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Abstract

In this licentiate thesis we study relations among invariants of lattice poly-
topes, with particular focus on bounds for the volume.
In the first paper we give an upper bound on the volume vol(P∗) of a poly-
tope P∗ dual to a d-dimensional lattice polytope P with exactly one interior
lattice point, in each dimension d . This bound, expressed in terms of the
Sylvester sequence, is sharp, and is achieved by the dual to a particular re-
flexive simplex. Our result implies a sharp upper bound on the volume of a
d-dimensional reflexive polytope.
In the second paper we classify the three-dimensional lattice polytopes with
two lattice points in their strict interior. Up to unimodular equivalence there
are 22,673,449 such polytopes. This classification allows us to verify, for this
case only, the sharp conjectural upper bound for the volume of a lattice
polytope with interior points, and provides strong evidence for more gen-
eral new inequalities on the coefficients of the h∗-polynomial in dimension
three.





Sammanfattning

I denna licentiatavhandling studerar vi relationer mellan invarianter för git-
terpolytoper, med särskilt fokus på gränser för volymen.
I den första artikeln ger vi en övre gräns på volymen vol(P∗) av en polytop
P∗ som är dual till en d-dimensionell gitterpolytop P med exakt en gitter-
punkt i dess inre, för alla dimensioner d . Denna gräns, uttryckt i termer
av Sylvester-följden, är skarp, och uppnås av dualen till ett särskilt reflex-
ivt simplex. Vårt resultat medför en skarp övre gräns för volymen av d-
dimensionella reflexiva polytoper.
I den andra artikeln klassificerar vi de tredimensionella gitterpolytoperna
som har två gitterpunkter i deras strikta inre. Upp till unimodulär ekvivalens
så finns det 22,673,449 sådana polytoper. Denna klassificering tillåter oss
att verifiera, för enbart detta fall, den skarpa förmodade övre gränsen för
volymen av en gitterpolytop med inre punkter, och ger starkt stöd för mer
allmänna olikheter på koefficienterna för h∗-polynomet i dimension tre.
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General Introduction



This introductory chapter is meant to be a presentation of the main top-
ics of this licentiate thesis. Sections 2–4 are dedicated to introduce the con-
cept of lattice polytope and to give an idea of the most important results and
open problems concerning lattice polytopes and their invariants. Sections
5 and 6 are essential introductions to the basic notions and main results of
the two papers.

1 Convex polytopes

A convex polytope P is the convex hull of finite many points v1, . . . , vn in Rd ,
i.e. P is the smallest convex set of Rd containing all the points v1, . . . , vn .
Formally this can be written as

P = conv{v1, . . . , vn} := {λ1v1 +·· ·+λn vn : all λi ≥ 0 and λ1 +·· ·+λn = 1}.

Note that P is a convex compact set. We denote by P◦ and ∂P the interior
and boundary of P , respectively. We call dimension of P the dimension of
the affine space spanned by v1, . . . , vn . We denote it by dim(P ). If dim(P ) = d ,
we say that P is full-dimensional. More generally, if dim(P ) = k, we call P a
k-polytope.

We say that an hyperplane H ⊂Rd is supporting P if it does not intersect
the interior of P , i.e. if P◦ ∩ H = ∅, or, equivalently, if P ∩ H ⊂ ∂P . Any
intersection of P with any supporting hyperplane H defines a face P ∩H of
P . By definition, the faces of a polytope are polytopes. Note that ∅ is a face
of any polytope P , and we set dim(∅) = −1. Faces of dimension 0, 1 and
dim(P )−1 are called vertices, edges, and facets of P . We also consider P itself
as the unique dim(P )-dimensional face of P .

We call simplex a polytope having dim(P )+1 vertices. If a simplex has
dimension k we call it a k-simplex. Anyway, for simplices of dimension 1, 2
or 3, the terms segment, triangle and tetrahedron will be preferred.

Figure 1.1: A tetrahedron, or 3-simplex.
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2 Let there be a lattice!

Convex polytopes are fundamental objects in mathematics, and they are
currently an extremely active area of research. It is anyway our interest to
study polytopes endowed by an additional structure.

We call lattice a discrete Z-submodule of Rd . Here by discrete we mean
that it is generated (as a Z-module) by linearly independent elements of Rd .
Anyway, unless otherwise stated, we choose Zd as the lattice, as any lattice
of rank d can be mapped into Zd via an invertible linear transformation.

We have now the means to define the main objects of investigation of
this thesis.

Definition 2.1. A lattice polytope (with respect to the lattice Zd ) is a convex
polytope whose vertices are in Zd .

Due to our choice of lattice, we sometimes refer to lattice polytopes as
integer polytopes. Our primary source of inspirations for lattice polytopes as
well as suggested reference for further insights is the book Computing the
continuous discretely by Beck and Robins [3].

It is clear that, in some contexts, it may make sense to identify a lattice
polytope P with any of its translations P +v , where v ∈Zd . In the same way,
rotating, flipping or applying any linear transformation to P , preserves most
of its properties, provided that the lattice is preserved under such transfor-
mations (see Figure 1.2). We make this concept formal by defining the fol-
lowing equivalence relation on the set of d-dimensional lattice polytopes.

Definition 2.2. Two full-dimensional lattice polytopes P,Q ⊂ Rd are said to
be unimodular equivalent, and we denote this by P ∼= Q, if there exist an
element of the lattice v ∈ Zd and an automorphism φ ∈ GLd (Z) of Rd such
that φ(P + v) =Q.

Figure 1.2: Two unimodular equivalent lattice polytopes.

Introducing a “grid” structure to a lattice polytope allows to do compar-
isons between its classical geometric nature, and the discrete one, carried by

15



the lattice. Therefore we can make a distinction between two different no-
tions of volume for a lattice polytope P : a classical and continuous one, in
which the information is distributed homogeneously in the polytope, and a
quantised and discrete one, in which the information is stored in the lattice
points.

We can make this idea explicit by defining the volume of a d-dimensional
lattice polytope P in Rd as the integral

∫
P 1dµ, and by choosing an oppor-

tune measure µ depending on the context: if we are interested in the contin-
uous volume of P we choose µ to be the standard d-dimensional Lebesgue
measure, if we are interested in its discrete volume we choose µ to be the
“counting measure” Rd ⊃ X 7→ ∣∣X ∩Zd

∣∣. To keep things simple (and coher-
ent with the notation used nowadays) we will simply call volume the contin-
uous volume of P and we denote it by vol(P ), while its discrete counterpart∣∣P ∩Zd

∣∣ will be called size.
It is safe (and instructive) to consider the integral vol(P ) in the Rieman-

nian sense. Indeed we can think of computing it by approximating P by
putting boxes having side length 1

k – and therefore volume 1
kd – on every

point of 1
kZ

d . By taking the limit we get vol(P ):

vol(P ) = lim
k→+∞

1

kd

∣∣∣∣P ∩ 1

k
Zd

∣∣∣∣ . (2.1)

k = 1 k = 2 k →+∞
Figure 1.3: From discrete to continuous volume.

Equation (2.1) allows one to find the volume of P by knowing the asymp-
totic size of integers dilations of a lattice polytope P . Indeed, since

∣∣P ∩ 1
kZ

d
∣∣=∣∣kP ∩Zd

∣∣, one can calculate vol(P ) as

vol(P ) = lim
k→+∞

1

kd

∣∣∣kP ∩Zd
∣∣∣ . (2.2)

Clearly this is a unhandy way to calculate vol(P ), so it makes sense to in-
vestigate some low dimensional case, looking for stronger relations between
the volume of P and its size.
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The dimension one case is straightforward: if P is a line segment having
integer endpoints, clearly its volume (or length) satisfies vol(P ) = |P ∩Z|+1.

In dimension two the situation becomes interesting thanks to Pick’s the-
orem.

Theorem 2.3 (Pick’s Theorem). The volume of a two-dimensional lattice poly-
tope P can be expressed in terms of the number of lattice points in the interior
and on the boundary of P as

vol(P ) = ∣∣P◦∩Z2
∣∣+ 1

2

∣∣∂P ∩Z2
∣∣−1.

Although elementary proofs of Theorem 2.3 are possible, the most suit-
able way to present this result on this thesis it to see it as a corollary of the
results presented in § 3.

Just by examining the one- and two-dimensional cases, one may feel
tempted to conjecture the existence of a formula expressing the volume of a
lattice polytope P of arbitrary dimension just by counting the lattice points
in P and in its faces. This fails already in dimension three, where it is pos-
sible to realize polytopes with a fixed number of lattice points, but with ar-
bitrarily large volume. An example of this is the Reeve’s Tetrahedron of Fig-
ure 1.4.

Figure 1.4: The Reeve’s Tetrahedron, which has no lattice points other than its
four vertices (0,0,0), (0,1,0), (0,0,1) and (1,1, a) (for some a ∈Z≥1), has volume
equal to 1

6 a.

From the previous example it results clear that in general it is not possi-
ble to extract enough information from the distribution of the lattice points
in a lattice polytope P . The Ehrhart Theory, presented in the following sec-
tion, finds a compromise between Pick’s Theorem and equality (2.2).

17



3 The Ehrhart Theory

Ehrhart Theory studies the distributions of lattice points in lattice polytopes
and in their dilations. It takes name after Eugène Ehrhart, who proved the
main theorem (Theorem 3.1) in this subject. We define the Ehrhart function,
which counts the lattice points in the k-th dilation of a lattice polytope P

ehrP (k) :=
∣∣∣kP ∩Zd

∣∣∣ for k ≥ 1.

Ehrhart proved that the Ehrhart function behaves polynomially.

Theorem 3.1 (Ehrhart’s Theorem). Let P be a d-dimensional lattice poly-
tope. Then the Ehrhart function ehrP can be extended to the degree d polyno-
mial

ehrP (k) = 1+ c1t + . . .+ cd t d ,

called Ehrhart polynomial of P.

From now on we denote by ehrP (k) also the Ehrhart polynomial of a lat-
tice polytope P . Directly from (2.2) it follows that the leading coefficient of
ehrP is the volume of P , indeed

cd = lim
k→+∞

ehrP (k)

kd
= lim

k→+∞
1

kd

∣∣∣kP ∩Zd
∣∣∣= vol(P ).

It is possible to find an interpretation also for the second leading coeffi-
cient cd−1:

cd−1 =
1

2
vol(∂P ),

where vol(∂P ) := ∑
F facet of P vol(F ). On the other hand there is still not an

understood combinatorial interpretation for all the other coefficients. For
each i it is only known that ci is a rational number such that d !ci ∈Z.

Note that, in case P is two-dimensional, Pick’s Theorem 2.3 follows di-
rectly from the properties of ehrP . Indeed

∣∣P ∩Z2
∣∣= ehrP (1) = 1+ 1

2 vol(∂P )+
vol(P ), so

vol(P ) = ∣∣P ∩Z2
∣∣− 1

2
vol(∂P )−1 = ∣∣P ∩Z2

∣∣− 1

2

∣∣∂P ∩Z2
∣∣−1

= ∣∣P◦∩Z2
∣∣+ 1

2

∣∣∂P ∩Z2
∣∣−1.

Once we know that the Ehrhart function can be extended to a polyno-
mial, it is possible to evaluate it at any real number. A particularly interest-
ing behavior is observed when evaluating it at negative integer values.
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Theorem 3.2 (Ehrhart–Macdonald reciprocity). Let P a d-dimensional lat-
tice polytope. Then

ehrP (−k) = (−1)d
∣∣∣kP◦∩Zd

∣∣∣ .

Due to the fact that the coefficients of the Ehrhart polynomial do not
have a fully understood combinatorial interpretation, it is often convenient
to introduce an equivalent invariant. As always, let P be a d-dimensional
lattice polytope. It is well known that the generating function of ehrP can be
rewritten in the following form

∑
k≥0

ehrP (k)t k = h∗
P (t )

(1− t )d+1
,

where h∗
P (t ) = 1 +h∗

P,1t + ·· · +h∗
P,d t d is a polynomial of degree at most d .

We call it the h∗-polynomial of P or Ehrhart δ-polynomial. Note that h∗
P is

nothing but a doppelgänger of ehrP , indeed one can think of it just as a way
to express ehrP using a different base for the polynomial ring:

ehrP (t ) =
(

t +d

d

)
+h∗

P,1

(
t +d −1

d

)
+·· ·+h∗

P,d−1

(
t +1

d

)
+h∗

P,d

(
t

d

)
.

P × {1}

2P × {2}

Figure 1.5: In algebraic language ehrP can be interpreted as the Hilbert func-
tion of the semigroup algebra generated by the lattice points in the cone over
P × {1}, considered with the grading given by the last coordinate. In this case
h∗

P is the Hilbert polynomial of the semigroup albegra.

The coefficients of the h∗-polynomial have a combinatorial interpreta-
tion. Specifically, if P ⊂Rd is a d-dimensional simplex with vertices v0, . . . , vd ,
then h∗

k counts the number of points ofZd+1 in the half-open parallelepiped

Π(P ) :=
{

d∑
i=0

λi (vi ,1) ⊂Rd+1 : 0 ≤λi < 1

}
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having first coordinate equal to k.

→ h∗
P,0 = 1

→ h∗
P,1 = 1

→ h∗
P,2 = 1

Figure 1.6: The half-open parallelepipedΠ(P )of the two-dimensional simplex
P = conv{(−1,−1), (1,0), (0,1)}. By counting the lattice points on it, one can
find the coefficients of the h∗-polynomial of P . In this case h∗

P (t ) = 1+ t + t 2.

This combinatorial interpretation can be extended from simplices to
any polytope by the use of half-open triangulations (a good reference for
this is [10]).

The h∗-polynomial of P naturally defines a new invariant for P : we call
degree of P the degree of its h∗-polynomial h∗

P .
In the following proposition we summarize some of the properties of the

h∗-polynomial.

Proposition 3.3. Let h∗
P (t ) = 1+h∗

P,1t +·· ·+h∗
P,d t d be the h∗-polynomial of a

d-dimensional lattice polytope. Then

i. h∗
P,1 =

∣∣P ∩Zd
∣∣−d −1;

ii. h∗
P,d = ∣∣P◦∩Zd

∣∣;
iii. 1+h∗

P,1 +·· ·+h∗
P,d = d !vol(P );

iv. if s is the degree of P, then for k = 1, . . . ,d−s we have |kP◦∩Zd | = 0, while
|(d − s +1)P◦∩Zd | = h∗

P,s ;

v. h∗
P,i ∈Z≥0 for each i ;

vi. if Q ⊆ P is a lattice polytope, then h∗
Q,i ≤ h∗

P,i for each i ;

While i–iv follow from Ehrhart’s original approach, v and vi are two re-
sults of Stanley [22; 24]. Alternative proofs of the latter results can be given
by using the half-open triangulations method mentioned earlier.

The most important open problem in Ehrhart Theory is a characteriza-
tions of the polynomials which are the Ehrhart polynomial of some lattice
polytope. This problem can be stated in equivalent terms of h∗-polynomials
as follows.
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Question 3.4. In each dimension d , is it possible to characterize all the vec-
tors (1,h∗

1 , . . . ,h∗
d ), which are h∗-vectors of some d-dimensional lattice poly-

tope?

The two-dimensional case of Question 3.4, has been solved by Scott [21],
and can be summarised as follows.

Theorem 3.5 (Scott’s Theorem). The vector with integer entries (1,h∗
1 ,h∗

2 ) is
the h∗-vector of a two-dimensional polytope P if and only if one of the fol-
lowing conditions is true

1. h∗
2 = 0, or

2. 0 < h∗
2 ≤ h∗

1 ≤ 3h∗
2 +3, or

3. (1,h∗
1 ,h∗

2 ) = (1,7,1), in this case P is equal to 3∆2, the third dilation of
the two-dimensional unimodular simplex ∆2 := conv(0,0), (1,0), (0,1).

Henk–Tagami [11] and Treutlein [27] generalised Scott’s Theorem to lat-
tice polytopes of any dimension and having degree two.

All the higher-dimensional cases of Question 3.4 are widely open. Nev-
ertheless several families of inequalities for the coefficients of the h∗-poly-
nomials have been proven for all dimensions. Let P be any lattice polytope
of dimension d . In [13] Hibi proved that

h∗
P,d +h∗

P,d−1 +·· ·+h∗
P,d−i ≤ h∗

P,0 +h∗
P,1 +·· ·+h∗

P,i+1 for i = 0,1, . . . ,

⌊
d

2

⌋
−1;

while Stanley in [23] proved that

h∗
P,0 +h∗

P,1 +·· ·+h∗
P,i ≤ h∗

P,s +h∗
P,s−1 +·· ·+h∗

P,s−i for i = 0,1, . . . ,
⌊ s

2

⌋
,

where s is the degree of the h∗-polynomial. Another result from Hibi [14], in
case P has interior points, is the following:

1 ≤ h∗
P,1 ≤ h∗

P,i for i = 2, . . . ,d −1. (3.1)

More recently Stapledon [25; 26] showed the existence of infinite new
classes of inequalities and generalised existing ones.

4 Volume of lattice polytopes

Another way to compare the discrete and continuous volume of a lattice
polytope is to study the possible behaviors of the volume of a lattice poly-
tope P when its number of interior points is fixed.

21



Figure 1.7: It is possible to build an arbitrarily large hollow polytope, simply by
placing it in the gray area, i.e. between two parallel hyperplanes having lattice
distance one. This can be done in any dimension.

This question is not very interesting for hollow polytopes, i.e. for lattice
polytope without any interior lattice point. Indeed in this case the volume
can be arbitrarily large (see Figure 1.7).

On the other hand, in case P is a d-dimensional lattice polytope with
at least one interior points, Hensley [12] proved that the volume of P is
bounded by a constant depending on the number of interior lattice points.
Refined values for such constant have been proved first by Lagarias–Ziegler
[19], later by Pikhurko [20]. It makes sense to define a slightly modified ver-
sion of the volume of a lattice polytope P . Given a d-dimensional lattice
polytope P , we call

Vol(P ) := d !vol(P )

the normalised volume of P . The normalised volume of a lattice polytope P
has the advantage of being always an integer, it is equal to h∗

P (1) (see Propo-
sition 3.3 iii), and it respects monotonicity, i.e. if Q ⊆ P is a lattice polytope,
then Vol(Q) ≤ Vol(P ).

Theorem 4.1 (Hensley, Lagarias-Ziegler, Pikhurko). Let P be a d-dimensional
lattice polytope with k > 0 interior lattice points. Then

Vol(P ) ≤ d ! (8d)d 15d ·22d+1
k.

In dimension two a better and sharp bound follows from Scott’s Theo-
rem 3.5 together with Proposition 3.3 iii.

Corollary 4.2. Let P be a two-dimensional polytope with k > 0 interior lattice
points, then

Vol(P ) ≤ 9 if k = 1, or Vol(P ) ≤ 4(k +1) if k > 1.

Moreover the first inequality is an equality only if P = 3∆2.

Also in higher dimension the bound in Theorem 4.1 appears to be far
from sharp. Indeed the largest (in terms of volume) d-dimensional lattice
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polytope having k (with k > 0) interior lattice points which we are able to
build is the Zaks–Perles–Wilkes simplex (from [29])

Sd
k := conv(o, s1e1, . . . , sd−1ed−1, (k +1)(sd −1)ed ), where k ≥ 1, (4.1)

where o is the origin of the lattice, e1, . . . ,ed is the standard base of Zd and
(si )i∈Z≥1 is the Sylvester sequence

s1 = 2, si = s1 · · · si−1 +1. (4.2)

It is reasonable to conjecture that, for fixed d and k, the simplex Sd
k max-

imises the volume amongst all k-point d-dimensional polytopes. Hints of
this conjecture can be tracked back to [29], [12] and [19].

Conjecture 4.3. Fix d ≥ 3 and k ≥ 1. A k-point d-dimensional lattice poly-
tope P satisfies

VolP ≤ Vol(Sd
k ) = (k +1)(sd −1)2. (4.3)

With the exception of the case when d = 3, k = 1, this inequality is an equal-
ity if and only if P ∼= Sd

k .

Averkov–Krümpelmann–Nill [1] proved a “simplicial” version of Conjec-
ture 4.3 when k = 1: Sd

1 is the unique simplex with maximum volume among
all 1-point d-dimensional simplices, d ≥ 4.

5 The dual of a lattice polytopes

In Paper I we prove a “dual” version of Conjecture 4.3 for polytopes with one
interior lattice point.

Let P ⊂Rd be a full-dimensional lattice polytope having one interior lat-
tice point (suppose that such point is the origin 000 of the lattice), and let
HomZ(Zd ,Z) ∼= Zd be the lattice dual to Zd . The dual polytope of P is the
polytope

P∗ := {y ∈ (Rd )∗ : 〈y, x〉 ≥−1 for every x ∈ P }.

Note that P∗ has one interior lattice points (which is the origin of the dual
lattice), but may not be a lattice polytope, as its vertices may have rational
coordinates (in the dual lattice). This naturally select a privileged family of
lattice polytopes having one interior lattice point.

Definition 5.1. If the dual polytope of a lattice polytope P is a lattice poly-
tope, then we say that P is a reflexive polytope.

Reflexive polytopes are an extremely interesting family of lattice poly-
topes, and they are object of studies in many different fields (see [16] for a
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brief survey). The Zaks–Perles–Wilkes simplex Sd
1 (see (4.1) for the defini-

tion) is an example of reflexive simplex, provided that it has been translated
in such a way that its only interior lattice point is the origin.

The main result of Paper I is the following sharp upper bound for the
normalised volume of duals of lattice polytopes having one interior lattice
point. The bound is expressed via the Sylvester sequence (4.2).

Theorem 5.2. Let d ≥ 3 and P be a d-dimensional lattice polytope with one
interior lattice point. Then

Vol(P∗) ≤ 2(sd −1)2.

With the exception of the case d = 3, this inequality is an equality if and only
if P ∼= Sd

1 .

Such result was already known for simplices [1]. As a corollary Conjec-
ture 4.3 is true for reflexive polytopes.

Corollary 5.3. Let P be a d-dimensional reflexive polytope, where d ≥ 3.
Then

Vol(P ) ≤ 2(sd −1)2.

With the exception of the case d = 3, this inequality is an equality if and only
if P ∼= Sd

1 .

The strategy to prove Theorem 5.2 is to note that it suffices to prove it
for polytopes satisfying some notion of minimality. Such polytopes admit a
special decomposition in simplices, for which the result was already known
[1], and from which we derive the desired result. This strategy leaves some
gaps in low dimension. In order to fill them it is necessary to perform some
specific classifications of low-dimensional minimal polytopes.

6 Classifications of lattice polytopes

A well-known result by Lagarias–Ziegler [19, Theorem 2] states that, up to
unimodular equivalence, there are finitely many d-dimensional lattice poly-
topes having volume lower than any constant V . From this and from Theo-
rem 4.1 it is possible to deduce the following corollary.

Corollary 6.1. Let k and d be positive integers. Up to unimodular equiva-
lence, there are finitely many d-dimensional lattice polytopes with k interior
lattice points.
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Despite this, obtaining explicit lists of lattice polytopes (when the di-
mension and the number of interior lattice points are fixed) is a hard com-
putational task. The first significative step has been taken by Kasprzyk [15],
who classified the 674,688 three-dimensional lattice polytopes with one in-
terior lattice point. In Paper II we continue with the classification of the
22,673,449 three-dimensional lattice polytopes having two interior lattice
points. In this special case Conjecture 4.3 holds.

Moreover we approach Question 1.2 by studying the distribution of the
coefficients of the h∗-polynomials of the classified polytopes. We conjec-
ture two inequalities for the coefficients of the h∗-polynomials of three-
dimensional polytopes that cannot be deduced from the known ones listed
in § 3.

Conjecture 6.2. For any h∗-vector (1,h∗
P,1,h∗

P,2,h∗
P,3) of a non-hollow three-

dimensional polytope P , the inequalities

h∗
P,1 ≤ 16h∗

P,3 +19 and h∗
P,2 ≤ 19h∗

P,3 +16

hold. Moreover, if h∗
3 > 1, the first inequality is an equality if and only if

P = S3
h∗

3
.

This conjecture would imply Conjecture 4.3 in dimension three.
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Abstract

We give an upper bound on the volume vol(P∗) of a polytope P∗ dual to a d-
dimensional lattice polytope P with exactly one interior lattice point, in each
dimension d . This bound, expressed in terms of the Sylvester sequence, is
sharp, and is achieved by the dual to a particular reflexive simplex. Our result
implies a sharp upper bound on the volume of a d-dimensional reflexive poly-
tope. Translated into toric geometry, this gives a sharp upper bound on the
anti-canonical degree (−KX )d of a d-dimensional toric Fano variety X with at
worst canonical singularities.

1 Introduction

1.1 Background and results

Let N ∼= Zd be a lattice of rank d . A convex polytope P ⊂ NR, where NR :=
N ⊗Z R ∼= Rd , is called a lattice polytope if the vertices vert(P ) of P are con-
tained in N . Two lattice polytopes P,Q ⊂ NR are said to be unimodular
equivalent if there exists an affine lattice automorphism ϕ ∈ GLd (Z)nZd of
N such that ϕR(P ) =Q. Unless stated otherwise, we regard lattice polytopes
as being defined only up to unimodular equivalence.

Let P ⊂ NR be a lattice polytope of dimension d (that is, P is of max-
imum dimension in NR) containing exactly one lattice point in its (strict)
interior, i.e. |int(P )∩N | = 1. We can assume that this interior point is the ori-
gin 000 ∈ N . For reasons that are explained in §1.2 below, we call P a canonical
Fano polytope. As a consequence of results by Hensley [9, Theorem 3.6] and
Lagarias–Ziegler [15, Theorem 2], there are finitely many canonical Fano
polytopes (up to unimodular equivalence) in each dimension d .

Canonical Fano polytopes in dimensions d ≤ 3 have been classified [10],
and we find that vol(P ) ≤ 12. For d ≥ 4 it is conjectured that the volume of a
d-dimensional canonical Fano polytope is bounded by

vol(P ) ≤ 1

d !
2(sd −1)2, (1.1)

where si denotes the i -th term of the Sylvester sequence:

s1 := 2, si+1 := s1 · · · si +1 for i ∈Z≥1.

Moreover, the case of equality in (1.1) is expected to be attained only by the
canonical Fano simplex

R(d) := S(d) −
d∑

i=1
ei , where S(d) := conv{000,2(sd −1)ed , sd−1ed−1, . . . , s1e1}.
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Here {e1, . . . ,ed } is a basis of N . This conjecture is hinted at in [15; 19; 21], ex-
plicitly stated in [16, Conjecture 1.7], and proved by Averkov–Krümpelmann–
Nill [3] for the case when P is a canonical Fano simplex. The conjecture re-
mains open for a general canonical Fano polytope. The currently best upper
bound on the volume of a canonical Fano polytope that is not a simplex is
established in [3, Theorem 2.7] (improving upon a result by Pikhurko [17]),
however this is presumed to be far from sharp:

vol(P ) ≤ (sd+1 −1)d .

Instead of bounding vol(P ), it is also natural to consider the volume of
the dual polytope P∗ (see §1.4 for the definition of the dual polytope). The
main result of this paper is:

Theorem 1.1. Let P ⊂ NR be a d-dimensional canonical Fano polytope, where
d ≥ 4. Then

vol(P∗) ≤ 1

d !
2(sd −1)2,

with equality if and only if P = R∗
(d).

In three dimensions, the expected bound vol(P∗) ≤ 12 is proved in [10,
Theorem 4.6]. In this case, however, equality is obtained by the duals of two
distinct simplices:

P1,1,1,3 = conv{e1,e2,e3,−e1 −e2 −3e3} and P1,1,4,6 = R∗
(3). (1.2)

The analogue of Theorem 1.1 is proved in [3, Theorem 2.5(b)] for d-dimen-
sional canonical Fano simplices.

Probably one of the most studied class of canonical Fano polytopes are
the reflexive polytopes, consisting of those P ⊂ NR such that the dual P∗ is
also a canonical Fano polytope (for a brief survey see [12]). Note that R(d)

is a reflexive simplex [16]. An immediate consequence of Theorem 1.1 is a
proof of the conjectured inequality (1.1) in the case of reflexive polytopes:

Corollary 1.2. Let P ⊂ NR be a d-dimensional reflexive polytope, where d ≥ 4.
Then

vol(P ) ≤ 1

d !
2(sd −1)2,

with equality if and only if P = R(d).

The analogue of Corollary 1.2 in the case of reflexive simplices is proved
in [16, Theorem A].

31



1.2 Toric geometry and Fano varieties

Canonical Fano polytopes arise naturally in algebraic geometry. To each
d-dimensional canonical Fano polytope P ⊂ NR we can associate a d-di-
mensional projective toric variety XP whose fan is given by the cones in NR

spanning the faces of P (here we require that the unique interior point of P
is taken to be the origin 000 of N ). This variety is Fano – recall that a variety X
is Fano if its anti-canonical divisor −KX is ample – and has at worst canon-
ical singularities. In fact this construction is reversible, and there exists a
one-to-one correspondence between (unimodular equivalence classes of)
canonical Fano polytopes and (isomorphism classes of) toric Fano varieties
with at worst canonical singularities. For details on canonical singularities
and their importance in algebraic geometry, see [20]; for details on toric ge-
ometry, see [8]; and for additional background material see the survey [12].

The classification of Fano varieties is a long-standing open problem. An
important advance would be to bound the degree (−KX )d . In the case when
X is non-singular the bound

(−KX )d ≤
(
3(2d −1)(d +1)(d+1)(2d−1)

)d
(1.3)

was established by Kollár–Miyaoka–Mori [13], although this is almost cer-
tainly not sharp. Very little is known when X has canonical singularities,
however Prokhorov [18] proved that if X is a three-dimensional Fano with
Gorenstein canonical singularities then the degree is bounded by (−KX )3 ≤
72. In this case the maximum degree is obtained by the two weighted pro-
jective spaces P(1,1,1,3) and P(1,1,4,6), and these two toric varieties corre-
spond to the two canonical Fano simplices in (1.2). It is tempting to conjec-
ture that, in higher dimensions, the maximum degree is obtained by a toric
Fano variety. Recalling that (−KXP )d = d !vol(P∗), Theorem 1.1 provides a
sharp bound on the degree when X is toric:

Corollary 1.3. Let X be a d-dimensional toric Fano variety with at worst
canonical singularities, where d ≥ 4. Then

(−KX )d ≤ 2(sd −1)2, (1.4)

with equality if and only if X is isomorphic to the weighted projective space

P (1,1,2(sd −1)/sd−1, . . . ,2(sd −1)/s1) .

This extends [16, Theorem A] and [3, Theorem 2.11], where analogous re-
sults are stated when X is a Gorenstein fake weighted projective space, and
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when X is a fake weighted projective space with at worst canonical singu-
larities, respectively. Corollary 1.3 also generalises the three-dimensional
bound of [10, Theorem 4.6].

Finally, Corollary 1.3 also has implications for current attempts to clas-
sify non-singular Fano varieties via Mirror Symmetry [7]. Here the hope is
that a non-singular Fano variety X with −KX very ample has aQ-Gorenstein
deformation to a Gorenstein canonical toric Fano variety XP . Since this de-
formation would leave the degree unchanged, so the bound of Corollary 1.3
would apply to X . It is interesting to note that, in this case, the bound (1.4)
is significantly smaller that the bound (1.3) of Kollár–Miyaoka–Mori.

1.3 Overview of the proof

Our strategy to prove Theorem 1.1 is as follows. In §2 we reduce the problem
to canonical Fano polytopes satisfying some minimality condition. We ob-
serve that such polytopes admit a decomposition into canonical Fano sim-
plices (following [10]; compare also with the decomposition used in [14]),
for which the statement is already known [3]. In §3 we use this decompo-
sition, together with the monotonicity of the normalised volume, to prove
Theorem 1.1 in the majority of cases (Corollary 3.1). Finally, the remaining
cases are proved in §6 using a mixture of integration techniques (developed
in §§4–5) and explicit classification.

1.4 Notation and terminology

Let P ⊂ NR be a lattice polytope of maximum dimension in a rank d lattice
N ∼=Zd , and let M := HomZ(N ,Z) ∼=Zd be the lattice dual to N . The dual (or
polar) polyhedron of P is:

P∗ := {y ∈ MR : 〈y, x〉 ≥−1 for every x ∈ P }.

If 000 ∈ P then P∗ is a convex polytope, although typically P∗ has rational ver-
tices, and so is not a lattice polytope.

Let P and Q be two maximum-dimensional polytopes in (NP )R ∼=Rp and
(NQ )R ∼= Rq , respectively. Suppose that P and Q contain the origin 000P ∈ NP

and 000Q ∈ NQ of their respective ambient space. The free sum (or direct sum)
is the maximum-dimensional polytope

P ⊕Q := conv((P × {000Q })∪ ({000P }×Q)) ⊂Rp+q .

The product is the polytope

P ×Q := {(xp , xq ) : xp ∈ P, xq ∈Q} ⊂Rp+q .
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Free sums and products of polytopes are related, via duality, by:

(P ⊕Q)∗ = P∗×Q∗.

On the affine hull aff(P ) there exists a volume form, called the relative
lattice volume, that is normalised by setting the volume of a fundamental
parallelepiped of affZ(P ) equal to 1. We denote the relative lattice volume
of P by volN (P ). The volume VolN (P ) := dim(P )!volN (P ) is often called the
normalised lattice volume of P. If N ′ ⊆ N is a sublattice of N then, for S ⊆
lin(N ′), we have volN ′(S) ≤ volN (S). If in addition we have that N ′ → N splits
over Z, then volN ′(S) = volN (S).

2 Decomposition of minimal polytopes

The case of canonical Fano simplices is already considered in [3]. Our focus
is on the case when P is not a simplex. Notice that if P ( Q then Q∗ ( P∗,
and hence vol(Q∗) < vol(P∗). It is therefore sufficient to prove Theorem 1.1
for “small” polytopes P ; that is, for the minimal canonical Fano polytopes:

Definition 2.1 ([10, Definition 2.2]). A d-dimensional canonical Fano poly-
tope P ⊂ NR is minimal if, for each vertex of P , the polytope obtained by
removing this vertex is not a d-dimensional canonical Fano polytope; that
is, if conv(P ∩N \ {v}) is not a d-dimensional canonical Fano polytope, for
each v ∈ vert(P ).

Each canonical Fano polytope Q can, via successive removal of vertices, be
reduced to a minimal polytope P ⊂ Q. Of course P need not be uniquely
determined. Minimal canonical Fano polytopes admit a decomposition in
terms of lower-dimensional minimal canonical Fano simplices:

Proposition 2.2 ([10, Proposition 3.2]). Let P be a minimal canonical Fano
d-polytope that is not a simplex. Then there exists a minimal canonical Fano
k-simplex S contained in P with vert(S) ⊂ vert(P ), for some 1 ≤ k < d. For
any such S there exists a minimal canonical Fano (d −k+s)-polytope P ′ with
vert(P ′) ⊂ vert(P ) such that P = conv(S ∪P ′), s = ∣∣vert(S)∩vert(P ′)

∣∣, and 0 ≤
s < k.

For brevity we write “d-polytope” rather than “polytope of dimension d”,
and “k-simplex” rather than “simplex of dimension k”.

Corollary 2.3. Let P be a minimal canonical Fano d-polytope that is not a
simplex. Then, for some 2 ≤ t ≤ d, there exist minimal canonical Fano sim-
plices S1, . . . ,St such that P = conv(S1 ∪ . . .∪St ), where dim(Si ) = di ≥ 1 and
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S1

S2

v

Figure 2.8: An example of a three-dimensional minimal canonical Fano poly-
tope P which decomposes into two canonical Fano simplices S1 and S2 shar-
ing a common vertex v . In the notation of Corollary 2.3, d = 3, t = 2, d1 = d2 =
2, and r2 = 1.

vert(Si ) ⊂ vert(P ), for each 1 ≤ i ≤ t . Set r1 := 0 and, for each 2 ≤ i ≤ t , set
ri := ∣∣vert(Si )∩vert(P (i−1))

∣∣, where P (i−1) := conv(S1 ∪ . . .∪Si−1). Then:

d1 +·· ·+dt = d + r, where r := r1 +·· ·+ rt ; (2.1)

ri < di ≤ d − t +1, for each 1 ≤ i ≤ t ; (2.2)

|vert(P )| = d + t . (2.3)

An example of this decomposition is illustrated in Figure 2.8.

Proof. We apply Proposition 2.2 iteratively, at each step choosing S to be of
smallest possible dimension. Thus P can be written as P = conv(S1 ∪ . . .∪
St ) for some t ≥ 1, where the Si are minimal canonical Fano simplices of
dimension di ≥ 1 with vert(Si ) ⊆ vert(P ) having ri common vertices with
P (i−1), such that dt ≤ dt−1 ≤ ·· · ≤ d1. The case P (0) is taken to be the empty
set, giving r1 = 0. At each step, the dimension of P (i ) can be obtained from
Proposition 2.2: dim(P (i )) = dim(P (i−1))+dim(Si )− ri . Hence d =∑t

i=1(di −
ri ), and so (2.1) holds. Once again using Proposition 2.2, since dim(Si ) > ri ,
so dim(P (i )) ≥ dim(P (i−1))+1. It follows that t ≤ d and so d1 ≤ d−t+1. Hence
our choice of simplices implies (2.2). Finally, the number of vertices of P (i )

is
∣∣vert(P (i−1))

∣∣+|vert(Si )|− ri . This implies that |vert(P )| =∑t
i=1(di +1)− r ,

and from (2.1) we deduce that equation (2.3) holds.

Notice that equality (2.3), combined with the bound t ≤ d , implies that a
minimal canonical Fano polytope P satisfies |vert(P )| ≤ 2d (this is known as
Steinitz’s inequality).
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3 Bounding the volume of P∗ via monotonicity of the
normalised volume

As noted above, it is sufficient to prove Theorem 1.1 for minimal canonical
Fano polytopes that are not simplices. Let P ⊂ NR be such a polytope of di-
mension d ≥ 4. Fix a decomposition of P , and use the notation t ,Si ,di ,ri ,r
as defined in Corollary 2.3. In this section we prove Theorem 1.1 for the ma-
jority of decompositions. The decompositions not addressed in this section,
and whose proof is the focus of §§4–5 below, are listed in Corollary 3.1.

Corollary 3.1. In order to prove Theorem 1.1 it is enough to verify that the
inequality

vol(P∗) ≤ 1

d !
2(sd −1)2

holds for all minimal canonical Fano polytopes P ⊂ NR of dimension d ≥ 4
whose decomposition into minimal canonical Fano simplices falls into one
of the following five cases:

1. t = 2 and d1 = d2 = d −1; or

2. t = 2, d = 4, d1 = 3, and d2 = 2; or

3. t = 2, d = 5, d1 = 4, and d2 = 3; or

4. t = 3, d = 4, and d1 = d2 = d3 = 2; or

5. t = 3, d = 5, and d1 = d2 = d3 = 3.

In order to prove Corollary 3.1 we use the monotonicity of the normalised
volume. Let Ni := linR(Si )∩N be the sublattice of lattice points in the linear
hull of Si (recall that 000 ∈ int(Si ), so this really is a sublattice), for each 1 ≤ i ≤
t . Define the map

ϕ : N1 ⊕·· ·⊕Nt → N , (x1, . . . , xt ) 7→
t∑

i=1
xi .

Notice that ϕ may not be surjective, however since its image has the same
rank as N , the extension ϕR of ϕ to a map of vector spaces is surjective.
Moreover, ϕR gives the following representation of P :

P =ϕR(S1 ⊕·· ·⊕St ).

Let M , M1, . . . , Mt denote the lattices dual to N , N1, . . . , Nt , respectively. The
map ϕ∗

R
dual to ϕR is an injection, and in particular

P∗ ∼=ϕ∗
R(P∗) ⊂ (S1 ⊕·· ·⊕St )∗ = S∗

1 ×·· ·×S∗
t ,
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where M is naturally embedded via ϕ∗ into M1⊕·· ·⊕Mt . This situation will
be studied in more detail in §4. Using the monotonicity of the normalised
volume, finding an upper bound for the normalised volume of S∗

1 ×·· ·×S∗
t

yields an upper bound for the normalised volume of P∗. Specifically, we
know that:

VolM (P∗) ≤ VolM1⊕···⊕Mt (S∗
1 ×·· ·×S∗

t )

= (d1 +·· ·+dt )!volM1⊕···⊕Mt (S∗
1 ×·· ·×S∗

t )

= (d1 +·· ·+dt )!
t∏

i=1
volMi (S∗

i )

= (d1 +·· ·+dt )!

d1! · · ·dt !

t∏
i=1

VolMi (S∗
i ).

(3.1)

The normalised volume of S∗
i is bounded from above (see [10] and [3, The-

orem 2.5(b)]):

VolMi (S∗
i ) ≤ Bi , with Bi :=

{
9 if di = 2,
2(sdi −1)2 if di 6= 2.

Hence inequality (3.1) becomes:

VolM (P∗) ≤ (d1 +·· ·+dt )!

d1! · · ·dt !

t∏
i=1

Bi .

At this point, Theorem 1.1 would follow from

(d1 +·· ·+dt )!

d1! · · ·dt !

t∏
i=1

Bi < Bd . (3.2)

Unfortunately inequality (3.2) does not always hold: for example, it fails
when t = 2 and d1 = d2 = d −1, for any d ≥ 3. Nevertheless, this technique is
sufficient to prove Theorem 1.1 for a large number of cases:

Lemma 3.2. Inequality (3.2) – and therefore Theorem 1.1 – holds whenever:

1. t ≥ 3, with the exception of the following six cases:

(a) t = 3, d = 4, and d1 = d2 = d3 = 2; or

(b) t = 3, d = 5, and d1 = d2 = d3 = 3; or

(c) t = 3, d = 4, d1 = d2 = 2, and d3 = 1; or

(d) t = 3, d = 5, d1 = d2 = 3, and d3 = 2; or

(e) t = 3, d = 6, and d1 = d2 = d3 = 4; or
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(f) t = 4, d = 5, and d1 = d2 = d3 = d4 = 2;

2. t = 2, with the exceptions of the following three cases:

(a) d1 = d2 = d −1; or

(b) d = 4, d1 = 3, and d2 = 2; or

(c) d = 5, d1 = 4, and d2 = 3.

Proof. We prove (1) and (2) separately, but by the same general technique:
first we show that the statement is true for large values of d ; then we check
the finite number of remaining values.

(1) Since the quantity
(d1 +·· ·+dt )!

d1! · · ·dt !

t∏
i=1

Bi

increases as the di increase, by (2.2) it is enough to prove inequal-
ity (3.2) when di = d − t + 1 for all i . That is, it is sufficient to show
that

(t (d − t +1))!

(d − t +1)!t
(Bd−t+1)t < Bd . (3.3)

From n! ≤ 2 ·22 · · ·2n−1 = 2n(n−1)/2 (which is strict when n ≥ 3) we ob-
tain:

(t (d − t +1))!

(d − t +1)!t
≤ (t (d − t +1))! < 2

1
2 t (d−t+1)(t (d−t+1)−1).

Therefore, if the inequality

2
1
2 t (d−t+1)(t (d−t+1)−1)2t (Bd−t+1)t ≤ Bd (3.4)

holds, so too does inequality (3.3).

To prove (3.4) we make use of the well-known description due to Aho–
Sloane [1, Example 2.5] and Vardi of the Sylvester sequence in terms
of the constant c ≈ 1.2640847353. . . :

sn =
⌊

c2n + 1

2

⌋
.

Notice that Bd = 2(sd−1)2 > (sd+1)2 whenever d ≥ 3. Since sd+1 > c2d
,

the right-hand side of (3.4) is bounded from below:

Bd = 2(sd −1)2 > (sd +1)2 > c2d+1
.
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Moreover Bd−t+1/2 < c2d−t+2
. Since c3 > 2, the left-hand side of (3.4) is

bounded from above:

2
1
2 t (d−t+1)(t (d−t+1)−1)2t

(
Bd−t+1

2

)t

< c
3
2 t (d−t+1)(t (d−t+1)−1)c3t c2d−t+2t .

We shall show that c
3
2 t (d−t+1)(t (d−t+1)−1)c3t c2d−t+2t ≤ c2d+1

, from which
we conclude that inequality (3.4) holds. Taking logc , we have to verify
that the inequality

3

2
t (d − t +1)(t (d − t +1)−1)+3t +2d−t+2t ≤ 2d+1

is satisfied. Rewrite this inequality as:

3t (d − t +1)(t (d − t +1)−1)+6t ≤ 2d+2
(
1− t

2t−1

)
. (3.5)

Since t ≥ 3, by setting t = 3 in the right-most factor it is enough to
prove that:

3t (d − t +1)(t (d − t +1)−1)+6t ≤ 2d .

Since t (d − t +1) is maximised when t = (d +1)/2, and since 6t ≤ 6d ,
the above inequality is valid when

3(d +1)

2

(
d − d +1

2
+1

)(
d +1

2

(
d − d +1

2
+1

)
−1

)
+6d ≤ 2d .

This holds when d ≥ 13. Recalling that d bounds the quantities t ,d1,
. . . ,dt , we are left with finitely many cases to verify. Inequality (3.2)
holds in all but six cases, as listed in the statement.

(2) By the same monotonicity argument used at the beginning of the pre-
vious case, we choose d1 and d2 as great as possible, i.e. we fix d1 =
d −1 and d2 = d −2 (we noted above that inequality (3.2) is not satis-
fied when d1 = d2 = d −1). Inequality (3.2) becomes

(2d −3)!

(d −2)!(d −1)!
Bd−2Bd−1 < Bd . (3.6)

Proceeding as above, we reduce the problem to proving the inequality

3(2d 2 −7d +8)+2d−1 +2d ≤ 2d+1.

This holds when d ≥ 10. Removing the assumptions d1 = d − 1 and
d2 = d −2 on d1 and d2, the finitely many cases for 4 ≤ d ≤ 9 can be
directly verified against inequality (3.2). We find the exceptional cases
listed in the statement of the Lemma.
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Proof of Corollary 3.1. By Lemma 3.2 we need to show that proving Theo-
rem 1.1 for all deompositions listed in the statement of Corollary 3.1 also
proves it in the four cases:

1. t = 3, d = 4, d1 = d2 = 2, and d3 = 1; or

2. t = 3, d = 5, d1 = d2 = 3, and d3 = 2; or

3. t = 3, d = 6, and d1 = d2 = d3 = 4; or

4. t = 4, d = 5, and d1 = d2 = d3 = d4 = 2.

In each cases we have that either t = 3 or t = 4. By Corollary 2.3 we can
express P as P = P ′∪St , where P ′ = S1 ∪ . . .∪St−1 is a minimal polytope of
dimension d ′ decomposed into t ′ = t − 1 minimal simplices. Note that in
all four cases d ′ = d −1. We now proceed exactly as in the first part of this
section. Let N ′ := linR(P ′)∩N be the sublattice of N of lattice points in the
linear hull of P ′. We define the map ϕ′ : N ′⊕Nt → N by (x1, x2) 7→ x1 + x2,
whose extension ϕR to a map of vector spaces is surjective and gives the
following representation of P :

P =ϕR(P ′⊕St ).

Let M ′ denote the lattice dual to N ′. The map (ϕ′)∗
R

dual to (ϕ′)R is an injec-
tion, and in particular

P∗ ∼= (ϕ′)∗R(P∗) ⊂ (P ′⊕St )∗ = (P ′)∗×S∗
t .

As in (3.1), by the monotonicity of the normalised volume,

VolM (P∗) ≤ (d ′+dt )!

d ′!dt !
VolM ′((P ′)∗)VolMt (S∗

t ). (3.7)

By our assumption and Lemma 3.2, Theorem 1.1 holds for t ′ = 2 and for
t ′ = 3, d ′ = 4, d1 = d2 = d3 = 2. Hence, in all four cases, Theorem 1.1 holds
for P ′; i.e. VolM ′((P ′)∗) < Bd−1. Since VolMt (S∗

t ) ≤ Bdt and d ′ = d −1,

VolM (P∗) < (d −1+dt )!

(d −1)!dt !
Bd−1Bdt .

Hence it is enough to prove that

(d −1+dt )!

(d −1)!dt !
Bd−1Bdt < Bd .

This inequality can be directly checked in all four cases.
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000 000

F∗
1

H1,000
000

F∗
2
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Figure 2.9: The dual P∗ of the polytope P from Figure 2.8, together with the
dual triangles (S′

1)∗ ⊂ (M ′
1)R and (S′

2)∗ ⊂ (M ′
2)R. In the first picture, the grey

slice is H1,000 ×H2,000. We refer to §4.2 for the precise definitions.

4 Slicing minimal polytopes

We now develop the foundations for a finer technique that we use in §6 to
help prove the remaining cases of Theorem 1.1. In particular, we shall ex-
plain how minimal polytopes can be described as a particular union of slices
which are products of slices of simplices (see Figure 2.9). Using this con-
struction, in §5 we give a better estimate of the dual volume via integration.

4.1 Embedding the dual polytope

As above, we are in the setup of Corollary 2.3: P ⊂ NR is a d-dimensional
minimal canonical Fano polytope decomposed into minimal canonical Fano
simplices S1, . . . ,St , for some t ≥ 2. We define

V := ⋃
1≤i1<i2≤t

vert(Si1 )∩vert(Si2 )

to be the set of those vertices of P which occur multiple times amongst the
vertices of the Si , and define Vi :=V∩vert(Si ). For example, in Figure 2.8 we
have V =V1 =V2 = {v}.

It will be convenient to coarsen the lattice N . We note that coarsening
the ambient lattice N to a lattice N ′ is an assumption we can make. Indeed,
if P∗

M and P∗
M ′ denote the duals of P with respect to the lattices M = N∗ and

M ′ = (N ′)∗, respectively, then the volume of P∗
M ′ is equal to the volume of

P∗
M multiplied by the index of M ′ as a subgroup of M (which is a positive

integer).
Let N ′

i denote some sublattice of Ni = linR(Si )∩N of same rank di with
Vi ⊂ N ′

i (a specific choice of N ′
i will be given in §4.2). Notice that Si may no

longer be a lattice simplex with respect to N ′
i . Therefore, in order to avoid

any confusion, we denote by S′
i ⊆ (N ′

i )R = (Ni )R the rational simplex with
vertices vert(Si ) with respect to the lattice N ′

i . Now, by possibly coarsening
the lattice N we may suppose that N is the image of the lattice N ′

1 ⊕·· ·⊕N ′
t
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via the map
ϕ : N ′

1 ⊕·· ·⊕N ′
t → N

(x1, . . . , xt ) 7→
t∑

i=1
xi .

(4.1)

Hence we can assume that this map is surjective. Notice that the polytope P
may no longer be a lattice polytope with respect to this ambient lattice. We
extend the map ϕ to the map of real vector spaces ϕR : (N ′

1)R⊕·· ·⊕ (N ′
t )R→

NR. As in the previous section we can describe P as

P =ϕR(S′
1 ⊕·· ·⊕S′

t ).

By definition ϕ is a surjective map, so we have the exact sequence

0 → kerϕ ,→ N ′
1 ⊕·· ·⊕N ′

t � N → 0,

which splits over Z. From (2.1) we have that N ′
1 ⊕ ·· · ⊕N ′

t splits in parts of
rank d and r . As a consequence, the dual sequence

0 → M ,→ M ′
1 ⊕·· ·⊕M ′

t � (kerϕ)∗ → 0

is exact and splits too. Here we used the notation M ′
1, . . . , M ′

t for the dual
lattices of N ′

1, . . . , N ′
t , respectively. Let (kerϕ)⊥ denote the elements of M ′

1 ⊕
·· ·⊕M ′

t vanishing on kerϕ. By the exactness of the dual sequence, ϕ∗(M) =
(kerϕ)⊥; that is, the lattices M and (kerϕ)⊥ are isomorphic viaϕ∗. In partic-
ular, (kerϕ)⊥ = (M ′

1⊕·· ·⊕M ′
t )∩(kerϕ)⊥

R
is a direct summand of M ′

1⊕·· ·⊕M ′
t

of rank d .
By tensoring by R to extend the maps to the ambient real vector spaces,

it follows that the following polytopes are isomorphic as rational polytopes
with respect to their respective lattices:

P∗ ∼=ϕ∗
R(P∗)

= (S′
1 ⊕·· ·⊕S′

t )∗∩ (kerϕ)⊥R
= ((S′

1)∗×·· ·× (S′
t )∗)∩ (kerϕ)⊥R .

(4.2)

We now describe a set of generators of (kerϕ)R. For this, let us identify
N ′

i with the corresponding direct summand in N ′
1 ⊕·· ·⊕N ′

t . In this way, we
can identify v ∈ vert(S′

i ) with ei ,v ∈ N ′
1 ⊕ ·· · ⊕ N ′

t , i.e., (ei ,v )i = v ∈ N ′
i and

(ei ,v ) j = 000N ′
j

for j 6= i . Recall that dimR(kerϕ)R = r . Let 1 ≤ i1 < i2 ≤ t , and

v ∈Vi1 ∩Vi2 . We denote by wv,i1,i2 the element ei2,v −ei1,v ∈ N ′
1 ⊕·· ·⊕N ′

t .

Lemma 4.1. With notation as above, kerϕR is generated by the set

Ω := {wv,i1,i2 ∈ N ′
1 ⊕·· ·⊕N ′

t : 1 ≤ i1 < i2 ≤ t , v ∈Vi1 ∩Vi2 }.
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Proof. We prove that the subset

Ω′ := {
wv,i1,i2 ∈Ω : i1 = max{i : v ∈Vi , i < i2}

}
ofΩ is a basis of kerϕR. Since for 2 ≤ i ≤ t we have

∣∣{wv,i1,i ∈Ω′ : i2 = i }
∣∣= ri ,

this implies that
∣∣Ω′∣∣ = ∑t

i=2 ri = r . Hence it is enough to prove that the
elements of Ω′ are linearly independent.

Denote the elements of Ω′ by xxx1, . . . ,xxxr , where xxx j = ((xxx j )1, . . . , (xxx j )t ) ∈
N ′

1 ⊕ ·· ·⊕N ′
t . Assume there exists a nontrivial relation µ1xxx1 + . . .+µr xxxr = 000

withµµµ := (µ1, . . . ,µr ) ∈Rr \ {(0, . . . ,0)}. Let us define

supp(µµµ) := { j ∈ {1, . . . ,r } : µ j 6= 0}.

Let i ∈ {1, . . . , t } be the largest such integer such that there exists an integer
j ∈ supp(µµµ), an index 1 ≤ i1 < i , and a vertex v ∈ Vi1 ∩Vi , with wv,i1,i = xxx j .
By definition of i and Ω′, all elements in {(xxx j )i : j ∈ supp(µµµ), (xxx j )i 6=000N ′

i
} 6=∅

are pairwise different vertices in Vi ∩vert(P (i−1)). Hence∑
j∈supp(µµµ)

µ j (xxx j )i =000N ′
i

implies a nontrivial relation of a non-empty subset of the vertices in Vi ∩
vert(P (i−1)). However, as Si contains the origin in its interior, any proper
subset of the set of vertices of Si is linearly independent, soVi∩vert(P (i−1)) =
vert(Si ). Hence, ri = di +1, a contradiction to (2.2).

We now apply Lemma 4.1 to (4.2):

P∗ ∼=ϕ∗
R(P∗)

= ((S′
1)∗×·· ·× (S′

t )∗)∩ (kerϕ)⊥R
= {(y1, . . . , yt ) ∈ (S′

1)∗×·· ·× (S′
t )∗ : 〈(y1, . . . , yt ),ω〉 = 0 for each ω ∈ (kerϕ)R}

= {(y1, . . . , yt ) ∈ (S′
1)∗×·· ·× (S′

t )∗ : 〈yi1 ,ei1,v 〉 = 〈yi2 ,ei2,v 〉 for each wv,i1,i2 ∈Ω}

= {(y1, . . . , yt ) ∈ (S′
1)∗×·· ·× (S′

t )∗ : 〈yi1 ,ei1,v 〉 = 〈yi2 ,ei2,v 〉 for each v ∈Vi1 ∩Vi2 }.
(4.3)

4.2 The integration map

From here onwards we will assume that the decomposition of P into the
simplices Si is irredundant, i.e. Vi ( vert(Si ) for i = 1, . . . , t . Under this as-
sumption, we describe a specific choice for N ′

i . For this, we choose a vertex
vi ∈ vert(Si ) \Vi , and set

V̂i := vert(Si ) \ {vi }.
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We have Vi ⊂ V̂i . We define N ′
i to be the lattice spanned by V̂i , that is,

N ′
i := 〈v ∈ V̂i 〉Z.

By construction, the di vertices in V̂i form a lattice basis

{ei ,v }v∈V̂i

of N ′
i (as a sublattice of N ′

1 ⊕ ·· · ⊕ N ′
t ). Note that the vertex vi need not be

a lattice point in N ′
i . We again assume that N is given as the image of ϕ,

see (4.1), and we will refer to Si as S′
i when referring to it with respect to

the lattice N ′
i . This choice of lattice will allow us to prove Lemma 4.2 which

simplifies the considerations in §5. In particular, it will yield a convenient
explicit description of (S′

i )∗ (see Lemma 5.1).
Set q := |V | and qi := |Vi | for i = 1, . . . , t . We define Ψ to be the map

Ψ : (kerϕ)⊥ → ⊕
v∈V

Z∼=Zq

(y1, . . . , yt ) 7→ (〈yiv ,eiv ,v 〉)v∈V ,

where, for each v , iv is any index such that v ∈Viv .
Since 〈yi1 ,ei1,v 〉 = 〈yi2 ,ei2,v 〉 whenever v ∈ Vi1 ∩Vi2 , Ψ is a well defined

map. In an analogous fashion to the definition of Ψ, for each i ∈ {1, . . . , t } we
define the map

Ψi : M ′
i →

⊕
v∈Vi

Z∼=Zqi

y 7→ (〈y,ei ,v 〉)v∈Vi .

Lemma 4.2. The maps Ψ,Ψ1, . . . ,Ψt are surjective.

Proof. Let {εi ,v }v∈Vi be the standard basis of
⊕

v∈Vi
Z, and {e∗i ,v }v∈V̂i

the lat-
tice basis of M ′

i dual to the lattice basis {ei ,v }v∈V̂i
of N ′

i . The maps Ψi are
surjective, since each element e∗i ,v is mapped into εi ,v , for v ∈Vi .

We now prove that Ψ is surjective. Since the codomains of the maps Ψi

span the codomain of Ψ, it is enough to check that for each i ∈ {1, . . . , t } and
for each v ∈Vi , there exists an element (y1, . . . , yt ) ∈ (kerϕ)⊥ ⊂ M ′

1 ⊕·· ·⊕M ′
t ,

such that yi = e∗i ,v . This is true, since it suffices to choose (y1, . . . , yt ) as∑
j such that v∈V j

e∗j ,v ∈ M ′
1 ⊕·· ·⊕M ′

t .

As a consequence of Lemma 4.2 the extensions of Ψ,Ψ1, . . . ,Ψt to the real
vector space maps

ΨR, (Ψ1)R, . . . , (Ψt )R
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are linear surjective maps. We define natural projections

pi :
⊕
v∈V

R→ ⊕
v∈Vi

R

as the identity over
⊕

v∈Vi
R and the zero map over

⊕
v∈V\Vi

R.
Let D be the set of parameters

D :=ΨR(ϕ∗
R(P∗)) ⊂ ⊕

v∈V
R.

Given a pointλλλ= (λv )v∈V ∈D, define the fibre

Hi ,λλλ := (Ψi )−1
R (pi (λλλ))∩ (S′

i )∗ = {y ∈ (S′
i )∗ : 〈y, v〉 =λv for all v ∈Vi } ⊂ (M ′

i )R.

Denote by F∗
i the (di −qi )-dimensional face of (S′

i )∗ given by

F∗
i := Hi ,(−1,...,−1). (4.4)

From (4.3) we obtain the desired decomposition of P∗:

P∗ ∼=
⊔

(λv )v∈V∈D
{(y1, . . . , yt ) ∈ (S′

1)∗×·· ·× (S′
t )∗ : 〈yi ,ei ,v 〉 =λv for all v ∈Vi , i = 1, . . . , t }

= ⊔
λλλ∈D

H1,λλλ×·· ·×Ht ,λλλ

(4.5)

In other words, P∗ is sliced into a disjoint union of sections (see Figure 2.9).

5 Bounding the volume of P∗ via integration

In this section we apply (4.5) to obtain a finer bound on the volume of P∗

in the case when P decomposes into just two simplices. From here onwards
we assume we are in the setup of Corollary 2.3 with t = 2, i.e. P decom-
poses in two minimal canonical simplices S1 and S2 of dimensions d1 and
d2 respectively. As P is not a simplex, clearly this decomposition is irredun-
dant, so the results of §4.2 apply. We will continue to use the notation in-
troduced in §4, and in particular the choice of N ′

i , N ,S′
i in §4.2. Note that

q = r2 = r = |V | = |V1| = |V2| is the number of common vertices of S1 and S2.
Equality (4.5) and Lemma 4.2 allow us to calculate the volume volM (P∗)

by integrating the sections over the possible values ofλλλ. In particular:

volM (P∗) =
∫
λλλ∈D

volM ′
1
(H1,λλλ)volM ′

2
(H2,λλλ)dλλλ. (5.1)

Before attempting to bound such a value, we present an alternative descrip-
tion of D. For i = 1,2, we define Di as

Di := (Ψi )R((S′
i )∗),
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and we note that (since the maps pi defined in the previous section corre-
spond to the identity maps here),

D =D1 ∩D2. (5.2)

Recall that a lattice basis {ei ,v } for N ′
i is given by all the elements of V̂i =

vert(Si ) \ {vi }. Denote by (βi ,v )v∈vert(Si ) the barycentric coordinates of the
origin in the simplex Si , i.e.

∑
v∈vert(Si )βi ,v v = 000, where

∑
v∈vert(Si )βi ,v = 1.

Note that βi ,v > 0 for any v ∈ vert(Si ). Hence, we can express vi as

vi =− ∑
v∈V̂i

βi ,v

βi ,vi

ei ,v .

Let us denote by {εi ,v }v∈Vi the standard basis of
⊕

v∈Vi
Z. Lemma 5.1

below gives an explicit description for (S′
i )∗ and Di in terms of our chosen

lattice bases. We omit the straightforward proof.

Lemma 5.1. With notation as above, for i = 1,2

(S′
i )∗ = conv

({
− ∑

v∈V
e∗i ,v

}
∪

{(
1

βi ,w
−1

)
e∗i ,w − ∑

v∈V\{w}
e∗i ,v

}
w∈V̂i

)
,

Di = conv

({
− ∑

v∈V
ε∗i ,v

}
∪

{(
1

βi ,w
−1

)
ε∗i ,w − ∑

v∈V\{w}
ε∗i ,v

}
w∈V

)
.

By using the inequality f1 f2 ≤ f 2
1 + f 2

2
2 we can bound (5.1) via

volM (P∗) ≤
∫
λλλ∈D

volM ′
1
(H1,λλλ)2 +volM ′

2
(H2,λλλ)2

2
dλλλ

= 1

2

∫
λλλ∈D

volM ′
1
(H1,λλλ)2 dλλλ+ 1

2

∫
λλλ∈D

volM ′
2
(H2,λλλ)2 dλλλ

≤ 1

2

∫
λλλ∈D1

volM ′
1
(H1,λλλ)2 dλλλ+ 1

2

∫
λλλ∈D2

volM ′
2
(H2,λλλ)2 dλλλ,

(5.3)

where the final inequality follows from (5.2). It is convenient to perform a
change of variables for i = 1,2, via the maps

ααα= (αv )v∈V
fi−→ (

1

βi ,v
αv −1)v∈V .

By Lemma 5.1, the integration domain Di becomes the unimodular q-di-
mensional simplex ∆(q); that is, the convex hull of the origin and the stan-
dard basis of Zq . Hence (5.3) can be rewritten as:

volM (P∗) ≤ 1

2

∏
v∈V

1

β1,v

∫
ααα∈∆(q)

volM ′
1

(H1, f1(ααα))2 dααα+ 1

2

∏
v∈V

1

β2,v

∫
ααα∈∆(q)

volM ′
2

(H2, f2(ααα))2 dααα. (5.4)
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Lemma 5.2 ([2, Lemma 3.5 III]). With notation as above, for i = 1,2,

volM ′
i
(Hi , fi (ααα)) = volM ′

i
(F∗

i )

(
1− ∑

v∈Vi

αv

)di−q

,

where Fi is the (di −q)-dimensional face of (S′
i )∗ defined in (4.4).

Inequality (5.4) can now be rewritten as

volM (P∗) ≤1

2

∏
v∈V

1

β1,v
volM ′

1
(F∗

1 )t
∫
ααα∈∆(q)

(
1− ∑

v∈V
αv

)2(d1−q)

dααα

+1

2

∏
v∈V

1

β2,v
volM ′

2
(F∗

2 )t
∫
ααα∈∆(q)

(
1− ∑

v∈V
αv

)2(d2−q)

dααα.

(5.5)

The following Lemma derives from a special case of a well-known repre-
sentation of the beta function (see, for example, [6, Representation 4.3-2]).

Lemma 5.3. ∫
ααα∈∆(a)

(1−α1 − . . .−αa)b dααα= b!

(a +b)!
.

Applying Lemma 5.3 to (5.5) yields:

volM (P∗) ≤ 1

2

∏
v∈V

1

β1,v
volM ′

1
(F∗

1 )2 (2(d1 −q))!

(q +2(d1 −q))!
+ 1

2

∏
v∈V

1

β2,v
volM ′

2
(F∗

2 )2 (2(d2 −q))!

(q + (2(d2 −q))!
. (5.6)

The volume of F∗
i is computed in Lemma 5.4 below. Its proof is omitted,

since it is a straightforward consequence of the description of (S′
i )∗ given in

Lemma 5.1.

Lemma 5.4. With notation as above, for i = 1,2,

volM ′
i
(F∗

i ) = 1

(di −q)!

∏
v∈V̂i \V

1

βi ,v
.

Finally, applying Lemma 5.4 to (5.6) gives the following bound for volM (P∗):

volM (P∗) ≤ 1

2

(2(d1 −q))!

(q +2(d1 −q))!((d1 −q)!)2

∏
v∈V

1

β1,v

∏
v∈V̂1\V

1

β2
1,v

+ 1

2

(2(d2 −q))!

(q +2(d2 −q))!((d2 −q)!)2

∏
v∈V

1

β2,v

∏
v∈V̂2\V

1

β2
2,v

(5.7)
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6 Final cases

In this final section we address the remaining cases of Corollary 3.1. That is,
we prove that the decompositions

1. t = 2, d1 = d2 = d −1, for d ≥ 4

2. t = 2, d1 = d −1, d2 = d −2, d ∈ {4,5}

3. t = 3, d1 = d2 = d3 = d −2, d ∈ {4,5}

satisfy Theorem 1.1.

6.1 The case t = 2, d1 = d2 = d −1

By (2.1) we have q = d −2. Hence, inequality (5.7) can be rewritten as

volM (P∗) ≤ 1

d !

( ∏
v∈V

1

β1,v

∏
v∈V̂1\V

1

β2
1,v

+ ∏
v∈V

1

β2,v

∏
v∈V̂2\V

1

β2
2,v

)
(6.1)

We focus on the product ∏
v∈V

1

βi ,v

∏
v∈V̂i \V

1

β2
i ,v

for each i = 1,2. Note that in §4.2 we made a choice to exclude one of the
vertices (called vi ) of vert(Si )\V from appearing in V̂i . As there are two such
vertices (say, vert(Si ) \V = {vi ,ui }), we can exclude the one whose corre-
sponding barycentric coordinate is smaller; that is, βi ,vi ≤βi ,ui . This yields

∏
v∈V

1

βi ,v

∏
v∈V̂i \V

1

β2
i ,v

=
( ∏

v∈V

1

βi ,v

)
1

β2
i ,ui

≤
( ∏

v∈V

1

βi ,v

)
1

βi ,ui

1

βi ,vi

= 1

βi ,0, . . . ,βi ,d−1
,

(6.2)

where {βi ,v : v ∈ vert(Si )} = {βi , j : j = 0, . . . ,d−1}. Notice that equality in (6.2)
is attained if and only if βi ,ui =βi ,vi .

For each i = 1,2, let us sort the barycentric coordinates such that βi ,0 ≥
βi ,1 ≥ ·· · ≥βi ,d−1.

Lemma 6.1 ([3, Lemma 4.2(d)]). With notation as above,

1

βi ,0 · · ·βi ,d−1
≤ (sd −1)2

with equality if and only if

(
βi ,0, . . . ,βi ,d−1

)= (
1

s1
, . . . ,

1

sd−1
,

1

sd −1

)
. (6.3)
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Applying Lemma 6.1 and (6.2) to (6.1) we obtain

volM (P∗) < 2(sd −1)2

d !
.

This inequality is strict, since the condition that βi ,ui = βi ,vi from (6.2) and
the condition (6.3) from Lemma 6.1 cannot hold simultaneously.

6.2 The cases t = 2, d1 = d −1, d2 = d −2, d ∈ {4,5}

The barycentric coordinates of the canonical Fano simplices up to and in-
cluding dimension four are classified in [11]. Hence we can verify that, in
this situation, the right hand side of (5.7) is always strictly less than 2(sd −
1)2/d !.

6.3 The cases t = 3, d1 = d2 = d3 = d −2, d ∈ {4,5}

To prove the inequality in these final cases we explicitly construct every min-
imal polytope P of dimension four or five that admits a decomposition into
three minimal simplices of dimensions two or three, respectively. Moreover,
we insist that the vertices of P generate the ambient lattice N . Indeed, if P
is a minimal polytope then P restricted to the lattice generated by the ver-
tices of P is also minimal, and the volume of the dual polytope will have
increased. Under this setting we note that P is uniquely determined by:

1. the barycentric coordinates of the simplices S1,S2,S3 in the decom-
position; and

2. the choice of d −3 vertices in common with S2 and S1, together with
the choice of d −3 vertices in common with S3 and S1 ∪S2.

This follows from the following general construction. The (reduced) weights
of a canonical Fano simplex S of dimension n are the positive integers
(kβ0, . . . ,kβn) given by the barycentric coordinates (β0, . . . ,βn) of the origin
(with respect to the vertices of S), where k is the smallest positive integer
such that the kβi are all integral. In particular, the weights of a canonical
Fano simplex are coprime. Moreover, since the vertices of a canonical Fano
simplex are primitive lattice points, the weights are also well-formed; that is,
any n of them are also coprime.

For the construction we use the fact that any minimal polytope P has a
decomposition into t minimal simplices. We proceed invariantly, since we
do not know the embedding of these simplices into the lattice N . Let λ(n) =
(λ0, . . . ,λn) denote the (reduced, well-formed) weights of a minimal canon-
ical Fano simplex of dimension n. Fix weights λ(d1), . . . ,λ(dt ). For each pair
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(i , j ) with 1 ≤ i < j ≤ t we pick a (possibly empty) subset Vi j ⊂ {0, . . . ,di }×
{0, . . . ,d j } such that Vi j :π1(Vi j ) →π2(Vi j ) is a bijection (here πk denotes the
projection on the k-th factor). Let ι j : Zd j+1 → ⊕t

i=1Z
di+1, 1 ≤ j ≤ t , be the

natural inclusion on the j -th factor. Define:

W :=
〈
ιi (λ(di )) | 1 ≤ i ≤ d

〉
,

V := 〈
ιi (eπ1(v))− ι j (eπ2(v)) | v ∈Vi j ,1 ≤ i < j ≤ t

〉
.

Applying −⊗R ensures torsion-freeness of the quotient
(⊕t

i=1Z
di+1

)
/(W +

V ), therefore we get the exact sequence

0 → (W +V )⊗R→
(

t⊕
i=1
Zdi+1

)
⊗R ϕR−−→ N ⊗R→ 0,

where N is the lattice obtained as the quotient
(⊕t

i=1Z
di+1

)
/K , where K is

the direct summand defined by
(⊕t

i=1Z
di+1

)∩((W +V )⊗R). We now define

Q :=ϕR
(

t⊕
i=1

ιi
(
conv{e0, . . . ,edi }

))⊂ N ⊗R

which by construction is a polytope whose vertices generate its ambient lat-
tice N . Q in general may not be a minimal polytope, however, if P is a mini-
mal lattice polytope of dimension d whose vertices generate its ambient lat-
tice then there exists a choice of integers t ,d1, . . . ,dt , weights λ(d1), . . . ,λ(dt )

of minimal Fano simplices S1, . . . ,St of dimensions d1, . . . ,dt , and subsets Vi j

(for 1 ≤ i < j ≤ t ) such that the polytope Q constructed above is equal to P .
The fact that we can recover P from the construction of Q is a consequence
of Lemma 4.1, while existence of the parameters t ,d1, . . . ,dt and the weights
follows from Corollary 2.3.

We now specialise this construction to the case t = 3, d1 = d2 = d3 = d−2,
for d ∈ {4,5}. The weights of the minimal canonical Fano simplices of dimen-
sion two and three have been classified in [10, Figure 1 and Proposition 4.3].
There are two possible weights in dimension two: (1,1,1) and (1,1,2). In di-
mension three there are 13 possible weights1, recorded in Table 2.1. Since
the choices for the common vertices (encoded in the sets Vi j , 1 ≤ i < j ≤ 3)
are finite, so all the minimal canonical Fano polytopes P admitting such a
decomposition and whose vertices generate the ambient lattice N can be
classified.

1[10, Proposition 4.3] incorrectly lists (2,2,3,5) as the weight of a minimal
canonical Fano simplex, however any such simplex will contain a canonical Fano
sub-simplex with weights (1,1,1,3).
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(1,1,1,1) (1,1,1,2) (1,1,1,3) (1,1,2,2) (1,1,2,3)
(1,1,2,4) (1,1,3,4) (1,1,3,5) (1,1,4,6) (1,2,3,5)
(1,3,4,5) (2,3,5,7) (3,4,5,7)

Table 2.1: The weights of the minimal canonical Fano simplices in dimension
three.

We use the computer algebra system MAGMA [4] to derive the classifica-
tion. Source code and output can be downloaded from the Graded Ring
Database [5]. In the first case (d1 = d2 = d3 = 2), there are exactly four
such four-dimensional polytopes, and in each case the inequality of The-
orem 1.1 holds. In order to solve the second case (d1 = d2 = d3 = 3), we
first build all possible four-dimensional minimal polytopes P ′ whose ver-
tices generate the ambient lattice, and admitting a decomposition into two
three-dimensional minimal canonical Fano simplices S1 and S2. We then
verify that any five-dimensional polytope P decomposing as S1, S2, and
S3 satisfies inequality (3.7) for each choice of three-dimensional minimal
canonical Fano simplex S3; that is, we verify that

Vol(P∗) ≤ 7!

4!3!
Vol(P ′∗) ·2(s3 −1)2 < 2(s5 −1)2

holds in each case. There are 147 minimal four-dimensional polytopes with
a decomposition into two three-dimensional minimal canonical Fano sim-
plices and whose vertices generate the lattice N , and in each case the in-
equality holds. This completes the proof of Theorem 1.1.
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Abstract

We classify the three-dimensional lattice polytopes with two interior lattice
points. Up to unimodular equivalence there are 22,673,449 such polytopes.
This classification allows us to verify, for this case only, a conjectural upper
bound for the volume of a lattice polytope with interior points, and provides
strong evidence for new conjectural inequalities on the coefficients of the
Ehrhart δ-polynomial in dimension three.

1 Introduction

We begin by fixing our notation. A lattice polytope P ⊂ Zd ⊗Z R ∼= Rd is the
convex hull of finitely many points in Zd . The set of vertices of P is denoted
by vert(P ), the relative boundary by ∂P , and the relative (strict) interior by
intP . The polytope P is said to be a k-point polytope if

∣∣intP ∩Zd
∣∣ = k. A

0-point polytope is called hollow. Two lattice polytopes P,Q ⊂ Rd are said
to be unimodular equivalent if there exists an affine lattice automorphism
ϕ ∈ GLd (Z)nZd of Zd such that ϕR(P ) = Q, and we will typically consider
polytopes only up to unimodular equivalence. Although a lattice polytope P
need not be of full dimension, we will assume that dim(P ) = d unless stated
otherwise; if we need to emphasise that dim(P ) = n we will refer to P as an
n-polytope.

Much work has focused on developing explicit classifications of lattice
polytopes. Perhaps the most celebrated example is the classification of all
473,800,776 four-dimensional reflexive polytopes (a special class of 1-point
lattice polytopes) by Kreuzer–Skarke [22]. This classification was motivated
by applications in theoretical physics and string theory, and to the study
of smooth Calabi–Yau manifolds. Motivated by questions in algebraic ge-
ometry, all 674,688 three-dimensional 1-point lattice polytopes were classi-
fied in [19]; these polytopes correspond to the toric Fano threefolds hav-
ing at worst canonical singularities. Another special class of 1-point lat-
tice polytopes important in toric geometry are the smooth Fano polytopes.
These have been classified up to dimension nine: in dimension three by
Batyrev [4] and Watanabe–Watanabe [33], in dimension four by Batyrev [5]
and Sato [26], in dimension five by Kreuzer–Nill [21], and finally an efficient
algorithm for arbitrary dimensions was described by Øbro [24]. More re-
cently, Blanco–Santos have classified those three-dimensional lattice poly-
topes with

∣∣P ∩Z3
∣∣≤ 11 and lattice width at least two [8–10].

The 2-point lattice polygons (that is, the two-dimensional polytopes with∣∣intP ∩Z2
∣∣ = 2) were classified by Wei–Ding [34]. In this paper we derive a

complete classification of all 2-point three-dimensional polytopes; the clas-
sification is summarised in the following theorem:
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Theorem 1.1. Up to unimodular equivalence there are exactly 22,673,449 2-
point three-dimensional lattice polytopes. Of these, 471 are simplices and
162,479 are simplicial. The simplex

S3
2 = conv{(0,0,0), (2,0,0), (0,3,0), (0,0,18)}

is the unique polytope maximising the volume. This same simplex also uniquely
maximises both the boundary volume and number of lattice points, with

Vol
(
S3

2

)= 108, Vol
(
∂S3

2

)= 102, and
∣∣S3

2 ∩Z3
∣∣= 55.

The maximum number of vertices, edges, and facets are, respectively, 18, 30,
and 18. After translating an interior lattice point to the origin, the largest
dual volume is obtained by the 2-point polytope

P = conv{(−1,−1,−1), (0,−1,−1), (−1,0,−1), (7,7,8)},

with Vol(P∗) = 243/2.

In addition to being interesting in its own right, the classification of 2-
point three-dimensional polytopes is useful when studying Ehrhart theory.
We explain why this is important in §1.2; loosely speaking, the Ehrhart the-
ory of hollow three-dimensional polytopes is well understood, however the
case of k-point lattice polytopes (k ≥ 1) remains open. In §6 we formulate
two new conjectural inequalities based on the classifications of 1- and 2-
point polytopes (see Conjecture 6.1). If true, these inequalities would prove
a long-standing conjectural bound on the maximum volume of a k-point
polytope in three dimensions (see Conjecture 1.5).

We briefly mention an important possible application of this classifica-
tion to algebraic geometry. Let P be a 2-point polytope and, after possible
translation, assume that the origin is one of the two interior lattice points.
Assume further that the vertices vert(P ) of P are primitive. Then P corre-
sponds to a three-dimensional projective toric variety XP whose fan is given
by the cones spanning the faces of P . This variety is Fano and has log-
terminal singularities. Recent progress in Mirror Symmetry for Fano vari-
eties [13] suggests that many (not necessarily toric) terminal Fano threefolds
X will haveQ-Gorenstein degenerations to log-terminal toric Fano varieties
XP . The classification of 2-point polytopes provides a source of possible
toric Q-Gorenstein degenerations. This opens the possibility of analysing
the candidate terminal Fano threefolds of Altınok–Brown–Reid [1] via tech-
niques from Mirror Symmetry: by matching the Hilbert series of a candidate
terminal Fano threefold X with that of XP , where P is a 2-point polytope,
one could attempt to exhibit the existence (or otherwise) of X .
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1.1 Ehrhart theory

Let P be a full-dimensional lattice polytope in Zd . The function ehrP (k) :=∣∣kP ∩Zd
∣∣ counting the number of lattice points in the k-th dilation of P ,

k ∈ Z≥0, is given by a polynomial in k of degree d called the Ehrhart poly-
nomial of P [14]. An important open problem is to determine which de-
gree d polynomials correspond to Ehrhart polynomials. Associated with the
Ehrhart polynomial is a rational function whose Taylor expansion gives a
generating series for ehrP :

∑
k≥0

ehrP (k)t k = δ(t )

(1− t )d+1
.

Here δ(t ) = δ0 +δ1t +·· ·+δd t d is a polynomial of degree at most d with in-
teger coefficients called the Ehrhart δ-polynomial (or h∗-polynomial) of P .
It is often convenient to identify the δ-polynomial with the vector of its co-
efficients (δ0,δ1, . . . ,δd ), which is called the Ehrhart δ-vector (or h∗-vector)
of P . We refer to [6] for additional background material.

Question 1.2. For each d , is it possible to characterise those vectors
(δ0,δ1, . . . ,δd ) which are δ-vectors for some d-dimensional lattice polytope?

Although characterising the Ehrhart polynomials LP or the δ-vectors are
equivalent problems, the δ-vectors have a better understood combinatorial
interpretation. Ehrhart [14] showed that:

δ0 = 1, δ1 =
∣∣∣P ∩Zd

∣∣∣−d −1 ≥
∣∣∣intP ∩Zd

∣∣∣= δd ,
d∑

i=0
δi = Vol(P ). (1.1)

Here Vol(P ) = d !vol(P ) is the normalised volume of the polytope P . If S ⊂
Rd is a d-dimensional simplex with vertices {v0, . . . , vd }, then δk counts the
number of lattice points in the half-open parallelepiped

Π(S) :=
{

d∑
i=0

λi (1, vi )
∣∣∣ 0 ≤λi < 1

}
⊂Rd+1

having first coordinate equal to k. This can be generalised to polytopes us-
ing the half-open triangulations approach of Köppe–Verdoolaege [20]. As
a consequence, the δ-vectors have non-negative entries (a result originally
due to Stanley [28] using techniques from commutative algebra).

In two dimensions the answer to Question 1.2 was first given by Scott [27]:

Theorem 1.3. The vector with integer entries (1,δ1,δ2) is the δ-vector of a
two-dimensional lattice polygon if and only if one of the following conditions
holds:
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1. δ2 = 0;

2. 0 < δ2 ≤ δ1 ≤ 3δ2 +3;

3. (1,δ1,δ2) = (1,7,1).

In case (3) the polygon is unimodular equivalent to 3∆2, the third dilation of
the standard simplex

∆2 := conv{(0,0), (1,0), (0,1)}.

Although the answer to Question 1.2 in higher dimensions remains open,
several inequalities on the entries of the δ-vector are known [7; 17; 29–31].
Of particular relevance is a result due to Hibi [18]: if P is not hollow then

1 ≤ δ1 ≤ δi for i = 2, . . . ,d −1. (1.2)

In arbitrary dimension, one of the most interesting challenges is to bound
the volume Vol(P ) of a lattice polytope P in terms of the number of inte-
rior points

∣∣intP ∩Zd
∣∣, or equivalently, bound δ1 +·· ·+δd−1 in terms of δd .

This is of course not possible if P is hollow; for example, the hollow triangle
conv{(0,0), (m,0), (0,1)} has volume m and so can be made arbitrarily large.
In the case when P is not hollow, the first general result was proven by Hens-
ley [16], and later improved upon by Lagarias–Ziegler [23] and Pikhurko [25]:

Theorem 1.4. Let P be a d-dimensional k-point polytope, k ≥ 1. Then:

Vol(P ) ≤ d ! · (8d)d ·15d ·22d+1 ·k (1.3)

The bound in Theorem 1.4 appears to be far from sharp. With this in
mind, Zaks–Perles–Wilkes [35] defined the d-dimensional simplex

Sd
k := conv{000, s1e1, . . . , sd−1ed−1, (k +1)(sd −1)ed }, where k ≥ 1. (1.4)

Here (si )i∈Z≥1 is the Sylvester sequence

s1 = 2, si = s1 · · · si−1 +1.

It is reasonable to conjecture that, for fixed d and k, the simplex Sd
k max-

imises the volume amongst all k-point d-dimensional polytopes. Hints of
this conjecture can be tracked back to [35], [16] and [23].

Conjecture 1.5. Fix d ≥ 3 and k ≥ 1. A k-point d-dimensional lattice poly-
tope P satisfies

Vol(P ) ≤ (k +1)(sd −1)2. (1.5)

With the exception of the case when d = 3, k = 1, this inequality is an equal-
ity if and only if P = Sd

k .
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The two-dimensional case is not included in Conjecture 1.5; here the
volume bound follows from Theorem 1.3 and requires a different formula-
tion. The case when d = 3, k = 1 has been addressed in [19]: in addition to
S3

1, the maximum volume of 72 is also attained by the simplex

conv{(0,0,0), (2,0,0), (0,6,0), (0,0,6)}.

Averkov–Krümpelmann–Nill [2] prove a “simplicial” version of Conjecture 1.5
when k = 1: Sd

1 is the unique simplex with maximum volume among all 1-
point d-dimensional simplices, d ≥ 4. A “dual” version of Conjecture 1.5
when k = 1 is proved in [3] and, as a consequence, Conjecture 1.5 is true
when one considers only reflexive polytopes.

1.2 Dimension three

It makes sense to consider Question 1.2 in the first unsolved case, the three-
dimensional one. Treutlein [32, Theorem 2] generalises Theorem 1.3 to poly-
topes of degree two, i.e. to polytopes whose δ-polynomial has degree two.
Such polytopes are necessarily hollow. Henk–Tagami show that this gener-
alisation is sufficient [15, Proposition 1.10], giving the following characteri-
sation:

Theorem 1.6. The vector with integer entries (1,δ1,δ2) is the δ-vector of a
hollow three-dimensional lattice polytope if and only if one of the following
conditions holds:

1. δ2 = 0;

2. 0 ≤ δ1 ≤ 3δ2 +3;

3. (1,δ1,δ2) = (1,7,1).

The next natural step is to consider three-dimensional lattice polytopes
with interior points, i.e such that

∣∣intP ∩Z3
∣∣= δ3 > 0. In this case Lagarias–

Ziegler [23] tell us that, for fixed δ3, there are only finitely many pairs (δ1,δ2)
such that (1,δ1,δ2,δ3) is the δ-vector of a three-dimensional lattice poly-
tope. The inequalities (1.1), (1.2), and (1.3) give:

δ3 ≤ δ1 ≤ δ2 (1.6)

Vol(P ) ≤ 3! ·243 ·153·27 ·δ3 ≈ 21517 ·δ3 (1.7)

Although other bounds are known for the δ-vectors of special families of
lattice polytopes, inequalities (1.6) and (1.7) summarise the current state
of knowledge for the general case. Note that (1.6) is sharp: the polytope
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conv{(−1,−1,−1), (1,0,0), (0,1,0), (0,0,m)} hasδ-vector (1,m,m,m). Inequal-
ity (1.7), however, is presumed to be far from sharp: Conjecture 1.5 gives the
expected bound

Vol(P ) ≤ 36(δ3 +1). (1.8)

Organisation of the paper

The classification of the 2-points polytopes is achieved via a generalisation
of the inductive algorithm [19] used to classify the 1-point polytopes. It is
necessary to classify two families of lattice polytopes.

1. In §§2–3 we classify the 1- and 2-point simplices of dimension at most
three; the weights of these simplices will be used in the inductive step
of the algorithm.

2. In §4 we describe all three-dimensional lattice polytopes satisfying
a minimality condition (see Definition 4.1); these minimal polygons
form the base case of the algorithm.

In §5 we show the validity of the algorithm and describe the results of the
classification, comparing them with other known classifications. In §6 we
analyse the data gathered and sketch the distribution of the δ-vectors of
1- and 2-point three-dimensional polytopes, comparing them with the in-
equalities of §1.2

2 Classification of one- and two-point triangles

Let S be a lattice simplex with vert(S) = {v0, . . . , vd } such that 000 ∈ intS. We say
that S has weights (λ0, . . . ,λd ) ∈Zd+1

>0 if

λ0v0 +·· ·+λd vd =000.

Since weights are unique up to scalar multiplication and reindexing, it is
convenient to normalise them by requiring gcd{λ0, . . . ,λd } = 1 and λ0 ≤ ·· · ≤
λd . LetWd ,k denote the set of (normalised) weights for all k-point d-dimen-
sional simplices. Trivially

W1,1 = {(1,1)} and W1,2 = {(1,2)}.

The five 1-point lattice triangles (depicted in Figure 2.10) give

W2,1 = {(1,1,1), (1,1,2), (1,2,3)}.
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(a) (b) (c) (d) (e)

Figure 2.10: The five 1-point lattice triangles. The corresponding weights are
(1,1,1), (1,1,2), (1,2,3), (1,1,2), and (1,1,1).

(a) (b) (c) (d) (e)

Figure 2.11: The five 2-point lattice triangles, up to unimodular equivalence.

Lemma 2.1. There are five 2-point lattice triangles, up to unimodular equiv-
alence. These are depicted in Figure 2.11. After translating each of the two
interior points to the origin, there are eight possible weights:

W2,2 = {(1,1,1), (1,1,3), (1,2,2), (1,1,4), (1,2,3), (1,3,4), (1,4,5), (2,3,5)}.

Proof. Let S = conv{v1, v2, v3} be a triangle with two interior lattice points
o1 and o2. The triangle∆ := conv{o1,o2, v1} is unimodular, so without loss of
generality we may take o1 = (0,0), o2 = (1,0), and v1 = (0,1). We rule out the
possible lattice points for the remaining two vertices v2 and v3.

If v2 is contained in any of the dark grey regions of Figure 2.12, than it is
not possible to choose any position for v3 such that S contains o1 and o2 in
its strict interior. We therefore exclude those regions. Any remaining lattice
points u ∉∆ define a cone of possible points u′ such that conv

(
∆∪ {u′}

)
con-

tains u in its interior. We can exclude all the points which are in the (strict)
interior of any of these cones; in Figure 2.12 the excluded points are con-
tained in the interior of the light grey regions. Since one of the vertices of S
must be below the line passing through o1 and o2, so there are only finitely
many candidates for this vertex. As a consequence we obtain finitely many
ways to choose the third vertex, and therefore S. After eliminating dupli-
cates given by unimodular transformations we obtain five possible triangles
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with two interior lattice points. By choosing either o1 or o2 as the origin, we
obtain the list W2,2 of weights.

o1 o2

v1

Figure 2.12: A proof of Lemma 2.1. The lattice points with a white circle are
possible choices for v2 and v3.

3 Classification of one- and two-point tetrahedra

We now consider three-dimensional simplices. The weights of W3,1 are al-
ready known, and are listed in [19, Table 3]. There are 104 distinct weights,
corresponding to 225 1-point tetrahedra. To findW3,2 we classify the 2-point
tetrahedra1. First we prove that each such tetrahedron S decomposes in two
(possibly lower-dimensional) 1-point simplices; from this we construct all
possible S.

Lemma 3.1. Each 2-point tetrahedron S, with intS ∩Z3 = {o1,o2}, can be
written as

S = conv(S1 ∪S2),

where S1 and S2 are two (possibly lower-dimensional) 1-point lattice sim-
plices satisfying:

1. o2 ∈ vert(S1) and o1 ∈ vert(S2);

2. intS1 ∩Z3 = {o1} and intS2 ∩Z3 = {o2};

3. |vert(S1)∩vert(S2)| = dim(S1)+dim(S2)−4.

1In a personal communication, Christian Haase informs us that Noleen Köh-
ler calculated an unpublished classification of the 2-point tetrahedra. Köhler made
use of conjectural bounds on the volume, and then iterated over all possible Her-
mite normal forms up to that volume.
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Proof. Consider the line passing through o1 and o2. This line intersects ∂P
in two distinct points q1 and q2. Label these points so that o1 lies on the line
segment joining q1 and o2. Let F1 and F2 be the faces of P of smallest possi-
ble dimension containing q1 and q2, respectively. Define S1 = conv(F1 ∪ {o2})
and S2 = conv(F2 ∪ {o1}). By construction S1 and S2 satisfy the hypothe-
sis.

Fix a decomposition of S with dim(S1) ≤ dimS2. Then one of two possibili-
ties holds:

(1) dim(S2) = 3;

(2) dim(S1) = dim(S2) = 2.

Note that dim(S1) = 1 and dim(S2) ≤ 2 is impossible; for example, conv(S1 ∪S2)
would have dimension at most two. We now describe how to systematically
construct all 2-point tetrahedra.

Possibility (1)

Begin by fixing the vertices {v0, v1, v2, v3} of a 1-point tetrahedron S2 with
unique interior point o2, along with the dimension 1 ≤ k ≤ 3 and weights
(λ0, . . . ,λk ) ∈ Wk,1 for a 1-point simplex S1. We will assume that S1 and
S2 form a decomposition of a 2-point tetrahedron S = conv(S1 ∪S2) as in
Lemma 3.1, and either derive all possible vertices {u0, . . . ,uk } for S1 (and
hence S), or deduce that the choice of weights (λ0, . . . ,λk ) is incompatible
with S2.

Since dim(S2) = 3, so k − 1 vertices of S1 are in common with vert(S2),
with the remaining two vertices of S2 given by o2 ∈ intS2 and by uk ∉ S2

(which we will determine). Furthermore, the unique interior lattice point
o1 ∈ intS1 is a vertex of S2. This is illustrated in Figure 2.13. Pick a subset
{i1, . . . , ik−1} ⊂ {0,1,2,3}, i1 < ·· · < ik−1, an element i0 ∈ {0,1,2,3}\{i1, . . . , ik−1},
and set

u0 = o2, u1 = vi1 , . . . , uk−1 = vik−1 , and o1 = vi0 .

Let τ ∈ Sym(k +1) be a permutation of the integers {0, . . . ,k}, and set

uk = o1 − 1

λτ(k)

k−1∑
j=0

λτ( j )(u j −o1).

If uk ∈Z3 we then check whether S = conv{v0, v1, v2, v3,uk } is a 2-point tetra-
hedron. By iterating over all subsets {i1, . . . , ik−1}, choices for i0, and permu-
tations τ ∈ Sym(k + 1), we will construct all possible 2-point tetrahedra S
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o2
o1

uk

Figure 2.13: The position of the k-dimensional simplex S1 (in this case, k = 1)
with respect to the tetrahedron S2 is determined after choosing a subset of the
vertices of S2. The 2-point tetrahedron S = conv(S1 ∪S2) is determined (up to
unimodular equivalence) by this choice.

(not necessarily distinct with respect to unimodular equivalence) that can
be obtained from S2 and a 1-point k-simplex S1 with weights (λ0, . . . ,λk ).

Remark 3.2. The relative interiors of the faces of S1 having o2 as a vertex
(similarly, those faces of S2 having o1 as a vertex) are in the (strict) interior
of the 2-point simplex S. Hence we can insist that S1 has at least one vertex
v such that all the faces of S1 containing v have no lattice points in their
relative interiors. Similarly for S2. Out of the five 1-point triangles only two
satisfy this property, whilst out of the 225 1-point tetrahedra only 63 satisfy
this property. This dramatically reduces the number of simplices needed to
be considered.

Possibility (2)

We now handle the possibility that dim(S1) = dim(S2) = 2. In this case, S1

and S2 have no vertices in common. Let∆(1,1,1) and∆(1,1,2) denote the trian-
gles (a) and (b) of Figure 2.10, respectively.

Lemma 3.3. Let S be a 2-point tetrahedron decomposing in two 1-point tri-
angles. Then, up to unimodular equivalence, we have that S1 is either

conv{(1,0,0), (0,1,0), (−1,−1,0)} or conv{(2,1,0), (0,1,0), (−1,−1,0)}.

Moreover, if v = (a,b,c) is one of the two vertices of S2 distinct from o1, we
have that 0 ≤ a ≤ b < c ≤ 7.

Proof. We use the notation introduced in the proof of Lemma 3.1, and take
o1 = 000 to be the origin of the lattice. Let v1 and v2 be the endpoints of the
edge F1, and let v3 and v4 be the endpoints of the edge F2, so that S1 =
conv{v1, v2,o2} and S2 = conv{v3, v4,o1}. As observed in Remark 3.2, S1 and
S2 can have non-vertex boundary lattice points only on the edges F1 and F2,
respectively. Since the only 1-point lattice triangles not having lattice points
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in the relative interior of at least two edges are∆(1,1,1) and∆(1,1,2), this implies
the first part of the statement. For the second part, we consider three cases:

(a) S1 = S2 =∆(1,1,1);

(b) S1 =∆(1,1,1), S2 =∆(1,1,2);

(c) S1 = S2 =∆(1,1,2).

Case (a) S1 = S2 =∆(1,1,1).
Suppose that v1 = (1,0,0), v2 = (0,1,0), and o2 = (−1,−1,0). Let a,b,c ∈Z be
such that v3 = (a,b,c). By applying a suitable unimodular transformation
we can assume that

0 ≤ a ≤ b < c, (3.1)

where the second inequality can be assumed thanks to the symmetry of the
first and second coordinates of the vertices of S1. The choice of v3 fixes v4,
and a trivial calculations shows that

v4 = (−3−a,−3−b,−c).

We now find conditions on a,b,c by excluding situations which give rise to
interior lattice points for S distinct from o1 and o2. Notice that the lattice
point (1,1,1) can be written as

1
c (a,b,c)+ c−a

c (1,0,0)+ c−b
c (0,1,0)+ a+b−c−1

c (0,0,0).

Since the numerators 1, c−a, and c−b are positive, we require a+b−c−1 ≤ 0,
otherwise (1,1,1) would be an interior point of S. Hence

c ≥ a +b −1. (3.2)

Similarly the lattice point (0,1,1), which can be written as

1
c (a,b,c)+ a

c (−1,−1,0)+ c+a−b
c (0,1,0)+ b−2a−1

c (0,0,0),

is in intS if and only if b −2a −1 ≥ 0. Therefore

b < 2a +1. (3.3)

Finally, since we can write (−1,−1,−1) as

1
c (−3−a,−3−b,−c)+ c−a−3

c (−1,−1,0)+ b−a
c (0,1,0)+ 2a−b+2

c (0,0,0),

so this is a point in intP if and only if c−a−3 ≥ 0. Since 2a−b+2 > 0 by (3.3),
so we require that

c < a +3. (3.4)
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From (3.1), (3.2), and (3.4), we obtain the bounds 0 ≤ a ≤ b < c ≤ 5.

Case (b) S1 =∆(1,1,1), S2 =∆(1,1,2).
As in the previous case we suppose that v1 = (1,0,0), v2 = (0,1,0),
o2 = (−1,−1,0), and v3 = (a,b,c) for some integers a, b, and c satisfying (3.1).
In this case

v4 = (−4−a,−4−b,−c).

Note that (3.2) and (3.3) still hold. Moreover, since (−1,−1,−1) can be writ-
ten as

1
c (−4−a,−4−b,−c)+ c−a−4

c (−1,−1,0)+ b−a
c (0,1,0)+ 2a−b+3

c (0,0,0),

this is a point in intS if and only if c−a−4 ≥ 0. By (3.3) we have that 2a−b+
3 > 0, therefore

c < a +4. (3.5)

From (3.1), (3.2), and (3.5), we obtain the bounds 0 ≤ a ≤ b < c ≤ 7.

Case (c) S1 = S2 =∆(1,1,2).
In this case, we suppose that v1 = (2,1,0), v2 = (0,1,0), o2 = (−1,−1,0), and
v3 = (a,b,c) for some integers a, b and c satisfying

0 ≤ a,b < c. (3.6)

In this case v4 = (−4−a,−4−b,−c). Suppose for a contradiction that b < a.
The lattice point

(0,1,1) = 1
c (a,b,c)+ a

c (−1,−1,0)+ a−b
c (0,1,0)+ c−2a+b−1

c (0,0,0)

is in intS if and only if c −2a +b −1 ≥ 0. Therefore

c < 2a −b +1. (3.7)

The point (−1,0,−1) can be written as

1
c (−4−a,−4−b,−c)+ c−a−4

c (−1,−1,0)+ c+b−a
c (0,1,0)+ 2a−b−c+3

c (0,0,0),

and this is in intS if and only if 2a − b − c + 3 ≥ 0. Hence c > 2a − b + 3,
contradicting (3.7). Thus a ≤ b, and we see that (3.3) and (3.5) hold for this
case. Furthermore, (−1,−1,1) is equal to

1
c (−4−a,−4−b,−c)+ a−c+4

2c (2,1,0)+ 2b−a−c+4
2c (0,1,0)+ 2c−b−5

c (0,0,0),

and this is in intS if and only if a−c+4 ≥ 0, 2b−a−c+4 ≥ 0, and 2c−b−5 > 0.
Notice that a−c+4 > 0 by (3.5), hence either 2b−a−c+4 ≥ 0 or 2c−b−5 > 0
must fail to hold. If 2c−b−5 ≤ 0 we have 2c < c+5, hence c ≤ 4. Conversely,
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suppose that 2b − a − c +4 < 0. In this case the lattice point (1,1,1) can be
expressed as

1
c (a,b,c)+ c−a

2c (2,1,0)+ a−2b+c
2c (0,1,0)+ b−1

c (0,0,0).

By hypothesis, a − 2b + c > 0, so b − 1 has to be non-positive in order for
(1,1,1) ∉ intS. By (3.5) we obtain c ≤ 4. Hence we have the bounds 0 ≤ a ≤
b < c ≤ 4.

Possibility 1 gives rise to 460 2-point tetrahedra (distinct up to unimod-
ular equivalence). Possibility 2 gives rise to an additional 11 2-point tetra-
hedra. We obtain:

Theorem 3.4. There are 471 2-point tetrahedra, up to unimodular equiva-
lence. After translating each of the two interior points to the origin, there are
548 possible weights. These weights are listed in Table 2.6 on page 75.

4 Minimal polytopes in dimension three

In this section we consider those 1- or 2-point three-dimensional lattice
polytopes which are minimal under inclusion. These polytopes form the
“seeds” from which the classification of 2-point polytopes will be “grown”
in §5.

Definition 4.1. We say that a d-dimensional lattice polytope P is minimal
if P is not hollow and, for each vertex v of P , the polytope conv

(
P ∩Zd \ {v}

)
is hollow.

Proposition 4.2. Let P be a minimal three-dimensional polytope. Then P is
either a minimal 1-point polytope or a non-hollow tetrahedron whose inte-
rior points lie on a line.

Proof. We will show that each non-hollow three-dimensional polytope P
contains either a minimal 1-point polytope, or a non-hollow tetrahedron
whose interior points lie on a line. Since the statement is trivial for 1-point
polytopes, we suppose that

∣∣intP ∩Z3
∣∣≥ 2. Let o1,o2 ∈ intP ∩Z3 be two in-

terior lattice points such that the line segment with end-points o1 and o2

contains no interior lattice points. Let ` be the line passing through o1 and
o2, and let q1, q2 ∈ `∩∂P be the points of intersection of `with the boundary
of P . We label q1 and q2 such that o1 lies between q1 and o2.

Project P via a map π onto a plane orthogonal to `. Then π(P ) is a poly-
gon in the lattice π(Z3) ∼=Z2 with o := π(o1) = π(o2) ∈ intπ(P ). Progressively
eliminate vertices of π(P ), moving to the convex hull of the remaining lat-
tice points. Eventually we obtain a minimal polygon Q containing o as the
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unique interior lattice point. This minimal polygon Q is either a triangle or a
quadrilateral whose diagonals intersect in o (see [19, Corollary 2.3]). Denote
these two possibilities by 4 (the case when Q is a triangle) and � (the case
when Q is a quadrilateral). Before considering these two possibilities, we fix
some notation: if v and w are two points in R3, we denote by [v, w], [v, w),
(v, w], and (v, w) the intervals conv{v, w}, conv{v, w} \ {w}, conv{v, w} \ {v},
and conv{v, w} \ {v, w}, respectively.

4 If Q is a triangle, there exist (at least) three lattice points of P such
that their image under π are the vertices of Q. Let T be the the lattice
triangle in Z3 given by taking the convex hull of these three points. By
construction T intersects ` at one point p ∈ intT . Up to exchanging
the roles of o1 and o2, there are two possibilities:

4.1 If p ∈ [q1,o1) then conv(T ∪ {o2}) is a tetrahedron with at least
one interior lattice point.

4.2 If p ∈ [o1,o2) then there are two sub-cases:

4.2.1 If (o2, q2)∩Z3 =∅, let F be the smallest-dimensional face
of P containing q2. Then conv(T ∪F ) is a 1-point poly-
tope.

4.2.2 If o3 ∈ (o2, q2)∩Z3 then conv(T ∪ {o3}) is a tetrahedron with
at least one interior lattice point.

� If Q is a quadrilateral, each of the two pairs of non-adjacent vertices is
collinear with o. By pulling back the vertices of Q via π, we find four
vertices of P that can be split into two pairs, each pair coplanar with
`. Let E1 and E2 be the edges connecting each of the pairs of vertices,
and let p1 and p2 the respective intersection with `. Without loss of
generality there are three distinct configurations to consider:

�.1 If p1 ∈ [q1,o1) and p2 ∈ [q1,o1] then either conv(E1 ∪E2 ∪ {o2}) is
a 1-point polytope, or conv(E1 ∪E2) is a tetrahedron with at least
one interior lattice point.

�.2 If p1 ∈ [o1,o2) and p2 ∈ [o1,o2] then there are two sub-cases:

�.2.1 If (o2, q2)∩Z3 =∅, let F be the smallest-dimensional face
of P containing q2. Then conv(E1 ∪E2 ∪F ) is a 1-point
polytope.

�.2.2 If (o2, q2)∩Z3 is not empty, choose o3 ∈ (o2, q2)∩Z3 to be
the closest lattice point to o2. Then conv(E1 ∪E2 ∪ {o3}) is
a 1-point polytope.
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Vertices Interior Points

(0,0,0), (1,0,0), (0,1,0), (5,5,8) (1,1,1), (2,2,3)
(0,0,0), (1,0,0), (0,1,0), (6,9,10) (1,1,1), (2,3,3)
(0,0,0), (1,0,0), (0,1,0), (5,7,24) (1,1,3), (2,3,9)
(0,0,0), (1,0,0), (0,2,0), (5,2,6) (1,1,1), (2,1,2)
(0,0,0), (1,0,0), (0,2,0), (5,2,12) (1,1,2), (2,1,4)

Table 2.2: The five minimal 2-point tetrahedra, up to unimodular equivalence.

�.3 If p1 ∈ [q1,o1) and p2 ∈ (o1, q2] then conv(E1 ∪E2) is a tetrahe-
dron with at least one interior lattice point.

A consequence of Proposition 4.2 is that a three-dimensional 2-point
polytope will always contain either a three-dimensional 1-point polytope
or a 2-point tetrahedron. The minimal 1-point polytopes were classified
in [19]. The minimal 2-point tetrahedra are listed in Table 2.2.

5 Classification of two-point polytopes in dimension
three

In this section we describe the algorithm used to generate the classifica-
tion of three-dimensional 2-point polytopes. The algorithm is essentially
inductive, starting with a “seed” of minimal 1-point polytopes and minimal
2-point tetrahedra. The inductive step corresponds to “growing” the known
polytopes by successive addition of vertices. We show that, subject to the re-
quirement that there are no more than two interior lattice points, there are
only finitely many ways to grow a polytope. Of course, the fact that there are
a finite number of unimodular equivalence-classes of polytopes with a fixed
non-zero number of interior lattice points is well-known [23]. Nevertheless,
in the proof of Proposition 5.1 below we describe an algorithmic approach
to obtain a complete list of such classes.

Proposition 5.1. Let K be a positive integer, and P be d-dimensional poly-
tope in Zd with 1 ≤ ∣∣intP ∩Zd

∣∣≤ K . Then the set

S :=
{

v ∈Zd
∣∣∣ ∣∣∣intconv(P ∪ {v})∩Zd

∣∣∣≤ K
}

is finite.

Proof. We prove thatS is a subset of a finite setR. Let o ∈ intP∩Zd be one of
the interior lattice points of P ; without loss of generality we may assume that
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o = 000 is equal to the origin of the lattice. Fix a triangulation of ∂P obtained
without introducing new vertices. Let F be any (n − 1)-dimensional non-
empty face of the triangulation, and let {v1, . . . , vn} denote the set of vertices
of F . Let λ= (λ0, . . . ,λn) be a weight in

⋃K
k=1Wn,k , and let τ ∈ Sym(n +1) be

a permutation of the integers {0, . . . ,n}. Define

vF,o,λ,τ :=− 1

λτ(0)

n∑
i=1

λτ(i )vi ,

and define R to be the set of all points vF,o,λ,τ such that vF,o,λ,τ ∈ Zd , for all
possible choices of τ, λ, o, and F . Since there are only finitely many such
choices, it follows that R is finite as well.

Let v ∈ S . Excluding a finite number of lattice points, we may suppose
that v ∉ P . Let o ∈ intP ∩Zd , and let ` be the line passing through o and
v . The line ` intersects ∂P in two distinct points. Let v ′ ∈ `∩ ∂P be the
point of intersection furthest from v , and let F be the smallest face of the
triangulation of ∂P containing v ′. Then S := conv(F ∪ {v}) is a k-point lattice
simplex of dimension n ≤ d , where 1 ≤ k ≤ K . By translating o to the origin,
S has weights in Wn,k . Hence v ∈R.

The proof of Proposition 4.2 is constructive, and allows us to classify
all three-dimensional 2-point polytopes. This is described in Algorithm 1,
which we implemented in the computer algebra system MAGMA [11]. Source
code and output can be downloaded from [12]. The resulting classification
is summarised in Theorem 1.1. An immediate consequence of this classifi-
cation is:

Corollary 5.2. Conjecture 1.5 holds when d = 3 and k = 2.

The results can be compared against existing classifications. Algorithm 1
produces an independent check of the classification [19] of 1-point poly-
topes. The recent classification by Blanco–Santos [8–10] of those three-di-
mensional polytopes having

∣∣P ∩Z3
∣∣ ≤ 11 overlaps in part with the classi-

fication of 2-point polytopes; as stated in [10], where these two classifica-
tions intersect, they coincide. Table 2.3 summarises the maximum values
of some common invariants; Tables 2.4 and 2.5 sketch the distribution of
2-point polytopes with respect to volume and number of vertices.
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Algorithm 1: Classifying the three-dimensional 1- and 2-point poly-
topes.

Data: The set P of all minimal three-dimensional 1-point polytopes
and all minimal 2-point tetrahedra. The sets Wd ,k , for k = 1,2
and d = 1,2,3, of possible weights for the k-point
d-dimensional simplices.

Result: The set B of three-dimensional 1- and 2-point polytopes.
A←P
B←∅
while A 6=∅ do

P ← RandomElement(A)
∆← RandomTriangulation(∂P )
for F ∈∆ do

n ← dim(F )+1
{v1, . . . , vn} ← vert(F )
for λ ∈Wn,1 ∪Wn,2 do

for τ ∈ Sym(n +1) do
v ←− 1

λτ(0)

∑n
i=1λτ(i )vi

if v ∈Z3 then
Q ← conv(P ∪ {v})
if

∣∣intQ ∩Z3
∣∣≤ 2 then

if Q ∉B (up to unimodular equivalence) then
A←A∪ {Q}

A←A\ {P }
B←B∪ {P }

Invariant Maximum Polytopes attaining maximum

Normalised volume 108 S3
2

Normalised boundary volume 102 S3
2

Number of lattice points 55 S3
2

Number of vertices 18 2 polytopes
Number of edges 30 2 polytopes
Number of facets 18 31 polytopes

Table 2.3: A summary of the maximum values amongst three-dimensional 2-
point polytopes for some common invariants.
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Table 2.4: Distribution of three-dimensional 2-point polytopes by (nor-
malised) volume. The most common volume is 52, attained by 845,345 poly-
topes.

4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
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·106

Table 2.5: Distribution of three-dimensional 2-point polytopes by number of
vertices. The most common number of vertices is 10, attained by 6,137,658
polytopes.

6 Distribution of theδ-vectors of three-dimensional poly-
topes

From the classifications of 1- and 2-point polytopes we can extract the pos-
sible δ-vectors, and can compare their distribution with the known inequal-
ities. In Figure 2.14 we plot all occurring pairs of coefficients (δ1,δ2) of δ-
vectors for one and two interior lattice points. Inequalities (1.6) and (1.7)
of §1.2 define a bounded region of the plane in which such pairs can ap-
pear. We also plot inequalities (1.6) and (1.8), i.e. δ3 ≤ δ1 ≤ δ2 and Vol(P ) ≤
36(δ3 +1).
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Figure 2.14: The coefficients (δ1,δ2) of the three-dimensional 1- and 2-point
polytopes. The pairs (δ1,δ2) attained by at least one simplex are denoted by •.
Inequalities (1.6) are marked with black lines, inequality (1.8) with a dashed
black line.

Even assuming the conjectured volume inequality (1.8) to be true, all
the pairs (δ1,δ2) appear in a much smaller region than the one delimited
by (1.6) and (1.8). In particular, the δ-vector of the maximal simplices S3

1
and S3

2, given by (1,35,35,1) and (1,51,54,2) respectively, acts as a bound for
the other δ-coefficients.

For all k ≥ 1, the number lattice points of the Zaks–Perles–Wilkes sim-
plex S3

k has been calculated in [35], and we know that
∣∣S3

k ∩Z3
∣∣ = 16k +23.

Since the volume and the number of interior points of S3
k are also known, we

can compute their δ-vector: this is equal to (1,16k +19,19k +16,k).

Conjecture 6.1. For any δ-vector (1,δ1,δ2,δ3) of a non-hollow three-dimen-
sional polytope P , the inequalities

δ1 ≤ 16δ3 +19 and δ2 ≤ 19δ3 +16

hold. Moreover, the first inequality is an equality if and only if P = S3
δ3

.
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Note that Conjecture 6.1 implies Conjecture 1.5 in dimension three.
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Table 2.6: The 548 distinct weights (λ0,λ1,λ2,λ3) ∈W3,2 occurring for the 471
2-point tetrahedra. The weights are listed in order by the sum h = λ0 +λ1 +
λ2 +λ3.

Weights h Weights h Weights h Weights h Weights h

(1,1,1,1) 4 (1,1,1,2) 5 (1,1,1,3) 6 (1,1,2,2) 6 (1,1,1,4) 7
(1,1,2,3) 7 (1,2,2,2) 7 (1,1,1,5) 8 (1,1,2,4) 8 (1,1,3,3) 8
(1,2,2,3) 8 (1,1,1,6) 9 (1,1,2,5) 9 (1,1,3,4) 9 (1,2,2,4) 9
(1,2,3,3) 9 (2,2,2,3) 9 (1,1,2,6) 10 (1,1,3,5) 10 (1,1,4,4) 10
(1,2,2,5) 10 (1,2,3,4) 10 (2,2,3,3) 10 (1,1,2,7) 11 (1,1,4,5) 11
(1,2,3,5) 11 (1,3,3,4) 11 (2,2,3,4) 11 (1,1,2,8) 12 (1,1,3,7) 12
(1,1,4,6) 12 (1,2,3,6) 12 (1,2,4,5) 12 (1,3,3,5) 12 (1,3,4,4) 12
(2,2,3,5) 12 (2,3,3,4) 12 (1,1,5,6) 13 (1,2,3,7) 13 (1,2,4,6) 13
(1,3,4,5) 13 (2,3,3,5) 13 (1,1,5,7) 14 (1,2,3,8) 14 (1,2,4,7) 14
(1,2,5,6) 14 (1,3,3,7) 14 (1,3,4,6) 14 (1,4,4,5) 14 (2,2,3,7) 14
(2,3,4,5) 14 (1,1,3,10) 15 (1,1,6,7) 15 (1,2,3,9) 15 (1,2,5,7) 15
(1,3,4,7) 15 (1,3,5,6) 15 (1,4,5,5) 15 (2,2,5,6) 15 (2,3,3,7) 15
(2,3,4,6) 15 (2,3,5,5) 15 (3,3,4,5) 15 (1,1,6,8) 16 (1,2,3,10) 16
(1,2,5,8) 16 (1,2,6,7) 16 (1,3,4,8) 16 (1,3,5,7) 16 (1,4,4,7) 16
(1,4,5,6) 16 (2,2,5,7) 16 (2,3,3,8) 16 (2,3,4,7) 16 (2,3,5,6) 16
(3,4,4,5) 16 (1,2,3,11) 17 (1,3,5,8) 17 (1,4,5,7) 17 (2,4,5,6) 17
(1,1,7,9) 18 (1,2,3,12) 18 (1,2,6,9) 18 (1,2,7,8) 18 (1,3,4,10) 18
(1,3,5,9) 18 (1,3,6,8) 18 (1,4,4,9) 18 (1,4,5,8) 18 (1,4,6,7) 18
(1,5,6,6) 18 (2,2,5,9) 18 (2,3,4,9) 18 (2,3,5,8) 18 (2,3,6,7) 18
(2,4,5,7) 18 (3,4,4,7) 18 (3,4,5,6) 18 (1,3,7,8) 19 (1,4,5,9) 19
(1,5,6,7) 19 (2,3,5,9) 19 (1,1,8,10) 20 (1,2,5,12) 20 (1,2,7,10) 20
(1,2,8,9) 20 (1,3,5,11) 20 (1,3,6,10) 20 (1,4,5,10) 20 (1,4,6,9) 20
(1,5,6,8) 20 (2,3,5,10) 20 (2,3,7,8) 20 (2,4,5,9) 20 (2,5,5,8) 20
(2,5,6,7) 20 (3,3,4,10) 20 (3,4,5,8) 20 (3,4,6,7) 20 (3,5,5,7) 20
(4,4,5,7) 20 (4,5,5,6) 20 (1,3,4,13) 21 (1,3,7,10) 21 (1,4,6,10) 21
(1,4,7,9) 21 (1,5,6,9) 21 (1,5,7,8) 21 (1,6,7,7) 21 (2,3,5,11) 21
(2,3,7,9) 21 (2,5,6,8) 21 (2,5,7,7) 21 (3,4,5,9) 21 (3,4,7,7) 21
(3,5,6,7) 21 (1,2,8,11) 22 (1,3,7,11) 22 (1,4,6,11) 22 (1,4,7,10) 22
(1,6,7,8) 22 (2,2,7,11) 22 (2,3,6,11) 22 (2,3,7,10) 22 (2,4,5,11) 22
(2,4,7,9) 22 (2,5,7,8) 22 (3,4,4,11) 22 (3,4,7,8) 22 (4,5,6,7) 22

(1,4,7,11) 23 (1,5,6,11) 23 (2,3,7,11) 23 (2,5,7,9) 23 (3,4,5,11) 23
(3,5,7,8) 23 (1,2,9,12) 24 (1,3,4,16) 24 (1,3,8,12) 24 (1,4,7,12) 24

(1,4,8,11) 24 (1,4,9,10) 24 (1,5,6,12) 24 (1,6,7,10) 24 (1,6,8,9) 24
(2,3,5,14) 24 (2,3,7,12) 24 (2,3,8,11) 24 (2,5,6,11) 24 (2,5,8,9) 24
(2,6,7,9) 24 (3,4,5,12) 24 (3,4,6,11) 24 (3,4,8,9) 24 (3,5,7,9) 24
(3,5,8,8) 24 (3,6,7,8) 24 (4,5,6,9) 24 (4,5,7,8) 24 (1,3,10,11) 25

(1,5,7,12) 25 (1,6,7,11) 25 (1,6,8,10) 25 (1,7,8,9) 25 (2,5,7,11) 25
Continued on next page.
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Weights h Weights h Weights h Weights h Weights h

(3,4,5,13) 25 (3,4,7,11) 25 (3,5,8,9) 25 (1,2,10,13) 26 (1,4,8,13) 26
(1,5,7,13) 26 (2,3,8,13) 26 (2,4,7,13) 26 (2,5,6,13) 26 (2,5,7,12) 26
(2,5,8,11) 26 (3,4,6,13) 26 (4,5,6,11) 26 (5,6,7,8) 26 (1,4,9,13) 27
(1,5,9,12) 27 (1,6,7,13) 27 (1,7,9,10) 27 (2,3,5,17) 27 (2,3,9,13) 27
(2,5,7,13) 27 (3,4,7,13) 27 (3,4,9,11) 27 (3,5,7,12) 27 (3,5,8,11) 27
(3,7,8,9) 27 (4,5,7,11) 27 (4,6,7,10) 27 (1,2,11,14) 28 (1,3,10,14) 28

(1,4,9,14) 28 (1,5,8,14) 28 (1,6,7,14) 28 (1,7,8,12) 28 (1,7,9,11) 28
(1,8,9,10) 28 (2,3,7,16) 28 (2,3,9,14) 28 (2,5,7,14) 28 (2,5,8,13) 28
(2,6,7,13) 28 (2,7,8,11) 28 (2,7,9,10) 28 (3,5,6,14) 28 (3,5,7,13) 28
(4,5,6,13) 28 (4,5,7,12) 28 (2,7,9,11) 29 (3,5,8,13) 29 (1,2,12,15) 30

(1,4,10,15) 30 (1,5,9,15) 30 (1,6,8,15) 30 (1,6,10,13) 30 (1,7,10,12) 30
(1,8,10,11) 30 (2,3,5,20) 30 (2,3,10,15) 30 (2,4,9,15) 30 (2,5,8,15) 30
(2,5,9,14) 30 (2,5,11,12) 30 (2,6,7,15) 30 (2,7,9,12) 30 (2,7,10,11) 30
(3,4,5,18) 30 (3,4,8,15) 30 (3,5,7,15) 30 (3,5,8,14) 30 (3,5,10,12) 30
(3,8,9,10) 30 (4,5,6,15) 30 (4,5,9,12) 30 (4,5,10,11) 30 (4,6,7,13) 30
(5,6,9,10) 30 (6,7,8,9) 30 (3,7,10,11) 31 (5,6,7,13) 31 (1,6,9,16) 32
(1,7,8,16) 32 (1,8,9,14) 32 (2,3,11,16) 32 (2,5,9,16) 32 (2,7,8,15) 32
(3,5,8,16) 32 (3,8,10,11) 32 (4,5,7,16) 32 (4,5,9,14) 32 (4,7,10,11) 32
(5,6,8,13) 32 (5,7,8,12) 32 (5,7,9,11) 32 (6,7,8,11) 32 (1,5,11,16) 33

(1,6,11,15) 33 (1,8,11,13) 33 (1,9,11,12) 33 (2,7,11,13) 33 (3,4,11,15) 33
(3,7,10,13) 33 (3,7,11,12) 33 (3,9,10,11) 33 (4,5,11,13) 33 (6,7,9,11) 33
(1,3,13,17) 34 (1,5,11,17) 34 (1,6,10,17) 34 (1,7,9,17) 34 (2,4,11,17) 34
(2,7,8,17) 34 (3,5,9,17) 34 (4,5,8,17) 34 (1,7,10,17) 35 (2,7,9,17) 35

(2,7,11,15) 35 (3,5,13,14) 35 (3,8,10,14) 35 (4,5,7,19) 35 (4,7,9,15) 35
(5,6,7,17) 35 (5,6,11,13) 35 (5,7,11,12) 35 (1,4,13,18) 36 (1,5,12,18) 36

(1,6,11,18) 36 (1,7,10,18) 36 (1,8,9,18) 36 (1,9,10,16) 36 (1,9,12,14) 36
(1,10,12,13) 36 (2,5,11,18) 36 (2,5,12,17) 36 (2,7,9,18) 36 (2,7,12,15) 36

(2,8,9,17) 36 (2,9,11,14) 36 (2,9,12,13) 36 (3,4,11,18) 36 (3,7,8,18) 36
(3,8,11,14) 36 (3,10,11,12) 36 (4,5,9,18) 36 (4,6,9,17) 36 (4,7,9,16) 36
(4,9,10,13) 36 (4,9,11,12) 36 (5,6,7,18) 36 (5,6,9,16) 36 (5,8,9,14) 36
(6,7,8,15) 36 (6,9,10,11) 36 (1,8,10,19) 38 (2,3,14,19) 38 (2,5,12,19) 38

(2,7,10,19) 38 (2,8,9,19) 38 (4,6,9,19) 38 (1,6,13,19) 39 (1,7,13,18) 39
(1,11,13,14) 39 (2,5,13,19) 39 (2,9,13,15) 39 (3,4,13,19) 39 (3,5,13,18) 39
(3,7,13,16) 39 (3,8,13,15) 39 (3,11,12,13) 39 (4,5,13,17) 39 (4,7,13,15) 39
(5,9,12,13) 39 (6,9,11,13) 39 (7,8,11,13) 39 (7,9,10,13) 39 (1,3,16,20) 40
(1,6,13,20) 40 (1,7,12,20) 40 (1,8,11,20) 40 (1,10,13,16) 40 (2,5,13,20) 40
(2,7,11,20) 40 (3,4,13,20) 40 (3,7,10,20) 40 (3,8,9,20) 40 (3,8,10,19) 40

(3,10,11,16) 40 (3,10,13,14) 40 (4,7,9,20) 40 (4,7,10,19) 40 (5,7,8,20) 40
(5,7,12,16) 40 (5,8,13,14) 40 (6,7,10,17) 40 (7,8,10,15) 40 (7,10,11,12) 40
(8,9,10,13) 40 (1,6,14,21) 42 (1,8,12,21) 42 (1,9,11,21) 42 (1,12,14,15) 42
(2,5,14,21) 42 (2,6,13,21) 42 (2,7,12,21) 42 (2,9,10,21) 42 (3,4,14,21) 42
(3,5,13,21) 42 (3,7,11,21) 42 (3,8,10,21) 42 (3,8,14,17) 42 (3,12,13,14) 42
(4,5,12,21) 42 (4,5,14,19) 42 (4,6,11,21) 42 (4,7,10,21) 42 (4,9,14,15) 42
(5,6,14,17) 42 (5,7,9,21) 42 (5,11,12,14) 42 (6,7,8,21) 42 (6,9,13,14) 42
(8,9,11,14) 42 (2,3,17,22) 44 (2,7,13,22) 44 (3,5,14,22) 44 (3,8,11,22) 44

(3,11,14,16) 44 (4,7,11,22) 44 (4,11,14,15) 44 (6,7,9,22) 44 (6,8,11,19) 44
(7,8,11,18) 44 (1,11,15,18) 45 (2,9,15,19) 45 (2,11,15,17) 45 (4,9,15,17) 45
(5,9,14,17) 45 (6,11,13,15) 45 (7,9,10,19) 45 (8,9,13,15) 45 (1,7,15,23) 46
(1,8,14,23) 46 (1,9,13,23) 46 (1,10,12,23) 46 (2,10,11,23) 46 (3,7,13,23) 46
(4,5,14,23) 46 (4,9,10,23) 46 (5,7,11,23) 46 (6,7,10,23) 46 (1,7,16,24) 48

(1,12,16,19) 48 (2,9,13,24) 48 (3,5,16,24) 48 (3,10,16,19) 48 (4,9,11,24) 48
(5,6,13,24) 48 (5,6,16,21) 48 (5,8,11,24) 48 (6,11,15,16) 48 (7,12,13,16) 48

(9,10,13,16) 48 (9,11,12,16) 48 (1,10,14,25) 50 (1,11,13,25) 50 (2,3,20,25) 50
(2,7,16,25) 50 (2,9,14,25) 50 (2,11,12,25) 50 (3,8,14,25) 50 (4,10,11,25) 50
(6,8,11,25) 50 (6,9,10,25) 50 (3,11,17,20) 51 (5,6,17,23) 51 (5,11,17,18) 51

Continued on next page.
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Weights h Weights h Weights h Weights h Weights h

(9,11,14,17) 51 (1,8,17,26) 52 (1,9,16,26) 52 (2,7,17,26) 52 (3,4,19,26) 52
(3,7,16,26) 52 (4,5,17,26) 52 (4,7,15,26) 52 (5,9,12,26) 52 (7,8,11,26) 52
(7,9,10,26) 52 (1,8,18,27) 54 (1,12,14,27) 54 (2,7,18,27) 54 (2,12,13,27) 54
(3,7,17,27) 54 (3,10,14,27) 54 (4,6,17,27) 54 (4,10,13,27) 54 (5,6,16,27) 54
(5,8,14,27) 54 (6,8,13,27) 54 (6,10,11,27) 54 (7,8,12,27) 54 (1,11,16,28) 56

(2,11,15,28) 56 (3,8,17,28) 56 (4,11,13,28) 56 (5,6,17,28) 56 (5,7,16,28) 56
(5,11,12,28) 56 (7,8,13,28) 56 (8,9,11,28) 56 (3,10,16,29) 58 (4,7,18,29) 58
(4,11,14,29) 58 (6,10,13,29) 58 (1,9,20,30) 60 (1,12,17,30) 60 (1,15,20,24) 60
(3,7,20,30) 60 (3,8,19,30) 60 (3,11,16,30) 60 (4,9,17,30) 60 (6,15,19,20) 60

(7,11,12,30) 60 (7,15,18,20) 60 (8,9,13,30) 60 (12,13,15,20) 60 (3,11,17,31) 62
(5,7,19,31) 62 (5,9,17,31) 62 (5,12,14,31) 62 (6,11,14,31) 62 (7,11,13,31) 62

(1,10,22,33) 66 (2,9,22,33) 66 (3,8,22,33) 66 (4,7,22,33) 66 (6,7,20,33) 66
(6,13,14,33) 66 (4,11,19,34) 68 (5,8,21,34) 68 (5,13,16,34) 68 (8,11,15,34) 68
(1,14,20,35) 70 (4,14,17,35) 70 (10,11,14,35) 70 (10,12,13,35) 70 (1,11,24,36) 72
(5,7,24,36) 72 (7,13,16,36) 72 (8,11,17,36) 72 (1,12,26,39) 78 (2,11,26,39) 78

(3,10,26,39) 78 (4,9,26,39) 78 (5,8,26,39) 78 (6,7,26,39) 78 (7,16,17,40) 80
(3,11,28,42) 84 (5,9,28,42) 84 (4,11,30,45) 90 (7,18,20,45) 90 (10,17,18,45) 90
(5,11,32,48) 96 (5,12,34,51) 102 (6,11,34,51) 102
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