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ABSTRACT
In this work the influence of temperature and composition on the activity coefficient in solution
has been investigated, based on isothermal and isobaric vapor-liquid equilibrium data for 30 binary
systems classified into four groups: water-organic, polar-polar, polar-nonpolar and nonpolarnonpolar systems. It is shown that under most conditions the temperature-dependence of the
activity coefficient is clearly weaker than the composition-dependence. The analysis is extended
to include solid-liquid solubility data of 15 binary systems of relatively large and complex organic
molecules in organic solvents. Based on this, a novel approach to estimate the thermodynamic
driving force of crystallization from solution is proposed. Rather than assuming that the activity
coefficient ratio equals unity, it is shown that in most cases a more accurate assumption is to
neglect only the temperature-dependence of the activity coefficient. This allows the activity
coefficient ratio to be estimated from solid-liquid equilibrium data.
Keywords: VLE, SLE, activity coefficient, driving force, temperature, solubility

INTRODUCTION
Crystallization from solution is a common industrial unit operation, of particular importance in
the production of pharmaceuticals. Crystallization processes are primarily governed by the kinetics
of crystal nucleation and growth, even though other mechanisms can also be of importance, such
as agglomeration and breakage. Primary nucleation in particular, but also secondary nucleation
and crystal growth are strongly dependent on the thermodynamic driving force – the
supersaturation. The true driving force is the difference in chemical potential between the solute
in the supersaturated solution and in the solid phase, i.e. of the solute in the saturated solution. In
crystallization, this driving force is however simplified into the corresponding concentration ratio,
denoted the supersaturation ratio. Expressed in terms of simple empirical power law relationships,
the rate of primary nucleation is typically found to depend on the supersaturation ratio to the power
of between 5 and 15, while for secondary nucleation the exponent is typically between 2 and 4,
and for crystal growth between 1 and 2. Consequently, important product properties including
crystal shape, size distribution and structure can be quite sensitive to the process conditions, and
this partly explains the batch-to-batch variations observed in industrial crystallization processes.
Accordingly, an accurate representation of the crystallization kinetics requires an accurate
representation of the driving force, both in the determination of kinetics as well as in the use of
these kinetics in process modelling.
Consider a simple case of supersaturation generated by cooling as outlined in Figure 1:
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Figure 1. Schematic solubility diagram showing the chemical potential driving force of
crystallization generated by cooling. The red line is the solubility curve, x is the mole fraction and
T the temperature.

At the starting point 1, the solution is saturated with respect to the solute, i.e. is in equilibrium
with the pure solid phase at the same temperature T1. At point 2, the solution has been cooled to
temperature T2 and has become supersaturated with respect to the solute and thermodynamically
inclined to reach saturation (point 3) at the same temperature through crystallization of a solid
phase. At constant temperature and pressure, the driving force of this phase transformation is the
difference in chemical potential of the solute between the supersaturated solution (at point 2) and
the saturated solution (at point 3). This can be expressed as a ratio of solute activities:
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where the italicized superscripts refer to the different states of the solution marked in Figure 1.
If the activity coefficient γ is introduced, Eq. 1 can be expressed in terms of solute mole fractions
in solution, x:

  RT 2 ln

x 2 2
x 3 3

(2)

In this work, the activity coefficient is defined within a Raoult’s law framework, i.e. γ = 1 for
an ideal solution. With careful thermodynamic data determination,1 it is possible to estimate the
activity coefficient in solution at equilibrium, e.g. at points 1 and 3 along the saturation line in
Figure 1. However, the activity coefficient in a supersaturated solution, such as at point 2, is not
directly accessible from solid-liquid equilibrium data. This partly explains and motivates the
common approximation of setting the ratio of activity coefficients in Eq. 2 equal to unity, which
results in the use of the mole fraction ratio directly as a representation of the driving force:
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  RT ln 3
x
2

(3)

This mole fraction ratio (or a corresponding ratio in other concentration terms) is known as the
supersaturation ratio, S, and appears in most equations for crystallization kinetics, e.g. for
nucleation, crystal growth and phase transformation.
However, for real (non-ideal) solutions, the assumption behind Eq. 3 is only true in the limit of
infinite dilution, where the activity coefficient at constant temperature becomes independent of
concentration (Henry’s law region). In most industrial crystallization processes of organic

compounds in solution, for productivity reasons the working concentration region is well above
the limit of infinite dilution.
A possible cause for neglecting the activity coefficient ratio is the misconception that, since the
supersaturation mole fraction tends to be rather close to the solubility (i.e. the supersaturation ratio
tends to be close to unity) the activity coefficient in the supersaturated solution would not differ
much from that in the saturated solution. However, consider a simple example: for a
supersaturation ratio S = 1.2, and supposing that the activity coefficient at supersaturation is 5%
lower than the corresponding saturation value, using Eq. 3 results in an overestimation error of
39% in the true chemical potential driving force estimate. Moreover, even in cooling crystallization
processes, the supersaturation ratio can reach values of 5 or higher, depending on the compound
and the solvent.
Proper evaluation of the error associated with neglecting the activity coefficient ratio in Eq. 3,
and development of better approaches, requires estimation of activity coefficients in saturated as
well as supersaturated solutions. The activity coefficient depends on both temperature and solution
composition. However, these dependencies are complex and insufficiently understood, especially
for large and flexible molecules with a diversity of functional groups, i.e. typical pharmaceutical
molecules. To the best of our knowledge, there are no studies available in the open literature
dealing with the effect of temperature on activity coefficients, with the exception of systems at
infinite dilution, for which there are several.2, 3
The aim of the present work is to investigate the magnitude of the temperature- and compositiondependence of the activity coefficients of the components in binary molecular organic and
aqueous-organic liquid mixtures. Based on such an investigation, a particular objective of the work
is to quantify the errors stemming from neglecting the composition- and/or the temperaturedependence, respectively, of the activity coefficient when estimating thermodynamic driving
forces of crystallization. Since solid-liquid equilibrium (SLE) data does not allow us to distinguish
the influence of the temperature from the influence of the composition, the first step of this work
is taken using vapor-liquid equilibrium (VLE) data. Compared to solid-liquid equilibria, much
more work has been done on vapor-liquid equilibria, for which the influence of temperature and
concentration on the liquid-phase activity coefficients can be determined. As a second step, the

results of analysis of VLE data are applied to an analysis of SLE data. Based on this we are able
to propose a novel, more accurate approach to estimate crystallization driving forces.

METHOD
Isothermal VLE data
A database of experimental VLE data was compiled through an exhaustive search of the
DECHEMA vapor-liquid data collection vol:s 1-6,4 selecting datasets fulfilling the following
criteria: i) experimentally determined isothermal VLE data is available at three or more
temperatures, and ii) the data is thermodynamically consistent, as verified by the method of van
Ness et al.5 This resulted in a database of 30 binary systems in total. A table of the selected systems
is provided as supporting information.
In order to extract activity coefficients at specific solution compositions and to obtain a
smoothing6 of the composition-dependence of the isothermal activity coefficient data, the Van Laar
equation (Eq. 4) has been used, together with the parameters reported in the DECHEMA data
sheets:
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where γ1 denotes the activity coefficient and x1 the mole fraction of component 1 in the binary
liquid mixture. The equation is relatively simple but robust, and obeys the Gibbs-Duhem equation
applied to binary systems:
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It is worth noting that, for isothermal data, we found no improvement in the goodness of fit
using either the NRTL or the Wilson models.
For each system at each available temperature, activity coefficients were calculated using the
van Laar equation (Eq. 4) for both components i at a set of specified mole fraction compositions
in the liquid phase: xi = (0.05, 0.20, 0.40, 0.60, 0.80, and 0.95). From data at different temperatures,

the influence of temperature on the activity coefficient at constant composition could then be
extracted and analyzed.
Various simple relationships between the activity coefficient at constant composition and the
temperature have been proposed. For example, for a regular solution, ln γ at constant x may be
expressed as a function of T-1.7 In this work, for the purpose of analyzing the partial derivative of
 ln  
ln γ with respect to temperature, 
 at different compositions, ln γ at constant x was
 T  x

correlated to T using a simple first order polynomial:
ln   a  bT

(6)

Fitting Eq. 6 to the data in this study resulted in R2 values exceeding 0.7. The main reason for
occasionally low R2 values is a sometimes significant spread in the underlying data, in particular
when the data originate from different studies. However, analysis of these cases shows that
residuals are randomly distributed around zero. For the absolute majority of systems considered in
this study, using a higher order function would not lead to an improved model. Using Eq. 6 has

  ln  
the benefit of allowing an estimate of 
 to be obtained as a constant b, providing a fair
 T  x
measure of the magnitude of the temperature-dependence of the activity coefficient at constant
composition, independent of temperature.
In order to investigate the influence of the composition on the activity coefficient at constant

  ln  i
temperature, the concentration derivative 
 xi


 was computed for both components i
T

directly through differentiation of the van Laar equation, Eq. 4, using parameters fitted to
isothermal data. Since most SLE data is reported at or near T = 25°C, the concentration derivatives
were evaluated at this, or the closest available, temperature.
Isobaric VLE data
A second database consisting of VLE data at isobaric conditions was established, including each
of the binary systems where thermodynamically consistent data is available at a pressure of 1 atm.
The resulting list consists of 15 binary systems. A table of these systems is provided as supporting
information. The isobaric data was used to compute through interpolation the derivative of the

 x 
 , i.e. along the boiling point curve
 T  sat

composition with respect to temperature at saturation, 

of each binary mixture. The value of this derivative for each component i of each system was
calculated at xi = (0.05, 0.20, 0.80, and 0.95).
Isobaric SLE data
Solid-liquid equilibrium data of four compounds: risperidone, fenoxycarb, fenofibrate and butyl
paraben, in multiple pure, organic solvents over the temperature range 10°C – 40°C has been
used.8-13 For these systems, the temperature-dependence of the solubility and activity coefficients
along the solubility curve have been modelled with a recently proposed semi-empirical regression
model.1 The basis of this model is the separation of the solid phase activity from the solution
activity coefficient. The former term is modelled by rigorous thermodynamics, using
experimentally determined calorimetric data, and the latter by a scaled Weibull function. This
model obeys thermodynamic boundary conditions in the limit of the melting point, and as such is
significantly more robust compared to commonly used, simpler empirical equations. It is common
to find in publications analyzing SLE data that the contribution from heat capacity to the solid
phase activity is neglected. It has been shown in several studies14-17 that this practice can result in
large errors, particularly for conformationally flexible molecules with not too low melting points,
including most pharmaceutical molecules. In this work, only experimental data where the
influence of heat capacity on the solid phase activity and activity coefficients has been specifically
accounted for has been used.

DATA COLLECTION AND EVALUATION
VLE data
Three out of 30 investigated systems exhibit negative deviation from Raoult’s law, with activity
coefficients increasing towards unity as xi → 1: hexafluorobenzene – benzene, hexafluorobenzene
– toluene and hexafluorobenzene – p-xylene. For the remaining 27 systems, showing positive
deviation, activity coefficients at constant temperature decrease towards unity as xi → 1. The
monotonic approach towards unity with increasing concentration means that the compositiondependence is relatively stronger for dilute solutions compared with more concentrated solutions.

Figure 2 shows how the temperature derivative of the activity coefficient at constant
concentration depends on composition for four binary systems, illustrating the different principal
behaviors. In accordance with Eq. 6, these curves are approximately independent of temperature.

Figure 2. Temperature derivative of the activity coefficient vs. composition for four systems
(symbols) together with polynomial regression lines: (a) ethanol – benzene, (b) methanol – water,
(c) ethanol – water, and (d) cyclohexane – ethanol.
Out of the 60 individual components of the 30 binary systems investigated, the activity
coefficient at constant composition increases with increasing temperature over the whole
concentration range for 13, and decreases with increasing temperature for 31. For the remaining
16 cases, the temperature-dependence is not monotonic. For 6 binary systems, the activity
coefficients of both components increase and for 14 systems they decrease with increasing
temperature over the whole range of compositions. For 6 binary systems, the activity coefficients
of both components increase over part of the composition range and decrease over another, and
finally for 4 systems, the activity coefficient of one component either increases or decreases with
temperature over the whole range of compositions, whereas for the other component it increases
over part of the composition range and decreases over another. For the majority of the investigated

systems, the strongest influence of temperature on the activity coefficient is observed at infinite
dilution, i.e. the absolute value of the temperature derivative has a maximum as xi → 0. Four
systems constitute exceptions to this: cyclohexane – tetrachloromethane, cyclohexane – ethanol,
methanol – methyl acetate and pyridine – water.
In the following, case studies for each of the four classes of binary systems (aqueous-organic,
organic polar-polar, organic polar-nonpolar and organic nonpolar-nonpolar systems) are discussed
and contrasted.
Aqueous – organic systems
Six aqueous-organic systems were studied in this work. It was found that for four of these the
temperature derivative of the activity coefficient at constant composition has either a maximum or
a minimum at a certain composition, as shown for the system acetaldehyde – water in Figure 3 a.
For all systems the activity coefficient at constant temperature decreases with increasing
concentration and for most of the systems this concentration derivative exhibits an approximately
linear temperature-dependence, as illustrated for the same system in Figure 3 b.

Figure 3. (a) Temperature derivative of the activity coefficient as a function of composition, and
(b) concentration derivative of the activity coefficient (at x = 0.05) as a function of temperature,
for the system acetaldehyde – water over the temperature range 10°C – 40°C.
Nonpolar – nonpolar organic systems
Figure 4 a shows how the temperature derivative of the activity coefficient depends on
composition for the system hexafluorobenzene – cyclohexane. This system, like all evaluated
nonpolar systems, exhibits negative values of the temperature derivative for both components at
all compositions. As can be seen in the figure, the temperature-dependence for the two components

is of similar magnitude and monotonically approaching zero with increasing concentration. In
Figure 4 b the concentration derivative of the activity coefficient is plotted vs. temperature. For
both components the concentration derivative at constant temperature increases towards zero with
increasing temperature.

Figure 4. (a) Temperature derivative of the activity coefficient as a function of composition,
and (b) concentration derivative of the activity coefficient (at x = 0.05) as a function of the
temperature, for the system hexafluorobenzene – cyclohexane over the temperature range 30°C –
70°C.
Polar – nonpolar organic systems
Six binary polar-nonpolar systems have been studied in this work. No general trends are
observed for these systems. For two systems, the temperature derivative of the activity coefficient
is positive for both components, for two systems it is negative for both components, and for two
systems the derivative changes sign over the composition range for both components. Figure 5 a
shows how the temperature derivative of the activity coefficient at constant composition depends
on composition for the system diethyl ether – ethanol. The temperature derivatives of the activity
coefficients are negative, and with increasing concentration the influence of temperature on the
activity coefficients of both components decrease monotonously. As shown in Figure 5 b, for both
components the concentration derivatives of the activity coefficient are almost linear with
temperature, with a comparatively weaker temperature-dependence observed for diethyl ether.

Figure 5. (a) Temperature derivative of the activity coefficient as a function of composition,
and (b) concentration derivative of the activity coefficient (at x = 0.05) as a function of temperature,
for the system diethyl ether – ethanol over the temperature range 0°C – 50°C.
Polar – polar organic systems
For all the six polar-polar systems studied in this work, activity coefficients decrease with
increasing temperature. For the system methyl acetate – methanol, as shown in Figure 6 a, the
temperature derivative at constant composition exhibits a minimum for methyl acetate at a
composition of approx. 0.3, while for methanol the temperature derivative has a small maximum
somewhere around 0.7. As is shown in Figure 6 b, the composition derivative is negative for both
components and very weakly dependent on temperature.

Figure 6. (a) Temperature derivative of the activity coefficients as a function of composition,
and (b) concentration derivative of the activity coefficient (at x = 0.05) as a function of temperature,
for the system methyl acetate – methanol over the temperature range 30°C – 50°C.

Overall comparison of temperature and concentration derivatives
For a general comparison of the magnitude of the temperature-dependence vs. the concentrationdependence of the activity coefficient we need to account for the difference in units. Since the
mole fraction is inherently limited to the range zero to unity, we normalize the temperature
accordingly by introducing a dimensionless temperature, :



T  Tlow
Thigh  Tlow

(7)

where Tlow and Thigh refer to the boiling points of the pure components at atmospheric pressure.

  ln  
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In Figure 7 a, the ratio of the concentration derivative of the activity coefficient, 

  ln  
 , is plotted for four values of the mole fraction
   x

dimensionless temperature derivative, 

composition for each component of all 30 systems, resulting in 60 data points for each mole
fraction value, x = (0.05, 0.20, 0.80 and 0.95).Please note that the y-axis scale is logarithmic.

Figure 7. Ratio of mole fraction derivative to dimensionless temperature derivative of the
activity coefficient for both components of 30 binary systems: (a) at four different compositions,
and (b) plotted vs. the difference in molecular mass, at x = 0.05.
Figure 7 a reveals that the concentration derivative of the activity coefficient in all but four cases
is at least one order of magnitude higher than the normalized temperature derivative. In no case is
the temperature derivative larger than the concentration derivative. Furthermore, no systematic
difference between the four classes of systems is observed. This shows that even with fundamental

differences in chemical interactions between the systems the overall relationship between the
composition and temperature derivatives of the activity coefficient is maintained.
In Figure 7 b, the values of the ratio of derivatives at x = 0.05 are plotted against the difference
in molecular mass of the components of each binary system. As the graph shows, the relationship
between the composition and temperature derivatives of the activity coefficient exhibits no
dependence on the difference in size of the molecular species in solution. It may be noted that this
range of differences in molecular mass for the evaluated VLE systems extends above 100 g/mol,
and that the molecular mass of the heaviest component is 186 g/mol, which is higher than several
well-known pharmaceuticals.
SLE data

 x 
 for the four
 T  sat

Figure 8 shows the temperature derivative of the mole fraction solubility 

SLE model compounds in different organic solvents. The derivatives have been obtained using a
semi-empirical regression model,1 which for all the evaluated systems has been shown to give
excellent fits to experimental solubility data. As the solubility increases with increasing
temperature, this derivative term has a positive value for all systems.

Figure 8. Temperature derivative of the solubility vs. temperature in different organic solvents
for four compounds: (a) risperidone, (b) fenoxycarb, (c) fenofibrate, and (d) butyl paraben.
Figure 9 shows the corresponding temperature derivative of the activity coefficient at saturation
for the systems in Figure 8. For the majority of systems, exhibiting a positive deviation from
Raoult’s law, this temperature derivative is negative. The derivatives are almost constant and close
to zero for two systems which exhibit close to ideal behavior: fenoxycarb in ethyl acetate and
fenofibrate in ethyl acetate. For butyl paraben in three solvents, where the deviation from Raoult’s
law is negative, the temperature derivatives are positive.

Figure 9. Temperature derivative of the activity coefficient in saturated solution vs. temperature
in different organic solvents for four compounds: (a) risperidone, (b) fenoxycarb, (c) fenofibrate,
and (d) butyl paraben.

ANALYSIS AND DISCUSSION
The activity coefficient of a compound in solution at low to moderate pressures is a measure of
the differences in the interactions between the molecular species. As such, it depends only on the
composition and the temperature in the liquid solution, and is independent of other phases present,
e.g. a solid or a vapor. The total differential of ln γ can be expressed as:

  ln  
  ln  
d ln   
 dx  
 dT
 x T
 T  x

(8)

For a binary VLE system at isobaric conditions, the total differential accounts for the influence
of temperature and composition along the boiling point curve of the liquid mixture. Analogously,
for isobaric SLE data, the total differential of the activity coefficient of the solute in the solution
accounts for the influence of temperature and solute concentration along the solid-liquid solubility
curve. In both cases, at constant pressure, we can write:
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  ln    x 
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where ‘sat’ denotes a saturated solution. Please note that for VLE systems at isobaric conditions,
saturated solution means the boiling liquid, while for SLE systems, it denotes a solution at
equilibrium with the pure solid. Hence, Eq. 9 quantifies the relative influence of temperature and
concentration on the activity coefficient along the boiling point curve (VLE) or the solid-liquid
solubility curve (SLE), respectively, and how this depends on how the concentration changes with

 x 
 . Eq. 9 can be rearranged into:
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temperature, 

  ln  
  ln  




 T  sat  x T

  ln  
  ln  




 T  x
 T  x

 x 

 1
 T  sat

(10)

In case the ratio on the left-hand side of Eq. 10 is much larger than unity, the temperature
derivative of the activity coefficient along the respective saturation curve is dominated by the
concentration-dependence of the activity coefficient rather than by the temperature-dependence.
In such a case, the right-hand side will also be much larger than unity, which in turn means that:
  ln 
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The left-hand side of Eq. 11 is the ratio of the partial derivatives of the activity coefficient with
respect to concentration and temperature, respectively, and the term on the right-hand side
describes how strongly the concentration changes with temperature at saturation, i.e. along the
boiling point curve (for VLE data) or the solubility curve (for SLE data).
We start by exploring the magnitude of the two terms on the right-hand side of Eq. 9 for the
VLE systems, and then proceed to make the extrapolation to SLE systems by considering Eq. 11.
However, please note that for the left-hand side of Eq. 11, data must in both cases (VLE and SLE)
necessarily be obtained from VLE data, since there is no direct way to experimentally separate the
composition-dependence of the activity coefficient from the temperature-dependence for solid-

liquid equilibria. Accordingly, we make the assumption that, to within an order of magnitude, the
ratio of the activity coefficient derivatives extracted from VLE data for our set of 30 systems is
representative also for solid-liquid equilibria. The main arguments against the validity of such a
comparison that could be raised are that i) VLE data is normally collected at higher temperatures
than solute-solvent solubility data, and ii) the solute molecule in typical SLE systems is generally
larger and more complex, and expected to exhibit stronger intermolecular bonding, compared to
typical VLE systems. However, looking at Table S1 in the supporting information, it can be seen
that the temperature range of the VLE data selected for this study is in fact largely overlapping
that of the SLE data used in this work. Furthermore, as was shown for VLE data in Figure 7,
neither differences in the chemical nature of the components nor in their molecular size seem to
exert any influence on the relationship between the composition and the temperature dependence
of the activity coefficient. It is noteworthy that the VLE systems evaluated in this work cover a
wide range of functional groups and include compounds featuring chlorine as well as fluorine
atoms, which increases the applicability of the analysis to typical pharmaceutical molecules.
In Figure 10, the temperature-dependence and concentration-dependence terms of Eq. 9 are
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   ln    x  
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fraction of each component, x = (0.05, 0.20, 0.80 and 0.95), of the 15 VLE systems for which both

  ln  

 T  x

isothermal and isobaric data is available. As shown in the figure, the absolute value of 
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   ; for the absolute
 x T  T sat

on the y-axis is generally much smaller than the value of 

majority of systems by 1-3 orders of magnitude. In no single case, the y-axis term is larger in
magnitude than the x-axis term. This shows that the concentration-dependence is in general more
important than the temperature-dependence for the behavior of the activity coefficient along the
saturation curve. Notably, the term on the x-axis does show a definite decreasing tendency with
increasing concentration. However, this is compensated by a decrease of similar magnitude in the
temperature derivative term on the y-axis, which results in the relationship between the
concentration-dependence and the temperature-dependence being equally valid at all compositions
over the sampled range.

Figure 10. Comparison between the terms of Eq. 9 for four compositions, x = (0.05, 0.20, 0.80
and 0.95), based on isothermal and isobaric VLE data for 15 binary systems. The line represents y
= x.
In Figure 11 the terms of Eq. 11 are compared for both components of the 15 VLE systems for
which both isothermal and isobaric data is available, and please note that the y-axis is logarithmic.
Figure 11 a shows that the ranges of the two sets of data is almost without overlap, and on average
separated by several orders of magnitude. As shown in Figure 11 b, for each component in every
single system, Eq. 11 is satisfied; the average value of the ratio on the left-hand side to the righthand side is over 650, the lowest value observed is 1.9, and in 86% of the cases the ratio between
the terms exceeds a factor 10. There is a slight tendency for the ratio to decrease for the more dilute
solutions, as expected when approaching the limit of infinite dilution where Henry’s law applies.
Overall, this establishes that for VLE data the influence of the temperature-dependence on the
activity coefficient in a saturated solution at constant pressure tends to be orders of magnitude
smaller than that of the composition-dependence, over the entire range of compositions
investigated.

Figure 11. (a) Absolute values of the terms of Eq. 11, and (b) the ratio between these terms,
shown for four compositions, x = (0.05, 0.20, 0.80, and 0.95), based on isothermal and isobaric
VLE data for both components of 15 binary systems.
In Figure 12 the right-hand side of Eq. 11 is shown for the 15 SLE systems plotted vs. solute
mole fraction. Notably, the different curves show qualitatively similar behavior, exhibiting a weak
linear dependence on concentration over the major part of the composition range, but a steep nonlinear increase as x → 0. The latter behavior follows from the typically weak slope of the solubility
curve far below the melting point, where the mole fraction solubility is low. With reference to
Figure 11 a, within the investigated range of compositions for the VLE data (0.05 ≤ x ≤ 0.95), the

 x 
obtained from SLE data are on average somewhat higher than the

 T  sat

values of 1 

corresponding boiling liquid values obtained from VLE data (square symbols in Figure 11 a).
However, overall they are still below the value of the group on the left-hand side of Eq. 11 obtained

from VLE data (circle symbols in Figure 11 a). Ergo, within the assumption that VLE data can be
used to quantify the relative dependence on temperature and composition on the activity coefficient
also for the SLE systems, a comparison of Figures 12 and 11 shows that the left-hand side of Eq.
11 will be larger than unity for the absolute majority of the SLE cases.

Figure 12. Reciprocal of the temperature derivative of the solubility vs. mole fraction for
solubility data in the temperature range 10°C – 40°C, for 15 binary SLE systems.
For very dilute solutions a transition region is indicated. Within this region, the relative
influence of the composition-dependence of the activity coefficient decreases with decreasing
concentration towards the state at infinite dilution. For compounds with a high molecular mass,
the mass-based concentration can still be significant at the border of this transition region; for
example, the saturation mole fraction of fenofibrate in methanol at 293 K is 0.005 which
corresponds to approximately 60 g/kg solvent.
Estimation of crystallization driving force
As discussed in the introduction, for a binary solid-liquid system, it is very difficult to determine
activity coefficients out of equilibrium, e.g. at supersaturation. Consequently, in estimating driving
forces of nucleation and crystal growth, the composition-dependence of the activity coefficient is
generally neglected. In contrast, as previously shown,1 estimating the activity coefficient in the
saturated solution along the saturation line is often feasible, although it requires a reasonably
accurate determination of the temperature-dependence of the activity of the solid phase. Hence,
with reference to the situation depicted in Figure 1, a possible alternative to neglecting the

composition-dependence between points 2 and 3, i.e. assuming that the activity coefficient ratio in
Eq. 2 is equal to unity, would be to use Eq. 12:

  RT 2 ln

x 2 1
x 3 3

(12)

where the activity coefficient at point 2 is replaced by the value at point 1, i.e. only the
temperature-dependence is neglected. A major benefit of this approach is the fact that activity
coefficients along the saturation curve, e.g. at points 1 and 3, can be estimated from solid-liquid
equilibrium data. We have shown in previous work how activity coefficients at saturation can be
calculated, correlated to temperature, and even extrapolated outside the range of experimental
data.1
The relative error, ER, of using Eq. 12 can be expressed as:
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where [Δ ln γ]x denotes the difference in activity coefficient at constant composition between the
supersaturated condition (point 2) and the saturated condition (point 1), and [Δ ln γ]T the
corresponding difference in the activity coefficient at constant temperature between the
supersaturated condition (point 2) and the saturated condition (point 3). Analogously, for the
assumption that the activity coefficient ratio is equal to unity (i.e. using Eq. 3), the relative error
becomes:
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The ratio of the errors in the driving force resulting from the two expressions is:
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where the second equality is fulfilled if the derivatives are assumed constant over the ranges of
temperature and concentration concerned. The group on the far right-hand side of Eq. 15 can be
recognized from Eq. 10 as the reciprocal of the first term on the right-hand side. Following from
our analysis, the magnitude of this group is in general expected to be much lower than unity.
Consequently, given the validity of our analysis of activity coefficients, the error of using Eq. 12
is expected to be much smaller than the error of using Eq. 3. The analysis of SLE data shows that
this is expected as long as the system is not too dilute, i.e. close to the Henry’s law region. In such
cases, by definition the error of neglecting the activity coefficient ratio approaches zero, and Eq. 3
should be used instead.

CONCLUSIONS
In this work, through a comprehensive analysis of activity coefficients extracted from vaporliquid equilibrium data of 30 binary systems, it is shown that the temperature-dependence of
activity coefficients in solution will generally be much weaker than the composition-dependence,
except in very dilute solutions. By an extension of the analysis to solid-liquid solubility data for
four different medium-sized organic compounds in different solvents, altogether comprising 15
binary systems, it is made plausible that the same is true for solid-liquid equilibria. Based on this,
a method is proposed by which more accurate driving forces of crystallization of organic
compounds can be obtained. Rather than neglecting the composition-dependence of the activity
coefficient, estimations of the driving force are expected to be more – and often much more –
accurate if instead the temperature-dependence is neglected. A benefit of this approach is that a
reasonably accurate estimate of the activity coefficient in a supersaturated solution can be obtained
from solid-liquid equilibrium data.
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Improving Estimates of the Crystallization Driving Force:
Investigation into the Dependence on Temperature and Composition of Activity Coefficients in Solution
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Synopsis:
The influence of temperature and composition on solution activity coefficients has been
investigated. Under most conditions, the temperature-dependence of the activity coefficient is
much weaker than the composition-dependence. A novel and more accurate approach to estimate
crystallization driving forces is proposed, where rather than neglecting the activity coefficient
ratio, it can be estimated from solid-liquid equilibrium data.

