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Abstract

In this thesis, the theory of the remote contact-free reconstruction of cur-

rents in two-dimensional parallel conductors is investigated. The motivation

of this study is finding a complement technique to measurement transformers

which are the well-established devices to measure currents in power transmis-

sion lines. Remote contact-free measurement of currents would provide the

possibility of measuring currents at different locations of a power system, as

well as, at different frequencies.

Remote contact-free determination of currents is an electromagnetic in-

verse source problem in which the currents are reconstructed from the mag-

netic field data collected by a set of sensors located in the vicinity of the

conductors. For the application in power transmission lines, the sensors must

be placed below the conductors. Since the sensors are not too close to the

conductors, the main challenge in this inverse source problem is the effect of

the disturbance fields produced by the external sources in the measurement.

For the case that the external sources are aligned with power transmission

lines and also produce essentially two-dimensional fields, it is theoretically

possible to remove the effect of disturbance fields by using a Green identity

and measuring the magnetic field on a closed contour surrounding the main

conductors. However, in practice, we need to limit the measurement domain

to a region below the conductors. In this thesis, by modifying the Green

identity approach and using some approximations, the currents in the main

conductors are reconstructed by measuring the magnetic field at some points

below the conductors.

In the case that the external sources produce three-dimensional distur-

bance fields, the magnetic field due to the external sources is expressed as

a truncated expansion of the spherical harmonics and both the currents in

the conductors and the expansion coefficients are determined by applying the

least square method. To overcome the ill-posedness of the problem and find

stable results for the currents, the functional to be minimized is augmented by

a Tikhonov regularization term that penalizes unphysical solutions introduced

by the expansion coefficients.

Finally, the problem of selecting a limited number of optimal sensor po-

sitions among a set of predetermined sensor positions is considered. Using

the relaxation method, this optimization problem is changed to a convex op-

timization problem which can be readily solved using the CVX package, a

Matlab package for specifying and solving convex programs.
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Sammanfattning

I denna avhandling undersöks teorin för att utifrån kontaktfria mätning-

ar återskapa strömmarna i tvådimensionella strukturer med parallella ledare.

Motiveringen för studien är att hitta en mätteknik som kompletterar den väle-

tablerade metoden att medelst strömtransformatorer bestämma strömmarna

i kraftledningar. Att på avstånd bestämma strömmarna genom kontakfria

mätningar medför möjligheten att mäta på olika platser i elnätet samt vid

olika frekvenser.

Att utifrån kontaktfria mätningar utförda på avstånd bestämma ström-

marna är ett elektromagnetisk inverst källproblem, i vilket strömmarna åter-

skapas från magnetfältsdata som samlats in av en uppsättning givare placera-

de i ledarnas omgivning. I kraftledningstillämpningar måste givarna placeras

under ledarna. Eftersom givarna inte är placerade i ledarnas omedelbara när-

het är den största utmaningen i detta inversa källproblem att hantera inverkan

av de störningsfält som alstras av yttre källor.

Ifall de yttre källorna är samriktade med kraftledningen, och också alstrar

i huvudsak tvådimensionella fält, är det teoretiskt möjligt att ta bort inver-

kan av störningsfält genom att tillämpa en Greensk sats på magnetfältsdata

uppmätta utefter en sluten kurva som omkretsar huvudledarna. Men, i prak-

tiken måste mätområdet begränsas till ett område nedanför ledarna. I denna

avhandling visas hur strömmarna i huvudledarna kan återskapas från mag-

netsfältsdata uppmätt i punkter nedanför huvudledarna, genom att modifiera

den Greenska satsen och tillgripa vissa approximationer.

Ifall de yttre källorna alstrar tredimensionella störningsfält, beskrivs det

yttre magnetfältet av en ändlig utveckling i klotytefunktioner, och såväl ström-

marna i ledarna som utvecklingskoefficienterna återskapas genom minsta kvad-

ratmetoden. För att hantera felställdheten hos det inversa problemet, och där-

igenom erhålla stabila resultat för strömmarna, utökas funktionalen som skall

minimeras med en regulariseringsterm av Tikhonov-typ, vilken undertrycker

icke fysikaliska lösningar som tillkommer via utvecklingskoefficienterna.

Slutligen behandlas problemet att utifrån en uppsättning av förutbestäm-

da givarpositioner välja ut ett begränsat antal optimala positioner. Genom

att använda relaxationsmetoden omformas problemet till ett konvext optime-

ringsproblem, vilket kan lösas rättframt med hjälp av CVX-paketet, som är

ett Matlab-paket avsett för att specificera och lösa konvexa problem.
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Chapter 1

Introduction

Over the past several decades, electricity consumption and generation have con-
tinually increased. With the growing complexity and stress on the power grid,
reliability becomes of vital importance in the operation of the power systems. To
have a reliable system, it is critical to monitor voltages and currents at different
locations of the power system and at different frequencies. Voltage and current are
measured to provide input data to protective relays that operate circuit breakers
and to assess the system stability and robustness against contingencies. Therefore,
the more detailed knowledge of the actual voltages and currents throughout the
grid would provide more precise decision data to protective relays and enhance the
accuracy of the state estimation and the reliability of the power grid.

In this thesis we focus on remote contact-free measurements of currents in two-
dimensional parallel conductors such as power transmission lines. Remote contact-
free measurement techniques allow us to determine currents at different locations
and over a broad range of frequencies without interfering the system operation. In
this chapter, we discuss about the motivation of this study, review the literature
related to this work, define the problem under study, and present the thesis outline.

1.1 Motivation of the study

Methods for determining the transported power, estimating the state of the grid,
and assessing the power system stability could be improved by having more de-
tailed knowledge of the voltage and current throughout the grid. As an established
technique, measurement transformers are used in power grids to measure voltage
and current. Although, by using these transformers, one can measure voltage and
current with high precision, this technique has some drawbacks.

First, since measurement transformers are rather expensive, they are installed
only at the most significant locations in the power grid. As a result other techniques
are needed to measure voltages and currents elsewhere. Second, it is identified in
power system reliability analysis that having components that are subjected to

1



2 CHAPTER 1. INTRODUCTION

failures degrades system reliability [1]. For instance, analysis such as [2] have iden-
tified how the protection systems dependent on components such as measurement
transformers can increase failure rate experienced at feeder ends and thus the over-
all system. Therefore, even if it would be economically feasible to install a vast
amount of measurement transformers, it would not be reasonable from the reli-
ability point of view. Third, these transformers, especially voltage transformers,
have low frequency bandwidths which cannot capture high frequency voltages and
currents caused by transients.

As a complement to measurement transformers, there exist contact-free mea-
surement techniques which are not likely to degrade the reliability of the power grid.
However, these techniques can provide quantitative result only if they are installed
in the immediate vicinity of the conductors. Apart from difficulties for installing
sensors quite close to conductors, their installation and maintenance might interfere
with the operation of the grid. On the other hand, at present, remote non-contact
techniques can only detect the existence of certain phenomena. Therefore, a remote
non-contact method which can provide quantitative information of the power grid
voltage and current even at high frequencies is needed.

1.2 Literature review

Early works about non-contact techniques for determining currents in power trans-
mission lines as well as reconstructing the conductor positions have been presented
in [3] and [4]. A more recent work is a non-contact method based on integral equa-
tion to reconstruct both positions and currents of very long parallel conductors
[5]. Furthermore, methods for non-contact measurements of currents in bus bars
[6, 7, 8] and cables [9, 10, 11] have been presented in literature. In all of these
articles, by inversion of the direct map from the currents to the magnetic field data
collected by a set of sensors located in the vicinity of the conductors, a magnetic
inverse source problem is solved and the currents and positions of conductors are
reconstructed. However, since determining the conductor positions can be done by
other methods than magnetic field measurements, it has dedicated less interest. It
might be interesting to mention that similar magnetic inverse source problems are
also relevant for the medical application of magnetoencephalography (MEG) where
epileptic activity is detected as localized current sources within the human brain
[12, 13, 14].

A critical issue to consider for the inverse source problem discussed above is the
impact on the source reconstruction due to the fields from external sources in the
vicinity of the conductors. To handle this difficulty, different methods have been
presented in literature. In [6], much effort has been spent on reducing the impact
of disturbances from external fields by using circular arrays of magnetic sensors
on a circle around the conductor. In [8], a spatial circular harmonic expansion is
used to model 2D external fields. In [7], [8], and [10], the authors have strived to
reduce the impact of disturbances from external fields by finding the optimal sensor
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positions for the field measurements. In [5], the author removes the influence of two-
dimensional disturbance fields completely by using a Green identity approach and
measuring the magnetic field on a closed contour that circumscribes the conductors.

Ground

I1

I2

I3

Figure 1.1: General configuration of the problem. Conductors inside the circle are
main sources. Their positions are known and their currents should be reconstructed.
conductors and sources outside of the circle are external sources.

1.3 Problem formulation

The general configuration of the problem studied in this thesis is shown in Fig.
1.1. In free space, there are a finite number of infinitely long, parallel and straight
conductors (2D conductors) above the ground. These conductors are called main
conductors or main sources and they generate 2D fields. In Fig. 1.1, the conductors
with current I1, I2, and I3 are main conductors. Moreover, there are other 2D
conductors and sources in the vicinity of the main conductors which we call external
sources. External sources could generate 2D or 3D disturbance fields. However,
they are far enough that it is possible to draw a circle around the main conductors
that includes all main sources but no other sources. The aim of this thesis is
reconstructing currents in main conductors using the magnetic field data measured
by a set of sensors located under the main conductors assuming that their positions
are known. We investigate two cases: the case that external sources generate 2D
disturbance fields and the case that external sources generate 3D disturbance fields.
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A harmonic time-dependence ejωt is assumed in the whole thesis. In addition,
the structure is studied in magneto-quasi-static (MQS) regime in which the electric
displacement current can be neglected. In other words, the propagation effects can
be ignored since the wavelength along the conductors is considerably larger than
the distances between the conductors and their distances to the ground. The, MQS
approximation of Maxwell’s equations is [15]

∇ × H = J, (1.1)

∇ · B = 0. (1.2)

In free space where B = µ0H, we have

∇ × B = µ0J, (1.3)

which yields
∇2B = ∇ (∇ · B) − ∇ × (∇ × B) = −µ0∇ × J. (1.4)

Finally, it should be mentioned that an infinitely long straight conductor is a
proper approximation for realistic sagging power transmission conductors [16].

1.4 Thesis outline

This thesis contains five chapters. After an introduction about the motivation of
this study and defining the problem in Chapter 1, reconstructing currents in main
conductors in the presence of 2D and 3D disturbance fields are investigated in
Chapter 2 and Chapter 3 respectively. In Chapter 2, similar to the method used
in [5], we try to remove the effect of 2D disturbance fields using the Green identity
approach. In Chapter 3, we model the effect of disturbance field by expanding it
in spherical harmonics. In Chapter 4, Cramér-Rao lower bound theorem is used to
examine the efficiency of the proposed methods. Moreover, the optimal positions
of sensors for measuring magnetic field are found using the convex optimization
method. Finally in Chapter 5, conclusions of the presented work and proposals for
future works are presented.



Chapter 2

Current reconstruction in the

presence of 2D disturbance fields

In this chapter, we investigate the current reconstruction in the presence of 2D
disturbance fields. Theoretically, the influence of two-dimensional disturbance fields
can be cancelled completely by measuring the magnetic field on a closed contour
that circumscribes the structure. The proof will be presented in the following
section. The method proposed in this chapter is based on a Green identity approach
and it is similar to work done in [5, 14]. In [5], the magnetic field data is collected by
a set of sensors located on a circle that circumscribes all main conductors. However,
practically, the measurement points must be limited in the angular coverage under
the main conductors. Therefore, in this thesis, we modify the method presented in
[5] to be able to reconstruct the currents in main conductors by measuring magnetic
field below the conductors.

2.1 Integral equation for the current density

Consider a two-dimensional longitudinal current density J = J(x, y)ẑ that may
consist of several disjoint parts in free space as shown in Fig. 2.1. The closed contour
C circumscribes that part of J that we want to reconstruct by using magnetic field
data on C. The other part of J located outside of contour C is considered as an
external source. With this kind of 2D current density, the resulting magnetic field
B becomes transversal: B = Bx(x, y)x̂ + By(x, y)ŷ.

The Green identity for the scalar function G(x, y) and the vector function
B(x, y) is [17]

∫

S

[

G∇2B − B∇2G
]

ds

=

∮

C

[G (∇ · B) n̂ − (n̂ · B) ∇G + G( ∇ × B )×n̂ − (n̂ × B) × ∇G] dl. (2.1)

5
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J

J

S

C
n̂t̂

x

y

z

Figure 2.1: General configuration of 2D longitudinal current density.

Here we assume that G is a smooth test function to be chosen and B = µ0H

is the magnetic flux density in free space. Thus, using (1.2), (1.3), and (1.4), (2.1)
reduces to

∫

S

[

µ0G∇ × J + B∇2G
]

ds =

∮

C

[(n̂ · B) ∇G + (n̂ × B) × ∇G − µ0G( J × n̂ )] dl.

(2.2)
By choosing the test function G such that ∇2G = 0 on S and in the neighbourhood
of C and using integration by parts for the left hand side of (2.2), we have

∫

S

[

µ0G∇ × J + B∇2G
]

ds = µ0

[∫

S

∇ × (GJ) ds +

∫

S

J × ∇Gds

]

= µ0

[∮

C

Gn̂ × Jdl +

∫

S

J × ∇Gds

]

(2.3)

Now using (2.2) and (2.3) we obtain

µ0

∫

S

J × ∇Gds =

∮

C

[(n̂ · B) ∇G + (n̂ × B) × ∇G] dl. (2.4)

With J = J ẑ, imposing cross product of ẑ to both sides of (2.4) yields

µ0

∫

S

J ẑ × (ẑ × ∇G) ds = ẑ ×
∮

C

[(n̂ · B) ∇G + (n̂ × B) × ∇G] dl. (2.5)
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With ẑ × (ẑ × ∇G) = −∇G, (2.5) simplifies to
∫

S

J∇Gds = − 1

µ0
ẑ ×

∮

C

[(n̂ · B) ∇G + (n̂ × B) × ∇G] dl (2.6)

which is an integral equation for the current density J where ∇G is the kernel.
Here, it should be mentioned that generally it is not possible to find a unique
solution for J by solving (2.6) since there might be silent or non-radiating current
densities which produce zero fields outside their region of support. In Appendix A
of [5], some examples of silent sources that cannot be determined by solving (2.6)
are presented. One way to achieve uniqueness is to shrink the space of possible
solutions [5]. Since our main goal in this thesis is to reconstruct line currents,
we assume that the interior current density J consists of a finite number of line
currents. In this case, a unique solution can be obtained [18] by solving (2.6). This
will be shown in the following sections.

Choosing harmonic function G

The function G(x, y) should be reasonably simple. It only needs to be harmonic on
S and in the neighbourhood of C. In analogy with a similar study in the area of
biomagnetics, G can be defined as [14]

G (r) = G (w (r)) (2.7)

where w = k · r, k = kxx̂ + kyŷ, and r = xx̂ + yŷ. Assuming dG/dw = f(w), we
have

∇G = f(w)∇w(r) = f(w)k, (2.8)

∇2G = ∇ · ∇G(r) = ∇f(w(r)) · k =
df

dw
∇w(r) · k =

df

dw
k · k. (2.9)

Thus, to satisfy ∇2G = 0, the vector k must fulfil k · k = 0. Therefore, the general
form of k and w can be expressed, respectively, as

k = α(x̂ + jsŷ), (2.10)

w = α(x + jsy) (2.11)

where α ∈ C is an arbitrary constant and s = ±1. Note w is an analytic function of
either x+jy or x− jy. Hence, if G(w) is an analytic function for all w corresponding
to r ∈ S, ∇2G = 0 holds and f(w) = dG/dw is also an analytic function.

Substituting ∇G = f(w)k in (2.6) and dot-multiplying both sides with the
complex conjugate of k yield

∫

S

Jf(w)(k · k∗)ds =
1

µ0
(ẑ × k∗) ·

∮

C

[(n̂ · B) k + (n̂ × B) × k] f(w)dl

=
1

µ0

∮

C

[(n̂ · B) (k · (ẑ × k∗)) + (n̂ × B) · (k × (ẑ × k∗))] f(w)dl. (2.12)



8
CHAPTER 2. CURRENT RECONSTRUCTION IN THE PRESENCE OF 2D

DISTURBANCE FIELDS

Since k·k∗ = α2(1+s2) = 2α2, k·(ẑ×k∗) = 2jsα2, and k×(ẑ×k∗) = ẑ(k·k∗) = 2α2ẑ

(2.12) can be simplified as
∫

S

Jf(w)ds =
1

µ0

∮

C

[jsn̂ · B + (n̂ × B) · ẑ] f(w)dl. (2.13)

Moreover, (n̂ × B) · ẑ = (ẑ × n̂) · B = t̂ · B which yields
∫

S

Jf(w)ds =
1

µ0

∮

C

[

jsn̂ + t̂
]

· Bf(w)dl. (2.14)

Note if f(w) is constant , since
∮

C n̂ · B =
∫

S ∇ · Bds = 0, (2.14) reduces to

∫

S

J · ẑds =
1

µ0

∮

C

B · t̂dl (2.15)

which is the well-known Ampere’s circulation law. Hence, in our problem, (2.14)
can be considered as a generalized Ampere’s circulation law which provides more
information about the current density enclosed by the contour C by changing the
harmonic function f(w).

2.2 Current reconstruction algorithm

As mentioned in the previous chapter, our goal is reconstructing currents in in-
finitely long, parallel and straight conductors. Thus, in our problem J can be
expressed as

J (r) =

N
∑

n=1

Inδ (r − rn) , (2.16)

where N is the number of conductors inside the contour C, and {In}N
n=1 and {rn}N

n=1

are the currents and the positions of these conductors respectively. We assume that
N and all rn are known. Substituting (2.16) in (2.14) for M different choices of the
harmonic function f(w(r)) we obtain

N
∑

n=1

Infm(w(rn)) =
1

µ0

∮

C

[

jsn̂ + t̂
]

· Bfm(w(r))dl, (2.17)

where m = 1, 2, ..., M ≥ N . If we know B on the contour C, the right hand side of
(2.17) can be calculated. Let call it bm. Thus, (2.17) can be expressed as

N
∑

n=1

CmnIn = bm, m = 1, 2, ..., M, (2.18)

where Cmn = fm(w(rn)). Solving the system of linear equations (2.18), currents

{In}N
n=1 can be determined.
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x

y

C

Figure 2.2: Equidistant sensor locations on contour C when it is assumed to be a
circle.

Choosing the harmonic functions fm(w): practical and numerical

considerations

Theoretically, to reconstruct the currents using (2.18), it is necessary to know the
magnetic field data over the whole contour C. However, practically, we can mea-
sure the magnetic field data only at a finite number of points and evaluate bm

approximately. Here, one significant issue is the positions of sensors to measure
magnetic field. One idea could be distributing sensors on a circle circumscribing
conductors equidistantly [5] (see Fig. 2.2). Nevertheless, in a practical situation
with a measurement region located below the conductors, the measurement points
must be limited in the angular coverage under the conductors. To overcome this
problem, we propose choosing the contour C and the harmonic functions fm(w) in
a way that puts more weight on the measured magnetic field data from the part of
C located below the conductors. In other words, if we split C into two parts called
C1, located below the conductors, and C2 = C − C1, and choosing {fm(w)}M

m=1 in
a way that they are much smaller on C2 as compared to on C1, it is possible to
approximate bm as

bm
∼= 1

µ0

∫

C1

(

jn̂ + t̂
)

· Bfm (w (r)) dl (2.19)

provided the sources are not too close to C2. In that case, bm can be evaluated by
measuring magnetic field at some points under the conductors on C1, interpolating
the magnetic field along the line connecting two adjacent measuring points, and
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x

y

C1

C2

Poles of harmonic functions fm(w)

Figure 2.3: Splitting contour C to C1 and C2 and the general positions of poles of
harmonic functions fm(w).

calculating the integral in (2.19). One proper choice for C is a semicircle where the
diameter of it is C1 and the arc part of it is C2 (see Fig. 2.2).

The harmonic functions {fm(w)}M
m=1 need to be analytical on S and in the

neighbourhood of C. Rational functions are analytical at every points of C except
their poles. By choosing harmonic functions {fm(w)}M

m=1 as

fm (w (r)) =
1

(w − wm)
2 (2.20)

with poles wm outside of S, right below C1, we can put more weights on magnetic
field data below the conductors and {fm(w)}M

m=1 are almost zero on C2. Thus, it is
possible to use (2.19) to calculate bm. In the next section, we will show the results

of current reconstruction in power transmission lines using {fm(w)}M
m=1 as given

by (2.20).

2.3 Results

As a first example, we consider a three-conductor power transmission line above a
PEC ground whose currents are to be reconstructed. There are no external sources
in the environment and the external field is just due to the image of the main
sources in the ground. We assume that the contour C is a semicircle, the origin of
the coordinate system is 0.5 m above the ground and the positions of conductors are
(−1, 1.5) m, (0, 1.5) m, and (1, 1.5) m (see Fig. 2.3 in which the currents in external
sources are zero). The phasor currents in the conductors are 1 A, ej2π/3 A, and
e−j2π/3 A respectively.

To put more weight on magnetic field data on C1 : y = 0, −R < x < R,
where R is the radius of the semicircle, we choose the poles of wm in (2.20) as
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x

y

R

2 m

2 m

6 m6 m

Ground

Figure 2.4: Geometry of the example. There are three current lines as main sources
and two current lines as external sources. The contour C is a semicircle with the
radius R.

w1 = −0.5 − 0.2j, w2 = −0.2j, and w3 = 0.5 − 0.2j (see Fig. 2.3.) To find bm, B

on C1 and the integral in (2.19) are calculated analytically. The result of current
reconstruction for different values of radius R is depicted in Fig. 2.3. The result
shows that by increasing R, the result converges to the true values of currents since
by increasing R, the approximation in (2.19) is becoming more and more accurate.
Indeed, when R → ∞, bm is exactly represented by the integral in (2.19).

For the second example we add two external current lines at (−7, 1.5) m and
(7, 1.5) m with currents ej2π/3 A and e−j2π/3 A, respectively, to the structure of first
example (see Fig. 2.3.) In addition to these two external sources, the images of all
current lines in the ground are considered as external sources. Same as previous
example, C, is a semicircle and C1 is y = 0, −R < x < R, where R is the radius
of the semicircle. The poles of wm are also chosen same as previous example. The
result of current reconstruction for different values of radius R is depicted in Fig.
2.3. The result shows that first the reconstructed currents converge to true values
by increasing R, but then they start to diverge from the true values. In fact, there
is an optimal value for R. The reason is that the approximation in (2.19) is valid if
the arc part of the contour C in Fig. 2.2 is far enough from both currents inside and
outside the contour C. In this test case, a value between 3 m and 4 m is optimal
for R.
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Figure 2.5: True currents and reconstructed currents for different values of the
radius R.
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Figure 2.6: True currents and reconstructed currents for different values of the
radius R.



Chapter 3

Current reconstruction in the

presence of 3D disturbance fields

In previous chapter, we studied current reconstruction in parallel conductors in
the presence of a 2D disturbance field. The method was based on removing the
impact of 2D disturbance fields using a Green identity. However, in real world,
external sources could generate 3D fields. In this chapter, we propose a method to
handle the influence of 3D disturbance fields in reconstructing currents in parallel
conductors. In this method, instead of trying to remove the influence of disturbance
field, we model it by using spherical harmonics. Indeed, the method is based on
considering the measured magnetic field as the summation of the field generated by
the conductors and the field generated by other sources and expressing the external
field by spherical harmonics.

3.1 Expansion of the external field in spherical harmonics

The general configuration of the problem is shown in Fig. 1.1. Here, to explain the
method, we define a coordinate system with z = 0 plane located on the ground (see
Fig. 3.1.) As a result, the region z > 0 consists of air, with permittivity ǫ1 = ǫ0

and permeability µ1 = µ0 and the region z < 0, the ground region, has the corre-
sponding parameters ǫ2 = ǫ0 − jσ/ω and µ2 = µ0, where σ is the static conductivity
of the ground. We assume M conductors with currents along y direction as main
sources (see Fig. 3.1). The locations of these conductors are ri = xix̂+ziẑ(zi > 0),
i = 1, 2, ..., M . The sphere S that may contain parts of the main conductors but
no external sources is also depicted in Fig. 3.1. The measurement points should be
located under the conductors and inside the sphere S. One simple idea is locating
all the sensors on a measurement plane below the conductors(see Fig. 3.1).

Splitting the magnetic field Bm measured by each sensor, to the contribution
from all main conductors, Bc, and the disturbance field from external sources, Bext,

13
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we have
Bm = Bc + Bext. (3.1)

Since we consider the problem in quasi-static regime and there is no current density
on the measurement plane, (1.3) implies that ∇ × Bm = 0.

Measurement plane

xy

z

x′

y′

S

I1

I2

IM

(ǫ1, µ1)

(ǫ2, µ2)

Figure 3.1: Cross section of the problem with M infinitely long, parallel and straight
conductors above the ground. The sphere S may contain parts of the main conduc-
tors but no external sources. Sensors are located on the measurement plane under
the conductors and inside the sphere S.

The contribution to Bc from the current Ii is [19]

Bc,i(x, z) = − jµ0k1

4
Ii

H
(2)
1 (k1ρi)

ρi
[(z − zi)x̂ − (x − xi)ẑ], (3.2)

where k1 = ω
√

ǫ1µ1 is the wave number in air, ρi =
√

(x − xi)2 + (z − zi)2 is the

radial distance, H
(2)
n (.) denotes the n-th order Hankel function of the second kind,

and (x, z) corresponds to the sensor position. If k1ρi ≪ 1, the following series
expansions of (3.2) is appropriate []:

Bc,i(x, z) ≈ µ0

2π
Ii

[(z − zi)x̂ − (x − xi)ẑ]

ρ2
i
{

1 +
1

4

[

−jπ + 1 − 2γ + 2 ln(
2

k1ρi
)

]

(k1ρi)
2

}

, (3.3)

where γ = 0, 577... is the Euler constant. In (3.3), the leading term is the result
from when the static Biot-Savart formula is used. If the frequency f = 50 Hz and
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ρi ≈ 1000m, it follows that k1ρi ≈ 10−3. Hence, in (3) the magnitude of the second
term inside the curly bracket becomes ≈ 10−5, which means that the leading term
dominates completely, even at distances large compared with the typical distances
(less than 100 m) between the conductors and the ground surface. This means that
the magnetic field is quasi-static and dominated by the material currents, with
minor influence from displacement currents. Thus, Bc which is the sum of the
contributions from all main conductors can be expressed as

Bc =
µ0

2π

M
∑

i=1

Ii
(z − zi)x̂ − (x − xi)ẑ

ρ2
i

. (3.4)

It can be easily shown that ∇ × Bc = 0 on the measurement plane. As a result,
considering that ∇ × Bm = 0, (3.1) implies ∇ × Bext = 0. Therefore, Bext in the
sphere S (see Figure 3.1) can be written as Bext = −µ0∇Φext. Since ∇ · Bext = 0,
the magnetic scalar potential Φext obeys Laplace equation ∇2Φext = 0. Here, to
express Φext, we define an auxiliary spherical coordinate system (r′, θ′, φ′), with
its origin at the centre of S and its z′-axis parallel to the conductors (see Fig. 3.1).
As a result, x′ = z − zorigin, y′ = x, and z′ = y, where zorigin corresponds to the
z-component of the center of the sphere S. The general solution for Φext in this
spherical coordinate system is [20]

Φext =

∞
∑

ℓ=0

ℓ
∑

m=−ℓ

[

Aℓm(r′)ℓ + Bℓm(r′)−(ℓ+1)
]

Yℓm(θ′, φ′), (3.5)

where Yℓm are spherical harmonics as defined in [20]. Note, for a quasi-static time-
harmonic field, Aℓm and Bℓm are complex-valued expansion coefficients. Since Φext

has to be finite at the origin, the coefficients Blm are equal to zero. To be able to do
numerical implementation, the double sum in (3.5) has to be truncated to a finite
number of terms, where ∞ is replaced with a maximum l-value (lmax). Moreover,
the expansion of Bext starts from l = 1 since the term for l = 0 in equation (3.5) is
a constant and gives zero contribution to Bext.

The expression for the external field Bext in S becomes

Bext = −µ0∇Φext = −µ0

(

r̂′
∂Φext

∂r′
+ θ̂′

1

r′

∂Φext

∂θ′
+ φ̂′

1

r′ sin θ′

∂Φext

∂φ′

)

. (3.6)

Thus, the r′-, θ′-, and φ′-components of the externally generated field inside S are

Bext,r′ = −µ0

∞
∑

l=1

ℓ
∑

m=−ℓ

Aℓmℓ(r′)ℓ−1Yℓm(θ′, φ′), (3.7)

Bext,θ′ = −µ0

∞
∑

l=1

ℓ
∑

m=−ℓ

Aℓm(r′)ℓ−1 ∂

∂θ′
Yℓm(θ′, φ′), (3.8)

Bext,φ′ = −µ0

∞
∑

l=1

ℓ
∑

m=−ℓ

Aℓm
(r′)ℓ−1

sin θ′

∂

∂φ′
Yℓm(θ′, φ′). (3.9)
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It can be shown that the derivatives of the spherical harmonics are

∂

∂θ
Yℓm(θ, φ) =

m cos θ

sin θ
Ylm +

√

(l − m)(l + m + 1)e−jφYl,(m+1)

∂

∂φ
Yℓm(θ, φ) = jmYlm.

Expressing the components of Bext based on the main coordinate system, we
have

Bext,x = sin θ′ sin φ′Bext,r′ + cos θ′ sin φ′Bext,θ′ + cos φ′Bext,φ′ , (3.10)

Bext,y = cos θ′Bext,r′ − sin θ′Bext,θ′, (3.11)

Bext,z = sin θ′ cos φ′Bext,r′ + cos θ′ cos φ′Bext,θ′ − sin φ′Bext,φ′ . (3.12)

From (3.7)-(3.12), it is clear that Bext,x, Bext,y, and Bext,z are linear combinations
of Alm.

3.2 Explicit inclusion of the influence of the ground

In (3.1), the influence of the bound currents generated in the ground are included
in the external field Bext. Now, let Bg denote the magnetic field in the air region

due to the interaction between the conductors with the currents {Ii}M
i=1 and the

ground. If the parameters of the ground are known with sufficient accuracy, an
alternative approach is to include the influence of the ground explicitly in (3.1).
Thus, we have

Bm = Bc + Bg + Bext, (3.13)

where Bc is obtained from (3.4). In this case, the contribution of induced currents

in the ground because of the currents {Ii}M
i=1 is offloaded from Bext.

In this model, the contribution to Bg from the interaction between the conductor
with the current Ii and the ground is

Bg,i(x, z) = − µ0

2π
Ii

∫ ∞

0

{

cos[kx(x − xi)]x̂ +
jkx

kz1
sin[kx(x − xi)]ẑ

}

kz1µ2 − kz2µ1

kz1µ2 + kz2µ1
exp[−jkz1(z + zi)]dkx, (3.14)

where

kz1 =
√

k2
1 − k2

x, I {kz1} < 0,

kz2 =
√

k2
2 − k2

x, I {kz2} < 0,

and k2 = ω
√

ǫ2µ2 is the wave number in the ground. Bg is the sum of the contri-
butions from the three currents:

Bg =

M
∑

i=1

Bg,i. (3.15)
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Equation (3.14) holds generally, without any restrictions on the frequency and
medium properties, although some caution must be taken in the numerical evalu-
ation of the integral. One approach to calculate (3.14) is using adaptive Simpson
quadrature. In this case, the upper bound of integral is replaced with kx,max =
107k0, which k0 is the wave number in vacuum at f = 50 Hz, since the integrand
decays rapidly and it is negligible after kx,max. In addition, in order to avoid sin-
gularity, ǫ1 is chosen as ǫ1 = ǫ0ǫr1, where ǫr1 = 1 − j10−7; as a result, kz1 is never
zero.

Another approach to calculate (3.14) is applying low-frequency approximation
and using Gauss−Laguerre quadrature. Considering the point that the problem is
restricted to the low-frequency regime, except for very low values of kx compared
to k1, i.e., | k1 | / | kx |≪ 1, kz1 can be approximated as kz1 = −jkx. Therefore,
(3.14) changes to

Bg,i(x, z) =
µ0

2π
Ii

∫ ∞

0

{cos[kx(x − xi)]x̂ − sin[kx(x − xi)]ẑ}

jkxµ2 + kz2µ1

jkxµ2 − kz2µ1
exp[−kx(z + zi)]dkx. (3.16)

Defining u = kx(z + zi), (3.16) can be written as

Bg,i(x, z) =

∫ ∞

0

[f(u)x̂ + g(u)ẑ] exp(−u)du (3.17)

which can be solved using Gauss−Laguerre quadrature. It means

Bg,i(x, z) =

N
∑

i=1

ωi[f(ui)x̂ + g(ui)ẑ], (3.18)

where ui is the i−th root of Laguerre polynomial LN (u) and

ωi =
ui

(N + 1)2[LN+1(ui)]2
. (3.19)

3.3 Current reconstruction method

Equations (3.4) and (3.14) indicate that both Bc and Bg are linear combinations

of the currents to be determined {Ii}M
i=1. Moreover, (3.7)-(3.12) demonstrate that

inside S, Bext becomes a linear combination of the coefficients Aℓm. Thus, the right
hand side of (3.1) or (3.13) can be regarded as a linear combination of {Ii}M

i=1 and
{

{Aℓm}ℓ
m=−ℓ

}ℓmax

ℓ=1
. Having the magnetic field data at N different measurement

points and separating the Cartesian components (x,y,z) of (3.1) or (3.13) for these
data, 3N equations are obtained. Arranging these equations in matrix form yields

Cx = B (3.20)
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where C is the coefficient matrix, B is a vector of magnetic field x-, y-, and z-
components, and

x =

[

{Ii}M
i=1 ,

{

{Aℓm}ℓ
m=−ℓ

}ℓmax

ℓ=1

]T

, (3.21)

is the unknown coefficients vector with (ℓmax + 1)
2 − 1 + M elements. By solving

(3.20) applying least square method, these unknowns are determined. However,
similar to most inverse problems, the coefficient matrix C in (3.20) is ill-conditioned
[21] which means the result of least square method could be very sensitive to noise
or perturbations in B. Thus, when we have measurement noise, which is the case
in practice, classical Tikhonov regularization method is used when solving (3.20).

Tikhonov regularization method

To find the least square solution of the over-determined system (3.20), ‖Cx − B‖2
2

should be minimized. When Tikhonov regularization is employed, a side constraint
about the desired solution is added to (3.20). Thus, the solution of the regularized
problem is expressed as [22]

xλ = min
{

‖Cx − B‖2
2 + λ2 ‖Lx‖2

2

}

, (3.22)

where λ is the regularization parameter and L is the Tikhonov matrix. The solution
of (3.22) is equal to the solution of the following least square problem [21]

xλ = min

∥

∥

∥

∥

(

C

λL

)

x −
(

B

0

)∥

∥

∥

∥

. (3.23)

A simple and standard choice for L is the identity matrix [22]. Here, since the
matrix x in (3.20) consists of two different types of variables, i.e. currents and
the spherical harmonics coefficients Alm, and the Aℓm coefficients are much more
sensitive to noise than the currents, choosing L = I is not reasonable. Instead,
we choose L such that the currents remain unsuppressed and the regularization is
imposed only on the expansion coefficients Aℓm. As a result,

L =
[

0 0 0 I
]

, (3.24)

in which 0 is a column vector with all entries zero, and I is the identity matrix with
dimension n = (ℓmax + 1)

2 − 1.
Setting λ = 0 means that the regularization is not used and the solution of

(3.22) is equal to the least square solution of (3.20). For small values of λ, the term

‖Cx − B‖2
2 in (3.22) is dominant. Hence, xλ will be affected by the contributions

of noise and errors and ‖Lxλ‖2
2 will be too large. On the other hand, by selecting

high value λ which means too much regularization, we give more weight to ‖Lx‖2
2

in (3.22) and ‖Cxλ − B‖2
2 will be too large. As a result, an optimal value for

regularization parameter should be found.
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In [22], Hansen has proposed to plot lg ‖Cx − B‖2 and lg ‖Lx‖2 versus each
other for different values of λ. The resulting curve typically becomes L-shaped,
with a distinct corner, and the selected value of λ corresponds to the point of
maximum curvature in the curve. In [22], Hansen has also summarized the main
properties of the L-curve method and concluded that the regularization parameter
λ found by applying the L-curve method usually becomes slightly too large. In this
current reconstruction problem, we found that the optimal value of λ is one order
of magnitude smaller than the one obtained using the L-curve method.

3.4 Results

The reconstruction method for estimating the currents in three power transmission
lines (as main sources) in the presence of 3D disturbance fields produced by three
additional current lines and a magnetic dipole (as external sources) has been tested
and the results has been presented in section 4 of Paper 1. The method is examined
for the clean magnetic field data (without noise) and for the magnetic field data
contaminated with Gaussian noise. The results demonstrate that for the clean
magnetic field data the reconstructed currents converge to true values by increasing
ℓmax. However, for the noisy data, the small values of ℓmax cannot handle the
disturbance fields and the large values of ℓmax increase the noise sensitivity. Thus,
we should either find the optimal value of ℓmax or use a Tikhonov regularization with
an ℓmax that is large enough to model the disturbance fields (for instance ℓmax >
6). Since the optimal ℓmax changes from one case to another, using Tiknonov
regularization is the better option. The method is also tested for different positions
of external sources and the relative standard deviations of the estimated currents
are presented in Table 1 of Paper 1.

Moreover, the method is examined with both excluding and including the ground
effect into the model. It has been demonstrated that the spherical harmonic ex-
pansion handles all disturbance fields effectively and there is no point to include
the ground influence into the method.

Finally, it should be mentioned that the proposed method is fast because the
matrix C in (3.20) is considered a small matrix. Indeed, it is of size 3N ×
(

(ℓmax + 1)
2 − 1 + M

)

, where N is few hundreds and ℓmax is less than or equal to

10.





Chapter 4

Convex optimization of sensor

positions

In this chapter, first the Cramér-Rao lower bound (CRLB) theorem and the infor-
mation matrix are explained. Afterwards, CRLB is used to examine the efficiency
of the proposed method in chapter 3. Finally, using the information matrix as a
metric for the performance of the current estimation method, an optimization prob-
lem is defined to select the optimal positions of sensors among a specified number of
predetermined sensor positions. The main optimization problem cannot be solved
easily. However, using the integer relaxation, the main optimization problem turns
into a convex optimization problem which can be readily solved using e.g. the CVX
package, a Matlab package for specifying and solving convex programs [23, 24].

4.1 Cramér-Rao lower bound theorem

The Cramér-Rao lower bound (CRLB) gives the lowest achievable variance in an
unbiased estimated parameter from the measurement data regardless of the esti-
mation method [25]. Note, an unbiased estimated parameter is a parameter whose
expected value is equal to its true value [25].

For multiple parameters, CRLB expresses a lower bound for the covariance of
the estimated parameters for all unbiased estimators. If we estimate a set of real
parameters based on a set of complex-valued measurement data with an unbiased
estimator, the CRLB is expressed as [25]

Cp − I−1 � 0, (4.1)

where Cp is the covariance matrix of the estimated parameters and I is the Fisher
information matrix. Here, the matrix inequality A � 0 means that the matrix A

is positive semi-definite.

21
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The Fisher information matrix is defined as

[I(p)]mn = −E

[

∂2 ln f(B; p)

∂pm∂pn

]

. (4.2)

where p is a vector containing all the parameters to be estimated, B is a vector
containing all the measurement data, and f(B; p) is the probability distribution
function (PDF) of the measurement data [25].

An unbiased estimator is said to be efficient if it achieves the bound in (4.1).
For the case that the measurement data depend linearly on the parameters, there
is a linear estimator which is efficient. For general nonlinear estimation problems,
the bound can be attained, for example, asymptotically by the maximum-likelihood
estimator [25].

When all the elements of p are real and the random measurement data B

are complex Gaussian [26] with mean vector µ = E[B] and covariance matrix
Cp = σ2I, it has been shown in [26, 27] that

I(p) =
2

σ2
Re
{

(∇pµ)H∇pµ
}

. (4.3)

In (4.3), H denotes the conjugate transpose and ∇pµ is the gradient of µ with
respect to the parameters p.

4.2 CRLB for current estimation

First it should be mentioned that the reconstruction method presented in chapter
3 is unbiased since we estimate both currents {Ii}M

i=1 and the expansion coefficients
Aℓm. If only the currents in main conductors were to be estimated, the estimation
would be biased due to the disturbance field.

To find the CRLB for this unbiased estimation, we must first find the informa-
tion matrix. It was explained in chapter 3 that the x-, y-, and z-components of the
magnetic field, measured by each sensor, are linear combinations of the currents
{Ii}M

i=1 and the spherical harmonic expansion coefficients, Aℓm. Hence, if we collect
data from N sensors, we have

Bj = ajp + nj , j = 1, ..., N, (4.4)

where Bj =
[

Bj,x Bj,y Bj,z

]T
is the magnetic field data collected by the j-th

sensor and nj =
[

nj,x nj,y nj,z

]T
are independent identically distributed Gaus-

sian noise with mean zero and variance σ2. In addition, aj =
[

aj,x aj,y aj,z

]T
,

where aj,x, aj,y, and aj,z are column vectors containing the corresponding coef-
ficients for p. Note, the elements of aj can be obtained from the formulation in
chapter 3. As a result, µj = E[Bj ] = ajp. It should be also mentioned that, in
(4.4), the parameters vector p is

p = {Re(Ii), Im(Ii), Re(Aℓm), Im(Aℓm)}M
i=1 , (4.5)
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where the number of elements in Aℓm depends on ℓmax.

Now, the Fisher information matrix, I, is expressed as [25, 28]

I =

N
∑

j=1

Ij , (4.6)

where Ij is the Fisher information matrix corresponding to the j-th sensor. Using
(4.3), we have

Ij =
2

σ2
Re
{

(∇pµj)H∇pµj

}

, (4.7)

where ∇pµj = aj . As a result, the CRLB for current estimation is expressed as

Cp � σ2

2





N
∑

j=1

Re
{

aH
j aj

}





−1

, (4.8)

and the CRLB on the variance of p is
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p

≥ σ2

2
diag
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∑
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Re
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aH
j aj

}





−1










. (4.9)

4.3 On the efficiency of the method

The efficiency of the method can be examined by comparing the CRLB (4.9) with
the variances in the real and imaginary parts of the numerically reconstructed
currents when the method proposed in chapter 3 is used.

For the sample test presented in Paper 1 with three power transmission lines as
main sources and three additional power transmission lines and a magnetic dipole
as external sources, the variances in the real and imaginary parts of the numerically
reconstructed currents are calculated from 100 simulations for two cases: without
and with using Tiknonov regularization. The results for the standard deviations
(square root of variances) of the real parts of the estimated currents are presented in
section 5 of Paper 1. The reason is that the standard deviations of the imaginary
parts of the estimated currents are equal to the standard deviations of the real
parts due to the linearity of the equations.

The results demonstrate that both the CRLB and the calculated standard de-
viations from simulations increase by increasing ℓmax. In fact, they exhibit almost
identical dependencies on ℓmax. Furthermore, they show that for high values of ℓmax,
more stable results with lower standard deviations are achieved when Tikhonov reg-
ularization is used.



24 CHAPTER 4. CONVEX OPTIMIZATION OF SENSOR POSITIONS

4.4 Convex optimization of sensor positions

In this section we want to select the optimal sensor positions to measure the mag-
netic field from N potential sensor positions. It means, we want to solve the fol-
lowing optimization problem

minimize L
subject to p ∈ Ωp

, (4.10)

where L is a loss function measuring the negative of the system performance, p is
a vector containing the parameters to be estimated, and Ωp is the measurement
domain.

Considering the CRLB theorem in (4.1), we can infer that the Fisher information
matrix could be a metric for the performance of an estimation problem. Indeed,
equation (4.1) implies that by maximizing I in some sense, the CRLB on the
variances of the parameters decrease. As a result, the efficiency in the estimation
of the parameters is expected to improve. Thus, we can define L based on the
information matrix I. Since, in general, it is not possible to find an optimal I, a
D-optimal solution [29] which means the maximum of log det(I) or the minimum
of − log det(I) is sought.

The information matrix for the current reconstruction problem is given in (4.6).
If we select Nr sensor positions from N predetermined sensor positions, The infor-
mation matrix becomes

I =

N
∑

j=1

wjIj , (4.11)

where wj = 0 if the j-th sensor is not selected and wj = 1 if the j-th sensor is
selected. As a result, the optimization problem of selecting Nr sensor positions
from N predetermined sensor positions can be formulated as

minimize
wj

− log det

(

∑N
j=1 wjIj

Nr

)

subject to wj ∈ {0, 1} , j = 1, ..., N,

N
∑

j=1

wj = Nr.

(4.12)

The optimization problem (4.12) can be solved only for small values of N by an
exhaustive search since there are

(

N
Nr

)

combinations for selecting Nr out of N
sensor positions. For large values of N , a relaxation of the integer constraints [29]
can be applied to turn (4.12) into a convex optimization problem. In that case, the
optimization problem can be readily solved using the CVX package [23, 24].

To obtain a relaxed convex optimization problem, we assume that all N sensors
are used to measure the magnetic field. In addition, the contribution of the j-th
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sensor is assumed to be λj = wj/Nr. Now, the relaxed problem is formulated as

minimize
wj

− log det





N
∑

j=1

λjIj





subject to 0 ≤ λj ≤ 1/Nr, j = 1, ..., N,

N
∑

j=1

λj = 1.

(4.13)

The upper bound on λj ensures that we will have at least Nr non-zero weights
which guarantees selecting Nr sensor positions.

4.5 Results

Consider the example of reconstructing the currents in three power transmission
lines with a magnetic dipole and three additional line sources as external sources, as
presented in Paper 1. In that example, there are 21×21 = 441 measurement points
to collect magnetic field data. These measurement points, which are shown by blue
crosses in Fig. 4.2, are on a square measurement plane located at the height z = 1.5
m. The boundaries of the square are at x, y = ±2 m. The measurement points are
distributed equidistantly with the separation 0.2 m in both x- and y-direction.

The relaxed convex optimization problem (4.13) was solved using the CVX
package [23, 24] with N = 441, Nr = 216, and ℓmax = 4 for calculating Ij . The
logarithms of the weights λj over the measurement square are demonstrated in
Fig. 4.1. The value of λj specifies the significance of the corresponding sensor
position. In other words, the higher λj , the more important it becomes to select
the position. As it can be inferred from Fig. 4.1, the values of λj vary over several
orders of magnitude. The largest value is about 0.0046 while the smallest value is
in the order of 10−10 ∼ 10−8.

We chose λ0 = 10−3 as the threshold for selecting the optimal sensor positions.
It means the sensor positions with λj < λ0 are not optimal and can be removed. The
results of the sensor selection are shown in Fig. 4.2 by red circles for the 224 sensor
positions with λj > λ0. For different positions of the external sources, the currents
were estimated using the 224 sensors located at optimal sensor positions rather
than using 441 sensors. The results that are summarized in Table 4.1 demonstrate
that the variance of the absolute value of the estimated currents remained almost
the same as the case when 441 sensors was used (refer to Table 1 in Paper 1).
However, the speed of the current estimation becomes almost twice as fast.
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Figure 4.1: The logarithms of the weights λj over the measurement square.
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Figure 4.2: The potential positions of the sensors (blue crosses) and the optimal
positions of the sensors (red circles).
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External line
Dipole position source position σ|I1| σ|I2| σ|I3|

(x, z)
Test case 1 (-4,-2,1) m (4,2.5) m 0.5217 0.2889 0.3700
Test case 2 (-4,-2,1) m (7,2.5) m 0.5316 0.2773 0.3470
Test case 3 (-5,-2,1) m (5,2.5) m 0.1576 0.1188 0.1511
Test case 4 (-5,-2,1) m (7,2.5) m 0.1416 0.1072 0.1234
Test case 5 (-6,-2,1) m (5,2.5) m 0.0818 0.0645 0.0799
Test case 6 (-6,-2,1) m (7,2.5) m 0.0713 0.0608 0.0693
Test case 7 (-8,-2,1) m (5,2.5) m 0.0456 0.0320 0.0380
Test case 8 (-8,-2,1) m (7,2.5) m 0.0345 0.0267 0.0351
Test case 9 (-10,-2,1) m (5,2.5) m 0.0328 0.0220 0.0321
Test case 10 (-10,-2,1) m (7,2.5) m 0.0289 0.0184 0.0293

Table 4.1: Relative standard deviations of the magnitude of the reconstructed cur-
rents with respect to the true values of {|Ii|}3

i=1 from noisy data with SNR = 30 dB
for different positions of external sources obtained from 50 simulations with using
Tikhonov regularization for each value of ℓmax = 7 − 10.





Chapter 5

Conclusion and future work

5.1 Conclusion

In this thesis, the main goal was to remotely determine the currents in parallel,
straight, infinitely long conductors using the magnetic field data collected by a set
of sensors located below the conductors. The application of this study could be
the remote contact-free measurement of currents in power transmission lines since
it has been shown in the literature that the magnetic fields produced by a real
power transmission line and by a straight, infinitely long current line have a great
agreement [16]. Thus, this method could be a complement for the measurement
transformers which are the well-established devices to measure currents.

The problem studied in this thesis is an electromagnetic inverse source problem,
in which the currents are determined by an inversion map between the currents
and the magnetic field data. The positions of the conductors are assumed to be
known since they can be readily determined by other means than solving an inverse
problem. The MQS approximation of Maxwell’s equations is used since the problem
is solved in low frequency regime.

The main challenge in reconstructing currents from magnetic field data is the
contribution of the external sources in the collected magnetic field data. If the
problem is 2D, which means both the main conductors and the external sources
generate 2D magnetic fields, it is possible to remove the impact of 2D disturbance
fields by collecting the magnetic field on a closed contour surrounding the main
conductors and using a Green identity. Theoretically, complete elimination of the
disturbance fields effect is possible provided the magnetic field data on a whole
contour surrounding the main conductors is available. In chapter 2 of this thesis, it
has been shown that it is possible to determine the currents approximately using the
magnetic field data collected below the conductors by choosing the closed contour,
the measurement points, and the scalar functions to be used in the Green identity
appropriately. This study is done theoretically and the proposed method is tested
using only the clean magnetic field data. The reason is that the method cannot be

29
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used in a practical situation since we cannot assure that the disturbance fields are
2D.

In chapter 3 of the thesis, a new method is proposed to handle the effect of
3D disturbance fields. The idea of this method is expanding the external field in
spherical harmonics with unknown coefficients. It has been shown that the mag-
netic field measured by each sensor is a linear combination of the currents to be
determined and the expansion coefficients. As a result, the currents in the main
conductors and the expansion coefficients are determined simultaneously. To be
able to obtain currents numerically, the spherical harmonic expansion must be ter-
minated. Testing the method with clean magnetic field data demonstrates that
the reconstructed currents converge to the true values by increasing the number
of terms in the expansion. However, in a case that the magnetic field data is con-
taminated by uncorrelated Gaussian noise, an optimal number of terms should be
found since by using fewer terms the external field cannot be modeled properly and
by using more terms, the results become too sensitive to noise. Since this optimal
value is different for the different cases, a large number of terms is considered and
Tikhonov regularization is used to stabilize the result.

In chapter 4, the Cramér-Rao lower bound theorem and the Fisher informa-
tion matrix are explained. The efficiency of the proposed method in chapter 3 is
examined by comparing the standard deviations of the reconstructed currents and
the minimum achievable standard deviations. It has been shown that although the
method is to some extent far from optimal, the currents can be reconstructed with
relative standard deviations lower than 0.03.

Moreover, in chapter 4, the optimal sensor positions to measure magnetic fields
is investigated by maximizing a performance metric. Here, the determinant of the
information matrix is used as the performance metric and the convex relaxation is
used to change the main optimization problem to a convex optimization problem.
By solving this convex optimization problem, the optimal positions for sensors can
be selected from a set of predetermined sensor positions.

5.2 Future work

In this thesis, the theoretical part of remote measurement of currents in parallel,
straight, infinitely long conductors are investigated. The effect of disturbance fields
are modeled, the impact of measurement noise is handled, and the optimal sensor
positions are found. In this thesis, the magnetic field data used in the examples were
calculated analytically and Gaussian noise is added to them. As a result, the most
important continuation of this work is testing the method experimentally. In [30]
the experimental results of contact-free current measurement in power transmission
lines are presented. However, in this work, the sensors are located close to the
conductors and the influence of the disturbance fields is not considered.

Another extension of this work could be the study of the contact-free current
reconstruction method at high frequencies and improve the proposed method or
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develop a new method to measure high frequency currents remotely. Investigation
of the low frequency remote measurement of voltage is also a possibility to extend
this work.
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