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Sammanfattning 

Under senare år har mycket forskning ägnats åt att förstå egenskaperna hos svällande leror som 
används för att skydda mot läckage av föroreningar från kontaminerade områden och från 
framtida slutförvar av radionuklider. Den fria svällningen förorsakas av de starka osmotiska 
krafter som uppstår när vatten tränger in mellan de tunna elektriskt negativt laddade 
lermineralskikten och löser de laddningskompenserande jonerna i det diffusa dubbelskiktet. I 
flera arbeten användandes av sk. kontinuum-teori har vattenmolekylens form, specifika 
orientering och bindning till katjonerna i de nanometerstora utrymmen mellan lerpartiklarna ej 
beaktats samt ej heller hur de hydratiserade jonerna orienteras på de atomärt ojämna ytorna. 
Detta möjliggörs dock genom modellering av de enskilda atomernas och jonernas interaktioner 
med molekyldynamik simuleringar, MD. I detta arbete har programmet Gromacs använts 
tillsammans med kraftfältet CLAYFF för att studera dessa fenomen i montmorillonitleror med 
natrium- och kalciumjoner. Simuleringarna visar att natrium bildar transienta innersfärkomplex 
vilka orienterar sig i bi-triangulära fördjupningar på ytan, ungefär 3.8 Å från mitt-planet mellan 
lerytorna. Denna orientering observeras ända upp till att avståndet mellan ytorna ökat till större 
än motsvarande fem lager vattenmolekyler mellan lerpartiklarnas ytor. Detta sker inte med 
kalcium, oberoende av avståndet mellan ytorna. Natriumjoner koordineras med fyra 
vattenmolekyler och en syreatom på leran vid ett lager vatten mellan ytorna och med fem till 
sex vattenmolekyler, ortogonalt orienterade med ökande mängd vatten mellan ytorna, och med 
en hydratiserad jon-radie av 3.1 Å. Kalcium koordinerar till sju vattenmolekyler vid ett 
vattenlager mellan ytorna, men ökar till åtta ortogonalt orienterade vattenmolekyler med en 
jonradie på 3.3 Å vid större avstånd. Generellt visas att när avståndet mellan lerytorna är 
mindre än ca 10 Å, deformeras de annars symmetriskt hydratiserade jonerna. En jämförelse 
mellan MD simuleringar och med klassisk täthetsfunktionalteori, DFT, visar att den senare inte 
kan beskriva hur yttersfärkomplexen samverkar med laddningarna bundna närmast ytan, dvs i 
Stern-lagret.  
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Abstract 

The swelling properties of Bentonite are highly affected by clay content and the clay-water 
interactions that arise from the ion distribution in the diffuse double layer formed near the 
charged montmorillonite (or smectite) surfaces. Existing continuum models describing the 
electric double layers, such as classical Poisson-Boltzmann and DLVO theory, ignore the ion-
ion correlations, which are especially important for multivalent ions at high surface charge and 
ionic strength. To better understand the clay-water interactions, atomistic models were 
developed using both density functional theory of fluids (DFT) as well as classical molecular 
dynamics (MD) methods. In order to increase our understanding of water-saturated, swelling 
smectite clays, a DFT, technique was initially developed that allowed more accurate predictions 
of important thermodynamic properties of the diffuse double layers. This DFT approach was 
then extended to handle systems with mixtures of different sizes and charges. The extended 
DFT model was verified against experiments and Monte-Carlo simulations. One practical 
application was to predict the ion exchange equilibria in Bentonite clays, which have wide 
practical usage in different areas. Nevertheless, in the DFT work it was realized that DFT 
demands that the particles, ions in this case, which are described as hard spheres, realistically 
cannot be described as such at low water loadings, when ion specific hydration forces govern 
the electric double layer properties. To study how the deformation of the hydration shells of 
Ca2+ influences the properties of compacted smectite clays, MD simulations using the CLAYFF 
forcefield were employed in order to account for the deformation of the hydration shells. 
Comparisons of DFT and MD modeling then allowed to demonstrate under which conditions 
DFT modeling becomes increasingly inaccurate and when it still can give accurate results. 

Keywords: Clay minerals, Bentonite, density functional theory, molecular dynamics, 
GROMACS, electric double layer, electrolytes, ionic liquids, primitive model, CLAYFF 
forcefield.  
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1. Introduction 

Bentonite clays consist to a large part of montmorillonite (or smectite) particles made up of an 
Al2O3 (octahedral) layer sandwiched between two SiO4 (tetrahedral) layers, called TOT layers, 
which have a unique chemistry that is characterized by isomorphic substitutions in the SiO4 and 
Al2O3 layers. These substitutions lead to a net negative charge on the clay sheets and these 
negative charges are compensated by cations, and other charged complexes, in the interlayer 
pore space and the external pore space forming a so-called diffuse double layer. Anions are 
repelled by the negative charges of the clay minerals and are principally excluded from the 
diffuse double layer. The latter phenomenon is well known as anion exclusion and has been 
observed in soils, clay rocks and in compacted bentonite. Depending on the type of structural 
substitution and net charge, the clay may expand when it is in contact with water and provide a 
suitable host for a variety of intercalates. Therefore clay minerals are important materials in 
many technical applications. For example, bentonite clays containing substantial fractions of 
montmorillonite (MMT) are often invoked as ideal sealing materials and potential host rocks 
for the disposal of toxic waste and radioactive waste materials.  

Bentonite has been considered for use in radioactive waste repositories, for instance, in the 
KBS-3 disposal concept as an engineered barrier between the copper canister and the bedrock 
for nuclear waste repositories in Sweden (SKB, 2006). The dry clay is compacted when 
emplaced but intruding water makes it swell. One needs to know the swelling pressure as 
function of water content, salt concentration in the bulk and type of cations in the aqueous 
systems. In low ionic strength waters the clays swell and can produce sol that could be carried 
away decreasing the protecting strength for the radioactive waste. We need to know under what 
conditions sols can form. The clays also delay release of radionuclides by ion exchange. 
Therefore, it is important to understand ion-exchange capacity and equilibria. 

Furthermore, bentonite exhibits low hydraulic permeability, such that molecular diffusion 
dominates solute transport. Bentonite strongly sorbs (cationic) contaminants. There are 
indications, however, that some sorbed cations are not fully immobilized and thus contribute to 
the overall cation flux through the clay. Surface diffusion of cations reduces their retardation 
and increases the risk of pollution. Diffusion of sorbed cations is, however, a controversial 
issue, and other processes reducing the retardation such as kinetic sorption and sorption 
competition could also be responsible for the observations. In radioactive waste repositories it 
is needed to predict these properties for extremely long times and under water composition 
conditions that will change considerably over time one needs to have a fundamental 
understanding of the involved processes, which cannot be gained only by direct experiments. 

Specific problems of interest are swelling as influenced by ion concentration in pore water, 
especially why the presence of divalent Ca2+ makes the sheets collapse to stacks, whereas Na+ 
always causes expansion. The question of critical coagulation concentration, CCC, ion 
exchange equilibria and how selectivity can vary with degree of compaction (distance between 
sheets) is of considerable interest. In order to understand clay swelling, the nonlinear Poisson-
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Boltzmann (PB) theory has commonly been used to describe the structural and thermodynamic 
properties of the electric double layer (EDL), to address these practical problems. It has been 
found to be successful for the case with weak coupling strength (Moreira and Netz, 2000), i.e., 
low ionic strength and low surface-charged density. In general this is not the case, therefore the 
need to account for the electrostatic correlations and the steric effects have led to the 
development of different theories and computational approaches over recent years. These 
theories of EDL include the modified PB equation (Borukhov et al., 1997), the integral 
equation method (Lozada-Cassou and Saavedra-Barrera, 1982; Kjellander and Marcělja, 1984; 
Plischke and Henderson, 1988), density functional theory of fluids, DFT (Hansen and Lowen, 
2000; Hansen and McDonald, 2013; Henderson, 1992; Patra and Ghosh, 1994; Rosenfeld and 
Tarazona, 1998; Tang et al., 1990; Wu, 2006; Wu and Liu, 2007) and the molecular simulation 
methods (Torrie, 1980).  

Opposite to integral equation theories and molecular simulations, DFT provides a 
computationally inexpensive way to describe the EDL properties. When a functional does exist 
DFT requires solving only a small set of Euler-Lagrange equations (Hansen and McDonald, 
2013), which involve only one space variable. In contrast, molecular simulations such as 
molecular dynamics (MD) and Monte Carlo (MC) simulations are always implemented in three 
dimensions. Nevertheless, molecular simulations explicitly take into account all atom 
interactions in the system. These computer simulations, therefore, have the advantage of giving 
accurate representations of the ionic density profiles in the interlayer nanopores (Skipper et al., 
1991; Skipper et al., 1995; 2006). Although MC and MD are more time-consuming than DFT, 
they are still among the most popular methods for the descriptions of EDL properties. 
Therefore, all the theoretical methods have to be validated by comparing with MD or MC 
simulations. 

DFT is a powerful tool for calculating the structures and thermodynamic properties of EDL 
formed in the vicinity of the surface of colloidal particles and clay minerals. It provides insights 
on clay swelling such as the formation and properties of the stacks that are known to form in 
calcium-rich waters. As a result, we first worked on DFT of the EDL formed near the charged 
smectite. Through systematic investigations, a reference fluid perturbation method was 
proposed for the description of ion distributions confined in slit-like nanopores. Based on the 
reference fluid perturbation method, a DFT model was extended to simulate size-asymmetric 
ions. This extended model is of broad interests in various physical systems, such as charged 
porous media, dispersed colloids and ion channel. However, DFT has various constraints, for 
instance, the solvent effects are not taken into account due to the computational difficulties. In 
addition, ion sizes to be used in the modeling are not really known because of the effects of the 
water shell, which may be deformed, especially at narrow surface spacing. For these reasons, 
classical MD simulations implemented using GROMACS were initiated to study how the 
deformation of a hydrated ion influences the properties of compacted smectite clays.   
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2. Statistical mechanics 

2.1 Introduction 

This chapter summarizes the fundamental importance of density functional theory of fluids 
(DFT) and computer simulation techniques such as classical molecular dynamics (MD) and 
Monte Carlo (MC) methods within the scope of statistical mechanics. DFT, MD or MC 
technique allows us to study properties of many-particle systems (where the characteristic 
particle size can range from atoms to platelets of clay mineral, colloids, proteins or cells). 
Especially computer methods can provide accurate numerical counterparts of real experiments, 
i.e., a quantity averaged over a large number of particles or averaged over time. To explain 
what kind of averages we should aim to simulate, the language of statistical mechanics needs to 
be introduced. The detailed theory and applications of these methods are covered in these text-
books (Frenkel 2002; Hansen and McDonald 2013; Hinchliffe, 2008; Tuckerman, 2008). 

2.2 Time and length scales of computer simulation techniques 

In general, computer simulation techniques cover a broad range of spatial and temporal 
variations. A system can be studied with computer simulation tools at different time and length 
scales. This is best demonstrated in the schematic representation of different computation 
simulation techniques for the clay system presented in Figure 2.1.  

 

 
Figure 2.1 Schematic diagram of multiscale modeling for the clay system  

Quantum-scale modeling as shown in figure 2.1 is generally used to deal with chemical 
reactions by modeling electronic configurations and range of energy levels occupied by 
electrons. In aqueous clay systems, for instance, chemical reactions involve bond formation, 
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bond breaking, dissociation of water molecules and covalent bonding. These behaviors of the 
matter can be modeled by calculating electronic motions in atoms with the approximation of 
the Schrödinger equation based on quantum mechanics such as the first principle density 
function theory (Hinchliffe, 2008). At the atomistic scale, the clay properties in aqueous 
systems can be studied using molecular simulation and DFT techniques. At this scale, DFT (see 
chapters 3 and 4) and molecular simulation methods (like molecular dynamics, MD, see 
chapter 5) take place at distances in the order of angstroms to several nanometers. For 
molecular simulation methods, the time length is usually in the order of femtoseconds to 
several hundreds of nanoseconds. Meso-scale modeling (Ebrahimi et al., 2014) is widely used 
to simulate molecular fragments. The time and length scales are between atomistic and micro-
scale. Micro-scale modeling occurs at even larger time and length scales than meso-scale 
modeling. For example, discrete element and Lattice Boltzmann methods (Chen and Doolen, 
1998) at this scale can be introduced for pore-scale modeling of ion transport and reactive flow 
in porous media such as argillaceous rocks. Macro-scale modeling is usually introduced for 
engineering practice. For example, traditional continuum models, discrete element and finite 
element methods of simulation at this scale are usually used for solving engineering problems. 
Macro-scale often reaches kilometer, i.e., field scale or greater length scales and times 
involving millions of years, i.e., geological times (Cygan 2001).  

2.3 Statistical-mechanical ensembles 

For later reference when describing the two tools used, DFT and MD technique, some basic 
concepts of statistical ensembles are shortly presented. Statistical mechanics is the means by 
which the microscopic energy levels can be related to the corresponding macroscopic 
thermodynamics. In statistical mechanics, the average behavior of many-particle systems is 
based on the assumption that every quantum state with energy E is equally likely to be 
occupied (Frenkel 2002). Such an average over all possible quantum states of a system is called 
an ensemble average. For instance, the idea behind DFT is that the average behavior of a many-
particle system can be studied by calculating the average density at thermodynamic equilibrium 
numerically for any given external field with minimization of the grand potential.  

The thermodynamic state of a system is mainly defined by the internal energy E, the volume V, 
the number of particles N, the temperature T, the pressure P, and the chemical potential µ. In 
these six state variables, T, E, P and µ are intensive variables, which do not depend on the 
system size and the total amount of material in the system. The number of particles N and the 
volume V are extensive variables, which are size dependent and determine the total amount of 
material in the system. In statistical mechanics, the statistical ensemble is defined by the 
combination of three independent specified variables. To set the size of the system, there must 
be at least one extensive variable in the ensemble. There are four commonly used ensembles: 1) 
micro-canonical ensemble with fixed independent variables N, V and E (like an isolated system 
at vacuum under experimental conditions); 2) canonical ensemble with fixed N, V and T 
(enclosed system in a heat bath); 3) isobaric-isothermal ensemble with fixed N, P and T (open 
system in a heat bath); and 4) grand canonical ensemble with fixed V, T and µ (temperature-
controlled adsorbent in contact with a gas). A statistical-mechanical ensemble consists of many 
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arbitrarily imaginary systems, each of which is a replica of the physical system of interest and 
characterized by the same macroscopic parameters (Hansen and McDonald, 2013). The 
ensembles differ from each other in the coordinates 𝒓 and momenta 𝒑 of particles, as well as in 
the probability density 𝑓 𝒓,𝒑; 𝑡 . 

2.3.1 Micro-canonical ensemble (NVE) 

The micro-canonical ensemble is more generally referred to as the NVE ensemble. In an NVE 
ensemble a set of particles is assumed to be enclosed in a thermally isolated box with constant 
particle number N, constant volume V and constant total energy E. This ensemble describes a 
system that exchanges neither matter nor heat with its surroundings. In an NVE ensemble the 
associated variables such as temperature T and pressure P are varied during simulation. In the 
micro-canonical ensemble the equilibrium probability of finding the system in a particular state 
i is written as (Hansen and McDonald, 2013) 

𝑓 𝒓! ,𝒑! = !
!

            (2.1) 

where Ω is the partition function of the micro-canonical ensemble. In statistical mechanics the 
partition function of ensembles is actually the most important quantity. It represents the number 
of thermally accessible energy levels occupied in a system at a given temperature. In an NVE 
ensemble, the partition function is represented by summation over all energy states of the 
system in phase space: 

Ω = !
!!!!!

𝛿 [𝐻 𝒓! ,𝒑! − 𝐸]𝑑𝒓!𝑑𝒑!         (2.2) 

where h is the Planck constant, 𝛿 is the Dirac delta function, H and E are the Hamiltonian and 
the total energy of the system, respectively. The Hamiltonian H is the sum of a kinetic part K 
and a potential part U. The kinetic energy operator is a quadratic function of the momenta of all 
particles. Similarly, the potential energy operator is a function of the particle coordinates.  

The equilibrium state of an NVE ensemble is characterized by the maximum entropy S. 
Entropy is a measure of the system disorder. Larger entropy means there are more possible 
states for the system. The link between statistical mechanics and thermodynamics can be 
established via a relation between the thermodynamic potential and the partition function. The 
entropy of the micro-canonical system therefore can be related to its partition function as 
follows: 

𝑆 = 𝑘!𝑇𝑙𝑛Ω            (2.3) 

where 𝑘!  is the Boltzmann constant, which relates macroscopic properties to microscopic 
physics. For instance, the ideal gas law can be written in a macroscopic way, i.e., 𝑃𝑉 = 𝑛𝑅𝑇, 
where n is the number of gas in moles, R is the gas constant. Using the Boltzmann constant, the 
ideal gas law can be stated alternatively, i.e., 𝑃𝑉 = 𝑁𝑘!𝑇, where N is the number of gas 
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molecules. It can be seen that the macroscopic quantities like the pressure P and the volume V 
are represented by the kinetic energy of N gas particles in a microscopic form. 

2.3.2 Canonical ensemble (NVT) 

A canonical ensemble is a collection of systems, which are in contact with heat reservoirs at 
constant temperature T, constant number of particles N, and constant volume V. This NVT 
ensemble is used to calculate the properties of an isothermal system. In an NVT ensemble, the 
equilibrium probability density in a specific state with coordinates 𝒓𝒊  and momenta 𝒑𝒊  is 
represented as 

𝑓 𝒓! ,𝒑! = !"# (!!" 𝒓!,𝒑! )
!

           (2.4) 

In an NVT ensemble the thermal equilibrium state is characterized by the minimum Helmholtz 
free energy 𝐹. The Helmholtz free energy is a measure of the “useful” work obtained in the 
NVT ensemble. Similarly, the Helmholtz free energy is related to the partition function Q, 
which is a sum over all quantum states of the Boltzmann factor exp −𝛽𝐻 , where 𝛽 =
1/(𝑘!𝑇). The relation between the Helmholtz free energy and the canonical partition function 
Q is 

𝐹 = −𝑘!𝑇𝑙𝑛𝑄             (2.5) 

The partition function of a canonical ensemble is defined as 

𝑄 = !
!!!!!

exp −𝛽𝐻! 𝑑𝒓𝒊𝑑𝒑𝒊         (2.6) 

2.3.3 Isobaric-isothermal ensemble (NPT) 

In the isobaric-isothermal ensemble pressure P, number of particles N and temperature T are 
fixed. The system in an NPT ensemble is surrounded by flexible walls such that the volume can 
vary. The equilibrium probability density in NPT ensemble is given by: 

𝑓 𝒓! ,𝒑! = !"# (!! ! 𝒓!,𝒑! !!!! )
△

            (2.7) 

where △ is the isobaric-isothermal partition function. It is generally written as a Laplace 
transform of the canonical partition function 

△ = 𝛽𝑃 exp (−𝛽𝑃𝑉)!
! 𝑄𝑑𝑉         (2.8) 

The form of the equation implies that the process of forming the ensemble average involves 
first calculating the canonical ensemble average at a volume V and then averaging over V with 
a weight factor exp (−𝛽𝑃𝑉). 
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In thermal equilibrium the NPT ensemble is characterized by the minimization of Gibbs free 
energy, G. According to classical thermodynamics, the relationship between the Gibbs free 
energy and the Helmholtz free energy can be given by G = F + PV. The Gibbs free energy can 
also be related to statistical mechanics via the link  

𝐺 = −𝑘!𝑇𝑙𝑛 △           (2.9) 

2.3.4 Grand Canonical ensemble (µVT) 

The NVE, NVT and NPT ensembles are restricted to “closed” systems containing a fixed 
number of particles. While in the grand canonical ensemble the number of particles may vary 
by interacting with the bulk systems. The thermodynamic state of this “open” system in a grand 
canonical ensemble is defined by specifying chemical potential µ, volume V and temperature T. 
In the Grand Canonical ensemble, the equilibrium probability density in a particular state is 
given by: 

𝑓 𝒓! ,𝒑! = !"# (!! ! 𝒓!,𝒑! !!!! )
!

                    (2.10) 

where Ξ is the grand canonical partition function, which can be represented by the canonical 
partition equation 

Ξ = 𝑄 exp (𝛽𝜇𝑁)!                     (2.11) 

where Q is the partition function of the canonical ensemble defined in equation 2.6. From 
equation 2.11 we can see that the grand canonical ensemble can be viewed as an ensemble of 
canonical ensembles for each value of N.  

The equilibrium state of a grand canonical ensemble is characterized by the minimization of the 
grand potential Ω, which consists of the Helmholtz free energy F and the Gibbs free energy G 
(G = N!𝜇!!  for homogeneous system), i.e., Ω = 𝐹 − 𝑁𝜇 . The grand potential reduces 
to Ω = −𝑃𝑉 when the internal energy is given by U = 𝑇𝑆 − 𝑃𝑉 + 𝜇𝑁. In statistical mechanics, 
the chemical potential of species is defined as the change in the energy of the system when a 
particle is added whereas the entropy and the volume are kept constant. When a particle is 
added at constant T and V, the molar Helmholtz free energy for a pure substance is equal to the 
chemical potential. The link with thermodynamics in a grand canonical ensemble is established 
through the relation 

Ω = −𝑘!𝑇𝑙𝑛Ξ                     (2.12) 

2.4 Density functional theory of inhomogeneous fluids 

Without an external field the density at equilibrium will be the same everywhere in the system. 
The present work aims to study how an external field influences the system. For a given 
temperature T, volume V, and chemical potential μ, an external field will give rise to a unique 
equilibrium density distribution. Based on this idea, DFT is formulated using statistical 
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mechanics in the grand canonical ensemble (μVT	ensemble) with fixed temperature, chemical 
potential, and volume to obtain the local density ρ(r) in an inhomogeneous fluid. In 
thermodynamic equilibrium state the grand canonical ensemble is characterized by the 
minimization of the grand potential Ω = 𝐹 − 𝑁𝜇. In the presence of a one-body potential, the 
grand potential of an electron gas is a unique function of the local density ρ(r). The Helmholtz 
free energy functional is independent of the applied external field, and therefore the same 
model can be used for any external field. Once this functional is known, the average density for 
any given external field can be obtained from the DFT calculations. Actually, the central task 
of a DFT approach is to construct a reasonably accurate Helmholtz free energy functional for 
the system under consideration. This functional is usually constructed using known structural 
or thermodynamic information for the corresponding bulk fluids. With the minimum grand 
potential, therefore, the well-known Euler-Lagrange equation (paper I and III; Hansen and 
Lowen, 2000; Wang et al., 2011;) for the description of density distributions can be formulated 
based on the approximation of the functional of Helmholtz free energy 𝐹. Solving the Euler-
Lagrange equation gives the density distribution, i.e., the forms of the density profiles in the 
system. 

2.5 Molecular dynamics simulations 

The method of molecular dynamics (MD) simulations is a deterministic technique that 
describes the time evolution of an atomistic system by solving Newton’s equations of motion, 
in order to compute many types of equilibrium and transport properties of classical many-
particle systems. This is accomplished by computing the ensemble average over many 
thousands of particles during the evolution of time. MD simulations can therefore be used to 
study both equilibrium and time-dependent properties of the system of interest.  

The classical molecular dynamics technique discussed here is hence a scheme for studying the 
natural time evolution of a classical system of N particles in volume V. In solving Newton’s 
equations of motion the total forces acting on particles of the system can be calculated and 
sampled in the NVE, NVT and NPT ensembles. The time averages obtained in a conventional 
MD simulation are equivalent to ensemble averages in the micro-canonical ensemble (NVE) if 
the system satisfies the Ergodic hypothesis, i.e., the time averages are equivalent to ensemble 
averages. However, it is more convenient to perform MD simulations in the NVT and the NPT 
ensembles. 

In practice, the first step of a MD simulation is to create initial positions and velocities of all 
the particles, followed by calculation of the interaction potentials acting between all the 
particles using a so-called mechanistic forcefield. The forces are then derived from these 
interaction potentials, and are used to update the positions and velocities for all the particles 
before proceeding to the next timestep. This process of calculating the positions 𝒓 (coordinates) 
and velocities 𝒗	of the particles (usually 1 fs) is then repeated iteratively, for thousands to 
hundreds of millions time steps. Before an actual production run, one or several equilibration 
simulations are performed. In the final equilibration run the simulation is monitored until the 
certain system variables, such as the potential energy, no longer change with time. When 
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equilibrated, the actual production runs are performed yielding thermodynamic output and a 
trajectory that is analyzed both visually and by calculating various time averaged properties.  

2.6 Monte Carlo simulations 

In the MC simulation method particles are subjected to random moves, which are accepted with 
a stochastic probability, itself determined by the Boltzmann weighted energy difference 
between the new and preceding simulation step, and a random number. MC therefore can 
represent probability distributions of particles for target ensembles using importance sampling. 
The principal idea of importance sampling is to use the Monte Carlo procedure to generate a 
random walk in those regions of phase space that have an important contribution to the 
ensemble average. However, the system does not evolve a physical path which means realistic 
trajectories are not generated. As a result, MC simulations are probabilistic and can only be 
used to study properties of system in thermodynamic equilibrium, but not how they evolve over 
time. 

2.7 Summary 

One drawback of the computational approaches is that its success depends on various 
methodological issues such as forcefields, constraints, and the accuracy of integration schemes 
for the equations of motion (Besold et al., 2000; Chiu et al., 2000; Tieleman et al., 1997; van 
Gunsteren and Mark, 1998; Vattulainen et al., 2002). Similar to real experiments, many 
common mistakes can also be made in silico, i.e., with the computer experiments. For instance, 
the simulations are too short and have not converged, the system is not prepared correctly, or 
the system undergoes some irreversible change during the experiment, or the simulations are 
simply not what one thinks (Frenkel, 2002). 	  
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3. Density functional theory of the electric double layer 

In this chapter the basic ideas and equations used in DFT modeling are presented. Several 
assumptions and simplifications are always needed in DFT applications and they may give 
more or less accurate predictions under different circumstances. A detailed quantitative 
comparison of several different approaches was made to show under which conditions different 
approaches are more suitable (paper I). The underlying equations are summarized below and 
will be referred to later when discussing the merits and possible weaknesses of different 
assumptions and approximations.  

3.1 Model and Theory 

The electric double layer (EDL) is formed when a charged particle or wall is immersed in an 
electrolyte, where the ions accumulate in the vicinity of the charged surfaces. The simplest 
model of EDL applied in numerous DFT calculations and MC simulations is the so-called 
primitive model, in which the ions are represented by charged hard spheres, the solvent by a 
uniform dielectric continuum, and the charged particle by a uniformly charged geometry on a 
planar, cylindrical or spherical surface.  

To study the microscopic structures and thermodynamic properties of soft condensed materials 
such as clay minerals, the result for the description of the ion distributions at equilibrium can be 
calculated using the Euler–Lagrange equation within the framework of the primitive model 
(PM) of EDL (papers I and III), 

ρi (r) = ρi
b(r)exp β(−zieψ(r)+µi

b,hs +µi
b,el )+ui

hs (r;ρi )+ ci
(1),hs (r;ρi )+ ci

(1),el (r;ρi ){ }    (3.1) 

where 𝜌!(𝐫) is the density (number concentration) of the ion species i at a vector position r in 
the fluid, 𝜌!!(𝐫) is the counterpart for the bulk phase. β = 1/kBT, kB is the Boltzmann constant, 
and T is the absolute temperature, e is the elementary charge, zi is the valence of the ionic 
species i. 𝜇!

!,!! and 𝜇!
!,!" are the hard-sphere and the electrostatic components of the excess 

chemical potential in the bulk phase, respectively. ui
hs (r)  is the hard-sphere component of the 

external potential. c
(1)  denotes the single direct correlation function (SDCF), which represents 

the correlations directly generated by the single particle. It is defined as the first functional 
derivative of the excess part of the Helmholtz free energy functional F(r;ρi )  with respect to 
the single-particle density ρi (r)  (Hansen and McDonald, 2013). ci

(1),hs (r)  and ci
(1),el (r)  

represent the excess part of the single direct correlation function due to the hard-sphere 
interaction and the electric residual contribution, respectively. ψ(r)  is the mean electrostatic 
potential, which results from the Coulombic interaction between point charges and that from 
the electrostatic part of the external potential. It satisfies the Poisson-Boltzmann (PB) equation 
represented by 
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∇2ψ(r) = − 1
ε0εr

ρi (r)
i
∑ ezi           (3.2) 

3.2 Solving the governing equation 

In equation (3.1) we seek the number density of species “i” as function of the distance to a 
charged plane. All functional terms on the right hand side are themselves functions of ρi  of all 
species in a complex manner. To solve the governing equation, iteration techniques such as 
Picard iteration methods are needed to satisfy the PB equation and overall electroneutrality 
condition.  

In equation (3.1), the chemical potential due to hard sphere contributions 𝜇!
!,!! in the bulk and 

the corresponding counterpart due to the electric residual contributions 𝜇!
!,!" in the bulk can be 

determined with the exact DFT solutions, i.e., the Percus-Yevick (PY) equation (Lebowitz, 
1964) and the mean spherical approximation (MSA) analytical solutions (Waisman and 
Lebowitz, 1972a; 1972b; Blum, 1975), respectively. For an inhomogeneous fluid, the 
functional terms due to hard-sphere contributions such as ci

(1),hs (r)  can be successfully 
evaluated using the fundamental measure theory (FMT) (Yu and Wu, 2002).  

In the governing equation (see equation 3.1) there is therefore only one unknown, i.e., ci
(1),el (r) , 

which is the single direct correlation function (SDCF) due to the electric residual contributions 
in an inhomogeneous liquid, which needs to be determined. By performing a functional “Taylor 
series” expansion around a reference fluid, truncating at the first order, ci

(1),el (r;ρi )  can be 
represented by (paper I and III) 

ci
(1),el (r;ρi ) = ci

(1),el (r;ρi
REF )+ ds ρ j (s)− ρ j

REF (s)( )cij(2),el∫
j
∑ (r, s;ρi

*)      (3.3) 

where 𝜌!REF	is the density distributions of species i in the reference state, which can be a bulk 
fluid or a reference fluid that is possibly inhomogeneous and which can maybe not be a 
physical fluid but satisfying the electroneutrality condition. By choosing the bulk density or the 
reference fluid density to be the reference state, one can define the bulk fluid-perturbation 
method or the reference fluid-perturbation method, respectively, with equation (3.3). For the 
determination of the reference fluid, there have been many approaches available such as the so-
called weighted density approximation (WDA) (Curtin and Ashcroft, 1985; 1986; Denton and 
Ashcroft, 1991) and the reference fluid density (RFD) approach (Gillespie et al., 2002; 2003; 
2005; Knepley et al., 2010) in DFTs. Once the reference fluid 𝜌!REF 	is determined, 
𝑐!
! ,!"(r;𝜌!REF) can be approximated by	−𝛽𝜇!

!,!"(𝜌!REF(r))	with the MSA solutions by setting 
𝜌!REF as the bulk density.	

With the development of various modern DFT approaches, the pair direct correlation function 
(PDCF) due to the electric residual contributions i.e., cij

(2),el (r, s;ρi
*)  in equation (3.3) can be 
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successfully evaluated once the density distributions of species i in an inhomogeneous fluid 
with densities ρi

*  between local fluid and a reference fluid is known, where 
ρi
* = ρi

REF +λ(ρi − ρi
REF )  and the λ  parameter is a value between 0 and 1. Technically, the 

functional term ci
(1),el (r;ρi )  can be exactly evaluated only when the λ  parameter is correctly 

determined. For practicality, the λ  parameter was chosen to be 0 or 1 leading to a simplified 
functional, i.e., cij

(2),el (r, s;ρi
REF )  or cij

(2),el (r, s;ρi ) , respectively. The PDCF in an inhomogeneous 
fluid cij

(2),el (r, s;ρi
REF )  and cij

(2),el (r, s;ρi )  can be approximated with the bulk MSA solutions by 
setting the inhomogeneous fluid in the reference state and the local fluid, respectively, as the 
bulk fluid. The resulting approximations of cij

(2),el (r, s;ρi
REF )  or cij

(2),el (r, s;ρi )  could be the 
WDA, the RFD and the recently developed weighted correlation approach (WCA). 

In order to have a better understanding of the reference fluid perturbation method, as well as 
the merits of different DFTs such as the PY theories, the MSA, the FMT and the modern DFT 
approaches, for instance the WCA method, these will be illustrated in detail in the following 
sections.  

3.3 Reference fluid perturbation method 

In the reference fluid perturbation method, the reference state can be expressed by a weighted 
density defined with a well-defined weighting function w , 

ρi
REF = ρi (s)ω(s,r)ds∫           (3.4) 

In the WDA approximation, the weighting function, i.e.,
 
defined by the normalized PDCF in 

the bulk fluid, i.e., ω(s,r) = c0
(2)( s− r ;ρb ) / dsc0

(2)(s;ρb )∫ . Another way is the so-called RFD 
approach (Gillespie, 2002), which employed a normalized form of the volume weight function, 
i.e., ω(s,r) =Θ( s− r − RES (r)) / (4πRES3 (r)) / 3 , where Θ  is 1 minus the unit step function: 
Θ(r > 0) = 0 , and Θ(r ≤ 0) =1 , r is the distance between ions i at r and j at s, i.e., r =| s− r | . 
The radius of the sphere RES (r)  is the local electrostatic length scale, namely the capacitance 
radius that is the ion radius plus the screening length. More detailed information of the RFD 
method can be found in the references (Gillespie et al., 2002; 2003). 	
The performance of the bulk fluid perturbation method was systematically and quantitatively 
compared with the reference fluid perturbation method under a wide rage of conditions (paper 
I), for instance, the ionic diameters were varied from 0.3 to 0.96 nm, and the surface charge 
density was in the range between 0.04 and 0.8 C m-2. The normalized root-mean-square errors 
of density distributions 𝑓! and the mean electrostatic potential 𝑓! were introduced to measure 
the accuracy of the DFT calculations. 𝑓! is represented by 

fρ =
1

g−,max
MC − g−,min

MC
1
n

g−, j
DFT − g−, j

MC( )
2

j=1

n

∑ 	 	 	 	 	    (3.5) 
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and f! is given by	

fψ =
1

ψmax
MC −ψmin

MC
1
n

ψ j
DFT −ψ j

MC( )
2

j=1

n

∑ 	        (3.6) 

𝑔! denotes the pair distribution functions of species i, i.e., 𝑔! = 𝜌!/𝜌!. The superscripts MC 
and DFT in equations 3.5 and 3.6 refer to the results of the MC simulations and the DFT 
calculations, respectively, and the subscript “-” specifically signifies those of the counter-ions 
(the results of co-ions are excluded). g−,max

MC  and g−,min
MC  define the maximum and minimum 

values of the MC results, respectively, for a number n of g−, j  values of the pair distribution 
functions of the counter-ions. 

 

Figure. 3.1 The normalized root-mean-square error (NRMSE) of density profiles 𝑓! as function 
of the coupling parameter Λ. The different color symbols correspond to each of the DFT 
approaches, as stated in the legend.	

It was found that the performance of the perturbation method is well correlated to a coupling 
parameter i.e., Λ = Ξ/[1+ (𝑑/𝑙!)!] (m = 6), which is defined to describe the coupling 
strength of the EDL system by taking into account the ion size effects. The coupling constant 
Ξ = zcoun

2 lB /µ  (Moreira and Netz, 2000; 2002) is the ratio of the Bjerrum length 
lB = βe

2 / 4πε0εr  to the Gouy-Chapman length µ =1/ 2π zcounσ lB , zcoun  is the valence of the 
counter-ion. Considering the physical meaning of the Gouy-Chapman length µ , however, these 
findings do not apply to the weak-coupling cases when the wall is uncharged, i.e., 𝜎 = 0 or the 
absolute value of the surface charge density iss less than 10-3 C m-2. Figure 3.1 and figure 3.2 
show that a cross point of coupling parameter Λ at around 23 can classify the EDL systems into 
two regimes. In figure 3.1 and figure 3.2, the bulk-fluid perturbation method-based DFT 
approaches (such as the BLK/WDA, the BLK/RFD and the BLK/WCA approximations) 
showed more or less the same accuracy as the reference-fluid perturbation method in the weak-
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coupling regime, i.e., Λ < 23. However, the performance of the reference-fluid perturbation 
method based DFT approaches (such as the WDA/WDA, the RFD/RFD and the RFD/WCA 
approximations) were found to be superior to the corresponding DFT approaches based on the 
bulk-fluid perturbation method in the strong-coupling regime i.e, Λ > 23. The detailed 
parameters used in MC simulations and DFT calculations can be found in paper I. 

 
Figure. 3.2 The normalized root-mean-square error of the mean electrostatic potential profiles 
𝑓! as function of the coupling parameter Λ. 

 
Figure. 3.3. Diffuse layer potential of a 2:1 electrolyte as function of surface charge density σ 
at 0.1 M bulk electrolyte concentration for d = 0.3 nm. The curves give the DFT calculations 
and the solid circles give the MC simulation results (Boda et al., 2004). 
In figure 3.3, the DFT calculations based on the bulk-fluid perturbation method again showed 
more or less the same accuracy as the counterparts based on the reference-fluid perturbation 
method in the weak-coupling regime with Λ < 23 (i.e., -0.15 C m-2 < σ < 0.15 C m-2 in the plot). 
In the strong-coupling regime with Λ > 23 (i.e., σ ≤ -0.15 C m-2 or σ ≥ 0.15 C m-2 in the plot), 
the DFT predictions based on the reference-fluid perturbation method show much better 
agreement with the MC simulations than the corresponding calculations based on the bulk-fluid 
perturbation method.  

Λ
0 10 20 30 40

f ψ
(Λ

 )

0

0.05

0.1

0.15

0.2

0.25
WDA/WDA
BLK/WDA
RFD/RFD
BLK/RFD
RFD/WCA
BLK/WCA

σ  (C m-2)
-0.4 -0.2 0 0.2 0.4

β
e
ψ

(d
/2

)

-2

-1

0

1

2

3

4

5
WDA/WDA
BLK/WDA
RFD/RFD
BLK/RFD
RFD/WCA
BLK/WCA



	 15 

3.4 The merits of different DFT theories 

To grasp the usages of various DFTs, a brief summary will be given in the following sections, 
illustrating the essence and merits of the PY integral equation theory, the MSA solutions, the 
FMT method and the modern DFT approaches (such as the WDA, the RFD and the WCA 
methods). Among these DFTs, the PY and the MSA solutions are applicable to hard spheres 
and charged hard spheres in homogeneous fluids, respectively. Unlike the PY theory, the FMT 
was developed for the description of hard spheres in an inhomogeneous fluid. The WDA, the 
RFD and the WCA approximations were introduced to model charged hard spheres in 
inhomogeneous fluids, paper I. 

3.4.1 DFT theory for homogeneous fluids 

The hard-sphere model plays a vital role in studying colloidal dispersions (where the range of 
interparticle attraction is typically much smaller than the particle size) and properties of simple 
liquids (where the structure is predominately determined by the short-range repulsion) (Xu and 
Baus, 2003; Hansen and McDonald, 2013). The main DFT theory for the hard-sphere model is 
the so-called PY integral-equation theory, which is used to represent the correlation functions 
of a uniform hard-sphere fluid in bulk state (Percus and Yevick, 1958). The PY equation with 
the hard-sphere model provides an exact description of the density distributions only for hard 
spheres in a uniform fluid. However, the PY equation for uniform fluid is known to be 
inaccurate at moderate to high densities. In addition, the PY integral equation theory was 
constructed for a one-dimensional homogenoeous fluid. 

The MSA is the linearized theory. It yields the Coulomb screening at large length scales. 
Special interest in the MSA solution (Waisman and Lebowitz, 1970; 1972a: 1972b) came first 
for the restricted primitive model of uniform electrolyte. The resulting analytical solution was 
then given by Wertheim (Wertheim 1971) for modeling uniform charged hard spheres of equal 
size by assuming neutral hard sphere point dipoles. To treat the problem of the solvent 
interaction in electrolytic solutions, the explicit results of the MSA solution (Blum, 1974) were 
derived within the framework of the solvent primitive model in which the electrolyte is 
represented by equal-size charged hard spheres and the solvent by equal-size hard spheres 
based on the work of Adelman and Deutch (1974). With the development of the restricted 
primitive model, the exact MSA solutions given by Waisman and Lebowitz have been used to 
calculate the electrostatic component of correlation functions of charged hard spheres in 
uniform fluid (papers I, II and III).  

3.4.2 DFT theory for inhomogeneous fluids 

The fundamental measure theory (FMT) was originally proposed by Rosenfeld (Rosenfeld, 
1989) and a simplified version was developed by Kierlik and Rosinberg (1990; 1991). It 
assumes that the excess Helmholtz energy functional can be expressed in terms of the weighted 
densities that take into account the geometric features of a hard-sphere particle. The FMT 
(Rosenfeld, 1993) gives a reasonable approximation for non-uniform hard spheres. It has 
proven to be one of the most successful methods for modeling the inhomogeneous hard spheres 
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in three dimensions. Especially, it was constructed to agree with the exact DFT in several 
limiting cases and strongly motivated by the PY theory. The FMT is numerically more 
convenient than most other DFTs of hard-sphere fluids, since the weight function is 
independent of the density distributions. Based on the traditional FMT, Yu and Wu (2002) 
proposed a modified version of FMT, which improves the accuracy of contact values of density 
distributions as well as the adsorption isotherms of hard spheres near a hard wall or in 
microchannels (Yu and Wu, 2003), especially under the condition of high packing densities. 
Moreover, it has been shown that the structures of non-uniform hard spheres could be 
successfully captured by this modified FMT with reasonable predictions of the correlation 
functions due to hard-sphere contributions under a wide range of conditions, papers I, II and III. 

As discussed above, the MSA analytical solutions are only applicable to uniform electrolyte 
systems. However, for inhomogeneous systems, the MSA solutions could also yield good 
results if a reference fluid could be well defined with a proper weighting function. For instance, 
the WDA approximation and the RFD approach proposed the reference state defined by the 
weighted density and reference fluid density, respectively. The reference state is much closer to 
uniform system than the corresponding local fluid, and also satisfy the elctroneutrality 
condition as well. As a result, these DFT approximations coupling the MSA solutions are 
usually introduced to evaluate the electrostatic component of the direct correlation functions in 
an inhomogeneous fluid by setting the reference state as the bulk state, paper I. 

Except for the well-known WDA and the RDF approaches, the recently proposed so-called 
WCA approach has proven to be quite successful as well for the description of structure and 
thermodynamic properties of an EDL system, papers I and II. Unlike the WDA and the RFD 
methods, the WCA approach defines a weighted correlation functions, i.e., 
cij
(2),el (r, s;ρi ) = cij

(2),el r;ρi ( ʹr )( )wij ( ʹr )d∫ ʹr , for the approximations of the PDCF due to the 
electrostatic residual contributions in the non-uniform liquid (Wang et al., 2011), where w  is 
the weighting function, i.e., wij ( ʹr ) =κ

2 ( ʹr )Θ(| ʹr − rm |−dij ) / d ʹr κ 2 ( ʹr )Θ(| ʹr − rm |−dij )∫  and 

rm = (r+ s) / 2  is the middle position between particles at r and s, dij = (di + dj ) / 2  is the 
contact distance of ion species i and j, di  is the ionic diameter of ion species i. The λ  
parameter defined in equation 3.3 for the evaluation of the density functional (i.e., 𝜌!∗ = 𝜌!REF +
𝜆(𝜌! − 𝜌!REF)) can be determined with a well-defined inverse Debye screening length 𝜅 (Liu, 
L., 2015). For simplicity, the λ parameter was chosen to be 1 in the WCA approach. The local 
density ρi (r) , therefore, was directly used to evaluate the correlation functions by employing 
the MSA solutions in the WAC method. It seems that such an approximation works quite well 
although the local density does not satisfy the electroneutrality condition.  

Here follows a brief summary of the performances of the WDA, the RFD and the WCA 
approaches, which are typically used for the approximation of the electrostatic component of 
non-uniform correlation functions. It has been found, in the strong-coupling regime, that these 
DFT approaches based on the reference fluid-perturbation method exhibit better results than the 
counterparts based on the bulk fluid-perturbation method. In the weak-coupling regime, 
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however, they give more or less accurate predictions based on the bulk and reference fluid- 
perturbation methods under different circumstances. A systematic comparison work has shown 
that the so-called RFD/WCA approach has an advantage over the others. The RFD/WCA 
approach is the reference fluid perturbation-method based WCA approach, in which the 
reference state is determined by the RFD approach, papers I and III. It has shown excellent 
agreement between DFT calculations and MC simulations in predicting the structure and 
thermodynamic properties of the EDL of the restricted primitive model.  

Because of the advantage of the RFD/WCA, it was then extended to the description of the non-
restricted primitive model, in which the ionic diameters are unequal. This RFD/WCA approach 
of modeling size-asymmetric ions was validated by reproducing MC simulations of the density 
and mean electrostatic potential (MEP) profiles in EDL systems under a wide range of 
conditions. Figure 3.4 shows that the structural features are successfully captured by the DFT 
calculations for the case when a charged wall with surface charge density σ = -0.249 C m-2 is 
immersed in a 0.5 M 2:2 electrolyte with ionic diameter of divalent co-ions d2- = 0.2 nm and 
counter-ions d2+ = 0.65 nm. It is seen that the density and potential profiles obtained from the 
DFT results agree well with MC simulations (Bhuiyan et al., 2011). 

 
Figure. 3.4 Comparing DFT (a) ionic density distributions and (b) mean electrostatic potential 
(MEP) profiles to MC simulations  for a 2:2 electrolyte, C2:2 = 0.5 M, d2- = 0.2 nm, d2+ = 0.65 
nm, σ = -0.249 C m-2. The dots are from MC results of Bhuiyan et al. (2011). The curves give 
the DFT calculations, paper III. 

Figure 3.5 shows the pair distribution function (the g function) as function of the distance from 
the charged surface x normalized by the trivalent counter-ion diameter d. The DFT calculations 
are validated in comparison with the MC simulations (Quesada-Pérez et al., 2005). Figure 3.5a 
presents a mixture of 10 mM 3:1 and 50 mM 1:1 electrolytes in the vicinity of a negatively 
charged wall with surface charge density σ = -0.04 C m-2. It is seen that the DFT density 
distributions show good agreement with the MC simulations. Figure 3.5b shows the same 
conditions but with higher bulk salt concentrations, where the mixtures of 100 mM 1:1 and 100 
mM 3:1 bulk electrolytes are in contact with a negatively charged sheet with surface charge 
density σ = -0.115 C m-2. It is seen that the density profiles of the counter-ion distributions 
present a minimum at x = 1.5d approximately, whereas the co-ions exhibit a maximum. This 
refers to the charge inversion phenomenon, which has been confirmed by MC simulations and 
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DFT calculations under the condition of higher ionic strength and higher surface charge density 
in the EDL systems. Figure 3.5 shows that the structural features of EDL can be captured by 
the DFT predictions under different circumstances. In figure 3.5c, this charge inversion is 
observed again for the case when the mixtures of 100 mM 1:1 and 10 mM 3:1 bulk electrolyte 
solutions are in contact with a negatively charged wall with surface charge density σ = -0.115 C 
m-2. It is seen that the DFT calculations show a good agreement with MC simulations. 

 
Figure. 3.5. Comparing DFT density distribution function to MC simulations (a) C3:1 = 10 mM, 
C1:1 = 50 mM, σ = −0.04 C m-2, (b) C3:1 = 100 mM, C1:1 = 100 mM, σ = −0.16 C m-2, and (c) 
C3:1  = 10 mM, C1:1 = 100 mM, σ = −0.115 C m-2. Curves and symbols stand for DFT 
calculations of paper III and MC simulation results of Quesada-Pérez et al. (2005). The solid 
circles, triangles, and open circles denote trivalent counter-ions, monovalent counter-ions and 
co-ions. 

Besides the density distributions and the MEP profiles, the local density and the MEP value at 
the contact surface are also crucial for validating a DFT approximation. The contact density 
sum rules can be written as (Henderson et al., 1979) 

βP = ρi
i
∑ (di / 2)−βσ

2 / 2ε0εr          (3.7) 

which are usually considered to test self-consistency (Martin, 1988; Henderson and Blum, 
1978). For a single EDL system, P is the pressure of the bulk fluid far from the wall. It consists 
of a hard-sphere component and the electrostatic component of the excess pressures. The hard-
sphere and electrostatic components can be computed using the PY pressure (Lebowitz, 1964; 
Salacuse and Stell, 1982) and the MSA pressure (Blum, 1980), respectively.  

To test the thermodynamic self-consistency of the RFD/WCA approach, the DFT calculations 
were compared with MC simulations (Gillespie et al., 2005) in predicting the electrostatic 
potential at the contact surface involving thirteen electrolyte systems, paper III. In figure 3.6, 
the results on the x-axis and y-axis are the surface electrostatic potential ψ  in 1/βe and contact 

x/d 
0 1 2 3 4 5

g (
x )

10-1

100

101

102

x/d 
0 1 2 3 4 5

g (
x )

10-1

100

101

102

x/d 
0 1 2 3 4 5

g (
x )

10-1

100

101

102

(b) (c)(a)



	 19 

density values from MC data and the DFT calculations, respectively. It is seen that the DFT 
results from the RFD/WCA approach are always close to the straight diagonal line. The good 
agreement between the DFT calculations and the MC simulations indicates the RFD/WCA 
approach of modeling different ion sizes satisfies the thermodynamic self-consistency. 

 

Figure. 3.6. (a) Comparison of the contact value of the electrostatic potential in 1/βe between 
the DFT calculations, paper III and the MC results of Gillespie et al. (2005). (b) Test of 
thermodynamic self-consistency with the contact density sum rule for the DFT method.  
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4. DFT modeling for colloidal stability and ion exchange equlibria 

4.1 Introduction 

For many decades, the classical Poisson Boltzmann (PB) and the so-called Derjaguin-Landau-
Verwey-Overbeek (DLVO) theories have been the traditional approaches and widely used, due 
to mathematical simplicity, for studying the stabilities of colloidal dispersions, which arise 
from the EDL effects. However, these mean field approximations fail for divalent ions and high 
ionic strength. In these continuum-based theories, the ion-ion correlation effects (Kjellander et 
al., 1988) are assumed to be negligible such that the attractions that occur in the presence of 
multivalent counter-ions can neither be captured by the PB nor by the DLVO theory. In 
contrast, these attractive electrostatic forces can be modeled by DFT and MC, which take the 
ion-ion correlation effects into account by employing the primitive model (PM). Molecular 
simulations like MD and MC simulations (Guldbrand et al., 1984; Valleau et al., 1991) can 
give the exact answer to the PM since they explicitly take into account all atom interactions in 
the system (Skipper et al., 1995, 2006). MC or MD, though more time-consuming than DFT, 
nevertheless, still is among the most popular methods for the descriptions of the EDL. All 
theoretical approximations therefore have to be validated by comparing with the corresponding 
MC or MD simulations. 

The ionic structures not only play a vital role in the colloidal stability but also in the selective 
adsorption of ions induced by the electrostatic forces. Ion adsorption is different from chemical 
adsorption (when stronger bonds such as hydrogen bonds and covalent bonds are formed 
between the adsorbed molecules and the surface) or adsorption on a surface (when the 
molecules are bound by weak van der Waals forces). In ion exchange the fixed charges in or on 
the surface of a solid are always compensated by counter-ions. These can be exchanged by 
other counter-ions charge for charge. Different ions will compensate for the fixed charges. 
Therefore, DFT and molecular simulation techniques for the description of ion distributions can 
be used to address these fundamental problems involving ion exchange equilibria in clay and 
selective transport in ion channel proteins and many other materials. There is a very important 
quantity called the surface excess, which has been extensively used for the description of the 
selective adsorption of ions in various physical systems such as biological plasma membranes, 
lipid layers and smectites based on DFT calculations and MC simulations (Lamperski and 
Outhwaite, 2008; Valiskó et al., 2007).  

As illustrated in Chapter 3, the reference fluid density/weighted correlation approach 
(RFD/WCA) has proven to be quite successful for the description of ionic structures of EDL 
systems in the presence of size-symmetric or size-asymmetric electrolytes. Motivated by these 
facts, the RFD/WCA approach was introduced for modeling the EDL forces between two 
charged smectites and the ion exchange equilibria in an aqueous clay system, paper II. In this 
chapter, the applications of DFT modeling for predicting the forces between smectites and ion 
exchange equilibria will be summarized. 



	 21 

4.2 Model of electrolytes in slit-like pores 

	
	
	
	

	
Figure. 4.1. Schematic picture of two sheets of MMT in aqueous salt solutions (red, blue and 

orange spheres represent Ca2+, Na+ and Cl- ions) 

The smectite swells upon water adsorption. The swelling is influenced by the ionic 
concentration in the pore water. The MMT, mostly in stacks at high compaction, are negatively 
charged. The charge compensating cations are dissolved in the interlayer water. This results in 
osmotic swelling of the clay and consequently repulsion between the sheets. In order to model 
the interactions between two sheets as well as sorption of solutes on the charged sheets, the 
simplest primitive model would be treated for the case of electrolytes in slit-like pores, where a 
planar EDL is formed in the vicinity of two charged sheets as seen in figure 4.1. This model 
system of planar EDL is suitable for plane electrodes or large enough colloids, for which the 
effect of surface curvature can be assumed to be negligible. In this case, the DFT is formulated 
in an open ensemble, where the bulk regions are far from the clay surfaces. The MMT is 
assumed to be in equilibrium with a salt solution at a constant bulk density ρb. These bulk 
densities determine the values of the excess chemical potentials in the bulk state µb

ex  and the 
swelling pressure. 

In the primitive model of electrolytes in slit-like pore systems, the charged clay sheets are 
assumed to be infinitely large, impenetrable and planar charged walls with a negative surface 
charge density σ uniformly distributed on the surface, located at x = 0 and x = h respectively, 
where h is defined as the separation between the two surfaces. The wall is assumed to have the 
same absolute permittivity, ε = ε0εr, as that of the solvent to avoid consideration of the image 
charge effects, where ε0 is the vacuum permittivity and εr is the relative permittivity or 
dielectric constant. The external potential of the hard sphere model ui

hs (x)  for the interaction 
between the walls and an ion i at z can be represented in one dimension 

ui
hs (x) =

0,                  di / 2 < x < h− di / 2
∞,                  otherwise
⎧
⎨
⎩

        (4.1) 

0 

σ 

h 

σ 

Bulk NaCl, 
CaCl2 solutions 

Bulk NaCl, 
CaCl2 solutions 

x 
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Moreover, the mean electrostatic potential is written as (paper I) 

ψ(x) = e
ε0εr

d ʹx (x − ʹx )
x

h/2
∫

j
∑ ρ j ( ʹx )zj +ψ(h / 2)         (4.2) 

The adsorbed ions in the interlayer between the smectites satisfying the over-all 
electroneutrality is given by  

e zj
j
∑ (ρ j (x)0

h/2
∫ − ρ j

b )dx +σ = 0          (4.3) 

4.3 Ion exchange equilibria 

To study ion exchange equilibria, a thermodynamic expression was formulated using the 
concept of surface excess together with the Gaines-Thomas convention (Gaines and Thomas, 
1953). The selectivity coefficients were calculated with the DFT modeling using this Gaines-
Thomas formulation for describing the exchange of Ca2+ for Na+ on the mont�morillonite 
(MMT) complex in aqueous solutions. In the Gaines-Thomas convention, the ion exchange 
reaction of Ca2+ for Na+ in aqueous clay systems is expressed by the equation of Appelo and 
Postma (2005) 

1
2
Ca2+ + Na-X↔ 1

2
Ca-X2 + Na

+          (4.4) 

where X indicates the clay mineral exchanger. In the reaction Ca2+ is taken up by the exchanger, 
while Na+ is released. According to the Gaines-Thomas convention, the selectivity coefficient 
of ion exchange 𝐾!" is given by (Appelo and Postma, 2005) 

KGT =
[Na+ ][Ca-X2 ]

0.5

[Ca2+ ]0.5[Na-X]
          (4.5) 

where square brackets denote activities. The activities of ions 𝑁𝑎! and 𝐶𝑎!! ions in water can 
be straightforwardly related to the bulk concentrations. The surface activities of Na-X  and 
Ca-X2  are approximated by the equivalent charge fractions of ions 𝑁𝑎!  and 𝐶𝑎!!  in the 
“adsorbed” phase satisfying [Na-X]= ΓNa / (ΓNa + 2ΓCa )  and [Na-X]+[Ca-X2 ]=1 , where Γ is 
the surface excess which is the integral of the difference of the local density profiles ρi (x)and 
the bulk concentration ρi

b . For an EDL containing two charged walls, it can be written as 

Γi = (ρi (x)0

h
∫ − ρi

b )dx
 
(Valiskó et al., 2007), where h is the separation between two charged 

sheets. According to the electroneutrality condition, the sum of all ion species absorbed in the 
interlayer weighted by valences would give e zj

j
∑ Γj = −2σ . 	
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Figure 4.2. Surface excess as function of the mole fraction of the monovalent cations 
Cmono/(Cmono+Cdi). C is the concentration in the bulk. The bulk anion concentration is kept 
constant at 3 M. The symbols give MC simulations (Valiskó et al., 2007). The lines show the 
DFT calculations. 

To model the selectivity coefficient of ion exchange 𝐾!", the surface excess Γ	first must be 
obtained and validated by comparing with MC simulations (Valiskó et al., 2007). Toward that 
end, the DFT modeling was carried out to calculate the surface excess of a mixture of 1:1 and 
2:1 bulk salt solutions as a function of the mole fraction of the monovalent cations 
Cmono/(Cmono+Cdi). Figure 4.2 shows that the features of competition between monovalent and 
divalent counter-ions at the interface are well captured by the DFT modeling. Moreover, the 
DFT modeling shows that the divalent counter-ions are preferentially adsorbed on the surface 
when the mole fraction of the monovalent counter-ions is less than about 80%. The results 
show that monovalent counter-ions start to surpass the divalent counter-ions when the mole 
fraction of the monovalent counter-ions is above the cross point in figure 4.2. 
With accurate predictions of the surface excess, the surface activities of a MMT complex can 
be approximated by the equivalent charge fractions of ions 𝑁𝑎! and 𝐶𝑎!! in the “adsorbed” 
phase. The selectivity coefficients obtained in this way were validated by comparing with 
experiments. It was found that the DFT selectivity coefficients are in good agreement with the 
ICP/AES experimental results (Karnland et al., 2011) in the case when the average interlayer 
separation is around 15 to 20 Å. Moreover, the divalent ionic diameter of 7.2 Å better 
represents experiments than the diameter of 4.25 Å. It indicates that 7.2 Å might better 
represent the hydrated ionic size of calcium ions under conditions with larger interlayer 
separations, where calcium ions are surrounded by a shell of water molecules. 

In the work of Sposito et al. (1983) calcium-sodium exchange experiments were conducted in a 
chloride medium. In their experiments, the mole fraction of the sodium ions was varied from 
22.2% to 97.9% in the bulk at equilibrium. The DFT modeling showed that the interlayer 
separation of 35 Å better represents the measurements. For this case, a Ca2+ ionic diameter of 
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7.2 Å or 8.4 Å is in better agreement with their experimental results. Moreover, the DFT 
calculations and the experiments showed that the Ca2+ ions were preferentially adsorbed and 
displaced the adsorbed Na+ with increasing concentration of Ca2+ in the bulk phase. 

The influence of the ion size effects on KGT were also investigated using DFT modeling. Figure 
4.3 shows that KGT obtained from the DFT model monotonically decreases with increasing 
interlayer separation for the case when the diameter of the calcium ions is 4.25 Å. This 
indicates that the replacement of Ca2+ by Na+ increases with decreasing interlayer distance in a 
compacted clay system. Moreover, the DFT calculations show that KGT increases very strongly 
at separation distances much less than 10 Å. However, a peak of KGT occurs at a separation of 
about 9 Å when the diameter of calcium ions is 7.2 Å. This indicates that only smaller cations 
could be accommodated in such a small space when the separation is below 9 Å due to the 
volume-exclusion effect.  

 

Figure 4.3. The DFT Selectivity coefficient KGT as function of the separation for equilibrium 
MMT systems, σ = -0.11 C m-2, CNa = 29.3 mM, CCa = 2 mM. The diameter of the monovalent 
ions is kept constant at 0.425 nm, while the diameter of the divalent ions is indicated in the 
figure. KGT has the unit 𝑀. 

In addition, the dependence of KGT on the surface charge density and the mole fraction of 
sodium ions was also investigated. Figure 4.4 shows that KGT increases with increasing surface 
charge density. However, KGT decreases with increasing mole fraction of sodium ions in the 
bulk as shown in figure 4.5. A smaller value of KGT indicates that Na+ is preferentially adsorbed 
in the exchanger. By contrast a larger value of KGT indicates that Ca2+ is preferentially 
adsorbed. It is concluded that Na+ is preferentially taken up into the interface of smectites under 
situations with smaller surface charge density and larger mole fraction of Na+ in the bulk phase. 
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Figure 4.4. The DFT Selectivity coefficient KGT as function of the separation for equilibrium 
MMT systems, d = 0.425 nm, CNa = 29.3 mM, CCa = 2 mM. The surface charge density σ is 
varied as indicated in the graph. KGT has the unit 𝑀. 

 

Figure 4.5. The DFT Selectivity coefficient KGT as function of the separation for equilibrium 
MMT systems, σ = -0.10 C m-2, d = 0.425 nm. The bulk mole fraction of Na+ is varied as 
indicated in the figure. KGT has the unit 𝑀. 

4.4 Osmotic pressure between clay sheets  

To study the swelling properties of sodium and calcium bentonite in aqueous systems, the mean 
force between two particles at all separations must first be calculated. For this system the force 
cannot be directly calculated. Within the framework of the primitive model, the mean force that 
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interacts on area unit in the region confined between the charged sheets can be expressed by the 
so-called internal pressure, which can be physically interpreted as made up of three terms 
(Kjellander et al., 1992). The first term is the kinetic pressure and depends on the total ionic 
density of all species present in the solution at the reference plane. The second term is the 
electrostatic correlation pressure and depends on the electric field across the reference plane. 
The third term is the core-core interaction pressure due to collisions of ions at opposite sides of 
the reference plane (Valleau et al., 1991). The internal pressure can be evaluated in any plane 
between the walls. In an exact theory the internal pressure at any such plane is the same. In 
practice, however, the pressure in the confined region between the charged planes cannot be 
measured, since there is also a pressure exerted by the external solution. Only the difference 
between the pressure in the confined region (internal pressure) and the external pressure can be 
measured directly. This difference is known as the net osmotic pressure difference between the 
confined region of two charged platelet-like particles and the bulk solution. Most conveniently 
internal pressure is evaluated at one of the plane surfaces using the contact theorem (Henderson 
et al., 1979; Wennerström et al., 1982). 

Posm
net = kBT ρ j

j
∑ (dj / 2)−

σ 2

2ε0εr
−Posm

bulk           (4.6) 

where, ρ j (dj / 2)  are the contact densities, i.e. density of ion “j” at a distance of half an ion 
diameter from the wall, of ion species at the internal side of charged sheets, and the summation 
runs over the different ionic species. Posm

bulk  is the osmotic pressure in the bulk phase. 

The contact value theorem was used to calculate the net osmotic pressures within the 
framework of DFT for Na- and Ca-MMT in equilibrium with salt solutions (papers II and III). 
It is recognized that the assumption that the ions can be modeled as solid hard spheres is not 
always reasonable for ions that form a hydration shell. This is the case for the cations 
considered in the present study. It is expected that the hydration shell will be deformed in the 
narrow space between the sheets. The ion size is therefore treated as an adjustable parameter in 
this case of DFT modeling. In section 5.3.3 the deformation of the hydration shell is studied by 
MD modeling. 

In order to determine the ion dimension at which the stack formations observed in pure Ca-
MMT are lost, the size effects on the net osmotic pressure were probed. In figure 4.6, the DFT 
calculations show that the net osmotic pressures switch from attractive to repulsive at a 
separation of about 1 nm in the case when the diameter of monovalent co-ions is kept constant 
at 0.4 nm while the divalent counter-ion size is varied from 0.4 to 0.6 and 0.8 nm. This 
transition reveals that the ion size effects play an important role in the interactions between 
smectite particles. In addition, the net pressure curves are shifted towards larger separations 
with increasing calcium ion size due to the excluded volume effects.  
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Figure 4.6. Net osmotic pressure as function of separation for Ca-MMT in 40 mM CaCl2 bulk 
solutions. The diameter of calcium is varied from 0.4 to 0.6 and 0.8 nm. The symbols are from 
Monte Carlo results of Segad et al. (2010). The curves show the DFT calculations. 

 

Figure 4.7. Net osmotic pressure as function of separation distance for MMT in equilibrium 
with a mixture of NaCl and CaCl2 bulk solutions. The symbols are Monte Carlo data (Segad et 
al., 2010), the curves show the DFT calculations. 

The curves in figure 4.7 are DFT calculations of net pressure for the case in which MMT is in 
equilibrium with a mixture of NaCl and CaCl2 electrolytes, the bulk concentration of NaCl 
electrolyte is kept constant at 100 mM, while the CaCl2 electrolyte is varied from 1 mM to 5 
mM and 20 mM as indicated in the graph, and the ionic diameter is restricted to be constant at 
0.4 nm. The good agreement between the model curves and the Monte Carlo simulations shows 
that the DFT modeling correctly captures the intrinsic features of net osmotic pressures for 
MMT aqueous systems. In figure 4.7 the net osmotic pressure with a maximum attraction 
occurs at separation of about 1 nm (where the SAXS experiments and MC results showed 
stacks in pure Ca-MMT aqueous systems (Segad et al. 2010)) only when the CaCl2 bulk 
concentration is larger than 5 mM. It indicates that the swelling of Ca-MMT will disappear in 
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the case when the concentration of Ca/Na > 5% in the bulk solution. Experimentally it has been 
observed by Birgersson et al. that when the concentration ratio of Na/Ca > 20% in the slit (and 
total concentration is less than 5 mM) the clay behaves like a Na clay, i.e., always swelling 
(SKB, 2009). Our DFT modeling shows that the concentration ratio of Na/Ca < 22% in the slit 
(total bulk concentration being less than 5 mM) leads to collapse. 

 
Figure 4.8. The DFT calculations of net osmotic pressure as function of separation for a 
mixture of 100 mM NaCl and 5 mM CaCl2 electrolytes, σ = -0.14 C m-2, with the monovalent 
ion size kept constant at 0.4 nm, while the divalent ion size is varied as indicated in the plot. 

The same case as shown in figure 4.7 (see red curve) was tested using DFT to see how the 
osmotic pressure changes when the diameter of calcium is increased from 0.4 nm to 0.6 nm. 
Figure 4.8 shows that the pressure curve is shifted to larger separations with increasing 
diameter of calcium. No attractive minimum can be observed for the case when the diameter of 
the divalent counter-ion is 0.6 nm (see blue curve). It indicates that the attractive interactions 
between two charged sheets are shifted to repulsions as they approach in the presence of larger 
divalent counter-ions.  

To calculate the actual swelling pressure of bentonite, van der Waals forces must be taken into 
account besides the osmotic pressure, which is not done in the present work. For Na-bentonite, 
the DFT swelling pressures showed good agreement with experimental results and DLVO 
modeling (Liu, 2013; Wang and Liu, 2012). Nevertheless, the swelling behavior of fully Ca-
exchanged bentonite or purified Ca-bentonite cannot be fully predicted by DFT because the ion 
diameters used in the modeling are not really known, especially when the interlayer space is 
narrow. In the DFT work it was realized that DFT assumes the particles, ions in this case, to be 
hard spheres, while in reality they cannot be described as such when they are hydrated and have 
a hydration shell of water molecules. However, the DFT can still be used to explain that the 
slits will collapse into stacks by strong attraction forces when there is much calcium in the 
system. There is also another force that is not included in the DFT simulations, but will be 
invoked in the MD simulations, namely the strong adsorption of the first and second layer of 
water molecules to the smectites. It has been reported that this plays a vital role at small 

h (Å)
5 10 15 20 25

P/
RT

 (M
)

0

2

4

6

8

10 0.4 nm
0.6 nm



	 29 

interlayer separation (Liu, 2013). However, the DFT modeling does not explain why the stacks 
still can repel each other. Because of the limitation of the primitive model of EDL, our present 
DFT modeling did not account for the hydration of ions (Yu et al., 2000), the hydration forces 
(which arise from the energy needed to dehydrate smectite surfaces containing ionic or polar 
species and variation of dielectric constant in the pore) (Israelachvili and Pashley, 1983; 
Malmberg and Maryott, 1956), as well as the van der Waals force. 

4.5 Summary of the DFT findings 

DFT modeling was found to give good agreement with Monte-Carlo simulation results, which 
give “Exact” solution to the primitive model, both restrictive and non-restrictive. However, the 
comparisons are made with selected examples where one of the fundamental parameter values, 
the ion dimensions, are selected without necessarily representing good approximations of ion 
dimensions in real solutions, especially in narrow slits. The DFT also assumes the water to be a 
homogeneous fluid discounting the fact that water is made up of molecules with a size 
comparable to that of the bare ions. A further possibly important difficulty is that the cations 
are hydrated, i.e. surround themselves with a “shell” of water molecules, more or less strongly 
bound to the ions. A further concern is that as water molecules have a shape, which is not 
obviously well approximated by a sphere. These and probably other effects may well influence 
the realism and predictive accuracy of DFT modeling of the properties of smectite clays for the 
conditions set out in the introduction of this work.  

To study how the deformation of a hydrated ion influences the properties of compacted 
smectite clays, classical molecular dynamics, MD, simulations were used to account for the 
deformation of the hydration shells. This is explored in detail in Chapter 5. Comparisons of 
DFT and MD modeling showed under which conditions DFT modeling becomes increasingly 
inaccurate. Computer simulations of MD and DFT for EDL are summarized in Chapter 6. 

4.6 Weaknesses in DFT assumptions 

DFT has theoretical and numerical difficulties simulating the solvent effect of bonded solvent 
molecules, e.g., water molecules with dipole moment and angle constraints. Because of the 
simplicity, most theoretical studies of an EDL employ the simplest and “standard” restricted 
primitive model (RPM) of electrolyte, in which the ions are represented by hard spheres of 
equal size with point charges assumed to be located at the centers, and the solvent is 
represented by a dielectric continuum with a uniform dielectric permittivity. In fact, water is 
made up of molecules with a size comparable to that of the bare ions. To the best of our 
knowledge, there has been no published DFT study of EDL using the molecular solvent model, 
in which solvent molecules and solute ions are explicitly described as distinct atoms, whereas 
this can be achieved with MD simulations. Another potential weakness of DFT is that plane 
surfaces as contrasted by flexible sheets in MD are assumed to be rigid spheres or walls.   



	 30 

5. Molecular Dynamics simulations of cation hydration 

5.1 Introduction 

The method of molecular dynamics (MD) has become extremely helpful in predicting the 
interlayer structure and swelling behavior of smectites. To describe molecular interactions in a 
swelling clay-water system, six sets of intermolecular potential functions must be developed, 
water-water, water-ion (cation and co-ion), water-clay mineral, ion-ion, cation-clay mineral, 
and clay-clay. These interatomic potentials of the system are discussed in the following 
sections. To study how the deformation of a hydrated ions influences the properties of 
compacted smectite clays, we used the classical molecular dynamics (MD) simulations with the 
CLAYFF forcefield to account for the deformation of the hydration shells. In this chapter, the 
basic theory behind the MD simulation method, the hydration of Ca2+ and deformation of its 
hydration shell in the interlayer nanopores (paper IV) are summarized. 

5.2 MD simulation method 

In this work, full atomistic MD simulations were carried out using the open source package 
GROMACS (Berendsen, 1995; van Der Spoel et al., 2005). The simulations are performed 
within a simulation cell having periodic boundary conditions, which replicates the central 
simulation cell in all directions. Under these conditions, all particles interact with each other’s 
nearest image-particles regardless of the particles position in the simulation cell, and all 
particles leaving the simulation cell re-enter the simulation cell at the opposite side.  

In the MD simulations, all interatomic interactions were evaluated using the SPC/E water 
model (Berendsen et al., 1987), the CLAYFF forcefield (Cygan et al., 2004) and the ion-
potentials reported by Åqvist, 1990 (Ca2+) and Joung-Cheatham, 2008 (Na+/Cl-). For the short-
range interactions, the electrostatic interactions were described by Coulombs law and the VdW-
interactions with the 12-6 Lennard-Jones potential, using a cut-off radius of 1.0 nm. The long-
range Coulombic interactions were calculated using the PME (Particle-mesh-Ewald) method 
based on Ewald summation. All MMT layers and simulated systems were constructed using the 
Atomistic Trajectory Operations in Matlab (ATOM) scripts, available through the Matlab File 
Exchange (www.mathworks.com/matlabcentral/fileexchange/), and all trajectories were 
visualized using the molecular graphic software VMD (http://www.ks.uiuc.edu/ 
Research/vmd/), (Humphrey et al., 1996). 

In order to make the MMT (which is made up of an isomorphically substituted Al2O3 layer 
sandwiched between two SiO4 layers, called TOT layers) more realistic, they were simulated as 
fully flexible in all MD simulations in this work. Initial structures for MD simulations were 
energy minimized using the steepest descent algorithm, then equilibrated in the NVT canonical 
ensemble for 5 ns, and in NPT ensembles at 1 bar for 5 ns to relax the MMT sheets and 
interlayers in the x, y, and z directions using the Berendsen barostat (Berendsen et al., 1984). 
The production runs were performed in the NVT canonical ensemble for 125 ns. All 
simulations were performed at 298 K with a time step of 1 fs, using the leap-frog algorithm for 
integration of the equations of motion.  
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5.2.1 SPC/E water model 

For the purpose of molecular simulations of the condensed state, effective pair potentials have 
been widely used for the description of polar molecules. For instance, in water there is a 
considerable average polarization leading to a cooperative strengthening of intermolecular 
bonding. Many effective pair potential models have been adopted for the description of water-
water interactions, such as the simple point charge pair model (SPC) (Berendsen et al., 1981; 
Berendsen et al., 1987), the TIP4P model (Jorgensen et al., 1983) and the MCY model 
(Matsouka et al., 1976). It is worth mentioning that these effective pair potentials account for 
the effect of polarizability of polar molecules. Compared to the TIP4P and the MCY models, 
the SPC model is relatively simple in having partial charges centered directly on each of three 
atoms, with an OH distance of 0.1 nm, and with (point) charges on the oxygen and hydrogen 
positions being -0.82 and +0.41 e (electronic charge units), respectively. Although the SPC 
model exhibits dipole moments and behaves quite satisfactorily in comparison to many 
properties of experimental water, the self-energy due to polarization has been consistently 
overlooked. In order to improve the SPC effective pair model for water, the extended simple 
point charge model (SPC/E) was later developed by including a self-energy correction 
(Berendsen et al., 1987), resulting in a modification of the original SPC water model by 
increasing the magnitude of the charges to -0.8476 and +0.4238 e for the water oxygen and 
hydrogen, respectively. 

5.2.2 CLAYFF forcefield 

A handful of forcefields suitable to handle hydrated clays with isomorphic substitutions exist, 
the most common being the SSFF forcefield (Skipper et al., 1995; Smith, 1998), the CLAYFF 
forcefield (Cygan et al., 2004) and the INTERFACE (Heinz et al., 2005; Heinz et al., 2013) 
forcefield. The CLAYFF forcefield shows better agreement with many types of experimental 
properties compared to the SSFF forcefield (Ebrahimi, 2013). For instance, it has been shown 
that the SSFF forcefield overestimated the diffusion coefficient of water in MMT systems 
(Marry et al., 2011). Overall, CLAYFF has so far proven to be the most popular forcefield for 
clay minerals, likely due to the fact that it is easier to implement than the more recent and fully-
bonded INTERFACE forcefield, which has mostly been used to simulate clay systems 
involving inorganic-organic and inorganic-biomolecular interfaces.  

A mechanistic forcefield for atomistic simulations is comprised of analytical expressions of 
suitable interatomic potentials, and atom type specific constants (radii, charges, bond lengths, 
angles, Lennard-Jones parameters, force constants etc.) that have been parameterized from 
experimental observations or quantum chemical calculations (Cygan, 2001). The total potential 
energy is then determined by the calculation of the appropriate energy terms between every 
particle-particle interaction in the system, and basically consist of contributions from the non-
bonded short-range interactions (such as the electrostatic interactions and the van der Waals 
interactions) and the long-range interactions (only the electrostatic interactions), plus all 
bonded interactions (such as the bond stretch and angle bend terms that are represented in for 
instance the flexible SPC water model, as harmonic potentials). As a result, the total potential 
energy in the forcefield can be written as (Berendsen et al., 1987) 
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𝐸!"!#$ = 𝐸!"#$ + 𝐸!"# + 𝐸!"#$ !"#$"%! + 𝐸!"#$% !"#$      (5.1) 

The Coulombic energy 𝐸!"#$ between two charged particles with partial charges 𝑞!  and 𝑞!  at 
separation 𝑟!" is expressed by Coulomb’s law, having an 1/r distance dependence: 

𝐸!"#$ =
!!

!!!!

!!!!
!!"!!!            (5.2) 

here 𝜖! is the dielectric permittivity of vacuum, and e is the charge of the electron. 

The van der Waals energy between two atoms can be represented by Lennard-Jones potentials, 
which accounts for the repulsion at short-range and the attractive dispersion energy as two 
atoms approach each other, with an 1/r6 distance dependence: 

𝐸!"# = 4𝜖!" (!!"
!!"
)!" − (!!"

!!"
)!          (5.3) 

here 𝜖!" and 𝜎!" are the depth of the potential well between a pair of particles and the approach 
distance at which the Lennard-Jones potential is zero, respectively. In order to calculate the 
Lennard-Jones potential for any arbitrary particles i and j, the 𝜖!" and 𝜎!"values are calculated 
from the geometric mean of the interaction energy 𝜖!" = 𝜖!𝜖! and the arithmetic mean for the 
equilibrium interatomic distance 𝜎!" = (𝜎! + 𝜎!)/2, i.e., according to the so-called Lorentz-
Berthelot mixing rule. 

The intramolecular bond stretch and angle bend energy terms for the description of the 
hydroxyl bonds (like the O-H bonds) are commonly described by simple harmonic forms: 

𝐸!"#$ !"#$"%! !" = 𝑘!(𝑟!" − 𝑟!)!          (5.4) 

𝐸!"#$% !"#$ !"# = 𝑘!(𝜃!"# − 𝜃!)!         (5.5) 

where 𝑘! and 𝑘!  represent force constants and 𝑟! and 𝜃! are the equilibrium bond length and 
equilibrium bond angle, respectively.  

5.2.3 Long-range electrostatics 

The treatment of long-range electrostatic interactions, due to the ‘slow’ 1/r distance 
dependence, is typically based on solving the Poisson equation of electrostatic interaction 
potential, which is inversely proportional to the distance of separation between two charged 
particles. Thus the accuracy of calculations is crucially dependent on the truncation of the 
interactions at a certain cut-off radius (Lau et al., 1994; Patra et al., 2003). Ewald summation 
based methods such as the particle-mesh Ewald (PME) technique (Darden et al., 1993; 
Essmann et al., 1995) have proven to be among the most successful methods in calculating the 
total electrostatic interactions. It has been increasingly used in lipid bilayer (Pandit and 
Berkowitz, 2002) and smectite bilayer (Holmboe and Bourg, 2014) simulations. With the PME 
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the original problem is separated between a summation of the short-range direct real space part 
and the long-range reciprocal space part. The direct real space component is hence calculated in 
the real space between all charged particles and their periodic images within the cut-off 
distance, whereas the approximate reciprocal part is expressed as convolutions and can thus be 
evaluated quickly using fast Fourier transforms. The PME method offers many advantages over 
traditional Ewald summation, as the PME can be efficiently implemented into MD algorithms 
leading to high accuracy with relatively little increase in computation effort. 

5.3 Results and Discussion 

 
Figure 5.1. Snapshot of a MD simulation cell illustrating Ca-MMT in the third-layer hydrate, 
with an 11.7 Å wide interlayer nanopore, containing Ca2+ (green) ions and water molecules. 
The clay mineral structure contains Si (yellow), Al (pink), Mg (blue), O (red) and H (white) 
atoms. 

Typical smectite clay with monoclinic symmetry is characterized by magnesium substitution of 
aluminum in the Al2O3 (octahedral) layer with some aluminum substitution of silicon in the 
SiO4 (tetrahedral) layer (Bickmore, 2003). The substitutions generate a net negative charge on 
the clay TOT layer balanced by the incorporation of metal cations into the interlayer region. In 
this work a Wyoming-type MMT (Skipper et al., 1995; Tambach et al., 2004), was used with 
the chemical formula 𝑋0.66! Al3.33Mg0.66 Si8 O20[OH]4, where X represents the charge fraction 
of the interlayer compensation cations, e.g., 0.33 Ca2+ or 0.66 Na+. This generic Wyoming type 
MMT thus has a net negative charge on the clay TOT layer of 66% due to isomorphic 
substitution.  

In the simulations water contents were varied from the first-layer hydrate (1W) to the fifth-
layer hydrate (5W), where there is generally 5 H2O – 25 H2O per unit cell of MMT (Holmboe 
and Bourg, 2014). The system was modeled with two parallel MMT sheets (6 × 6 × 2 unit cells) 
in the z direction and a water reservoir. For instance, figure 5.1 shows the simulation system of 
Ca-MMT in a third-layer hydrate (basal spacing of 18.6 Å) at thermodynamic equilibrium. This 

x 

y 

z 
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system contained 24 Ca2+ ions, 1080 H2O water molecules and 6144 atoms in total (including 
atoms in the clay mineral structure) in a 31.0 Å × 54.2 Å × 37.4 Å (x × y × z) simulation cell. 

5.3.1 Interlayer structures 

	
Figure 5.2. Interlayer density profiles from MD simulations of Ca-MMT at different swelling 
states, i.e., (a) 1W; (b) 2W; (c) 3W; (d) 5W.  

Figure 5.2 shows the interlayer structure from MD simulations of Ca-MMT in the first-layer 
hydrate (1W), the second-layer hydrate (2W), the third-layer hydrate (3W) and the fifth-layer 
hydrate (5W). The density profiles of water hydrogen (HW), water oxygen (OW) and calcium 
ions in the interlayer nanopores were plotted along the z axis. It can be seen that the smectite 
basal spacing (which is the distance between the midplanes of two clay layers at equilibrium) is 
increased with increasing water content. Basal spacing d001 is 13.7, 15.6, 18.7, 21.7 and 24.8 Å 
when Ca-MMT is found in the 1W, the 2W, the 3W, the 4W and the 5W hydration states, 
respectively. The simulation results are in good agreement with corresponding MC (Zheng et 
al., 2011) and MD simulations (Teich-McGoldrick et al., 2015).  

5.3.2 Hydration of interlayer cations 

The radial distribution function (RDF) is used to quantify the hydration of the interlayer cations 
in this work. In a many-particle system, it describes how the density varies as function of 
distance from a reference particle. The general algorithm of the radial distribution function 
involves determining how many particles are within a distance of r and 𝑟 + ∆𝑟 away from a 
particle. This can, for instance, be calculated from the simulation trajectories using the equation 
𝑔!"(𝑟) = 𝑁! /(𝜌!4𝜋𝑟!∆𝑟), where 𝑁!  is the ensemble averaged number of atoms j located 
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within the spherical shells at r and 𝑟 + ∆𝑟 centered from the atom i, and 𝜌! the average density 
of atom j. The radial distribution functions can be integrated cumulatively and radially along 
the radius r, giving the coordination number, 𝐶𝑁!"(𝑟), of j-atoms about the central i-atom. 

 

Figure 5.3. Graphs of (a) RDF for Ca-OW; (b) coordinate number CN (𝑟!"!!) for Ca-MMT in 
1W, 2W, 3W, 4W and 5W, and zoomed in inserts to highlight the difference of 2W (dark blue), 
3W (dark), 4W (green) and 5W (red). 

Figure 5.3 shows the radial distribution functions 𝑔(𝑟!"!!) between Ca and OW (Ca is the 
reference solute, OW represents the ligand) in the interlayer from the MD simulations for the 
case when Ca-MMT has different water contents. 𝑔(𝑟!"!!) represents the probability of 
finding water oxygen atoms OW at a distance r away from a Ca ion. It can be seen that there 
are two peaks located at about 2.36 and 4.5 Å in figure 5.3a. The first and second peaks 
represent the occurrence of the first and second water shell, respectively. Figure 5.3b shows 
that there are around seven water molecules in the first solvation shell of the Ca ions, which 
reside within a radius of about 3.3 Å, which is the position of the first minimum in the Ca-OW 
RDF shown in figure 5.3a. The coordination number of water molecules in the first water shell 
of the hydrated calcium is increased from 7 to 8 when increasing the interlayer separation from 
the 1W hydration state to the 5W hydration state as shown in figure 5.3b.  

The angle distributions of water oxygen atoms in the first shell of hydrated Ca2+ are calculated 
from MD simulations as shown in figure 5.4. It is seen that the average angle between the water 
oxygen decrease from 78.8 to 76.26 degrees for the case when the water content in Ca-MMT is 
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increased from the 1W hydration state to the 5W hydration state. It indicates that the water 
molecules have less space to pack and rearrange themselves when more water molecules are 
coordinated to Ca2+ in the first hydration shell. 

 	  

 

Figure 5.4. MD simulations for angle distribution θ between the water oxygen atoms in the 
first shell of hydrated Ca2+ in the interlayer nanopores when Ca-MMT is in (a) 1W and (b) 5W. 
The histogram data shows the angle distribution for the total (dark gray), 6 neighbors (yellow), 
7 neighbors (orange) and 8 neighbors (blue). 
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5.3.3 Deformation of hydration shells 

           

             
Figure 5.5. Snapshot of MD simulations showing deformation of hydration shells in the 
interlayer for Ca-MMT in (a) 1W; (b) 2W; (c) 3W; (d) 5W. Only Ca ions (green) and water 
oxygen atoms OW (red) of the first shell in the interlayer are shown. The clay mineral 
structures are shaded for clarity. 

The deformation of the water shells of the hydrated Ca2+ ions is presented in figure 5.5, 
showing only the Ca ions (green) and water oxygen atoms OW (red) of the first water shell for 
clarity. Figure 5.5a shows the hydration for Ca-MMT in the first-layer hydrate. It can be seen 
that there are about seven water molecules in the first shell of each hydrated Ca2+ in the 
interlayer pore. Because of the confinement, in this case, the water molecules are squeezed out 
from the top and bottom of the first shell and likely to accumulate in the center areas forming 
rings like Saturn. Figure 5.5b represents the hydration shells of Ca2+ for the case when Ca-
MMT is in the 2W hydration state, showing mainly eight water molecules in the first shell. It is 
seen that most of the hydration shells are kept spherical. However, the deformation of water 
shells can still be found such as the one in the right corner in figure 5.5b. In the 3W hydration 
state, the Ca2+ ions start to be fully hydrated and evenly distributed forming spherical shells as 
shown in figure 5.5c. In the 5W hydration state, there are about seven or eight water molecules 
in the first shell. Again, figure 5.5d shows no deformation of hydration shells in this case. It 
might be concluded that spherical hydration shells with radius of 3.3 Å could be completed 
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formed when the interlayer separation h is larger than about 10 Å (i.e., the swelling state is 
larger than the 3W hydration state).	  



	 39 

6. Comparison between MD and DFT for EDL 

DFT of fluids is a powerful tool for studying properties of EDL. However, the DFT 
calculations are based on solving the density distributions of the Euler-Lagrange equation with 
the approximation of correlation functions. Due to all the theoretical approximations of DFT, it 
is valuable to validate the results by comparison with molecular simulations like MD or MC 
simulations, which explicitly take into account all atom interactions in the system. This is 
because the molecular simulations have the advantage of giving accurate representations of the 
ionic density profiles in the vicinity of charged surfaces (Skipper et al., 1995; Skipper et al., 
2006). MD and MC, even though more time-consuming and more computationally demanding 
than DFT, are popular methods for the descriptions of the EDL because they can give more 
physically realistic solutions compared to the primitive model.  

 

 

 

 

 

 

 

 

 

 

 

Figure 6.1. Snapshot of MD simulations cell showing Ca-MMT in a ten-layer hydrate, which is 
a 31.6 Å wide interlayer nanopore containing Ca2+ (green) ions, Cl- (dark blue) and water 
molecules. The clay mineral structure contains Si (yellow), Al (pink), Mg (light blue), O (red) 
and H (white) atoms.	 

Hence, computer simulations employing the primitive model completely neglect the solvent 
effects, which play a major role in the behavior of pore water that influences the properties of 
the EDL. In contrast, molecular simulations can take the solvent effects into account by 
employing the molecular solvent model (Lee et al., 2013). To probe the solvent effects, the MD 
simulations of the solvent molecular model were compared with the DFT calculations of the 
primitive model. Comparison of DFT and MD modeling showed under which conditions DFT 
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modeling becomes increasingly inaccurate, see also paper IV. A brief summary and discussion 
are illustrated in the following. 

Figure 6.1 shows the MD simulation system of Ca-MMT in a tenth-layer hydrate, 10W (50 
water molecules per unit cell are added) wide interlayer nanopore of 31.6 Å at thermodynamic 
equilibrium, containing 36 Ca ions, 24 Cl ions and 3600 H2O water molecules, in total 13740 
atoms (including the atoms in the clay mineral structure) in a 31.0 Å × 54.2 Å × 83.2 Å (x × y × 
z) simulation cell. In the DFT modeling, the solvent effects are not taken into account, the clays 
and the ions are assumed to be rigid walls and hard spheres, respectively. In the following 
sections, the ion distributions in the interlayer from DFT calculations are compared with MD 
simulations to see under which condition the DFT breaks down. 

The blue curves presented in figure 6.2 come from the reference fluid density/weighted 
correlation approach (RFD/WCA) of DFT. The red curves are from MD simulations. The black 
dashed lines represent the half layer of MMT from midplane to basal plane. In the DFT 
calculations, the diameters of Na and Ca ions from CLAYFF forcefield were used. For 
simplicity, the ions are represented by hard spheres of equal size with point charges assumed to 
be located at the centers, and the solvent by a continuum with a uniform dielectric permittivity, 
next to charged surfaces in the DFT calculations for the RPM. 

In figure 6.2a, twelve Na and twelve Cl ions are added near the interlayer midplane for the MD 
simulations. The DFT calculations were performed for a system where Na-MMT was in 
equilibrium with a 0.62 M NaCl salt solution. The distance of interlayer nanopore was about 30 
Å at equilibrium state. The ionic diameters were 4.848 Å and the surface charge density is -
0.11 C m-2 from the 66% isomorphic substitution. It can be seen that the DFT calculations 
successfully capture the diffuse layer after about 5.0 Å from the basal plane in comparison with 
MD simulations. However, the outer-sphere complex (within 5.0 Å from the basal-plane) 
observed by MD simulations cannot be predicted by the DFT results. Actually, the Stern-layer 
effect plays an essential role in explaining the swelling mechanism of clay minerals. In figure 
6.2b, six Ca and twelve Cl ions were added in the interlayer pores for MD simulations of Ca-
MMT. After reaching equilibrium, the bulk CaCl2 salt concentration was about 0.23 M, and the 
separation of interlayer nanopore is about 31.6 Å. In figure 6.2b, a similar system was modeled 
with DFT for Ca-MMT in equilibrium with a 0.23 M CaCl solution. The ionic diameters were 
5.3 Å and the surface charge density -0.11 C m-2 for 66% isomorphic substitution. Again, the 
Stern-layer effect is completely ignored by the DFT method for Ca-MMT. 
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Figure 6.2. Comparison of interlayer density profiles from MD (red curves) and DFT (blue 
curves) for (a) Na-MMT (b) Ca-MMT. Solid curves represent the counter-ion distributions, 
dashed curves represent the co-ion distributions. 
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7. Discussion and Conclusions 

To probe calcium bentonite swelling, I first used DFT to calculate the EDL formed near the 
charged smectite surfaces. The bulk-fluid and reference-fluid perturbation methods were 
proposed for the description of ion distributions confined in slit-like nanopores. The 
performance of different DFT approaches was systematically investigated based on the bulk-
fluid and reference-fluid perturbation methods, respectively, by comparing with MC 
simulations. These DFT approaches were the weighted density approximation (WDA), the 
reference fluid density approach (RFD) and the weighted correlation approximation (WCA), 
which are typically used for approximation of electrostatic components of direct correlation 
functions in an inhomogeneous fluid. It has been found, in the strong-coupling regime, that 
these DFT approaches based on the reference-fluid perturbation method exhibited better results 
than the counterparts based on the bulk-fluid perturbation method. However, in the weak-
coupling regime, they gave more or less accurate predictions based on both the bulk and 
reference-fluid perturbation methods under different circumstances. In general, the reference 
fluid-perturbation method-based WCA approach showed better agreement with MC 
simulations than the other DFT approaches in modeling the equal-diameter ions. 

As a result, a DFT model was extended to simulate size-asymmetric ions using the so-called 
RFD/WCA approach. This extended model is of broad interest in various physical systems. The 
osmotic pressures and the selectivity coefficients were calculated using the RFD/WCA 
approach to describe the swelling properties and ion exchange equilibria for Na- and Ca-MMT. 
It has been found that the presence of larger divalent counter-ions can switch the interaction 
from attraction to repulsion as two charged sheets approach. It indicates that the type of 
counter-ions in the interlayer pores plays an important role in the swelling forces. DFT was 
used to predict the selectivity coefficient of ion exchange equilibria (i.e., the replacement of 
Ca2+ by Na+). The modeling suggested that the selectivity for Ca2+ increases considerably with 
increasing compaction of the MMT. Moreover, the DFT predictions showed that the hydrated 
size of Ca2+ i.e., 7.2 Å better represents the experimental results of the selectivity coefficient 
than the bare ionic size (e.g., 4.25 Å) at separations above 10 Å.  

To better understand the mechanism causing the swelling of smectite clays and interlayer 
hydration, and the effects of ion hydration on the molecular level for the EDL, Ca-MMT at 
different water loadings were modeled using MD simulations, explicitly taking into account the 
interactions of the water molecules. It was shown that Ca-MMT in the 1W hydration state 
resulted in d001 of about 13.7 Å (slightly larger than the experimental value), with the Ca ion 
being hydrated by approx. seven water molecules in its first hydration shell, which was 
deformed and non-symmetrical. In the 2W hydration state, d001 was found to be about 15.6 Å 
for Ca-MMT (well in line with the experimental data), with each Ca ions being hydrated by 
nearly eight water molecules in the first shell. Only minor deformation of the first coordination 
water shell was observed for Ca-MMT in the 2W hydration state, since the hydration shells 
were found to be nearly spherical. For the higher hydration states, it was found that the Ca ions 
were fully hydrated with evenly distributed spherical coordination shells, resulting in d001 of 
18.7 Å, 21.7Å and 24.8 Å, respectively, in the 3W, 4W and 5W hydration state. Moreover, 



	 43 

approx. eight water molecules were coordinated to Ca2+ in the first coordination shell, forming 
orthogonal coordination spheres with a radius of about 3.3 Å. Hence, it was found that 
complete hydration shells could only be formed when the interlayer separation is larger than 
approx. 10 Å. The deformation of the hydration shells was observed below this value. It 
explains why DFT, using hard-spheres failed in predicting selectivity coefficients in the case 
when interlayer separation is smaller than 10 Å, where some water molecules were partly being 
squeezed out from the first coordination shell due to the clay basal-plane oxygen atoms. 
However, the hydrated diameters used in DFT showed better agreements with the experiments 
at separation above 10 Å than the size of bare ions.  
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8. Density functional theory of fluids: Potential extentions 

In the study of structural and thermodynamic properties of electrolytes or ionic liquids, 
Henderson and coworkers (Fedorov et al., 2010; Bhuiyan et al., 2012; Silvestre-Alcantara et al., 
2016; Henderson et al., 2016) used DFT of fluid with a simple non-primitive model to 
approximate the solvent effect. In this explicit solvent model, the ions are represented by 
charged hard spheres, and the solvent molecule are described by a dimer composed of touching 
positive and negative hard spheres, with a resulting dipole moment equal to that of a water 
molecule. This symmetric dumbbell solvent model (dimer model) of electrolytes or ionic 
liquids (Matsuoka et al., 1976) can be considered for future work. 

Euler-Lagrange equations of classical DFT are limited to one-dimensional problems due to 
computational difficulties. Integral equations of classical DFT of fluid (fluid-DFT), by contrast, 
is constructed for physical problems with two or three computational dimensions and solved by 
an open source package (Tramonto). Tramonto is developed by Sandia National Laboratories 
(Sandia National Laboratories, https://software.sandia.gov/DFTfluids/) to solve nonlinear 
integral equations using parallel iterative solvers optimized for large distributed-memory 
parallel computers. Fluid-DFT using Tramonto is free from various constraints, thus not limited 
to system sizes, simulation times or one-dimensional problems. It has therefore been 
increasingly used to study a wide range of physical systems such as fluids at interfaces, 
colloidal fluids, porous media, interfacial phase transitions, lipid bilayers and ion channel 
proteins. 

DFT and MD are very powerful in addressing fundamental problems such as mineral 
precipitation induced by diffusion and sorption of solutes at interfaces, and radionuclide 
migration and retardation (kinetic sorption and sorption competition) in argillaceous rocks. 
Nevertheless, DFT neglects the solvent effects, which could be probed by accounting for 
effective ion radius and water molecules (protons and hydroxyls) by using MD simulations. 
DFT could use a dimer model or an explicit solvent model to account for the solvent effects by 
taking into account dipole moment, polarization and angle. 
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