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ABSTRACT 
Today, in structural design, a structure is verified against failure by using the partial coefficient 
method provided by the Eurocodes. The verification method is, in its nature, a deterministic 
method where the input variables for load and resistance are assigned partial coefficients to ensure 
that the resistance is exceeded by the load effect. Since these coefficients are calibrated by using 
probabilistic methods, the partial coefficient method is also called a semi-probabilistic method. 

As an alternative, the verification is possible by using probabilistic methods. Instead of assigning 
partial coefficients to load- and resistance variables, they are treated as stochastic variables 
considering any physical- and statistical uncertainties associated with the same. For a complete 
probabilistic analysis, however, the model uncertainty must be considered. This uncertainty is 
associated with the mathematical models that are used to transform load- and material values into 
load effects and resistance and also uncertainties due to variations and simplifications of e.g. 
geometrical quantities and failure modes.  

There is another uncertainty not explicitly dealt with in the Eurocodes and the background 
material to the codes, that is the uncertainties related to the designers’ choice. That is, how the 
designer interprets given design conditions and existing codes and also due to the assumptions- 
and simplifications that takes place when the designer, based on a realistically given design task, 
must presume e.g. geometrical dimensions, loads and other necessary parameters when designing 
a structural element.  

As a basis for this study is a large statistical material, were a number of structural engineers have 
solved the exact same task which includes the calculation of loads- and load effects and to design 
a number of elements in an industrial single-storey building in steel. Statistical parameters, 
associated with the load effect variations due to the designers’ choice, has been estimated using 
mathematical statistics. Based on this results, a probabilistic level 2 method has been carried out 
in order to assess how the failure probability is affected when this model uncertainty is varied.  

It was found in the study that, using a 95% confidence interval, the coefficient of variance of the 
calculated load effects, defined herein as the model uncertainty due to the designers’ choice and 
denoted 𝑉𝑉𝜃𝜃𝑆𝑆, varies somewhat between 0 – 0,3 depending on the load combination- and type. By 
using simple examples, including only one variable load, it was shown that the variations in the 
model uncertainty 𝑉𝑉𝜃𝜃𝑆𝑆 increases the failure probability thus decrease the reliability index 𝛽𝛽. The 
magnitude of these effects depends on the ratio 𝜑𝜑 between the permanent- and variable load. As 
an example, when 𝜑𝜑 = 0,75 (75% of the total load is variable thus 25% is permanent) and 𝑉𝑉𝜃𝜃𝑆𝑆 = 
0,3 then 𝛽𝛽 ≈ 3,24 as compared to the target reliability index 𝛽𝛽𝑡𝑡 = 4,75 of safety class 3, which is 
a 32% reduction.  

Moreover, it was shown in the examples that the negative effects of increasing 𝑉𝑉𝜃𝜃𝑆𝑆, in terms of a 
decreased reliability index 𝛽𝛽, is more eminent in the case when the permanent load dominates the 
variable load, i.e. as 𝜑𝜑 = 0,25. Thus, increasing 𝑉𝑉𝜃𝜃𝑆𝑆 from 0,1 to 0,2 decreases the reliability index 
by 30% (as compared to a 16% reduction when 𝜑𝜑 = 0,75). 

 

Keywords: Structural reliability, FORM, Hasofer-Lind, model uncertainty  
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SAMMANFATTNING 
Det vanligaste sättet att, i dagsläget, verifiera en byggnads säkerhet mot brott är med hjälp av 
partialkoefficientmetoden enligt Eurokoderna. Verifikationsmetoden är till sin form en 
deterministisk metod där de ingående variablerna som last och bärförmåga tillskrivs 
partialkoefficienter som verifierar att bärförmågan inte understiger lasteffekten. Då dessa 
koefficienter är kalibrerade med sannolikhetsteoretiska metoder brukar man kalla 
partialkoefficientmetoden för semi-probabilistisk.    

Alternativt, kan verifieringen ske med hjälp av sannolikhetsteoretiska metoder. Istället för att 
tillskriva last- och bärförmågeparametrar partialkoefficienter så behandlas dessa som stokastiska 
variabler och inkluderar fysiska- såväl som statistiska osäkerheter. En korrekt 
sannolikhetsteoretisk analys måste även inkludera modellosäkerheter. Denna osäkerhet är 
förknippad med de matematiska modeller som används för att översätta last- och materialvärden 
till lasteffekt och bärförmåga samt osäkerheter på grund av variationer och förenklingar i 
exempelvis val av geometriska storheter och brottyp.  

Det finns en annan typ av osäkerhet som inte explicit behandlas av Eurokoderna samt 
bakgrundsdokumenten till dessa, och det är de osäkerheter som svarar mot ingenjörens val. Det 
vill säga, hur denne tolkar givna dimensioneringsunderlag och aktuella regelverk samt de 
antaganden och förenklingar som uppkommer då ingenjören, utifrån ett realistiskt 
konstruktionsuppdrag, förutsätter exempelvis geometriska mått, laster och andra nödvändiga 
parametrar som krävs för att dimensionera en byggnadsdel. 

Som underlag till detta arbete finns ett omfattande statistiskt material, där ett stort antal 
byggnadskonstruktörer har tillhandahållits exakt samma uppgift som handlar om att ta fram 
laster, beräkna lasteffekter och dimensionera ett antal komponenter i en mindre hallbyggnad i 
stål. Statistiska parametrar, kopplade till variationerna i beräknade lasteffekter på grund av 
ingenjörens val, har skattats med hjälp av matematisk statistik. Utifrån detta resultat, har en 
sannolikhetsteoretisk nivå 2 metod använts för att analysera hur brottsannolikheten påverkas då 
denna modellosäkerhet varieras. 

I studien konstaterades, utifrån ett 95% konfidensintervall, att variationskoefficienten för de 
beräknade lasteffekterna, härvid definierad som modellosäkerheten på grund av ingenjörens val 
med beteckningen 𝑉𝑉𝜃𝜃𝑆𝑆, varierar någonstans mellan 0 – 0,3 beroende på aktuell lastkombination 
och lasttyp. Med hjälp av enkla exempel, innehållandes endast en variabel last, påvisades att 
variationerna hos modellosäkerheten 𝑉𝑉𝜃𝜃𝑆𝑆 medför en ökning av brottsannolikheten och därmed en 
minskning av säkerhetsindexet 𝛽𝛽. Storleken på dessa effekter beror av fördelningen 𝜑𝜑 mellan den 
permanenta- och variabla lasten. Som ett exempel konstaterades att då 𝜑𝜑 = 0,75 (75% av den 
totala lasten är variabel och 25% är permanent) samt 𝑉𝑉𝜃𝜃𝑆𝑆 = 0,3 så reducerades målvärdet för 
säkerhetsindexet 𝛽𝛽𝑡𝑡 = 4,75 i säkerhetsklass 3, med 32% till 𝛽𝛽 ≈ 3,24.  

Vidare så konstaterades att de negativa effekterna av att öka 𝑉𝑉𝜃𝜃𝑆𝑆, beträffande en minskning av 
säkerhetsindexet 𝛽𝛽, är mer påtagliga då den permanenta lasten är den dominerande lasten, det vill 
säga då 𝜑𝜑 = 0,25. Genom att exempelvis öka 𝑉𝑉𝜃𝜃𝑆𝑆 från 0,1 till 0,2 så minskas säkerhetsindexet 
med 30% (jämfört med en minskning på 16% då 𝜑𝜑 = 0,75).  

Nyckelord: Bärverks tillförlitlighet, FORM, Hasofer-Lind, modellosäkerheter  
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NOTATIONS AND ABBREVIATIONS 
Notations and symbols are defined in the text when they first occur. The following list includes 
the most frequently used notations and abbreviations. 

 
Roman capital letters 

𝐴𝐴 Exceptional action or design point 

𝐶𝐶𝐶𝐶𝐶𝐶(𝑋𝑋,𝑌𝑌) Covariance of 𝑋𝑋 and 𝑌𝑌 

𝐶𝐶𝑝𝑝𝑝𝑝 Pressure coefficient for the external pressure 

𝐶𝐶𝑝𝑝𝑝𝑝 Pressure coefficient for the internal pressure 

𝑪𝑪𝑋𝑋 Covariance matrix 

𝐸𝐸(𝑋𝑋) Expected value of 𝑋𝑋 

𝐸𝐸𝑑𝑑 Design value of the load effect 

𝐹𝐹𝑋𝑋(∙) Cumulative distribution function of 𝑋𝑋 

𝐹𝐹𝑋𝑋−1(∙) Inverse cumulative distribution function of 𝑋𝑋 

𝐹𝐹𝑚𝑚𝑚𝑚𝑚𝑚(∙) Cumulative distribution function of the maximum values 

𝐹𝐹𝑚𝑚𝑝𝑝𝑚𝑚(∙) Cumulative distribution function of the minimum values 

𝐹𝐹𝑑𝑑 Design value of an action 

𝐹𝐹𝑟𝑟𝑝𝑝𝑝𝑝 Representative value of an action 

𝐺𝐺 Permanent action 

𝐺𝐺𝑘𝑘 Characteristic value of a permanent action (𝐺𝐺𝑘𝑘,𝑝𝑝𝑚𝑚𝑖𝑖 = lower value, 𝐺𝐺𝑘𝑘,𝑠𝑠𝑠𝑠𝑝𝑝 = upper 
value) 

𝐺𝐺𝑑𝑑 Design value of a permanent action 

𝐼𝐼𝑝𝑝 Intervall 𝑖𝑖 

𝐼𝐼𝑚𝑚,𝑝𝑝 Midpoint of intervall 𝑖𝑖 

𝑀𝑀 Safety margin 

𝑁𝑁 Population size 

ℕ Natural number  

𝑃𝑃(𝐴𝐴) Probability of event 𝐴𝐴 

𝑃𝑃(𝐴𝐴′) Complement probability of event 𝐴𝐴 

𝑃𝑃(𝐴𝐴 ∪ 𝐵𝐵) Union of event 𝐴𝐴 and 𝐵𝐵 

𝑃𝑃(𝐴𝐴 ∩ 𝐵𝐵) Intersection of event 𝐴𝐴 and 𝐵𝐵 

𝑃𝑃(𝐴𝐴|𝐵𝐵) Conditional probability of event 𝐴𝐴 and 𝐵𝐵 



viii 
 

𝑃𝑃𝑖𝑖 Probability of failure 

𝑃𝑃𝑖𝑖𝑡𝑡 Target probability of failure 

𝑄𝑄 Variable action 

𝑄𝑄𝑘𝑘 Characteristic value of a variable action  

𝑄𝑄𝑑𝑑 Design value of a variable action  

𝑅𝑅 Resistance 

𝑅𝑅𝑑𝑑 Design value of the resistance 

ℝ Real number 

𝑆𝑆 Sample space or load effect 

𝑆𝑆𝑑𝑑  Design load effect 

𝑇𝑇 Index set 

𝑉𝑉𝑉𝑉𝑉𝑉(𝑋𝑋) Population variance of 𝑋𝑋, also denoted 𝜎𝜎𝑋𝑋2 

𝑉𝑉𝑝𝑝𝑚𝑚𝑖𝑖 Lower value of the coefficient of variance in a two-sided confidence interval 

𝑉𝑉𝑠𝑠𝑠𝑠𝑝𝑝 Upper value of the coefficient of variance in a two-sided confidence interval 

𝑉𝑉𝜃𝜃𝑆𝑆 Coefficient of variance of model uncertainty due to designers’ choice of action 
effects 

𝑉𝑉𝑋𝑋 Coefficient of variance of 𝑋𝑋  

𝑋𝑋𝑝𝑝 Random, or stochastic, variable 

𝑋𝑋𝑝𝑝(𝑡𝑡) Random, or stochastic, process 

𝑋𝑋𝑘𝑘 Characteristic value of a material property (𝑋𝑋𝑘𝑘,𝑝𝑝𝑚𝑚𝑖𝑖 = lower value, 𝑋𝑋𝑘𝑘,𝑠𝑠𝑠𝑠𝑝𝑝 = upper 
value) 

𝑋𝑋𝑑𝑑 Design value of a material property 

𝒀𝒀 Vector of uncorrelated random variables 

𝑍𝑍𝑝𝑝 Normalized random variable 

ℤ Integer 

 
Roman lower case letters 

𝑉𝑉𝑝𝑝  Coefficient 

𝑉𝑉𝑘𝑘 Characteristic value of a geometrical property  

𝑉𝑉𝑑𝑑 Design value of geometrical data 

𝑉𝑉𝑚𝑚𝑛𝑛𝑚𝑚 Nominal value of geometrical data 

∆𝑉𝑉 Change made to nominal geometrical data for particular design purposes 
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𝑐𝑐𝑅𝑅 Constant related to a resistance variable in a probabilistic model 

𝑐𝑐𝑄𝑄 Constant related to a variable action in a probabilistic model 

𝑐𝑐𝐺𝐺 Constant related to a permanent action in a probabilistic model 

𝑓𝑓𝑋𝑋(∙) Probability function of 𝑋𝑋 

𝑓𝑓𝑆𝑆(∙) Load effect function  

𝑓𝑓𝑅𝑅(∙) Resistance function  

𝑔𝑔(∙) Limit state function 

𝑔𝑔𝐹𝐹𝐹𝐹(∙) First order linearization of 𝑔𝑔(∙) 

𝛁𝛁𝒈𝒈 Gradient vector of 𝑔𝑔(∙)  

𝑘𝑘𝑚𝑚 Coefficient that depends on fractile, number of measurements and the coefficient 
of variance 

𝑚𝑚 Number of columns in a row or sample mean  

𝑛𝑛 Sample size 

𝑝𝑝𝑝𝑝 Plotting position (𝑝𝑝th quantile) 

𝑞𝑞𝑝𝑝  Peak velocity pressure 

𝑞𝑞�𝑝𝑝 The 𝑖𝑖th quartile  

𝑉𝑉2 Coefficient of determination 

𝑠𝑠2 Sample variance  

𝑠𝑠 Sample standard deviation  

𝑠𝑠𝑘𝑘  Characteristic snow load 

𝑡𝑡 Time variable 

𝑡𝑡∗ Arbitrary point in time 

𝑤𝑤𝑝𝑝 Wind pressure acting on external surfaces 

𝑤𝑤𝑝𝑝 Wind pressure acting on internal surfaces 

𝑥𝑥𝑝𝑝 Observed value of 𝑋𝑋𝑝𝑝  

𝑥𝑥𝑝𝑝∗ The value of the random variable 𝑋𝑋𝑝𝑝 at the design point 𝐴𝐴 

𝑥𝑥(𝑝𝑝) The 𝑖𝑖th ordered data point (rank) 

𝑥𝑥 Sample mean  

𝒙𝒙𝑇𝑇 Transpose of a vector 𝒙𝒙 

𝒙𝒙� Unit vector  

𝑦𝑦� Regression line 

𝑧𝑧𝑝𝑝 Reference height  
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𝑧𝑧𝑝𝑝 The value of the normalized random variable 𝑍𝑍𝑝𝑝 at the design point 𝐴𝐴 

 
Greek capital letters 

𝛷𝛷(∙) Standard normal c.d.f. 

 
Greek lower case letters 

𝛼𝛼 Constant related to the confidence interval 

𝛼𝛼𝑝𝑝 Sensitivity factor 

𝛼𝛼� Y-intercept of regression line 

𝛽𝛽 Reliability index (𝛽𝛽𝑐𝑐 = Cornell’s, 𝛽𝛽𝐻𝐻𝐻𝐻 = Hasofer-Lind’s) 

𝛽𝛽𝑡𝑡 Target reliability index 

𝛽𝛽𝐹𝐹𝐹𝐹 Approximated reliability index using FORM 

�̂�𝛽 Slope of regression line 

𝛾𝛾𝑖𝑖  Partial factor for actions 

𝛾𝛾𝐹𝐹 Partial factor for actions, also accounting for model uncertainties and dimensional 
variations 

𝛾𝛾𝑚𝑚 Partial factor for a material property 

𝛾𝛾𝑀𝑀 Partial factor for material a property, also accounting for model uncertainties and 
dimensional variations 

𝛾𝛾𝑅𝑅𝑑𝑑 Partial factor associated with the uncertainty of the resistance model 

𝛾𝛾𝑆𝑆𝑑𝑑 Partial factor associated with the uncertainty of the action and/or action effect 
model  

𝜂𝜂 Conversion factor 

𝜃𝜃 Factor of model uncertainty (𝜃𝜃𝑅𝑅 = resistance, 𝜃𝜃𝑆𝑆 = action effects) 

𝜇𝜇𝑋𝑋 Population mean of 𝑋𝑋 

𝐶𝐶𝑏𝑏 Basic wind velocity 

𝜉𝜉 Threshold value 

𝜋𝜋�𝑝𝑝 The 𝑝𝑝th sample percentile 

𝜌𝜌𝑆𝑆 Density of snow 

𝜌𝜌𝑋𝑋𝑋𝑋 Correlation coefficient of 𝑋𝑋 and 𝑌𝑌 

𝜎𝜎𝑋𝑋2 Population variance of 𝑋𝑋, also denoted 𝑉𝑉𝑉𝑉𝑉𝑉(𝑋𝑋) 

𝜎𝜎𝑋𝑋 Population standard deviation of 𝑋𝑋 

𝜙𝜙 Global initial sway imperfection 
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𝜑𝜑(∙) Standard normal p.d.f. 

𝜑𝜑 Factor modelling the relative fraction of variable load and permanent load 

𝜒𝜒2 Chi-square distribution 

𝜓𝜓𝑝𝑝 Load combination factor 

𝜓𝜓0  Factor for combination value of a variable action  

𝜓𝜓1 Factor for frequent value of a variable action 

𝜓𝜓2  Factor for quasi-permanent value of a variable action 

 
Mathematical symbols 

∅ Null space 

∞ Infinity 

 
Abbreviations 

CI Confidence interval 

CLT Central limit theorem 

c.d.f.  Cumulative distribution function 

FBC Ferry-Borges and Castanheta load process 

FORM First order reliability method 

i.i.d. Independent and identically distributed random variables 

IQR Interquartile range 

LC Load combination 

LC-A Load combination STR-B with snow as leading load and reduced wind 

LC-B1 Load combination STR-B with maximum wind as leading load and reduced snow 

LC-B2 Load combination STR-B with minimum wind as leading load and no snow 

LC-C Load combination frequent SLS snow as leading load 

LSF Limit state function 

MCS Monte Carlo simulation 

p.m.f. Probability mass function (discrete random variables) 

p.d.f. Probability density function (continuous random variables) 

q-q plot Quantilie-quantile plot 

SBI Swedish Institute of Steel Construction 

SLS Serviceability limit state 

SORM Second order reliability method 
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SRK  Rasmussen’s skill-, rule- and knowledge based information processing approach 

𝑆𝑆𝑆𝑆𝑟𝑟𝑝𝑝𝑠𝑠 Residual sum of squares 

𝑆𝑆𝑆𝑆𝑡𝑡𝑛𝑛𝑡𝑡 Total sum of squares 

ULS Ultimate limit state 
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1 INTRODUCTION 

1.1 Background 
Today, the safety of a structure is almost exclusively verified using deterministic methods. The 
safety, or reliability, may relate to structural collapse or inconveniences, such as large 
deformations. The level of safety may vary depending on the type of incident (collapse or 
inconvenience) and the consequence of excess. For structural collapse with serious consequences, 
the safety level shall belong to safety class 3. Safety class 3 corresponds to a probability 10-6 of 
exceeding the safety, i.e. probability of failure. 

The verification methods and formulas provided by the Eurocodes are in their appearance 
deterministic, with deterministic partial coefficients assigned to all load- and resistance variables. 
However, there are an extensive work behind these coefficients and they are determined by use 
of probabilistic methods and given appropriate values that covers a large spectra of design 
situations. The verification methods presented in the Eurocodes are therefore often denoted as 
semi-probabilistic, although in its form it is deterministic. 

In the Eurocodes, and in the Swedish national building regulations EKS10, it is stated that other 
verification methods such as probabilistic methods may be used, provided that the safety demands 
are fulfilled. When using probabilistic methods, the verification is made against the limit between 
safe and fail, i.e. limit state verification. 

Instead of assigning partial coefficients to load- and resistance variables, these variables are in a 
probabilistic method treated as random, or stochastic, variables considering any physical- and 
statistical uncertainties associated with the same. 

For a complete probabilistic analysis, another type of variable must also be included; that is, the 
model uncertainty. Model uncertainty is sometimes divided into one uncertainty on the load effect 
side and one on the resistance side. Furthermore, the variables represent uncertainties associated 
with the mathematical models that are used to transform load- and material values into load 
effects and resistance, and also variations and simplifications of e.g. geometrical quantities, 
failure modes and control measures.  

The focus of this thesis is to analyze the model uncertainties related to the designers’ choice 
which is a consequence of the assumptions- and simplifications that takes place when the 
designer, based on a realistically given design task, must presume geometrical dimensions, loads 
and other parameters when designing a structural element. From the background material to 
Eurocode it is difficult to determine the amount of which the Eurocodes consider this type of 
uncertainty. 

This thesis is based on an extensive statistical material. A large number of structural engineers 
have solved the exact same task which includes the calculation of loads and load effects in order 
to design a number of elements in an industrial single-storey building in steel. 

The thesis includes a statistical analysis of the designers’ choice of conditions and results. The 
results of the analysis will be used in a probabilistic assessment of how the failure probability is 
affected when the model uncertainty, due to the designers’ choice, varies. The same results are 
also used for comparison against the partial coefficients given in Eurocode.  
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1.2 Objective 
The objective of this thesis is to assess how variations in the calculated load effects, based on a 
case study, affects the reliability of a structural element in ultimate limit state for a targeted safety 
class 3. The variations in load effects, i.e. model uncertainty, are connected to the designers’ 
interpretation of codes and given conditions but also due to the assumptions- and simplifications 
he- or she makes.  

1.3 Limitations 
Only variations in the model uncertainty of the load effect is analyzed, due to the limitations of 
the statistical support from the case study which includes only load effect calculations. 
Representative characteristics of other variables, included in the analysis, is taken from 
background documents to Eurocode. Moreover, the analysis is restricted to the simple case of 
only one variable load acting on a single structural element. Also, only persistent design situations 
in ultimate limit state are considered. 

1.4 Outline of thesis 
In chapter 2 a brief introduction to various levels of probabilistic design methods is given. 
Different types of uncertainties, related to engineering decision analysis, are defined and 
appropriate methods for treating these uncertainties, if possible, are presented. 

In chapter 3 the basic probability theory needed for the purpose of this thesis is presented.  

Chapter 4 introduces the reader to the basis of limit state design, which include classifications of 
loads and design situations in which all relevant limit states must be verified. For this purpose, 
the probabilistic limit state function, separating the failure- from non-failure (or safe) region, is 
introduced and a simple example, including only one load- and one resistance variable, is given. 
At the end of chapter 4 probabilistic models for loads, resistance, geometrical quantities and 
model uncertainties are presented including some common statistical characteristics. Focus is on 
the load section, section 4.1, where it’s shown how single time-varying, i.e. variable, loads can 
be approximated to time-independent quantities using theory of extremes, see subsection 4.1.1. 
The issue of combining several time-dependent quantities, known as the load combination 
problem, is introduced in subsection 4.1.2 and approximate solution methods to this matter is 
presented. 

Chapter 5 is an immersion into probabilistic level 2 methods that are the core subject of this 
thesis. The failure probability of a given structure is formulated into equations in section 5.2 and 
these failure probabilities must be verified against a target failure probability connected to various 
safety classes, see section 5.1. Due to the complex nature of probabilistic methods, a simple 
example is given, in section 5.3, as an introduction to the topic. The example given in section 5.3 
assumes linear failure functions, which is generally not the case. Methods for treating non-linear 
failure functions are presented in section 5.4. As the failure function is non-linear the safety 
measures introduced in section 5.3 is insufficient. Hence, an updated approach for treating non-
linear, as well as linear, failure functions is given in section 5.5 under the assumption that the 
random variables are uncorrelated and normally- or lognormally distributed. If these conditions 
are not fulfilled; sections 5.6 and 5.7 provides methods in which the random variables can be 
transformed into such states. 
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In section 5.8 a probabilistic level 3 method is briefly presented. Monte Carlo is a simulation 
technique in which the failure probability is evaluated from a large number of virtual, i.e. 
computer generated, sample observations.  

Up to this point the reliability concept has been concerned with a single structural element. A 
structure, however, is a system of structural elements in which many possible failure modes 
exists. Thus, the reliability assessment from a system point of view is briefly discussed in section 
5.9 using idealized models of the system. 

Chapter 6 is a brief presentation of the deterministic code format given in Eurocode. Eurocode is 
a level 1, or semi-probabilistic, method in which the uncertainties of the random quantities are 
considered using deterministic partial coefficients. These partial factors have been calibrated 
using probabilistic methods, and the conversion of probabilistic conclusions into deterministic 
partial coefficients is explained by some examples in section 6.5.  

Chapters 7 and 8 are the core of this thesis. The chapters are based on the results of a case study, 
or actually, the results of an assignment included in SBIs (Swedish Institute of Steel Construction) 
structural steel design certification course between the years 2010-2016. The assignment was, in 
short, to calculate the loads acting on a bus garage in Sundbyberg, Stockholm, see section 7.1.  

In chapter 7 descriptive statistics is used to illustrate important characteristics of the results from 
the assignments. A total number of nineteen parameters was checked although focus is on the 
magnitude of the various load effects. Common types of human errors, associated with the case 
study, are identified and classified according to the SRK approach, which is a concept of 
categorization of human errors, see subsection 7.4.1. Also, approaches to avoid certain types of 
errors are discussed. Moreover, the consequences of the most unfavorable errors made are 
analyzed in subsection 7.4.2. One of the key conclusions of this chapter is the estimation of the 
model uncertainty parameter of the load effect, related to the designers’ choice, based on the 
results of the study. 

In chapter 8, probabilistic level 2 method is applied to a simple example of a limit state function 
including only one resistance variable and two load variables (one permanent- and one variable 
load) including model uncertainties on both the load- and resistance parameters respectively. 
Representative values of the input variables are taken from background documents to Eurocode 
and the influence of each random variable on the failure probability is assessed for different ratios 
of the permanent- and variable loads, see subsections 8.4.1 - 8.4.3. Next, the model uncertainty 
of the load effect, is varied according to the conclusions made in chapter 7. The impact of these, 
real, variations on the failure probability is assessed and analyzed in sections 8.4 and 8.6 
respectively.  

In section 8.5 the probabilistic results obtained in section 8.4 is conversed into deterministic 
partial coefficients according to the Eurocode code format. When the model uncertainty due to 
the designers’ choice is varied, different values of the partial coefficients is obtained in order to 
maintain the failure probability at the targeted value of safety class 3. Hence, the relation between 
the partial coefficients and the model uncertainty is assessed in subsections 8.5.1 - 8.5.3 for 
different ratios of the permanent- and variable loads. At the end of section 8.6 these results are 
analyzed and compared to the partial coefficients given in Eurocode.  

  



16 
 

2 INTRODUCTION TO PROBABILISTIC DESIGN METHODS 

According to Thoft-Christensen et al. (1982) there are three different levels of probabilistic 
design approaches with decreasing level of accuracy: 

• Level 3: A risk based approach utilizing the exact statistical properties of all input 
variables. Hence, an exact probability of failure 𝑃𝑃𝑖𝑖 measure is obtained. 

• Level 2: A reliability based approach approximating the exact failure probability where 
the safety measures are given by a safety index 𝛽𝛽 and where every basic variable, i.e. 
uncertain quantities of relevance, are described using two parameters; the mean and 
variance respectively. 

• Level 1: A semi-probabilistic approach, such as e.g. partial factor method or methods for 
permissible stresses- or global safety factors, in which the uncertainties of every basic 
variable is considered using deterministic representative values and partial factors. This 
is a discretization of level 2 methods, i.e. giving identical design results only for a few 
discrete sets of values of the design parameters. 

Probabilistic methods (level 2 and 3) can, just as deterministic methods (level 1), be used in 
design for verification of the structural reliability. But due to its complex mathematical origin 
and the large statistical basis needed it’s seldom used in practice. There are exceptions, however, 
where a probabilistic design approach can be economically justified. This is the case for very 
complex construction works with high demands on the structural reliability. Another area of use, 
which is the most common use in the present, is the application of probabilistic methods for 
calibrating deterministic partial coefficients for level 1 design codes.  

According to Thoft-Christensen et al. (1982) the general interpretation of the term structural 
reliability is “the reliability of a structure to fulfil its design purpose for some specified time”. In 
a more mathematical sense it means “the probability that a structure will not attain each specified 
limit state (ultimate or serviceability) during a specified reference period”. 

The term reference period refers to the fact that structural reliability is time dependent; normally 
due to changes in loading environment, and sometimes due to changes in material properties over 
time. Also, in many situations more than one variable load is acting on a structure. Since these 
loads are time-varying- and sometimes correlated quantities, the combined load effect is not 
stationary in time. Thus, the overall reliability of the structure is time-dependent. The time 
dependency of the structural reliability is presented in subsection 4.1.2. 

A common interpretation of probability is the so-called frequentist’s interpretation which is the 
relative frequency of an event over time. However, for many types of uncertainties this relative 
frequency interpretation of probability is not possible. Hence, it’s necessary to find alternative 
ways to include various types of uncertainties in the probability. This topic is further developed 
in the following section 2.1. 

2.1 Uncertainties 
In JCSS (2008) the uncertainty phenomenon is described by an example: Assume that the 
universe is deterministic and that our knowledge about it is perfect. Consequently, by using exact 
equation systems with known boundary conditions one could describe any unobservable 
phenomena. The past-, as well as the future, would either be known or assessable with certainty.  
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Whether the universe is deterministic or not, no one knows for sure, but even if that would be the 
case - our knowledge about it is still incomplete and uncertain.  

Uncertainties in engineering decision analysis, such as e.g. structural reliability analysis, are 
differentiated with respect to type and origin. According to Thoft-Christensen et al. (1982) it’s 
necessary to distinguish between at least three types: that is, physical-, statistical- and model 
uncertainty.  

The physical uncertainty is related to the natural variability, or randomness, of physical quantities 
such as loads, material properties and dimensions.  

The statistical uncertainty is a result of insufficient information, e.g. inferences drawn from 
limited sample sizes or neglecting systematic variations- and correlations. 

The model uncertainty occurs when mathematical- or empirical based relations are used to model 
real phenomenon. It’s due to incomplete- or inaccurate models because of simplifications, 
assumptions, unknown boundary conditions- and effects of variables and their interaction.  

The physical- and statistical uncertainties may be quantified and described relatively well using 
the theory of probability and mathematical statistics. The model uncertainties are also, to some 
extent, possible to assess by theoretical- and experimental research. However, due to e.g. 
inaccurate definitions of performance requirements, problems may occur when assessing model 
uncertainties, especially for serviceability requirements (Honfi, 2013).  

The natural randomness of a phenomena that can be measured and described objectively by 
random quantities, is also referred to as aleatory, or type 1, uncertainty. Sometimes, due to e.g. 
limited sample sizes and incomplete- or inaccurate models, the uncertainty of the random quantity 
increases. This type of uncertainty is called epistemic, or type 2, uncertainty and can, in 
contradiction to aleatory uncertainties, only be assessed subjectively. For a more comprehensive 
review, see e.g. ISO 2394 (2015).    

One reason for this distinction is to point out how different types of uncertainties may be reduced. 
For example: epistemic uncertainties, that has to do with lack of knowledge, may often be reduced 
by gathering data (statistical uncertainties) or doing research (model uncertainties). On the 
contrary, aleatory uncertainties (physical uncertainties) are often not possible to reduce since it’s 
related to the inherent- and natural variability of the phenomena itself (JCSS, 2008). In reality, 
the situation is usually more complex than stated in the example above. That is, one type of 
phenomena often includes various types of uncertainties and a distinction is not always possible.  

The other reason lies in finding an appropriate approach for treating these uncertainties. This is, 
in turn, in a direct relation to the way in which one choose to interpret the fundamental concept 
of probability. In JCSS (2001) three different interpretations are discussed; that is, the 
frequentist’s-, the formal- and the Bayesian interpretation. 

The frequentist interprets the probability as the relative frequency of an event over time. To obtain 
an unbiased measure of the probability a large amount of data must be available prior to the 
assessment. Only uncertainties that are objectively possible to describe using unambiguous 
theoretical arguments can enter the probability domain. Therefore, aleatory and epistemic 
uncertainties are treated differently, since subjective interpretations of probability are not 
allowed. The subjective part of the uncertainties is considered using e.g. confidence bounds and 
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safety margins. To be able to assess the probability of failure of any structure this mean that the 
components in question, i.e. the structure itself or a part of it, are identical in a generic sense and 
subjected to similar loading- and operational conditions. As this seldom is the case, it’s 
inappropriate to use the frequentists approach alone in engineering applications. 

The formal interpretation is, as it states, a strictly formal procedure for dealing with uncertainties 
associated with probability. The main idea is that any probabilistic method that is, on average, 
just as good or better than previous successful methods are considered as fully equivalent. Hence, 
the probability is not interpreted in a physical sense but merely as a concept to obtain sufficient 
safety measures. In practice, the lack of physical interpretation impairs the use of the probabilistic 
model for decision making and optimization. Neither does the model represent the best estimate 
to describe our lack of knowledge which makes any updating procedure of the probability, due 
to new statistical evidence, restricted.   

The Bayesian interpret the probability as a degree of belief in the occurrence of an event. A mix 
of objective statistical data (frequentistic), subjective estimates and evidence obtained from 
observations is used to obtain the best possible expression for the probability. Hence, the method 
allows for different sources of uncertainties and a distinction of various types, such as aleatory 
and epistemic, is not necessary. Any lack of statistical data for prior estimates can be replaced by 
subjective decisions and in the light of new statistical evidence (from e.g. experiments, tests and 
inspections) these estimates are updated. In the limiting case, when the degree of belief is strong, 
there’s no difference in the Bayesian- and frequentists interpretation of probability.    

Besides aleatory- and epistemic uncertainties, other types exist such as e.g. the ontological 
uncertainty which is related to the difference between the engineer’s assumption and reality and 
includes e.g. human errors or unforeseen events. The vast randomness of these types of 
uncertainties makes it difficult to quantify and consequently different approaches are usually used 
to mitigate them, e.g. robustness criterions and different types of checking (Fröderberg, 2014). 
However, this thesis will assess the sensitivity of the deterministic partial coefficients, given in 
Eurocode, due to human errors using probabilistic level 2 methods. 

2.2 Basic variables 
In structural reliability analysis, the Bayesian interpretation of probability is considered as the 
most adequate approach for representing uncertainties since different sources of uncertainties are 
equally treated, read modeled, as basic variables (ISO 2394, 2015). Basic variables represent 
parameters or quantities of relevance regarding the structural reliability such as e.g. external 
loads, material strength, geometrical quantities etc. Depending on the nature of the phenomena a 
basic variable can be described as a random variable, random process or random field, either 
discrete or continuous, and including the special case of deterministic variables when the 
variations are small and neglected for simplification. Each random, or stochastic, variable 𝑋𝑋 is 
defined by a distribution function including characteristics such as e.g. mean and standard 
deviation. When the basic variable is dependent on another variable, say 𝑡𝑡, it is called a random 
process and denoted 𝑋𝑋(𝑡𝑡), 𝑡𝑡 ∈ 𝑇𝑇 where 𝑡𝑡 is the index, usually time, and 𝑇𝑇 is the index set. A 
random field is a generalization of a random process, in which the variable 𝑡𝑡 can be 
multidimensional vectors.  
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For the sake of this thesis; the concept of modeling random phenomena as random variables is 
sufficient. Although, a basic knowledge of random processes is somewhat necessary in order to 
understand how various types of actions can be combined, see subsection 4.1.2. 
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3 BASIC PROBABILITY THEORY 

Only a summary of the basic probability theory will be given. For a more comprehensive review, 
see e.g. Hogg et al. (2010) or Vännman (2002). 

The collection of all possible outcomes of a random experiment is called a sample-, or outcome, 
space 𝑆𝑆 and the probability of 𝑆𝑆 is denoted 𝑃𝑃(𝑆𝑆), where 𝑃𝑃(𝑆𝑆) = 1. 

The probability of any event 𝐴𝐴, where 𝐴𝐴 ⊆ 𝑆𝑆, is denoted 𝑃𝑃(𝐴𝐴) where 0 ≤ 𝑃𝑃(𝐴𝐴) ≤ 1. The 
complement of 𝐴𝐴 is denoted 𝐴𝐴′ and 

 𝑃𝑃(𝐴𝐴′) = 1 − 𝑃𝑃(𝐴𝐴). (3.1) 

The union of two events 𝐴𝐴 and 𝐵𝐵 is denoted 𝑃𝑃(𝐴𝐴 ∪ 𝐵𝐵) and includes the occurrence of event 𝐴𝐴 or 
𝐵𝐵 or both. That is, 

 𝑃𝑃(𝐴𝐴 ∪ 𝐵𝐵) = 𝑃𝑃(𝐴𝐴) + 𝑃𝑃(𝐵𝐵) − 𝑃𝑃(𝐴𝐴 ∩ 𝐵𝐵), (3.2) 

where 𝑃𝑃(𝐴𝐴 ∩ 𝐵𝐵) is the intersection of event 𝐴𝐴 and 𝐵𝐵. If 𝐴𝐴 and 𝐵𝐵 are mutually exclusive events, 
i.e. cannot simultaneously occur, then  

 𝑃𝑃(𝐴𝐴 ∩ 𝐵𝐵) = ∅, (3.3) 

where ∅ is the null-, or empty, set.   

The conditional probability of event 𝐴𝐴, knowing that event 𝐵𝐵 has occurred, is given by 

 𝑃𝑃(𝐴𝐴|𝐵𝐵) = 𝑃𝑃(𝐴𝐴∩𝐵𝐵)
𝑃𝑃(𝐵𝐵) , (3.4) 

and if event 𝐴𝐴 and 𝐵𝐵 are independent and 𝑃𝑃(𝐵𝐵) > 0, then 

 𝑃𝑃(𝐴𝐴|𝐵𝐵) = 𝑃𝑃(𝐴𝐴). (3.5) 

If the sample space 𝑆𝑆 is partitioned into 𝑚𝑚 mutually exclusive events with prior probabilities 𝐵𝐵𝑝𝑝 
denoted as 𝑃𝑃(𝐵𝐵𝑝𝑝), where 𝑃𝑃(𝐵𝐵𝑝𝑝) > 0 for 𝑖𝑖 = 1, … ,𝑚𝑚, then the conditional probability of event 𝐵𝐵𝑘𝑘 
given event 𝐴𝐴, where 𝑃𝑃(𝐴𝐴) > 0, is given by Bayes’s theorem 

 𝑃𝑃(𝐵𝐵𝑘𝑘|𝐴𝐴) = 𝑃𝑃(𝐵𝐵𝑘𝑘)𝑃𝑃�𝐴𝐴�𝐵𝐵𝑘𝑘�
∑ 𝑃𝑃(𝐵𝐵𝑖𝑖)𝑃𝑃�𝐴𝐴�𝐵𝐵𝑝𝑝�𝑚𝑚
𝑖𝑖=1

, (3.6) 

where the conditional probability 𝑃𝑃(𝐵𝐵𝑘𝑘|𝐴𝐴) is sometimes called the posterior probability of 𝐵𝐵𝑘𝑘. 
Bayes’s theorem is frequently used in structural reliability analysis for probability updating 
procedures, as discussed in section 2.1.  

3.1 Distribution functions 
A random variable 𝑋𝑋 quantifies possible outcomes of random phenomena by mapping events in 
the sample space 𝑆𝑆 into the real line ℝ, i.e. quantifying random outcomes. A random variable is 
either discrete or continuous. 

A discrete random variable 𝑋𝑋 can only take on a finite number of discrete values, and the 
probability mass function p.m.f. 𝑓𝑓𝑋𝑋(𝑥𝑥) is given by 

 𝑓𝑓𝑋𝑋(𝑥𝑥) = 𝑃𝑃(𝑋𝑋 = 𝑥𝑥), (3.7) 
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where 𝑥𝑥 ∈ 𝑆𝑆 is the outcome of the random variable and the index refers to the fact that 𝑓𝑓(𝑥𝑥) is 
the probability mass function of the random variable 𝑋𝑋. Moreover, 𝑓𝑓𝑋𝑋(𝑥𝑥) > 0 and ∑ 𝑓𝑓𝑋𝑋(𝑥𝑥𝑝𝑝)∞

𝑝𝑝=1 =
1.  

The cumulative distribution function c.d.f. 𝐹𝐹𝑋𝑋(𝑥𝑥) is given by 

 𝐹𝐹𝑋𝑋(𝑥𝑥) = 𝑃𝑃(𝑋𝑋 ≤ 𝑥𝑥) = ∑ 𝑓𝑓𝑋𝑋(𝑥𝑥𝑝𝑝)𝑚𝑚𝑖𝑖≤𝑚𝑚 . (3.8) 

Examples of discrete distributions are the uniform, Bernoulli-, binomial- and Poisson distribution 
etc., see e.g. Figure 3.1 below.  

 
Figure 3.1 Binomial p.m.f. for 𝑋𝑋 ∈ 𝑏𝑏(16; 0,5) (Hogg et al., 2010). 

A continuous random variable 𝑋𝑋 can take on any value within its range and the probability of an 
outcome 𝑥𝑥 ∈ [𝑉𝑉, 𝑏𝑏] is given by 

 𝑃𝑃(𝑉𝑉 < 𝑋𝑋 < 𝑏𝑏) = ∫ 𝑓𝑓𝑋𝑋(𝑥𝑥)𝑑𝑑𝑥𝑥𝑏𝑏
𝑚𝑚 , (3.9) 

where 𝑓𝑓𝑋𝑋(𝑥𝑥) is the probability density function p.d.f. of the random variable 𝑋𝑋 and 𝑓𝑓𝑋𝑋(𝑥𝑥) > 0. 
Note also that 𝑃𝑃(𝑋𝑋 = 𝑉𝑉) = ∫ 𝑓𝑓𝑋𝑋(𝑥𝑥)𝑑𝑑𝑥𝑥𝑚𝑚

𝑚𝑚 = 0 and ∫ 𝑓𝑓𝑋𝑋(𝑥𝑥)𝑑𝑑𝑥𝑥∞
−∞ = 1. 

The cumulative distribution function c.d.f. 𝐹𝐹𝑋𝑋(𝑥𝑥) is given by 

 𝐹𝐹𝑋𝑋(𝑥𝑥) = 𝑃𝑃(𝑋𝑋 ≤ 𝑥𝑥) = ∫ 𝑓𝑓𝑋𝑋(𝑥𝑥)𝑑𝑑𝑥𝑥𝑚𝑚
−∞ . (3.10) 

Examples of continuous distributions are the normal-, exponential-, Weibull-, gamma- and chi-
square distribution etc., see e.g. Appendix A. 

One type of distribution often arises in statistical analysis and deserves a closer look; that is, the 
normal distribution. If 𝑋𝑋 is a continuous random variable with parameters 𝜇𝜇 and 𝜎𝜎, where −∞ <
𝜇𝜇 < ∞ is a measure of central tendency and 𝜎𝜎 > 0 is a measure of dispersion, then 𝑋𝑋 is said to 
be a normally-, or Gaussian-, distributed and denoted 𝑋𝑋 ∈ 𝑁𝑁(𝜇𝜇,𝜎𝜎2). The probability density 
function p.d.f., 

 
𝑓𝑓(𝑥𝑥) = 1

𝜎𝜎√2𝜋𝜋
𝑒𝑒−

(𝑥𝑥−𝜇𝜇)2

2𝜎𝜎2 , (3.11) 

is bell-shaped and symmetric about its mean 𝜇𝜇.  

The cumulative distribution function c.d.f., 

 
𝐹𝐹(𝑥𝑥) = 𝑃𝑃(𝑋𝑋 ≤ 𝑥𝑥) = ∫ 1

𝜎𝜎√2𝜋𝜋
𝑒𝑒−

(𝑥𝑥−𝜇𝜇)2

2𝜎𝜎2
𝑚𝑚
−∞ 𝑑𝑑𝑥𝑥, (3.12) 
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is solved by using numerical methods. However, if 𝜇𝜇 = 0 and 𝜎𝜎2 = 1 then 𝑋𝑋 ∈ 𝑁𝑁(0,1) is said to 
be standard normal distributed with p.d.f.  

 
𝜑𝜑(𝑥𝑥) = 1

√2𝜋𝜋
𝑒𝑒−

𝑥𝑥2

2 , (3.13) 

 and c.d.f. 

 
𝛷𝛷(𝑥𝑥) = 𝑃𝑃(𝑋𝑋 ≤ 𝑥𝑥) = ∫ 1

√2𝜋𝜋
𝑒𝑒−

𝑥𝑥2

2
𝑚𝑚
−∞ 𝑑𝑑𝑥𝑥, (3.14) 

where solutions for 𝛷𝛷(𝑥𝑥), where 𝑥𝑥 > 0, is obtained from statistical tables, see e.g. Hogg et al., 
2010. Since the standard normal p.d.f. 𝜑𝜑(𝑥𝑥) is symmetric about the mean 𝜇𝜇 = 0, see Figure 3.2, 
it’s true that for any real value 𝑥𝑥 

 𝛷𝛷(−𝑥𝑥) = 1 − 𝛷𝛷(𝑥𝑥). (3.15) 
 

 
Figure 3.2 Standard normal p.d.f. (Hogg et al., 2010)  

Any normally distributed random variable 𝑋𝑋 ∈ 𝑁𝑁(𝜇𝜇,𝜎𝜎2) can be normalized by using following 
variable substitution 

 𝑍𝑍 = 𝑋𝑋−𝜇𝜇
𝜎𝜎

, (3.16) 

into equation (3.12) which yields an expression equivalent to equation (3.14). That is, 

 𝑃𝑃(𝑍𝑍 ≤ 𝑧𝑧) = 𝑃𝑃 �𝑋𝑋−𝜇𝜇
𝜎𝜎

≤ 𝑚𝑚−𝜇𝜇
𝜎𝜎
� = 𝛷𝛷 �𝑚𝑚−𝜇𝜇

𝜎𝜎
�, (3.17) 

where 𝑍𝑍 ∈ 𝑁𝑁(0,1) is the standard normal distribution and 𝛷𝛷(∙) is the standard normal c.d.f. The 
z-score given by equation (3.16) can, in a generic sense, be interpreted as the dispersion of two 
quantities; in this case between 𝑋𝑋 and 𝜇𝜇, measured in units of standard deviations. 

However, if the underlying distribution of 𝑋𝑋 is not normal then there still exists situations in 
which a normal approximation can be justified, see e.g. subsection 3.6.2 on central limit theorem. 

3.2 Moments 
Let 𝑋𝑋 be a discrete random variable. Then, the 𝑛𝑛th moment of 𝑋𝑋 is given by 

 𝐸𝐸(𝑋𝑋𝑚𝑚) = ∑ 𝑥𝑥𝑚𝑚𝑓𝑓𝑋𝑋(𝑥𝑥)𝑚𝑚∈𝑆𝑆 . (3.18) 

Of particular interest is the first moment of 𝑋𝑋, also called the population mean 𝜇𝜇𝑋𝑋, given by 

 𝜇𝜇𝑋𝑋 = 𝐸𝐸(𝑋𝑋) = ∑ 𝑥𝑥𝑓𝑓𝑋𝑋(𝑥𝑥)𝑚𝑚∈𝑆𝑆 , (3.19) 
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and the population variance 𝜎𝜎𝑋𝑋2, or 𝑉𝑉𝑉𝑉𝑉𝑉(𝑋𝑋), which is given in terms of the first- and the second 
moment 

 𝜎𝜎𝑋𝑋2 = 𝐸𝐸(𝑋𝑋2) − 𝐸𝐸(𝑋𝑋)2 = ∑ 𝑥𝑥2𝑓𝑓𝑋𝑋(𝑥𝑥)𝑚𝑚∈𝑆𝑆 − 𝜇𝜇𝑋𝑋2 , (3.20) 

or equivalently,  

 𝜎𝜎𝑋𝑋2 = 𝐸𝐸[(𝑋𝑋 − 𝜇𝜇𝑋𝑋2)] = ∑ (𝑥𝑥 − 𝜇𝜇𝑋𝑋)2𝑓𝑓𝑋𝑋(𝑥𝑥)𝑚𝑚∈𝑆𝑆 . (3.21) 

Analogously, if 𝑋𝑋 is continuous the population mean is given by 

 𝜇𝜇𝑋𝑋 = 𝐸𝐸(𝑋𝑋) = ∫ 𝑥𝑥𝑓𝑓𝑋𝑋(𝑥𝑥)𝑑𝑑𝑥𝑥∞
−∞ , (3.22) 

and the population variance, 

 𝜎𝜎𝑋𝑋2 = 𝐸𝐸[(𝑋𝑋 − 𝜇𝜇𝑋𝑋2)] = ∫ (𝑥𝑥 − 𝜇𝜇𝑋𝑋)2𝑓𝑓𝑋𝑋(𝑥𝑥)𝑑𝑑𝑥𝑥∞
−∞ . (3.23) 

Taking the square root of the population variance yields the population standard deviation 𝜎𝜎𝑋𝑋, 
that is 

 𝜎𝜎𝑋𝑋 = �𝜎𝜎𝑋𝑋2. (3.24) 

The mean value is a measure of the central tendency while the variance and standard deviation 
are measures of dispersion. In order to obtain comparable measures of dispersion for problems 
of different magnitudes, we define the population coefficient of variance 𝑉𝑉𝑋𝑋 as 

 𝑉𝑉𝑋𝑋 = 𝜎𝜎𝑋𝑋
𝜇𝜇𝑋𝑋

, (3.25) 

which is a scale independent measure of dispersion.  

3.3 Correlation 
Correlation is a mutual relationship between two, or more, random variables often described in 
terms of dependency or degree of linear relation. In case of two random variables 𝑋𝑋1 and 𝑋𝑋2, with 
mean 𝜇𝜇𝑋𝑋1and 𝜇𝜇𝑋𝑋2 respectively, the covariance is given as 

 𝐶𝐶𝐶𝐶𝐶𝐶(𝑋𝑋1,𝑋𝑋2) = 𝐸𝐸[�𝑋𝑋1 − 𝜇𝜇𝑋𝑋1��𝑋𝑋2 − 𝜇𝜇𝑋𝑋2�]. (3.26) 

Note that 𝐶𝐶𝐶𝐶𝐶𝐶(𝑋𝑋𝑝𝑝,𝑋𝑋𝑝𝑝) = 𝑉𝑉𝑉𝑉𝑉𝑉(𝑋𝑋), i.e. the covariance of the same variable is simply the variance.  

If  𝐶𝐶𝐶𝐶𝐶𝐶(𝑋𝑋1,𝑋𝑋2) = 0 then the variables are said to be uncorrelated or independent. The conversion, 
however, is not always true since two random variables can have a casual relation, i.e. randomly 
vary together without any actual relation. A positive covariance implies that 𝑋𝑋1 and 𝑋𝑋2 both 
increases- or decreases in magnitude and a negative covariance implies that one variable is 
increasing while the other is decreasing. 

Since the covariance is unbounded it’s difficult to interpret the degree of dependency between 
the variables from the results given by equation (3.26). By normalizing the covariance, using the 
standard deviations 𝜎𝜎𝑋𝑋1and 𝜎𝜎𝑋𝑋2, one obtains a scale independent- and dimensionless measure 
𝜌𝜌𝑋𝑋1𝑋𝑋2 of the correlation between 𝑋𝑋1 and 𝑋𝑋2 that is bounded by −1 ≤ 𝜌𝜌𝑋𝑋1𝑋𝑋2 ≤ 1. That is, 

 𝜌𝜌𝑋𝑋1𝑋𝑋2 = 𝐶𝐶𝑛𝑛𝐶𝐶(𝑋𝑋1,𝑋𝑋2)
𝜎𝜎𝑋𝑋1𝜎𝜎𝑋𝑋2

, (3.27) 
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where 𝜌𝜌𝑋𝑋1𝑋𝑋2 is called the correlation coefficient. Such a measure allows for different problems, 
with different magnitudes, to be comparable.  

3.4 Functions of random variables 
If 𝑔𝑔 is a linear function of 𝑛𝑛 random variables 𝑋𝑋𝑝𝑝 with coefficients 𝑉𝑉𝑝𝑝 for 𝑖𝑖 = 1, … ,𝑛𝑛, i.e. 

 𝑔𝑔(𝑋𝑋1,𝑋𝑋2, …𝑋𝑋𝑚𝑚) = 𝑉𝑉0 + 𝑉𝑉1𝑋𝑋1 + 𝑉𝑉2𝑋𝑋2 + ⋯+ 𝑉𝑉𝑚𝑚𝑋𝑋𝑚𝑚, (3.28) 

then the mean of 𝑔𝑔 is given by 

 𝐸𝐸[𝑔𝑔(𝑋𝑋1,𝑋𝑋2, …𝑋𝑋𝑚𝑚)] = 𝑉𝑉0 + 𝑉𝑉1𝐸𝐸(𝑋𝑋1) + 𝑉𝑉2𝐸𝐸(𝑋𝑋2) + ⋯+ 𝑉𝑉𝑚𝑚𝐸𝐸(𝑋𝑋𝑚𝑚), (3.29) 

or equivalently in terms of vectors as 

 𝐸𝐸[𝑔𝑔(𝑋𝑋1,𝑋𝑋2, …𝑋𝑋𝑚𝑚)] = 𝑉𝑉0 + 𝒂𝒂𝑇𝑇𝐸𝐸(𝑿𝑿), (3.30) 

where 𝒂𝒂𝑇𝑇 = [𝑉𝑉1 𝑉𝑉2 …𝑉𝑉𝑚𝑚] is the coefficient vector, 𝑿𝑿 is a random vector containing the random 
variables 𝑿𝑿𝑇𝑇 = [𝑋𝑋1 𝑋𝑋2 …𝑋𝑋𝑚𝑚] and 𝐸𝐸(𝑿𝑿) is the mean value vector 𝐸𝐸(𝑿𝑿𝑇𝑇) =
[𝐸𝐸(𝑋𝑋1) 𝐸𝐸(𝑋𝑋2) …𝐸𝐸(𝑋𝑋𝑚𝑚)]. 

The covariance of 𝑔𝑔 is given by 

 𝐶𝐶𝐶𝐶𝐶𝐶[𝑔𝑔(𝑋𝑋1,𝑋𝑋2, …𝑋𝑋𝑚𝑚)] = ∑ 𝑉𝑉𝑝𝑝2𝜎𝜎𝑋𝑋𝑖𝑖
2𝑚𝑚

𝑝𝑝=1 + ∑ ∑ 𝜌𝜌𝑋𝑋𝑖𝑖𝑋𝑋𝑗𝑗𝑉𝑉𝑝𝑝𝑉𝑉𝑗𝑗𝜎𝜎𝑋𝑋𝑖𝑖𝜎𝜎𝑋𝑋𝑗𝑗
𝑚𝑚
𝑗𝑗=1
𝑝𝑝≠𝑗𝑗

𝑚𝑚
𝑝𝑝=1 , (3.31) 

where 𝜌𝜌𝑋𝑋𝑖𝑖𝑋𝑋𝑗𝑗 is the correlation coefficient of the random variables 𝑋𝑋𝑝𝑝 and 𝑋𝑋𝑗𝑗 given by equation 
(3.27), 𝜎𝜎𝑋𝑋𝑖𝑖

2  and 𝜎𝜎𝑋𝑋𝑖𝑖 is the variance- and standard deviation of 𝑋𝑋𝑝𝑝, respectively. In terms of vectors 
the covariance of 𝑔𝑔 can also be written as 

 𝐶𝐶𝐶𝐶𝐶𝐶[𝑔𝑔(𝑋𝑋1,𝑋𝑋2, …𝑋𝑋𝑚𝑚)] = 𝒂𝒂𝑇𝑇𝑪𝑪𝑋𝑋𝒂𝒂, (3.32) 

where 𝑪𝑪𝑋𝑋 is the covariance matrix given by 

 

𝑪𝑪𝑋𝑋 = �

𝑉𝑉𝑉𝑉𝑉𝑉(𝑋𝑋1)
𝐶𝐶𝐶𝐶𝐶𝐶(𝑋𝑋2,𝑋𝑋1)

⋮
𝐶𝐶𝐶𝐶𝐶𝐶(𝑋𝑋𝑚𝑚,𝑋𝑋1)

    

𝐶𝐶𝐶𝐶𝐶𝐶(𝑋𝑋1,𝑋𝑋2) ⋯ 𝐶𝐶𝐶𝐶𝐶𝐶(𝑋𝑋1,𝑋𝑋𝑚𝑚)
𝑉𝑉𝑉𝑉𝑉𝑉(𝑋𝑋2) ⋯ 𝐶𝐶𝐶𝐶𝐶𝐶(𝑋𝑋2,𝑋𝑋𝑚𝑚)

⋮
𝐶𝐶𝐶𝐶𝐶𝐶(𝑋𝑋𝑚𝑚,𝑋𝑋2)

⋱
⋯

⋮
𝑉𝑉𝑉𝑉𝑉𝑉(𝑋𝑋𝑚𝑚)

�. (3.33) 

If all random variables are uncorrelated equation (3.31) simplifies to 

 𝐶𝐶𝐶𝐶𝐶𝐶[𝑔𝑔(𝑋𝑋1,𝑋𝑋2, …𝑋𝑋𝑚𝑚)] = ∑ 𝑉𝑉𝑝𝑝2𝜎𝜎𝑋𝑋𝑖𝑖
2𝑚𝑚

𝑝𝑝=1 , (3.34) 

and the covariance matrix in equation (3.33) becomes 

 

𝑪𝑪𝑋𝑋 = �
𝑉𝑉𝑉𝑉𝑉𝑉(𝑋𝑋1)

0
⋮
0

    

0 ⋯ 0
𝑉𝑉𝑉𝑉𝑉𝑉(𝑋𝑋2) ⋯ 0

⋮
0

⋱
⋯

⋮
𝑉𝑉𝑉𝑉𝑉𝑉(𝑋𝑋𝑚𝑚)

�. (3.35) 

 

3.5 Explorative data analysis 
A sample set of 𝑛𝑛 observations {𝑥𝑥1, 𝑥𝑥2, … 𝑥𝑥𝑚𝑚} where the observations are sorted from the smallest- 
to the largest value is called an ordered statistic. From this dataset one can easily find any sample 
percentile 𝑝𝑝; if 0 < 𝑝𝑝 < 1 then the (100𝑝𝑝)th sample percentile has approximately 𝑛𝑛𝑝𝑝 
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observations below- and 𝑛𝑛(1 − 𝑝𝑝) observations above it (Hogg et al., 2010). The rank 𝑉𝑉 of the 
𝑝𝑝th percentile of 𝑛𝑛 observations is given by 

 𝑉𝑉 = (𝑛𝑛 + 1)𝑝𝑝. (3.36) 

If 𝑉𝑉 ∈ ℕ, then 𝑥𝑥𝑟𝑟 is the 𝑉𝑉th sample observation in the ordered statistics corresponding to the 𝑝𝑝th 
percentile.  

Otherwise the sought percentile is in between two observations and the rank can be written as 𝑉𝑉 
plus a proper fraction 𝑚𝑚

𝑏𝑏
. The weighted average of the 𝑉𝑉th and (𝑉𝑉 + 1)st sample observation yields 

the (100𝑝𝑝)th sample percentile 𝜋𝜋�𝑝𝑝 as 

 𝜋𝜋�𝑝𝑝 = �1 − 𝑚𝑚
𝑏𝑏
� ∗ 𝑥𝑥𝑟𝑟 + �𝑚𝑚

𝑏𝑏
� 𝑥𝑥𝑟𝑟+1. (3.37) 

The 25th, 50th and 75th percentile is also called first-, second- (or median) and third quartile, that 
is 𝜋𝜋�0,25 = 𝑞𝑞�1, 𝜋𝜋�0,50 = 𝑞𝑞�2 = 𝑚𝑚�  and 𝜋𝜋�0,75 = 𝑞𝑞�3 respectively. Together with the sample minimum- 
and maximum value, 𝑥𝑥1 and 𝑥𝑥𝑚𝑚, of the ordered dataset one gets the so called five-number 
summary which is commonly displayed graphically by a box-and-whisker diagram or simply 
“box plot”.  

By defining the interquartile range, i.e. the length of the “box” as 

 𝐼𝐼𝑄𝑄𝑅𝑅 = 𝑞𝑞�3 − 𝑞𝑞�1, (3.38) 

one can pick out observations with large deviations from other observations of the same set, also 
called outliers. This is done by constructing inner- and outer fences at a distance of 1,5∙ 𝐼𝐼𝑄𝑄𝑅𝑅 and 
3∙ 𝐼𝐼𝑄𝑄𝑅𝑅 respectively, to the left- and right of the box. Observations outside the outer fences are 
called outliers, and observations between the fences are called suspected outliers (Hogg et al., 
2010). Values outside the inner fences are marked with dots in the plot.  

A box plot is a graphical tool for analyzing observed data, see section 7.3. 

3.6 Statistical estimates 
For an infinitely large sample size the true properties of any population could be obtained without 
any statistical uncertainties. In reality, however, the sample sizes are restricted due to e.g. 
economy and the actual difficulty in obtaining the amount of data needed. Therefore, statisticians 
draw samples from any population of interest and use the properties of the samples to make 
inferences about the population itself. That is, statistics such as the sample mean- and variance 
are used to estimate the true parameters population mean- and variance.   

If the entire population consists of 𝑁𝑁 possible observations 𝑥𝑥𝑝𝑝, then the population mean 𝜇𝜇 is 

 𝜇𝜇 = 1
𝑁𝑁
∑ 𝑥𝑥𝑝𝑝𝑁𝑁
𝑝𝑝=1 , (3.39) 

and the population variance 𝜎𝜎 is 

 𝜎𝜎2 = 1
𝑁𝑁
∑ (𝑥𝑥𝑝𝑝 − 𝜇𝜇)2𝑁𝑁
𝑝𝑝=1 . (3.40) 

 If a sample of size 𝑛𝑛 is drawn from the population the sample mean 𝑥𝑥 is 

 𝑥𝑥 = 1
𝑚𝑚
∑ 𝑥𝑥𝑝𝑝𝑚𝑚
𝑝𝑝=1 , (3.41) 



26 
 

and the unbiased sample variance 𝑠𝑠𝑚𝑚−12  is  

 𝑠𝑠𝑚𝑚−12 = 1
𝑚𝑚−1

∑ (𝑥𝑥𝑝𝑝 − 𝑥𝑥)2𝑚𝑚
𝑝𝑝=1 , (3.42) 

where the notation 𝑠𝑠𝑚𝑚−12  clarifies that a division with 𝑛𝑛 − 1 is used since it can be shown to be 
the best estimate of the, true, population variance (Hogg et al., 2010). For simplicity, the shorter 
notation 𝑠𝑠2 for sample variance will be used onwards.  

When sampling, it’s of great importance that the sample drawn is a proper representation of the 
true population. Otherwise, wrong conclusions of the population properties could be made; e.g. 
one might overestimate the yield strength of steel since the samples, read specimens, was drawn 
from only one manufacturer. Also, the sample size is of importance when estimating the 
population parameters. When the sample size approaches the entire population, i.e. as 𝑛𝑛 → 𝑁𝑁, the 
sampling errors decreases and the statistical estimators approaches the true parameters.  

The point estimates 𝑥𝑥 and 𝑠𝑠2 alone does not include the precision of the point estimates of the 
parameters 𝜇𝜇 and 𝜎𝜎2. Hence, statisticians use various types of tests such as e.g. confidence 
intervals where the precision- and uncertainties of these point estimates is expressed in terms of 
confidence levels, see subsection 3.6.1.  

Many tests rely on the assumption that the underlying population is normally distributed with 
parameters 𝜇𝜇 and 𝜎𝜎2. If such an assumption is not motivated, other nonparametric methods must 
be used that makes no assumptions of the underlying distribution itself (Vännman, 2002). 
However, if the sample size 𝑛𝑛 is large there exist some situations in which a normal distribution 
assumption can be motivated whether the population distribution is known or not. This is 
explained in subsection 3.6.2.   

3.6.1 Confidence intervals 

For the purpose of this thesis only confidence interval for the coefficient of variance 𝑉𝑉 of a 
lognormal distribution is presented. Confidence intervals for other point estimates with non-
lognormal distribution see e.g. (Hogg et al., 2010) or (Vännman, 2002).  

Let 𝑠𝑠2 be the sample variance, for a sample of size 𝑛𝑛, given by equation (3.42) for 𝑌𝑌𝑝𝑝 ∈ ln (𝑋𝑋𝑝𝑝). 
Hence, 𝑌𝑌𝑝𝑝~𝑁𝑁(𝜇𝜇,𝜎𝜎2) for 𝑖𝑖 = 1,2, … ,𝑛𝑛. A 100(1 − 𝛼𝛼)% two-sided confidence interval 𝐶𝐶𝐼𝐼 for the 
coefficient of variance 𝑉𝑉 is then given by 
 

𝐶𝐶𝐼𝐼𝑉𝑉 = �𝑉𝑉𝑝𝑝𝑚𝑚𝑖𝑖,𝑉𝑉𝑠𝑠𝑠𝑠𝑝𝑝� = �
�
𝑒𝑒

(𝑛𝑛−1)𝑠𝑠2

𝜒𝜒𝛼𝛼 2⁄
2 (𝑛𝑛−1) − 1,

�
𝑒𝑒

(𝑛𝑛−1)𝑠𝑠2

𝜒𝜒1−𝛼𝛼 2⁄
2 (𝑛𝑛−1) − 1 �  

 

(3.43) 

where 0 ≤ 𝛼𝛼 ≤ 1, 𝜒𝜒𝛼𝛼 2⁄
2 (𝑛𝑛 − 1) and 𝜒𝜒1−𝛼𝛼 2⁄

2 (𝑛𝑛 − 1) is the 𝛼𝛼 2⁄  and 1 − 𝛼𝛼 2⁄  quantiles of a chi-
square distribution with 𝑛𝑛 − 1 degrees of freedom respectively (Niwitpong, 2013). These values 
are either obtained from statistical tables, see e.g. (Hogg et al., 2010), or by using built-in-
functions in e.g. Microsoft Excel.  
 
This theory is applied in section 7.3 where the dispersion of the coefficient of variance for model 
uncertainties in loading is estimated.  
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3.6.2 Central limit theorem 

Let 𝑋𝑋 be the mean of a random sample 𝑋𝑋1,𝑋𝑋2, …𝑋𝑋𝑚𝑚 of size 𝑛𝑛 drawn from an unknown distribution 
with mean 𝜇𝜇, variance 𝜎𝜎 and where the 𝑋𝑋𝑝𝑝’s are independent and identically distributed random 
variables (i.i.d.). If the sample size 𝑛𝑛 is sufficiently large the distribution of the sample mean 𝑋𝑋 

approaches a normal distribution with parameters 𝜇𝜇𝑋𝑋 = 𝜇𝜇 and 𝜎𝜎𝑋𝑋
2 = 𝜎𝜎2

𝑚𝑚
, i.e. 

 𝑋𝑋 = 1
𝑚𝑚
∑ 𝑋𝑋𝑝𝑝𝑚𝑚
𝑝𝑝=1 ~𝑁𝑁(𝜇𝜇, 𝜎𝜎

2

𝑚𝑚
),  (3.44) 

as 𝑛𝑛 → ∞, regardless of the underlying distribution of the 𝑋𝑋𝑝𝑝’s. 

A similar approach is applicable for the sample sum 𝑌𝑌 = ∑ 𝑋𝑋𝑝𝑝𝑚𝑚
𝑝𝑝=1  of a random sample of size 𝑛𝑛 

drawn from an unknown distribution with mean 𝜇𝜇, variance 𝜎𝜎 and where the 𝑋𝑋𝑝𝑝’s are i.i.d. That 
is, 

 𝑌𝑌 = ∑ 𝑋𝑋𝑝𝑝𝑚𝑚
𝑝𝑝=1 ~𝑁𝑁(𝑛𝑛𝜇𝜇,𝑛𝑛𝜎𝜎2), (3.45) 

 as 𝑛𝑛 → ∞, with parameters 𝜇𝜇𝑋𝑋 = 𝑛𝑛𝜇𝜇 and 𝜎𝜎𝑋𝑋
2 = 𝑛𝑛𝜎𝜎2. 

Since equation (3.44) and (3.45) is normally distributed, they can be standardized by calculating 
the corresponding z-score, introduced at the end of section 3.1. That is, 

 𝑍𝑍 = 𝑋𝑋−𝜇𝜇
𝜎𝜎/√𝑚𝑚

, (3.46) 

 and 

 𝑍𝑍 = ∑ 𝑋𝑋𝑖𝑖𝑛𝑛
𝑖𝑖=1 −𝑚𝑚𝜇𝜇
𝜎𝜎√𝑚𝑚

, (3.47) 

respectively, where 𝑍𝑍 is the standardized normal distribution, i.e. 𝑍𝑍~𝑁𝑁(0,1), as 𝑛𝑛 → ∞.   

Perhaps not obvious at this point, but many probability- and statistical methods works especially 
well for normal distributions and the central limit theorem provides an often-necessary tool that 
facilitates the management of problems involving other types of distributions. Moreover, the 
central limit theorem does not require the underlying distribution to be of the continuous type, it 
is also applicable to discrete distributions, see e.g. Hogg et al. (2010).  

The actual sample size 𝑛𝑛 needed to obtain a good approximation of the normal distribution 
depends on the underlying distribution from which the sample was drawn from. In general, if 𝑛𝑛 
is greater than 25 or 30 the above approximations will be good. If the underlying distribution is 
somewhat normally distributed, i.e. symmetric, unimodal and continuous, a sample size of 2-5 
still yields an adequate approximation (Hogg et al., 2010). However, if 𝑛𝑛 is small and/or if the 
population variance 𝜎𝜎2 is unknown the Student’s t-distribution is the best approximation to 
estimate the population parameters. In analogy with equation (3.46) the t-score is given as 

 𝑇𝑇 = 𝑋𝑋−𝜇𝜇
𝑠𝑠/√𝑚𝑚

, (3.48) 

with 𝑛𝑛 − 1 degrees of freedom and where the sample variance 𝑠𝑠2 has been used as an estimator 
of the unknown population variance 𝜎𝜎2. The t-distribution has a similar appearance as the normal 
distribution, i.e. symmetric and bell-shaped, but with heavier tails meaning that the probability 
of obtaining values further away from its mean is more likely due to uncertainties in the 



28 
 

approximations, e.g. using the sample variance 𝑠𝑠2 instead of the population variance 𝜎𝜎2 decreases 
the confidence in the approximation. 

3.6.3 Goodness-of-fit 

This section aims to describe how unknown distributions can be determined from sample 
observations and how well the observed data fits the assumed theoretical model, see chapter 7 
and 8. Only a summary will be given and for a more comprehensive review see e.g. Vännman 
(2002).  

A probability plot, such as e.g. theoretical quantile-quantile plots or simply q-q plots, is a 
graphical method to compare how well a set of 𝑛𝑛 data observations 𝑥𝑥𝑝𝑝 is fitted to a theoretical 
assumed model with cumulative distribution function 𝐹𝐹(𝑥𝑥). This is done by ordering the 𝑛𝑛 
observed data values 𝑥𝑥𝑝𝑝 in an ascending order 𝑥𝑥(1) < ⋯ < 𝑥𝑥(𝑝𝑝) < ⋯ < 𝑥𝑥(𝑚𝑚) where index 𝑖𝑖 is the 
rank and 𝑖𝑖 = 1 is the smallest- and 𝑖𝑖 = 𝑛𝑛 is the largest value respectively. The probability for a 
random variable 𝑋𝑋 with assumed c.d.f. 𝐹𝐹(𝑥𝑥) not to exceed the 𝑖𝑖th ranked sample observation 𝑥𝑥(𝑝𝑝) 
is 

 𝑝𝑝𝑝𝑝 = 𝑃𝑃�𝑋𝑋 ≤ 𝑥𝑥(𝑝𝑝)� = 𝐹𝐹(𝑥𝑥(𝑝𝑝)), (3.49) 

or since 𝐹𝐹(𝑥𝑥) is a cumulative function, thus one-to-one, the inverse is given by  

 𝑥𝑥(𝑝𝑝) = 𝐹𝐹−1(𝑝𝑝𝑝𝑝), (3.50) 

where 𝑝𝑝𝑝𝑝 is called plotting position at which 𝐹𝐹−1(∙) is evaluated, or similarly the 𝑝𝑝𝑝𝑝th quantile is 
the fraction of observations 𝑥𝑥(𝑝𝑝) below this value with probability 𝑝𝑝𝑝𝑝 to occur. If the plotted points 
(𝑥𝑥(𝑝𝑝),𝐹𝐹−1(𝑝𝑝𝑝𝑝)), for 𝑖𝑖 = 1, … , 𝑛𝑛, lie on a straight line in the q-q plot the assumed theoretical model 
with c.d.f. 𝐹𝐹(𝑥𝑥) is a good fit to the observed data.    

Many different suggestions of the plotting position 𝑝𝑝𝑝𝑝 is given in literature, in which most can be 
expressed according to the formula 

 𝑝𝑝𝑝𝑝 = 𝑝𝑝−𝑚𝑚
𝑚𝑚+1−2𝑚𝑚

, (3.51) 

where 𝑉𝑉 is a constant ranging from 0 to 0,5.  

One suggestion, given by Hazen in 1914, is 𝑉𝑉 = 0,5 in which equation (3.51) becomes 

 𝑝𝑝𝑝𝑝 = 𝑝𝑝−0,5
𝑚𝑚

, (3.52) 

which corresponds to the 𝑝𝑝−0,5
𝑚𝑚

th sample quantile. 

The Hazen’s plotting formula is shown to perform well for normal- and Gumbel distributions 
which are distributions frequently used in the field of structural analysis. Other possible plotting 
formulas exists, and the interested reader is referred to e.g. Makkonen (2005) or Yahaya et al. 
(2012). 

Graphical methods, such as the q-q plot, are somewhat a subjective goodness-of-fit test in which 
the possible deviations are observed rather than measured. Hence, these methods are usually 
combined with other formal methods, such as e.g. the 𝜒𝜒2-test or least-squares regression, that 
measures the goodness-of-fit objectively. For the latter method; consider e.g. the q-q plot of 
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observed sample data versus a theoretically assumed distribution, i.e. the plot (𝑥𝑥𝑝𝑝,𝑦𝑦𝑝𝑝) =
(𝑥𝑥(𝑝𝑝),𝐹𝐹−1(𝑝𝑝𝑝𝑝)) for 𝑖𝑖 = 1, … , 𝑛𝑛. If the model is a good fit these points should lie on a straight line. 

 The linear regression line, i.e. the line best approximating the data points (𝑥𝑥𝑝𝑝,𝑦𝑦𝑝𝑝), is given by 

 𝑦𝑦� = 𝛼𝛼� + �̂�𝛽(𝑥𝑥 − 𝑥𝑥), (3.53) 

where 𝛼𝛼� is the y-intercept, 

 𝛼𝛼� = 1
𝑚𝑚
∑ 𝑦𝑦𝑝𝑝𝑚𝑚
𝑝𝑝=1 , (3.54) 

�̂�𝛽 is the slope of the line, 

 �̂�𝛽 = ∑ (𝑦𝑦𝑖𝑖−𝑦𝑦)(𝑚𝑚𝑖𝑖−𝑚𝑚𝑛𝑛
𝑖𝑖=1 )
∑ (𝑚𝑚𝑖𝑖−𝑚𝑚𝑛𝑛
𝑖𝑖=1 )2

, (3.55) 

where 𝑥𝑥 and 𝑦𝑦 is the sample means calculated according to equation (3.41). 

A measure of the goodness-of-fit is obtained by introducing the coefficient of determination 𝑉𝑉2 
as 

 𝑉𝑉2 = 1 − 𝑆𝑆𝑆𝑆𝑟𝑟𝑟𝑟𝑠𝑠
𝑆𝑆𝑆𝑆𝑡𝑡𝑡𝑡𝑡𝑡

, (3.56) 

where 0 ≤ 𝑉𝑉2 ≤ 1. The residual sum of squares is 

 𝑆𝑆𝑆𝑆𝑟𝑟𝑝𝑝𝑠𝑠 = ∑ (𝑦𝑦𝑝𝑝 − 𝑦𝑦�𝑝𝑝𝑚𝑚
𝑝𝑝=1 )2, (3.57) 

where 𝑦𝑦�𝑝𝑝 is given by equation (3.53) for each input value 𝑥𝑥𝑝𝑝, and the total sum of squares is 

 𝑆𝑆𝑆𝑆𝑡𝑡𝑛𝑛𝑡𝑡 = ∑ (𝑦𝑦𝑝𝑝 − 𝑦𝑦𝑚𝑚
𝑝𝑝=1 )2. (3.58) 

When 𝑆𝑆𝑆𝑆𝑟𝑟𝑝𝑝𝑠𝑠 → 0 then 𝑉𝑉2 → 1 and the regression line perfectly fits the data hence the observed 
data values is perfectly described by the theoretical model.  
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4 BASIS OF DESIGN IN LIMIT STATE 

A structure may experience many different load situations during its life time. To cover these, 
sometimes, specific load situations the design of the structure is assigned one of three different 
design situations represented by a specific time interval including relevant limit states, conditions 
and hazards (JCSS, 2001). Ranging for long term to short term, these design situations are: 

• Persistent situations which refer to conditions of normal use generally related to the 
lifetime of the structure. 

• Transient situations which refer to temporary conditions in terms of use- or exposure of 
the structure, e.g. during erection or maintenance.  

• Accidental situations which refer to exceptional conditions- or exposure of the structure 
e.g. fires or collisions.  

Furthermore, it must be verified that for each design situation the relevant limit states are not 
exceeded. A limit state is a condition separating desired- and adverse states of the structure and 
is either reversible- or irreversible. According to SS-EN 1990 (2010) limit states referring to the 
safety of people- or the safety of the structure itself is classified as an ultimate limit state, or 
simply ULS. On the other hand, limit states that refer to the functioning of the structure under 
normal use, the comfort of people or the appearance of the construction works is classified as a 
serviceability limit state, or simply SLS.  

The limit state function 𝑔𝑔(𝑿𝑿) is, in general terms, a function of the basic variables 𝑋𝑋1,𝑋𝑋2, … ,𝑋𝑋𝑚𝑚 
that characterize a limit state when 𝑔𝑔(𝑿𝑿) = 0. Sometimes, for abbreviation, the limit state 
function LSF is written as 𝑀𝑀 = 𝑔𝑔(𝑿𝑿) where 𝑀𝑀 is called the safety margin. In the following simple 
case assume that the reliability of the structure can be expressed in terms of two statistical 
independent random variables 𝑅𝑅 and 𝑆𝑆 representing the resistance- and the load effect 
respectively. Then one could write 

 𝑀𝑀 = 𝑔𝑔(𝑅𝑅, 𝑆𝑆) = 𝑅𝑅 − 𝑆𝑆, (4.1) 

where the stochastic variables 𝑅𝑅 and 𝑆𝑆 are of the same dimensions e.g. moment, shear, 
deformation etc.  

Hence, the limit state would be given as 

 𝑀𝑀 = 𝑔𝑔(𝑅𝑅, 𝑆𝑆) = 0, (4.2) 

which yields a failure surface in the basic variable space separating the safe region, 𝑀𝑀 =
𝑔𝑔(𝑅𝑅, 𝑆𝑆) > 0 from the adverse, or unsafe, region 𝑀𝑀 = 𝑔𝑔(𝑅𝑅, 𝑆𝑆) < 0, see Figure 4.1.  
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Figure 4.1 Illustration of the limit state function (Honfi, 2013) 

Usually, however, both the resistance 𝑅𝑅 and the loads 𝑆𝑆 are functions of basic variables such as 
e.g. applied loads, resistance, dimensions etc. Furthermore, they might be correlated, e.g. the 
cross-sectional area affects both the self-weight and cross-sectional strength, in which the simple 
expressions given by equation (4.1) and (4.2) would not be valid. Note also that the limit state is 
a condition of a structure beyond which it no longer fulfills relevant performance criterions 
(Honfi, 2013). Thus, for serviceability limit states the resistance is usually represented by 
conditions regarding deformations. 

For the purpose of this thesis, only persistent design situations in ultimate limit state is covered. 

4.1 Probability models for loads 
Loads are usually time-varying quantities and according to JCSS (2001) categorized as follows: 

• Permanent actions 𝐺𝐺, with small and slow variations in time such as e.g. self-weight or 
indirect actions such as e.g. temperature effects, shrinkage, creep etc.  

• Variable actions 𝑄𝑄, with significant and frequent variations in time such as e.g. snow-, 
wind- and imposed loads. 

• Exceptional actions 𝐴𝐴, often considerably large in magnitude but with short duration such 
as e.g. impact loads, explosions, earthquakes etc. Also, the probability of occurrence is 
usually small with respect to the designed life of the structure.   

In a probabilistic analysis, the loads are treated as basic variables (see section 2.2). Permanent 
loads, that are more or less time-invariant quantities, are usually modelled as random variables 
while variable loads are best modelled by random processes 𝑋𝑋 = 𝑋𝑋(𝑡𝑡) meaning that for an 
arbitrary point in time 𝑡𝑡 ∈ 𝑇𝑇  the distribution of the load 𝑋𝑋 is a random variable. The modelling 
of variable loads as stochastic processes is mainly concerning load combination issues and is 
covered in subsection 4.1.2. In the case of only one variable load: a time invariant approach is 
presented in subsection 4.1.1.  

In addition to time; loads may also vary spatially, e.g. 𝑋𝑋 = 𝑋𝑋(𝑥𝑥, 𝑦𝑦) in the two-dimensional case 
with space coordinates (𝑥𝑥,𝑦𝑦), and a distinction between fixed- and free actions is usually 
necessary. Fixed actions are actions that are spatially fixed with a given intensity distribution 
whereas for free actions the spatial intensity distribution is variable. This topic is rather complex 



32 
 

since it involves the modelling of 𝑋𝑋 as a random field and it’s also beyond the scope of this thesis. 
The interested reader is referred to e.g. Thoft-Christensen et al. (1982) or JCSS (2001).  

4.1.1 Theory of extremes for single variable loads 

For a single time-varying load the arbitrary point in time distribution of 𝑋𝑋(𝑡𝑡) is generally not of 
primarily interest. Instead the designer is more interested in the probability distribution of the 
maximum extreme value of the load, i.e. 𝐹𝐹𝑚𝑚𝑚𝑚𝑚𝑚(𝑥𝑥) = 𝐹𝐹 �max

𝑡𝑡∈𝑇𝑇
𝑥𝑥(𝑡𝑡)�, within a reference period 𝑇𝑇. 

Hence, 𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚 is considered as a random variable that is time-invariant.  

For a sample of size 𝑛𝑛 it can be shown that the c.d.f. of the maximum value 𝐹𝐹𝑚𝑚𝑚𝑚𝑚𝑚(𝑥𝑥) in the sample 
is given as 

 𝐹𝐹𝑚𝑚𝑚𝑚𝑚𝑚(𝑥𝑥) = [𝐹𝐹𝑋𝑋(𝑥𝑥)]𝑚𝑚, (4.3) 

where 𝐹𝐹𝑋𝑋(𝑥𝑥) is the c.d.f. of the parent-, or underlying, distribution of random variable 𝑋𝑋 from 
which the sample was drawn from, see Figure 4.2.   

 
Figure 4.2 Distribution of the largest value of 𝑛𝑛 independent normally distributed random 
variables, 𝑛𝑛 = 1,10, … , 104 (Madsen et al., 1986) 

Analogously, e.g. when modelling time dependent resistance quantities, it may be of interest to 
determine the probability distribution of the minimum extreme value of the load in which the 
c.d.f of the minimum value 𝐹𝐹𝑚𝑚𝑝𝑝𝑚𝑚(𝑥𝑥) in the sample of size 𝑛𝑛 is given by 

 𝐹𝐹𝑚𝑚𝑝𝑝𝑚𝑚(𝑥𝑥) = 1 − [1 − 𝐹𝐹𝑋𝑋(𝑥𝑥)]𝑚𝑚. (4.4) 

However, for many parent distributions, the c.d.f. of the maximum-, or minimum, value 
converges to certain limiting distributions as the sample sizes increase, i.e. as 𝑛𝑛 → ∞. These 
distributions are called asymptotic extreme-value distributions and are of three main types; type 
I (Gumbel), type II (Frechét) and type III (Weibull).  

If the upper tail of the parent distribution falls of in an exponential manner, as for most variable 
loads, the distribution of the largest extreme converges towards a Gumbel distribution as the 
sample size 𝑛𝑛 → ∞ (Thoft-Christensen et al., 1982). The p.d.f. of a Gumbel distributed random 
variable 𝑋𝑋 is given as 

 𝑓𝑓𝑋𝑋(𝑥𝑥) = 𝑉𝑉𝑒𝑒−𝑚𝑚(𝑚𝑚−𝑈𝑈)𝑒𝑒−𝑝𝑝−𝑎𝑎(𝑥𝑥−𝑈𝑈), (4.5) 
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where 𝑈𝑈 and 𝑉𝑉 are measures of location and dispersion, respectively, and related to the mean 𝜇𝜇𝑋𝑋 
and standard deviation 𝜎𝜎𝑋𝑋 by 

 𝑈𝑈 = 𝜇𝜇𝑋𝑋 −
𝛾𝛾
𝑚𝑚
, (4.6) 

and 

 𝑉𝑉 = 𝜋𝜋
𝜎𝜎𝑋𝑋√6

, (4.7) 

where the value of Euler’s constant 𝛾𝛾 is approximately 0,5772.  

If the parameters 𝜇𝜇𝑋𝑋 and 𝜎𝜎𝑋𝑋 in equations (4.6) and (4.7) is unknown, they can be estimated from 
the sample mean 𝑥𝑥 and sample standard deviation 𝑠𝑠 by using equations (3.41) and (3.42) 
respectively, for the largest extreme values in each sample. Alternatively, the values of 𝑉𝑉 and 𝑈𝑈 
can be obtained from the regression line in a q-q plot of a Gumbel distribution as described in 
subsection 3.6.3. The regression line is usually a built-in-function in conventional computational 
softwares, as e.g. Microsoft Excel, in which 𝑉𝑉 is given as the slope of the regression line and 𝑈𝑈 
is the intercept divided by 𝑉𝑉. Otherwise equations (3.54) and (3.55) can be used to calculate the 
intercept, hence 𝑈𝑈, and the slope 𝑉𝑉 respectively.  

The c.d.f. of a Gumbel distribution is 

 𝐹𝐹𝑋𝑋(𝑥𝑥) = 𝑒𝑒−𝑝𝑝−𝑎𝑎(𝑥𝑥−𝑈𝑈). (4.8) 

4.1.2 Stochastic processes for load combinations 

A stochastic process 𝑋𝑋(𝑡𝑡), 𝑡𝑡 ∈ 𝑇𝑇 is a random process in which the outcome of the random quantity 
𝑋𝑋 is time dependent, i.e. 𝑓𝑓𝑋𝑋(𝑡𝑡) ≠ 𝑓𝑓𝑋𝑋(𝑡𝑡 + ∆𝑡𝑡) for two instants in time 𝑡𝑡 and 𝑡𝑡 + ∆𝑡𝑡. That is, every 
outcome of the random process, at any given time 𝑡𝑡, is a random variable and consequently a 
stochastic process is described by a set of random variables {𝑋𝑋(𝑡𝑡); 𝑡𝑡 ∈ 𝑇𝑇}. If 𝑇𝑇 ∈ ℤ then the 
stochastic process is said to be discrete and if 𝑇𝑇 ∈ ℝ it’s called a continuous stochastic process.   

Variable loads are random quantities best described by stochastic processes. The random load 
fluctuations can be recorded over some predefined time interval 𝑇𝑇 using e.g. a real-time 
monitoring system measuring the instantaneous load values, in which the recorded load history 
would be of the continuous type, i.e. 𝑇𝑇 ∈ ℝ, as in Figure 4.3.  

 
Figure 4.3 Stochastic process (Thoft-Christensen et al., 1982) 

In order to overcome the difficulties to mathematically model a stochastic load process, the load 
variations are, in practice, approximated using pulses or rectangular waves. In such cases the 
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probability distribution of each discretized stochastic load process is relatively easy to derive 
using e.g. Ferry-Borges and Castanheta (FBC) load process or the filtered Poisson process, see 
e.g. Fahleson (1995). The implementation of such simplifications allows for various types of 
stochastic processes to be combined, e.g. to evaluate the combined effect of two or more time-
varying loads. Before going any further, let’s first formulate the load combination problem.  

For a given set of 𝑛𝑛 stochastic load processes 𝑋𝑋𝑝𝑝(𝑡𝑡) the maximum combined load process 
𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚(𝑇𝑇) for a reference period 𝑇𝑇 is sought. That is, 

 𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚(𝑇𝑇) = max
𝑇𝑇

{𝑋𝑋1(𝑡𝑡) + ⋯+ 𝑋𝑋𝑚𝑚(𝑡𝑡)}. (4.9) 

By just superimposing the various loads using the distribution of the largest extreme concept 
presented in subsection 4.1.1, i.e. if right-hand side of equation (4.9) is replaced by 
max
𝑇𝑇

{𝑋𝑋1(𝑡𝑡)} + ⋯+ max
𝑇𝑇

{𝑋𝑋𝑚𝑚(𝑡𝑡)}, one would clearly overestimate the combined load effect since 

it’s highly unlikely that all 𝑛𝑛 processes will attain their maximum value at the same time.  

In the filtered Poisson load process, each independent and identically distributed stochastic load 
process is approximated using pulses of deterministic durations with arbitrary arrival time 
between two consecutive pulses. Hence, the distribution of the combined maximum load effect 
can be well approximated for such processes, see e.g. Fahleson (1995). For simplicity, however, 
only recorded values above some predefined- and constant boundary, or threshold, located at 
𝑥𝑥(𝑡𝑡) = 𝜉𝜉 is usually considered in the model. Alternatively, it might be of interest to assess the 
probability that a random process exceeds a given threshold during a specific time interval e.g. 
that a structure enters the failure region 𝑀𝑀 < 0 during its expected life time. This approach is 
known as the barrier crossing problem in which the numbers of up-crossings of the threshold 
𝑥𝑥(𝑡𝑡) = 𝜉𝜉 is estimated during the time interval [𝑡𝑡1, 𝑡𝑡2] ⊂ 𝑇𝑇, see Figure 4.4.  

 
Figure 4.4 Barrier crossing problem (Thoft-Christensen et al., 1982) 

The best approach, however, for solving time-variant reliability problems depends on several 
factors such as e.g. the considered time frame, level of confidence in the probability estimates, 
the load- and resistance processes involved and their correlation (JCSS, 2001). Moreover, the 
available approaches for assessing the combined effect of several stochastic processes, such as 
e.g. the FBC- or the filtered Poisson process, usually becomes quite complex. A general, and 
simple, approach for dealing with this problem was presented by Turkstra in 1972 and is called 
Turkstra’s rule. He suggested that for a given set of 𝑛𝑛 independent stochastic load processes 
{𝑋𝑋(𝑡𝑡); 𝑡𝑡 ∈ 𝑇𝑇} the maximum combined load 𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚(𝑇𝑇) is obtained when either load obtains its 
maximum value, i.e. 
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𝑋𝑋𝑚𝑚𝑚𝑚𝑚𝑚(𝑇𝑇) = 𝑚𝑚𝑉𝑉𝑥𝑥

⎩
⎪
⎨

⎪
⎧

max
𝑇𝑇

{𝑋𝑋1(𝑡𝑡)} + 𝑋𝑋2(𝑡𝑡∗) + ⋯+ 𝑋𝑋𝑚𝑚(𝑡𝑡∗)

𝑋𝑋1(𝑡𝑡∗) + max
𝑇𝑇

{𝑋𝑋2(𝑡𝑡)} + ⋯+ 𝑋𝑋𝑚𝑚(𝑡𝑡∗)
⋮

𝑋𝑋1(𝑡𝑡∗) + 𝑋𝑋2(𝑡𝑡∗) + max
𝑇𝑇

{𝑋𝑋𝑚𝑚(𝑡𝑡)}

, (4.10) 

where 𝑡𝑡∗ is an arbitrary point in time.  

Turkstra’s rule is a widely-adopted philosophy, used in almost all present deterministic design 
codes, for dealing with several independent time-varying loads in which the combined load 
effects are assessed using the linear method described by equation (4.10). In codes this is 
equivalent to the load combination scheme in which one time-varying load is identified as main 
load while the accompanying time-varying loads are reduced by a load combination factor 𝜓𝜓𝑝𝑝. 
Shortly speaking, these load combination factors 𝜓𝜓𝑝𝑝 express the ratios between fractiles in the 
extreme value- and the arbitrary point in time distributions such that the probability of exceeding 
the design value for a given load combination is the same as in the case of only one time-varying 
load (JCSS, 2001), see also section 6.3. 

For the purpose of a reliability based (level 2) approach, simplified rules for evaluating the 
combined effect of more than one variable load exists, see end of section 6.5. 

4.1.3 Load distributions 

A summary of the statistical properties of some common loads are given in Table 4.1 below. For 
more statistical data, see e.g. JCSS (2001) and NKB (1999).  

Table 4.1 Typical statistical properties of some common loads, taken from JCSS (2001) and 
NKB (1999). 1) Fractile for distribution of annual maxima, 2) N = normal distribution, GU = 
Gumbel (type I) distribution, LN = lognormal distribution 

Load, 𝑆𝑆 Fractile for 
charact. values1) 

Fitting 
distribution2) 

Coeff. of 
variance, 𝑉𝑉 

Remark 

Self-weight, 𝐺𝐺 Normally 50 % N 0,05 - 0,10  
Live load 
(office), 𝑄𝑄𝐻𝐻𝐻𝐻 

> 98 % GU, LN 0,40 - 0,70  

Snow load, 𝑄𝑄𝑠𝑠 98 % GU 0,25 - 0,40 Lower 𝑉𝑉 for areas 
with large 𝑄𝑄𝑠𝑠 

Wind load, 𝑄𝑄𝑤𝑤 98 % GU 0,40 Sometimes type II 
distr. are used 

 

4.2 Probability models for resistance 
There is much data available on resistance properties and summary of the statistical properties of 
some common resistance parameters are given in Table 4.2 below. 
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Table 4.2 Typical statistical properties of some material properties, taken from JCSS (2001), 
NKB (1999) and Cajot et al. (2005). 1) Index 𝑛𝑛𝐶𝐶𝑚𝑚 refers to nominal values, 2) For steel according 
to SS-EN 10025 

Resistance, 𝑅𝑅 Fitting distrib. Mean, 𝑚𝑚1) Coeff. of var., 𝑉𝑉 Remark 
Glulam 
Bending, 𝑓𝑓𝑚𝑚 

 
LN 

 
- 

 
0,15 

 

Steel 
Yield strength, 𝑓𝑓𝑦𝑦2) 

Ultimate strength, 𝑓𝑓𝑠𝑠2) 

Modulus of elasticity, 𝐸𝐸 

 
LN 
LN 
LN 

 
𝑘𝑘𝑅𝑅𝑝𝑝𝐻𝐻𝑚𝑚𝑛𝑛𝑚𝑚 − 20 
𝐵𝐵𝑅𝑅𝑚𝑚𝑚𝑚𝑛𝑛𝑚𝑚 
𝐸𝐸𝑚𝑚𝑛𝑛𝑚𝑚 

 
0,07 
0,04 
0,03 

 
𝑘𝑘 = 1,1 - 1,2 
𝐵𝐵 = 1,1 – 1,5 

Concrete  
Compr. cube strength, 𝑓𝑓𝑐𝑐 

 
LN 

 
0,85𝑓𝑓𝑐𝑐𝑐𝑐𝑠𝑠𝑏𝑏𝑝𝑝 

 
0,05-0,15 

 

Reinforcement 
Area of c.s., 𝐴𝐴 
Yield strength, 𝑓𝑓𝑦𝑦 

 
N 
N 

 
𝐴𝐴𝑚𝑚𝑛𝑛𝑚𝑚 

𝑅𝑅𝑝𝑝𝐻𝐻𝑚𝑚𝑛𝑛𝑚𝑚 + 2𝜎𝜎 

 
0,02 
𝜎𝜎 𝑚𝑚⁄  

 
 

𝜎𝜎 = 30 MPa 
 

Keep in mind, however, that it’s difficult to give exact generic statistical properties of a material 
parameter since it depends on e.g. the microstructure of the material and the manufacturing 
conditions etc. Referring to Table 4.2 it seems as the lognormal distribution is a suitable 
distribution for most material parameters. This is true because the lognormal distribution can not 
take negative values which is essential for any strength parameter. 

4.3 Probability models for geometries 
A summary of the statistical information of some geometrical properties are given in Table 4.3 
below.  

Table 4.3 Geometrical properties, taken from JCSS (2001) and NKB (1999). 1) Index 𝑛𝑛𝐶𝐶𝑚𝑚 
refers to nominal values 

Dimension Fitting distrib. Mean, 𝑚𝑚1) Coeff. of var., 𝑉𝑉1) Remark 
Concrete 
Outer dim., 𝑥𝑥 
Eff. height, 𝑑𝑑 

 
N 
N 

 
1,003𝑋𝑋𝑚𝑚𝑛𝑛𝑚𝑚 
𝑑𝑑𝑚𝑚𝑛𝑛𝑚𝑚 + 10 

 
0,006 + 4 𝑋𝑋𝑚𝑚𝑛𝑛𝑚𝑚⁄  

10 𝑑𝑑𝑚𝑚𝑛𝑛𝑚𝑚⁄  

 
𝑋𝑋𝑚𝑚𝑛𝑛𝑚𝑚 ≤ 1000 mm 

HRS beam 
Height, ℎ (IPE80-200) 
Area, 𝐴𝐴 
Bending resist., 𝑊𝑊 

 
N 
N 
N 

 
ℎ𝑚𝑚𝑛𝑛𝑚𝑚 
𝐴𝐴𝑚𝑚𝑛𝑛𝑚𝑚 
𝑊𝑊𝑚𝑚𝑛𝑛𝑚𝑚 

 
1 𝑑𝑑𝑚𝑚𝑛𝑛𝑚𝑚⁄  

0,03 
0,04 

 

Compr. column 
Eccentricity, 𝑒𝑒 
Crookedness, 𝑓𝑓 
Glob. sway imp., 𝜙𝜙 

 
N 
N 
N 

 
0 
0 
0 

 
0,001 
0,001 
0,0015 
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4.4 Model uncertainties 
Both the load effect 𝑆𝑆 and the resistance 𝑅𝑅 are mathematical functions of basic variables that 
models the joint behavior of loads, material and geometrical quantities. That is, 

 𝑆𝑆 = 𝑓𝑓𝑆𝑆(𝑋𝑋𝑆𝑆1,𝑋𝑋𝑆𝑆2, … ,𝑋𝑋𝑚𝑚1 ,𝑋𝑋𝑚𝑚2 , … ), (4.11) 

and  

 𝑅𝑅 = 𝑓𝑓𝑅𝑅(𝑋𝑋𝑅𝑅1,𝑋𝑋𝑅𝑅2, … ,𝑋𝑋𝑚𝑚1 ,𝑋𝑋𝑚𝑚2 , … ), (4.12) 

where 𝑓𝑓𝑆𝑆(∙) and 𝑓𝑓𝑅𝑅(∙) are the model functions for load- and resistance respectively, 𝑋𝑋𝑆𝑆𝑝𝑝 is the 
basic load variables, 𝑋𝑋𝑅𝑅𝑝𝑝 is the basic resistance variables and 𝑋𝑋𝑚𝑚𝑖𝑖 is geometrical quantities, that 
are usually assumed to be deterministic, i.e. 𝑋𝑋𝑚𝑚𝑖𝑖 = 𝑉𝑉𝑝𝑝. 

The models may be of numerical-, analytical- or empirical nature and usually these model 
functions are simplified or inexact such that the outcomes of 𝑆𝑆 and 𝑅𝑅 only can be predicted 
including some error 𝜃𝜃. While the statistical uncertainties are included in the point estimates of 
the parameters within the distribution of the basic variables 𝑋𝑋𝑝𝑝 itself (as described in section 3.6) 
the error term 𝜃𝜃, also referred to as model uncertainty, accounts for random effects that are 
neglected in the model and simplifications in the mathematical relations (JCSS, 2001). A 
common way to introduce the model uncertainty into the calculation model is either 

 𝑆𝑆 = 𝜃𝜃𝑆𝑆 + 𝑓𝑓𝑆𝑆(𝑋𝑋𝑆𝑆1,𝑋𝑋𝑆𝑆2, … ,𝑉𝑉1,𝑉𝑉2, … ), (4.13) 

and  

 𝑅𝑅 = 𝜃𝜃𝑅𝑅 + 𝑓𝑓𝑅𝑅(𝑋𝑋𝑅𝑅1,𝑋𝑋𝑅𝑅2, … ,𝑉𝑉1,𝑉𝑉2, … ), (4.14) 

if 𝜃𝜃𝑆𝑆 ,𝜃𝜃𝑅𝑅 ∈ 𝑁𝑁(𝜇𝜇,𝜎𝜎2). 

In the case of 𝜃𝜃𝑆𝑆, 𝜃𝜃𝑅𝑅 ∈ 𝐿𝐿𝑁𝑁(𝜇𝜇,𝜎𝜎2) then 

 𝑆𝑆 = 𝜃𝜃𝑆𝑆𝑓𝑓𝑆𝑆(𝑋𝑋𝑆𝑆1,𝑋𝑋𝑆𝑆2, … ,𝑉𝑉1,𝑉𝑉2, … ), (4.15) 

and  

 𝑅𝑅 = 𝜃𝜃𝑅𝑅𝑓𝑓𝑅𝑅(𝑋𝑋𝑅𝑅1,𝑋𝑋𝑅𝑅2, … ,𝑉𝑉1,𝑉𝑉2, … ). (4.16) 

There are, however, no common practice in how to introduce these model uncertainties; it’s 
merely based on subjective assessments. Another possible way, presented in JCSS (2001), is to 
link the model uncertainties to each basic variable. 

In JCSS (2001) some recommended probabilistic models for model uncertainties are presented, 
see Table 4.4 below.  
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Table 4.4 Recommended statistical properties for model uncertainties (JCSS, 2001). 1) 
Including the effects of normal- and shear forces 

Model type Distrib. Mean, 𝑚𝑚 Coeff. of variance, 𝑉𝑉 
Load effect calculations 
Moments in frames 
Axial forces in frames 
Shear forces in frames 
Moments in plates 
Forces in plates 
Stress in 2D solids 
Stress in 3D solids 

 
LN 
LN 
LN 
LN 
LN 
N 
N 

 
1,0 
1,0 
1,0 
1,0 
1,0 
0 
0 

 
0,1 
0,05 
0,1 
0,2 
0,1 
0,05 
0,05 

Resist. model steel (static) 
Bending moment capacity1) 

Shear capacity 
Welded connection capacity 
Bolted connection capacity 

 
LN 
LN 
LN 
LN 

 
1,0 
1,0 
1,15 
1,25 

 
0,05 
0,05 
0,15 
0,15 

Resist. model conc. (static) 
Bending moment capacity1) 

Shear capacity 
Connection capacity 

 
LN 
LN 
LN 

 
1,2 
1,4 
1,0 

 
0,15 
0,25 
0,1 
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5 BASIS OF STRUCTURAL RELIABILITY 

Classic reliability theory evolved during the 1940’s mainly due to the increasing need of reliable 
electronic systems for military applications. Quantities such as e.g. the expected failure rate and 
time between failure for electronic components- or systems could be predicted given some test 
data. Structural reliability, however, is a branch that emerged from the classic reliability and 
concerns the safety-, or reliability, of structures such as e.g. buildings and bridges. The main 
differences between the classical- and structural reliability is that structures and its components 
fails when they encounter extreme events, such as e.g. extreme loads, compared to electrical 
components that predominantly fails due to aging processes. Another distinction is that 
mechanical systems and components are usually manufactured on large scale. Thus, the failure 
probabilities can be assessed from tests and expressed in terms of relative frequencies as opposed 
to structural components- or systems that are somewhat unique with no failure data available. 
Instead the failure probabilities are assessed by establishing probabilistic models including all 
available statistical information about the relevant quantities affecting the structure. 
Consequently, the probability of failure from a structural point of view is more related to the 
engineers’ lack of knowledge about the structural performance and the uncertain future loading 
conditions rather than the true probability of failure (Thoft-Christensen et al., 1982).  

5.1 Target reliability 
A reliability based approach implies that the probability of failure 𝑃𝑃𝑖𝑖 does not exceed a specified 
target probability of failure 𝑃𝑃𝑖𝑖𝑡𝑡 for a given reference period, i.e. 

 𝑃𝑃𝑖𝑖 ≤ 𝑃𝑃𝑖𝑖𝑡𝑡. (5.1) 

This target reliability 𝑃𝑃𝑖𝑖𝑡𝑡 is chosen based on e.g. the consequences- and nature of failure, 
economic losses, effects on environment, the effort required to reduce 𝑃𝑃𝑖𝑖 etc. However, it does 
not account for human errors (ISO 2394, 2015).  

In level 2 methods the failure probability 𝑃𝑃𝑖𝑖 is related to a reliability index 𝛽𝛽, see sections 5.3 
and 5.5, by following equation 

 𝑃𝑃𝑖𝑖 = 𝛷𝛷(−𝛽𝛽), (5.2) 

 where 𝛷𝛷(∙) is the standard normal c.d.f. as described in section 3.1. 

In the Swedish building regulations, the target failure probability- and reliability index is related 
to various safety classes according to Table 5.1 for the reference period one year.  

Table 5.1 Safety class, probability of failure and reliability index for 𝑇𝑇 = 1 year (Boverket, 
2015) 

Safety class 𝑃𝑃𝑖𝑖𝑡𝑡 𝛽𝛽 
1 10-4 ≥ 3,7 
2 10-5 ≥ 4,3 
3 10-6 ≥ 4,8 
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5.2 General case of reliability analysis 
As discussed in chapter 4 a given structure is affected by a set of basic variables representing 
various uncertain quantities such as e.g. loads and resistance. In the general case, these quantities 
are time-dependent and usually correlated in some sense.  

Hence, the probability of failure is obtained by 

 𝑃𝑃𝑖𝑖 = 𝑃𝑃�𝑔𝑔�𝑿𝑿(𝑡𝑡)� ≤ 0� = ∫…∫ 𝑓𝑓𝑿𝑿(𝑡𝑡)(𝒙𝒙)𝑑𝑑𝒙𝒙𝑔𝑔�𝑿𝑿(𝑡𝑡)�<0 , (5.3) 

where 𝑔𝑔�𝑿𝑿(𝑡𝑡)� is the failure function (usually non-linear), 𝑓𝑓𝑿𝑿(𝑡𝑡)(∙) is the joint p.d.f. of the vector 
𝑿𝑿(𝑡𝑡) containing the basic variables 𝑋𝑋1(𝑡𝑡),𝑋𝑋2(𝑡𝑡), … ,𝑋𝑋𝑚𝑚(𝑡𝑡).  

For the purpose of this thesis it will be assumed that the basic variables are time-invariant 
quantities, or actually that they can be transformed into time-invariant basic variables (i.e. random 
variables) using e.g. theory of extremes as introduced in subsection 4.1.1. Hence, equation (5.3) 
reduces to 

 𝑃𝑃𝑖𝑖 = 𝑃𝑃[𝑔𝑔(𝑿𝑿) ≤ 0] = ∫…∫ 𝑓𝑓𝑿𝑿(𝒙𝒙)𝑑𝑑𝒙𝒙𝑔𝑔(𝑿𝑿)<0 . (5.4) 

Furthermore, for simplicity, possible correlation between the random variables will be treated by 
transforming the correlated random variables into uncorrelated-, hence independent, random 
variables using the approach given in section 5.7. For such cases the joint p.d.f. 𝑓𝑓𝑿𝑿(∙) can be 
equally substituted by the marginal p.d.f.’s 𝑓𝑓𝑋𝑋,𝑝𝑝(𝑥𝑥𝑝𝑝) for 𝑖𝑖 = 1, … , 𝑛𝑛, thus equation (5.4) becomes 

 𝑃𝑃𝑖𝑖 = 𝑃𝑃[𝑔𝑔(𝑿𝑿) ≤ 0] = ∫…∫ 𝑓𝑓𝑋𝑋,1(𝑥𝑥1) … 𝑓𝑓𝑋𝑋,𝑚𝑚(𝑥𝑥𝑚𝑚)𝑑𝑑𝑥𝑥1 …𝑑𝑑𝑥𝑥𝑚𝑚𝑔𝑔(𝑿𝑿)<0 . (5.5) 

There are different methods available for solving time-invariant reliability problems such as 
equation (5.5). These methods are exact analytical solutions, exact numerical solutions, 
approximate numerical solutions and simulation techniques (Leonardo da Vinci Pilot Project, 
2005). The situation decides which method that’s applicable.  

Only for some simple cases a closed form analytical solution exists, see section 5.3. Furthermore, 
obtaining solutions using exact numerical integration gets inefficient as the numbers of basic 
variables gets large and is therefore seldom used in practice. Using simulation techniques, e.g. 
Monte Carlo simulations, solutions are possible to obtain at the expense of the large number of 
trials needed in order to estimate the failure probability with a certain degree of confidence. This 
topic is briefly discussed in section 5.8.  

The most common methods used at present is thus approximate numerical methods in which the 
first order reliability method FORM and the second order reliability method SORM are the most 
important methods. These methods approximate non-linear failure functions using Taylor 
expansions and are further developed in section 5.4 with focus on the former method. 

5.3 Fundamental case of two random variables 
Assume that the set of basic variables only consists of two independent random variables, 𝑆𝑆 and 
𝑅𝑅 with p.d.f.’s 𝑓𝑓𝑆𝑆(𝑠𝑠) and 𝑓𝑓𝑅𝑅(𝑉𝑉) describing the load- and the resistance respectively. Hence, the 
linear safety margin 𝑀𝑀 = 𝑔𝑔(𝑅𝑅, 𝑆𝑆) given by equation (4.1) is valid. Then the probability of failure 
according to equation (5.5) is given by 
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 𝑃𝑃𝑖𝑖 = 𝑃𝑃[𝑀𝑀 ≤ 0] = ∫ ∫ 𝑓𝑓𝑆𝑆(𝑠𝑠)𝑓𝑓𝑅𝑅(𝑉𝑉)𝑑𝑑𝑉𝑉𝑑𝑑𝑠𝑠𝑔𝑔(𝑅𝑅,𝑆𝑆)<0 = ⋯ = ∫ 𝑓𝑓𝑆𝑆(𝑠𝑠)𝐹𝐹𝑅𝑅(𝑠𝑠)𝑑𝑑𝑠𝑠∞
−∞ , (5.6) 

or equivalently 

 𝑃𝑃𝑖𝑖 = 𝑃𝑃[𝑀𝑀 ≤ 0] = ∫ 𝑓𝑓𝑅𝑅(𝑉𝑉)(1− 𝐹𝐹𝑠𝑠(𝑉𝑉))𝑑𝑑𝑉𝑉∞
−∞ , (5.7) 

where 𝐹𝐹𝑠𝑠(∙) and 𝐹𝐹𝑅𝑅(∙) is the c.d.f.’s of the load- and resistance respectively. 

In Figure 5.1 the distribution of the two independent random variables are illustrated. The 
probability of failure represents the “volume” on the failure region that is enclosed by the linear 
failure surface 𝑔𝑔(𝑅𝑅, 𝑆𝑆) = 0 in a two-dimensional space.  

 
Figure 5.1 Illustration of failure surface, safe- and unsafe states (Fahleson et al, 2009) 

Analytically derived closed form solutions of equations (5.6) and (5.7) exist only for some special 
cases e.g. if 𝑅𝑅 and 𝑆𝑆 are normally- or lognormally distributed. In the former case, i.e. 𝑆𝑆 ∈
𝑁𝑁(𝜇𝜇𝑆𝑆,𝜎𝜎𝑆𝑆2) and 𝑅𝑅 ∈ 𝑁𝑁(𝜇𝜇𝑅𝑅 ,𝜎𝜎𝑅𝑅2), the linear safety margin 𝑀𝑀 = 𝑅𝑅 − 𝑆𝑆 is also normally distributed 
with mean- and variance given by equations (3.29) and (3.34). That is, 

 𝜇𝜇𝑀𝑀 = 𝜇𝜇𝑅𝑅 − 𝜇𝜇𝑆𝑆, (5.8) 

and 

 𝜎𝜎𝑀𝑀2 = 𝜎𝜎𝑅𝑅2 + 𝜎𝜎𝑆𝑆2, (5.9) 

respectively.  

Moreover, since 𝑀𝑀 ∈ 𝑁𝑁(𝜇𝜇𝑀𝑀,𝜎𝜎𝑀𝑀2 ) it can be normalized using equation (3.16). Thus, 

 𝑀𝑀−𝜇𝜇𝑀𝑀
𝜎𝜎𝑀𝑀

∈ 𝑁𝑁(0,1), (5.10) 

 and the probability of failure given by (5.6) can be written as 

 𝑃𝑃𝑖𝑖 = 𝑃𝑃 �𝑀𝑀−𝜇𝜇𝑀𝑀
𝜎𝜎𝑀𝑀

≤ −𝜇𝜇𝑀𝑀
𝜎𝜎𝑀𝑀
�, (5.11) 

or by using equation (3.17) the following important relation is obtained 

 𝑃𝑃𝑖𝑖 = 𝛷𝛷 �−𝜇𝜇𝑀𝑀
𝜎𝜎𝑀𝑀
� = 𝛷𝛷(−𝛽𝛽𝐶𝐶), (5.12) 
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where 𝛷𝛷(∙) is the standard normal c.d.f. and the term 𝛽𝛽𝐶𝐶, given by 

 𝛽𝛽𝐶𝐶 = 𝜇𝜇𝑀𝑀
𝜎𝜎𝑀𝑀

= 𝐸𝐸(𝑀𝑀)
�𝐶𝐶𝑛𝑛𝐶𝐶(𝑀𝑀)

, (5.13) 

 is called Cornell’s reliability index and is often used synonymously with 𝑃𝑃𝑖𝑖 to express the 
reliability.  

A simple graphical interpretation of the reliability index and the probability of failure is illustrated 
in Figure 5.2 below. 

 
Figure 5.2 Reliability index 𝛽𝛽 and probability of failure 𝑃𝑃𝑖𝑖 (Honfi, 2013) 

In general, if the safety margin 𝑀𝑀 is a linear function of 𝑛𝑛 random variables as described by 
equation (3.28), then the mean and variance is given by equations (3.30) and (3.32) respectively. 
Thus, an extended expression for Cornell’s reliability index is 

 𝛽𝛽𝐶𝐶 = 𝐸𝐸[𝑔𝑔(𝑋𝑋1,𝑋𝑋2,…𝑋𝑋𝑛𝑛)]
�𝐶𝐶𝑛𝑛𝐶𝐶[𝑔𝑔(𝑋𝑋1,𝑋𝑋2,…𝑋𝑋𝑛𝑛)]

= 𝑚𝑚0+𝒂𝒂𝑇𝑇𝐸𝐸(𝑿𝑿)
�𝒂𝒂𝑇𝑇𝑪𝑪𝑋𝑋𝒂𝒂

, (5.14) 

The reliability analysis method, presented above, requires following fundamental conditions: 

• The failure function 𝑔𝑔(𝑿𝑿) is a linear function. 
• All random variables are normally distributed. 
• The random variables are uncorrelated. 

Usually, these assumptions are not valid. Hence, analytical closed form solutions such as equation 
(5.12) cannot be obtained. An important exception, however, is when both 𝑅𝑅 and 𝑆𝑆 are 
uncorrelated and lognormally distributed, i.e. ln 𝑆𝑆 ∈ 𝑁𝑁(𝜇𝜇ln𝑆𝑆,𝜎𝜎ln𝑆𝑆2 ) and ln𝑅𝑅 ∈ 𝑁𝑁(𝜇𝜇ln𝑅𝑅 ,𝜎𝜎ln𝑅𝑅2 ). 
Then the failure surface given by equation (4.2) is non-linear, i.e. 

 𝑔𝑔(𝑅𝑅, 𝑆𝑆) = 𝑅𝑅 − 𝑆𝑆 = 0 ⟺⋯⟺ 𝑔𝑔(𝑅𝑅, 𝑆𝑆) = ln𝑅𝑅 − ln 𝑆𝑆 = 0. (5.15) 

But since the logarithms of 𝑅𝑅 and 𝑆𝑆 are normally distributed an equivalent approach as described 
by equations (5.8) – (5.13) is possible. Hence, the reliability index is given by 

 

𝛽𝛽𝐶𝐶 = 𝐸𝐸[𝑔𝑔(𝑅𝑅,𝑆𝑆)]
�𝐶𝐶𝑛𝑛𝐶𝐶[𝑔𝑔(𝑅𝑅,𝑆𝑆)]

= 𝜇𝜇ln𝑅𝑅−𝜇𝜇ln𝑆𝑆

�𝜎𝜎ln𝑅𝑅
2 +𝜎𝜎ln𝑆𝑆

2
=

ln�𝜇𝜇𝑅𝑅𝜇𝜇𝑆𝑆
�
𝑉𝑉𝑆𝑆
2+1

𝑉𝑉𝑅𝑅
2+1

�

�ln[�𝑉𝑉𝑅𝑅
2+1��𝑉𝑉𝑆𝑆

2+1�]
, (5.16) 
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where the mean- and variance for a lognormal distribution 𝜇𝜇ln𝑋𝑋 and 𝜎𝜎𝑙𝑙𝑚𝑚𝑋𝑋2  has been substituted 
using Appendix A.  

5.4 Non-linear failure functions (FORM/SORM) 
In general, the failure function 𝑔𝑔(𝑿𝑿) = 𝑔𝑔(𝑋𝑋1,𝑋𝑋2, … ,𝑋𝑋𝑚𝑚) is non-linear, in which the reliability 
index given by Cornell, and equation (5.14), is not defined. However, the non-linear failure 
function can be linearly approximated using Taylor expansions about some specified point. The 
main question is then, around which point should one linearize, e.g. if the linearization is made 
around the means 𝜇𝜇𝑋𝑋𝑖𝑖 of each random variable a first order Taylor expansion of the non-linear 
failure function would be 

 𝑔𝑔𝐹𝐹𝐹𝐹(𝑋𝑋1,𝑋𝑋2, … ,𝑋𝑋𝑚𝑚) = 𝑔𝑔�𝜇𝜇𝑋𝑋1 ,𝜇𝜇𝑋𝑋2 , … , 𝜇𝜇𝑋𝑋𝑛𝑛� + ∑ (𝑋𝑋𝑝𝑝 − 𝜇𝜇𝑋𝑋𝑖𝑖)
𝜕𝜕𝑔𝑔
𝜕𝜕𝑋𝑋𝑖𝑖

𝑚𝑚
𝑝𝑝=1 , (5.17) 

where 𝑔𝑔𝐹𝐹𝐹𝐹(∙) indicates that a first order approximation has been used. 

The mean- and variance of the approximated linear function is 

 𝐸𝐸[𝑔𝑔𝐹𝐹𝐹𝐹(𝑋𝑋1,𝑋𝑋2, … ,𝑋𝑋𝑚𝑚)] = 𝑔𝑔�𝜇𝜇𝑋𝑋1 ,𝜇𝜇𝑋𝑋2 , … , 𝜇𝜇𝑋𝑋𝑛𝑛�, (5.18) 

and 

 𝐶𝐶𝐶𝐶𝐶𝐶[𝑔𝑔𝐹𝐹𝐹𝐹(𝑋𝑋1,𝑋𝑋2, … ,𝑋𝑋𝑚𝑚)] = ∑ ∑ 𝐶𝐶𝐶𝐶𝐶𝐶(𝑋𝑋𝑝𝑝,𝑋𝑋𝑗𝑗) 𝜕𝜕𝑔𝑔
𝜕𝜕𝑋𝑋𝑖𝑖

𝜕𝜕𝑔𝑔
𝜕𝜕𝑋𝑋𝑗𝑗

𝑚𝑚
𝑗𝑗=1

𝑚𝑚
𝑝𝑝=1 . (5.19) 

If the random variables are uncorrelated, equation (5.19) reduces to 

 𝐶𝐶𝐶𝐶𝐶𝐶[𝑔𝑔𝐹𝐹𝐹𝐹(𝑋𝑋1,𝑋𝑋2, … ,𝑋𝑋𝑚𝑚)] = ∑ ∑ 𝑉𝑉𝑉𝑉𝑉𝑉(𝑋𝑋𝑝𝑝) �
𝜕𝜕𝑔𝑔
𝜕𝜕𝑋𝑋𝑖𝑖
�
2

𝑚𝑚
𝑗𝑗=1

𝑚𝑚
𝑝𝑝=1 . (5.20) 

Then the reliability index given by equation (5.14) would be possible to approximate using the 
mean- and variance of the linearized failure function given by equation (5.17), i.e. 

 𝛽𝛽𝐶𝐶 = 𝐸𝐸[𝑔𝑔(𝑋𝑋1,𝑋𝑋2,…𝑋𝑋𝑛𝑛)]
�𝐶𝐶𝑛𝑛𝐶𝐶[𝑔𝑔(𝑋𝑋1,𝑋𝑋2,…𝑋𝑋𝑛𝑛)]

≈ 𝛽𝛽𝐹𝐹𝐹𝐹 = 𝐸𝐸[𝑔𝑔𝐹𝐹𝐹𝐹(𝑋𝑋1,𝑋𝑋2,…𝑋𝑋𝑛𝑛)]
�𝐶𝐶𝑛𝑛𝐶𝐶[𝑔𝑔𝐹𝐹𝐹𝐹(𝑋𝑋1,𝑋𝑋2,…,𝑋𝑋𝑛𝑛)]

, (5.21) 

where the numerator- and denominator is given by equation (5.18) and (5.19) - (5.20) 
respectively, depending on the correlation. As it will turn out later, this approximation can only 
be justified under certain conditions, see discussion at the end of this section. 

The concept of using first order Taylor approximations of a non-linear failure surface is called 
first order reliability method, or simply FORM. On the contrary, by also including the quadratic 
term in the Taylor expansion one is using a second order reliability method, or SORM, which is 
a non-linear approximation that yields more accurate approximations for failure functions with 
high degree of non-linearity, see e.g. Honfi (2013) or Leonardo da Vinci Pilot Project (2005). For 
the sake of this thesis, only FORM will be treated. 

In the previous section an exact expression for the reliability index was calculated for two 
uncorrelated and log-normally distributed random variables ln 𝑆𝑆 and ln𝑅𝑅 in which the failure 
surface was non-linear and given by equation (5.15). A first order linear approximation of 
equation (5.15) is possible by means of equation (5.17). Thus,  

 𝑔𝑔𝐹𝐹𝐹𝐹(𝑅𝑅, 𝑆𝑆) = ln 𝜇𝜇𝑅𝑅 − ln𝜇𝜇𝑆𝑆 + (𝑅𝑅 − 𝜇𝜇𝑅𝑅) 1
𝜇𝜇𝑅𝑅
− (𝑆𝑆 − 𝜇𝜇𝑆𝑆) 1

𝜇𝜇𝑆𝑆
. (5.22) 
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The mean- and variance according to equation (5.18) and (5.20) becomes 

 𝐸𝐸[𝑔𝑔𝐹𝐹𝐹𝐹(𝑅𝑅, 𝑆𝑆)] = ln𝜇𝜇𝑅𝑅 − ln 𝜇𝜇𝑆𝑆, (5.23) 

and 

 𝐶𝐶𝐶𝐶𝐶𝐶[𝑔𝑔𝐹𝐹𝐹𝐹(𝑅𝑅, 𝑆𝑆)] = 𝜎𝜎𝑅𝑅2
1
𝜇𝜇𝑅𝑅
2 + 𝜎𝜎𝑆𝑆2

1
𝜇𝜇𝑆𝑆
2 = 𝑉𝑉𝑅𝑅2 + 𝑉𝑉𝑆𝑆2, (5.24) 

where 𝑉𝑉𝑝𝑝2 is the coefficient of variance according to equation (3.25). Hence, using a first order 
linear approximation about the means of each random variable, the exact reliability index given 
by equation (5.16) may be simplified as  

 𝛽𝛽𝐶𝐶 = 𝐸𝐸[𝑔𝑔(𝑅𝑅,𝑆𝑆)]
�𝐶𝐶𝑛𝑛𝐶𝐶[𝑔𝑔(𝑅𝑅,𝑆𝑆)]

≈ 𝛽𝛽𝐹𝐹𝐹𝐹 = 𝐸𝐸[𝑔𝑔𝐹𝐹𝐹𝐹(𝑅𝑅,𝑆𝑆)]
�𝐶𝐶𝑛𝑛𝐶𝐶[𝑔𝑔𝐹𝐹𝐹𝐹(𝑅𝑅,𝑆𝑆)]

= ln𝜇𝜇𝑅𝑅−ln𝜇𝜇𝑆𝑆

�𝑉𝑉𝑅𝑅
2+𝑉𝑉𝑆𝑆

2
, (5.25) 

which is accurate if the coefficients of variance are small, i.e. if 𝑉𝑉𝑅𝑅,𝑉𝑉𝑠𝑠 < 0,25 (Fahleson et al, 
2009).  

The above example shows that a good approximation of the failure probability, hence 𝛽𝛽-value, is 
possible by linearizing a non-linear failure function of two lognormally distributed random 
variables. In the general case of non-linear failure functions, however, the reliability index 𝛽𝛽𝐶𝐶, as 
defined by Cornell, is inadequate. By linearizing about the mean value of each random variable 
𝜇𝜇𝑋𝑋𝑖𝑖 different results, i.e. 𝛽𝛽-value, is obtained depending on how the failure function 𝑔𝑔(𝑿𝑿) is 
expressed; e.g. if 𝑅𝑅 and 𝑆𝑆 is expressed in terms of moments, a possible safety margin could be 

 𝑀𝑀 = 𝑋𝑋𝑄𝑄𝑙𝑙2

8
− 𝑋𝑋𝑖𝑖𝑦𝑦𝑋𝑋𝑊𝑊 ≤ 0, (5.26) 

where indices 𝑄𝑄,𝑓𝑓𝑦𝑦 and 𝑊𝑊 denotes variable load, yield strength and bending stiffness. Equation 
(5.26) can equally be written in terms of stresses as 

 𝑀𝑀 = 𝑋𝑋𝑄𝑄𝑙𝑙2

8𝑋𝑋𝑊𝑊
− 𝑋𝑋𝑖𝑖𝑦𝑦 ≤ 0. (5.27) 

It will not be proven here, but using equation (5.26) or (5.27) in equations (5.17) – (5.21) different 
𝛽𝛽-value would be obtained. That is, 𝛽𝛽𝐶𝐶 ≉ 𝛽𝛽𝐹𝐹𝐹𝐹 in which 𝛽𝛽𝐶𝐶, as defined by Cornell, is said to lack 
failure-function-invariance. An invariant reliability measure using FORM is only possible if the 
proper point of linearization, i.e. design point A in Figure 5.3, is known in advance (Thoft-
Christensen et al., 1982). Thus, the reliability index given by Cornell only applies if the failure 
function is linear or if the design point is known a priori for FORM approximations of non-linear 
failure functions. In most cases, however, these conditions are not fulfilled.  

5.5 Hasofer Lind’s reliability index using FORM 
The lack of invariance issues related to Cornell’s reliability index, as discussed at the end of 
section 5.4, was solved by Hasofer and Lind in 1974 when they presented a failure-function-
invariant reliability index 𝛽𝛽𝐻𝐻𝐻𝐻. By normalizing all random variables into z-space, i.e. 𝑇𝑇:𝑋𝑋𝑝𝑝 →
𝑍𝑍𝑝𝑝 ∈ 𝑁𝑁(0,1), it’s possible to define a failure-function-invariant reliability measure using first 
order Taylor expansion about the unknown design point which, in turn, can be found using an 
iterative search algorithm.  

First we conclude that the mean- and variance of the transformed random variables is zero and 
one respectively, i.e. the mean is located at the origin and the standard deviation is unity, hence 
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the z-space is rotational symmetric, see Figure 5.3. Moreover, the standard normal distribution is 
bell-shaped and decreases exponentially as the distance from the origin (mean) increases the most 
likely failure point is uniquely defined as the closest distance from the point on the failure surface 
to the origin (JCSS, 2001). Thus, the reliability index proposed by Hasofer-Lind 𝛽𝛽𝐻𝐻𝐻𝐻 is 
geometrical interpreted as the shortest distance from the origin to the failure surface in the z-
coordinate system, see Figure 5.3. The point on the failure surface is called the design point and 
the reliability index 𝛽𝛽𝐻𝐻𝐻𝐻 is a measure of this distance expressed in numbers of standard deviations 
from the mean. The short notation 𝛽𝛽 for 𝛽𝛽𝐻𝐻𝐻𝐻 will be used onwards. 

 
Figure 5.3 Geometrical interpretation of Hasofer Lind’s reliability index (Fahleson et al., 
2009) 

The unknown coordinates of the design point A in the 𝑛𝑛-dimensional z-space, is obtained by 
solving a set of equations repeatedly using an iterative search algorithm. However, before 
presenting this algorithm some necessary theory is presented.  

First assume that the non-linear failure function is given by 

 𝑔𝑔(𝑋𝑋1,𝑋𝑋2, …𝑋𝑋𝑚𝑚), (5.28) 

where the 𝑛𝑛 random variables are uncorrelated and normally distributed. If these conditions are 
not fulfilled, transformations into such states is possible at this point, see sections 5.6 and 5.7. 

Normally distributed- and uncorrelated random variables 𝑋𝑋𝑝𝑝 ∈ 𝑁𝑁(𝜇𝜇𝑋𝑋𝑖𝑖 ,𝜎𝜎𝑋𝑋𝑖𝑖
2 ) can be normalized 

using equation (3.16). That is, 

 𝑍𝑍𝑝𝑝 =
𝑋𝑋𝑖𝑖−𝜇𝜇𝑋𝑋𝑖𝑖
𝜎𝜎𝑋𝑋𝑖𝑖

, (5.29) 

where 𝑍𝑍𝑝𝑝 ∈ 𝑁𝑁(0,1). The normalization ensures that the random variables are non-dimensional, 
thus comparable (Fahleson, 1995). The coordinates at the design point A in z-space is given by 

 (𝑧𝑧1, 𝑧𝑧2, … , 𝑧𝑧𝑚𝑚) = (𝛼𝛼1𝛽𝛽,𝛼𝛼2𝛽𝛽, … ,𝛼𝛼𝑚𝑚𝛽𝛽) = 𝛽𝛽𝜶𝜶�, (5.30) 

where 𝜶𝜶� = [𝛼𝛼1 𝛼𝛼2 … 𝛼𝛼𝑚𝑚] is a unit vector, i.e. |𝜶𝜶�| = 1, and the coefficients 𝛼𝛼𝑝𝑝 is called sensitivity 
factors, see Figure 5.3. The sensitivity factors represent the influence of the corresponding 
random variable in the failure probability (Leonardo da Vinci Pilot Project, 2005). An 𝛼𝛼𝑝𝑝-value 



46 
 

close to zero indicates that the corresponding random variables’ influence of the overall failure 
probability is small. Moreover, the 𝛼𝛼-values are negative for resistance parameters and positive 
for load parameters, see Figure 5.5.  

At the design point A, with coordinates according to equation (5.30), the non-linear failure surface 
is equivalent to the approximated tangent hyperplane using FORM. That is, 

 𝑔𝑔(𝛽𝛽𝜶𝜶�) = 0. (5.31) 

The gradient vector 𝛁𝛁𝒈𝒈 orthogonal to the linearly approximated failure surface, given by equation 
(5.31), is  

 𝛁𝛁𝒈𝒈(𝛽𝛽𝜶𝜶�) = �𝜕𝜕𝑔𝑔(𝛽𝛽𝜶𝜶�)
𝜕𝜕𝑧𝑧1

 𝜕𝜕𝑔𝑔(𝛽𝛽𝜶𝜶�)
𝜕𝜕𝑧𝑧2

 … 𝜕𝜕𝑔𝑔(𝛽𝛽𝜶𝜶�)
𝜕𝜕𝑧𝑧𝑛𝑛

 �, (5.32) 

where 𝑧𝑧𝑝𝑝 = 𝛼𝛼𝑝𝑝𝛽𝛽 is the coordinates for the standardized variable 𝑋𝑋𝑝𝑝 at A in z-space. 

The length of this gradient vector is 

 
|𝛁𝛁𝒈𝒈(𝛽𝛽𝜶𝜶�)| = �∑ �𝜕𝜕𝑔𝑔(𝛽𝛽𝜶𝜶�)

𝜕𝜕𝑧𝑧𝑖𝑖
�
2

 𝑚𝑚
𝑝𝑝=1 �

1
2
. (5.33) 

The gradient vector, given by equation (5.32), can be scaled to a unit vector by using equation 
(5.33). That is, 

 𝛁𝛁𝒈𝒈� (𝛽𝛽𝜶𝜶�) = 𝛁𝛁𝒈𝒈(𝛽𝛽𝜶𝜶�)
|𝛁𝛁𝒈𝒈(𝛽𝛽𝜶𝜶�) |

. (5.34) 

The direction of 𝛁𝛁𝒈𝒈� (𝛽𝛽𝜶𝜶�) is opposite to 𝜶𝜶�. Thus, by including a negative sign their directions will 
coincide and because they are both unit vectors they must be equal, see Figure 5.4. That is, 

 𝜶𝜶� = − 𝛁𝛁𝒈𝒈(𝛽𝛽𝜶𝜶�)
�𝛁𝛁𝒈𝒈� (𝛽𝛽𝜶𝜶�)�

. (5.35) 

 or with equations (5.32) – (5.33) inserted 

 
𝜶𝜶� = −

�𝜕𝜕𝜕𝜕(𝛽𝛽𝜶𝜶�)
𝜕𝜕𝑧𝑧1

 𝜕𝜕𝜕𝜕(𝛽𝛽𝜶𝜶�)
𝜕𝜕𝑧𝑧2

 … 𝜕𝜕𝜕𝜕(𝛽𝛽𝜶𝜶�)
𝜕𝜕𝑧𝑧𝑛𝑛

 �

�∑ �𝜕𝜕𝜕𝜕(𝛽𝛽𝜶𝜶�)
𝜕𝜕𝑧𝑧𝑖𝑖

�
2

 𝑛𝑛
𝑖𝑖=1 �

1
2

. (5.36) 

 

 
Figure 5.4 Illustration of Hasofer-Lind’s method using FORM  
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By means of the theory given above, it’s possible to find the unknown reliability index 𝛽𝛽 and 
sensitivity factors 𝛼𝛼𝑝𝑝 using an iterative search algorithm presented below. 

(1) Assume initial values for the unknown reliability index 𝛽𝛽 and sensitivity factors 𝛼𝛼𝑝𝑝 
remembering that the 𝛼𝛼-values are negative for resistance parameters and positive for load 

parameters and that |𝜶𝜶�| = �∑ 𝛼𝛼𝑝𝑝2𝑚𝑚
𝑝𝑝=1 = 1.    

(2) Calculate new 𝛼𝛼-values according to equation (5.36).  
(3) Insert the new 𝛼𝛼-values in equation (5.31) and solve for the new 𝛽𝛽-value using e.g. 

Newton – Raphson root finding algorithm.  
(4) Repeat steps (2) and (3) for the new 𝛼𝛼- and 𝛽𝛽-values and exit the loop when 𝛽𝛽𝑝𝑝 ≈ 𝛽𝛽𝑝𝑝+1 at 

a predefined level of accuracy. 

The convergence is usually fast, although not guaranteed (Fahleson, 1995). Since the random 
variables are standard normally distributed according to equation (5.29) the probability of failure 
given by equation (5.12) holds, i.e. the probability of failure is given by 

 𝑃𝑃𝑖𝑖 = 𝛷𝛷(−𝛽𝛽), (5.37) 

for the normalized random variables in a z-coordinate system.  

If the condition given by equation (5.1) is fulfilled, i.e. if the failure probability is less than the 
target reliability, the structural performance has been verified for the given design situation and 
limit state. Relationships between 𝛽𝛽 and 𝑃𝑃𝑖𝑖, connected to safety classes, is given in Table 5.1 in 
section 5.1. 

The values of the random variables 𝑋𝑋𝑝𝑝 ∈ 𝑁𝑁(𝜇𝜇𝑋𝑋𝑖𝑖 ,𝜎𝜎𝑋𝑋𝑖𝑖
2 ) at the design A point is obtained by solving 

equation (5.29) for 𝑋𝑋𝑝𝑝 and inserting the design coordinates 𝑧𝑧𝑝𝑝 = 𝛼𝛼𝑝𝑝𝛽𝛽 obtained from iteration, see 
Figure 5.5. That is,  

 𝑥𝑥𝑝𝑝∗ = 𝜇𝜇𝑋𝑋𝑖𝑖 + 𝛼𝛼𝑝𝑝𝛽𝛽𝜎𝜎𝑋𝑋𝑖𝑖. (5.38) 

 

 
Figure 5.5 Values of the random variables at design point (SS-EN 1990, 2010) 

If the random variable 𝑋𝑋𝑝𝑝 is lognormal then the logarithm of 𝑋𝑋𝑝𝑝 is normally distributed, i.e. ln𝑋𝑋𝑝𝑝 ∈
𝑁𝑁(𝜇𝜇ln𝑋𝑋𝑖𝑖 ,𝜎𝜎ln𝑋𝑋𝑖𝑖

2 ), and a similar approach given by equations (5.29) - (5.38) is possible. Thus, 
equation (5.38) becomes 
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𝑥𝑥𝑝𝑝∗ = 𝜇𝜇ln𝑋𝑋𝑖𝑖 + 𝛼𝛼𝑝𝑝𝛽𝛽𝜎𝜎ln𝑋𝑋𝑖𝑖 = ⋯ =

𝜇𝜇𝑋𝑋𝑖𝑖

�𝑉𝑉𝑋𝑋𝑖𝑖
2 +1

𝑒𝑒
𝛼𝛼𝑖𝑖𝛽𝛽�ln(𝑉𝑉𝑋𝑋𝑖𝑖

2 +1)
≈ 𝜇𝜇𝑋𝑋𝑖𝑖𝑒𝑒

𝛼𝛼𝑖𝑖𝛽𝛽𝑉𝑉𝑋𝑋𝑖𝑖 , (5.39) 

where 𝑉𝑉𝑋𝑋𝑖𝑖 is the coefficient of variance given by equation (3.25) and where the approximated 
expression is valid only if 𝑉𝑉𝑋𝑋𝑖𝑖 < 0,25. 

At the beginning of this section it was assumed that all random variables are normally-, or 
lognormally, distributed and uncorrelated which is not always the case. However, methods for 
transforming non-normal random variables and uncorrelated random variables into such assumed 
states exist and are described in the following sections 5.6 and 5.7.  

5.6 Non-normal random variables  
If the random variables are not normally-, or lognormally, distributed the transformation into z-
space using equation (5.29) is not possible. Consequently, the one-to-one relation between 𝑃𝑃𝑖𝑖 and 
𝛽𝛽 described by equation (5.37) is not valid (Thoft-Christensen et al., 1982). In this section, it will 
be shown how to approximate non-normally distributed random variables with normally 
distributed ones using Rackwitz and Fiessler transformation.  

Let a random variable 𝑋𝑋𝑝𝑝 be described by a non-normal distribution such as e.g. a Gumbel- or 
Frechét distribution etc. Furthermore, at the design point A (that’s initially unknown), the random 
variable 𝑋𝑋𝑝𝑝 takes the value 𝑥𝑥𝑝𝑝∗. Next, this random variable is transformed into a normally 
distributed random variable with the conditions that the p.d.f. 𝑓𝑓𝑋𝑋𝑖𝑖(𝑥𝑥𝑝𝑝

∗) and c.d.f. 𝐹𝐹𝑋𝑋𝑖𝑖(𝑥𝑥𝑝𝑝
∗) at the 

design point is equal to the p.d.f. and c.d.f. for a normal distribution. That is, 

 𝑓𝑓𝑋𝑋𝑖𝑖(𝑥𝑥𝑝𝑝
∗) = 1

𝜎𝜎𝑋𝑋𝑖𝑖
𝜑𝜑 �𝑚𝑚𝑖𝑖

∗−𝜇𝜇𝑋𝑋𝑖𝑖
𝜎𝜎𝑋𝑋𝑖𝑖

�, (5.40) 

and 

 𝐹𝐹𝑋𝑋𝑖𝑖(𝑥𝑥𝑝𝑝
∗) = 𝛷𝛷 �𝑚𝑚𝑖𝑖

∗−𝜇𝜇𝑋𝑋𝑖𝑖
𝜎𝜎𝑋𝑋𝑖𝑖

�, (5.41) 

where 𝜇𝜇𝑋𝑋𝑖𝑖 and 𝜎𝜎𝑋𝑋𝑖𝑖 are the unknown mean- and standard deviation of the approximate normal 
distribution. Hence, solving equation (5.40) and (5.41) for the unknown mean- and standard 
deviation yields 

 𝜇𝜇𝑋𝑋𝑖𝑖 = 𝑥𝑥𝑝𝑝∗ − 𝛷𝛷−1 �𝐹𝐹𝑋𝑋𝑖𝑖(𝑥𝑥𝑝𝑝
∗)�𝜎𝜎𝑋𝑋𝑖𝑖, (5.42) 

and 

 
𝜎𝜎𝑋𝑋𝑖𝑖 =

𝜑𝜑�𝛷𝛷−1�𝐹𝐹𝑋𝑋𝑖𝑖�𝑚𝑚𝑖𝑖
∗���

𝑖𝑖𝑋𝑋𝑖𝑖�𝑚𝑚𝑖𝑖
∗�

, (5.43) 

where 𝜑𝜑(∙) is the standard normal p.d.f. and 𝛷𝛷−1(∙) is the inverse standard normal c.d.f., see 
section 3.1.  

After the transformation, the random variable 𝑋𝑋𝑝𝑝 is treated as a normally distributed random 
variable with mean 𝜇𝜇𝑋𝑋𝑖𝑖 and standard deviation 𝜎𝜎𝑋𝑋𝑖𝑖 given by equations (5.42) and (5.43) 
respectively. Since both the mean- and standard deviation are functions of the iteration value 𝑥𝑥𝑝𝑝∗, 
they will change as 𝑥𝑥𝑝𝑝∗ is updated and new 𝜇𝜇𝑋𝑋𝑖𝑖 and 𝜎𝜎𝑋𝑋𝑖𝑖 must therefore be calculated after each 
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step. In the iteration algorithm, presented at the end of section 5.5, this transformation is done 
initially between step (1) and (2) and then after step (3) for every loop. A new design value 𝑥𝑥𝑝𝑝∗ is 
calculated after each iteration step according to equation (5.38). 

5.7 Correlated random variables 
Any correlation between the random variables is described by the covariance matrix 𝑪𝑪𝑋𝑋 given by 
equation (3.33). Furthermore, in section 5.5, it was shown that any normally-, or lognormally, 
distributed random variables can be transformed into z-space using equation (5.29) if no 
correlation between the variables exists. This assumption is not always true in which the 
transformation given by equation (5.29) is not valid. It is possible, however, to transform a 
correlated set of normally-, or lognormally, distributed random variables 𝑿𝑿 into an uncorrelated 
set 𝒀𝒀 by following transformation 

 𝒀𝒀 = 𝑨𝑨𝑇𝑇𝑿𝑿, (5.44) 

where 𝑨𝑨 is an orthogonal matrix with column vectors equal to the orthonormal eigenvectors of 
𝑪𝑪𝑋𝑋, see e.g. Thoft-Christensen et al. (1982). The mean of the transformed set becomes 

 𝐸𝐸(𝒀𝒀) = 𝑨𝑨𝑇𝑇𝐸𝐸(𝑿𝑿), (5.45) 

and the covariance 

 𝑪𝑪𝑋𝑋 = 𝑨𝑨𝑇𝑇𝑪𝑪𝑋𝑋𝑨𝑨, (5.46) 

where the covariance matrix of the uncorrelated set 𝑪𝑪𝑋𝑋 is diagonal as given by equation (3.35) 
with the 𝑋𝑋𝑝𝑝’s replaced by 𝑌𝑌𝑝𝑝’s.  

The uncorrelated set 𝒀𝒀 is then normalized into z-space, i.e. 

 
𝒁𝒁 = 𝑪𝑪𝑋𝑋

−12�𝒀𝒀 − 𝐸𝐸(𝒀𝒀)�, (5.47) 

where 𝒁𝒁 is the set of normalized random variables, 𝐸𝐸(𝒀𝒀) and 𝑪𝑪𝑋𝑋 is given by equations (5.45) and 
(5.46) respectively. The transformation- and normalization of the set of correlated and normally-
, or lognormally, distributed random variables 𝑿𝑿 is obtained by inserting equations (5.44) – (5.46) 
into equation (5.47). That is, 

 𝒁𝒁 = (𝑨𝑨𝑇𝑇𝑪𝑪𝑋𝑋𝑨𝑨)−
1
2𝑨𝑨𝑇𝑇�𝑿𝑿 − 𝐸𝐸(𝑿𝑿)�, (5.48) 

which substitutes equation (5.29) in the case of correlated variables.   

Analogous to the case of non-normal random variables, a modification of the iteration algorithm 
presented at the end of section 5.5 is necessary if the random variables are correlated. Hence, a 
transformation according to equation (5.48) is executed before entering the loop, i.e. between 
step (1) and (2) or after the initial Rackwitz-Fiessler transformation, in the case of non-normal 
random variables, as described in section 5.6. 

5.8 Monte Carlo simulation (MCS) 
Monte Carlo is a simulation technique in which the failure probability is evaluated from a large 
number of virtual observations. Only a brief presentation of the method is given, and for a more 
comprehensive review see e.g. Thoft-Christensen et al. (1982).  
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For each random variable 𝑋𝑋𝑝𝑝 ∈ 𝑿𝑿 with known c.d.f. 𝐹𝐹𝑋𝑋𝑖𝑖, a random number 𝑉𝑉𝑝𝑝 between zero and 
one is generated using any appropriate random number generating method, see e.g. Thoft-
Christensen et al. (1982). For each randomly generated number 0 < 𝑉𝑉𝑝𝑝 < 1 a virtual sample 
observation 𝑥𝑥𝑝𝑝 of the random variable 𝑋𝑋𝑝𝑝 is calculated from 

 𝑥𝑥𝑝𝑝 = 𝐹𝐹𝑋𝑋𝑖𝑖
−1(𝑉𝑉𝑝𝑝), (5.49) 

where 𝑥𝑥𝑝𝑝 ∈ 𝑋𝑋𝑝𝑝 and 𝐹𝐹𝑋𝑋𝑖𝑖
−1(∙) is the inverse c.d.f. of 𝑋𝑋𝑝𝑝, see Figure 5.6. 

 
Figure 5.6 Monte Carlo simulation 

Each virtual sample observation 𝑥𝑥𝑝𝑝 ∈ 𝑋𝑋𝑝𝑝 is substituted into the limit state function 𝑔𝑔(𝑿𝑿) and if 
𝑔𝑔(𝑿𝑿) < 0 a failure state is obtained. This virtual sampling is repeated 𝑛𝑛 times and in the limit, 
i.e. as 𝑛𝑛 → ∞, the failure probability is given by 

 𝑃𝑃𝑖𝑖 = 𝑃𝑃(𝑔𝑔(𝑿𝑿) < 0) = lim
𝑚𝑚→∞

∑𝑔𝑔(𝑿𝑿)<0 
𝑚𝑚

, (5.50) 

where the numerator is the number of virtual observation leading to failure and the denominator 
is the total number of trials. Moreover, equations (5.49) and (5.50) is calculated using the exact 
c.d.f. and 𝑔𝑔(𝑿𝑿). Thus, MCS is a level 3 method, see chapter 2, since no approximations are used 
whatsoever (Honfi, 2013).  

Since the failure probability is associated with small numbers, see e.g. Table 5.1, the total number 
of trials needed in order to estimate the failure probability with a certain degree of confidence is 
significant. The total number of trials 𝑛𝑛 needed can be approximated using 

 𝑉𝑉𝑃𝑃𝑓𝑓 ≈
1

�𝑚𝑚𝑃𝑃𝑓𝑓
, (5.51) 

 where 𝑉𝑉𝑃𝑃𝑓𝑓 is the coefficient of variance of the failure probability 𝑃𝑃𝑖𝑖. As an example, the total 
number of trials 𝑛𝑛 needed for 𝑉𝑉𝑃𝑃𝑓𝑓 = 0,1 (10 %) and 𝑃𝑃𝑖𝑖 = 10−6 (safety class 3) is approximately 
𝑛𝑛 ≈ 108 iterations.  

There exist, however, various methods in which the simulation is possible to improve by focusing 
the simulation on the region close to the design point. Hence, using e.g. directional simulation, 
importance sampling, adaptive sampling etc., both 𝑛𝑛 and 𝑉𝑉𝑃𝑃𝑓𝑓 can be significantly reduced, see 
e.g. Honfi (2013).   
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5.9 Systems versus component reliability 
In previous sections the reliability concept has been concerned with a single structural element 
such as e.g. a column or a beam. A structure, however, is a system of structural elements in which 
many possible failure modes exists. Only a brief introduction of the matter will be given for the 
purpose of understanding the reliability concept from a system point of view.  

A single element is, in the extremities, either perfectly brittle or perfectly ductile, see Figure 5.7. 
A perfectly brittle element fails when its load capacity is exhausted. The term “fail” does not 
necessarily mean an actual mechanical failure but can also be interpreted as the elements inability 
to effectively withstand the present load level due to e.g. large deflection. A perfectly ductile 
element is, on the other hand, an element that maintains its load level even after failure (Thoft-
Christensen et al., 1982).  

 
Figure 5.7 Perfectly brittle element (upper figure) and perfectly ductile element (lower figure) 
(Thoft-Christensen et al., 1982). 

There are two fundamental types of systems; series- and parallel systems. A series system fails 
whenever one element in the system fails, which is the case for statically determinate systems, 
see Figure 5.8.  

 
Figure 5.8 Idealized series system (Thoft-Christensen et al., 1982) 

The distinction between brittle- and ductile elements from a series system point of view is 
redundant because a system failure occurs either way. The probability of a failure for a system of 
𝑛𝑛 uncorrelated elements with individual failure probability 𝑃𝑃𝑖𝑖𝑝𝑝 is given by 

 𝑃𝑃𝑖𝑖𝑡𝑡𝑛𝑛𝑡𝑡 = 𝑃𝑃(𝑅𝑅𝑡𝑡𝑛𝑛𝑡𝑡 ≤ 𝑆𝑆) = ⋯ = 1 −∏ (1 − 𝑃𝑃𝑖𝑖𝑝𝑝)𝑚𝑚
𝑝𝑝=1 , (5.52) 

where 𝑅𝑅𝑡𝑡𝑛𝑛𝑡𝑡 is the total system resistance and 𝑆𝑆 is the load effect. However, if the individual failure 
probability 𝑃𝑃𝑖𝑖𝑝𝑝 is small, following approximation is valid 

 𝑃𝑃𝑖𝑖𝑡𝑡𝑛𝑛𝑡𝑡 ≈ ∑ 𝑃𝑃𝑖𝑖𝑖𝑖
𝑚𝑚
𝑝𝑝=1 . (5.53) 
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For parallel systems, failure of one element does not necessarily result in a system failure since 
it’s possible for the system to redistribute the loads to other elements, see Figure 5.9. This is the 
case for statically indeterminate systems. 

 
Figure 5.9 Idealized parallel system of ductile elements (Thoft-Christensen et al., 1982) 

The ability to redistribute the load in case of an element failure depends on if the elements 
themselves are brittle or ductile. A parallel system of brittle elements is more or less treated as a 
series system, since the failure of one element results in a system failure. If the system consists 
of ductile elements, however, the loads can be redistributed to other elements and the probability 
of system failure is given by 

 𝑃𝑃𝑖𝑖𝑡𝑡𝑛𝑛𝑡𝑡 = 𝑃𝑃(𝑅𝑅𝑡𝑡𝑛𝑛𝑡𝑡 ≤ 𝑆𝑆), (5.54) 

where the total system strength is the sum of the individual element strength 𝑅𝑅𝑝𝑝, i.e. 

 𝑅𝑅𝑡𝑡𝑛𝑛𝑡𝑡 = ∑ 𝑅𝑅𝑝𝑝𝑚𝑚
𝑝𝑝=1 . (5.55) 

If the numbers of elements 𝑛𝑛 is large, it’s reasonable to assume that 𝑅𝑅𝑡𝑡𝑛𝑛𝑡𝑡 is normally distributed 
due to central limit theorem (Thoft-Christensen et al., 1982), see equation (3.45) in subsection 
3.6.2.  

Any structural system can be a combination of a series- and parallel system. Moreover, the 
individual elements might be correlated to some extent. Hence, the assessment of the failure 
probability from a system point of view is usually quite complex. For simplification, however, 
it’s possible to formulate upper- and lower bounds for the system failure probability using e.g. 
simple- or Ditlevsen bounds. The interested reader is referred to e.g. Thoft-Christensen et al. 
(1982) or Leonardo da Vinci Pilot Project (2005).  
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6 CODE FORMAT 

Eurocode is a semi-probabilistic, level 1, method in which the structural reliability is verified for 
all relevant design situations, see chapter 4, using deterministic representative values and partial 
coefficients to account for the uncertainties related to the basic variables and calculation models. 
The purpose of structural design codes, such as e.g. Eurocode, is to provide a simple basis for the 
design of structures and to ensure safety, economy and viable use of resources (ISO 2394, 2015). 

In the initial sections, 6.1 - 6.4, the Eurocode’s code format is briefly introduced. At the end of 
this chapter, section 6.5, methods for calibrating partial coefficients using probabilistic level 2 
approaches is given.   

6.1 Characteristic values 
Characteristic values, denoted with index 𝑘𝑘, is a value representing a load- or resistance variable. 
If sufficient data is available to fix this value on statistical bases, it’s chosen as to correspond to 
a prescribed probability of not being exceeded, on the unfavorable side, during the considered 
reference period. If not, a nominal value is chosen (Leonardo da Vinci Pilot Project, 2004).     

In the former case; if the characteristic value 𝑥𝑥𝑘𝑘 is defined as the 𝑝𝑝th % fractile, then 

 𝑥𝑥𝑘𝑘 = 𝐹𝐹−1 � 𝑝𝑝
100
�, (6.1) 

where 𝐹𝐹−1(∙) is the inverse c.d.f. of the random variable 𝑋𝑋. 

For permanent actions 𝐺𝐺, the characteristic value 𝐺𝐺𝑘𝑘 is given as the 50% fractile, i.e. the mean 
value, if the variations in 𝐺𝐺 is small. If 𝐺𝐺 is assumed normally distributed, this means that 

 𝐺𝐺𝑘𝑘 = 𝛷𝛷−1(0,5) = 𝜇𝜇𝐺𝐺, (6.2) 

where 𝛷𝛷−1(∙) is the inverse standard normal c.d.f. 

On the other hand, if the variation is large or if the construction works is sensitive to variations 
in 𝐺𝐺 then two values must be considered. That is, a lower value 𝐺𝐺𝑘𝑘,𝑝𝑝𝑚𝑚𝑖𝑖 and an upper value 𝐺𝐺𝑘𝑘,𝑠𝑠𝑠𝑠𝑝𝑝 
corresponding to the 5% and 95% fractile respectively, in which the most unfavorable value for 
each load situation is chosen (SS-EN 1990, 2010). That is, 

 𝐺𝐺𝑘𝑘,𝑝𝑝𝑚𝑚𝑖𝑖 = 𝛷𝛷−1(0,05) = 𝜇𝜇𝐺𝐺 − 1,64𝜎𝜎𝐺𝐺, (6.3) 

and 

 𝐺𝐺𝑘𝑘,𝑠𝑠𝑠𝑠𝑝𝑝 = 𝛷𝛷−1(0,95) = 𝜇𝜇𝐺𝐺 + 1,64𝜎𝜎𝐺𝐺, (6.4) 

if 𝐺𝐺 is normally distributed.   

For variable actions 𝑄𝑄, the characteristic value 𝑄𝑄𝑘𝑘 of climate actions (snow, wind, etc.) is chosen 
as the annual 98% fractile which is equivalent to a mean return period of 50 years. E.g. if the 
variable action is Gumbel distributed, see subsection 4.1.1, then the characteristic value is given 
by 

 𝑄𝑄𝑘𝑘 = 𝐹𝐹𝐺𝐺𝑠𝑠𝑚𝑚−1 (0.98) = 𝑈𝑈 − 1
𝑚𝑚

ln{− ln(0,98)}, (6.5) 

where 𝐹𝐹𝐺𝐺𝑠𝑠𝑚𝑚−1 (∙) is the inverse Gumbel c.d.f., 𝑈𝑈 and 𝑉𝑉 are given by equations (4.6) and (4.7) 
respectively. 
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For a single material property 𝑋𝑋 the characteristic value is usually defined as either the 5% or 
95% fractile respectively, depending on if a lower value 𝑋𝑋𝑘𝑘,𝑝𝑝𝑚𝑚𝑖𝑖 or upper value 𝑋𝑋𝑘𝑘,𝑠𝑠𝑠𝑠𝑝𝑝 is 
unfavourable. Moreover, material properties are determined from tests in which it is possible to 
determine either the characteristic value or to directly determine the design value. The basics are 
covered in Eurocode (SS-EN 1990, 2010). Material properties are usually lognormally distributed 
and a general expression for the characteristic value is 

 
𝑋𝑋𝑘𝑘 = 𝜇𝜇𝑋𝑋

�𝑉𝑉𝑋𝑋
2+1

𝑒𝑒𝑘𝑘𝑛𝑛
�ln(𝑉𝑉𝑋𝑋

2+1) ≈ 𝜇𝜇𝑋𝑋𝑒𝑒𝑘𝑘𝑛𝑛𝑉𝑉𝑋𝑋 , (6.6) 

where the approximated expression is valid only if 𝑉𝑉𝑋𝑋 < 0,25. The coefficient 𝑘𝑘𝑚𝑚 depends on the 
fractile, number of measurements 𝑛𝑛 and if the coefficient of variance 𝑉𝑉𝑋𝑋 is known or not. 
Normally, the characteristic value of material properties is defined as the 5% fractile in which 
values of 𝑘𝑘𝑚𝑚 can be obtained from table D.1 in Eurocode (SS-EN 1990, 2010). For large 𝑛𝑛, 𝑛𝑛 >
30, the coefficient 𝑘𝑘𝑚𝑚 = −1,64 regardless of the available information of 𝑉𝑉𝑋𝑋. 

Geometrical properties usually have small- or negligible variability, thus the nominal values 
𝑉𝑉𝑚𝑚𝑛𝑛𝑚𝑚 are used as both characteristic values 𝑉𝑉𝑘𝑘 and design values 𝑉𝑉𝑑𝑑. When the deviations of 
certain dimensions have significant effect on actions- or resistance of a structure, the geometrical 
quantities are either explicitly considered as random variables or implicitly considered in the 
action model or structural properties, e.g. by eccentricities or curvatures (Leonardo da Vinci Pilot 
Project, 2004).  

6.2 Design values 
The design value for a single load is generally expressed as 

 𝐹𝐹𝑑𝑑 = 𝛾𝛾𝑖𝑖𝐹𝐹𝑟𝑟𝑝𝑝𝑝𝑝, (6.7) 

where 𝛾𝛾𝑖𝑖 is a partial factor for actions, considering the possibility of unfavorable deviations of 
the action values from the representative values and 𝐹𝐹𝑟𝑟𝑝𝑝𝑝𝑝 is the representative value of the action 
given by 

 𝐹𝐹𝑟𝑟𝑝𝑝𝑝𝑝 = 𝜓𝜓𝐹𝐹𝑘𝑘, (6.8) 

where 𝐹𝐹𝑘𝑘 is the characteristic load and the load combination factor 𝜓𝜓 is either 1,0 (characteristic 
value) or 𝜓𝜓0 (combination value), 𝜓𝜓1 (frequent value) or 𝜓𝜓2 (quasi-permanent value), see section 
6.3. 

For a specific load case the design load effect is generally given as 

 𝐸𝐸𝑑𝑑 = 𝛾𝛾𝑆𝑆𝑑𝑑𝐸𝐸�𝛾𝛾𝑖𝑖,𝑝𝑝𝐹𝐹𝑟𝑟𝑝𝑝𝑝𝑝,𝑝𝑝;𝑉𝑉𝑑𝑑�, 𝑖𝑖 ≥ 1, (6.9) 

where 𝑉𝑉𝑑𝑑 is the design values of the geometrical data and 𝛾𝛾𝑆𝑆𝑑𝑑 is a partial factor taking into account 
the uncertainties in modelling the effects of actions and, in some cases, in modelling the actions 
(SS-EN 1990, 2010). Alternatively, a simplified expression for the load effect is 

 𝐸𝐸𝑑𝑑 = 𝐸𝐸�𝛾𝛾𝐹𝐹,𝑝𝑝𝐹𝐹𝑟𝑟𝑝𝑝𝑝𝑝,𝑝𝑝;𝑉𝑉𝑑𝑑�, 𝑖𝑖 ≥ 1, (6.10) 

 where  
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 𝛾𝛾𝐹𝐹,𝑝𝑝 = 𝛾𝛾𝑆𝑆𝑑𝑑𝛾𝛾𝑖𝑖,𝑝𝑝. (6.11) 

The design value of a material property is generally given as 

 𝑋𝑋𝑑𝑑 = 𝜂𝜂 𝑋𝑋𝑘𝑘
𝛾𝛾𝑚𝑚

, (6.12) 

where 𝑋𝑋𝑘𝑘 is the characteristic material property, 𝜂𝜂 is the mean value of the conversion factor 
considering volume- and scale effects, effects of moisture and temperature or any other relevant 
parameters and 𝛾𝛾𝑚𝑚 is the partial factor for the material property considering the possibility of an 
unfavorable deviation of a material property from its characteristic value or the random part of 
the conversion factor 𝜂𝜂 (SS-EN 1990, 2010). 

The design resistance can be expressed as 

 𝑅𝑅𝑑𝑑 = 1
𝛾𝛾𝑅𝑅𝑅𝑅

𝑅𝑅 �𝜂𝜂𝑝𝑝
𝑋𝑋𝑘𝑘,𝑖𝑖
𝛾𝛾𝑚𝑚,𝑖𝑖

;𝑉𝑉𝑑𝑑� , 𝑖𝑖 ≥ 1, (6.13) 

where 𝛾𝛾𝑅𝑅𝑑𝑑 is a partial factor accounting for uncertainty in the resistance model including 
geometrical deviations if these are not modelled explicitly. Alternatively, the simplified 
expression for the resistance is 

 𝑅𝑅𝑑𝑑 = 𝑅𝑅 �𝜂𝜂𝑝𝑝
𝑋𝑋𝑘𝑘,𝑖𝑖
𝛾𝛾𝑀𝑀,𝑖𝑖

;𝑉𝑉𝑑𝑑� , 𝑖𝑖 ≥ 1, (6.14) 

where  

 𝛾𝛾𝑀𝑀,𝑝𝑝 = 𝛾𝛾𝑅𝑅𝑑𝑑𝛾𝛾𝑚𝑚,𝑝𝑝. (6.15) 

The relation between the partial factors described by equations (6.11) and (6.15) is illustrated in 
Figure 6.1. 

 
Figure 6.1 Relation between individual partial factors (SS-EN 1990, 2010) 

Design values for geometrical quantities 𝑉𝑉𝑑𝑑 is given as 

 𝑉𝑉𝑑𝑑 = 𝑉𝑉𝑚𝑚𝑛𝑛𝑚𝑚, (6.16) 

when the effects of variations in 𝑉𝑉 is small. If that is not the case, then the design value is defined 
as 

 𝑉𝑉𝑑𝑑 = 𝑉𝑉𝑚𝑚𝑛𝑛𝑚𝑚 ± ∆𝑉𝑉, (6.17) 

where ∆𝑉𝑉 includes the possibility of unfavorable deviations from the characteristic- or nominal 
values and the cumulative effect of a simultaneous occurrence of several geometrical deviations. 
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Effects due to other deviations should be included in 𝛾𝛾𝐹𝐹 on the action side and 𝛾𝛾𝑀𝑀 on the resistance 
side (SS-EN 1990, 2010). 

6.3 Load combinations 
The appearance of the load combination format depends on the limit state under consideration. 
A general format for combinations of actions, for persistent- or transient design situations, in 
ultimate limit state ULS is 

 𝐸𝐸𝑑𝑑 = 𝛾𝛾𝑆𝑆𝑑𝑑𝐸𝐸�𝛾𝛾𝑔𝑔,𝑗𝑗𝐺𝐺𝑘𝑘,𝑗𝑗; 𝛾𝛾𝑝𝑝𝑃𝑃; 𝛾𝛾𝑞𝑞,1𝑄𝑄𝑘𝑘,1; 𝛾𝛾𝑞𝑞,𝑝𝑝𝜓𝜓0,𝑝𝑝𝑄𝑄𝑘𝑘,𝑝𝑝�, 𝑗𝑗 ≥ 1;  𝑖𝑖 > 1, (6.18) 

or equivalently 

 𝐸𝐸𝑑𝑑 = 𝐸𝐸�𝛾𝛾𝐺𝐺,𝑗𝑗𝐺𝐺𝑘𝑘,𝑗𝑗; 𝛾𝛾𝑃𝑃𝑃𝑃; 𝛾𝛾𝑄𝑄,1𝑄𝑄𝑘𝑘,1; 𝛾𝛾𝑄𝑄,𝑝𝑝𝜓𝜓0,𝑝𝑝𝑄𝑄𝑘𝑘,𝑝𝑝�, 𝑗𝑗 ≥ 1;  𝑖𝑖 > 1, (6.19) 

where 𝐺𝐺𝑘𝑘,𝑗𝑗 is the characteristic value of permanent action 𝑗𝑗, 𝑃𝑃 is representative value of a 
prestressing action, 𝑄𝑄𝑘𝑘,1 and 𝑄𝑄𝑘𝑘,𝑝𝑝 is the characteristic value of the leading variable action 1- and 
the accompanying variable action 𝑖𝑖, respectively. 

The accompanying variable actions 𝜓𝜓𝑄𝑄𝑘𝑘, see Figure 6.2, is either given as (Leonardo da Vinci 
Pilot Project, 2004): 

• The combination value 𝜓𝜓0𝑄𝑄𝑘𝑘, which is used for verifications of ULS and irreversible 
SLS. It’s chosen in such a way that the probability that the combined effects are exceeded 
is approximately the same as the characteristic value of a single action. 

• The frequent value 𝜓𝜓1𝑄𝑄𝑘𝑘, which is used for verifications of ULS involving accidental 
actions and for reversible SLS. It’s chosen in such a way that either the total time, within 
the reference period, in which the value is exceeded is only a small part of the reference 
period or that the frequency of it being exceeded is limited to a given value, e.g. for 
buildings the time of being exceeded is 0,01 of the reference period. 

• The quasi-permanent value 𝜓𝜓2𝑄𝑄𝑘𝑘, which is used for verifications of ULS involving 
accidental actions and reversible SLS, but also for calculating long-term effects. It’s 
chosen in such a way that the total time for which the value is exceeded is a large fraction 
of the reference period, e.g. for loads on building floors the time of being exceeded is 0,50 
of the reference period.  

 
Figure 6.2 Schematic representation of variable loads (Leonardo da Vinci Pilot Project, 2004) 

Recommended set of load combination equations and values of the partial coefficients is given 
in SS-EN 1990 (2010) and Boverket (2015).  
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6.4 Verification of limit states 
Both ultimate- and necessary serviceability limit states must be verified when relevant. For ULS 
the limit states are: 

• EQU, loss of static equilibrium of the structure- or any part of it considered as a rigid 
body.  

• STR, internal failure or excessive deformation of the structure- or structural members 
where the strength of construction materials governs. 

• GEO, failure or excessive deformation of the ground where the strengths of rock- or soil 
governs. 

• FAT, fatigue failure of the structure- or structural members. 
• Others e.g. UPL, HYD. 

In the case of STR, following verification in ULS must be made 

 𝐸𝐸𝑑𝑑 ≤ 𝑅𝑅𝑑𝑑. (6.20) 

 

6.5 Calibration of partial coefficients 
As stated in the beginning of chapter 2, the primarily use of probabilistic methods is to calibrate 
partial factors for the development of new, level 1, codes or revising existing ones (ISO 2394, 
2015), see Figure 6.3. The partial factors should include both aleatory- and epistemic 
uncertainties, see section 2.1. 

 
Figure 6.3 Overview of design approaches (SS-EN 1990, 2010) 

A simple, but illustrative, example for calibrating partial factors in the case of one variable load 
is given herein.  

Assume that two loads, one permanent load 𝐺𝐺 and one variable load 𝑄𝑄, is acting on a structure 
and the resistance is given in terms of only one parameter 𝑅𝑅. Furthermore, model uncertainties 
𝜃𝜃𝑆𝑆 and 𝜃𝜃𝑅𝑅 is introduced into the probabilistic model according to equations (4.15) and (4.16) 
respectively, in which they are modelled as stochastic variables 𝑋𝑋𝜃𝜃𝑆𝑆 and 𝑋𝑋𝜃𝜃𝑅𝑅. Then a probabilistic 
safety margin, according to equation (4.2), can be written as 

 𝑀𝑀 = 𝑐𝑐𝑅𝑅𝑋𝑋𝜃𝜃𝑅𝑅𝑋𝑋𝑅𝑅 − 𝑋𝑋𝜃𝜃𝑆𝑆�𝑐𝑐𝐺𝐺𝑋𝑋𝐺𝐺 + 𝑐𝑐𝑄𝑄𝑋𝑋𝑄𝑄� = 0, (6.21) 
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where 𝑋𝑋𝑅𝑅 is the random resistance variable, 𝑋𝑋𝐺𝐺 and 𝑋𝑋𝑄𝑄 are random load variables representing a 
permanent load 𝐺𝐺 and a variable load 𝑄𝑄. Furthermore, 𝑐𝑐𝑅𝑅 , 𝑐𝑐𝐺𝐺 and 𝑐𝑐𝑄𝑄 are constants that, in some 
cases, includes variables that are assumed to be deterministic.  

Equation (6.21) can be manipulated as follows 

 𝑀𝑀 = 𝑐𝑐𝑋𝑋𝜃𝜃𝑅𝑅𝑋𝑋𝑅𝑅 − 𝑋𝑋𝜃𝜃𝑆𝑆�(1− 𝜑𝜑)𝑋𝑋𝐺𝐺 + 𝜑𝜑𝑋𝑋𝑄𝑄� = 0, (6.22) 

where  

 𝑐𝑐 = 𝑐𝑐𝑅𝑅
𝑐𝑐𝐺𝐺+𝑐𝑐𝑄𝑄

, (6.23) 

 1 − 𝜑𝜑 = 𝑐𝑐𝐺𝐺
𝑐𝑐𝐺𝐺+𝑐𝑐𝑄𝑄

, (6.24) 

and 

 𝜑𝜑 = 𝑐𝑐𝑄𝑄
𝑐𝑐𝐺𝐺+𝑐𝑐𝑄𝑄

. (6.25) 

Hence, 0 ≤ 𝜑𝜑 ≤ 1 is a factor modelling the relative fraction of the variable- and permanent load. 
The factor 𝑐𝑐 in equation (6.22) is initially calibrated against a target reliability index 𝛽𝛽𝑡𝑡, see Table 
5.1. Once 𝛽𝛽 ≈ 𝛽𝛽𝑡𝑡 then 𝑐𝑐 is treated as a fixed value. Next, the factor 𝜑𝜑 is varied and it’s possible 
to study how 𝛽𝛽 varies for different choices of 𝜑𝜑, see Figure 6.4.   

 
Figure 6.4 Reliability index 𝛽𝛽 as a function of 𝜑𝜑 (ISO 2394, 2015) 

Using the probabilistic level 2 approach, as described in section 5.5, the values of the random 
variable 𝑋𝑋𝑝𝑝 at the design point A is 𝑥𝑥𝑝𝑝∗ given by equation (5.38) or (5.39) for normally- and 
lognormally distributed random variables respectively. Thus, equation (6.22) becomes 

 𝑀𝑀 = 𝑐𝑐𝑥𝑥𝜃𝜃𝑅𝑅
∗ 𝑥𝑥𝑅𝑅∗ − 𝑥𝑥𝜃𝜃𝑆𝑆

∗ �(1 − 𝜑𝜑)𝑥𝑥𝐺𝐺∗ + 𝜑𝜑𝑥𝑥𝑄𝑄∗ � = 0. (6.26) 

The safety margin given by equation (6.21) can equivalently be written, in terms of the code 
format introduced in previous sections 6.1 - 6.4, as 

 𝑀𝑀 = 𝑐𝑐𝑅𝑅
𝑅𝑅𝑘𝑘
𝛾𝛾𝑀𝑀
− �𝑐𝑐𝐺𝐺𝛾𝛾𝐺𝐺𝐺𝐺𝑘𝑘 + 𝑐𝑐𝑄𝑄𝛾𝛾𝑄𝑄𝑄𝑄𝑘𝑘� = 0, (6.27) 

or by substituting equations (6.23) - (6.25) into (6.27) yields 

 𝑀𝑀 = 𝑐𝑐 𝑅𝑅𝑘𝑘
𝛾𝛾𝑀𝑀
− �(1 − 𝜑𝜑)𝛾𝛾𝐺𝐺𝐺𝐺𝑘𝑘 + 𝜑𝜑𝛾𝛾𝑄𝑄𝑄𝑄𝑘𝑘� = 0. (6.28) 
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Next, the various terms given in the probabilistic safety margin (6.26) and the code format (6.28) 
is identified. Hence, 

 𝑥𝑥𝜃𝜃𝑅𝑅
∗ 𝑥𝑥𝑅𝑅∗ = 𝑅𝑅𝑘𝑘

𝛾𝛾𝑀𝑀
⟹ 𝛾𝛾𝑀𝑀 = 𝑅𝑅𝑘𝑘

𝑚𝑚𝜃𝜃𝑅𝑅
∗ 𝑚𝑚𝑅𝑅

∗ , (6.29) 

 𝑥𝑥𝜃𝜃𝑆𝑆
∗ 𝑥𝑥𝐺𝐺∗ = 𝛾𝛾𝐺𝐺𝐺𝐺𝑘𝑘 ⟹ 𝛾𝛾𝐺𝐺 =

𝑚𝑚𝜃𝜃𝑆𝑆
∗ 𝑚𝑚𝐺𝐺

∗

𝐺𝐺𝑘𝑘
, (6.30) 

and 

 𝑥𝑥𝜃𝜃𝑆𝑆
∗ 𝑥𝑥𝑄𝑄∗ = 𝛾𝛾𝑄𝑄𝑄𝑄𝑘𝑘 ⟹ 𝛾𝛾𝑄𝑄 =

𝑚𝑚𝜃𝜃𝑆𝑆
∗ 𝑚𝑚𝑄𝑄

∗

𝑄𝑄𝑘𝑘
, (6.31) 

where the characteristic values 𝑅𝑅𝑘𝑘,𝐺𝐺𝑘𝑘 and 𝑄𝑄𝑘𝑘 is calculated according to section 6.1, depending 
on the distribution and the fractile definition.  

In the case of more than one variable load, load combination factors 𝜓𝜓 according to section 6.3 
must be included, see e.g. ISO 2394 (2015) or Thoft-Christensen (1982). As an alternative, if 
more than one variable load is acting on the structure, simplified combination rules is given in 
Eurocode (SS-EN 1990, 2010). If the random variables are independent, then sensitivity factors 
𝛼𝛼𝑝𝑝 according to Table 6.1 can be used in a FORM analysis as discussed in section 5.4. The relation 
between 𝛼𝛼𝑝𝑝 ,𝛽𝛽 and 𝑥𝑥𝑝𝑝∗ is given by equation (5.38) or (5.39). However, it must be stated that this is 
a rough estimation that is on the safe side and will not be applied in this thesis. 

Table 6.1 Sensitivity factors for FORM analysis (ISO 2394, 2015) 

Random variable, 𝑋𝑋𝑝𝑝 Sensitivity factor 𝛼𝛼𝑝𝑝 
Dominating resistance parameter, 𝑅𝑅1 0,8 
Other resistance parameters, 𝑅𝑅𝑝𝑝 0,32 
Dominating load parameter, 𝑆𝑆1 -0,7 
Other load parameters, 𝑆𝑆𝑝𝑝 -0,28 
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7 CASE STUDY 

7.1 Introduction 
Today it’s a common practice, sometimes even regulated by law, for structural engineers in 
European countries to be certified within the field of steel structures; partly to ensure the level of 
knowledge among the engineers themselves and the quality of their work, but also for employers 
and clients to be confident that the work is done with professionalism and with good economy in 
mind. According to the Swedish Institute of Steel Construction, SBI, the certification will 
eventually be a requirement, rather than praxis, also in Sweden. Therefore, they have initiated a 
voluntary certification scheme amongst structural engineers, with either master- or bachelor 
degree and five- respectively eight years’ professional experience from steel structure design. 
Besides the technical education and working experience other criteria’s such as knowledge of the 
Swedish building legislations and quality control are prerequisites for enrolling the course. 
Specifically, the course covers design- and execution of industrial single-storey buildings and 
multi-storey buildings in steel, and the examination includes a written exam and compulsory 
assignments which was reviewed by an examiner (SBI, 2016).  

One of the assignments, mentioned above, was to design a buss garage in Sundbyberg (see 
Appendix B) according to Eurocode. More precise, the structural engineers were asked to design 
a roof of high profiled, or load-bearing, steel sheet including a calculation of the shear flow acting 
on the same, and to calculate the forces acting on the edge beam and wall bracing based on given 
conditions. They were also encouraged to make suitable assumptions where information was 
lacking.   

Between the years 2010-2016 a total number of 49 structural engineers have performed this exact 
same task. The calculations have been compiled and analyzed: In this chapter, exploratory data 
analysis has been used to explore important characteristics of the statistics including error 
classifications and consequences of some of the errors made. Moreover, the dispersion of the load 
calculations has been assessed using two-sided confidence intervals for the coefficient of variance 
related to the model uncertainty of loads in ULS. These results are used in chapter 8 for analyzing 
how real variations in load calculations, i.e. model uncertainty of loads, affect the overall 
structural reliability in some specific examples.   

In the following sections the structural engineers participating in the steel certification course 
will, for simplification, be referred to as “students”. 

7.2 Method 
Nineteen various design parameters were checked in each of the assignments. These are presented 
in Table 7.1 below. 
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Table 7.1 Checked design parameters in the assignment 

Parameter Notations Unit Load comb. 

Self-weight of roof gk kN/m2 n/a 
Characteristic snow load sk kN/m2 n/a 
Terrain type tt - n/a 
Reference height zref m n/a 
Peak wind velocity pressure qp kN/m2 n/a 
Representative height long side hLS m n/a 
Representative height short side hSS m n/a 
Number of columns in a row m - n/a 
Maximum vertical load qEd

max kN/m2 A, B1, C 
Minimum vertical load qEd

min kN/m2 B2 
Horizontal load long side hEd

LS kN/m A, B1 
Horizontal load short side hEd

SS kN/m A, B1 
Maximum shear flow long side νEd

LS kN/m n/a 
Maximum shear flow short side νEd

SS kN/m n/a 
Maximum axial force in edge beam NEd kN n/a 

The various load combinations presented in Table 7.1 are explained in Table 7.2 below. 

Table 7.2 Load combinations 

Load 
comb. 

Limit 
state 

Leading 
load 

Accompanying 
load 

A ULS Snow Wind 
B1 ULS Wind Snow 
B2 ULS Wind (uplift) - 
C SLS (freq.) Snow n/a 

Different parts of the calculations have been given different amount of attention based on their 
relative importance to the outcome and the intermediate deviations between the results. That is, 
the focus is on the governing actions designing the load-bearing steel sheet which includes 
calculation of the maximum vertical- and horizontal load effects, the shear flow arising from the 
diaphragm action of the roof including the resulting axial force in the edge beam. Other 
parameters, with small- or negligible deviations- or effect on the results are given less attention, 
such as, self-weight of the roof, number of columns included when calculating global initial sway 
imperfections and representative height of the building for horizontal wind actions.  

The number of students that have explicitly answered, or sometimes even calculated, each of the 
above-mentioned parameters differs giving rise to a scattered data, which in turn makes it difficult 
to assess the results in a non-misleading matter; e.g. few answers with a large error frequency 
would result in biased statistics. Therefore, precautions have been taken not to be too theoretical 
in the error analysis, thus avoiding misleading or biased conclusions.  
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Also, only the first submission of the assignment has been considered, i.e. any additions have 
been ignored. This is because if the student didn´t pass the first submission, they were handed 
back a reviewed copy and asked to make corrections and to include any part that had been left 
out. Hence, by only considering the first submission the student was not given the opportunity to 
correct their answers according to the guidance given by the examiner. Thereby the result solely 
reflects the students’ effort.   

7.3 Test results 
Designing load cases for the governing actions in terms of the load-bearing steel sheet design in 
ULS, as described in previous section 7.2, is summarized in Table 7.3 below.  

Table 7.3 Designing load combinations for the load-bearing steel sheet design 

Load type (maximum) Designing L.C. 
[-] 

Vertical A 
Horizontal 
Long side B1 
Short side B1 
Shear flow 
Long side (B1) 
Short side (B1) 
Axial force in edge beam (B1) 

The five-number summary of the load effects from Table 7.3 was calculated according to section 
3.5 and plotted below. Note that, data observations outside 1,5∙ 𝐼𝐼𝑄𝑄𝑅𝑅 is marked with dots in the 
plots and the mean value is marked with a cross, see Figure 7.1 - Figure 7.4. 

Figure 7.1 Maximum vertical load 𝑞𝑞𝐸𝐸𝑑𝑑𝑚𝑚𝑚𝑚𝑚𝑚 (LC-A) 
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Figure 7.2 Maximum horizontal load ℎ𝐸𝐸𝑑𝑑𝐻𝐻𝑆𝑆  and ℎ𝐸𝐸𝑑𝑑𝑆𝑆𝑆𝑆  (LC-B1) 

Figure 7.3 Maximum shear flow 𝜈𝜈𝐸𝐸𝑑𝑑𝐻𝐻𝑆𝑆  and 𝜈𝜈𝐸𝐸𝑑𝑑𝑆𝑆𝑆𝑆  (LC-B1) 
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Figure 7.4 Maximum axial force in edge beam 𝑁𝑁𝐸𝐸𝑑𝑑 (LC-B1) 

The characteristic self-weight of the roof 𝑔𝑔𝑘𝑘 was not explicitly given in the assignment, and 
Figure 7.5 below shows how this parameter was chosen among the students. 

Figure 7.5 Assumed characteristic self-weight of the roof 

Calculation of the characteristic snow load showed no dispersion in the results. In this case, 
everyone calculated it to be 𝑠𝑠𝑘𝑘 = 1,6 kN/m2.  

The peak velocity pressure 𝑞𝑞𝑝𝑝 due to wind is presented in Figure 7.6 below.  
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Figure 7.6 Calculated peak wind velocity pressure 

The number of columns 𝑚𝑚 contributing to the global initial sway imperfections was largely 
scattered, ranging between one- and all 24 columns, but with 14 columns as the most frequent 
value, i.e. the mode.  

All students assumed that 50% of the horizontal load effect was transferred into the roof, i.e. 
assumed hinged columns. 

The sample mean 𝑚𝑚 and coefficient of variance 𝑉𝑉 of the loads in ultimate limit state were 
calculated using equations (3.41) and (3.42). Calculations both include- and excludes outliers, 
i.e. data observations outside 1,5∙ 𝐼𝐼𝑄𝑄𝑅𝑅, see Table 7.4 below. Furthermore, load cases including 
minimum vertical load and serviceability limit states, i.e. LC-B2 and LC-C respectively, are 
excluded; see discussion at the beginning of section 7.4.  

Table 7.4 Sample mean and sample coefficient of variance for loads 

Load case Param. Incl. Outliers Excl. Outliers 
m V m V 

A 
qEd

max 3,13 0,05 3,12 0,05 
hEd

LS 0,88 0,25 0,83 0,17 
hEd

SS 1,07 0,20 1,05 0,08 

B1 
qEd

max 2,60 0,10 2,60 0,10 
hEd

LS 2,41 0,22 2,36 0,18 
hEd

SS 2,62 0,33 2,48 0,23 

n/a 
νEd

LS 2,54 0,27 2,46 0,23 
νEd

SS 3,14 0,94 2,59 0,46 
NEd 35,53 0,26 34,00 0,18 

The dispersion of the parameters in Table 7.4 can be interpreted as model uncertainties of the 
load effects due to the engineers’ choice, see section 7.4. The distribution of the coefficient of 
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variance is assumed lognormally distributed and then verified using the theory given in 
subsection 3.6.3 and illustrated only for the governing load cases, in Figure 7.7 - Figure 7.12, 
below. 

 
Figure 7.7 Maximum vertical load under lognormal assumption 

 
Figure 7.8 Maximum horizontal load (long side) under lognormal assumption 
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Figure 7.9 Maximum horizontal load (short side) under lognormal assumption 

 
Figure 7.10 Maximum shear flow (long side) under lognormal assumption 
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Figure 7.11 Maximum shear flow (short side) under lognormal assumption 

 
Figure 7.12 Maximum axial force in edge beam under lognormal assumption 

The goodness-of -fit tests, in Figure 7.7 - Figure 7.12, shows that the distribution of the coefficient 
of variance for model uncertainties of the load effects due to the engineers’ choice 𝑉𝑉𝜃𝜃𝑆𝑆, is visually 
well described by a lognormal distribution. Next, a 95% two-sided confidence interval for the 
point estimates of 𝑉𝑉𝜃𝜃𝑆𝑆, from Table 7.4 with outliers excluded, is calculated using 𝛼𝛼 = 0,05 in 
equation (3.43) in subsection 3.6.1. The results are given in Table 7.5 below.  

  

y = 0,9918x - 0,0512
R² = 0,836

0,0

1,0

2,0

3,0

4,0

5,0

6,0

7,0

8,0

0,0 1,0 2,0 3,0 4,0 5,0

F-1
(p

) [
-]

x [-]

LC-B1: Max shear flow (short side) [kN/m]

y=F-1(p)

Linear regr.

y = 3,9999x - 95,893
R² = 0,9459

0,0

20,0

40,0

60,0

80,0

100,0

120,0

140,0

20,0 30,0 40,0 50,0 60,0

F-1
(p

) [
-]

x [-]

LC-B1: Max axial force edge beam [kN]

y=F-1(p)

Linear regr.



69 
 

 

Table 7.5 A two-sided 95% confidence interval for 𝑉𝑉𝜃𝜃𝑆𝑆.  

Load case Param. n slnx χ2
1-a/2(n-
1) χ2

a/2(n-1) Vinf Vsup 

    [-] [-] [-] [-] [-] [-] 

A 
qEd

max 41 0,05 24,43 59,34 0,04 0,06 
hEd

LS  23 0,16 10,98 36,78 0,13 0,23 
hEd

SS  20 0,08 8,91 32,85 0,06 0,11 

B1 
qEd

max 25 0,10 12,40 39,36 0,08 0,14 
hEd

LS  45 0,17 27,57 64,20 0,14 0,22 
hEd

SS  41 0,21 24,43 59,34 0,18 0,28 

n/a 
νEd

LS 47 0,24 29,16 66,62 0,20 0,30 
νEd

SS 43 0,61 26,00 61,78 0,54 0,92 
NEd 39 0,17 22,88 56,90 0,14 0,23 

 

As seen in Table 7.5 above the coefficient of variance 𝑉𝑉𝜃𝜃𝑆𝑆 varies somewhat in the range of 0 - 0,3 
under the assumption that the shear flow calculations are excluded, e.g. short side shear flow 
𝜈𝜈𝐸𝐸𝑑𝑑𝑆𝑆𝑆𝑆 ∈ [0,54;0,92], see discussion at the beginning of section 7.4. Hence, 𝑉𝑉𝜃𝜃𝑆𝑆 ∈ [0;0,3] will be 
used when analyzing the sensitivity of the overall structural reliability due to model uncertainties 
related to the engineers’ choice of load effects, see section 8.4. 

7.4 Analysis  
Referring to Table 7.4 the variations of the point estimates 𝑚𝑚 and 𝑉𝑉 between the different load 
cases is due to how the designer interprets the codes-, the given design conditions and which 
assumptions- and simplifications he has made along the way. To obtain a representative measure 
of these variations outliers was excluded from the data given in Table 7.5, since it’s assumed they 
would have been corrected in a design check. Same applies for the shear flow calculations, e.g. 
where 𝜈𝜈𝐸𝐸𝑑𝑑,𝑠𝑠𝑠𝑠𝑝𝑝

𝑆𝑆𝑆𝑆  = 0,92, which should be interpreted solely as the structural designers’ unfamiliarity 
with the design of load-bearing steel sheeted roofs since it’s usually provided by the roof suppliers 
themselves. Also, load cases LC-B2 and LC-C was excluded in the calculations of 𝑉𝑉𝜃𝜃𝑆𝑆; the former 
due to the low response rate among the students, only 43% calculated minimum vertical load, 
thus the targeted level of confidence in the estimates (95%) would result in a large, and 
unrepresentative, statistical uncertainty due to lack of data. The latter because only model 
uncertainties for loads in ultimate limit states are considered.  

The self-weight of the roof was, as earlier stated, not given in the assignment. As a common 
practice, if no specific load is given, a 0,5-0,8 kN/m2 load is usually assumed for a “standard” 
roof construction (including installations and excluding any purlins or trusses) depending on the 
degree of insulation (Fahleson et al., 2012). Referring to Figure 7.5 the assumed self-weight is in 
good agreement with the norm. 

The peak velocity pressure 𝑞𝑞𝑝𝑝 can either be calculated from the equation given in paragraph 
4.5.(1) in the national annex or according to table C-10a if topography considerations is 
disregarded (Boverket, 2015). In the latter case the peak velocity pressure is obtained from the 
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input of a reference height 𝑧𝑧𝑝𝑝, terrain category and the basic wind velocity 𝐶𝐶𝑏𝑏 given in figure C-
4 (Boverket, 2015). Among the students who used the “table method”, which was almost 
everyone, two different combinations of inputs represent the vast majority; that is, terrain 
category 2 or 3 in combination with 𝑧𝑧𝑝𝑝 = 6,0 m and 𝐶𝐶𝑏𝑏 = 24 m/s resulting in 0,66 kN/m2 and 0,46 
kN/m2 respectively. Although, some deviations occur due to e.g. round-offs, slips when 
interpolating values for 𝑧𝑧𝑝𝑝 = 6,0 m, but also since, in some sporadic cases, the student choose 
terrain category 4 or reference height 8,0 m. The results for students who preferred to include the 
topography, hence using the equation in paragraph 4.5.(1) (Boverket, 2015), showed a large 
scatter. Besides the fact that including the topography could somewhat lead to different results, 
the larger deviations were primarily due to misuse of the applied equation. In the most extreme 
case, as indicated in Figure 7.6, this resulted in a peak velocity pressure of 1,24 kN/m2.     

The peak velocity pressure combined with the external pressure coefficient 𝐶𝐶𝑝𝑝𝑝𝑝 yields the 
characteristic wind load acting on external surfaces 𝑤𝑤𝑝𝑝. Analogously, for internal surfaces with 
internal pressure coefficient 𝐶𝐶𝑝𝑝𝑝𝑝, the wind pressure acting on internal surfaces is 𝑤𝑤𝑝𝑝. Or, for a 
combination of both, the wind pressure is simply 𝑤𝑤. To summarize; pressure coefficients must 
be determined in order to calculate the wind pressure acting on the building. This could be viewed 
as quite a pain; not in the sense that it’s always complicated (tables are mostly used) but more of 
the fact that to be able to manage the large outcome, i.e. different pressure coefficients for 
different zones, one must make decisions regarding which pressure coefficient-, or coefficients, 
is suitable for application in the specific situation. This is true especially for vertical wind 
pressure. Without any further analysis, it’s not within the scope of this thesis, the writer wants to 
clarify one common misinterpretation. For global analysis, e.g. horizontal stabilization of the 
building, the internal pressure coefficient vanishes and a reduction of the wind pressure due to 
lack of correlation between windward and leeward side is possible if the conditions in SS-EN 
1991-1-4 (2005) section 7.2.2(3) is met. However, when local effects are considered the internal 
pressure coefficient must be included, and the reduction, mentioned earlier, is not possible. This 
was the case when calculating the shear flow in the load-bearing steel sheet. Other mistakes made, 
regarding pressure coefficients, are presented in Appendix C.  

From the drawing attached to the assignment (see Appendix B) one could see that the height of 
the building was 6,0 m on one side and 5,0 m on the other, hence the roof was inclined. By simple 
geometry one could calculate the inclination of the roof to be 2,7°, which is regarded as a flat 
roof when calculating the vertical wind load (SS-EN 1991-1-4, 2005). Also, when calculating the 
horizontal wind pressure, a representative height of the building must be determined. For wind 
blowing on the long side of the building about 60% of the students chose the ridge, located at 6,0 
m, as the representative height of the building. About 30% chose the mean value of 6,0 m and 
5,0 m, which also includes the cases when both 6,0 m and 5,0 m, for windward and leeward, was 
used. For wind blowing on the short side of the building the corresponding values was about 50% 
and 40% respectively. That is, about 10% of the students who were using 6,0 m as representative 
height of the building for wind actions on the long side used the mean height when the wind was 
shifted to the short side. Of the remaining part, in both cases, three students chose to include 0,5 
m due to roof cladding, one student chose 5,0 m as representative height of the building and the 
rest did not explicitly point out this parameter.  
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In a global analysis, the effect of global initial sway imperfections should be regarded if the 
designing horizontal load effect is less than 15% of the corresponding designing vertical load 
effect (SS-EN 1993-1-1, 2005). The effect of the global initial sway imperfection is considered 
by introducing a horizontal load equivalent to the imperfection, i.e. a factor 𝜙𝜙 is calculated 
according to equation (5.5) in SS-EN 1993-1-1 (2005), which multiplied with the designing 
vertical load for the corresponding load case yields the equivalent horizontal load. When 
calculating 𝜙𝜙 one must consider the number of columns 𝑚𝑚 contributing to this effect; the more 
columns included the less is the probability for them to be systematically misaligned, hence the 
effects of the imperfections is reduced. SS-EN 1993-1-1 (2005) clearly states that “𝑚𝑚 is the 
number of columns in a row including only those columns which carry a vertical load 𝑁𝑁𝐸𝐸𝑑𝑑 not 
less than 50% of the average value of the column in the vertical plane considered”. In this case, 
it would be 14 columns although the effects of any variations in 𝑚𝑚 is usually small. 

The rest of this chapter will focus on the governing actions designing the load-bearing steel sheet, 
as introduced in section 7.2.  

At present, the load-bearing sheets of the roof construction is usually designed by the supplier of 
the roof rather than the structural engineers designing the framework itself. This is probably one 
of the reasons causing the large scatter in Figure 7.3, as compared to e.g. computation of vertical 
loads which shows only small deviations, see Figure 7.1, since it’s a common feature in everyday 
design amongst the steel structural engineers. 

To carry out the design of both the load-bearing steel sheet and the edge beam, properly, one 
needs to perform a minimum number of checks, summarized in Table 7.6, which also shows the 
response rate of these required checks.  

Table 7.6 Response rate of required checks 

Load type (maximum) Response rate 
  [%] 
Vertical 86 
Horizontal  
Long side  94 
Short side 88 
Shear flow  
Long side  100 
Short side 92 
Axial force in edge beam 84 

  

Where the response rate is not 100% students have either failed to carry out necessary design 
checks or, in the case of horizontal load effects, calculated the shear flow and axial load in the 
edge beam without explicitly reported the designing horizontal load, i.e. used an alternative 
calculation scheme. Another reason might be due to the subjective interpretation of the 
assignment which states “Design the load-bearing high profiled steel sheet. Calculate shear flow 
in the roof and forces acting on the edge beam /…/”. That is, some students might have interpreted 
the task as “Design the load-bearing high profiled steel sheet by calculating the shear flow in the 
roof…” and thereby neglected e.g. vertical load design check. 
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Another reason, which in fact was stated by one of the student, was that a minimum work effort 
was consciously put into the assignment due to limited time, since the students taking this course 
also was managing their daily work at the same time. Hence, by accepting and add any 
supplements the student was, in his own preference, optimizing the assignment with respect to 
time consumption. 

Also, only 43% checked the load-bearing sheet for minimum, uplift, vertical load (LC-B2) and 
67% for frequent load combination in serviceability limit state (LC-C), respectively. These load 
combinations, however, was not designing in this specific assignment but still it points out some 
interesting facts. It seems as some students, by experience, consciously omit certain checks that 
is not critical for design. Consequently, the time savings can be relocated or even result in an 
economic profit, at the expense of possible error increase due to uncertainties in the assumption.  

Going back to the box plots in section 7.3, one can easily visualize the deviations in the results 
given by the students. Some deviations are larger than others, e.g. the outliers, and should more 
appropriately be called gross errors, although it’s important for the reader to notice that the term 
error in this case is not clearly defined but rather based on the writer’s subjective assessment.  

For this thesis one should interpret error as a deviation, large or small, from what is considered 
acceptable, i.e. leading to a comment by the examiner, and gross error as an error with 
remarkably large deviations. The complexity of defining gross errors is further discussed at the 
end of subsection 7.4.2. 

Despite the subjective nature of errors, there’s need for a method to group certain types of errors 
into categories with specific characteristics. By doing that one can analyze the origin of the errors, 
their consequences and use appropriate measures for error recovery accordingly (Fröderberg, 
2014).  

7.4.1 Human error classifications     

One method of classifying different types of human errors is to categorize them using the 
Rasmussen skill-, rule- and knowledge based (SRK) information processing approach. The 
method is based on the degree of cognitive activity exercised by the individual over his or her 
activities (Embrey, 2016), and the categorization is illustrated in Figure 7.13 below.  
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Figure 7.13 Classification of human errors (Embrey, 2016) 

A skill-based error, or slip, is a performance based error where the intention is correct but the 
actions are not performed as planned, e.g. the wrong numbers are used in the correct equation. 
The individual is exposed to a familiar environment, hence considered as skilled and the 
performance is fast and effortless. 

On the contrary a rule- or knowledge based error, also called mistake, is when the action is 
performed as planned but the intention is incorrect and consequently the intended outcome will 
not be achieved (Embrey, 2016), e.g. incorrect number of columns included in the formula for 
calculating global imperfections. In the knowledge-based mode, the individual is exposed to an 
unfamiliar environment hence considered as unskilled and the performance is slow and effortful. 
The further distinction between the rule- and knowledge-based errors is that in the former case 
the level of conscious control is intermediate between the above-mentioned extremities, i.e. 
between skill- and knowledge-based modes (Embrey, 2016). That is, rules and procedures are 
available but misused, in the somewhat unfamiliar situation.  

There are other situations in which the individual deliberately deviate from rules and procedures, 
hence consciously taking shortcuts to save time- and effort. These types of errors are called 
violations. No further division, as in Figure 7.13, has been made in this thesis. 

The different types of errors that occurred in the assignments have been categorized according to 
the SRK approach and compiled in Appendix C. The variety of errors in the calculations, due to 
the large number of participants, is large. Hence, to manage this inconveniency, similar errors 
has been grouped together e.g. no distinction of the errors has been made if the student forgot- or 
used the wrong partial coefficient. Also, recurring errors of the same type and made by the same 
student is only counted as one error.  
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For each student, 19 parameters were checked (see Table 7.1), hence for a total of 49 students 
participating in this course, the sample space consists of 931 explicitly possible answers. Out of 
these 931 possible answers, only 776 answers were given in total which in turn resulted in 131 
remarks by the examiner. The distribution of these remarks, or errors, with respect to each error 
mode is illustrated in Figure 7.14 below.  

 
Figure 7.14 Error distributions using the SRK approach 

That is, almost half of the errors made (51%), is rule- and knowledge-based. According to Embrey 
(2016) possible causes of error is lack of knowledge, lack of awareness of consequences or work 
overload; human does not perform well under stressful- and unfamiliar situations. Hence by 
increasing the feedback flow between individuals who are familiar- and not familiar to the 
environment a reduction of these types of error is possible. Also, when working in unfamiliar 
environments, assigning more time to the specific task could further reduce the risk of errors. 

The other half of the errors made is approximately equally distributed between skill-based mode 
and violations, with a slight predominance of the former; 27% and 22% respectively. Skill-based 
errors are errors of execution, which sometimes happen due to the human factor. The individual 
will be aware of the slip when identified, or when the observed- and the expected outcome does 
not agree. Hence, the error recovery is rapid once feedback is provided. By simply reviewing 
calculations, slips can be eliminated.  

The definition of a violation is not always obvious. Structural engineers sometimes deliberately 
deviate from regulations to save time and effort when they, intuitively, know that the deviation 
in question will not noticeable affect the outcome. The question is rather about when these 
deviations can be justified. By doing a rough estimate of the influence of the parameter in 
question and, in the calculation report, clearly explain the deviation and its consequences one, 
read the writer, might consider it as justified. Of course, the deviation itself must be justified, i.e. 
there must be a profit in terms of time and effort. In other cases, violations are solely due to lack 
of better knowledge and consequence thinking, e.g. in one case the student deliberately rounded-
off the load unjustifiably much on the safe side, hence introducing a “self-made” safety factor.   
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7.4.2 Consequences of errors   

Intuitively, referring to the box plots in section 7.3, it seems as all outliers, read gross errors, is 
on the safe side, i.e. overestimating the load effect, hence the consequences is purely an economic 
loss due to larger profiles needed. 

Although, perhaps not obvious at this point, this is not the case. In order to some extent be able 
to indicate- and evaluate the most extreme deviations leading to hazardous consequences one can, 
for example, introduce another relative measure of dispersion as the percentage of the ratio 
between the minimum value and the median. The median is preferred over the mean value when 
the distribution is skewed, as in this case, since it’s insensitive to extreme values (Vännman, 
2002). This concept was applied to the results from the load-bearing steel sheet design, in section 
7.3, and summarized below. 

Table 7.7 Minimum value/median 

Load type (maximum) min/median 
  [%] 
Vertical 89 
Horizontal  
Long side  79 
Short side 72 
Shear flow  
Long side  52 
Short side 12 
Axial force in edge beam 79 

 

A small percentage should be interpreted as a large relative deviation from the median on the 
unsafe side, and consequently a potential hazard. In this example, two load effect categories 
indicate the presence of large deviations on unsafe side; the designing value of the shear flow for 
horizontal loads acting on both long- and short side. For example, the minimum value of the short 
side shear flow obtained in calculations was 0,36 kN/m compared to the median value of 2,90 
kN/m (with mean value 3,14 kN/m). That is, in the writer’s opinion, a gross error despite that it’s 
within the inner fences of the plot in Figure 7.3, i.e. 1,5 times the interquartile range, since the 
consequences of such an error can be severe. Referring to this particular example, however, the 
codes specify a minimum distance between the fasteners in the steel sheets overlap joints. Thus, 
a collapse of the structure is probably out of the question.     

Same analogy applies for long side shear flow which, referring to Table 7.7 and Figure 7.3 is 
slightly less extreme. However, it’s important for the reader to keep in mind that the results 
analyzed in this thesis is unreviewed. In practice, the regulations states that a design check must 
be performed whose aim is to eliminate these types of gross errors (Boverket, 2015).  

The example above was used only to illustrate the difficulty to identify gross errors and to 
evaluate them. It’s because the magnitude of the deviation is not always of primarily interest 
when analyzing errors. Other parameters such as e.g. the specific design situation or more 
importantly the consequences of the deviations should also be included, i.e. not all gross errors 
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lead to hazardous consequences. That is, it’s impossible to derive a generic rule that can be 
applied to distinguish gross errors; each case is unique hence needs a proper evaluation 
accordingly. Ultimately it comes down to a subjective assessment of what is a gross error.  
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8 RELIABILITY ANALYSIS COMPUTATIONS 

8.1 Introduction 
This focus of this chapter is to analyze how real variations in the calculated load effects, 
connected to the designers’ choice and based on the results in section 7.3, affects the targeted 
reliability index of structures in safety class 3. Using probabilistic level 2 methods, presented in 
chapter 5, these model uncertainties are assessed and in section 8.5 corresponding partial factors 
are calibrated. 

8.2 Method 
In the first example, section 8.3, it’s shown how the characteristic snow load 𝑠𝑠𝑘𝑘 can be derived 
using annual statistics of the maximum snow depths in Stockholm provided by SMHI (Wern, 
2015), see Appendix D.  

Next, in section 8.4, probabilistic level 2 methods are applied to a simple example of a limit state 
function including one resistance parameter 𝑅𝑅, two load parameters 𝑆𝑆 (one permanent load 𝐺𝐺 and 
one variable load 𝑄𝑄) with model uncertainties 𝜃𝜃𝑆𝑆 and 𝜃𝜃𝑅𝑅 on the load- and resistance respectively. 
The influences of each random variable, in terms of sensitivity factors 𝛼𝛼, on the target failure 
probability 𝛽𝛽𝑡𝑡 is analyzed for structures in safety class 3 and based on representative values of 
the input variables 𝑋𝑋𝑝𝑝 taken from ISO 2394 (2015). By changing the ratios 𝜑𝜑 of the permanent- 
and variable load, connected to real design cases, these influences change and the variations are 
analyzed, see section 8.6. Next, the model uncertainty of the load effect, due to engineers’ choice, 
𝑉𝑉𝜃𝜃𝑆𝑆 is varied according to the conclusions made in the end of section 7.3. The impact of these 
changes, in terms of structural reliability 𝛽𝛽, is analyzed in section 8.6.  

In section 8.5 partial coefficients, according to the Eurocode code format, is calibrated for the 
resistance and load variables in the examples given in subsections 8.4.1 - 8.4.3 using the theory 
presented in sections 6.5. The model uncertainty 𝑉𝑉𝜃𝜃𝑆𝑆 is then varied (according to section 7.3) and 
the effect of these variations in terms of partial coefficients 𝛾𝛾 are assessed for different load ratios 
𝜑𝜑 but for a fixed target reliability 𝛽𝛽𝑡𝑡 = 4,75 (for safety class 3), see subsections 8.5.1 - 8.5.3 for 
results and end of section 8.6 for analysis.   

8.3 Example: Calculation of characteristic snow load 
The annual maximum snow depths in Stockholm (see Appendix D) is assumed to be Gumbel 
distributed, see subsection 4.1.1. This assumption must be verified using the theory given in 
subsection 3.6.3. For a Gumbel distribution the c.d.f., given by equation (4.8), evaluated at the 
𝑝𝑝𝑝𝑝th sample quantiles by means of equation (3.52) can be calculated as 

 𝑉𝑉�𝑥𝑥(𝑝𝑝) − 𝑈𝑈� = − ln(− ln(𝑝𝑝𝑝𝑝)), (8.1) 

 and plotted for each sorted data observation 𝑥𝑥(𝑝𝑝), see Figure 8.1 below.  
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Figure 8.1 Observed snow depth data plotted against a Gumbel distribution 

Referring to Figure 8.1 the coefficient of determination 𝑉𝑉2 ≈ 0,98 is close to unity. Hence, the 
unknown distribution of the maximum snow load is well described by a Gumbel distribution.  

Furthermore, the left hand side of equation (8.1) represents a straight line thus 𝑉𝑉 is given by the 
slope of the regression line in Figure 8.1 and 𝑉𝑉𝑈𝑈 is the y-axis intercept, i.e. 𝑉𝑉 ≈ 0,08 and 𝑈𝑈 ≈ 
20,97. If the same parameters are calculated using equations (4.6) and (4.7) with the sample mean 
and sample standard deviation one gets 𝑉𝑉 ≈ 0,08 and 𝑈𝑈 ≈ 21,05. 

Next step is to construct a histogram plot, including the Gumbel p.d.f., in order to illustrate their 
relative frequencies. A histogram plot can be constructed by dividing each observation 𝑥𝑥𝑝𝑝 into 
intervals of e.g. 5 cm snow depths. The relative frequencies ℎ𝑝𝑝 are given as 

 ℎ𝑝𝑝 = 𝑖𝑖𝑖𝑖
∑𝑖𝑖𝑖𝑖

, (8.2) 

where 𝑓𝑓𝑝𝑝 ∈ 𝐼𝐼𝑝𝑝 is the frequency of observations in each interval 𝐼𝐼𝑝𝑝.   

The relative frequency of each sample observation 𝑥𝑥𝑝𝑝 using a Gumbel p.d.f. is given by equation 
(4.5) with 𝑉𝑉 = 0,08 and 𝑈𝑈 = 20,97. However, since the histogram is partitioned into discrete 
intervals of 5 cm snow depth, a representative value of the snow depth of each interval 𝐼𝐼𝑝𝑝 must 
be chosen for the evaluation of the Gumbel p.d.f., e.g. the midpoint of each interval 𝐼𝐼𝑚𝑚,𝑝𝑝. 
Moreover, the Gumbel p.d.f. 𝑓𝑓𝐺𝐺  must be scaled to relative frequencies given by equation (8.2) by 
multiplying 𝑓𝑓𝐺𝐺  with the interval length of 5 cm. That is, 

 𝑓𝑓𝐺𝐺�𝐼𝐼𝑚𝑚,𝑝𝑝� = 5𝑉𝑉𝑒𝑒−𝑚𝑚(𝐼𝐼𝑚𝑚,𝑖𝑖−𝑈𝑈)𝑒𝑒−𝑝𝑝
−𝑎𝑎(𝐼𝐼𝑚𝑚,𝑖𝑖−𝑈𝑈)

. (8.3) 

The results are given in Table 8.1 and Figure 8.2 below.   
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Table 8.1 Snow depth calculations 

Ii fi hi fG(Im,i) 
[cm] [-] [-] [-] 
0-5 3 0,03 0,02 
5-10 2 0,02 0,06 
10-15 21 0,19 0,11 
15-20 18 0,16 0,14 
20-25 16 0,15 0,14 
25-30 12 0,11 0,13 
30-35 7 0,06 0,11 
35-40 7 0,06 0,08 
40-45 7 0,06 0,06 
45-50 9 0,08 0,04 
50-55 1 0,01 0,03 
55-60 1 0,01 0,02 
60-65 2 0,02 0,01 
65-70 1 0,01 0,01 
70-75 2 0,02 0,01 
75-80 1 0,01 0,00 

Σ 110 1,00 0,99 
 

 
Figure 8.2 Histogram plot of maximum annual snow depths in Stockholm 

The characteristic value of the snow depth is given by the 98 % fractile, i.e. 50-year return time. 
Using equation (6.5) with 𝑉𝑉 = 0,08 and 𝑈𝑈 = 20,97 this means that the characteristic snow depth 
is approximately 71 cm. Multiplying the characteristic snow depth with the density of snow 𝜌𝜌𝑠𝑠 
the resulting characteristic snow load 𝑠𝑠𝑘𝑘 is obtained, see Table 8.2.  
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Table 8.2 Density of snow and characteristic snow load. Values of 𝜌𝜌𝑠𝑠 taken from SS-EN 1991-
1-3 (2003) 

Snow type ρs sk 
  [kN/m3] [kg/m2] 
Fresh 1,0 0,7 
Newly-fallen (hours/days) 2,0 1,4 
Old (weeks/months) 2,5-3,5 1,8-2,5 
Wet 4,0 2,8 

 

As seen in Table 8.2 the density of snow 𝜌𝜌𝑠𝑠 significantly varies for different types of snow. Thus, 
a general value of the characteristic snow load is not easily obtained. According to Boverket 
(2015) the characteristic snow load in Stockholm is 2,0 kN/m2. 

In the next sections, i.e. sections 8.4 and 8.5, the variable load 𝑄𝑄 is represented by a Gumbel 
distribution, but no further definition of what type of variable load is done. Consequently, 
representative values of the mean- and variance for the variable load is taken from ISO 2394 
(2015) rather than from the above example. 

8.4 Example: Reliability of a structure exposed to model uncertainties related 
to designers’ choice of load effects 

In this section the effects of model uncertainties, related to designers’ choice, on the overall 
reliability is analyzed using the probabilistic (level 2) approach given in section 5.5. For 
simplicity, the structure is exposed to only one variable load and the probabilistic safety margin 
at the design point is given by equation (6.26) in which all random variables 𝑋𝑋𝑝𝑝 are also assumed 
to be uncorrelated. The distributions- and characteristics of each random variable are taken from 
ISO 2394 (2015) and presented in Table 8.3 below. 

Table 8.3 Mean and coefficient of variance of random variables 𝑋𝑋𝑝𝑝 taken from ISO 2394 
(2015). 1) initial value of 𝑉𝑉𝜃𝜃𝑆𝑆 

Param. Distr. m V 
    [-] [-] 
R LN 1,00 0,10 
G N 1,00 0,10 
Q GU 1,00 0,20 
θR LN 1,00 0,03 
θS LN 1,00 0,101) 

  

The random variables representing the resistance- and model uncertainties of both resistance- and 
load parameters, i.e. 𝑋𝑋𝑅𝑅 ,𝑋𝑋𝜃𝜃𝑅𝑅 and 𝑋𝑋𝜃𝜃𝑆𝑆 respectively, are lognormally distributed and their values at 
the design point is given by equation (5.39) with mean and variance according to Table 8.3. The 
permanent load 𝑋𝑋𝐺𝐺 is normally distributed, thus the value of the permanent load at the design 
point is given by equation (5.38). The variable load 𝑋𝑋𝑄𝑄 is Gumbel distributed, see subsection 
4.1.1, with 𝑉𝑉 and 𝑈𝑈 given by equations (4.7) and (4.6) with mean and variance from Table 8.3. 
That is, 𝑉𝑉 = 6,41 and 𝑈𝑈 = 0,91. Furthermore, 𝑋𝑋𝑄𝑄 is transformed into a normal distribution at the 
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design point, using Rackwitz - Fiessler transformation as described in section 5.6, thus equation 
(5.38) also applies to the transformed random variable.  

Initially the value of the factor 𝑐𝑐 in equation (6.26) is calibrated until the target reliability 𝛽𝛽𝑡𝑡 is 
obtained for a predefined relative fraction 𝜑𝜑 of the permanent load 𝑋𝑋𝐺𝐺 and variable load 𝑋𝑋𝑄𝑄, see 
equation (6.25). In this example safety class 3 is targeted, i.e. 𝛽𝛽𝑡𝑡 = 4,75, see Table 5.1.  

Once the factor 𝑐𝑐 is obtained for the target reliability 𝛽𝛽𝑡𝑡 = 4,75 the model uncertainty of load 
effect due to engineers’ choice 𝑉𝑉𝜃𝜃𝑆𝑆 is varied between 0 – 0,3 according to the test results from the 
case study in section 7.3. However, when the permanent load is the leading one, i.e. for 𝜑𝜑 = 0,25, 
then the 𝛽𝛽-values for 0,2 < 𝑉𝑉𝜃𝜃𝑆𝑆 < 0,3 is somewhat misleading. Aside from possible, although 
small, effects from misalignments the permanent load acts in a vertical direction and referring to 
Table 7.5 it’s concluded that 𝑉𝑉𝜃𝜃𝑆𝑆 > 0,2 only in the case of horizontal actions, i.e. not permanent 
loads. For such situations, the calculated values are marked with parenthesis in tables and with 
dashed lines in plots, see e.g. Figure 8.8, Table 8.13 and section 8.6 for a further discussion. The 
effects of the overall reliability, in terms of 𝛽𝛽, due to variations in 𝑉𝑉𝜃𝜃𝑆𝑆 is plotted and analyzed, 
see subsections 8.4.1 - 8.4.3 for results and the beginning of section 8.6 for analysis.  

8.4.1 Variable and permanent load equal  

In this case 𝜑𝜑 = 0,5, thus the total load consists of equal fractions of permanent- and variable 
load. The factor 𝑐𝑐 in equation (6.26) was then calibrated to be 𝑐𝑐 = 2,588 and the reliability index 
became 𝛽𝛽 = 4,750. The results of the iteration scheme, given in section 5.5, is presented in Table 
8.4 below (see also Appendix E). 

Table 8.4 Hasofer-Lind’s reliability index for 𝜑𝜑 = 0,5 and 𝑉𝑉𝜃𝜃𝑆𝑆 = 0,1 

 

Start 1 2 3 4 5 6 7 8 9 10
dg/dzR - 0,217 0,169 0,205 0,209 0,207 0,207 0,207 0,207 0,207 0,207
dg/dzG - -0,057 -0,064 -0,064 -0,062 -0,061 -0,061 -0,061 -0,061 -0,061 -0,061
dg/dzQ - -0,167 -0,296 -0,383 -0,378 -0,375 -0,375 -0,375 -0,375 -0,375 -0,375
dg/dzθR - 0,065 0,051 0,062 0,063 0,062 0,062 0,062 0,062 0,062 0,062

dg/dzθS - -0,138 -0,195 -0,220 -0,209 -0,207 -0,207 -0,207 -0,207 -0,207 -0,207
dg/dβ - -0,288 -0,376 -0,494 -0,488 -0,484 -0,484 -0,484 -0,484 -0,484 -0,484
g(β) - 0,794 -0,262 -0,144 -0,007 -0,001 0,000 0,000 0,000 0,000 0,000
αR -0,447 -0,682 -0,421 -0,415 -0,427 -0,428 -0,428 -0,428 -0,428 -0,428 -0,428

αG 0,447 0,179 0,160 0,129 0,127 0,127 0,127 0,127 0,127 0,127 0,127
αQ 0,447 0,523 0,738 0,774 0,775 0,775 0,775 0,775 0,775 0,775 0,775
αθR -0,447 -0,205 -0,126 -0,124 -0,128 -0,129 -0,129 -0,129 -0,129 -0,129 -0,129
αθS 0,447 0,433 0,487 0,444 0,429 0,428 0,428 0,428 0,428 0,428 0,428
β 3,000 5,756 5,058 4,766 4,751 4,750 4,750 4,750 4,750 4,750 4,750
Pf 1,3E-03 4,3E-09 2,1E-07 9,4E-07 1,0E-06 1,0E-06 1,0E-06 1,0E-06 1,0E-06 1,0E-06 1,0E-06

sqrt[Σ(dg/dzi)
2] - 0,319 0,401 0,495 0,488 0,484 0,484 0,484 0,484 0,484 0,484

Σαi
2 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000

Rackwitz - Fiessler transformation of X Q

xQ* 1,268 1,764 2,268 2,326 2,324 2,323 2,322 2,322 2,322 2,322 2,322
FQ(xQ*) 9,04E-01 9,96E-01 1,00E+00 1,00E+00 1,00E+00 1,00E+00 1,00E+00 1,00E+00 1,00E+00 1,00E+00 1,00E+00
fQ(xQ*) 5,83E-01 2,67E-02 1,06E-03 7,30E-04 7,39E-04 7,47E-04 7,48E-04 7,48E-04 7,48E-04 7,48E-04 7,48E-04

sQ* 0,291 0,461 0,598 0,612 0,612 0,612 0,612 0,612 0,612 0,612 0,612
mQ* 0,887 0,548 0,119 0,068 0,070 0,072 0,072 0,072 0,072 0,072 0,072
VQ* 0,328 0,840 5,012 8,964 8,730 8,550 8,520 8,516 8,516 8,516 8,516

Iteration no.
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As seen in Table 8.4 the reliability index 𝛽𝛽 converges towards the targeted value 𝛽𝛽𝑡𝑡 = 4,75 already 
after six iteration steps.  

A simple illustration of the Rackwitz-Fiessler transformation of the random variable 𝑋𝑋𝑄𝑄, whose 
value at the design point is 𝑥𝑥𝑄𝑄∗  = 2,322 for this particular example, is given in Figure 8.3 below. 

  
Figure 8.3 Rackwitz-Fiessler transformation of 𝑋𝑋𝑄𝑄 at the value 𝑥𝑥𝑄𝑄∗  (design point) 

In order to see the intersection of the Gumbel c.d.f. 𝐹𝐹𝐺𝐺�𝑥𝑥𝑄𝑄� and p.d.f. 𝑓𝑓𝐺𝐺(𝑥𝑥𝑄𝑄) with the 
corresponding approximated normal distribution with c.d.f. 𝐹𝐹𝑚𝑚�𝑥𝑥𝑄𝑄� and p.d.f. 𝑓𝑓𝑚𝑚(𝑥𝑥𝑄𝑄) at the design 
point 𝑥𝑥𝑄𝑄 = 𝑥𝑥𝑄𝑄∗ , the boxed areas in Figure 8.3 are magnified, see Figure 8.4 and Figure 8.5 below. 

 
Figure 8.4 Magnification of the intersection 𝐹𝐹𝐺𝐺(𝑥𝑥𝑄𝑄) and 𝐹𝐹𝑚𝑚(𝑥𝑥𝑄𝑄) at 𝑥𝑥𝑄𝑄 = 𝑥𝑥𝑄𝑄∗   
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Figure 8.5 Magnification of the intersection 𝑓𝑓𝐺𝐺(𝑥𝑥𝑄𝑄) and 𝑓𝑓𝑚𝑚(𝑥𝑥𝑄𝑄) at 𝑥𝑥𝑄𝑄 = 𝑥𝑥𝑄𝑄∗  

Next, the model uncertainty of the load effect 𝑉𝑉𝜃𝜃𝑆𝑆 is varied between 0 and 0,3 according to the 
case study results, see Table 7.5 at the end of section 7.3. The variations of 𝑉𝑉𝜃𝜃𝑆𝑆 affects the 
reliability index 𝛽𝛽 according to Figure 8.6 below.  

 
Figure 8.6 Reliability index when 𝜑𝜑 = 0,50 for different 𝑉𝑉𝜃𝜃𝑆𝑆 ∈ [0; 0,3] 

The relation between the reliability index 𝛽𝛽 and the probability of failure 𝑃𝑃𝑖𝑖 is given by equation 
(5.2) and numerical values of 𝛽𝛽 and 𝑃𝑃𝑖𝑖 related to safety classes are given in Table 5.1.  

8.4.2 Variable load dominating 

In this example 75% of the total load consists of variable load 𝑄𝑄 and the remaining 25% is 
permanent load 𝐺𝐺, i.e. 𝜑𝜑 = 0,75 in equation (6.26). This partitioning of the loads is representative 
in the case when variable loads are dominating e.g. snow load on high-profiled steel sheeted roofs 
as in the assignment analyzed in chapter 7.  
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The factor 𝑐𝑐 in equation (6.26) was calibrated to be 𝑐𝑐 = 3,109 for 𝜑𝜑 = 0,75 in which the reliability 
index became 𝛽𝛽 = 4,750. The results of the iteration scheme, given in section 5.5, is presented in 
Table 8.5 below (see also Appendix E). 

Table 8.5 Hasofer-Lind’s reliability index for 𝜑𝜑 = 0,75 and 𝑉𝑉𝜃𝜃𝑆𝑆 = 0,1 

 
The relation between  𝑉𝑉𝜃𝜃𝑆𝑆 and 𝛽𝛽 for 𝑉𝑉𝜃𝜃𝑆𝑆 ∈ [0; 0,3] is illustrated in Figure 8.7 below. 

 
Figure 8.7 Reliability index when 𝜑𝜑 = 0,75 for different 𝑉𝑉𝜃𝜃𝑆𝑆 ∈ [0; 0,3] 

 

 

Start 1 2 3 4 5 6 7 8 9 10
dg/dzR - 0,261 0,195 0,261 0,260 0,257 0,257 0,257 0,257 0,257 0,257
dg/dzG - -0,029 -0,032 -0,031 -0,030 -0,030 -0,030 -0,030 -0,030 -0,030 -0,030
dg/dzQ - -0,250 -0,521 -0,643 -0,601 -0,592 -0,591 -0,591 -0,591 -0,591 -0,591
dg/dzθR - 0,078 0,059 0,078 0,078 0,077 0,077 0,077 0,077 0,077 0,077

dg/dzθS - -0,142 -0,273 -0,288 -0,262 -0,257 -0,257 -0,257 -0,257 -0,257 -0,257
dg/dβ - -0,340 -0,567 -0,754 -0,710 -0,700 -0,699 -0,699 -0,699 -0,699 -0,699
g(β) - 1,191 -0,779 -0,266 -0,018 -0,001 0,000 0,000 0,000 0,000 0,000
αR -0,447 -0,657 -0,313 -0,345 -0,366 -0,368 -0,368 -0,368 -0,368 -0,368 -0,368

αG 0,447 0,072 0,051 0,041 0,042 0,043 0,043 0,043 0,043 0,043 0,043
αQ 0,447 0,629 0,836 0,851 0,847 0,846 0,846 0,846 0,846 0,846 0,846
αθR -0,447 -0,197 -0,094 -0,104 -0,110 -0,110 -0,110 -0,110 -0,110 -0,110 -0,110
αθS 0,447 0,358 0,438 0,380 0,368 0,368 0,368 0,368 0,368 0,368 0,368
β 3,000 6,503 5,130 4,778 4,752 4,750 4,750 4,750 4,750 4,750 4,750
Pf 1,3E-03 3,9E-11 1,5E-07 8,9E-07 1,0E-06 1,0E-06 1,0E-06 1,0E-06 1,0E-06 1,0E-06 1,0E-06

sqrt[Σ(dg/dzi)
2] - 0,397 0,623 0,756 0,710 0,700 0,699 0,699 0,699 0,699 0,699

Σαi
2 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000

Rackwitz - Fiessler transformation of X Q

xQ* 1,268 2,080 2,644 2,568 2,540 2,537 2,537 2,537 2,537 2,537 2,537
FQ(xQ*) 9,04E-01 9,99E-01 1,00E+00 1,00E+00 1,00E+00 1,00E+00 1,00E+00 1,00E+00 1,00E+00 1,00E+00 1,00E+00
fQ(xQ*) 5,83E-01 3,54E-03 9,51E-05 1,55E-04 1,85E-04 1,88E-04 1,89E-04 1,89E-04 1,89E-04 1,89E-04 1,89E-04

sQ* 0,291 0,550 0,685 0,668 0,662 0,662 0,662 0,662 0,662 0,662 0,662
mQ* 0,887 0,284 -0,217 -0,148 -0,124 -0,121 -0,121 -0,121 -0,121 -0,121 -0,121
VQ* 0,328 1,935 -3,152 -4,509 -5,354 -5,472 -5,479 -5,479 -5,479 -5,479 -5,479

Iteration no.
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8.4.3 Permanent load dominating 

In this example 𝜑𝜑 = 0,25, i.e. 75% of the total load is permanent and 25% is variable, which is 
representative for e.g. a concrete floor exposed to imposed loads from people. The factor 𝑐𝑐 was 
calibrated to be 𝑐𝑐 = 2,219 in which 𝛽𝛽 = 4,750. The results of the iteration scheme, see section 5.5, 
is given in Table 8.6 below (see also Appendix E). 

Table 8.6 Hasofer-Lind’s reliability index for 𝜑𝜑 = 0,25 and 𝑉𝑉𝜃𝜃𝑆𝑆 = 0,1 

  
The relation between  𝑉𝑉𝜃𝜃𝑆𝑆 and 𝛽𝛽 for 𝑉𝑉𝜃𝜃𝑆𝑆 ∈ [0; 0,3] is illustrated in Figure 8.8.  

 

Start 1 2 3 4 5 6 7 8 9 10
dg/dzR - 0,186 0,149 0,165 0,165 0,165 0,165 0,165 0,165 0,165 0,165
dg/dzG - -0,086 -0,097 -0,100 -0,099 -0,099 -0,099 -0,099 -0,098 -0,098 -0,098
dg/dzQ - -0,083 -0,106 -0,121 -0,124 -0,125 -0,126 -0,127 -0,127 -0,127 -0,127
dg/dzθR - 0,056 0,045 0,049 0,049 0,049 0,049 0,049 0,049 0,049 0,049

dg/dzθS - -0,134 -0,158 -0,167 -0,165 -0,165 -0,165 -0,165 -0,165 -0,165 -0,165
dg/dβ - -0,244 -0,259 -0,286 -0,286 -0,287 -0,287 -0,287 -0,288 -0,288 -0,288
g(β) - 0,526 -0,085 -0,021 -0,001 0,000 0,000 0,000 0,000 0,000 0,000
αR -0,447 -0,704 -0,565 -0,575 -0,576 -0,575 -0,574 -0,574 -0,574 -0,573 -0,573

αG 0,447 0,324 0,368 0,349 0,346 0,344 0,343 0,343 0,343 0,342 0,342
αQ 0,447 0,315 0,399 0,422 0,432 0,437 0,440 0,441 0,442 0,442 0,442
αθR -0,447 -0,211 -0,170 -0,173 -0,173 -0,172 -0,172 -0,172 -0,172 -0,172 -0,172
αθS 0,447 0,506 0,597 0,582 0,576 0,575 0,574 0,574 0,574 0,573 0,573
β 3,000 5,157 4,828 4,755 4,751 4,750 4,750 4,750 4,750 4,750 4,750
Pf 1,3E-03 1,3E-07 6,9E-07 9,9E-07 1,0E-06 1,0E-06 1,0E-06 1,0E-06 1,0E-06 1,0E-06 1,0E-06

sqrt[Σ(dg/dzi)
2] - 0,265 0,264 0,287 0,286 0,287 0,287 0,287 0,288 0,288 0,288

Σαi
2 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000 1,000

Rackwitz - Fiessler transformation of X Q

xQ* 1,268 1,360 1,465 1,501 1,519 1,528 1,532 1,534 1,535 1,536 1,536
FQ(xQ*) 9,04E-01 9,46E-01 9,72E-01 9,78E-01 9,80E-01 9,81E-01 9,82E-01 9,82E-01 9,82E-01 9,82E-01 9,82E-01
fQ(xQ*) 5,83E-01 3,38E-01 1,77E-01 1,42E-01 1,27E-01 1,20E-01 1,17E-01 1,15E-01 1,14E-01 1,14E-01 1,14E-01

sQ* 0,291 0,325 0,363 0,375 0,381 0,384 0,386 0,387 0,387 0,387 0,387
mQ* 0,887 0,838 0,772 0,748 0,735 0,729 0,726 0,724 0,723 0,723 0,723
VQ* 0,328 0,388 0,470 0,502 0,519 0,528 0,532 0,534 0,535 0,536 0,536

Iteration no.
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Figure 8.8 Reliability index when 𝜑𝜑 = 0,25 for different 𝑉𝑉𝜃𝜃𝑆𝑆 ∈ [0; 0,3] 

8.5 Example: calibration of partial coefficients 
In this section the probabilistic results obtained in section 8.4 is conversed into deterministic 
partial coefficients according to the Eurocode code format. That is, partial coefficients 𝛾𝛾 for the 
resistance 𝑅𝑅, permanent load 𝐺𝐺 and variable load 𝑄𝑄 is calculated for the examples given in 
subsections 8.4.1 - 8.4.3 and according to the theory given in section 6.5, namely equations (6.29) 
– (6.31).  

The characteristic value 𝑅𝑅𝑘𝑘 is calculated using equation (6.6) with 𝑘𝑘𝑚𝑚 = -1,64, 𝐺𝐺𝑘𝑘 by using 
equation (6.2) and 𝑄𝑄𝑘𝑘 by using equation (6.5) with 𝑉𝑉 = 6,41 and 𝑈𝑈 = 0,91 according to section 
8.4. The means- and coefficients of variances is obtained from Table 8.3 and the results are 
compiled in Table 8.7 below.       

Table 8.7 Characteristic values of the random variables 𝑋𝑋𝑝𝑝 

Parameter Distrib. Char. 
Fractile 

Char. 
Value 

  [-] [%] [-] 
R LN 5 0,85 
G N 50 1,00 
Q GU 98 1,52 

 

The value of each random variable at the design point 𝑥𝑥𝑝𝑝∗ is calculated using equation (5.39) for 
the lognormally distributed resistance parameter 𝑅𝑅 and model uncertainties 𝜃𝜃𝑅𝑅 and 𝜃𝜃𝑆𝑆. For the 
normally distributed permanent load 𝐺𝐺 and the approximated normally distributed variable load 
𝑄𝑄 equation (5.38) is used instead. The mean- and coefficient of variance for 𝑄𝑄 is obtained from 
the Rackwitz – Fiessler transformations in Table 8.4 - Table 8.6 (for 𝑉𝑉𝜃𝜃𝑆𝑆 = 0,1) and for the 
remaining variables these values are taken from Table 8.3. The sensitivity factors 𝛼𝛼, for a target 
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reliability 𝛽𝛽𝑡𝑡 = 4,75 (safety class 3), associated with each input variable are also obtained from 
Table 8.4 - Table 8.6 for different load ratios 𝜑𝜑 but with 𝑉𝑉𝜃𝜃𝑆𝑆 = 0,1.  

Next, the model uncertainty 𝑉𝑉𝜃𝜃𝑆𝑆 is varied between 0,1 – 0,3 (according to the results in section 
7.3) against the same target reliability 𝛽𝛽𝑡𝑡 = 4,75 (for safety class 3) and for 𝜑𝜑 ∈ {0,25; 0,5; 0,75} 
in which different 𝛼𝛼-values are obtained. Thus, the values of each random variable at the design 
point 𝑥𝑥𝑝𝑝∗ is affected due to these variations, by equations (5.38) - (5.39), and consequently so is 
also the values of the partial coefficients 𝛾𝛾 according to equations (6.29) – (6.31). The value of 
the partial coefficients 𝛾𝛾𝑅𝑅, 𝛾𝛾𝐺𝐺 and 𝛾𝛾𝑄𝑄 for different load ratios 𝜑𝜑 and due to variations in the model 
uncertainty 𝑉𝑉𝜃𝜃𝑆𝑆 is presented in the following subsections 8.5.1 - 8.5.3, see Table 8.9, Table 8.11 
and Table 8.13. Analogously to the examples in subsection 8.4.1 and 8.4.3, and as mentioned at 
the beginning of section 8.4, calculated 𝛾𝛾-values for 𝜑𝜑 = 0,25 in the case when 0,2 < 𝑉𝑉𝜃𝜃𝑆𝑆 < 0,3 
are somewhat misleading, hence indicated with parenthesis in tables and with dashed lines in 
plots, see e.g. Table 8.13 and Figure 8.11. 

The values of 𝛾𝛾𝑅𝑅, in Table 8.9, Table 8.11 and Table 8.13, was calculated under the assumption 
that the characteristic value of the resistance parameter were defined as the 5% fractile. This is 
not always the case; e.g. the characteristic yield strength of steel is less than the 1% fractile 
(Boverket, 2007). That is, if the resistance parameter in equation (6.26) would be the 
characteristic yield strength of steel then one would have to adjust all partial coefficients, in 
equations (6.29) – (6.31), by a factor ≈ 1,1. Different values of 𝛾𝛾𝑅𝑅, or 𝛾𝛾𝑀𝑀, according to Eurocode 
is presented in Table 8.8 below.  

Table 8.8 Partial coefficients of resistance/material taken from Boverket (2015), SS-EN 1993-
1-1 (2005), SS-EN 1992-1-1 (2005) and SS-EN 1995-1-1 (2004) 

Resistance/material in ULS γ 
  [-] 
Steel    
Resistance of cross-sections whatever the class is 1,0 
Resistance of members to instability assessed by member 
checks 1,0 

Resistance of cross-sections in tension to fracture 1,0 
Resistance of joints (bolts and welds) 1,2 
Concrete (persistent & transistent design situations)   
Concrete 1,5 
Reinforcing steel 1,15 
Prestressing steel 1,15 
Wood    
Construction timber 1,3 
Glulam 1,25 
LVL, plywood, OSB 1,2 
Chipboard 1,3 
Fibreboard 1,3 
Joints 1,3 
Nail plate joints 1,25 
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Referring to Table 8.8 above, a general value of the resistance partial coefficient 𝛾𝛾𝑅𝑅 = 1,2 is 
assumed in order to obtain comparable results to Eurocode. That is, the calculated 𝛾𝛾-values in 
Table 8.9, Table 8.11 and Table 8.13 are adjusted such that 𝛾𝛾𝑅𝑅 = 𝛾𝛾𝑅𝑅

𝑚𝑚𝑑𝑑𝑗𝑗 = 1,2, see Table 8.10, 
Table 8.12 and Table 8.14.      

At the end of section 8.6 the results are analyzed. 

8.5.1 Variable and permanent load equal 

In this case 𝜑𝜑 = 0,5 and the factor 𝑐𝑐 in equation (6.26) was calibrated against a fixed target 
reliability 𝛽𝛽𝑡𝑡 = 4,75 for values of the model uncertainty 𝑉𝑉𝜃𝜃𝑆𝑆 between 0 – 0,3. The results are 
presented in Table 8.9 below. 

Table 8.9 Partial coefficients for 𝜑𝜑 = 0,50 and different  𝑉𝑉𝜃𝜃𝑆𝑆 ∈ [0; 0,3]   

        Vθs 
     γ 

0 0,1 0,2 0,3 

R 1,08 1,06 1,02 0,98 
G 1,06 1,30 2,07 3,55 
Q 1,71 1,87 2,38 3,30 

 

The 𝛾𝛾-values in Table 8.9 are adjusted such that 𝛾𝛾𝑅𝑅 = 𝛾𝛾𝑅𝑅
𝑚𝑚𝑑𝑑𝑗𝑗 = 1,2 and the results are shown in 

Table 8.10 below.  

Table 8.10 Adjusted partial coefficients for 𝜑𝜑 = 0,50 and different  𝑉𝑉𝜃𝜃𝑆𝑆 ∈ [0; 0,3]   

        Vθs 
     γ 

0 0,1 0,2 0,3 

Radj 1,20 1,20 1,20 1,20 
Gadj 0,96 1,15 1,76 2,91 
Qadj 1,54 1,65 2,02 2,70 

 

The results given in Table 8.9 and Table 8.10 is plotted in Figure 8.9 below. 
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Figure 8.9 Partial coefficients when 𝜑𝜑 = 0,50 for different 𝑉𝑉𝜃𝜃𝑆𝑆 ∈ [0; 0,3] 

8.5.2 Variable load dominating 

Analogously to section 8.5.1, the values of the partial coefficients 𝛾𝛾 due to variations in the model 
uncertainty 𝑉𝑉𝜃𝜃𝑆𝑆 is presented in Table 8.11 below for 𝛽𝛽𝑡𝑡 = 4,75 but 𝜑𝜑 = 0,75, i.e. the variable load 
is 75% of the total load. 

Table 8.11 Partial coefficients for 𝜑𝜑 = 0,75 and different  𝑉𝑉𝜃𝜃𝑆𝑆 ∈ [0; 0,3]   

        Vθs 
     γ 

0 0,1 0,2 0,3 

R 1,04 1,03 1,00 0,97 
G 1,02 1,22 1,84 3,08 
Q 1,81 1,99 2,55 3,57 

 

The results of the adjustments of the 𝛾𝛾-values in Table 8.11 is shown in Table 8.12 below. 

Table 8.12 Adjusted partial coefficients for 𝜑𝜑 = 0,75 and different  𝑉𝑉𝜃𝜃𝑆𝑆 ∈ [0; 0,3]   

        Vθs 
     γ 

0 0,1 0,2 0,3 

Radj 1,20 1,20 1,20 1,20 
Gadj 0,89 1,04 1,53 2,49 
Qadj 1,57 1,70 2,12 2,88 

 

The results from Table 8.11 and Table 8.12 are plotted in Figure 8.10 below. 
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Figure 8.10 Partial coefficients when 𝜑𝜑 = 0,75 for different 𝑉𝑉𝜃𝜃𝑆𝑆 ∈ [0; 0,3] 

8.5.3 Permanent load dominating 

In this case the permanent load is the largest proportion of the total load. That is, 𝜑𝜑 = 0,25 and 
the partial coefficients 𝛾𝛾 due to variations in the model uncertainty 𝑉𝑉𝜃𝜃𝑆𝑆 is presented in Table 8.13 
below.  

Table 8.13 Partial coefficients for 𝜑𝜑 = 0,25 and different  𝑉𝑉𝜃𝜃𝑆𝑆 ∈ [0; 0,3]   

        Vθs 
     γ 

0 0,1 0,2 (0,3) 

R 1,20 1,14 1,05 (0,99) 
G 1,18 1,53 2,47 (4,02) 
Q 1,25 1,33 1,78 (2,72) 

 

The adjusted 𝛾𝛾-values, of Table 8.13, is shown in Table 8.14 below. 

Table 8.14 Adjusted partial coefficients for 𝜑𝜑 = 0,25 and different  𝑉𝑉𝜃𝜃𝑆𝑆 ∈ [0; 0,3]   

        Vθs 
     γ 

0 0,1 0,2 (0,3) 

Radj 1,20 1,20 1,20 (1,20) 
Gadj 1,17 1,45 2,16 (3,33) 
Qadj 1,25 1,26 1,56 (2,25) 

 

The results given in Table 8.13 and Table 8.14 are plotted in Figure 8.11 below. 
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Figure 8.11 Partial coefficients when 𝜑𝜑 = 0,25 for different 𝑉𝑉𝜃𝜃𝑆𝑆 ∈ [0; 0,3] 

8.6 Analysis 
The sensitivity factors 𝛼𝛼, obtained in Table 8.4 - Table 8.6, are compiled in Table 8.15 below and 
plotted in Figure 8.12.   

Table 8.15 Compilation of sensitivity factors 𝛼𝛼 for different 𝜑𝜑’s 

ϕ 0,25 0,5 0,75 
αR -0,573 -0,428 -0,368 
αG 0,342 0,127 0,043 
αQ 0,442 0,775 0,846 
αθR -0,172 -0,129 -0,110 
αθS 0,573 0,428 0,368 
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Figure 8.12 Plot of sensitivity factors 𝛼𝛼 for different 𝜑𝜑’s 

As seen in Table 8.15, and Figure 8.12, the variable load 𝑄𝑄 is, in general, the variable that most 
influence the overall failure probability 𝑃𝑃𝑖𝑖. This is due to the large coefficient of variance of the 
variable load 𝑉𝑉𝑄𝑄 = 0,20, see Table 8.3. As 𝜑𝜑 increases the variable load 𝑄𝑄 becomes a major part 
of the total load and the effects of the large 𝑉𝑉𝑄𝑄 becomes more eminent. Thus, the sensitivity factor 
associated with the variable load 𝛼𝛼𝑄𝑄 increases monotonically with increased 𝜑𝜑-values, see Figure 
8.12. 

Referring to Table 8.15 we also conclude that the sensitivity factors of the model uncertainties 
related to the load effects 𝛼𝛼𝜃𝜃𝑆𝑆 are greater than the model uncertainty related to the resistance 𝛼𝛼𝜃𝜃𝑅𝑅 , 
i.e. �𝛼𝛼𝜃𝜃𝑆𝑆� > �𝛼𝛼𝜃𝜃𝑅𝑅�. Analogously to the previous case, it’s because the assumed representative 
values of the corresponding coefficients of variances differs, i.e. 𝑉𝑉𝜃𝜃𝑆𝑆 = 0,10 > 𝑉𝑉𝜃𝜃𝑅𝑅 = 0,03 in Table 
8.3. In general, a larger model uncertainty is associated with the load effect variables 𝑆𝑆 than the 
resistance variables 𝑅𝑅. This is because many calculation models that includes resistance 
parameters can be verified, e.g. using measurements from laboratory tests, while load models are 
not as easily tested. However, there are situations in which the assumption of a larger value of  
𝑉𝑉𝜃𝜃𝑅𝑅 is justified e.g. Euler buckling of a column due to axial, compressive, load.  

The numerical 𝛽𝛽-values of the plots in Figure 8.6 - Figure 8.8 are compiled in Table 8.16 below.   

Table 8.16 Reliability indices 𝛽𝛽 for different 𝜑𝜑 and 𝑉𝑉𝜃𝜃𝑆𝑆   

        Vθs 
     ϕ 

0 0,1 0,2 0,3 

0,25 5,703 4,750 3,332 (2,445) 
0,5 5,245 4,750 3,756 2,869 
0,75 5,111 4,750 3,998 3,238 
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Referring to Table 8.16 it’s concluded that when 𝑉𝑉𝜃𝜃𝑆𝑆 > 0,10 then 𝛽𝛽 < 𝛽𝛽𝑡𝑡, i.e. the obtained 
reliability index 𝛽𝛽 is less than the targeted one 𝛽𝛽𝑡𝑡 = 4,75 for all 𝜑𝜑’s. Moreover, the negative 
impact on the structural reliability due to variations in 𝑉𝑉𝜃𝜃𝑆𝑆 is more eminent once the permanent 
load 𝐺𝐺 dominates the variable load 𝑄𝑄. Intuitively, one might think that this effect would be more 
substantial for a dominating variable load, i.e. for 𝜑𝜑 = 0,75 instead of 𝜑𝜑 = 0,25. However, since 
𝑉𝑉𝑄𝑄 is large the additional effects of increasing the model uncertainty 𝑉𝑉𝜃𝜃𝑆𝑆, when the variable load 
already is the dominant one, is relatively small in context. On the contrary, when 𝜑𝜑 = 0,25, the 
influence of the large coefficient of variance 𝑉𝑉𝑄𝑄 on the failure probability is less eminent. Hence, 
the impacts of an increased model uncertainty 𝑉𝑉𝜃𝜃𝑆𝑆 on the reliability becomes significant. 

Referring to Table 7.5 and the 95 % confidence intervals of the model uncertainties 𝑉𝑉𝜃𝜃𝑆𝑆 associated 
with the various load types analyzed in this study; we note that: if the shear flow calculations are 
excluded, see discussion at the beginning of section 7.4, it’s only in the case of horizontal actions 
that the superior values of 𝑉𝑉𝜃𝜃𝑆𝑆 is greater than 0,2. Since horizontal loads are exclusively variable 
loads this is true for 𝜑𝜑 = 0,75 although the permanent load, in some cases, may give rise to a 
horizontal load contribution due to misalignments of columns. However, these horizontal effects 
are usually small thus the permanent load is generally considered as a vertical action. 
Consequently, when the permanent load is the leading one, i.e. for 𝜑𝜑 = 0,25, the main fraction of 
the total load acts in a vertical direction thus the superior values 𝑉𝑉𝑠𝑠𝑠𝑠𝑝𝑝 is less than 0,14. For 𝜑𝜑 = 
0,50 the total load consists of equal parts of permanent- and variable load and one might argue 
that a similar, but less pronounced, reasoning should be applied. However, it’s left to the reader 
to consider.  

Regarding section 8.5 the results in Table 8.10, Table 8.12 and Table 8.14 has been compiled in 
Table 8.17 below.  

Table 8.17 Compilation of adjusted partial coefficients for different 𝜑𝜑’s and 𝑉𝑉𝜃𝜃𝑆𝑆 ∈ [0; 0,3]   

        Vθs 
     γ 

0 0,1 0,2 0,3 

ϕ = 0,25         
Radj 1,20 1,20 1,20 (1,20) 
Gadj 1,17 1,45 2,16 (3,33) 
Qadj 1,25 1,26 1,56 (2,25) 

ϕ = 0,50         
Radj 1,20 1,20 1,20 1,20 
Gadj 0,96 1,15 1,76 2,91 
Qadj 1,54 1,65 2,02 2,70 

ϕ = 0,75        
Radj 1,20 1,20 1,20 1,20 
Gadj 0,89 1,04 1,53 2,49 
Qadj 1,57 1,70 2,12 2,88 
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Referring to table B-3 in EKS 10 (Boverket, 2015) and equations (6.10a) and (6.10b), for 
persistent and transient design situations in ultimate limit state and for safety class 3 (𝛾𝛾𝑑𝑑 = 1,0) 
with the permanent load as unfavorable, following values of the partial coefficients are presented, 
see Table 8.18. 

Table 8.18 Partial coefficients according to EKS 10 (Boverket, 2015)  

Eqn. Leading 
load γG γQ 

    [-] [-] 
6.10a G 1,35 1,5ψ0 
6.10b Q 1,20 1,5 

 

The load combination factor 𝜓𝜓0 in Table 8.18 associated with the unspecified, but Gumbel 
distributed, variable load 𝑄𝑄 may, for example, take following values: 

• For wind actions 𝜓𝜓0 = 0,3 in which 𝛾𝛾𝑄𝑄 = 0,45. 
• For snow actions 𝜓𝜓0 = 0,7 (Stockholm) in which 𝛾𝛾𝑄𝑄 = 1,05 

Referring to Table 8.17 and Table 8.18 equation (6.10a) should be compared against 𝜑𝜑 = 0,25, 
i.e. permanent load leading, and equation (6.10b) against the case when variable load is leading, 
i.e. 𝜑𝜑 = 0,75. In the former case, i.e. 𝐺𝐺 as the leading load (𝜑𝜑 = 0,25), the partial coefficients 
given in EKS 10 (see Table 8.18) is in rather good agreement with the calculated partial 
coefficients for 𝑉𝑉𝜃𝜃𝑆𝑆 ≤ 0,1. Same applies to the latter case when 𝑄𝑄 is the leading load (𝜑𝜑 = 0,75), 
i.e. the agreement is good for 𝑉𝑉𝜃𝜃𝑆𝑆 ≤ 0,1. However, if the model uncertainty 𝑉𝑉𝜃𝜃𝑆𝑆 increase so does 
the partial coeffecients 𝛾𝛾 in order to maintain the failure probability at the targeted value of safety 
class 3 (𝛽𝛽 = 4,75).  
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9 DISCUSSION AND CONCLUSIONS 

The objective of this thesis was to assess how variations in the calculated load effects, due to 
assumptions- and simplifications but also due to the designers’ interpretation of codes- and given 
conditions, affects the reliability of a structural element in ultimate limit state and for a targeted 
safety class 3. The statistical basis for the analysis was a case study, in which 49 structural 
engineers all performed the same task of calculating loads- and load effects acting on an industrial 
single-storey building in steel.    

A 95 % confidence interval for the coefficient of variance of the calculated load effects, defined 
in this thesis as the model uncertainty due to the designers’ choice 𝑉𝑉𝜃𝜃𝑆𝑆, was constructed on the 
statistical basis of the case study. It was shown that 𝑉𝑉𝜃𝜃𝑆𝑆 varies somewhat between 0 – 0,3 
depending on load combination- and type. The horizontal load effects were shown to be more 
dispersed, 0,11 ≤ 𝑉𝑉𝜃𝜃𝑆𝑆 ≤ 0,28, while the vertical load effects were less dispersed 0,06 ≤ 𝑉𝑉𝜃𝜃𝑆𝑆 ≤ 
0,14.   

A probabilistic level 2 method, namely the First Order Reliability Method using Hasofer-Lind’s 
search algorithm for finding the unknown design point, was applied to a simple example of a 
limit state function including one lognormally resistance variable, two load variables (one 
Gumbel distributed variable load and one normally distributed permanent load) with lognormally 
distributed model uncertainties on both the load- and resistance variables. Depending on the ratio 
𝜑𝜑 of the permanent- and variable loads, 𝜑𝜑 ∈ {0,25; 0,50; 0,75} was investigated, it was concluded 
that variations in the model uncertainty 𝑉𝑉𝜃𝜃𝑆𝑆 ∈ {0; 0,1; 0,2; 0,3} increases the failure probability 
thus decrease the reliability index 𝛽𝛽. For example, when the variable load is the leading one, i.e. 
𝜑𝜑 = 0,75 (75% of the total load is variable), and 𝑉𝑉𝜃𝜃𝑆𝑆 = 0,3 then 𝛽𝛽 ≈ 3,24 as compared to 𝛽𝛽𝑡𝑡 = 
4,75 for the target reliability index of safety class 3. That is, a 32% reduction. 

The negative effects of increasing 𝑉𝑉𝜃𝜃𝑆𝑆, in terms of a decreased reliability index 𝛽𝛽, is more eminent 
in the case when the major part of the total load is permanent, i.e. 𝜑𝜑 = 0,25. Increasing 𝑉𝑉𝜃𝜃𝑆𝑆 from 
0,1 to 0,2 decreases the reliability index by 30% (compared to 16% for 𝜑𝜑 = 0,75). 

Translating these probabilistic results into deterministic partial coefficients 𝛾𝛾, according to 
Eurocodes code format, it was concluded that only in the case when 𝑉𝑉𝜃𝜃𝑆𝑆 ≤  0,1 the calculated 
partial coefficients and the partial coefficients given in Eurocode was somewhat in good 
agreement. However, for 𝑉𝑉𝜃𝜃𝑆𝑆 > 0,2 excessively large values of the partial coefficients are needed 
to maintain the targeted failure probability of safety class 3. E.g. for a leading variable load (𝜑𝜑 = 
0,75) then 𝛾𝛾𝑄𝑄 = 1,5 according to Eurocode and the calculated value 𝛾𝛾𝑄𝑄 = 2,9 when 𝑉𝑉𝜃𝜃𝑆𝑆 = 0,3. 

In the analysis, statistical outliers (i.e. values outside 1,5∙ 𝐼𝐼𝑄𝑄𝑅𝑅) was excluded. Even though these 
worst, or gross, errors were excluded it was shown that even relatively small increments of the 
model uncertainty, related to the designers’ choice, increases the failure probability and 
consequently lower the reliability index. Therefore, it is concluded that precautions must be taken 
to avoid unfavorable deviations in the load effect calculations. According to the case study 27% 
of the total errors was due to slips and 22% due to violations, i.e. due to lack of better knowledge 
and consequence thinking. These types of errors would most certainly be detected by a simple 
calculation review. Moreover, a reviewer would most certainly also detect those situations in 
which necessary design verifications was forgotten or not explicitly reported, e.g. in the case 
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study 14% failed to explicitly verify the roof against the maximum vertical load in ultimate limit 
state. 

The remaining half of the total errors were rule- and knowledge based, i.e. errors due to e.g. work 
overload, lack of knowledge- and awareness owing to unfamiliar situations. Embrey (2016) 
suggested that these types of errors can be reduced by increasing the feedback flow between 
individuals who are familiar- and not familiar to the situation in question, but also to assign more 
time to the specific task in the cases when the situation is unfamiliar to the designer.  

The steel certification scheme, initiated by SBI, is such an activity that increases the knowledge- 
and awareness of learning engineers by increasing the feedback flow between individuals who 
are familiar (the teachers) and unfamiliar (the participants) to various situations related to steel 
structural design. Furthermore, it must be stated that the errors that were analyzed in this thesis 
belonged to the first submission of this, for many participants, unfamiliar task. Thus, any errors 
were corrected at a later stage and re-submitted for the participant to pass the course. It should 
also be mentioned that some students did not finish the course and thereby did not receive a 
certificate. After all, the course places high demands on its participants.  

At this point, it must also be stated that the examples calculated in this thesis were calibrated 
against a target reliability 𝛽𝛽𝑡𝑡 which corresponds to 100 % utilization of the structural element. In 
practice, however, the usage ratio is seldom at 100%, e.g. since standard profiles are used. That 
is, 𝛽𝛽 > 𝛽𝛽𝑡𝑡 in which a built-in safety margin is obtained. 

9.1 Suggestions for future research 
Further, and more extensive, studies of this kind are suggested for future works. To better 
understand the characteristics of the variations related to the designers’ choice, a broader and 
more general statistical basis is required for the analysis. This thesis included only certain types 
of loads and conditions, as well as only one type of construction works and the results from only 
one kind of audience, that is engineers with about five to eight years of working experience. 
Further studies should also consider the relation between the variation in the model uncertainty 
and the utilization of the building component in question. This is because the utilization rate, in 
many cases, is not exhausted (e.g. due to the use of standard profiles) and consequently the 
entrained safety margin covers, for example, the effects of model uncertainty.  

In other, more complex structures such as bridges and arena structures, many of the components 
are designed with a usage ratio close to 100% in the ultimate limit state. In such cases, a large 
model uncertainty could have a major impact on the failure probability. On the other hand, the 
designer is generally more accurate in such kind of calculations and, usually, the degree of checks 
is considerably more extensive, i.e. these kinds of errors are detected. 
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APPENDIX A 

Some common p.d.f.’s taken from JCSS (2001). 
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APPENDIX B 

The design assignment from SBIs certification course.  
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APPENDIX C 

Errors made in the assignment divided according to the SRK model (Embrey, 2016). 

Skill-based:  

S1. Has incorrectly multiplied the load with the length of the building rather than the width of the 
building when calculating the horizontal line load component, due to global misalignment, acting 
on the long side of the building. And vice versa for the short side. 

S2. Incorrect interpolation of the external pressure coefficient (wind). 

S3. Correct formula but incorrect input values.  

S4. Incorrect partial coefficient or has forgotten to include it.  

S5. Incorrect load combination factor.  

S6. Incorrect horizontal load going into the columns/roof sheet by using incorrect distances 
between the columns.  

S7. Incorrect leading load when calculating the effects of global misalignments.  

S8. Has incorrectly mixed the values of the internal- and external pressure coefficients or 
combined them in an incorrect way.  

Rule-based:  

R1. Has misused the formula for global misalignments.  

R2. Has used external- or internal pressure coefficients that does not exist.  

R3. Has incorrectly assumed open, or leeking, portals when calculating the internal pressure 
coefficient. 

R4. Has incorrectly reduced the self-weight according to safety class when the self-weight acts 
in a favorable manner (LC-B2).  

R5. Incorrect contributing length of the loaded section when calculating shear flow in the roof 
sheet, support reactions (global stabilization bracings) or axial forces in e.g. edge beam.   

R6. Has incorrectly assumed safety class 2 for the framework or other elements included in the 
global stabilization. 

R7. Has, in an incorrect way, included horizontal load due to wind friction.  

R8. Has misused the formula for peak wind velocity pressure.  

R9. Incorrect reduction of the horizontal load, due to lack of correlation between windward- and 
leeward side, when designing against local effects such as e.g. shear flow acting on a roof section.  

R10. Has incorrectly assumed load combination for equilibrium EQU.  

R11. Has incorrectly included terms in the load combination formula that does not belong.  
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Knowledge based: 

K1. Has not used the concept of contributing length when calculating shear flow (for wind acting 
on the short side of the building) but instead divided the roof into two equally large parts and 
assumed equilibrium.   

K2. Has incorrectly added a shear flow contribution originating from the stabilizing bracings in 
the wall.  

K3. Has incorrectly divided the horizontal load, acting on the roof sheet, as 50% on windward- 
and 50% on leeward side respectively when calculating the shear flow. Alternatively, has 
assumed 50% of the load going into each wall bracing in the case of wind acting on the short 
side.   

K4. Has incorrectly divided the horizontal load, acting on the roof sheet, as 70% on windward- 
and 30% on leeward side respectively when calculating the shear flow. Alternatively, has 
assumed 70% of the load going into the wall bracing closest to the windward side and 30% going 
into the wall bracing closest to leeward side in the case of wind acting on the short side.   

K5. Has incorrectly assumed that the horizontal load on windward- and leeward side respectively, 
is going into the closest wall bracing in the case of wind acting on the short side.  

K6. Incorrect calculation of design shear flow, due to incorrect static equilibrium arrangement.    

K7. Incorrectly included wall bracings on the long side of the building at the location of the 
portals.  

Violations: 

V1. Has not included the additional horizontal load contribution due to global misalignment of 
the columns.  

V2. Has not included internal pressure coefficient.  

V3. Has chosen the largest external pressure coefficient to represent the whole roof.  

V4. Has not included vertical wind load in those load combinations in which it should have been 
included.  

V5. Obscure calculations. It’s not possible to understand the reasoning or interpret the 
calculations.  

V6. Unjustifiably (large) round-off of the calculated value in order to be one the safe side.  
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APPENDIX D 

Annual snow depths in Stockholm between 1904/05 – 2013/14 taken from SMHI (Wern, 2015). 
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APPENDIX E 

The expressions for the random variables at the design point, their derivatives and the limit state 
function used in Hasofer-Lind’s iteration scheme. 
 
Random variables: 

𝑋𝑋𝑅𝑅 = 𝑚𝑚𝑅𝑅𝑒𝑒𝑍𝑍𝑅𝑅𝑉𝑉𝑅𝑅 = 𝑚𝑚𝑅𝑅𝑒𝑒𝛼𝛼𝑅𝑅𝛽𝛽𝑉𝑉𝑅𝑅 

𝑋𝑋𝐺𝐺 = 𝑚𝑚𝐺𝐺(1 + 𝑍𝑍𝐺𝐺𝑉𝑉𝐺𝐺) = 𝑚𝑚𝐺𝐺(1 + 𝛼𝛼𝐺𝐺𝛽𝛽𝑉𝑉𝐺𝐺) 

𝑋𝑋𝑄𝑄 = 𝑚𝑚𝑄𝑄
∗ �1 + 𝑍𝑍𝑄𝑄𝑉𝑉𝑄𝑄∗� = 𝑚𝑚𝑄𝑄

∗ (1 + 𝛼𝛼𝑄𝑄𝛽𝛽𝑉𝑉𝑄𝑄∗) 

𝑋𝑋𝜃𝜃𝑅𝑅 = 𝑚𝑚𝜃𝜃𝑅𝑅𝑒𝑒
𝑍𝑍𝜃𝜃𝑅𝑅𝑉𝑉𝜃𝜃𝑅𝑅 = 𝑚𝑚𝜃𝜃𝑅𝑅𝑒𝑒

𝛼𝛼𝜃𝜃𝑅𝑅𝛽𝛽𝑉𝑉𝜃𝜃𝑅𝑅  

𝑋𝑋𝜃𝜃𝑆𝑆 = 𝑚𝑚𝜃𝜃𝑆𝑆𝑒𝑒
𝑍𝑍𝜃𝜃𝑆𝑆𝑉𝑉𝜃𝜃𝑆𝑆 = 𝑚𝑚𝜃𝜃𝑆𝑆𝑒𝑒

𝛼𝛼𝜃𝜃𝑆𝑆𝛽𝛽𝑉𝑉𝜃𝜃𝑆𝑆  

 
Limit state function: 

𝑔𝑔 = 𝑐𝑐𝑋𝑋𝜃𝜃𝑅𝑅𝑋𝑋𝑅𝑅 − 𝑋𝑋𝜃𝜃𝑆𝑆((1− 𝜑𝜑)𝑋𝑋𝐺𝐺 + 𝜑𝜑𝑋𝑋𝑄𝑄) 

    = 𝑐𝑐𝑚𝑚𝜃𝜃𝑅𝑅𝑒𝑒
𝑍𝑍𝜃𝜃𝑅𝑅𝑉𝑉𝜃𝜃𝑅𝑅𝑚𝑚𝑅𝑅𝑒𝑒𝑍𝑍𝑅𝑅𝑉𝑉𝑅𝑅 − 𝑚𝑚𝜃𝜃𝑆𝑆𝑒𝑒

𝑍𝑍𝜃𝜃𝑆𝑆𝑉𝑉𝜃𝜃𝑆𝑆�(1− 𝜑𝜑)𝑚𝑚𝐺𝐺(1 + 𝑍𝑍𝐺𝐺𝑉𝑉𝐺𝐺) + 𝜑𝜑𝑚𝑚𝑄𝑄
∗ (1 + 𝑍𝑍𝑄𝑄𝑉𝑉𝑄𝑄∗)�  

    = 𝑐𝑐𝑚𝑚𝜃𝜃𝑅𝑅𝑒𝑒
𝛼𝛼𝜃𝜃𝑅𝑅𝛽𝛽𝑉𝑉𝜃𝜃𝑅𝑅𝑚𝑚𝑅𝑅𝑒𝑒𝛼𝛼𝑅𝑅𝛽𝛽𝑉𝑉𝑅𝑅 − 𝑚𝑚𝜃𝜃𝑆𝑆𝑒𝑒

𝛼𝛼𝜃𝜃𝑆𝑆𝛽𝛽𝑉𝑉𝜃𝜃𝑆𝑆�(1 − 𝜑𝜑)𝑚𝑚𝐺𝐺(1 + 𝛼𝛼𝐺𝐺𝛽𝛽𝑉𝑉𝐺𝐺) + 𝜑𝜑𝑚𝑚𝑄𝑄
∗ (1 + 𝛼𝛼𝑄𝑄𝛽𝛽𝑉𝑉𝑄𝑄∗)�  

 
Derivatives: 

𝜕𝜕𝑔𝑔
𝜕𝜕𝑧𝑧𝑅𝑅
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