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Abstract

Today in most vehicles in battle, a camera system is used to manually lock a
target and maintaining visual of the target as the vehicle is moving. In order to
simplify this, this thesis investigates the approach to semi-automate the process
by first manually locking the target and then let the camera approximate the
trajectory of the enemy vehicle. In this thesis, the enemy vehicle is not moving.

The ability to provide a truthful simulation environment for testing is crucial
and will be discussed in this thesis along with three different estimators derived
from the Kalman filter. Parameter identification and dynamic modelling of the
camera are also presented that serves as a basis for the part of automatic control
and for the experiments on the hardware.

The simulation environment gave promising results when locating the target
based on angle and radius estimation. By simulating a human operator, big
deviations from the true value was no longer a problem since its purpose is to
take over and steer the camera to the correct value. After gathering results from
the simulations, Model-Based Design made it possible to test the algorithms
in real life. The biggest challenge was to produce lifelike motions to test the
hardware on and therefore made it harder to conclude the end result for the
experiments carried out by the hardware on the moving platform.
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Chapter 1

Introduction

The purpose of this master thesis is to develop algorithms for stabilization and
target tracking using a two axis camera system mounted on a vehicle. In most
cases, the camera is operated manually when locking a target. Since the ve-
hicle is exposed to different surface structures such as waves or bumpy roads,
the operator controlling the camera needs to be on constant high alert for sud-
den movements. Another issue is if the operator loses clear sight of the target,
i.e, an object blocks the view such as a building on the road or an island on
the ocean. The solutions today consists of radar applications or optical mea-
surements which leads to a solution with high complexity and a heavy price tag.

This thesis looks for an alternative solution by using the existing sensors in
the camera system. Equipped with a GPS, an accelerometer, a gyroscope and
a laser, the operator measures the distance to the target with the laser and
chooses to lock the target. A common problem when locating the position of
the target is an inaccurate initial measurement. If the algorithms do converge in
short time, the problem could be fixed. Another typical problem for gyroscopes
is drift. This problem is noticeable when the target is positioned far from the
vehicle. The drift causes the camera to slowly rotate and within a few (the
groups case) seconds the target is not within sight when looking through the
camera system.

The GPS used in this thesis computes the coordinates with 1 Hz and tells the
operator where their local position is. The response time for an operator to
swiftly maneuver the camera is of the essence to pick up the target. In order to
implement a semi-automatic target system, as presented in this thesis, the work-
load for the operator is heavily reduced but still requires the operator to lock the
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Figure 1.1: The vehicle (light blue) locks the target (black) before the obstruc-
tion (i.g. an island in green) blocks the view. When the operator in the vehicle
locks the target, the camera system estimates the targets position as long as the
obstruction blocks the view.

target before switching to the autopilot. This operator was implemented only in
the simulation environment (SE) and was set to correct large deviations/errors
so that the target never leaves the camera frame. The argument for using semi-
automatic tracking can be shown in Figure 1.1. The vehicle locks a target but
during the run, an obstacle cuts the visual. An operator would not manage to
keep track of the target since it is out of sight. By locking the target before it
is cut out of sight, the algorithm makes use of the above-described hardware
components. The disadvantage of using the automatic tracking is the amount
of errors in different sections, e.g. GPS error, error in distance estimation,
gyroscope drift, and angle estimation.
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1.0.1 Hardware setup

Figure 1.2: The hardware components available during the thesis. The guidance
computer receives the GPS coordinates and sends these along with the control
algorithms information to the external PC. The external PC sends and receives
data from the camera system.

Figure 1.2 shows how the parts were connected and how the process looks like:
1. The ”Guidance Computer” (GC) is where the user compiles the algorithms

ready to be tested. It communicates with the rapid control prototyping
target (RCP-target).

2. The RCP-target is communicating with the entire system, it receives the
information from the GPS and also receives and sends information to the
camera system.

3. The GPS gathers coordinates in latitude and longitude (degrees, minutes,
seconds) and sends the information to the RCP-target.

4. The camera system follows the commands from the uploaded algorithms
from the GC.

5. Target scopes, bus information, and angles are examples of information
that the camera systems sends back to the RCP-target in order to visual-
ize.
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During this thesis, the group worked alongside hardware to test certain parts of
the SE. The group used Model-Based Design (MBD) and this gave the group
the opportunity to test every single element and to look for errors. By trans-
ferring pieces from the SE to the hardware, the group could easily track errors.
A key part between running the algorithms on the hardware and the SE, the
group used the hardware in the loop (HIL) simulation to test the algorithms
in real-time. By doing this, the group looked for errors and strange behaviors
before running it on the hardware.

The EOS (Electro-optical sight), the camera system, was connected to an ex-
ternal PC running Simulink schematics in real-time. These Simulink schematics
were implemented on the group’s laptops through an internal connection set-
ting. The EOS is capable of rotating around the z- and y-axis (discussed in
Chapter 3 and 6) and displaying different camera filters, e.g. IR or day vision.
For distance measure to the target, the EOS is also equipped with a laser. By
using special Simulink blocks the group was able to receive the GPS coordinates
and decode these to Cartesian coordinates.

Figure 1.3: Geodetic coordinate system, ellipsoid approximation.

The GPS is using the WGS-84 (World Geodetic System 1984) and so the earth
is approximated by an ellipsoid with the Cartesian coordinates system defined
in figure 1.3. The z-axis goes through the north pole and the xy-plane cuts the
equator. Since the origin is at the center of the Earth, the Cartesian coordinates
decoded from the GPS of the vehicle is not reasonable to work with. The
coordinates have the size of ∼ 105 and these coordinates of the vehicle were
used as an offset. Thus by translating the coordinates, the vehicle receives the
coordinates (0,0,0) when turning on the GPS.

1.0.2 Disposition of the report
The outline of this thesis is as follows:

• Chapter 1: background and the outline of the thesis
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• Chapter 2: a theoretical background on kinematic analysis about the hard-
ware as presented in

• Chapter 3: create a simulation environment in MATLAB/Simulink in-
volving models for the vehicle, sensors, an operator and target tracking.

• Chapter 4: black box models for the hardware and design control loops
that continuous tracks the target

• Chapter 5: different cases of the Kalman filter used in this thesis

• Chapter 6: modify the target tracking by allowing an operator to take
control in case the error grows large

• Chapter 7: Automatic code generation





Chapter 2

Kinematic modelling of a
vehicle-mounted camera
system

In this chapter descriptions of the environment and the vehicle-mounted camera
system are presented. In order to control the camera system, a kinematic model
for the camera system is derived.

2.1 Environment for the moving platform

The vehicle on which the camera is mounted is represented as a coordinate frame
where the origin of this frame is positioned at the center of the vehicle. Motions
of the vehicle are defined by six degrees of freedom. As seen in Figure 2.1 there
are three degrees of freedom for linear motions and three degrees of freedom for
rotational motions. The three linear motions are heave, which is the vertical
motion along the z-axis of the frame, caused by water waves, sway, which is the
side-to-side motion along the y-axis of the frame, caused by water streams or
wind, and surge, which is the direction of travel along the x-axis. The rotational
motions are called yaw, pitch, and roll, which is a rotation around the z-axis,
y-axis, and x-axis.

Johansson, Kjellström, 2016. 7
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Figure 2.1: Description of Cartesian coordinates that are used for the vehicle
described in this thesis.

Figure 2.2: Description of the world frame and connections between the objects
operating in it.
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For the control of the camera system, it is important to receive information
about the position and orientation of the vehicle it’s mounted on in an efficient
way. For this purpose, a world frame is introduced. This world frame acts as
a reference frame to all objects in the environment. In Figure 2.2 one can see
how a moving vehicle is tracking a target in the world frame. In this world
frame the coordinate frame fix to the vehicle moves along a given trajectory,
the orientation of vehicle frame according to the world frame is described by
the rotation matrix Rvehicle. In Figure 2.2 ϕ is defined as the angle between
the direction of travel and the vector between the vehicle and the target and is
the angle that the camera system needs to be set in to have a proper view of
the target. It is this angle the algorithms should estimate in a sufficient way.
While ϕworld is used to define the location of the target in the world frame. Too
compensate and stabilize due to irregularities of the path for the vehicle θ is
defined.

Figure 2.3: Definition of the elevation angle θ.

In Figure 2.3 one can see that the angle θ is the angle of elevation for the camera
system. In this thesis the target is assumed to be located on the ground, this
means that the angle θ need to ensure that the camera system is directed parallel
to the world’s xy-plane.
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Figure 2.4: Kinematic model of the EOS where distances and orientations be-
tween the base frame, O0−x0y0z0, frame 1, O1−x1y1z1, and frame e, Oe−xeyeze,
can be seen.

2.2 Kinematic model of the camera system

For the control of the EOS it is also necessary to derive a geometric description,
called a kinematic model. Kinematics can be described as the science of motion
without consideration of the forces which cause it. A kinematic model of a
system describes the position, velocity and acceleration of the position variables
with respect to time or any other variable. The kinematics for the EOS can
be divided into two different parts, forward kinematics and inverse kinematics.
The forward kinematic determine position and orientation of the end-effector
which in this case of the EOS is a camera lens, given values on joint angles. The
inverse kinematics determine the joint angles given the position and orientation
of the camera lens. A manipulator, the EOS, is a series of links connected by
joints.
There are two types of joints: revolute and prismatic. As shown in Figure 2.4 the
EOS only consists of two revolute joints and a camera lens as the end-effector.
The two joint angles for the EOS is q1 for joint 1 and q2 for joint 2.
The Forward Kinematics describe the position of the end-effector for given values
of the internal joint parameters with respect to a reference coordinate system,
called the base frame. In this thesis the Denavit-Hartenberg convention as in
[4] is used to derive the Forward Kinematics for the EOS. This convention stats
that the base frame, O0 − x0y0z0, that is a fixed coordinate frame to which all
links and joints of the EOS are referenced to is established as in Figure 2.4.
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For the second joint, there is the reference frame 1, O1 − x1y1z1, and there is
a last reference frame e, Oe − xeyeze attached to the end-effector. The end-
effector frame can be expressed in the base frame by a transformation matrix.
For the EOS there will be three transformation matrices. Let us start in the
base frame and transform into reference frame 1, from Figure 2.4 one can see
that the homogeneous transformation matrix for this step is first a translation
by d1 meter in the z0 direction and a frame rotation around the x0-axis by −1

2π
and last a possible frame rotation by q1 around the z-axis and the resulting
coordinate transformation is

A0
1 = rotZ(q1)transZ(d1)rotX(− 1

2π)

=


cos(q1) 0 −sin(q1) 0
sin(q1) 0 cos(q1) 0

0 −1 0 0.25
0 0 0 1

 . (2.1)

The homogeneous transformation matrix from reference frame 1 to frame 2 is
obtained by a frame rotation around the x1− axis by − 1

2π and second rotation
by q2 − 1

2π around the z1-axis then a translation by d2 in the z2 direction and
the resulting coordinate transformation is

A1
e = rotX(−1

2π)rotZ(q2 − 1
2π)transZ(d2)

=


cos(q2 − 1

2π) 0 −sin(q2 − 1
2π) d2cos(q2 − 1

2π)
sin(q2 − 1

2π) 0 cos(q2 − 1
2π) d2sin(q2 − 1

2π)
0 −1 0 0
0 0 0 1

 . (2.2)

The total homogeneous transformation matrix from the base frame to the end-
effector frame is obtained by post multiplication of A1

0 and Ae
1 as

T 0
e = A0

1A
1
e

=


cos(q1)cos(q2 − 1

2π) 0 −cos(q1)sin(q2 − 1
2π) d2cos(q1)cos(q2 − 1

2π)
cos(q2 − 1

2π)sin(q1) 0 −sin(q1)sin(q2 − 1
2π) d2cos(q2 − 1

2π)sin(q1)
−sin(q2 − 1

2π) 1 −cos(q2 − 1
2π) d1 − d2sin(q2 − 1

2π)
0 0 0 1

 .

(2.3)

T 0
e is the forward kinematics equation for the EOS. It is now essential to get

the inverse kinematic equation for the EOS. The inverse kinematic problem
determines the joint angles from given values of the position and orientation
of the end-effector. This can be solved using a geometric approach. Let the
coordinate xb, yb, zb be the coordinate of the end-effector relative to the base
frame.
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Figure 2.5: Modified kinematic model of the EOS where distances and orienta-
tions between the base frame, O0 − x0y0z0, frame 1, O1 − x1y1z1, and frame e,
Oe − xeyeze, can be seen.

Figure 2.6: A simplified kinematic model of the arm from joint 2 to the end-
effector described in reference frame 1.
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The first step is to express q1 in terms of xb, yb, Figure 2.5 shows that q1 can
be expressed as

q1 = atan2(yb, xb). (2.4)

The second step is to express q2 in terms of xb, yb, zb this is obtained in 2 steps,
first we simplify the system as seen in Figure 2.6. In this frame q2 can be
expressed as

q2 = atan2(b, a). (2.5)

Since
a2 = x2

b + y2b (2.6)

and
b = d1 − zb (2.7)

it’s now possible to express q2 in terms of xb, yb, zb as

q2 = atan2(d1 − zb,±
√

x2
b + y2b ). (2.8)

.

2.3 Derivation of differential kinematic equations
for camera system

For the control of the camera, it is in our interest to find a connection between
joint velocity and the motion of the end-effector in terms of linear and angular
velocity. For this purpose, differential kinematics is introduced. Differential
kinematics is a mapping from joint velocity to linear and angular velocity of
an end-effector. This is described by the geometric Jacobian which is a matrix
expressed in terms of joint variables. To obtain the geometric Jacobian one can
use the forward kinematic equation as help explained in [4]. Let T 0

e from (2.2)
be written as

T 0
e =

[
R(q) p(q)
0T 1

]
(2.9)

where
q =

[
q1 q2

]T (2.10)

is the joint angles. Let the linear velocity and the angular velocity be denoted
by ṗ and w. The relation between joint velocities and the linear and angular
velocity of the end-effector can then be expressed as

ṗ = JP (q)q̇ (2.11)
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and
w = JO(q)q̇. (2.12)

The differential kinematics equation for the EOS can be written as

v =

[
ṗ
w

]
= J(q)q̇ (2.13)

where J(q) is the geometric Jacobian composed by JP (q) and JO(q) as

J =

[
JP
JO

]
(2.14)

and is a 6×2 matrix. Since the EOS only contains of revolute joints our interest
is to find the revolute contribution to the angular velocity and the linear velocity.
From (2.11) one can see that q̇iJPi represents the contribution of a single joint
to the end-effector linear velocity and in (2.12) the term q̇iJOi represents the
contribution of a single joint to the end effector angular velocity. From basic
rigid body kinematics it is known that angular velocity can be expressed as

w = q̇z (2.15)

where z is the axis which the object is rotating about. The linear velocity is
expressed as

v = w × r. (2.16)

With these variables the connection JPi can be written as

JPi
= zi−1 × (p − pi−1) (2.17)

and JOi can be written as
JOi = zi1 . (2.18)

In total, this combines to[
JPi

JOi

]
=

[
zi−1 × (p − pi−1)

zi−1

]
(2.19)

where p is a vector from the reference frame to the end-effector frame and pi−1

is the vector from reference frame to frame i− 1. Since the forward kinematics
equations for the EOS is known it is straight forward to compute the Jacobian
representation in (2.19), zi−1 is given by the third column of the matrix T 0

i−1, p
is given by the first three elements of the fourth column of T 0

2 and pi−1 is given
by the first three elements of the fourth column if T 0

i−1. From (2.1),(2.2) and
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(2.2), p, pi−1 and zi−1 can be obtained and according to (2.19) the geometric
Jacobian for the EOS is

J =

[
JP
JO

]
=


−d2sin(q2 − 1

2π) −d2sin(q1)cos(q2 − 1
2π)

d2cos(q1)cos(q2 − 1
2π) d2cos(q1)cos(q2 − 1

2π)
0 0
0 −sin(q1)
0 cos(q1)
1 0

 . (2.20)

With help from (2.2), (2.4), (2.8), and (2.20) it is now possible to configure
the camera system to aim at the target given a specific location and orientation
of the vehicle. From (2.2) one receives information about the transformation
from the end-effector frame to the base frame in this case the vehicle frame.
This is used in the SE to determine the angles the camera system needs to be
set in to aim at the target. From (2.4) and (2.8) the joint variables q1 and q2 are
obtained for a given position of the end-effector frame. In (2.20), the geometric
Jacobian is presented which gives a relationship between joint velocities and the
corresponding end-effector linear and angular velocity, the geomtric Jacobian is
used to control the camera. These equations give a complete description for the
navigation of the camera system.





Chapter 3

Simulation Environment

Before the algorithms are implemented on the EOS (the targeted hardware),
the group built a simulation environment (SE) for testing purposes. In the SE
the camera system can be tested and the system can be trimmed to perform
as requested. For the camera system to be able to estimate correct angles for
tracking a target it is necessary to have information about the environment it
appears in and movement and orientation of the vehicle the camera is mounted
on. This information is measured and received from hardware. The SE needs
to be set up in a way that allows the camera system to receive information
in a lifelike way. The SE is built on a fixed world frame, in this frame, the
vehicle moves on predetermined trajectory and the target receives a position.
In Figure 3.1 the Simulink 1 schematic for the SE can be seen.

1Software for Model-Based Design

Johansson, Kjellström, 2016. 17
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Figure 3.1: Simulink schematic for the SE. This is a synchronous circuit since
the input to the SE is a clock signal. The blocks in the SE simulate the travel
and computes the corresponding angles for the tracking the of the target.
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Figure 3.2: These blocks sets up the trajectory and the orientation for the
vehicle and the position for the target.

The first two blocks in Figure 3.2, Vehicle position, Target position describe
the trajectory and speed of the vehicle, the position of the target and irregulari-
ties of the path (the wind, waves, bumps,etc.) which results in rotations around
pitch and roll-axes of the vehicle frame. The vehicle can only receive informa-
tion about its position from a GPS which is modeled with the GPS Model
block. The GPS Model sample the continuous signal of the trajectory of the
vehicle by a rate of 4 Hz and adds noise to the signal to simulate an error in
the GPS. The Vehicle-Target orientation block uses the information about
the vehicle and the target position to calculate distance and direction between
them. This represents laser and gyroscope measurements in reality. It is the
target position relative the vehicle that is the basis for estimating a proper an-
gle for the camera system. All information about the orientation of the vehicle
is computed in the block Vehicle orientation. Since there is no information
about rotational motions in the GPS data, a gyroscope is implemented to regis-
ter all these motions. This block also computes two different rotation matrices,
Rvehicle and Rvehicle_GPS . The matrix Rvehicle is the true rotation matrix for
the vehicle and is obtained from the continuous signal of the movement. For
Rvehicle_GPS we assume that the vehicle’s x-axis is parallel to the world’s x-axis
since there is no valid information about the direction of the vehicle from GPS
data, therefore Rvehicle_GPS only consists of rotation around the y-axis and the
x-axis caused by waves and the wind.
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Figure 3.3: These blocks computes the position of the target in the vehicle
frame. It is this position in the vehicle frame that is used to compute the angles
for the camera system.

In Figure 3.3 there are two blocks that computes the position of the target in
the coordinate frame fixed to the vehicle. By doing this, the group knows how
to rotate the camera given a specific position and orientation of the vehicle.
The Camera orientation ground truth block gives the true angles for ϕ and
θ that the camera needs to set an optimal vision of the target. These angles
will be used for testing purpose. The other block Camera orientation GPS
compute the angles ϕworld and θworld. As previously stated the information
from the GPS data gives us no valid information about the orientation of the
vehicle and therefore there is no rotation around the z-axis in Rvehicle_GPS .
Because of this ϕworld is the angle between a vector parallel to the world’s x-
axis from the vehicle and a vector between the vehicle and the target this angle
is defined in Figure 2.2. Since ϕworld lack information about the orientation of
the vehicle, this information needs to be added from the gyroscope data. Since
ϕworld and θworld also contain noise from the GPS, therefore these signals are
sent to a Kalman filter for estimation of the true values of θ and ϕ.
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Figure 3.4: This part of the SE contains a Kalman filter that estimate ϕworld

and θworld, a gyroscope model to introduce drift to the received angular velocity
and control loop that computes the final angles for the camera system.

In Figure 3.4 the section of the schematics where the final angles are derived
is seen. As mentioned above the angles ϕworld and θworld are calculated from
GPS data and a distance measurement to the target. To estimate these angles a
Kalman filter is designed, this is the central Kalman filter, namely the Modified
Spherical Coordinates - Extended Kalman Filter and are described in Chapter 4.
The inputs are the radius (distance to the target measured by the laser range
finder), the angle ϕworld and the angle θworld, all corrupted by noise. This
block erases some of the noise in the input and sends the information to the
Control loop. There is also a gyroscope modelled in Gyroscope model which
introduces drift to the gyroscope signal as a random walk. These two signals,
ϕworld and the angular velocity from Gyroscope model are the two essential
signals to estimate the final angle ϕ, this is done in Control loop. The Control
loop is the central part of the SE and is described in Chapter 5. It takes in the
estimated angle and the estimated angular velocity from the gyroscope. The
output from this block will be the angles that the camera uses to track the
target.
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Figure 3.5: In this part of the SE the visualisation of the camera view is made
in the camera system block. A human operator is modelled in the OP model
Phi and the OP model Theta block. In target position estimation block the
target position corresponding to the given camera setup is computed.

The Camera system block seen in Figure 3.5 is implemented in purpose to
visualize the the camera view. The camera model is built on the pinhole model
to visualize the field of view. The pinhole model takes in 3D coordinates of
a point and project it on an image plane, it is this image plane the Camera
system displays. A human operator (HO) will use the camera display to aim
at the target, this will be explained more in detail in Chapter 6. The human
operator acting on the pixel error is modeled in OP model. This block tries
to follow the input in a human-like way. The group wants to simulate this HO
to take over command in case the estimated angles does not meet the demand.
This artificial HO is capable of learning from past errors, ergo, a controller. In
the Target position estimation block the location of the target associated
with the setup of the camera system is calculated. This location is the one that
the algorithm uses in its internal map to keep track of the target. By analyzing
the relationship between this position and the true position of the target, one
can make some assumption about the source of error for the algorithm. This is
further discussed in Chapter 6.



Chapter 4

Target tracking based on
navigation data

Estimating the targets position is a cornerstone of this thesis along with elimi-
nating noisy signals. By making use of the existing sensors in the hardware, the
group implemented Kalman filters for estimation. The estimators used in this
thesis were implemented for two reasons. The main Kalman filter in this chapter
was used to estimate the yaw-angle to use for target tracking. Two additional
filters describes the solution for problems with noise and disturbances namely
in the GPS and drift in the gyroscope.

4.1 Estimation using MSC-EKF
This thesis chose to focus on the modified spherical coordinates-extended Kalman
filter (MSC-EKF) [2] instead of the extended Kalman filter (EKF) or the stan-
dard Kalman filter approach since the group is interested in the angle and an-
gular velocity to the target relative the vehicle. As soon as the operator shoots
the laser at the target, an initial angle is measured. With the help of the GPS,
the camera system will then be able to estimate the angle with the help of the
new incoming GPS coordinates. This is a special case of a Kalman filter as the
reader will read in the pseudo-code for the MSC-EKF, the idea is to transform
between coordinate systems. Why is this important?

Cartesian coordinates:

• Pro: The state equation is linear since we have a linear target dynamic
model. However, the measurement equation is non-linear. One could solve
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this with EKF or by simply transform the coordinate system.

• More accurate.

• Con: Any matrix inversion is computationally intensive.

Spherical coordinates:

• Pro: Exact opposite of the cartesian coordinates. The state equation of a
constant velocity (CV) target is non-linear and the measurement equation
is linear.

• Con: Pseudo-accelerations in angle estimations are produced even if one
is modelling a CV problem.

In order to make the estimations less computationally demanding and to deal
with the pseudo-accelerations, the MSC-EKF is chosen. The pseudo-code for
this process is described below. The Jacobians J and functions f are formally
presented in Appendix A.

The filter used in this thesis uses a simple dynamic model where the vehicle
and the target are moving with constant velocity. But before the simple model
is presented, Figure 4.1 displays the orientation of the vehicle where the camera
is mounted. A simple choice of coordinate system is necessary and so this thesis
starts off with Cartesian coordinates which is described in Chapter 2. Given
this orientation of the vehicle in this coordinate system, a discrete model can
easily be depicted.

Figure 4.1: Cartesian coordinates for a arbitrary vehicle.

The state space model used in this thesis is discretized at time steps tk where
k = 1, . . . , N and N ∈ N. In this report, the estimation between each step is
constant and it can therefore be written as tk = kT where T is the period
between samples. Let p(t) denote the vehicles position and ¨⃗p(t) = ω(t) be the
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constant acceleration between the time steps, that is, using a constant velocity
model. This gives the following equations

V (tk+1) = V (tk) + Tω(tk)

and
p(tk+1) = p(tk) + TV (tk) +

T 2

2
ωk

where V (tk) is the velocity and its assumed that the acceleration is white noise.
Using this for a 3 dimensional space we obtain the commonly known A matrix
(dynamic model), present in the upcoming state space notation:

A =



1 0 0 T 0 0

0 1 0 0 T 0

0 0 1 0 0 T

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1


· (4.1)

The state space model for the system can be written as:

xk+1 = Axk +Buuk +Bwwk (4.2)

and
yk = Cxk + ek. (4.3)

No driving inputs are present in this chapter so Bu vanished. A full linear model
for the constant velocity problem with Bw can be written as:

xcar
k+1 =



1 0 0 T 0 0

0 1 0 0 T 0

0 0 1 0 0 T

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1


xcar
k +



T 2

2 0 0

0 T 2

2 0

0 0 T 2

2

T 0 0

0 T 0

0 0 T


wk, (4.4)

where this thesis assumes the x,y,z-axes are independent.
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Algorithm 1 MSC-EKF algorithm

Gain

1. K = P̂k|k−1C
T
(
CP̂k|k−1C

T +Rk

)−1

Update Estimate

2. ẑk|k = ẑk|k−1 +K
(
yk − Cẑk|k−1

)
3. P̂k|k = P̂k|k−1 −KCP̂k|k−1

Spherical coordinates to cartesian coordinates

4. x̂k−1|k−1 = fX
(
ẑk−1|k−1

)
Propagation

5. x̂k|k−1 = Ax̂k−1|k−1 + uk

CAR to MSC

6. ẑk|k−1 = fZ
(
x̂k|k−1

)
7. Φk|k−1 = JfZ (x̂k)AJfX (ẑk−1)

8. Qmsc
k−1 = JfZ

(
x̂k|k

)
Qk−1JfZ

(
x̂k|k

)T
9. P̂k|k−1 = Φk|k−1P̂k−1|k−1Φ

T
k|k−1 +Qmsc

k−1

The Qk and Rk matrices in Algorithm 1 are defined as

E{wkw
T
j } =

{
Qk , j = k

0 , j ̸= k

and

E{vkvTj } =

{
Rk , j = k

0 , j ̸= k.
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Figure 4.2: The error between estimated angle and true angle, x-axis (time),
y-axis(radians), vehicle standing still.

4.1.1 Results from MSC-EKF
The results presented in this section were evaluated from the simulation envi-
ronment (SE) using different paths for the vehicle to travel on. The input for
these simulations is the true angle ϕ (explained in Chapter 3). The results in
this section is the output from the MSC-EKF block which are estimated angles
of ϕ for three different cases. The group consider a good deviation between the
true angle and the estimated angle to be less then 1 [mrad] and if the error is 0
during the simulation, then the Kalman filter estimates the true angle perfectly.

The error between the true angle and the estimated angle in Figure 4.2 is less
then 1 [mrad] which means that the target will not disappear from the camera
frame. The group expected small noise and good accuracy.
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Figure 4.3: The error between estimated angle, ϕ, and true angle, x-axis (time),
y-axis(radians), vehicle moving in a straight line.

The deviation is bigger in Figure 4.3 and the error carries spikes. This noisy
behavior can be solved by changing the Qk and Rk matrices in Algorithm 1.
Slight changes in these matrices will cause different outcomes and so the group
used the same Qk and Rk matrices for simplicity in every test case.
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Figure 4.4: The error between estimated angle, ϕ, and true angle, x-axis (time),
y-axis(radians), vehicle moving in a curve.

The group used a sinusoidal curve as an input in Figure 4.4 and the result was
noisy the first 30 seconds. This problem, discussed above, can be solved by
changing Qk and Rk matrices in Algorithm 1.
The crucial investigation of this Kalman filter consists of different parts. Does
it take to long for the algorithm to converge? Does it converge? Does it deviate
too much from the true value? The biggest concern is the configuration of the
process and measurement noise, namely Q and R. Since different configurations
is suitable for different trajectories, the group decided for a specific value for Q
and R. Figures 4.2, 4.3 and 4.4 displays the error between the true angle to
the target minus the estimated angle. The group decided to present the error
instead of showing both signals for simplicity. The resulted error in Figures 4.3
and 4.4 were caused by noise from the true angle. This angle was calculated
using the GPS coordinates, which contained errors, along with the radius. The
challenge was to find compromising values for the measurement and process
noise. Different values would favor different paths. This problem however was
not present when the group implemented this filter on the hardware. More on
the results from the hardware in Chapter 5.

4.1.2 Estimating gyroscope drift
A problem using gyroscopes is a continuous drift from its true value. This
problem becomes apparent when the vehicle is standing still. By estimating
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Figure 4.5: A plot that displays a typical behavior regarding drift. It can best
be visualized when the vehicle and the target are standing still and the camera
system is focusing on a point. Slowly the camera starts to drift from its original
position.

the drift in the gyroscopes (pitch and yaw) the group computed a drift rate
constant that was used to compensate the drift. In an ideal world without
any bias (gyro offsets), while in motion, the estimator would measure rotations
correctly and without random bias components. But since this is not the case
in the real world, a drift will be apparent after integration over time as an
angular drift, increasing over time. No experimental results will be presented
from this subsection since it is not relevant for this chapter, but it is discussed
in Chapter 5. The use of this subsection is to present Algorithm 2 for the drift
estimation and explain why the group needs the estimation.
A typical result from the drift can be seen in Figure 4.5. In order to filter out
the drift from the angle to the target, another type of Kalman filter was used.
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Figure 4.6: Simulink schematics for compensating drift.

Figure 4.6 shows the Simulink model[1] for drift caused by the gyro. The drift
from the gyroscope is integrated along with some additional noise. The MAT-
LAB function in Figure 4.6 takes two inputs, one named wm that receives the
readings from the gyroscope, namely the gyroscope connected with rotations
around the z- and y-axis. In the SE, wm receives the summation of an integrated
drift component along with the output from the gyroscope. When targeting the
hardware for drift experiments, this drift component varies depending on if one
is to test the elevation or the traverse angle. wm serves as the control input,
often denoted as um. The next input is denoted ym and receives the measured
angle, either traverse or elevation. This block is not active in Chapter 5 since
the drift is often constant, so only a couple of tests is necessary to determine
the constants (one for traverse, and one for elevation).
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Algorithm 2 Drift filtering algorithm

Gain

1. S = CP−
k CT +R

2. K = P−
k CT 1

S

Update Estimate

3. x−
k = x−

k +K
(
ym − Cx−

k

)
4. P−

k = P−
k −KCP−

k

Propagation

5. x+
k = Φx−

k + Γwm

6. P+
k = ΦP−

k ΦT +Q

The following matrices were used to initialize Algorithm 2. The dynamic system
can be described as

Φ =

[
1 −∆t

0 1

]
where ∆t = GPS sample rate.
The group chose to measure the attitude rate and therefore choose C as

C =
[
1 0

]
with the dynamic function Γ using the sample rate

Γ =

[
∆t

0

]
.

The process noise in Algorithm 2 is

Q =

[
σ2
v∆t+ 1

3σ
2
u∆t3 − 1

2σ
2
u∆t2

− 1
2σ

2
u∆t2 σ2

u∆t

]
where σu is the standard deviation (std) of the drift and σv is the std of ϕ̇.
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The observation noise is a constant and is set to

R = σ2
n

where σn is the std of the measurement noise.
The predicted (a priori) estimated covariance matrix was set to

P0 =

[
10−4 0

0 10−12

]
.

The group choose to measures the attitude rate by

x0 =

[
ym

0

]
.

4.1.3 Estimation of vehicle position from GPS data

Figure 4.7: Shows the state where the vehicle and the target are standing still
and since the GPS contains large errors when standing still, the dotted lines
describes an area where the vehicle/target might be.

As expected, the GPS does not pinpoint the vehicles location perfectly and is
corrupted with noise. Imagine Figure 4.7 for example. The black star in the
picture represents the vehicle and the red star represents the target. The dot-
ted areas surrounding the the stars defines the possible placement of the stars.
When the GPS is turned on and the vehicle is standing still, the x,y,z-position
might differ with ±20 meters. This error does not occur when the vehicle is
moving according to our test results.
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As explained in Section 1.0.1, the coordinates presented by the GPS are not
perfect and requires yet another estimator to handle the noise. For this prob-
lem, a third Kalman filter was implemented. No results are presented in this
subsection since it is not vital for the end result. It simply estimates the trajec-
tory and was a vital part in the hardware implementation since the GPS had
large errors.

Algorithm 3 GPS filtering algorithm

Gain

1. K = P−CT
(
CP−CT +R

)
Update Estimate

2. x− = x− +K (y − Cx−)

3. P− = (I6×6 −KH)P−

Propagation

4. x+ = Ax−

5. P+ = AP−AT +Q

The following matrices were used to initialize Algorithm 3. The dynamic matrix
describing the system was described with following matrix

A =



1 0 ∆T 0 0 0

0 1 0 ∆T 0 0

0 0 1 0 ∆T 0

0 0 0 1 0 ∆T

0 0 0 0 1 0

0 0 0 0 0 1


where ∆t = GPS sample rate and the group dynamic model A is same as in
Section 4.1. The observation matrix used in Algorithm 3 was

C =

[
1 0 0 0 0 0

0 1 0 0 0 0

]
.
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The process noise in Algorithm 3 was set to

Q = 10−7 · I6×6.

The observation noise in Algorithm 3 was set to

R = 10−8 · I2×2.

The predicted (a priori) estimated covariance matrix was set to

P0 = diag
[
10−2 10−2 10−2 10−2 10−2 10−2

]
.

The group choose to measure the position and therefore measured the first two
rows in the following vector

x0 =



xGPS

yGPS

0

0

0

0


.





Chapter 5

Feedback control of a
pan/tilt system and
black-box modelling

In Chapter 4 of the thesis the group discussed estimation of two unknown angles,
the pitch θ and the yaw ϕ. The output from the main Kalman filter (MSC-EKF)
and the Kalman filter for drift estimation are used as inputs for the two control
loops. The estimated aiming angles from Chapter 4 are used as inputs for the
control loops. There are two separate control loops controlling the elevation
and the traverse axis. This chapter deals with the modelling, identification and
control of the two axes of the electric-optic sight (EOS). Inside the two loops, a
transfer function, describing the system is present. In Section 5.1 these models
are discussed and then used as the transfer functions in Section 5.3 along with
the objectives for the control loops at Section 5.2.

5.1 Model structures
In order to implement the control algorithms in the hardware, a good model is of
the essence. The group wanted a model for the elevation angle and another one
for the traverse angle. The black-boxes were the engines since the group wanted
to create control loops, one controlling the traverse angle and one controlling the
elevation angle. The group stimulated the motors separately by using torque as
an input and obtained a velocity, which served as an output in the modelling
process. The group started by feeding the camera system with sinusoidal waves
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with a certain amplitude and a frequency and with every 5-10 seconds the group
increased the frequency. An important factor for good signals was a strong
power supply. The group initially started with a weak power supply resulting
in models with low accuracy caused by heavily distorted sinusoidal waves. But
the models presented in this chapter were modelled using a good power supply.
The group used System Identification Toolbox to find appropriate models [3].
The group was interested in the area of low frequency so it was important to
split the input and output signals since they consist of low and high frequencies.
But in order to have knowledge of the entire spectrum, low and high frequencies
have been modelled. By using the ”advice” commando in MATLAB, some
information is given about the input/output signals. Two data sets was recorded
and the commando ”advice” indicated strong feedback and non-linearity. Since
this was not an ideal case, noise was present, so the group chose polynomial
models with noise parameters, namely ARMAX (autoregressive moving average
external signal) and BJ (Box-Jenkins)[3]. The ARMAX model consists of two
parts, an autoregression (regressing the model with past values) and the moving
average that involves modelling of the error. The ARMAX model is a derivation
from the BJ model. The physical difference between these models is that the
noise and the input signal in the ARMAX model have the same dynamics (shares
the poles). Figures 5.2 to 5.5 shows the auto-correlation and the frequency
response for one of the two data sets. These figures will represent the result
of the modulation since the group will not present the actual coefficients of the
polynomial functions.

Allowing the System Identification Toolbox to identify a suitable model for
the entire frequency spectrum caused compromises between high and low fre-
quencies. The group then decided as explained in the beginning of the chapter
that modelling low and high frequencies should be treated separately. The
jumps in Figure 5.1 are changes in frequencies.
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Figure 5.1: Low frequency model (dark blue), high frequency model (orange)
and true value (light blue). A good indication of model accuracy is if the models
can cover the true value.

Figure 5.2: The top figure shows the autocorrelation for the output (velocity,
y1). The bottom figure displays the input (torque, u1) cross-correlated with the
output (velocity, y1). Both figures represent the result of low frequencies.
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Figure 5.3: The top figure shows the autocorrelation for the output (velocity,
y1). The bottom figure displays the input (torque, u1) cross-correlated with the
output (velocity, y1). Both figures represent the result of high frequencies.

Figure 5.2 shows three models for the low frequencies and Figure 5.3 shows one
model. The models are sometimes below the confidential interval (negative)
(green/blue dotted line around 0) which indicates feedback and uncertainty in
the models (top figure, whiteness test). A good model should therefore be kept
inside the confidence interval, indicating that the residuals are uncorrelated.
The cross-correlation tells the user if the model have residuals uncorrelated
with past inputs (independence test). The System Identification Toolbox uses
a Gaussian distribution.
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Figure 5.4: Bode plot for the low frequency models, amplitude plot at the top
and phase plot at bottom. Following the blue curve one can see two resonance
peaks which were damped using Notch filters.

Figure 5.5: Bode plot for the high frequency models, amplitude plot at the top
and phase plot at bottom.
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When the modelling of the traverse axis was done, the group assembled a
control loop to test the models. The configuration of PID’s used in this simu-
lation were then used in the real application. Since the traverse and elevation
axis used the same electrical motor, a simple parameter adaption of the transfer
function was made for the elevation axis. Thus the group did not model the
elevation axis using the System Identification Toolbox. Instead, the group con-
figured the existing traverse model. Modelling the position as input instead of
velocity was harder and rarely gave good results.

5.2 Design objectives
By using the models from Section 5.1, the group built a simulation environment
to test different PID-controllers. The groups objective was to control both
velocity and position. The design objectives was as follows:

• Amplitude margin 10 dB

• No resonance peaks over -20dB

• Overshot maximum of 3 ∼ 4dB

• Phase margin > 35 degrees

5.3 Control system design
The purpose of the upcoming two subsections is to show the differences between
the control algorithms used on the hardware and in the simulations. The control
system first developed was used on hardware and was then implemented in the
SE. This model is presented in subsection 5.3.1 and did not suffice for the final
hardware model and is discussed in subsection 5.3.2.

5.3.1 Low-level control loops
Two feedforward/feedback control loops were developed for this thesis, one for
the elevation axis and one for the traverse axis. Here, two design choices were
made. The traverse axis uses the gyroscope output as the velocity reference and
the reference signal as the position reference to the controller while the elevation
axis can not make use of the gyroscope. Instead, the input for the velocity con-
troller is the angle velocity and the reference signal serves as position reference.
In order to control the hardware’s position, the group developed a feedforward
term. In the beginning of this chapter, the group discussed the black-box mod-
els. These models were used in the simulation of the control system. Since the
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models had good accuracy, the translation between the simulation environment
and the reality was simple. The group could then easily transfer the PID ad-
justments to the targeted hardware.
Figure 5.6 shows the schematic for the control loops in the simulation environ-
ment. The group placed saturations in order to keep the signal from reaching
maximum allowed input value. These models were sufficient to satisfy the ob-
jectives but had to change during the implementation on the hardware.

Figure 5.6: Simulink schematics for the traverse angle control loop. The el-
evation has identical structure. The transfer function on the top left obtains
the estimated angle, the integrator (bottom transfer function) obtains readings
from the gyroscope and the corrected angle is the output.
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Figure 5.7: Simple construction of the final hardware model. The model receives
a reference angle and sends the corrected angle to the hardware.

5.3.2 Hardware implementation

Figure 5.7 shows a simplified schematic over the final control loop. At first sight,
it looks similar to 5.6 but the group decided not to include the true schematic
that controls the hardware. So what are the main differences?

• The gyroscope signal is noisy and carries drift. With the help of Algo-
rithm 2 the low-level control loops receives a continuous drift estimation.
This drift is somewhat constant and so the drift is calculated for the ele-
vation and the traverse angle and is therefore set as a constant. This drift
constant is then inserted in the hardware loop and does not change. Hence
Algorithm 2 is not part of the final hardware model. However, a low pass
filter was used to filter the high-frequency in the gyroscope signal.

• When the camera turns, the gyroscope picks up a signal even though a
rotation is not made by the vehicle. Imagine the camera on the vehicle
is set to follow a non-moving target. The camera will rotate and the
gyroscope will interpret this as a turn made by the vehicle. This will
cause the system to cancel out, since the camera wants to rotate and the
gyroscope tells the system to counteract.
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Figure 5.8: Non-moving target, the figure displays the reference angle and the
actual angle. There is an error (reference angle minus actual angle) if the lines
do not cover each other.

5.3.3 Results from the SE
The following results represents a non-moving (Figure 5.8) and a moving vehicle
(Figure 5.9). In both cases, the target is standing still. The control loop blocks
obtains the output from the Kalman filter (Section 4.1 in Chapter 4). This
output might be noisy and will not be an efficient way to control the camera.
The control blocks will smoothly track the Kalman filter output and send its
output signal to the camera system. In Figure 5.8 the reader can see that both
signals are not constant. The fluctuations are caused by the drift and the nature
of drift is apparent in the figure. As expected, the control signal follows the true
angle without any problems.
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Figure 5.9: Left: The vehicle is moving in a line, the figure displays the reference
angle and the actual angle. There is an error (reference angle minus actual angle)
if the lines do not cover each other. Right: The vehicle is moving in a curve,
the figure displays the reference angle and the actual angle. There is an error
(reference angle minus actual angle) if the lines do not cover each other.

In Figure 5.9 we display the results of the control algorithm tracking for a non-
moving target while the vehicle is moving. The drift component is not apparent
in these figures and the end result is accurate. The most problematic situation
involves MATLABs arctan function atan2 when it reaches ±π, this will cause a
discontinuity in the SE but not when implemented on the hardware. The group
did not make use of the elevation controller in the SE but was implemented in the
hardware implementation. In reality, the point of having an elevation controller
is to compensate rotations around the y (pitch)-axis. This means that the group
does not expect the target to make big movements in the z direction. But since
the target can move freely on the xy-plane, the group needs a good traverse
controller.
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Figure 5.10: Drawing of the moving platform, the camera system was mounted
on the top so that the group could gather results.

5.3.4 Results from hardware
The group used a platform with six degrees of freedom. The objective was to
check whether the camera system could compensate for rotations around the z
(yaw)- and y (pitch)-axes. Other experiments that did not require rotations did
not require this platform.



48 Chapter 5. Feedback control of a pan/tilt system and black-box modelling

0 5 10 15 20 25 30
-4

-3

-2

-1

0

1

2

3

4

Ref Phi
Error

0 5 10 15 20 25 30
-4

-3

-2

-1

0

1

2

3

4

Ref Phi
Error

Figure 5.11: Left: Target in movement (20[m/s]), 500 m distance to target.
Right: Vehicle is standing still. Target in movement while the vehicle is rotating
(around z-axis), 0.2 Hz. Both figures: The blue line is the error between the
reference angle and the actual angle. The red line is the trajectory of the true
angle.
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Figure 5.12: Left: The target and the vehicle standing still. The blue line is
the error between the reference angle and the actual angle. The red line is the
trajectory of the true angle. Right: Target standing still while the vehicle is
rotating (around z-axis), 0.2 Hz. The blue line represents the error between the
reference angle and the actual angle.



5.3. Control system design 49

In Figure 5.11 one can see the result for when the camera system locked a target
using the same distance and velocity. As the reader can see, there are no dif-
ferences between the two cases. The obvious difference can only be seen when
experimenting, that is, how the camera system is continuously counteracting
against the yaw movement. The group carried out an experiment involving the
right plot in Figure 5.12 where the platform rotated with 0.2 Hz and the locked
target stood still. Unfortunately, the camera system was not able to counter-
act the movement completely and the cross-hair swayed back and forth. The
performance was also limited due to the quality of the sensors in the gyroscope
used in the electro-optic sight (EOS). However, this movement is not realistic
during a long period of time. Its not a usual case that a vehicle drives in ser-
pentine fashion way with this frequency. The left plot in Figure 5.12 shows
how well the camera system deals with a non-moving target while the vehicle is
standing still. This experiment was carried out so that the group could evaluate
the drift from the gyroscope. This drift was neatly dealt with and caused no
problem. Figures 5.11 and 5.12 are results gained from the traverse axis ϕ. The
Figures 5.13- 5.14 shows the results from the elevation axis θ.
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Figure 5.13: Left: Vehicle is rotating around y-axis, 1 Hz. Right: Vehicle is
rotating around y-axis, 0.5 Hz. Both figures: The blue line represents the error
between the reference angle and the actual angle.
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Figure 5.14: Left:Vehicle is rotating around y-axis, 0.2 Hz. Right: Fixation on
one point standing still, the vehicle does not rotate. Both figures: The blue line
represents the error between the reference angle and the actual angle.
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Figures 5.13 and 5.14 (left plot) differed with small margins from the reference
signal and made good impressions of a well functioned control system. The
appearance of drift is best visualized in Figure 5.14 (right plot). With a config-
uration from the best applicable drift constant with the size of 10−5, one could
make the elevation axis slightly pitch down or upwards. The group decided to
drift upwards for 10 seconds and then drift downwards for 10 seconds which
made better results.





Chapter 6

Semi-automatic target
tracking and estimation of
target position

A semi-automatic target tracking system is best described as a system that can
execute a given tracking task autonomously in some given domain but may need
assistance from a human operator (HO) to perform as good as expected. In this
thesis the group only implement the semi-autonomic tracking algorithm in the
SE, therefore all results from this chapter are from simulations and can be seen
as a basis for further research on the subject.

6.1 Modelling of human operator executing a
target tracking task

In order to simulate the behavior of a HO that manually control the camera
system a HO need to be modeled. In this thesis the HO will be modeled as a
compensatory tracking task.
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Figure 6.1: How the camera display looks for the HO for a compensatory track-
ing task.

Compensatory tracking is when the HO is operating on the error between the
target and a zero point on the camera display. The operator’s task is to minimize
the error using a joystick. In Figure 6.1 we can see how a compensatory tracking
task looks like, the operator try to minimize the distance between the crosshair
and the target.

Figure 6.2: A single-loop compensatory model where the HO only respond to
the error in the angle.

Compensatory control behavior can be modeled by linear feedback models, as
shown in Figure 6.2. The compensatory tracking has some limitation in per-
formance due to human behavior. It can be shown from earlier results that
humans have a problem with high-frequency and unpredictable movements due
to a considerable time delay in human response. Another limitation comes from
the time delay in the muscles. It takes about 0.2 seconds until the muscles start
to act to a given signal.
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Figure 6.3: Model for responsiveness of a HO.

Model structure for a HO can be seen in Figure 6.3 where T is the total time
constant, in this case T = 0.2, and K is a constant given a specific system.
Compensatory control is well documented and much research was made in the
1960s, resulting in the Crossover Model (CM) [5]. The CM describes the to-
tal system involving the HO and the system dynamics. This system can be
approximated by single integrator and a time delay, seen in Figure 6.4

Figure 6.4: The Crossover Model is the combined dynamics of an HO and the
system dynamics.

Possible targets that are of interest in this thesis could be another vehicle or a
building. A common feature for all of these types of targets are that they will
not have high-frequency movement when observed at a far distance. Therefore
the trajectory of the target can be assumed to be deterministic. So if the HO
has extensive experience with the control task it is then possible for the HO,
given current position and orientation of the target, to predict future position
and orientation of the target. This will add a precognitive block to the system.
This block will add rate aid, information about the target’s velocity. This leads
to the model structure of the total system, as shown in Figure 6.5.
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Figure 6.5: Final model for an HO where the HO can recognize pattern of the
trajectory for the target. For Ideal control of the system k = K.

For ideal control of the input, k = K, with this configuration there will be zero
tracking error but in reality the HO can not follow a target with zero tracking
error due to human limitations discussed earlier in this chapter. For a life-like
HO the relation normally is

k = K(1± 0.05). (6.1)

In this thesis the HO is modelled as in Figure 6.5 and K = 4 and k = 1.05K.
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6.2 Dynamic model of a tracking system involv-
ing a human operator

The HO model derived above is implemented in the SE seen in Chapter 3. As
described above the HO will minimize the distance between the crosshair and
the target on the screen, this distance is normally represented by the pixel error
measured from the camera view. Instead of using the pixel error as input for
HO it is equivalent to use the correct phi. In Chapter 3 a brief introduction to
the HO block is made.
According to internal documentation from BAE system Bofors own library there
are some test results that gives measure on the output to be credible for a
realistic HO. If the implemented HO follow the result from this test protocol
it’s possible to verify the validity of the model. In the documentation there are
two different tests, first a test for settling time and measure of the overshoot,
there is a second test where a stationary HO tries to follow a moving target.
For the test of the settling time and the overshoot the following scenario is
set up, the HO find the target and tries to get the crosshair centered over the
target. The HO is positioned in world frame at (0, 0) and the target has location
(6000, 300). From the documentation, one can see that the settling time should
be about two seconds with small overshoot.
In Figure 6.6 one can see that the implemented HO perform as wanted and
therefore the settling time for the implemented HO can be considered as realistic.
The second test case is for a stationary HO to follow a moving target. The set
up for this test is the same location for the HO and the target’s starting position
is also the same as before (6000, 300) but now the target moves with a constant
velocity of -100 m/s in the x direction. From the documentation, it states that
when the moving target is at (0, 300) an error in the size of what can be seen
for the implemented HO in Figure 6.7 is expected.
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Figure 6.6: Error in angle for settling time for the implemented HO for a sta-
tionary target.

Figure 6.7: Error in angle for the HO for tracking of a moving target.



6.3. Introduction to semi-automatic target tracking 59

6.3 Introduction to semi-automatic target track-
ing

Semi-automatic tracking can be defined as a system that can operate autonomously
under specific conditions but can require some human input to achieving its as-
signed goal. This system is based on cooperation between an algorithm and an
HO. The algorithm is implemented to assist the HO to follow the target in an
efficient way but when the cannon is supposed to fire at a target the HO needs
to intervene and make the last calibrations. The tracking algorithm uses sensor
data to predict the position of the target given an orientation of the vehicle its
mounted on. Since all sensor data contains a lot of noise, the algorithm will
lose track of the target after a while and need human input to locate the target
and renew sensor data. Since the algorithm uses distance measurements and
gyroscopic data to get the orientation there can be two types of error in sensor
data. When the algorithm starts the HO needs to find the target and lock it
to make a distance measurement and receive information about the orientation
of the vehicle. When this step is done the algorithm uses this information to
create an internal map where vehicle and target receive coordinate positions.
Since this is the only true measurement of the distance it assumes that the
measured distance is correct. If this distance is inaccurate the position of the
target in the internal map will be inaccurate as well. Another possible source
of error in the sensor data is from the gyroscope that’s used to determine the
orientation. In order to reset the algorithm and give it new information about
the target position, the HO determines when the algorithm is not tracking the
target in a satisfactory way given the view on the camera display. If the HO
intervene, the HO aims the camera at the target and the algorithm uses this
divergent angle to adjust the internal target position. This gives the algorithm
the correct angle to the target, but if the initial measurement of the distance is
incorrect the tracking of the target will be unusable. The only way to correct
error from distance is to reset the whole system and let the HO make a new
measurement of the distance.

6.4 Integration between human interaction and
automatic tracking algorithm

In order to create a functional semi-autonomic system there needs to be a set
of rules for when the HO should intervene and how the system should respond
to input from the HO. When the system starts, the tracking algorithm first get
its input from the initial locking procedure when the HO finds the target, locks
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on the target and makes a measurement of the distance. When this is done
the tracking algorithm uses estimated position for the target given new GPS
data and gyroscopic data to properly aim at the target. Since all data contains
noise, the algorithm will eventually lose track of the target. The HO observes the
entire process through the camera display and determines when it is necessary
to intervene. The camera model described in Chapter 3 has a width of 720
pixels. In this thesis the HO intervene when the pixel error is greater than 200
pixels. When this occurs the HO takes control of the system and makes the right
adjustment to get the right sight of the target. This adjustment correspond to
an angle correction. The tracking algorithm uses this this new angle to change
the position of the target in the internal map. As mentioned earlier there can be
two types of error when estimating the target position, error in the information
about the orientation of the camera system or error in the initial measurement of
the distance to the target. The only way to verify if the error (in the estimation
of the angle to the target) is from an inaccurate distance or from the angle that
determine the position of the target, is to analyze the output from the HO. If
the output from the HO has a repetitive pattern one can expect that the error
comes from some error in the angle caused by drift or noise in the gyroscope, but
if the output is random and there are sections where the HO intervened more
often one can expect that the initial measurement of the distance is inaccurate.

6.5 Estimation of target position
As mentioned in Chapter 3 the group implemented an algorithm to estimate
the target position given the present configuration of the camera system. This
estimated position could work as a guidance to determine the performance of
the semi-autonomic tracking system. For estimation of the target position the
algorithm takes in the orientation and position of the vehicle and together with
the estimated distance and angle ϕ it computes a position for the target. The
algorithm calculates the center of the last 50 estimated positions as this gives
information about where the system suppose that the target is located. The
center of 50 points x1, x2, . . . , x50 is calculated as

C =
x1 + x2 + · · ·+ x50

50
.

This point minimizes the sum of squared Euclidean distances between itself and
each of the 50 points.
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6.6 Results for the implemented semi-autonomous
tracking system

To analyze the implemented semi-autonomic tracking system the group created
four different test cases. Common for all tests is that the vehicle moves along
the trajectory seen in Figure 6.8 and that the target location in the world frame
is (1500,500). The correct angle ϕ for this trajectory is shown in Figure 6.9.
The four test cases are defined as:

1. The initial measurement of the distance is correct and therefore the loca-
tion of the target can be considered correct. The output from the gyro-
scope contains drift which will lead to inaccurate information about the
orientation of the vehicle. Sources of error in this test are noise in the
GPS, the gyroscope, and drift in the angular velocity from the gyroscope.

2. The initial measurement of the distance is correct and therefore the lo-
cation of the target can be considered correct. The output from the gy-
roscope contain no drift only some noise this means that the orientation
of the vehicle can be considered correct. Sources of error in this test are
noise in the GPS and the gyroscope.

3. The initial measurement of the distance is incorrect and so the location
of the target assumes to be (1575,550). The output from the gyroscope
contain no drift only some noise this means that the orientation of the
vehicle can be considered correct. Sources of error in this test are noise in
the GPS and the gyroscope.

4. The initial measurement of the distance is correct but the initial informa-
tion about the orientation is inaccurate. The initial orientation departs by
0.03 radian from the correct orientation. The output from the gyroscope
contains no drift only some noise. Sources of error in this test are noise
in the GPS and the gyroscope.
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Figure 6.8: The trajectory for the travel. The vehicle starts in position (400, 59)
and moves in the positive x direction with a speed of 11 m/s along the curve.
The position of the target is (1500, 500).

Figure 6.9: This is the correct angle from the vehicle to the target for the given
trajectory.
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In Figure 6.10 the results from the first test are presented. In the output from
the HO, one can see that the drift in the angular velocity from the gyroscope
contributes to the need of correction of the estimated ϕ. The HO continuously
intervene to prevent the algorithm from drifting away from the target. When
the HO need to intervene this often it is time to reset the algorithm and make
a new measurement of the orientation and the distance to the target.
In Test 2, shown in Figure 6.11, there is no drift in the angular velocity from
the gyroscope this leads to a better estimate of the orientation of the vehicle.
As seen the HO doesn’t need to intervene as frequently as in Test 1. The error
in the estimated ϕ comes from noise in the GPS data and the angular velocity.
Since these errors aren’t as crucial as the drift the algorithm can track the target
in a more accurate way. This appearance of the output from the HO is to be
expected for a well functioning semi-autonomic tracking system because there
will always be some minor noise and error in the information to the algorithm
that will lead to necessary adjustments from the HO.
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Figure 6.10: Test1: In the left figure the error between the estimated ϕ and
the correct angle is shown and in the right figure the response from the HO is
shown. In this test, there is a drift in the angular velocity from the gyroscope
and there is a correct measurement of the initial distance to the target.

Figure 6.11: Test2: In the left figure the error between the estimated ϕ and
the correct angle is shown and in the right figure the response from the HO is
shown. In this test, there is no drift in the angular velocity from the gyroscope
data and there is a correct measurement of the initial distance to the target.
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In Test 3, shown in Figure 6.12, the initial measurement of the distance to the
target is inaccurate. Since the algorithm uses the distance and the orientation
to create an internal map with coordinates for the vehicle and the target, the
coordinates for the target will be inaccurate. This can be seen in the output
from the HO that from certain angles the estimated ϕ will be inaccurate. The
HO needs to intervene and adjust the direction of the camera more frequently
in some areas of the travel. When this happens the system needs to be reset.
In Test 4, shown in Figure 6.13, there is no drift in the angular velocity from
the gyroscope this leads to a better estimate of the orientation of the vehicle the
problem here is that the initial information about the orientation is inaccurate.
This leads to an inaccurate initial position for the target in the internal map.
As seen the HO makes a correction of the angle to compensate for the error
of 0.03 radian in the orientation in the beginning of the run time. After this
correction, the algorithm has accurate information about the target position.
After the first correction, the HO does not need to intervene too often. As in
Test 2 the error in the estimated ϕ comes from noise in the GPS data and the
angular velocity. Since these errors are to be expected it is not likely to expect
a better tracking from the algorithm.
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Figure 6.12: Test3: In the left figure the error between the estimated ϕ and
the correct angle is shown and in the right figure the response from the HO is
shown. In this test, there is no drift in the angular velocity from the gyroscope
data but there is an inaccurate measurement of the initial distance to the target.

Figure 6.13: Test4: In the left figure the error between the estimated ϕ and
the correct angle is shown and in the right figure the response from the HO is
shown. In this test, there is no drift in the angular velocity from the gyroscope
data but there is inaccurate information on the initial orientation of the vehicle.
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The algorithm will lose track of the target if the internal map in some way
is inaccurate. The internal map is used to update the relative position between
the vehicle and the target. The internal map uses the initial measurement of
the distance and the orientation of the vehicle to receive coordinates for the
target. During the travel, the internal map is updated given new GPS data. If
the information from the GPS or the gyroscope is inaccurate the algorithm will
lose track of the target and the HO will intervene to adjust the direction of the
camera. The only available information to determine if the algorithm needs to
reset due to inaccurate distance or orientation information is to study the output
from the HO. As seen in Test 1 the HO continuously adjusted the direction of
the camera and therefore one can assume that there are some misalignments
in the algorithm. In Test 3 there is a similar behaviour from the HO where
the HO needs to adjust the direction of the camera too often for it to be a
good target tracking algorithm. In this case, the algorithm does not fulfill
its purpose of easing the workload for the HO. In this case the HO need to
reset the whole system and rely on the new measurement of the distance and
orientation to be more accurate. In Test 2 and Test 4 one can see that the HO
after the initial correction of the angle does not intervene as frequently as in
the other tests. This is because in Test 2 and Test 4 the output from the HO
corrects the incorrect information about the target position in the internal map
which leads to an accurate position of the target in the internal map. When
the algorithm has an accurate position of the target in the internal map the
algorithm works as intended. The workload for the HO is significantly reduced
which is the main purpose in the implementation of the algorithm. In Test 1
the HO corrects the angle but after the correction the drift is continuing to
introduce error to information about the orientation given to the algorithm. In
this case, the gyroscope needs to be calibrated and the initial procedure with
distance and orientation measurement needs to be done. In Test 3 the initial
inaccurate measurement of the distance can not be corrected by the HO. Since
the HO only corrects the direction of the camera this error can not be eliminated
without a reset of the system. The initial measurement of the distance to the
target needs to be correct in order to get an accurate position for the target in
the internal map. If the output from the HO for the tests are compared, one
can see that when the output has a repetitive pattern with just some seconds
between each time the HO needs to intervene, the algorithm needs a reset. in
the other case when the output from the HO looks like in Test 2 and Test 4
the algorithm works as desired and ease the workload for the HO in a desirable
way.
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Another way to analyze the error in the algorithm is to use the information
from the target position estimation described in Section 6.5. To use the target
position estimation the result will be plotted where the estimated target location
is marked with circles while the correct position of the target is marked with a
cross at (1500, 500). In Figure 6.14 the update of the estimated target position
for the same setup as in Test 1 is shown. One can see that the distance is
almost the same throughout the whole run time and that there is only the angle
of direction for the camera system that is adjusted by the HO. One can see the
centre of mass for the estimated position of the target is located at (1596, 504)
this occurs due to drift in the gyroscope. As seen in Figure 6.10 the HO only
adjust the direction of the camera in one direction except for the last time. This
should be a signal to the HO that a reset of the system is needed.
In Figure 6.15 the update of the estimated target position for the same setup as
in Test 2 is shown. One can see that the distance is almost the same throughout
the whole run time and that there is only the angle of direction for the camera
system that is adjusted by the HO. This gives the appearance that the estimated
location of the target moves along an almost straight line perpendicular to the
direction of travel of the vehicle. Since the error in x and y is smaller than
3 meters the semi-autonomic tracking system works as desired if the initial
measurement of the distance is accurate and the drift in the angular velocity
from the gyroscope can be removed. This is also confirmed by the output from
the HO in test 2 where it is almost no impact from the HO.
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Figure 6.14: Estimated location of the target for the same case as in Test 1.
The correct position of the target is marked with a cross at (1500,500) while
the estimated position of the target is marked with circles.

Figure 6.15: Estimated location of the target for the same case as in Test 2.
The correct position of the target is marked with a cross at (1500,500) while
the estimated position of the target is marked with circles.
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In Figure 6.16 the update of the estimated target position for the same setup
as in Test 3 is shown. Now when the initial measurement of the distance is
inaccurate the estimated position for the target will differ by approximately the
error in the initial measurement of the distance. Since the HO corrects the
direction of the camera the location of the target in the internal map will be
adjusted to a location in the same direction but beyond the correct location at
(1500, 500). One can see that the estimated position does not oscillate in one
area but tends to move throughout the run time. This is a suspect appearance
that the HO should react to and stop the algorithm and reset the system.
This appearance gives information about error in the internal map that can be
adjusted by the HO.
In Figure 6.17 the update of the estimated target position for the same setup
as in Test 4 is shown. In this case, the initial information about the orientation
is inaccurate. Since there is an error in the initial orientation the HO needs to
correct the direction of the camera in the beginning of the run time, this can be
seen in Figure 6.17. First, the estimated location of the target differs from the
correct location but after the first correction by the HO the algorithm adjust
the location of the target in the internal map and the estimated location starts
to oscillate near the correct location. This appearance is desired and tells us
that the algorithm can track the target in a desirable way.
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Figure 6.16: Estimated location of the target for the same case as in Test 3.
The correct position of the target is marked with a cross at (1500,500) while
the estimated position of the target is marked with circles.

Figure 6.17: Estimated location of the target for the same case as in Test 4.
The correct position of the target is marked with a cross at (1500,500) while
the estimated position of the target is marked with circles.
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All information from the target position estimation already exist in the out-
put from the HO but it can be visualized by plotting the estimated target
position. From these results some rules can be set up for the HO. The HO has
the possibility to reset the system if it does not work as desired. The HO should
reset the system if the HO needs to correct the direction of the camera in the
same direction frequently or if the HO correct the direction of the camera in a
repetitive pattern.



Chapter 7

Control algorithms and
automatic code generator

The group used MBD or Model-Based Design as explained in Chapter 1. When
each of the essential parts from the simulation environment (SE) was proven not
to contain critical errors, the group implemented each part to the hardware. For
simplicity, the software written for the hardware will be called HI (Hardware
Implementation). In order to upload the HI to Simulink Real-Time one has
to generate C-code. This was done by setting up a C compiler, in this case,
Windows SDK 7.1. The group would then be able to ”Build Model” (Simulink
function) and generate C code.
Let us now revisit the hardware setup, see Figure 1.2. When it was time to
upload the algorithms to the hardware, numerous of strange behaviors occurred.
The group made sure to fix the biggest problems, discussed below, but did
not have time to eliminate the minor bugs. But to ensure a fully functional
evaluation of the HI, the user of the camera system needs to follow a certain
step-by-step procedure. The GPS caused the following errors (number 3 in
Figure 1.2):

• The GPS had to be placed near windows or outside of the building. The
group searched for a specific message obtained by the GPS followed by
latitude and longitude coordinates when the GPS had connection with a
satellite. The slightest change in position inside a building would cause
the entire implemented software to crash since the following coordinates
from the specific message was empty. This problem did not occur when
the vehicle was moving outside.
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• The group had to implement a special case when the vehicle was standing
still since the GPS had large errors when the GPS did not move.

The hardware settings operated from number 1 in Figure 1.2 was followed by
errors harder to track:

• By plugging the camera system into a television screen the group was able
to see what the camera system was pointing at. The default vision was a
IR vision which could be set to a daylight camera via CAN settings. This
setting contained different Simulink blocks and was originally implemented
inside of the HI. Little the group know that the camera vision settings
would interfere with the settings from the HI, causing the camera system
to rotate erratically and not to respond to user input.

• The HI contained an error that was very difficult to trace, namely the
integrating part of the PID components. This problem did not occur
when the user re-built the Simulink schematic since it flushed previous
results. But by turning of the engine and then turn it on again would
cause the camera system to spin until the power supply cut the power.
The solution was later found and the group had to reset the input to the
PID components every time the engine was turned off. Even though the
engines are on or off, the HI is still running, still carrying an error.

• Working with the blocks in Simulink and receiving help from the support
worked smoothly until the user decides to work with Simulink Real-Time
(SRT). It was never quite clear how SRT would interpret the blocks as
they were uploaded to the hardware. The group used ”Fixed Time Step”
with an ”auto solver” (Simulink configuration) and continuous blocks.
These continuous blocks caused unexpected problems and the group had
to switch to discrete blocks and choose a ”discrete solver”. An interest-
ing problem with SRT was the created subsystems. The group wanted
a neatly looking schematic and decided to pack certain parts into sub-
systems. When the group built the HI using subsystems, every signal in
the HI disappeared from the SRT monitor. This problem was later solved
only by NOT packing parts into subsystems.



Chapter 8

Conclusions

The results from Chapter 4 were evaluated in the simulation environment (SE)
and the biggest problems regarding the Kalman filters were the covariance ma-
trices (Q and R). The group started by guessing the elements of the matrices
and tried to configure these to work with good accuracy. The group considered
three cases, one when the vehicle was standing still and the other two when the
vehicle was moving. In the end, the group used a certain configuration to satisfy
all three cases. This problem occurred only in Section 4.1 when discussing the
Modifed Spherical Coordinates- Extended Kalman Filter (MSC-EKF). Since the
MSC-EKF is a special case of Kalman filter, the group decided only to integrate
and learning the basics of this algorithm. With regards to all the Kalman filters
used in this thesis, the group is satisfied with the results.

Chapter 5 gave the insight of the control algorithms, used in the SE and in
the hardware implementation. The black-box modelling gave good results based
on measurements without noticeable errors (i.g. a weak power supply will result
in bad data). The group initially used a bad power supply resulting in irregular
sinusoidal waves and could not be modelled. The biggest challenge was to
translate the control algorithms from the SE to the hardware implementation.
But since the group used Model-Based Design (MBD), the group made sure to
integrate one thing at the time. The group therefore recommends the reader to
study MBD and hardware in the loop.

In Chapter 6 the results from the semi-autonomic tracking system shows
that the workload for the HO is heavily reduced. One can see that the HO
can watch the automatic tracking system work for long periods of time without
being forced to intervene due to bad estimation of the target position. This was
one of the most important parts to be examined in this thesis and the results
looked promising.
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Appendix A

Transformation between
MSC and Cartesian
coordinates

Appendix A tells the reader the relationship between MSC and Cartesian coor-
dinates. How to transform between these two coordinate systems are described
along with the Jacobians. MSC coordinates are denoted as zmsc and the Carte-
sian coordinates by xcar. The state vectors the MSC-EKF is built upon are:

xcar = (x1 x2 x3 x4 x5 x6)
T = (x y z ẋ ẏ ż)T (A.1)

zmsc = (z1 z2 z3 z4 z5 z6)
T = (

1

r
ϕ θ

ṙ

r
Ω θ̇)T (A.2)

where
Ω = ϕ̇ cos θ. (A.3)

Transformation from zmsc to xcar

z1 =
1

r
=

1√
x2
1 + x2

2 + x2
3

(A.4)

z2 = ϕ = arctan

(
x2

x1

)
(A.5)

z3 = θ = arctan

(
−x3√
x2
1 + x2

2

)
(A.6)
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z4 =
ṙ
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(A.7)

z5 = Ω =
x1x5 − x2x4
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(A.9)

Now one can form the Jacobian for this transformation:

Jz (x1, . . . , x6) =


∂z1
∂x1

. . . ∂z1
∂x6

...
. . .

...
∂z6
∂x1

. . . ∂z6
∂x6

 =
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...
. . .

...
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 (A.10)
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(A.12)

Jz13 = − x3
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(A.13)

Jz14 = Jz15 = Jz16 = 0 (A.14)

Jz21 = − x2
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(A.15)

Jz22 =
x1

x2
1 + x2

2

(A.16)

Jz23 = Jz24 = Jz25 = Jz26 = 0 (A.17)

Jz31 =
x3x1√

x2
1 + x2

2 (x
2
1 + x2

2 + x2
3)

(A.18)

Jz31 =
x3x2√

x2
1 + x2

2 (x
2
1 + x2

2 + x2
3)

(A.19)

Jz31 = −
√

x2
1 + x2

2

(x2
1 + x2

2 + x2
3)

(A.20)

Jz34 = Jz35 = Jz36 = 0 (A.21)

Jz41 =
x4

(
x2
1 + x2

2 + x2
3

)
− 2x1 (x1x4 + x2x5 + x3x6)

(x2
1 + x2

2 + x2
3)

2 (A.22)
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Jz42 =
x5

(
x2
1 + x2

2 + x2
3

)
− 2x2 (x1x4 + x2x5 + x3x6)

(x2
1 + x2

2 + x2
3)

2 (A.23)

Jz43 =
x6

(
x2
1 + x2

2 + x2
3

)
− 2x3 (x1x4 + x2x5 + x3x6)

(x2
1 + x2

2 + x2
3)

2 (A.24)

Jz44 =
x1

x2
1 + x2

2 + x2
3

(A.25)

Jz45 =
x2

x2
1 + x2

2 + x2
3

(A.26)

Jz46 =
x3

x2
1 + x2

2 + x2
3

(A.27)

Jz51 =
x5

(
x2
1 + x2

2

)
− 2x1 (x1x5 − x2x4)

(x2
1 + x2

2)
2 cos

(
arctan

(
− x3√

x2
1 + x2

2

))
−

x1 (x1x5 − x2x4)
3
√

x2
1 + x2

2 (x
2
1 + x2

2 + x2
3)
sin

(
arctan

(
− x3√

x2
1 + x2

2

)) (A.28)

Jz52 =
−x4

(
x2
1 + x2

2

)
+ 2x2 (x1x5 − x2x4)

(x2
1 + x2

2)
2 cos

(
arctan

(
− x3√

x2
1 + x2

2

))
−

x2 (x1x5 − x2x4)
3
√

x2
1 + x2

2 (x
2
1 + x2

2 + x2
3)
sin

(
arctan

(
− x3√

x2
1 + x2

2

)) (A.29)

Jz53 =
(x1x5 − x2x4)

3
√

x2
1 + x2

2 (x
2
1 + x2

2 + x2
3)
sin

(
arctan

(
− x3√

x2
1 + x2

2

))
(A.30)

Jz54 =
−x2

(x2
1 + x2

2)
cos

(
arctan

(
− x3√

x2
1 + x2

2

))
(A.31)

Jz55 =
x1

(x2
1 + x2

2)
cos

(
arctan

(
− x3√

x2
1 + x2

2

))
(A.32)

Jz56 = 0 (A.33)

Jz61 =
(−2x1x6 + x3x4)√

x2
1 + x2

2 (x
2
1 + x2

2 + x2
3)

− 2x1

−x6

(
x2
1 + x2

2

)
+ x3 (x1x4 + x2x5)√

x2
1 + x2

2 (x
2
1 + x2

2 + x2
3)

2
−

x1

−x6

(
x2
1 + x2

2

)
+ x3 (x1x4 + x2x5)

3
√

x2
1 + x2

2 (x
2
1 + x2

2 + x2
3)

(A.34)
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Jz62 =
(−2x2x6 + x3x5)√

x2
1 + x2

2 (x
2
1 + x2

2 + x2
3)

− 2x2

−x6

(
x2
1 + x2

2

)
+ x3 (x1x4 + x2x5)√

x2
1 + x2

2 (x
2
1 + x2

2 + x2
3)

2
−

x2

−x6

(
x2
1 + x2

2

)
+ x3 (x1x4 + x2x5)

3
√

x2
1 + x2

2 (x
2
1 + x2

2 + x2
3)

(A.35)

Jz63 =
(x1x4 + x2x5)√

x2
1 + x2

2 (x
2
1 + x2

2 + x2
3)

− 2x3

−x6

(
x2
1 + x2

2

)
+ x3 (x1x4 + x2x5)√

x2
1 + x2

2 (x
2
1 + x2

2 + x2
3)

2
(A.36)

Jz64 =
x3x1√

x2
1 + x2

2 (x
2
1 + x2

2 + x2
3)

(A.37)

Jz65 =
x3x2√

x2
1 + x2

2 (x
2
1 + x2

2 + x2
3)

(A.38)

Jz66 = −
√

x2
1 + x2

2

x2
1 + x2

2 + x2
3

(A.39)

Transformation from xcar to zmsc

x1 = x =
cos(z2)cos(z3)

z1
(A.40)

x2 = y =
sin(z2)cos(z3)

z1
(A.41)

x3 = z = −sin(z3)

z1
(A.42)

x4 = ẋ =
z4cos(z2)cos(z3)− z5sin(z2)− z6cos(z2)sin(z3)

z1
(A.43)

x5 = ẏ =
z4sin(z2)cos(z3) + z5cos(z2)− z6sin(z2)sin(z3)

z1
(A.44)

x6 = ż =
−z4sin(z3)− z6cos(z3)

z1
(A.45)

Now one can form the Jacobian for this transformation:

Jx (z1, . . . , z6) =


∂x1
∂z1

. . . ∂x1
∂z6

...
. . .

...
∂x6
∂z1

. . . ∂x6
∂z6

 =


Jx11 . . . Jx16

...
. . .

...
Jx61 . . . Jx66

 (A.46)

Jx11 = −cos(z2)cos(z3)

z21
(A.47)
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Jx12 = −sin(z2)cos(z3)

z1
(A.48)

Jx13 = −cos(z2)sin(z3)

z1
(A.49)

Jx14 = Jx15 = Jx16 = 0 (A.50)

Jx21 = −sin(z2)cos(z3)

z21
(A.51)

Jx22 =
cos(z2)cos(z3)

z1
(A.52)

Jx23 = −sin(z2)sin(z3)

z1
(A.53)

Jx24 = Jx25 = Jx26 = 0 (A.54)

Jx31 =
sin(z3)

z21
(A.55)

Jx32 = 0 (A.56)

Jx31 = −cos(z3)

z1
(A.57)

Jx34 = Jx35 = Jx36 = 0 (A.58)

Jx41 =
−z4cos(z2)cos(z3) + z5sin(z2) + z6cos(z2)sin(z3)

z21
(A.59)

Jx42 = −z4sin(z2)cos(z3) + z5cos(z2)− z6sin(z2)sin(z3)

z1
(A.60)

Jx43 = −z4cos(z2)sin(z3) + z6cos(z2)cos(z3)

z1
(A.61)

Jx44 =
cos(z2)cos(z3)

z1
(A.62)

Jx45 = −sin(z2)

z1
(A.63)

Jx46 = −cos(z2)sin(z3)

z1
(A.64)
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Jx51 =
−z4sin(z2)cos(z3)− z5cos(z2) + z6sin(z2)sin(z3)

z21
(A.65)

Jx52 =
z4cos(z2)cos(z3)− z5sin(z2)− z6cos(z2)sin(z3)

z1
(A.66)

Jx53 = −z4sin(z2)sin(z3) + z6sin(z2)cos(z3)

z1
(A.67)

Jx54 =
sin(z2)cos(z3)

z1
(A.68)

Jx55 =
cos(z2)

z1
(A.69)

Jx56 = −sin(z2)sin(z3)

z1
(A.70)

Jx61 =
z4sin(z3) + z6cos(z3)

z21
(A.71)

Jx62 = 0 (A.72)

Jx63 =
−z4cos(z3) + z6sin(z3)

z1
(A.73)

Jx64 = −sin(x3)

z1
(A.74)

Jx65 = 0 (A.75)

Jx66 = −cos(x3)

z1
(A.76)
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