   0.92079 0.44376 0.82452 0.34695 0.54477 0.72809 0.00100 
 

TABLE 19 - Rejection ratios when the observation are Generalized Pareto distributed with different  
shapes (ξ). VaR is held constant.  
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A.2 PREDICTIONS FROM THE STUDENT’S T DISTRIBUTION 

In the four tables below the prediction is an ES of 2.82 generated by a Student’s t distribution with 10 
degrees of freedom. 

σ ES 
ES diff 

obs-pred   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

0.8 1.87024 -0.94976   0.00244 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 

1 2.33780 -0.48220   0.00735 0.00014 0.00002 0.00013 0.00013 0.00009 0.00000 

1.2 2.80536 -0.01464   0.00305 0.12466 0.00890 0.10751 0.09401 0.08489 0.00001 

1.4 3.27292 0.45292   0.00372 0.81103 0.29443 0.78975 0.75299 0.73349 0.00873 

1.6 3.74048 0.92048   0.01561 0.99396 0.83614 0.99300 0.98989 0.98798 0.25733 

1.8 4.20805 1.38805   0.08731 0.99994 0.98878 0.99991 0.99985 0.99979 0.78302 

2 4.67561 1.85561   0.32911 1.00000 0.99967 1.00000 1.00000 1.00000 0.97818 
 

TABLE 20 - Rejection ratios when the observations  are Normally distributed with different standard 
deviations (σ). VaR is not held constant.  

σ ES 
ES diff obs-

pred   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

1 2.60597766 -0.21402234   0.00183 0.02586 0.00025 0.01441 0.01656 0.01565 0.00001 

2 2.983816467 0.163816467   0.13589 0.07617 0.13429 0.12806 0.14371 0.09248 0.00001 

3 3.361655275 0.541655275   0.51599 0.14881 0.42718 0.23366 0.33623 0.28804 0.00028 

4 3.739494083 0.919494083   0.76882 0.23661 0.62093 0.30848 0.47573 0.48597 0.00069 

5 4.11733289 1.29733289   0.88056 0.31998 0.72476 0.36025 0.56309 0.62091 0.00128 

10 6.006526929 3.186526929   0.98322 0.63627 0.88641 0.47534 0.73545 0.87414 0.00431 
 

TABLE 21 - Rejection ratios when the observations  are Normally distributed with different standard 
deviations (σ). VaR is held constant.  

 

v ES 
ES diff 

obs-pred   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

100 2.62266 -0.19633   0.00201 0.02633 0.00050 0.01600 0.01712 0.01577 0.00000 

20 2.69872 -0.12027   0.01095 0.03388 0.00702 0.03218 0.02755 0.02127 0.00000 

10 2.81900 0.00000   0.04913 0.04841 0.04742 0.06095 0.05539 0.03780 0.00002 

5 3.17913 0.36014   0.31862 0.11429 0.29310 0.14686 0.18467 0.16870 0.00004 

3 4.08528 1.26628   0.75520 0.30207 0.64825 0.27228 0.41345 0.48120 0.00036 

2.5 4.85917 2.04017   0.87094 0.42709 0.76039 0.32732 0.51165 0.62333 0.00087 
 

TABLE 22 - Rejection ratios when the observations are Student’s t distributed with different degrees of 
freedom (ν). VaR is held constant.  
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ξ ES 
ES diff 

obs-pred   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

-0.3 2.51732 -0.30268   0.00002 0.01853 0.00000 0.00302 0.01279 0.01279 0.00000 

-0.2 2.58800 -0.23200   0.00065 0.02417 0.00001 0.01130 0.01562 0.01519 0.00000 

-0.1 2.67909 -0.14091   0.00549 0.03271 0.00272 0.02960 0.02557 0.02047 0.00000 

0 2.79794 -0.02206   0.03833 0.04678 0.03679 0.05628 0.05159 0.03477 0.00000 

0.1 2.95540 0.13540   0.13861 0.07292 0.13979 0.09414 0.10049 0.07766 0.00000 

0.2 3.16797 0.34797   0.30512 0.11503 0.28566 0.13460 0.16565 0.15796 0.00003 

0.3 3.46195 0.64195   0.48604 0.17695 0.43538 0.17706 0.24053 0.26544 0.00006 

0.4 3.88162 1.06162   0.63976 0.25744 0.56231 0.21558 0.31686 0.37871 0.00018 

0.5 4.50736 1.68736   0.75822 0.35453 0.66975 0.25926 0.39375 0.49317 0.00030 
 

TABLE 23 - Rejection ratios when the observation are Generalized Pareto distributed with different  
shapes (ξ). VaR is held constant.  

A.3 PREDICTIONS FROM THE GENERALIZED PARETO DISTRIBUTION 

In the four tables below the prediction is an ES of 2.64 generated by a Generalized Pareto distribution 
with shape 0. 

σ ES 
ES diff 

obs-pred   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

0.8 1.87024 -0.76976   0.00426 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 

1 2.33780 -0.30220   0.00448 0.00369 0.00004 0.00239 0.00251 0.00212 0.00000 

1.2 2.80536 0.16536   0.00188 0.41823 0.05672 0.37488 0.34770 0.33112 0.00016 

1.4 3.27292 0.63292   0.00502 0.96079 0.57793 0.95260 0.94033 0.93352 0.06080 

1.6 3.74048 1.10048   0.03179 0.99951 0.95559 0.99946 0.99918 0.99895 0.55201 

1.8 4.20805 1.56805   0.17961 1.00000 0.99875 1.00000 1.00000 1.00000 0.93877 

2 4.67561 2.03561   0.53159 1.00000 0.99998 1.00000 1.00000 1.00000 0.99679 
 

TABLE 24 - Rejection ratios when the observations  are Normally distributed with different standard 
deviations (σ). VaR is not held constant.  

σ ES 
ES diff 

obs-pred   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

1 2,44931 -0,19069   0,00211 0,02596 0,00038 0,01575 0,01728 0,01600 0,00000 

2 2,82715 0,18715   0,17045 0,08124 0,16649 0,13614 0,15507 0,10635 0,00002 

3 3,20499 0,56499   0,56721 0,16129 0,46473 0,24082 0,35051 0,31862 0,00028 

4 3,58283 0,94283   0,79748 0,25379 0,64683 0,31557 0,48641 0,51383 0,00086 

5 3,96066 1,32066   0,89711 0,34650 0,74397 0,36660 0,57205 0,65043 0,00138 

10 5,84986 3,20986   0,98456 0,65871 0,89344 0,48173 0,74075 0,88449 0,00416 
 

TABLE 25 - Rejection ratios when the observations  are Normally distributed with different standard 
deviations (σ). VaR is held constant.  
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v ES 

ES diff 
obs-pred   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

100 2.46600 -0.17400   0.00354 0.02794 0.00093 0.01915 0.01837 0.01644 0.00000 

20 2.54206 -0.09794   0.01419 0.03612 0.01087 0.03549 0.02939 0.02270 0.00000 

10 2.66233 0.02233   0.06373 0.05350 0.06329 0.06689 0.06218 0.04434 0.00002 

5 3.02247 0.38247   0.35617 0.12475 0.32184 0.15086 0.19052 0.18515 0.00004 

3 3.92861 1.28861   0.77716 0.32521 0.66897 0.27848 0.42294 0.50690 0.00039 

2.5 4.70250 2.06250   0.88386 0.45046 0.77653 0.33389 0.51997 0.64398 0.00084 
 

TABLE 26 - Rejection ratios when the observations are Student’s t distributed with different degrees of 
freedom (ν). VaR is held constant.  

 

ξ ES 
ES diff 

obs-pred   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

-0.3 2.36065 -0.28063   0.00008 0.01916 0.00000 0.00394 0.01319 0.01319 0.00000 

-0.2 2.43133 -0.20995   0.00067 0.02378 0.00002 0.01306 0.01602 0.01553 0.00000 

-0.1 2.52242 -0.11886   0.00828 0.03488 0.00440 0.03310 0.02710 0.02129 0.00000 

0 2.64128 0.00000   0.05063 0.05068 0.05087 0.06232 0.05699 0.03938 0.00000 

0.1 2.79873 0.15746   0.16900 0.07792 0.16340 0.09945 0.10713 0.09003 0.00002 

0.2 3.01130 0.37002   0.34716 0.12214 0.31222 0.13857 0.17378 0.17649 0.00003 

0.3 3.30528 0.66400   0.52431 0.19232 0.46267 0.18357 0.25104 0.28975 0.00010 

0.4 3.72495 1.08368   0.67292 0.27543 0.58668 0.22266 0.32655 0.40336 0.00019 

0.5 4.35069 1.70942   0.77874 0.36991 0.68478 0.26352 0.39910 0.51356 0.00028 
 

TABLE 27 - Rejection ratios when the observation are Generalized Pareto distributed with different  
shapes (ξ). VaR is held constant.  
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B. COMPARATIVE EVALUATION OF BACKTESTING METHODS  

B.1 OMXS30 

In the four tables below the outcome for each backtest and year will be presented. The underlying 
data for these tables is the OMXS30 index. The tables are divided by estimation method.  

Year VaR2.5% VaR1.0% VaR0.5% VaR0.05%   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

2012 4 3 1 0  0.14 0.77 0.62 0.64 a a a 

2013 1 0 0 0  0.94 0.99 1.00 0.98 a a a 

2014 8 5 3 1  0.13 0.18 0.05 0.16 a a a 

2015 23 14 11 2  0.04 0.00 0.00 0.00 r r r 

2016 9 7 5 4  0.00 0.01 0.00 0.01 r r a 
 

TABLE 28 – outcomes for ES backtests for OMXS30 modelled as a Normal distributed constant volatility 
process. 

Year VaR2.5% VaR1.0% VaR0.5% VaR0.05%   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

2012 6 3 3 1   0.01 0.35 0.02 0.37 a a a 

2013 13 5 4 2   0.17 0.00 0.01 0.00 r r a 

2014 11 5 3 1   0.17 0.02 0.02 0.01 a a a 

2015 16 7 4 1   0.27 0.00 0.01 0.00 r r a 

2016 6 3 3 1   0.00 0.28 0.00 0.39 a a a 
 

TABLE 29 - outcomes for ES backtests for OMXS30 modelled as a Normal distributed GARCH process.  

Year VaR2.5% VaR1.0% VaR0.5% VaR0.05%   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

2012 4 1 0 0   0.88 0.87 0.91 0.88 a a a 

2013 1 0 0 0   1.00 1.00 1.00 0.98 a a a 

2014 8 3 1 0   0.57 0.27 0.36 0.59 a a a 

2015 22 12 3 1   0.36 0.00 0.02 0.00 r r a 

2016 9 5 4 1   0.05 0.04 0.00 0.06 r a a 
 

TABLE 30 - outcomes for ES backtests for OMXS30 modelled as a Student’s  t distributed constant volatility 
process. 

Year VaR2.5% VaR1.0% VaR0.5% VaR0.05%   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

2012 5 1 1 1   0.24 0.63 0.42 0.79 a a a 

2013 4 2 1 0   0.29 0.79 0.64 0.73 a a a 

2014 8 2 2 0   0.78 0.31 0.56 0.68 a a a 

2015 14 2 1 0   0.79 0.01 0.34 0.18 r r a 

2016 5 3 2 1   0.04 0.53 0.10 0.56 a a a 
 

TABLE 31 - outcomes for ES backtests for OMXS30 modelled as a Student’s  t distributed GARCH process.  
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B.2 SWEDISH GOVERNMENT BOND 2Y 

In the four tables below the outcome for each backtest and year will be presented. The underlying 
data for these tables are Swedish Governmental bonds with maturity in 2 years. The tables are divided 
by estimation method.  

Year VaR2.5% VaR1.0% VaR0.5% VaR0.05%   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

2012 2 2 1 1   0.00 0.95 0.88 0.87 a a a 

2013 3 1 1 1   0.02 0.89 0.61 0.85 a a a 

2014 1 1 1 1   0.00 0.97 0.98 0.94 a a a 

2015 5 4 4 2   0.00 0.39 0.00 0.24 r r a 

2016 2 2 1 1   0.00 0.66 0.00 0.87 a a a 
 

TABLE 32 – outcomes for ES backtests for SE GV 2Y modelled as a Normal distributed constant volatility 
process. 

Year VaR2.5% VaR1.0% VaR0.5% VaR0.05%   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

2012 2 1 1 1   0.00 0.94 0.76 0.88 a a a 

2013 4 1 1 1   0.00 0.72 0.29 0.82 a a a 

2014 2 1 0 0   0.85 0.98 1.00 0.96 a a a 

2015 5 5 4 3   0.00 0.35 0.00 0.18 r r a 

2016 1 1 1 1   0.00 0.85 0.07 0.94 a a a 
 

TABLE 33 - outcomes for ES backtests for SE GV 2Y modelled as a Normal distributed GARCH process. 

Year VaR2.5% VaR1.0% VaR0.5% VaR0.05%   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

2012 2 1 1 0   0.20 0.96 0.95 0.91 a a a 

2013 3 1 1 0   0.39 0.92 0.87 0.91 a a a 

2014 1 1 1 0   0.01 0.98 0.97 0.94 a a a 

2015 5 2 1 0   0.51 0.72 0.65 0.65 a a a 

2016 2 1 1 0   0.07 0.87 0.68 0.91 a a a 
 

TABLE 34 - outcomes for ES backtests for SE GV 2Y modelled as a Student’s t distributed constant volatility 
process. 

Year VaR2.5% VaR1.0% VaR0.5% VaR0.05%   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

2012 1 1 1 0   0.02 0.99 0.99 0.94 a a a 

2013 1 1 1 0   0.02 0.98 0.88 0.94 a a a 

2014 1 1 1 0   0.07 0.98 1.00 0.95 a a a 

2015 0 0 0 0   1.00 1.00 1.00 0.99 a a a 

2016 1 1 0 0   0.61 0.99 1.00 0.97 a a a 
 

TABLE 35 - outcomes for ES backtests for SE GV 2Y modelled as a Student’s t distributed GARCH process.  
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B.3 EURO SEK EXCHANGE RATE 

In the four tables below the outcome for each backtest and year will be presented. The underlying 
data for these tables are EURO SEK spot exchange rate. The tables are divided by estimation method.  

Year VaR2.5% VaR1.0% VaR0.5% VaR0.05%   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

2012 3 1 0 0   0.92 0.94 0.97 0.94 a a a 

2013 2 0 0 0   0.97 0.98 0.98 0.96 a a a 

2014 2 2 1 0   0.12 0.95 0.97 0.87 a a a 

2015 11 4 2 0   0.47 0.04 0.16 0.04 a a a 

2016 3 2 1 0   0.15 0.89 0.85 0.78 a a a 
 

TABLE 36 - outcomes for ES backtests for EURSEK modelled as a Normal distributed constant volatility 
process. 

Year VaR2.5% VaR1.0% VaR0.5% VaR0.05%   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

2012 4 2 2 0   0.25 0.78 0.64 0.72 a a a 

2013 2 1 1 0   0.49 0.97 0.96 0.93 a a a 

2014 3 2 1 1   0.01 0.87 0.55 0.72 a a a 

2015 8 4 1 1   0.19 0.19 0.11 0.16 a a a 

2016 5 3 2 0   0.11 0.61 0.30 0.62 a a a 
 

TABLE 37 - outcomes for ES backtests for EURSEK modelled as a Normal distributed GARCH process.  

Year VaR2.5% VaR1.0% VaR0.5% VaR0.05%   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

2012 1 0 0 0   0.84 0.99 0.99 0.97 a a a 

2013 1 0 0 0   0.98 1.00 0.99 0.98 a a a 

2014 2 1 0 0   0.56 0.97 0.98 0.92 a a a 

2015 11 2 1 0   0.84 0.08 0.49 0.28 a a a 

2016 3 2 0 0   0.51 0.91 0.92 0.85 a a a 
 

TABLE 38 - outcomes for ES backtests for EURSEK modelled as a Student’s  t distributed constant volatility 
process. 

Year VaR2.5% VaR1.0% VaR0.5% VaR0.05%   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

2012 2 0 0 0   0.98 0.98 1.00 0.96 a a a 

2013 1 0 0 0   0.77 0.99 1.00 0.97 a a a 

2014 1 1 0 0   0.16 0.99 1.00 0.95 a a a 

2015 3 1 0 0   0.69 0.92 0.92 0.89 a a a 

2016 3 2 0 0   0.63 0.92 0.95 0.87 a a a 
 

TABLE 39 - outcomes for ES backtests for EURSEK modelled as a Student’s  t distributed GARCH process.  
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B.4 VSTOXX 

In the four tables below the outcome for each backtest and year will be presented. The underlying 
data for these tables is the volatility index for EUROSTOXX50, VSTOXX. The tables are divided by 
estimation method.  

Year VaR2.5% VaR1.0% VaR0.5% VaR0.05%   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

2012 2 1 1 0   0.08 0.96 0.89 0.89 a a a 

2013 5 4 2 1   0.00 0.46 0.01 0.38 a a a 

2014 9 4 4 1   0.16 0.11 0.04 0.14 r a a 

2015 5 4 3 0   0.04 0.59 0.16 0.32 a a a 

2016 4 2 1 0   0.22 0.80 0.72 0.64 a a a 
 

TABLE 40 - outcomes for ES backtests for VSTOXX modelled as a Normal distributed constant volatility 
process. 

Year VaR2.5% VaR1.0% VaR0.5% VaR0.05%   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

2012 4 3 2 1   0.04 0.77 0.42 0.63 a a a 

2013 5 3 1 1   0.02 0.58 0.13 0.51 a a a 

2014 5 2 1 1   0.13 0.63 0.32 0.56 a a a 

2015 4 3 3 1   0.02 0.75 0.32 0.57 a a a 

2016 5 4 4 0   0.02 0.58 0.12 0.33 r a a 
 

TABLE 41 - outcomes for ES backtests for VSTOXX modelled as a Normal distributed GARCH process. 

Year VaR2.5% VaR1.0% VaR0.5% VaR0.05%   Z1 Z2 Z3 Z4 Z5 Z6 Z7 

2012 2 1 0 0   0.64 0.97 0.96 0.93 a a a 

2013 4 1 1 0   0.18 0.75 0.53 0.67 a a a 

2014 6 3 1 0   0.65 0.59 0.61 0.55 a a a 

2015 5 3 0 0   0.69 0.74 0.75 0.66 a a a 

2016 4 1 0 0   0.86 0.87 0.93 0.84 a a a 
 

TABLE 42 - outcomes for ES backtests for VSTOXX modelled as a Student’s  t distributed constant volatility 
process. 

Year VaR2.5% VaR1.0% VaR0.5% VaR0.05%  
Z1 Z2 Z3 Z4 Z5 Z6 Z7 

2012 2 1 0 0   0.57 0.97 0.99 0.93 a a a 

2013 1 0 0 0   1.00 1.00 1.00 0.98 a a a 

2014 1 0 0 0   0.96 1.00 1.00 0.98 a a a 

2015 2 1 0 0   0.82 0.98 0.99 0.96 a a a 

2016 4 3 3 0   0.11 0.77 0.48 0.52 a a a 
 

TABLE 43 - outcomes for ES backtests for VSTOXX modelled as a Student’s  t distributed GARCH process.  
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C. KEY CONCEPTS  

Prediction  denotes a value or distribution that is, by a backtest, handled as a 
predicted value from an estimation model. Note, during the 
evaluation of the backtest these prediction will often be 
simulations and not real predictions 

Predicted ES/VaR  denotes a value of ES or VaR that is predicted in the sense described 
above 

Predicted distribution  denotes a whole distribution that is predicted in the sense 
described above 

Observation  denotes a value or distribution that is, by a backtest, handled as a 
value observed in reality, for example a historic stock return. Note, 
during the evaluation of the backtest these observations will often 
be simulations and not real observations 

Observed ES/VaR  denotes a value of ES or VaR that is observed in the sense described 
above 

Observed distribution  denotes a whole distribution that is observed in the sense 
described above 

ES/VaR level denotes the level at which ES or VaR is calculated, i.e. 𝛼  in the 
notations 

VaR term denotes a value of VaR at some VaR or ES level. Note that VaR term 
is not to be confused with VaR level 

VaR exceedance  denotes an event where the loss is greater than the VaR 

𝑉𝑎𝑅𝛼,𝑡 < −𝑋𝑡 

Number of VaR exceedances denotes the number of VaR exceedances in a sample of size 𝑇 

𝛬𝑇 = ∑ 𝟙{𝑋𝑡 + 𝑉𝑎𝑅𝛼,𝑡 < 0}
𝑇

𝑡=1
  

Magnitude of VaR exceedance  denotes the size, 𝑋𝑡, of a VaR exceedance  

Underestimation  denotes cases where an estimation method’s predictions is 
systematically lower than the observations  

Rejection ratio denotes the number of times a backtest rejects a prediction from 
an estimation method divided with the total number of times the 
method was backtested. 
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