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Abstract

Quantum dots, also known as artificial atoms, are created by tightly confining
electrons, and thereby quantizing their energies. They are important compo-
nents in the emerging fields of nanotechnology where their potential uses vary
from dyes to quantum computing qubits. Interesting properties to investigate
are e.g. the existence of atom-like shell structures and lifetimes of prepared
states.

Stability and controllability are important properties in finding applications
to quantum dots. The ability to prepare a state and change it in a controlled
manner without it loosing coherence is very useful, and in some semiconductor
quantum dots, lifetimes of up to several milliseconds have been realized. Here
we focus on dots in semiconductor materials and investigate how the confined
electrons are effected by their experienced potential.

The shape of the dot will effect its properties, and is important when con-
sidering a suitable model. Structures elongated in one dimension, often called
nanowires, or shaped as rings have more one-dimensional characteristics than
completely round or square dots. The two-dimensional dots investigated here
are usually modeled as harmonic oscillators, however we will also consider
circular well models.

The effective potential confining the electrons is investigated both in regard
to how elliptical it is, as well as how results differ when using a harmonic
oscillator or a circular well potential. By mixing spin states through spin-orbit
interaction transitioning between singlet and triplet states becomes possible
with spin independent processes such as phonon relaxation. We solve the spin-
mixing two-electron problem numerically for some confinement, and calculate
the phonon transition rate between the lowest energy singlet and triplet states
using Fermi’s golden rule.

The strength of the spin-orbit interaction is varied both by changing the
coupling constants, and by applying an external, tilted, magnetic field. The re-
lation between magnetic field parameters and dot parameters are used to max-
imize state lifetimes, and to model experimental results.
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1. Introduction and outline

Semiconductor materials are key building blocks in modern electronics, being
the basis of several applications such as solar cells, light-emitting diodes and
transistors. From these materials, one can construct nanometer scale structures
capable of utilizing desirable quantum mechanical effects such as quantization
of energy and state coherence.

The important properties of semiconductor materials are found in the elec-
tron band structure. By adjusting the availability of electrons in the conduction
band and holes in the valance band, control of the materials conductivity may
be achieved. This can for instance be done by doping the semiconductor, plac-
ing impurities into the bulk and thereby injecting conductive electrons or holes
into the band structure.

The conducting particles in a semiconductor material, electrons in the con-
duction band or holes in the valence band, are often modeled as a free electron
gas. If one constrains the motion of the particles, only allowing them to move
in two of the material’s three dimensions, a partial quantization of energy is
achieved. The resulting potential is called a quantum-well, the density of states
of which can be seen in Fig. 1.1. By constraining the particle motion to one or
"zero" dimensions, further quantization occurs until one has fully discretized
energy levels in the "zero-dimensional" quantum dot. Details regarding this
can be found in most textbooks on semiconductor physics such as [1] by Ibach
and Lüth.

The term Quantum Dot (QD) was introduced by Reed, [2], and has become
an established term when describing highly constrained, artificial, atom-like
systems. QD:s can be created in a number of ways, here we focus on dots in
circuits, usually lateral or self assembled quantum dots

Discretized energy levels are normally something found in atoms, but in
the quantum dot they come with the advantage of being adjustable. Instead of
being limited to the natural energy separation in atoms and molecules, one has
the option to tune this behavior to suite the needs of the application. The elec-
tron energy level structure is determined by the experienced potential from the
confinement, the shape and strength of which is depend on material properties
such as the effective electron mass and the geometry of the confinement. A
more detailed discussion regarding the QD potentials, and the effects of these
on the conduction band electrons, can be found in Chapter 3.
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Figure 1.1: Density of states for the 3D bulk semiconductor material (blue), the
2D quantum well (red), the 1D quantum wire (green) and the 0D quantum dot
(black).

Another property that the quantum dot shares with the atom is the existence
of a shell structure. Much as the noble gases of the periodic table, quantum
dots with certain numbers of confined electrons also display spikes in addi-
tion energy, i.e. the energy required to add another electron to the system.
This has been experimentally demonstrated, [3], and has been subject to many
theoretical studies and scientific reviews, [4]. When calculating the addition
energy spectra for the electrons in the quantum dot, precise calculations of the
Coulomb interaction are required. Methods of handling these are discussed
in Chapter 2 of the thesis and the results from one such method, the Coupled
Cluster Singles and Doubles method, are presented in paper I.

Except for the quantum dot applications already mentioned, a novel area
of use is in quantum computing. Quantum computing is a hot topic that can be
read about in popular science literature and is reviewed in [5]. A key com-
ponent behind a quantum computer is the so called quantum bit, or qubit.
Quantum dots are one of several qubit candidates, exhibiting desired quali-
ties such as state coherence and high controllability. Success in implementing
them will however require a substantial experimental technique and theoretical
understanding of their properties.

A qubit is something capable of representing two states, a 1 or a 0, as well
as a linear combination of them, and relies on the ability to create, maintain,
and operate on, these states. Possible such states are different spin states in a
quantum dot, where for instance a singlet state can represent a 0 and a triplet
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state a 1. The relation between these states as well as their stability are impor-
tant aspects, highly dependent on how the specific qubit is defined. The goal
is to be able to reliably prepare and operate on a state within its lifetime.

Another area exploiting the spin property of electrons in solid-state de-
vices is spintronics, which is of great interest with novel applications in elec-
tron transport and memory-storage technology. Here the electron spin is used
as an extra degree of freedom and is used to differentiate between two sets of
electrons. By creating spin-blockades, the two sets of electrons may be dis-
criminated and operated on separately. The spin state lifetimes and different
spin flipping mechanisms are also important in this field, since one wishes to
have separate control over the two sets of electrons.

In this thesis we study the electron spin in connection to the lifetime of
specific QD states. By adjusting the magnetic field over a two-electron dot the
singlet ground state and triplet excited states are investigated. In chapter 2 we
design a model for calculating the desired one- and two-electron states, and
investigate the effect of the confining potential on the state energies in chapter
3. In chapter 4, the relaxation process through phonon interaction is explained,
and singlet-triplet relaxation rates are presented.
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2. Computational Methods

To extract information about semiconductor quantum dots, we need to properly
model the quantum mechanics governing the involved electrons. A theoretical
model of a quantum mechanical system, such as the electrons in a quantum dot,
is centered around formulating and solving the, in our case time independent,
Schrödinger equation:

HΨ = EΨ. (2.1)

This is an eigenvalue equation where a Hamiltonian, H, is constructed to fit the
physics to be included in the model. Solving the equation yields states with
wave function Ψ and energy E.

In this chapter we will construct Hamiltonians and solve their correspond-
ing eigenvalue equations in steps to develop a suitable model for a description
of our semiconductor structures.

Since we operate inside a semiconductor material, many properties, such
as the electron mass, are replaced with effective counterparts. These material
specific constants can modify the atomic units to be system specific, so that e.g.
the effective atomic unit of energy in one system does not equal that of another
system. We start with a brief discussion about these effective quantities, as
well as an introduction to the effective atomic units used throughout the thesis.

2.1 Units and Constants

The environmental effects on particles within a material will influence their
motion and change how they effectively experiences forces from electric and
magnetic fields. To account for this, certain properties may be replaced with
effective counterparts. We start by discussing the effective mass property with
a semi-classical approach.

A free electron in a solid crystal structure can be described as a localized
wave packet with angular frequency ω(k) and momentum k. The wave packets
group velocity is defined as:

v = ∇kω(k) =
1
h̄

∇kE(k), (2.2)
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with E(k) being the electron energy as a function of its momentum. Placing
the electron in an electric field E will change its energy by:

δE =−eh̄E ·vδ t, (2.3)

over the time δ t. From eq. 2.2, δE can also be written:

δE = ∇kω(k) ·δk = h̄v ·δk, (2.4)

which gives us:

h̄
dk
dt

=−eE. (2.5)

Taking the time derivative of v in eq. 2.2 and using the relation in eq. 2.5 for a
dimension i, we get:

dvi

dt
=

1
h̄

d
dt

∂E
∂ki

=
1
h̄ ∑

j

∂ 2E
∂ki∂k j

dk j

dt
=

1
h̄2 ∑

j

∂ 2E
∂ki∂k j

(−eE j). (2.6)

Classically a charged particle in an electric field is accelerated by a j =−eE j/m,
letting us define an effective mass tensor m∗i j:

m∗i j = (
1
h̄2

∂ 2E
∂ki∂k j

)−1. (2.7)

We now see that the effective mass is dependent on the shape of the local
energy band structure and on the electron momentum. This effective mass does
not only apply to electrons, but also to band vacancies (holes). The particles
effective mass may be much smaller or larger than 1 or might even be negative
since the curvature of E(k) may differ greatly in shape for different materials.
Usually a constant value for the mass in the bulk material is used, but this is an
approximation that may or may not be valid depending on the specific system.
A more thorough discussion regarding effective mass can be found in most
solid-state physics textbooks[1].

Also the electrons gyromagnetic ratio, g-factor, has an effective counter-
part, g∗ due to the band structure. Originating in how the states in the conduc-
tion band couple to states in the valence band that have been split due to the
spin-orbit effects. Through k·p perturbation theory, [6], the effective g-factor
may be calculated according to:

g∗ = 2− 2
3

Ep∆
Eg(Eg +∆)

, (2.8)

where Eg is the bandgap energy, ∆ is the spin-orbit splitting energy and Ep

is the material interband momentum matrix element energy. This factor may
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vary from values close to 2 to negative values of -14.9 for InAs, [7]. In GaAs
we use g∗ =−0.44.

Since these effective constants, as well as the material specific relative per-
mittivity εr, are used, it becomes useful to redefine the atomic units often used
to simplify our calculations and equations. For instance; the atomic unit of en-
ergy, the Hartree Eh, which corresponds to 27.2eV in vacuum, and is calculated
by:

E∗h =
m∗e4

(4πεrε0h̄)2 , (2.9)

for GaAs scales down to 11.85meV for the commonly used effective mass of
m∗ = 0.067me and εr = 12.4.

In the same way, the atomic unit of length, the Bohr length a0 = 0.0529nm,
calculated by:

a∗0 =
4πεrε0h̄2

m∗e2 , (2.10)

in GaAs scales up to 9.85nm. Similar transformations can be done for units of
time, magnetic field etc.

Using these units we reduce several constants; the reduced Planck constant
h̄, the electron charge e, electron mass m and Coulomb constant 1/4πε0εr, to
1. In the thesis all these constants are omitted from the equations to simplify
them.

2.2 One-Particle Treatment

Here the one-electron quantum dot is introduced and the corresponding single-
particle Hamiltonian is defined to allow the calculation of the systems wave
functions and energies. The one-electron states will form a basis later to be
used when treating the many-electron dot and will include all effects except
the Coulomb interaction, which will be added in section 2.3.

The one particle Hamiltonian in a magnetic field reads:

ĥop =
1
2
(−i∇+A)2 +V +hspin, (2.11)

where A is the vector field, V is the effective potential of the dot and hspin con-
tains effects involving the electron spin. The focus for now will be on the case
of no magnetic field, no spin-orbit interaction and V being a two dimensional
harmonic oscillator potential.

The reasoning behind modeling the potential as two rather than three di-
mensional is in how the dots investigated in this thesis are created. The dots
studied here are generally either self-assembled or lateral quantum dots, where
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the thickness of the dots can be a few atoms, while the in-plane width is orders
larger, [8; 9]. Studies have shown it to be reasonable to model the electron
gas thickness as a delta-function and allow for no excitations in that dimen-
sion, [10] The dots handled in this thesis lie in the xy-plane, with a very thin
z-distribution, that is most often neglected. In the Dresselhaus interaction, sub-
section 2.2.4, and phonon interaction, section 4.1, a finite width is assumed.

The resulting Hamiltonian in polar coordinates now reads:

ĥop(r) =
p̂2

2
+

1
2

ω2r2, (2.12)

and in Cartesian coordinates:

ĥop(x) =
p̂2

2
+

1
2

ω2(x2 + y2). (2.13)

2.2.1 Polar coordinates

As the 2D harmonic oscillator potential has a cylindrical symmetry, it is nat-
ural to solve the problem using polar coordinates. Since the Hamiltonian is
separable in a radial part and an angular part one expects to find solutions of
the form:

Ψnml (r,φ) = unml (r)e
imlφ , (2.14)

divided into a radial part, unml , and an angular part, eimlφ .
The non-trivial equation to solve now is the radial eigenvalue problem:[

1
2
(−
←−
∂r
−→
∂r +

m2
l

2r2 )+
1
2

ω2r2
]

unml (r) = εnml unml (r), (2.15)

where
←−
∂r and

−→
∂r represent differential operators working to the left or right

respectively. This representation of the operators becomes useful later on since
we use this formalism to solve a matrix eigenvalue problem. Solving this, one
finds the wave functions to eq. 2.1:

Ψnml (r,φ) =
1
l

√
2n!

n+ |ml|!

(r
l

)|ml |
L
|ml |
n ((r/l)2)e−(r

2/2l2) eimlφ
√

2π
, (2.16)

and the corresponding eigenvalues:

εnml = ω(2n+ |ml|+1), (2.17)

where L
|ml |
n are the associated Laguerre polynomials, and l is the harmonic

oscillator length: l =
√

1
ω .
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Figure 2.1: Plots of the real part of four of the wave functions acquired using
eq. 2.16. States |n,ml⟩ from top left to bottom right: |0,0⟩, |1,0⟩, |0,1⟩ and |0,2⟩.
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Figure 2.2: Plots of four of the wave functions acquired using eq. 2.21. States
|nx,ny⟩ from top left to bottom right: |0,0⟩, |2,0⟩, |1,0⟩ and |1,1⟩.
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Details on how eq. 2.15 is solved can be found in quantum mechanical
textbooks, e.g. [11]. The real part of some of these wave functions can be seen
in figure 2.1.

The polar solution is powerful since it has a trivial solution in the angular
regime, reducing our problem from two dimensions into one radial dimension.
This solution is also useful when introducing a perpendicular magnetic field,
since these states are also eigenstates to the Lz operator. However any change
to the potential that breaks the cylindrical symmetry, such as the elliptical dot
or the tilted magnetic field introduced later on, will require a complete two
dimensional solution.

2.2.2 Cartesian coordinates

By solving the Schrödinger equation in Cartesian coordinates the problem sep-
arates into two one dimensional harmonic oscillator potentials:

− 1
2

∂ 2

∂x2 ψnx(x)+
1
2

ω2x2ψnx(x) = εnxψnx(x), (2.18)

for the x and y coordinate separately. The solution is:

ψnx(x) =
1√

2nxnx!

(ω
π

)1/4
Hnx(x)ωe−ωx2/2, (2.19)

where Hnx(x) are Hermite polynomials with the eigenvalues:

εnx = ω(nx +
1
2
). (2.20)

The general solution to the Schrödinger equation in both dimensions will then
be:

Ψnx,ny(x,y) = ψnx(x)ψny(y), (2.21)

with the energies:
εnx,ny = ω(nx +ny +1). (2.22)

Once again, details can be found in most quantum mechanics text books,
and the wave functions can be found in figure 2.2.

This solution is equivalent to the polar one, but requires the solutions to
two sets of eigenvalue problems. If we were to change the parameters of
the harmonic oscillator, separating the harmonic oscillator strength, ω , into
two dimensions, ωx and ωy, we can write the harmonic potential: VHO(x,y) =
1
2

(
ω2

x x2 +ω2
y y2

)
. We now have the option to use different oscillator strengths

in the two different dimensions, creating an elliptic dot. More details regarding
this can be found later on in Chapter 3.
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Figure 2.3: Convention used for the angles of the magnetic field B.

2.2.3 Magnetic Field

We now want to add a general time-independent magnetic field potential to the
dot. The most trivial magnetic field is one lying in the z-direction, perpendicu-
lar to the plane of our 2D semiconductor structure, however we choose a more
general field:

B = B0 (cosϕ sinθ ,sinϕ sinθ ,cosθ) , (2.23)

giving us the vector potential:

A =
B0

2
·

(zcosϕ sinθ − ycosθ ,xcosθ − zsinϕ sinθ ,ysinϕ sinθ − xcosϕ sinθ) ,
(2.24)

In our convention θ is the inclination angle from the z-axis and ϕ is the
azimuthal angle from the x-axis, as seen in figure 2.3. The Hamiltonian in
equation 2.11 can be rewritten:

ĥop =
p̂2

2
+V (x)+

1
2

A2 +
1
2

B ·L+hspin. (2.25)

Now if we assume an almost two-dimensional dot, the z-dependent contribu-
tions vanish, leaving us with the quadratic coupling:

A2 =
B2

0
4
(
(x2 + y2)cos2 θ + sin2 θ(ysinϕ − xcosϕ)2) , (2.26)

and the linear coupling:
B ·L = B0 cosθLz. (2.27)

The quadratic vector potential term will act as an anisotropic two-dimensional
harmonic potential, where the angles θ and ϕ will control the direction of the
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anisotropy. This is easily seen by fixating ϕ = 0 and ending up with the poten-
tial:

A2 =
B2

0
4
(
x2 + y2 cos2 θ

)
, (2.28)

where the harmonic potential in the y-direction is dampened by a factor cos2 θ .
With a general azimuthal angle ϕ an equivalent elliptical potential is created
but with its axis in the direction of ϕ .

A Cartesian basis will be more natural to use when a tilted magnetic filed
is involved, since the quadratic magnetic effect only has a cylindrical sym-
metry in the case when θ is zero. The first part of eq. 2.26 is separable and
can be added to the two one-dimensional Schrödinger equations (2.18). The
second part of eq. 2.26 and the linear magnetic term both mix in the x-y-
dimensions and need to be added separately, mixing the states produced in
subsection 2.2.2.

2.2.4 Spin effects

The electron being a 1/2 spin lepton will be ruled by the Pauli exclusion prin-
ciple. Without spin interactions we will have two identical states for the elec-
trons to occupy for every solution of the Schrödinger equation. However, with
a spin dependent Hamiltonian these states will shift and become separated.

We choose eigenstates to the Sz spin operator to separate our states into a
spin up state, |1/2⟩ with eigenvalue ms =

1
2 , and a spin down state | − 1/2⟩

with eigenvalue ms =−1
2 .

In this thesis we take into account two spin effects, the Zeeman spin split-
ting, hze, and the spin-orbit coupling hSO.

The electron will, due to its spin, have an intrinsic magnetic moment:

µS =−g∗µBS/h̄, (2.29)

where, µB, is the Bohr magneton and g∗ is the effective electron gyromagnetic
ratio.

By coupling the electrons magnetic moment to that of an external magnetic
field we can write the Zeeman Hamiltonian:

hze =−µS ·B =−g∗µb
(
BxŜx +ByŜy +BzŜz

)
=

−g∗µbB0
[
sinθ(cosϕ Ŝx + sinϕ Ŝy)+ cosθ Ŝz

]
.

(2.30)

In a spherically symmetric system, such as an atom, the magnetic field and
spin eigenstates are often chosen to both point in the z-direction. The spin
states will then also be eigenstates to the hze operator and the eigenvalues will
split the states by ±1

2 g∗µbh̄B0 for a total energy difference of g∗µbh̄B0. In the
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two dimensional dots covered by this thesis, it becomes more natural to define
the z-axis as the perpendicular axis to our effective potential. A magnetic
field pointing in an arbitrary direction will then instead have eigenstates as a
linear combination of our |1/2⟩ and | − 1/2⟩ states, depending on the angles
of the magnetic field. This is not really any spin mixing, since it will produce
two perpendicular states. Without any spin-orbit interaction, the spin space
and momentum space could be separated into two independent spaces with
different coordinates. But since we do mix these in the upcoming part, they
need to share spatial coordinates. More details regarding the Zeeman spin
effect can be found in most atomic physics textbooks, e.g. [12].

The other spin dependency included in the thesis is the spin-orbit effect,
here in two forms: the Rashba, [13], and the Dresselhaus, [14], effects.

Spin-orbit interaction stems from that the orbiting electron will experience
the electric field from the potential as a varying field in its frame of refer-
ence. According to the laws of electromagnetism, a changing electrical field is
equivalent to a magnetic field that in its turn is able to couple to the electron
spin.

The electron in the semiconductor system will experience some electric
field E. It will, when moving through this field with a momentum p, experience
a magnetic field:

B = E×p. (2.31)

Coupling this magnetic field to the electron spin, as with the Zeeman effect,
we get a spin-orbit Hamiltonian:

hSO = kSOσ · (E×p), (2.32)

where all constants have been combined into kSO and σ is the Pauli spin vector.
A spin-orbit coupling must preserve time-reversal symmetry, so that hSO(p) =
−hSO(−p). However if the system is also spatially symmetric, hSO(p) =
hSO(−p), the only solution will be hSO = 0. So for any spin orbit coupling
to exist, the experienced electrical field needs to be spatially asymmetric, [15].
The Rashba and Dresselhaus couplings target two such asymmetries and result
in two different spin-orbit Hamiltonians capable of mixing the electron spin
states.

The spatial inversion asymmetry may come from the semiconductor crys-
tal structure lacking center of inversion, that is crystals that are asymmetric
in regards to some axis. Zinc-blende III-V semiconductor compounds, such
as GaAs, are such crystals and were studied by Dresselhaus in formulating
the theory behind spin-orbit effects in such materials, [14]. This is called the
Dresselhaus coupling and the Hamiltonian can be formulated in two parts as:

hD1 = γ⟨π2
z ⟩(πyσy−πxσx), (2.33)
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and
hD3 =

γ
2
[
(πxπ2

y σx−πyπ2
x σy)+(πxπ2

y σx−πyπ2
x σy)

†] (2.34)

for a two dimensional system in the [001] plane of such a semiconductor crys-
tal [16]. Here π j = −i ∂

∂ j +A j is the momentum operator and σ j is the Pauli
spin matrix in the j-direction, and γ is the material specific Dresselhaus coef-
ficient. Eq. 2.33 is usually referred to as the linear term and eq. 2.34 is cubic
term with respect to momentum operators.

The Rashba effect originates in structural asymmetry in the heterostruc-
ture, as well as the bulk material’s own spin-orbit coupling, and can be tuned
by changing the components shape or with an applied electric field. If there
for instance is a slight difference in doping concentration between the semi-
conductor layer above and below the quantum dot, there will be a resulting
effective field in the z-direction. If the asymmetry is present in the z-direction
of the system plane, the Hamiltonian may be written as:

hR = α(πxσy−πyσx), (2.35)

with the same notations as in eq. 2.33 and 2.34 and with α being the adjustable
Rashba coefficient from the asymmetry.

In atoms, spin-orbit interaction couples states with the same total angular
momentum ml +ms. So for instance a |n,ml,ms⟩= |0,0,1/2⟩ state can couple
with a |0,1,−1/2⟩ state. The Rashba effect, being an external field interaction,
operates in a similar way as the atomic case, preserving total angular momenta.
The two Dresselhaus effects however do not, instead the linear part preserves
ml −ms, while the cubic part couples states; |n,ml,1/2⟩ to |n,ml + 3,−1/2⟩
and |n,ml − 1,−1/2⟩; and |n,ml,−1/2⟩ states to |n,ml − 3,1/2⟩ and |n,ml +
1,1/2⟩, [16].

Incorporating these spin effects in our one-electron treatment results in
spin mixing between our electron wave functions. A consequence of this is
that a many-body state created using our one-electron basis, will no longer
form pure singlet and triplet states, but will have an overlap between them.
This will open up for transitions between these states through e.g. phonon
emission or absorption as discussed further in chapter 4.

2.2.5 B-spline basis

As we have seen, the 2D harmonic oscillator is exactly solvable, but we would
rather use a numerical basis since many other effects that are not exactly solv-
able are included.

As a basis we choose the so called B-spline basis. B-splines are piecewise
polynomials of some order defined on a grid, called a knot sequence. Details
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on the properties of the basis and how it is applied in atomic physics can be
reviewed in [17], what follows will be a very short summary of the application
to our situation.

Any function f (x) can be approximated using N splines of order k as:

f (x)≈
N

∑
i=1

ciBi,k(x), (2.36)

The splines, Bi,k, are polynomials of order k, defined between the knot points i
and i+k. With more splines, a different knot sequence or higher order polyno-
mials, more complex functions can be approximated to a better accuracy. We
may now project our basis functions in the previous sections to our B-spline
basis, as an example we choose the one dimensional wave functions from our
solution using Cartesian coordinates:

|ψnx⟩ ≈
N

∑
i=1

ci,nx |Bi,k⟩, (2.37)

This new representation of the wave functions reduces the problem of the
Schrödinger equation into finding the set coefficients belonging to each eigen-
state. This is done by applying a Hamiltonian, h, to our new basis, 2.37, and
taking the dot product with the basis set bras from the left to form the matrix
equation as follows:

hc = εBc, (2.38)

where the elements of h are h j,i = ⟨B j,k|h|Bi,k⟩, B are B j,i = ⟨B j,k|Bi,k⟩ and c
contains the coefficients we are trying to find.

The integrals needed to be solved to create the matrix equation can be cal-
culated to machine precision using Gaussian quadrature since the B-splines
are polynomials. This means that the primary source of approximation in the
method is the representation of the wave functions in the new basis. By mod-
ifying the knot point sequence and the polynomial order we have a way of
optimizing the wave function representation to suite the accuracy required.
We will to a good approximation reproduce a certain number of lower lying
states, but they become less and less accurate as they increase in energy. Even-
tually the states are becoming fully unphysical and are mainly determined by
the boundaries of the knot-sequence, the so called numerical box. However,
these states are still required and useful to construct the complete basis to use
when solving the Schrödinger equation.

2.3 Many-Body Treatment

Using the complete Hamiltonian created in section 2.2, we diagonalize the
matrix from eq. 2.38 and create a set of one-body states that we may now use
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to solve the many-body problem.
The full many-body Hamiltonian can be written as:

HMB =
N

∑
i

hi +
N

∑
i< j

1∣∣ri− r j
∣∣ . (2.39)

Here we have separated the Hamiltonian into two parts, the non-interacting,
one-body part, hi that we have already solved, and the many-body, Coloumb
interaction. Some of the simpler methods used to solve this problem are so
called mean-field methods, where the Coloumb interaction is simplified to a
one-body interaction with a total potential created by all the other electrons
collectively. Hartree-Fock (HF) and Density Function Theory (DFT) are two
such methods, but both lack accuracy to one degree or the other. HF does
not include any correlation effects and will be a fairly bad method when we
increase our number of particles. DFT can produce very high quality results,
but they are dependent on the functionals used and the accuracy of the method
is hard to determine for a new type of system.

In this work, focus is on the following numerical many-body methods;
Configuration Interaction (CI), Many-Body Perturbation Theory (MBPT) and
Coupled Cluster (CC). These methods are in general more accurate than Hartree-
Fock and do not require the use of the pre-determined functionals used in DFT.
They are however often more computationally heavy and in the case of Cou-
pled Cluster, cumbersome to implement.

To start out we should define some useful tools. First, a many-body state
of a system consisting of N electrons can be written as a Slater determinant:

Ψ(x1,x2...xN) =
1√
N!

∣∣∣∣∣∣∣∣∣
ψa(x1) ψb(x1) · · · ψN(x1)
ψa(x2) ψb(x2) · · · ψN(x2)

...
...

. . .
...

ψa(xN) ψb(xN) · · · ψN(xN)

∣∣∣∣∣∣∣∣∣
≡ |ψa ·ψb · ... ·ψN | ,

(2.40)

i.e. a sum of all permutations of the products of all occupied orbitals. So the
wave function in eq. 2.40 is an N-electron wave function where the one-body
states a,b, ...N are occupied. We also divide the space constructed by these
states into two parts, the model space and the function space. The model space
is spanned by model functions, which are states used as starting-points in our
numerical routines when searching for exact many-body wave functions. We
denote the model functions as Ψ0 or in a similar way. These are approxima-
tions of the exact wave functions, and the choice of these will be discussed
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in further detail below. The function space is the complementary space to the
model space, spanned by all the other wave functions created using the one-
body states.

We use the convention of denoting electron orbitals occupied in the model
space with the letters a,b,c, ... and orbitals unoccupied in the model space
using the letters r,s, t, .... When describing a general case where an orbital may
be either occupied or unoccupied the letters m,n,o, ... will be used. A many-
body state in the function space, where the electron occupying the orbital a in
the model space, is instead occupying the excited orbital r, is written as the
Slater determinant:

Ψr
a = |ψr ·ψb · ... ·ψN | . (2.41)

Due to the completeness of the basis, any state, such as the solution the
many-body Hamiltonian in eq. 2.39, can be written as:

Ψ = c0Ψ0 +∑
ar

cr
aΨr

a + ∑
abrs

crs
abΨrs

ab + ∑
abcrst

crst
abcΨrst

abc + ... (2.42)

So the exact many-body state can be written as a superposition of states in
our model and function space. We can see the different parts as the original
non-interacting state and excitations from this configuration, these excitations
may be one-electron, two-electron or more electron excitations. The division
based on the degree of excitation will be useful later on, but for simplicity it
is enough to describe them as some excitation Ψi from Ψ0. So our solution to
the many-body Hamiltonian is:

Ψ = c0Ψ0 +∑ciΨi. (2.43)

2.3.1 Configuration Interaction

In a similar fashion as previously done when switching basis to the B-spline
basis in subsection 2.2.5, we can now construct an eigenvalue problem on ma-
trix form where we now search for the coefficients of eq. 2.42.

HC = EC. (2.44)

Thanks to the orthogonality of the many-body states in the model and function
space, C will be a vector containing the coefficients, E will contain the many-
body energies and H is:

H =

⟨Ψ0|HMB|Ψ0⟩ ⟨Ψ0|HMB|Ψ1⟩ . . .
⟨Ψ1|HMB|Ψ0⟩ ⟨Ψ1|HMB|Ψ1⟩ . . .

...
...

. . .

 . (2.45)
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Using the Configuration Interaction method, one constructs this matrix and
diagonalizes it to form the many-body solution to eq. 2.39.

However, this is a very expensive method. Even though we have a finite
one-body basis, the number of many-body functions we can create using these
grows very large when more than a few active electrons are allowed. This
usually requires a truncation of some aspect of the problem, usually by only
allowing a certain degree of excitations in the function space. This is done by
removing some of the terms in eq. 2.42, and reducing the dimensionality of
the H-matrix.

But by doing this, certain problems will arise in regards to the solution. The
Coloumb interaction is a two-body interaction, meaning that terms in eq. 2.42
with excitations of order 3 or higher will require a combination of several
interactions to happen. Therefore, the probability of higher order interactions
are reduced and hence, higher order terms will impact the total wave function
less. So truncating higher order terms should be viable within whatever margin
of error we allow. A less obvious drawback is lack of size consistency, [18],
that is, truncated CI does not conserve energy when dividing something into
several separate subsystems, [19].

In this thesis only full untruncated CI is used (FCI) in two-electron dots.
To set up H in eq. 2.45, we create a many-body basis using states that solve
the one-body Hamiltonian hi in e.q 2.39. These one-particle functions are
combined into Slater determinants as previously discussed, and these are used
as our many-body states. The choice of how many, and which, basis functions
to use to create the many-body states will be a way of controlling the size
of the problem. However this will of course also effect the accuracy of the
calculations, but by investigating how the solution converges when increasing
the basis size, the accuracy can be assessed.

The matrix-elements of H can be separated into two parts, the energy con-
tribution to the diagonal from hi, and the Coloumb interaction from the 1/r12
operator:

H =

E0 0 . . .
0 E1 . . .
...

...
. . .

+

⟨Ψ0|1/r12|Ψ0⟩ ⟨Ψ0|1/r12|Ψ1⟩ . . .
⟨Ψ1|1/r12|Ψ0⟩ ⟨Ψ1|1/r12|Ψ1⟩ . . .

...
...

. . .

 , (2.46)

En will be the sum of the energies of the one-electron functions in the Slater
determinant |Ψn⟩. The non trivial part that is left is the Coloumb interaction:

⟨Ψk|
1∣∣ri− r j

∣∣ |Ψl⟩. (2.47)

This is a two-body operator, so only many-body states that differ in two or
less one-body states will lead to a non zero matrix element. If, for instance, Ψl
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contains states abc, it will only couple to states Ψk containing at least on of the
states a, b or c. So to construct all matrix elements of the type in eq. 2.47, we
need to form and combine all possible ⟨op| 1

r12
|mn⟩ from our basis.

When using the polar solutions to the one-body Hamiltonians we can use
the expansion suggested by Cohl et al. in [20] and write the 1/r12 matrix
elements as:

⟨op| 1
r12
|mn⟩=

∞

∑
ml=−∞

⟨uo(r1),up(r2)|
Qml−1/2(ξ )

π√r1r2
|um(r1),un(r2)⟩

·⟨eimo
l ϕ1eimp

l ϕ2 |eiml(ϕ1−ϕ2)|eimm
l ϕ1eimn

l ϕ2⟩⟨mo
s |mm

s ⟩⟨mp
s |mn

s ⟩.
(2.48)

Here the numbers 1 and 2 denote the first and second particle, uo(r) are the
radial wave functions, ml and the ms quantum numbers are defined as in eq.
2.14. Qml−1/2(ξ ) are Legendre functions of the the second kind and half in-
teger degree solved using software from [21]. Thanks to the use of B-splines,
the radial integrals that need to be evaluated are polynomial, allowing the use
of "exact" Gaussian integration. The angular integrals will only be non-zero
given certain quantum numbers, leading us to some selection-rules, namely:
mo

l −mm
l = mp

l −mn
l , mo

s = mm
s and mp

s = mn
s .

In the case of Cartesian coordinates the process is more straight forward,

1
|r1− r2|

=
1√

|x1− x2|2 + |y1− y2|2
. (2.49)

Special care must be taken when operating close to the poles in the 1/r12 oper-
ator, to circumvent division by zero. By not including identical spacial points
for the two particles in the integral calculations through Gaussian quadrature,
these poles are avoided.

The Coloumb interaction is not spin mixing, meaning that without any spin
mixing within the basis, singlet and triplet many-body states will not interact.
The matrix diagonalization may therefore be divided into separate smaller ma-
trices, each containing basis states with the same total MS quantum number,
and diagonalize these individually.

If spin mixing effects are added to the one-body basis, ms no longer is a
good quantum number in our basis. This will require the diagonalization of
the full H matrix to calculate all states. These resulting states will, due to the
mixed spins, not be pure singlets and triplets, allowing for otherwise forbidden
transitions between these. More on this in chapter 4.

2.3.2 Perturbation Theory

Moving on to the many-body perturbation theory, the idea is to perturbativly
add the Coulomb interaction to a solvable system. This presents a number of
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possible solutions and the work done here is based on Lindgren and Morrisons
textbook on many-body atomic physics, [22]. The goal is to achieve a pertur-
bation expansion to all orders, that is, including the full Coulomb interaction.
When diagonalizing the matrix in eq. 2.44, we will create all possible excita-
tion paths between our basis states by combinations of 1/r12 interactions. With
perturbation theory we hope to achieve the same thing without the computa-
tional expense of FCI or the drawbacks of truncated CI.

To start of we want to divide the full Hamiltonian into two parts, H =
H0 +V , with the eigenstate Ψ. Here H0 has a known solution Ψ0 that is an
approximation of Ψ, and V is treated as a perturbation to H0. We have the
option to either have the entire Coloumb interaction in V or include some of it
in H0. V becomes:

V = ∑
i< j≤N

1
ri j
−∑

i≤N
ui, (2.50)

where ui is some one-particle mean-field potential already included in the so-
lution of H0. The reason to do this is to possibly include some of the Coulomb
interaction in the model function, by using solutions from some other method,
such as Hartree-Fock. This will not affect the solution since all interactions
should be included in the MBPT method, but may simplify or speed up the
process.

In the beginning of the section the concept of model space and function
space were defined. The model space may span any number of many-body
functions, but we investigate the case where it only contains one model func-
tion |Ψ0⟩. It becomes useful to create some projection-operators associated
to these spaces, P = |Ψ0⟩⟨Ψ0| which projects onto the model function, and
Q = ∑β ̸=Ψ0 |β ⟩⟨β | which projects onto the complimentary functions. The two
projection operators form a complete space, i.e. P+Q = 1. We also choose to
normalize our functions in such a way that ⟨Ψ0|Ψ⟩= 1. This allows us to write
the exact solution as the model function plus a correction in function space:

|Ψ⟩= (P+Q)|Ψ⟩= |Ψ0⟩+Q|Ψ⟩. (2.51)

We now define the wave operator Ω and the correlation operator χ . The
wave operator has the property that it creates the exact state when operating
on the model function, i.e. Ω|Ψ0⟩ = |Ψ⟩. The correlation operator is defined
by Ω = 1 + χ , and will, when operating on the model function, create the
correction in function space to the model function:

χ |Ψ0⟩= (Ω−1)|Ψ0⟩= |Ψ⟩−P|Ψ⟩=
|Ψ0⟩+Q|Ψ⟩− |Ψ0⟩= Q|Ψ⟩= QΩ|Ψ0⟩.

(2.52)

We can now rewrite the Schrödinger equation into a, for the purpose, more
useful form called the Bloch equation, formulated in [23]. The Schrödinger
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equation in our operator form reads:

H|Ψ⟩= H0|Ψ⟩+V |Ψ⟩= E|Ψ⟩, (2.53)

or
(E−H0)|Ψ⟩=V |Ψ⟩, (2.54)

we now project onto our model space using the P operator, which commutes
with H0 since Ψ0 is an eigenfunction.

P(E−H0)|Ψ⟩= (E−H0)|Ψ0⟩= PV |Ψ⟩. (2.55)

Next step is to use the definition of the wave operator:

P(E−H0)|Ψ⟩= E|Ψ0⟩−H0|Ψ0⟩= PV Ω|Ψ0⟩, (2.56)

and then operate with Ω:

EΩ|Ψ0⟩−ΩH0|Ψ0⟩= E|Ψ⟩−ΩH0|Ψ0⟩= ΩPV Ω|Ψ0⟩. (2.57)

We now replace E|Ψ⟩ with eq. 2.53 and once again use the definition of
the wave operator:

E|Ψ⟩−ΩH0|Ψ0⟩= (H0 +V )|Ψ⟩−ΩH0|Ψ0⟩=
(H0 +V )Ω|Ψ0⟩−ΩH0|Ψ0⟩= ΩPV Ω|Ψ0⟩,

(2.58)

and by shuffling the terms we get:

H0Ω|Ψ0⟩−ΩH0|Ψ0⟩= ΩPV Ω|Ψ0⟩−V Ω|Ψ0⟩. (2.59)

We bring in a ⟨Ψ0| from the right and switch signs to write this with a
commutator on the form:

[Ω,H0]P =V ΩP−ΩPV ΩP. (2.60)

Finally we want to use a formalism where we create excitations from the
model space P onto the function space Q, therefore we use our definition of χ
to rewrite this onto its final form, the Bloch equation:

[Ω,H0]P = QV ΩP−χPV ΩP. (2.61)

We can now divide the wave operator order by order, Ω= 1+Ω1+Ω2+ ...,
and likewise for the correlation operator, χ = Ω1 +Ω2 + .... Here the order of
the operator denotes the number of Coulomb interactions involved in the op-
erator. The point of this is to create an order-by-order scheme to construct our
wave operator, so by inserting the expanded operator into the Bloch equation
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we may identify connections between different parts of the two sides of the
equation:

[(1+Ω1 + ...),H0]P =

QV (1+Ω1 + ...)P− (Ω1 + ...)PV (1+Ω1 + ...)P,
(2.62)

so that:

[1,H0]P = 0

[Ω1,H0] = QV P

[Ω2,H0] = QV Ω1P−Ω1PV P

[Ω3,H0] = QV Ω2P−Ω2PV P−Ω1PV Ω1P
...

(2.63)

By calculating all the matrix elements QV P, we can now create the first
order wave operator, and by using Ω1 we can continue constructing Ω2 and
so on. When evaluating the operators, certain parts of the right hand side
of the expressions may be found to have so called unlinked or disconnected
parts. These are called the unlinked-diagrams when applying a diagrammatic
approach to the problem.

The clearest case are of the variety Ω2PV P, here V operates between the
model functions only,

PV P = |Ψ0⟩⟨Ψ0|V |Ψ0⟩⟨Ψ0|= E|Ψ0⟩⟨Ψ0|= EP, (2.64)

creating an energy contribution of the form of a constant number. Also the
Ω1PV Ω1P term has a similar closed off part, here created by the Ω1 and sub-
sequent V operator, creating another energy contribution. If the QV Ω2P term
is expanded, the same parts with the same closed of energy contribution will
be found. If this is done in all terms of eq. 2.61, we will get a cancellation be-
tween the disconnected parts of the first term and the entire second term of the
right hand side. This is called the linked-diagram theorem, [22]. This allows
us to formulate the Bloch equation in a new way:

[Ωi,H0]P = (QV Ωi−1P)linked , (2.65)

where only the linked-diagrams, are included in the right hand side.
We now wish to utilize the wave operator expansion to find the exact wave

function |Ψ⟩ and the state energy E. The wave operator has been divided
order-by-order, and so can the wave function:

|Ψ⟩= Ω|Ψ0⟩= |Ψ0⟩+Ω1|Ψ0⟩+Ω2|Ψ0⟩+ ...= |Ψ0⟩+χ|Ψ0⟩. (2.66)
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Now, χ operates from P space to Q space as in eq. 2.52 so we are only
interested in the parts of the wave operator doing the same. If we operate
with the Q-operator from the left-hand side of eq. 2.63, we can investigate the
effects on the first order operator:

Q[Ω1,H0] = QΩ1H0P−QH0Ω1P. (2.67)

By letting H0 operate to the right on P in the first term and to the left on Q
in the second term, we can replace the H0 operator with its eigenvalues:

QΩ1H0P−QH0Ω1P = QΩ1EPP−QEQΩ1P =

= ∑
β ̸=Ψ0

(
|β ⟩⟨β |Ω1ε0|Ψ0⟩⟨Ψ0|− |β ⟩⟨β |εβ Ω1|Ψ0⟩⟨Ψ0|

)
=

= (ε0− εβ ) ∑
β ̸=Ψ0

|β ⟩⟨β |Ω1|Ψ0⟩⟨Ψ0|.
(2.68)

If we also rewrite the right hand side of the corresponding row of eq. 2.63,
we can express the first order wave function as:

|Ψ1⟩= QΩ1|Ψ0⟩= ∑
β ̸=Ψ0

|β ⟩⟨β |Ω1|Ψ0⟩= ∑
β ̸=Ψ0

|β ⟩⟨β |V |Ψ0⟩
(ε0− εβ )

. (2.69)

By doing the same thing for the other lines of eq. 2.63 we now have a way
of constructing the complete wave function, order by order.

To find the corresponding energy we define an effective Hamiltonian, He f f ,
with the properties that its eigenvalue is the exact energy E corresponding to
the exact wave function |Ψ⟩, and its eigenfunction is the model function |Ψ0⟩.
To get these properties the effective Hamiltonian must be defined as follows:

He f f = PHΩP = PH0P+PV ΩP. (2.70)

In a similar way to how the wave function was treated, we now divide the
energy into an order-by-order expansion:

⟨Ψ0|E|Ψ0⟩= ⟨Ψ0|He f f |Ψ0⟩=
= ⟨Ψ0|H0|Ψ0⟩+ ⟨Ψ0|V |Ψ0⟩+ ⟨Ψ0|V Ω1|Ψ0⟩+ ⟨Ψ0|V Ω2|Ψ0⟩+ ...=

= E0 + E1 + E2 + E3 + ....

(2.71)

Note that the first order wave operator, Ω1, produces the second order en-
ergy, E2, since an additional Coloumb interaction is added to it.

Even though a scheme for finding the true many-body wave function and
energy has been found, it is not a very practical one. Since the different order
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wave operators can be combined in more ways to form higher order operators,
a computer algorithm will be tough to construct. A better form would be an
iterative equation where one can insert one iteration of the solution once again
into the same equation to form a higher order solution. Such a Bloch equation
would instead be:

[Ω(i),H0]P = QV Ω(i−1)P−χ(i−1)PV Ω(i−1)P, (2.72)

where the starting point wave and correlation operators are Ω(0) = 1 and χ(0) =
0. By inserting the expressions for Ω iteration by iteration, one would find that
the expressions do not match the order by order formalism in eq. 2.63. How-
ever, the sum of the all-order expansion of wave operators in both formalisms
would be the same, i.e. given that a self consistent solution is reached through
iteration, it will be equivalent to the one found order-by-order.

For an exact solution all orders of the wave operator need to be included.
But the contribution to the energy and wave function will be smaller and
smaller for each order as each higher order operator is built from lower order
operators. However, size consistency once again may play an important roll.
It has been shown, [19], that MBPT is only size consistent if it includes simul-
taneous pair excitations in the separated subsystems. These are disconnected
quadruple excitations i.e. two separate double excitations in the subsystems.
So if we implement MBPT using the linked-diagram theorem, and truncate
it by the double excitations, we will not include these disconnected "double-
double" excitations. To be sure to include this, we can not truncate the wave
function before the fourth order. But by a slight modification to how we treat
the wave operator, we may include all double excitations, even simultaneous
ones we have thus far treated as quadruple excitations. This treatment is called
the Coupled Cluster method.

2.3.3 Coupled Cluster

The Coupled Cluster method (CC), originates in the field of nuclear physics
[24], and has since then been well used in atomic, molecular and chemical
physics [25]. Due to the atom-like properties of low dimensional semicon-
ductor systems the method has also seen some recent use in this area such as
[26–28] and paper I in this thesis.

We define: SN = ΩN,connected , a cluster operator of order N, as the part
of the wave operator that creates excitations of the N:th order, that may not be
subdivided into several disconnected lower order excitations. As an example, a
double excitation from the model function, exciting electrons in orbitals a and
b to r and s, ⟨Ψrs

ab|V |Ψ0⟩, is a pure double excitation included in the S2 operator.
However two one electron excitations, ⟨Ψs

b|V |Ψ0⟩⟨Ψr
a|V |Ψ0⟩, resulting in the
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same total excitation to the state Ψrs
ab, will not be included, but will instead be

a case of two single excitations {S1}2. Both of these are double excitations
belonging to the Ω2 operator, but are built by two different classes of cluster
operators.

We can write the entire wave operator as the exponential function of the
sum of all cluster operators:

Ω = {eS}= {eS1+S2+S3+...}=

1+S1 +S2 +
1
2!
{S1}2 +S3 +{S1S2}+

1
3!
{S1}3 + ...,

(2.73)

where the curly brackets denote anti-symmetrization of the operators. The
right-hand side of eq. 2.73 can now be subdivided into the different orders of
the the wave operator as follows:

Ω1 = S1

Ω2 = S2 +
1
2!
{S1}2

Ω3 = S3 +{S2S1}+
1
3!
{S1}3

Ω4 = S4 +{S3S1}+
1
2!
{S2}2 +

1
2!
{S2S2

1}+
1
4!
{S1}4

...

(2.74)

If we truncate the wave operator to only include single and double clusters
(Coupled Cluster Singles and Doubles), we still include some third and fourth
order excitations. Better yet, we include the separated doubles required for our
method to be size consistent as long as we include all combinations of singles
and doubles up until Ω4. The cluster operator also satisfies the Bloch equation,
[29]:

[SN ,H0]P = (QV ΩP−χPV ΩP)N,connected . (2.75)

Once again, connected denotes the excitations that can not be divided
into several lower order disconnected parts. The linked-diagram theorem, ex-
plained in the previous section can be applied to the equation too, canceling
out the second right hand term.

Concentrating on the Coupled Cluster Singles and Doubles (CCSD), trun-
cating the cluster operator to include singles and doubles and only including
intermediate excitations up to quadruples. We now want to write the itera-
tive cluster equations for the S1 and S2 operators. Starting with the singles
cluster, the goal is to achieve a similar expression as in eq. 2.69. However,
it becomes more complicated since a single excitation can be created in var-
ious ways, with higher order intermediate excitations possible. For instance
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⟨Ψr
a|V |Ψrs

ab⟩⟨Ψrs
ab|V |Ψ0⟩, has a net single excitation, but an intermediate dou-

ble excitation. It becomes advantageous to divide the perturbation interaction
V into components by the excitation created; V0, V1 and V2, where the index
represents the excitation order. V0 will only interact between identical states
such as the PV P terms canceled out with the linked diagram theorem, and
will not appear in the expressions. Combining the perturbation operators and
the wave operators we can write the iterative formula for the singles cluster
operator as:

⟨Ψr
a|S1|Ψ0⟩i+1 =

1
εa− εr

⟨Ψr
a|V1 +(V1 +V2)S1 +(V1 +V2)S2+

+
1
2!
(V1 +V2){S1}2 +V2{S1S2}+

1
3!

V2{S1}3|Ψ0⟩i.
(2.76)

In the same way the doubles operator expression becomes:

⟨Ψrs
ab|S2|Ψ0⟩i+1 =

1
εa + εb− εr− εs

⟨Ψr
a|V2 +V2S1+

(V1 +V2)S2 +
1
2!

V2{S1}2 +(V1 +V2){S1S2}+
1
3!

V2{S1}3+

1
2!

V2{S2}2 +
1
2!

V2{S2
1S2}+

1
4!

V2{S1}4|Ψ0⟩i.

(2.77)

Figuring out the ways to combine the operators to form the different or-
ders of excitations is in no way a trivial matter, and is the greatest drawback
of the CC method. But if this is done properly and the cluster expressions are
implemented in a numerical routine very high accuracy results may be calcu-
lated fairly inexpensively. Such results may be viewed in comparison to other
methods such as the FCI and Quantum Monte Carlo methods in paper I.
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3. Effective Potentials

The effective potential is the modeled total interaction the electrons have with
the surrounding material. Depending on the material properties, different po-
tential structures may be used to describe the interaction. This chapter will
cover two such potential choices, the harmonic oscillator and the circular hard
wall well, and their elliptic counterparts.

The circular two dimensional harmonic oscillator has been shown to be in
good agreement with experiments for few electron quantum dots [30], and has
already been briefly discussed previously in this work. It is also the model
used in paper I for the high precision results discussed there. The hard wall
and harmonic models are both used in paper II and III, and are compared to
each other when subjected to a tilted magnetic field. In the papers an ellipticity
is also inserted to the potentials. In the harmonic case ,this is done by scaling
the x and y-dimensions. For the hard wall in paper II a harmonic term in one
dimension is introduced, while an actual elliptic hard wall is used in paper III

A specific experiment, [31], is used as a reference to the simulated results.
This experiment studies a two electron quantum dot and focuses on two aspects
of it, the energy splitting between the lowest singlet and triplet states, and the
rate which the dot relaxes between these states.

This chapter will focus on the energy splitting and how different potentials
can be used to model it, while chapter 4 focuses on the relaxation rate.

3.1 Experimental Setup

The experimental results in [31], use a technique where one can read the spin
state of the dot by exploiting the different tunneling rates of spin up and down
electrons. In a single electron setup, where either the ground state spin up
(lower Zeeman energy) or down (higher Zeeman energy) state is populated,
[32], the spin is determined by monitoring the charge transition between a dot
and an electron reservoir using a quantum point contact. Similar two-electron
experiments, [33; 34], are able to form a ground state singlet or excited triplet
state. There, a single electron is trapped in a GaAs dot with a barrier towards
an electron reservoir. A second electron is then allowed to tunnel into the dot
forming either a two-electron singlet ground state or triplet exited state. After
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Figure 3.1: Interpretation of the filling and reading of two electron states in [31].
Left: Insertion of the second electron into the quantum dot. The singlet ground
state, SG

0 , and the three excited triplet states; T E1
+1 , T E1

0 and T E1
−1 , are energetically

allowed, however only the T E1
+1 , is spin-allowed. A linear combination between

the T E1
0 triplet and SE1

0 exited singlet may be energetically allowed. Right: Read-
ing the spin of the electron tunneling out to determine what the two-electron state
was.

some time, the second electron is once again allowed to tunnel out, and the
electron spin is determined through its tunneling rate. This information is used
to state whether the two-body state was the singlet or triplet state.

In this experimental situation it is unclear whether the first electron has a
well determined spin or not, and this will effect what two-electron states are
possible. If for instance the first electron is in the spin up ground state |g,↑⟩,
g indicating the ground and e the first excited state, the second electron can
occupy the states |g,↓⟩, |e,↑⟩ or |e,↓⟩. This allows for them to form three two-
body states; the ground state singlet {|g,↑⟩|g,↓⟩}, the spin polarized excited
triplet {|g,↑⟩|e,↑⟩}, and a linear combination between the excited singlet state
and triplet state with zero magnetic spin {|g,↑⟩|e,↓⟩}. All three options have
different energies, the ground state being lowest and the singlet-triplet mixed
excited state being the highest even at zero magnetic field, since the singlet
state has a higher energy than the three triplets. If the initial spin is a mix be-
tween spin up and down all three triplets and the two singlets are accessible.
However then a measurement of a single electron spin won’t give any infor-
mation about the spin of the other electron. Figure 3.1 illustrates the creation
and reading of the two-electron states as interpreted here.
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A recent experiment, [35], further indicates this interpretation. There, the
state we call the singlet ground state, a spin polarized triplet and a state classi-
fied as the unpolarized triplet are created in a similar experimental setup to,
[31]. Relaxation time measurements on the unpolarized ”T0” state exhibit
shorter than expected relaxation times. Since the excited singlet state does
not require a spin-flip to relax to the ground state singlet, it should have a
far larger relaxation rate, and if the experimental ”T0” is indeed the combined
excited singlet and triplet state, a smaller relaxation time should be measured.

Since the nature of the measured triplet states in the experiments remains
unclear, all transitions and energy splittings to all three states are calculated.
The triplet state measured is however believed to be the T+1, state since it has
the lowest energy, and results in chapter 4 may also indicate this.

3.2 Harmonic Oscillator

The two dimensional harmonic oscillator potential and the one-particle solu-
tions have already been discussed in subsections 2.2.1 and 2.2.2. Depending
on the number of electrons in the quantum dot we may want to use different
methods to calculate the many-body energies.

For two electrons it is viable to calculate the many-body states with FCI.
With the B-spline basis and FCI method, high accuracy results should be ob-
tained as long as the one particle states are well represented, and the basis
truncation converges. MBPT is also usable for two electrons, and given that it
is possible to iterate until a self consistent solution is obtained, it should yield
the same results as FCI. CCSD will be identical to MBPT for two particles and
is therefore a more complicated method that achieves the same results.

We may want to truncate the basis to increase the speed of the calculations
and still achieve adequate results. Size consistency should not be an issue as
no separated double excitations may occur, so both MBPT and FCI can be
truncated without loosing any physical properties. A way to truncate the basis
is by the energy of the states. In MBPT this becomes obvious in eq. 2.69,
where the energy difference between the states in the model space and states
in the function space are in the denominator. For FCI this can be shown by di-
agonalizing a matrix with only two states, where one will see that the coupling
strength between the states decreases as the energy difference increases.

For more electrons it is possible to use FCI or MBPT, but due to the scaling
relation of calculation time and the number of particles, this becomes more and
more resource demanding, and will eventually be impossible due to the time
and memory it would require from the computer to run it. Truncating the basis
is still an option, but as can be seen in paper I, the size of the basis is often
more important than using an exact method with respect to the accuracy of the
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Table 3.1: Comparison between the Coupled Cluster Singles and Doubles
method and Full Configuration Interaction according to Kvaal [36–38] and
Rontani [39]. The basis is in all three cases defined by the one-electron harmonic
oscillator Hamiltonian and is truncated after the number of major oscillator shells
R = 2n+ |ml |. Energies are given in units of h̄ω and the number of confined elec-
trons is 2-6 and 8.

CCSD FCI
Ne |2S ML⟩ h̄ω(meV ) Basis This work Kvaal Rontani
2 |00⟩ 11.85720 R=7 3.009234 3.009236

2.964301 R=7 3.729323 3.729324 3.7295
0.3293668 R=5 5.784651 5.7850
0.1852688 R=7 6.618089 6.6185

3 |11⟩ 11.85720 R=10 6.36773 6.365615
2.964301 R=7 8.17635 8.166708 8.1671

4 |20⟩ 2.964301 R=7 13.635 13.626
5 |11⟩ 2.964301 R=7 20.3467 20.33
6 |00⟩ 2.964301 R=5 28.0161 28.0330 28.03

R=7 27.9751 27.98
R=15 27.9390

8 |20⟩ 2.964301 R=5 47.13801 47.14
R=15 46.67960

orbital energy. So the better option for more than four electrons is to change to
another method, such as the CCSD. In paper I, results for CCSD with as many
as 12 electrons have been presented with good accuracy, compared to the FCI
and Quantum Monte Carlo. In table 3.1 an outtake from the article can be seen,
showing the comparison between the CCSD routine and previously published
FCI results.

Some basis truncation will most often be needed or at least useful to speed
up the calculations and it has already been declared that the energy of the one-
particle states is a natural method of doing this. The one electron energies
for the Cartesian and polar solutions: εnx,ny = (nx +ny +1)ω and εnml = (2n+
|ml|+1)ω , will yield identical results and degeneracies. So cutting at the same
energy using the different methods will result in the same basis truncation. The
polar one-electron energies can be seen illustrated in figure 3.2. By observing
the energy structure, we introduce a new compound quantum number R =
2n+ |ml|. R scales with energy, so a truncation by R will ensure that all states
of the energy E ≤ (R+1)ω will be included in the basis.

The Cartesian basis may be mapped in a similar way as seen in figure 3.3.
The polar states can be formed by combining the Cartesian states of the same
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Figure 3.2: The one-electron polar states of a two-dimensional isotropic har-
monic oscillator potential and their corresponding quantum numbers. On the
x-axis the ml quantum number is increased and decreased, with the n quantum
number being constant in each marked "V", and the energy increases along the
y-axis.

E

..
.

0 1 2 3-1-2-3
nx-ny

nx+ny
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1,1 2,00,2

0,1 1,0

2,1 1,23,0 0,3

Figure 3.3: The one-electron Cartesian states of a two-dimensional isotropic
harmonic oscillator potential and their corresponding quantum numbers. On the
x-axis the difference between the nx and ny quantum numbers are increased and
decreased and along the y-axis the energy, and subsequently total n quantum
number, is increased.
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Figure 3.4: One-electron energies for a harmonic oscillator with ω = 0.25 a.u.*,
1 a.u.* = 11.857 meV for an increasing magnetic field along the z-axis. The left
figure is color coded by |ml | quantum numbers, where dashed lines are negative,
solid lines are zero and dotted lines are positive ml . The right figure is color
coded by the combined n quantum number expectation value, ⟨nx +ny ⟩.

energy. For instance, Cartesian states |nx,ny⟩ = |1,0⟩ and |0,1⟩ can form the
polar states:

|n,ml⟩= |0,1⟩=
|0,1⟩+ i|1,0⟩√

2

|n,ml⟩= |0,−1⟩= |0,1⟩− i|1,0⟩√
2

(3.1)

So to truncate the Cartesian basis in the same way as the polar basis, one
may cut by total n quantum number.

With the truncation schemes we have also found a possible shell-structure
in the many-body energies. The idea behind a shell-structure, is inspired by the
structure found in atoms. Assuming the non-interacting many-body energy is
proportional to the actual many-body energy, one expects the addition energy
to spike at 3, 7 and 13 electrons. The addition energy is the extra energy con-
tribution a system requires to bind a new particle to it. These numbers come
from figure 3.2 and 3.3 where each bar in the figure is capable of storing two
electrons (one spin up and one spin down). So if the first two electrons are
placed in the lowest energy states, the next electron to be added will need to
be placed in a state of higher energy than the previous two. The same thing
occurs again when the next two levels are filled, requiring the 7:th electron to
have a higher energy. When the electron-electron interaction starts to domi-
nate over the one-electron basis energy, some changes to the filling structure
may occur. However, studies show that the three lowest shells (2, 6 and 12
electrons) indeed seem to follow what is expected from the one-electron basis,
[40].
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Figure 3.5: Left: Six one-electron states of a symmetric harmonic oscillator,
with ω = 0.25 a.u.*, and a magnetic field perpendicular to the potential. Avoided
crossings due to the cubic Dresselhaus effect can be seen between states |0,+2,↓
⟩(solid)↔ |1,−1,↑⟩(dotted) and |1,−1,↓⟩(dotted)↔ |0,−4,↑⟩(dashed). Right:
The same six states for an elliptic harmonic oscillator, with h̄ω = 0.25 a.u.* and
δ = 1.1, and a tilted magnetic field, with angles θ = 55◦ and ϕ = 90◦.

Figure 3.4 shows the evolution of the harmonic oscillator one-electron en-
ergies when the magnetic field increases. Since ml is a good quantum number
for the Lz operator it continues to be a useful characterization of the states with
the applied magnetic field. The |nx,ny⟩ characterized states will however mix
as previously discussed and the states can also be described by their ⟨nx +ny ⟩
value. At certain magnetic field values, the dot experiences heavy degeneration
where several states with different ml quantum numbers cross. One important
such point is the one located around 1.2T , where states with ∆ml = 3 appear
to cross. With the cubic Dresselhaus interaction discussed in section 2.2.4 we
expect the state |n,ml,ms⟩= |0,1,−1/2⟩ to interact with state |0,−2,1/2⟩, re-
sulting in an avoided crossing and large mixing of states close to this magnetic
field value. In the left hand side of figure 3.5, an enhanced segment of the
crossing-point between six states can be seen. The strong spin-orbit coupling
at this point should also result in highly mixed singlet and triplet states for the
two-electron dot, which will result in a higher probability of transition between
them, more on this in chapter 4.

3.2.1 Elliptic Harmonic Oscillator

The elliptic harmonic oscillator (EHO) has the potential shape:

V (x,y) =
1
2

ω2((δx)2 +(y/δ )2). (3.2)

Since the EHO lacks cylindrical symmetry but is still parabolic in both the x
and y-dimensions, the Cartesian coordinates solution may be used after scaling
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Figure 3.6: One-electron energies for a harmonic oscillator with ω = 0.25 a.u.*,
ellipticity δ = 1.1 (left) and δ = 1.2 (right), 1 a.u.*= 11.857 meV for an increas-
ing magnetic field along the z-axis. Both figures are color coded by ⟨nx + ny ⟩.

the potential strength in the x and y direction. The effects of the dots ellipticity
has been studied to some extent before, [41–43], and even small elliptic effects
have been shown to alter the shell structure noticeably.

In figure 3.6, the one-electron energies of two elliptical harmonic oscillator
potentials are shown. Due to the high ml mixing of states in the elliptical
potential, we only use ⟨nx +ny ⟩ to classify the different states. The previously
degenerate states at zero magnetic field are now split in energy since:

Enx,ny = nxωδ +nyω/δ +1/2(ωδ +ω/δ ). (3.3)

Investigating the states with ⟨nx +ny ⟩= 2 (magenta); the |nx,ny⟩= |0,2⟩ will
have its energy shifted to a lower energy in respect to the |1,1⟩ state, while
|2,0⟩ will shift to a higher energy. As seen in the figure, this splitting will
increase as the ellipticity parameter δ is increased, and for the limit of δ → ∞
the solution will approach the 1D quantum wire. For higher magnetic fields
the behavior will however remain largely unchanged. Since the Lz and A2 term
in the one-particle Hamiltonian from chapter 2 will eventually dominate over
the potential.

One can also study the effective confinement length, [16], in the two di-
mensions:

l2
B,x/y =

l2
0,x/y√

1+A2
x/yl4

0,x/y

, (3.4)

where l0,x =
√

1/ω ·δ and l0,y =
√

δ/ω are the harmonic confinement lengths
along each axis. Using this quantity it becomes clear that the magnetic field
starts pinching together the electronic states and will for sufficiently high fields
dominate over the potential confinement term.
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Figure 3.7: The singlet-triplet energy splitting for an elliptic harmonic oscillator
dot with ω = 0.26 a.u.*, δ = 1.1, in a tilted magnetic field with θ = 55◦, ϕ = 90◦.
The splittings for the three triplet states, T+1(blue), T0(magenta) and T−1(red), for
g∗ =−0.44. Experimental results as circles.

For a magnetic field perpendicular to the plane, the A2 term will be sym-
metrical for x↔ y and any ellipticity in the harmonic oscillator potential will
be suppressed by the field. A tilted field however will have an unbalanced term
in x or y, that acts as an elliptic harmonic potential in the ϕ direction as seen in
section 2.2.3.

In the right hand side of figure 3.5, the crossing point between six states
in an elliptical harmonic oscillator with a tilted magnetic field can be seen.
Contrary to the case of a perpendicular field, states with the same spin may
couple and anti-cross, since the spin states are linear combinations between the
Sz eigenstates. This can be seen by comparing the upper left crossing between
the two graphs in figure 3.5

3.2.2 Two-body results

For the harmonic oscillator, a few observation can be made in respect to the
different potential and magnetic parameters. The primary quantity investigated
will be the energy splitting between the lowest lying singlet and triplet states.
With a finite Zeeman splitting, the three triplet states will not have identical
energies, as seen in figure 3.7, however this splitting will be mostly linear so
we will only display the lowest state for the energy splitting plots.

As the magnetic field is increased, the singlet and triplet states will eventu-
ally cross at a magnetic field of a few Tesla. Figures 3.8, 3.9 and 3.10 show the
experimental data from [31] and the results from CI calculations with different
sets of parameters.

In figure 3.8 we see the effects of the dot parameters, i.e. the oscillator
strength and ellipticity, on the energy splitting between the lowest lying singlet
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Figure 3.8: The singlet-triplet energy splitting for an elliptic quantum dot with a
tilted magnetic field. In the left figure, the strength of the confining potential has
been varied between ω = 0.25 a.u.* and 0.26 a.u.*. The figure to the right has its
degree of ellipticity changed between δ = 1.1 and 1.15

and triplet states. In the left figure the oscillator strengths is varied with the
result of translating the curve, increasing the splitting with higher oscillator
strengths. The Coulomb interaction will be larger for a tightly confined system,
and will therefor increase the total energy of a state when ω is increased. Since
the singlet ground state has two electrons in the same spatial wave function,
they will experience a larger Coulomb interaction than the excited triplet state.
So a tighter confinement will effect the ground state more than the excited
state, increasing the ground state energy more than the excited state energy.
Which will reduce the splitting between the two states as ω is increased.

The right figure shows the effect of the ellipticity, where the energy split-
ting with no magnetic field is decreased with a higher degree of ellipticity,
while the splitting at higher field strengths remains the same. The result of
this is a small plateau at low magnetic fields, that is wider for more elliptic
dots. The ellipticity will reduce the effect of the linear magnetic Zeeman term
for small magnetic fields, which can be seen already in the one-electron plots
in the previous subsection. For a symmetric state, the Lz operator will shift
the energies linearly with magnetic field strength, but cannot shift the elliptical
states until the linear magnetic interaction dominates over the potential. This
in combination with the fact that the ellipticity will reduce the energy for one
of the first excited states, will result in a smaller singlet-triplet splitting, that is
largely unaffected by the magnetic field. A larger ellipticity means a smaller
energy-splitting, and a larger field for when the linear magnetic term starts to
to dominate over the potential.

Figure 3.9 displays the effect the inclination angle has. In the left figure
the azimuthal angle is perpendicular to the ellipticity, ϕ = 90◦, and in the right
figure this angle is 45◦. The two angular parameters are naturally of no impor-

48



0 0.5 1 1.5 2 2.5 30

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

E
n
er

g
y
 S

p
li
tt

in
g
 [
m

eV
]

Magnetic Field [T]

Experimental

E
n
er

g
y
 S

p
li
tt

in
g
 [
m

eV
]

Magnetic Field [T]

w=0.2616 a.u., 

µ=60o, Á=90o

w=0.25 a.u., ±=

µ=60o, Á=90o

Experimental

w=0.25 a.u., ±=1.1

µ=50o, Á=45o

w=0.25 a.u., ±=1.1

µ=65o, Á=45o

0 0.5 1 1.5 2 2.5 30

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

0.4

0.5

0.6

0.7

0.8

0.91

E
n
er

g
y
 S

p
li
tt

in
g
 [
m

eV
]

Magnetic Field [T]

w=0.25 a.u., ±=1.1

µ=50o, Á=90o

w=0.25 a.u., ±=1.1

µ=60o, Á=90o

w=0.25 a.u., ±=1.1

µ=65o, Á=90o

3

Figure 3.9: The singlet-triplet energy splitting for an elliptic quantum dot with a
tilted magnetic field. In the left figure, the inclination angle of the magnetic field
has been varied between θ = 50◦, 60◦ and 65◦ for an azimuthal angle of ϕ = 90◦.
The figure to the right has its inclination angle changed between θ = 50◦ and 65◦

for an azimuthal angle of ϕ = 45◦
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Figure 3.10: The singlet-triplet energy splitting for an elliptic quantum dot with
a tilted magnetic field. In the left figure, the azimuthal angle of the magnetic field
has been varied between ϕ = 0◦, 45◦ and 90◦ for an inclination of θ = 50◦. The
figure to the right has its azimuthal angle changed between ϕ = 45◦ and 90◦ for
an inclination of θ = 65◦
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tance at zero magnetic field and will determine the slope of the curve for higher
fields. A large inclination angle will reduce the magnetic fields z-component,
thereby also reducing most of the fields effect on the energy, flattening the
curve. This effect is seen in both figures, where the slope is flatter in the 65◦

case than for 50◦.
The last figure, 3.10, shows the effect of the azimuthal angle, i.e. the dif-

ference in orientation between the magnetic field and the ellipticity of the dot.
The left graph shows an inclination angle of 50◦ and the right hand graph 65◦.
Once again the effect of the angle grows in importance with the strength of
the magnetic field, by changing the slope of the curve. This effect is more
prominent for larger inclination angles, and once again the reason is the im-
portance of the B-field z-component. The components of the field not in the
xy-plane make the magnetic field interaction elliptical, and this effect is com-
peting against the elliptic form of the dot. Depending on the difference in ori-
entation the magnetic field may either enhance the elliptical form, or weaken
it.

The experimental data has an inclination angle of θ = 68◦±5◦, determined
by the Shubnikov-de Haas effect, [1], with an unknown azimuthal orientation
and ellipticity. In paper II, a discrepancy between theoretical and experimental
results were found in regards to the magnetic field inclination angle. This dis-
crepancy however was reduced when using a hard wall instead of a harmonic
potential.

3.3 Hard Wall

The results in paper II indicate that there may be a significant difference in
using a hard wall (HW) or harmonic (HO) model to describe some dots.

The circular hard wall potential is:

V (r) =

{
0 ; r < r0

∞ ; r ≥ r0.
(3.5)

An alternative to this is to use an anharmonic potential of the form:

V (r) =
(

r
r0

)2N

, (3.6)

where N is a positive integer. In the limit of N→∞, this will be identical to the
potential in eq. 3.5, but will be sufficiently ’hard’ for large N:s. In the results
presented in the thesis N = 20 is used. This is a more useful form when using
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Figure 3.11: Circular quantum well functions. From top left to bottom right:
ψ0,0, ψ0,1, ψ1,0, ψ2,0, according to the classification in eq. 3.8.

a Cartesian basis where an ellipticity may be added as:

V (x,y) =
ω2

2

(
(δx)2 +(y/δ )2

)N

r2(N−1)
0

, (3.7)

where ω tunes the potential to match the harmonic oscillator potential at r0 but
with a much steeper curve.

The circular HW potential has analytical one-particle solutions, where the
wave functions and energies are similar to the ones found solving the radial
2D harmonic oscillator potential. The main difference is the radial distribu-
tion. Due to the infinite walls in the circular HW potential the electrons wave
functions will be strictly constrained within the limit of r0. In the HO case no
such limitations exist, and high energy states may have their wave functions
spread out over a much larger area. This stronger confinement of the hard wall
wave functions will increase the effect of the electron-electron interaction. As
this interaction is controlled by the factor 1

|r1−r2| in the denominator, the prox-
imity of the particles will be very important.

The analytical solution to the round circular hard wall potential in cylin-
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Figure 3.12: Left: One-electron energies for a circular hard wall potential with
r0 = 4.5 a.u.*, 1 a.u.*= 9.7937 nm and no spin-orbit interaction for an increasing
magnetic field along the z-axis. The figure is color coded by ⟨nx + ny ⟩. Right:
An avoided crossing, the solid lines are with and the dashed lines are without
spin-orbit interaction.

drical coordinates for r ≤ r0 is:

ψm,n(r,φ) =
1

Jm+1(k′m,n)
√

π
J|m|(k

′
m,nr/r0)eimφ , (3.8)

Em,n =
k′m,n

2

2r2
0
, (3.9)

where k′m,n is the n:th root to the Bessel function of the first kind J|m|. The four
lowest energy wave functions can be seen in figure 3.11.

In figure 3.12, numerically solved one-electron energies for the circular
well in a magnetic field can be seen. The color coding by ⟨nx +ny ⟩ is a blunt
instrument since states will mix heavily, especially around avoided crossings.
Therefore, some changes have been made to the color coding for some seg-
ments of the plots to make the state easier to follow.

Just as in the harmonic case, the magnetic field will pinch together the
states, and once the harmonic magnetic potential at the rim of the dot is larger
than a specific states energy, it can once again be quantized by its angular
momentum quantum number.

The overall structure of the energy levels is quite different compared to the
harmonic oscillator. The crossings and avoided crossings are spread out over
the magnetic field interval, not resulting in spots of high degeneracy such as
found previously. This should result in overall weaker spin mixing and hence
a smaller relaxation rate.
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Figure 3.13: One-electron energies for an elliptic hard wall with r0 = 4.5 a.u.*,
ellipticity δ = 1.05 (left) and δ = 1.2 (right), 1 a.u.* = 9.7937 nm and no spin-
orbit interaction for an increasing magnetic field along the z-axis. Both figures
are color coded by ⟨nx +ny ⟩.

3.3.1 Elliptic Hard Wall

Figure 3.13 shows two one-electron energy plots for elliptic hard wall poten-
tials. As was the case with the harmonic oscillator, the main effect is at small
magnetic field strengths, where degeneracies are lifted. What effect the el-
lipticity has on the energy levels varies with how the state wave function is
distributed. The two degenerate states with the lowest energy (orange), corre-
sponding to the analytical wave functions ψ0,1 and ψ0,−1, will be distributed
mainly along the x and y axis respectively. The ellipticity squeezes the po-
tential in one direction and widens it in the other, and will hence increase the
energy of the state localized along the squeezed axis and lower the energy for
the other state. The next pair of states (yellow), analytical wave functions ψ0,2
and ψ0,−2, will on the other hand be distributed more evenly along both axis,
and will therefore experience a smaller shift from the ellipticity.

3.3.2 Two-body results

The situation in the hard wall dot is in general quite similar to the harmonic
oscillator. The main difference being that the singlet-triplet energy splitting is
less dependent on the magnetic field inclination angle for the circular well than
for the oscillator. So the same inclination angle will result in a steeper curve,
which compares better to the experimental results, where the angle is believed
to be around θ = 68◦± 5◦. The reason is believed to be the stronger roll of
electron-electron interaction in the well, where the electron wave functions are
unable to expand beyond the dot size, no matter their energy. The one electron
state energies will never cross, but will approach each other, so the two electron

53



0 0.5 1 1.5 2 2.5
-0.2

0

0.2

0.4

0.6

0.8

1

Magnetic Field [T]

E
n
er

g
y
 S

p
li
tt

in
g
 [
m

eV
]

Figure 3.14: The singlet-triplet energy splitting for an elliptic circular well (r0 =
4.5 a.u.*, δ = 1.05) in a tilted magnetic field (θ = 60◦, ϕ = 0◦). The splittings
for the three triplet states, T+1(blue), T0(magenta) and T−1(red), for g∗ =−0.44.
Experimental results as circles.

crossing originates in the electron-electron interaction. The correlation energy
will be higher in the ground state than in the triplet, and this will be affected
by the dot confinement, increasing it so that the crossing occurs at a lower
magnetic field strength.

In figure 3.14 we see the Zeeman splitting separating the three triplet states
much like in the harmonic oscillator. Figures 3.15 and 3.16 demonstrate the
same dot and field property behavior as for the harmonic oscillator.
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Figure 3.15: The singlet-triplet energy splitting for an elliptic well with a tilted
magnetic field. In the left figure, the azimuthal angle of the magnetic field has
been varied between ϕ = 0◦(red) and 90◦(blue) for an inclination of θ = 50◦.
The figure to the right has its inclination angle changed between θ = 50◦(red)
and 60◦(blue) for an azimuthal angle of ϕ = 0◦
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Figure 3.16: The singlet-triplet energy splitting for an elliptic well with a
tilted magnetic field. In the left figure, the dot width has been varied between
r0 = 4.3 a.u.*(blue) and 4.5 a.u.*(red). The figure to the right has its ellipticity
changed between δ = 1.1(red) and 1.05(blue).
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4. Relaxation

To be able to utilize the electron spin, a necessary requirement is to have con-
trol over states, both when creating them, operating on them and when storing
them. Here we will be focusing on the state lifetime, i.e. how long a spe-
cific state is expected to stay in its initial setup. Specifically we focus on two
electron states in a GaAs quantum dot, where the ground state at zero magnetic
field is a singlet and the closest lying set of excited states are three triplet states.
For any transition between these states to occur, the spin of the electrons will
need to change. Without an external magnetic field, direct spin-flipping may
occur due to electrons interacting with the surrounding atomic nuclei on a µs
timescale, [44]. But by applying a magnetic field to the potential, the lifetime
may be increased by many orders of magnitude as shown in several experi-
ments, [32; 33; 44–46]. The reason is believed to be that the magnetic field
suppresses direct spin exchange with the surrounding nuclei, and then other
mechanisms will instead determine the relaxation time. One of the most im-
portant such mechanism is phonon induced transitions which will be the focus
of the following discussion.

4.1 Phonon relaxation

As previously discussed, for a singlet-triplet transition to occur, some spin
flipping is needed. Here we are investigating the case where the two states are
not pure singlet and triplet states due to some small spin-orbit interaction:

|S⟩= |S0⟩+δS|T ∗⟩, (4.1)

|T ⟩= |T0⟩+δT |S∗⟩, (4.2)

so that a transition can occur through:

⟨S|Hph|T ⟩= δT ⟨S0|Hph|S∗⟩+δS⟨T ∗|Hph|T0⟩, (4.3)

where |S0⟩ and |T0⟩ are the singlet and triplet states without any spin-orbit
effects; δS|T ∗⟩ and δT |S∗⟩ are the spin-orbit contributions. Now a phonon
transition, Hph, may couple the states for an otherwise forbidden transition.
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To calculate the rate of transition, from the singlet ground state to the three
triplet states, Fermi’s golden rule is used:

τ−1
ST = 2πΩ

∫
dq3 ∣∣⟨ΨTi |Hph(q)|ΨS⟩

∣∣2 δ (|ES−ETi |−Eph), (4.4)

where ΨS and ΨTi are the singlet and triplet states, Hph(q) is the total phonon
interaction for a given phonon wave vector q and linear dispersion relations
are used so that the phonon energy Eph = cνq = ES−ETi for a sound velocity
cν , in the volume Ω.

Phonon transitions considered are through three channels [47]: longitu-
dinal acoustic due to the deformed potential(LDP), longitudinal acoustic due
to the piezoelectric field(LPZ) and transversal acoustic due to the piezoelec-
tric field(TPZ). The phonon Hamiltonian for the two particle system can be
formulated as:

Hph(q) = ∑
j=1,2

(MLDP(q)+MLPZ(q)+2 ·MT PZ(q))
(
bqeiqrj +b†

qe−iqrj
)
,

(4.5)
where bq and b†

q are the phonon annihilation and creation operators and Mν(q)
are the corresponding scattering matrix elements:

|MLDP(q)|2 =
Ξ2

d
2dcLΩ

|q| , (4.6)

|MLPZ(q)|2 =
32π2h2

14
ε2

r dcLΩ
(3qxqyqz)

2

|q|7
, (4.7)

|MT PZ(q)|2 =
32π2h2

14
ε2

r dcT Ω
·

∣∣∣∣∣q2
xq2

y +q2
yq2

z +q2
z q2

x

|q|5
−

(3qxqyqz)
2

|q|7

∣∣∣∣∣ . (4.8)

In eq. 4.5 the TPZ channel is accounted for twice due to its two identical
phonon modes in zinc-blende crystals. For the GaAs bulk material used in
the dots modeled in this thesis the density is d = 5310kg/m3, deformation
potential constant Ξd = 6.7eV , piezoelectric constant h14 = 1.4V/m, relative
permittivity εr = 12.4 and sound velocities cL = 4720m/s longitudinal and
cT = 3340m/s transversal.

Studying equations 4.6-4.8 we can try to make some initial guesses regard-
ing the relaxation rate. The scattering matrix element in eq. 4.6 increases lin-
early with respect to the wave vector |q|, meaning that this effect is expected
to dominate for large phonon energies. However at the same time, the state
coupling trough ⟨ΨTi |eiqrj |ΨS⟩, should be dampened when the energy splitting
is large. The two other scattering matrix elements, eq. 4.7-4.8, have a |q|−1

dependence and should thus dominate at lower energies.
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The maximum of ⟨ΨTi |eiqrj |ΨS⟩ is expected to be found where the phonon
wavelength matches the width of the electron distribution [31]. In the case of
the hard wall dot this should be the diameter of the potential since all states
will be confined within it. The harmonic oscillator wave function is not as
strictly confined and higher energy functions will have a wider distribution.
As an estimate the classical width of each state can be used, that is the point
where the harmonic oscillator potential equals the state energy:

ω2(λ/2)2

2
= E, (4.9)

where λ is the dot width and E is the specific states energy. Some part of the
wave function may tunnel out into the classically forbidden regime, however
this should be roughly correct. For a two-electron state the total energy will
be equal to each individual electron energy in addition to the joint correlation
energy from the Coulomb interaction. If the state is symmetric, this energy
should be divided equally between the two electrons. In our case with spin-
orbit interaction and non-symmetrical potential and magnetic fields this might
not be true, however, since this is a rough estimate of the dot width it should
not matter to much. So for a two electron dot the width will be roughly:

λ = 2

√
E2e

ω2 , (4.10)

where E2e is the two electron energy. So the singlet-triplet splitting and phonon
energy where the maximum rate is expected is:

∆E =
2πcl/t

λ
= πcl/t

√
ω2

E2e
. (4.11)

The total relaxation rate is expected to be dominated by the piezoelectric
field and reach a maximum when the dot width matches the phonon wave-
length while vanishing at large and small energy separations, [31; 48]. For the
systems studied here we have around 9 a.u.*(88 nm) wide circular wells and
harmonic oscillator strengths of 0.25 a.u.*(3meV), and will thereby expect a
relaxation maximum around a 0.02 a.u.*(0.25meV) energy splitting for both
potentials. However, this is just a rough approximation of the electrons distri-
bution which is highly dependent on both the ellipticity and the magnetic field
confinement.

4.2 Results

With only linear Dresselhaus interaction the maximum relaxation rate is found
around where the electron state width matches the phonon wavelength, as ex-
pected. Both the harmonic oscillator and hard wall potential produce similar
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Figure 4.1: The singlet-triplet relaxation for an elliptic harmonic oscillator with
ω = 0.26 a.u.*, δ = 1.10, θ = 55◦ and ϕ = 90◦. The three triplet states shown:
T−1(blue), T0(magenta) and T+1(red). Left: Only the linear Dresselhaus spin-
orbit interaction is included with a coefficient of γ = 2.4240 · 10−3 a.u.* and
ωz = 1 a.u.*. Right: The linear and cubic Dresselhaus spin-orbit interactions
are included with a coefficient of γ = 0.80801 ·10−3 a.u.* and ωz = 1 a.u.*.

results with some small variations. Other studies, [48; 49] have found that a
smaller than expected Dresselhaus coefficient produces results of good agree-
ment with the experiment. When only including the linear effect, the com-
monly used value of γ = 2.4240 · 10−3 a.u.* slightly overestimates the rate.
Figure 4.1 shows the calculated relaxation rates both including and excluding
the cubic Dresselhaus, for different γ coefficients. The small peak and dip, in
the left figure, are likely due to avoided crossings occurring, however, the one-
electron states anti-crossing are likely weakly mixed with the two-body states
investigated. When only including the linear Dresselhaus term, the T0 relax-
ation rate is expected to be significantly smaller than the other rates, [50; 51],
which can be seen in both figure 4.1 and 4.2.

If the cubic Dresselhaus effect is included a slightly different result is pro-
duced. Previous investigations into the the cubic Dresselhaus term in similar
systems have indicated that it may be important in regards to the relaxation
process, [52]. The issues with the high degree of degeneracy in the harmonic
oscillator leads to a dramatic increase in relaxation around the point of degen-
eracy. Since the states will eventually cross despite what parameters are used,
it becomes a question of at what magnetic field strength/energy splitting the
rate will surge. In figure 4.1 we can see the calculated relaxation rates com-
pared to the ones measured in [31]. The highly degenerate states at 2 T leads
to a large surge in relaxation that is not present in the experimental results.
At small and large magnetic fields (large and small energy splittings), the re-
laxation due to this process diminishes as expected. The maximum is found
around where the dot width matches the phonon wavelength, however the state
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Figure 4.2: The singlet-triplet relaxation for an elliptic cyllindric well with
r0 = 4.5 a.u.*, δ = 1.05, θ = 60◦ and ϕ = 90◦. The three triplet states shown:
T−1(blue), T0(magenta) and T+1(red). Left: Only the linear Dresselhaus spin-
orbit interaction is included with a coefficient of γ = 2.4240 · 10−3 a.u.* and
ωz = 1 a.u.*. Right: The linear and cubic Dresselhaus spin-orbit interactions
are included with a coefficient of γ = 0.80801 ·10−3 a.u.* and ωz = 1 a.u.*.

degeneracy is a much more important factor.
It is important to note that the inclination angle used in these calculations is

θ = 55◦, which best reproduced the singlet-triplet splitting. If the angle mea-
sured in the experiment is used, θ = 68◦, the highly degenerate crossing point
will be shifted to over 3 T, putting it outside of the field range of investigation.
This would remove the issues associated to this point, however our results do
then not place the singlet-triplet crossing point where the experiment gauges it
to be. If there are some important effects that are not included in our model,
such as perhaps the z-component of the potential, a better energy agreement
might be achieved for a higher inclination angle.

The relaxation rates for the hard wall cylindrical well can be seen in figure
4.2. The case of only linear interactions matches that of the harmonic oscillator
fairly well, with only some smaller differences. The small peak structures are
seen here to, but not at the same places, since the one-electron spectrum is
different.

Moving on to the cubic Dresselhaus effect in the right panel of figure 4.2,
the T−1 state has a reasonable agreement with the experimental data. We
see some peak structure throughout the plot where there are avoided cross-
ing between one-electron states, indicating that these points are spin-mixing
hot spots. In the experimental data there may be a similar but smaller peaks,
however this is hard to tell from the data.

For the T0 and T+1 we see a more volatile behavior, with larger peaks, also
these due to avoided crossing point. There is probably a larger admixing of the
avoiding states for these states due to them coupling to energetically closer Ml
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Figure 4.3: The singlet-triplet relaxation for an elliptic harmonic oscillator with
ω = 0.26 a.u.*, δ = 1.10, θ = 55◦ and ϕ = 90◦. The three triplet states shown:
T−1(blue), T0(magenta) and T+1(red). The linear and cubic Dresselhaus spin-
orbit interactions are included with a coefficient of γ = 0.80801 ·10−3 a.u.* and
ωz = 1.7 a.u.*.

states, while T+1 couples more weakly.
The reason that we do not see the same very strong peak is due the avoided

crossings being more spread out in the case of the hard wall. It is difficult to
tell whether a maximum is observable at the width-wavelength matching point
since there are other structures superimposed on it.

To change the relation between the linear and cubic Dresselhaus effects,
the ⟨π2

z ⟩ in eq. 2.33 needs to be changed. In our model where the potential
z-component is treated as frozen in a harmonic oscillator ground state, this
is just equal to the harmonic oscillator energy. We use a 1 a.u.* harmonic
oscillator in this direction, in accordance to [31; 48; 49]. It is possible that a
tighter confinement should be used, to weaken the cubic Dresselhaus effect in
proportion to the the linear. This would however require an even smaller γ than
the one already used. Figure 4.3 shows how the cubic contribution is repressed
in respect to the linear contribution by changing ωz. The side effect is that the
entire rate becomes too high, so that γ needs to be tuned to a far smaller value.
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5. Conclusions and Outlook

5.1 Conclusions

Spin-obit effects can be seen to create avoided crossings in the single-electron
spectra studied, mixing state according to the selection rules when a magnetic
field perpendicular to the plane is applied. Once the magnetic field is inclined
with some angle, more states start to mix and anti-cross due to the spin states
not being eigenfunctions to the Ŝz operator anymore, but rather linear combi-
nations of these.

Similar effects are observed both in harmonic and hard wall confinements.
However, the equidistant energy separation of the harmonic oscillator potential
leads to points where almost all one-electron states cross with other states that
will also interact through the spin-orbit effects. These points become spin
"hot-spots" where the electron spin states become highly mixed.

When investigating the roll of the potential structure for the two-electron
singlet-triplet splitting, hard wall cylindrical wells show better agreement to
experimental results than a harmonic oscillator. The effects of the spin-orbit
interaction are not visible in the energy separation, since other larger effects
will dominate over them. The states will however have their spins mixed so
that they no longer are clean singlets and triplets. This will allow for phonon
transitions between the lowest energy set of triplets and the singlet ground
state.

The phonon induced relaxation rate for the harmonic and hard wall dots
will be quite similar when no cubic Dresselhaus effect is included. A peak in
relaxation rate is found where the state widths match the phonon wavelength.
When the cubic Dresselhaus interaction is included, the relaxation rate is in-
creased, and peaks in relaxation can be found in the proximity to avoided cross-
ings in the one-electron basis. In the harmonic oscillator, these are found at the
same magnetic field strength, creating a very large and wide peak, not present
in the experimental data. For the hard wall confinement, several smaller and
thinner peaks are observed, and there is better agreement for the T+1 rate.

The peaks can be removed, either by increasing the modeled z-confinement
or by increasing the inclination angle. By increasing the confinement, the en-
tire Dressehaus interaction is increased, and the Dresselhaus coefficient needs
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to be reduced to compensate. Since the coefficient is already modeled to be
smaller than expected this is a questionable alternative that does not fit previ-
ous studies. Increasing the inclination angle will make it agree better to what
it was estimated to be in the experiment, but then the calculated singlet-triplet
splitting will not fit the data. It is possible that some three dimensional ef-
fects that are not included will correct this, and further studies are needed to
investigate this.

5.2 Outlook

A broader more detailed parameter range should be investigated to better de-
termine how the different variables affect both the state lifetime and energy.
The program to run this is complete, however the long calculation time has
prohibited even more results from being included in this thesis.

With more time we may also truncate the basis at a higher point, including
more states to increase the accuracy of the results. Even though we believe the
results to not change qualitatively from this, the more degenerate points may
be more sensitive to the basis size and differ with more included states.

The code also allows for the simulation of a rectangular well, which is
another possible dot shape. Specifically a system with a much longer length
than width can be used to model a quantum wire, that may be of interest in
modeling quantum transport.

The results regarding the importance of the cubic Dresselhaus interaction
are a bit surprising. The theoretical data we originally compared our results to
turned out to be calculated using both an incorrect form of cubical Dresselhaus
operator and Zeeman splitting. This left us with just experimental data to use
as a comparison, so the verification of our results has been difficult. The mag-
nitude of the Dresselhaus coefficient and how to include the cubic term seems
to lack a consensus. Also many calculations are done using perturbation theory
to the first order, and will not include many of the mixing spin states.

The discrepancy in results between a harmonic or hard potential is also
an interesting result. The existing code can be modified in a trivial way to
also investigate potentials harder than the harmonic oscillator but softer than a
quantum well by modifying the exponent in the expression for the hard wall
potential. Many of the issues with the harmonic oscillator may break up al-
ready at a r4 potential, however this requires more investigation to determine.
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Sammanfattning

1956 tilldelades William Bradford Shockley, John Bardeen och Walter Houser
Brattain nobelpriset i fysik "för deras undersökningar över halvledare och up-
ptäckt av transistoreffekten," efter att, 1947 på Bell Labs, ha varit först med att
patentera en fungerande transistor [53]. Även om transistoreffekten tekniskt
sett redan förekommit i patentansökningar på 1920-talet, [54], så var detta en
viktig milstolpe i halvledarteknologin som banade vägen för dagens elektronik.

En transistor opererar genom att en mindre ström eller spänning över en
anslutning kan styra elektronflödet över en annan anslutning, och på så vis
fungera som en förstärkare eller strömbrytare. Detta beteende kan utnyttjas för
att skapa logiska grindar såsom: NOT (signal ut endast om signal in saknas),
AND (signal ut endast om två av två signaler in), OR (signal ut om minst en av
två signaler in) och XOR (signal ut om bara en av två signaler in). Med hjälp
av olika kombinationer av logiska grindar kan beräkningar utföras genom att
bit för bit operera på binära tal av ettor och nollor. Innan transistorn upp-
fanns gjordes sådana beräkningar efter samma principer med hjälp av elek-
tronrör, men möjligheterna att skapa många väldigt små transistorer, innebar
att beräkningskapaciteten kunde skalas upp drastiskt.

Sedan dess har antalet transistorer i integrerade kretsar ökat exponentiellt
från tusentals på 1970-talet till miljarder idag [55]. Transistorer i teknikens
framkant kan idag vara i storleksordningen 10 nm breda och gränsen för vad
som är fysiskt möjligt närmar sig. Men i dessa begränsningar kan också helt
nya möjligheter öppnas upp, då kvantmekaniska effekter i större utsträckning
påverkar så små system.

Halvledare är material vars ledningsförmåga kan påverkas på olika sätt.
I gränssnittet mellan två halvledarmaterial så uppstår potentialskillnader för
elektronerna som transporteras i materialet, och strukturer kan skapas som fån-
gar in enstaka elektroner. En sådan struktur med väldigt begränsad utbredning
i alla dimensioner brukar kallas en kvantprick, nästan endimensionella struk-
turer kallas ofta nanotrådar och ringliknande strukturer kallas kvantringar. En
viktig egenskap för sådana system är att de, likt atomer, har kvantifierade en-
erginivåer. En fångad elektron kan alltså bara befinna sig i vissa bestämda till-
stånd och inte däremellan. Denna egenskap kan utnyttjas på många sätt, bland
annat i en laser, där en exciterad elektron gör sig av med sin energi och relax-
erar till ett mindre energetiskt tillstånd genom att skicka ut ljus av en väldigt



exakt energi.
Även om den fångade elektronen inte kan befinna sig mellan tillstånd, så

tillåter istället kvantmekaniken den att vara i flera tillstånd samtidigt, såsom i
det kända tankeexperimentet "Schrödingers katt". Detta öppnar upp för många
möjliga tillämpningar, bland annat det fält som kallas för kvantinformation.
Som tidigare diskuterats, så används binära tal, bitar, för att utföra beräkningar
i en dator. I en kvantdator utnyttjas istället en så kallad qubit, som förutom att
kunna vara en etta eller nolla, också kan vara båda samtidigt. Utifrån det kan
algoritmer utformas som utför samma beräkningar som de som förekommer i
en klassisk dator, men ibland mycket snabbare.

Det finns flera möjliga komponenter som kan bli qubits, däribland halvledar-
kvantprickar, där exempelvis olika spinn-tillstånd kan användas för att repre-
sentera en etta eller nolla. En elektrons spinn är dess intrinsiska magnetiska
moment, och brukar representeras genom partikelns spinn ms-kvanttal som kan
rikta sig i riktning med eller mot ett externt magnetfält, ms =±1/2. Elektroner
är fermioner, och därför kan varje tillstånd endast ockuperas av en elektron av
varje spinnriktning. Injiceras elektroner in i en kvantprick så kommer först det
lägsta energitillståndet att populeras med två elektroner (en med positivt och
en med negativt ms), sen kommer nästa att fyllas med två och så vidare

Naturligt placerar sig systemet till slut i det tillstånd med lägst energi, men
om man startar med ett exciterat system vill man gärna att det befinner sig där
tillräckligt länge för att kunna använda det till önskade ändamål. Tiden det tar
innan elektronerna relaxerar till ett annat tillstånd brukar kallas dess livstid. I
den här avhandlingen undersöker vi livstiden hos två-elektrontillstånd som kan
relaxera genom att absorbera eller skicka ut fononer, materialvibrationer.

Ett två-elektronsystem kan antingen bilda en singlett eller en triplett, lite
förenklat, beroende på om deras spin förstärker varandra, eller cancellerar
varandra. I den här avhandlingen tittar vi på sådana två-elektron-singletter och
tripletter i en kvantprick. För att man ska kunna tillverka och använda dessa
så är det viktigt att ha kontroll över hur de beter sig. Man vill kunna reglera
vilka energier tillstånden har och hur stabila de är, genom att exempelvis ändra
på potentialen som elektronen upplever på grund av det omgivande materialet,
eller genom att placera den i ett magnetiskt fält.

Vi undersöker här hur formen på pricken, och riktningen på ett magnetfält,
ändrar energiskillnaden och livstiderna mellan singlett- och triplett-tillstånden.
Vi ser att i synnerhet livstiden på tillstånden påverkas av huruvida pricken har
formen av en harmonisk oscillator, eller en cylinder.
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