
IN DEGREE PROJECT VEHICLE ENGINEERING,
SECOND CYCLE, 30 CREDITS

,  STOCKHOLM SWEDEN 2016

An Investigation into the Optimal 
Control Methods in Over-actuated 
Vehicles

With focus on energy loss in electric vehicles

SRIHARSHA BHAT

KTH ROYAL INSTITUTE OF TECHNOLOGY
SCHOOL OF ENGINEERING SCIENCES



 
 
 

   

 

An Investigation into the 

Optimal Control Methods in 

Over-actuated Vehicles 

With focus on energy loss in electric vehicles 

Sriharsha Bhat 

Master Thesis,  

Stockholm, Sweden  

2016 

 



1  

 

Abstract 
 
As vehicles become electrified and more intelligent in terms of sensing, actuation and processing; a number of 

interesting possibilities arise in controlling vehicle dynamics and driving behavior. Over-actuation with in-

wheel motors, all wheel steering and active camber is one such possibility, and can facilitate control 

combinations that push boundaries in energy consumption and safety. Optimal control can be used to 

investigate the best combinations of control inputs to an over-actuated system. 

In Part 1, a literature study is performed on the state of art in the field of optimal control, highlighting the 

strengths and weaknesses of different methods and their applicability to a vehicular system. Out of these 

methods, Dynamic Programming and Model Predictive Control are of particular interest. Prior work in over-

actuation, as well as control for reducing tire energy dissipation is studied, and utilized to frame the 

dynamics, constraints and objective of an optimal control problem. In Part 2, an optimal control problem 

representing the lateral dynamics of an over-actuated vehicle is formulated, and solved for different 

objectives using Dynamic Programming. Simulations are performed for standard driving maneuvers, 

performance parameters are defined, and a system design study is conducted. Objectives include minimizing 

tire cornering resistance (saving energy) and maintaining the reference vehicle trajectory (ensuring safety), 

and optimal combinations of input steering and camber angles are derived as a performance benchmark. 

Following this, Model Predictive Control is used to design an online controller that follows the optimal vehicle 

state, and studies are performed to assess the suitability of MPC to over-actuation. Simulation models are also 

expanded to include non-linear tires. Finally, vehicle implementation is considered on the KTH Research 

Concept Vehicle (RCV) and four vehicle-implementable control cases are presented.  

To conclude, this thesis project uses methods in optimal control to find candidate solutions to improve 

vehicle performance thanks to over-actuation. Extensive vehicle tests are needed for a clear indication of the 

energy saving achievable, but simulations show promising performance improvements for vehicles over-

actuated with all-wheel steering and active camber. 

Keywords: Optimal control, over-actuated vehicles, Dynamic Programming, Model Predictive Control, active 

camber, vehicle energy optimization, electric vehicles. 
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1.1. Background 
 

1.1.1. Vehicle Trends 

Vehicles need to change in an evolving global environment. The industry faces two paradigm shifts- one due 

to carbon emissions necessitating alternative drivetrains, and the second due to developments in artificial 

intelligence and control that have led to self-driving capabilities. Carbon emissions have been growing higher, 

which made the legislations on emissions more strict. The European Union has set a target of reducing carbon 

dioxide emissions to less than 20% of levels in 1990 before 2020, and less than 30% of 1990-levels before 

2030 while allowing for a maximum global warming of 2 degrees Celsius [1]. These are quite stringent 

targets, and the automotive industry has a large role to play in meeting them, considering that transport and 

industrial processes accounted for a total of 31.7 % of EU greenhouse gas emissions in 2014, see Figure 1. As 

of 2015, passenger car manufacturers were required to limit their average fleet emissions to 130g of CO2 per 

kilometer, with the target reduced to 95g/km by 2021. The revised target means a fuel consumption of 

4.1l/100km of petrol, a 40% reduction from the 2007 level. In addition to these targets and associated 

penalties for not meeting them, incentive has been offered for innovative technologies. Manufacturers have 

been granted emission credits up to 7g/km per year if they invest in new energy saving technologies, and 

super-credits are awarded if very low emission cars are manufactured with each such car being weighted as 2 

or 3 vehicles in the calculation of the average fleet consumption. The vehicle industry has also been given the 

opportunity to pool resources to innovate on new technologies and reduce fleet emissions [2]. 

  

Figure 1: EU Greenhouse gas emissions by sector. [3] 
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These legislations mean that the vehicle industry has been forced to be innovative in developing novel drive-

train technologies, electrifying gasoline engines and working on reducing losses in each component. 

Electrified and hybridized powertrains offer lower emissions and reduce the fleet average, leading 

manufacturers to focus strongly on this area. Research work has focused on low rolling resistance tires [4,5, 

6], improving aerodynamics [7,8], reducing driveline losses [9], downsizing and turbocharging gasoline 

engines [10] as well as hybrid and alternative powertrains. Biofuels and electrified roads are another area of 

focus, since the truck industry in particular has limitations in electrification.  

 

Going electric seems to be the key direction in transport, mainly due to the high efficiency of electric drives, 

the relative system simplicity, and the lack of fuel storage issues that might arise from hydrogen fuel cells. A 

caveat with electrification is that the emissions from an EV are linked to the emissions of the power station. 

As can be seen in Figure 2,Sweden, with 83% renewable electricity [11] would offer a low emission electric 

economy [12], but the same couldn’t necessarily be said of USA, China or India. Therefore to truly reduce 

carbon emissions, larger scale power generation reflections and changes are also necessary. Hybrid vehicles 

are a transition technology, bridging the gap between electric and gasoline, while offering advantages over 

both alternatives. They have longer range and are more convenient than pure electric vehicles, while being 

more efficient than gasoline alternatives, allowing smaller engines operating at load points that lead to lower 

losses.  

 

Figure 2: Swedish energy mix for electricity production. With such a mix, electric vehicles are a strong 

Greenhouse Gas reduction candidate [12] 

The second shift has been in vehicular intelligence. Vehicles are slowly becoming more and more complex, 

with systems that control and monitor the powertrain, vehicle dynamics, tire pressures, potential collisions, 

and driver behavior among others. In Figure 3, Sensors enable a 3600 view of the environment around a 

vehicle, enabling increased automation and safety features. ADAS has become a buzzword in the automotive 
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industry, and Advanced Driver Assistance Systems such as Anti-lock braking, Traction Control, Lake Keeping 

Assist, Adaptive Cruise Control and Parking Chauffer technologies have reduced the dependence on the driver 

for dynamics. Self-driving/autonomous cars have been a reality since the Prometheus project in Germany 

[13], as well as the DARPA urban challenges in USA [14] and the Grand Cooperative Driving Challenge in the 

Netherlands [15]. Autonomous vehicles offer new flexibility to drivers and passengers, while significantly 

increasing safety and traffic efficiency. 

 

Figure 3: ADAS Systems offer a 360 Degree View of the surroundings. [16,17] 

There have been areas where intelligence has a potential to reduce emissions. Platooning improves both 

traffic flow and safety as well as reduces emissions thanks to a significant reduction in the drag coefficient of 

platoon vehicles [18]. Powertrain optimization strategies have been used to maximize the utility from 

hybridization, as well as in optimizing the usage of combustion engines [19]. Vehicle dynamics control has 

also been exploited, especially in reducing tire energy dissipation [20]. Cars have been taught to adapt to 

driver behavior, enabling more efficient driving [21].  

 

In vehicles, efficiency is closely linked to energy consumption, which in turn is linked either directly or 

indirectly to carbon emissions. In the case of a gasoline or diesel vehicle, the effect is direct, while in electric 

powertrains, efficiency improvement increases range, and leads to less frequent charging. This makes electric 

vehicles more convenient to use, as well as reduces indirect emissions. This work also exploits the very 

interesting intersection between intelligence and efficiency in vehicles. The author’s primary interest was 

oriented in finding novel means to use vehicle intelligence to improve vehicle efficiency, and this master 

thesis focuses on to examining different control strategies of over-actuated vehicles with the main focus on 

improving efficiency. 
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1.1.2. Over-actuation 

As vehicles become electrified and more intelligent in terms of sensing, actuation and processing; a number of 

interesting possibilities arise in controlling vehicle dynamics and driving behavior. A majority of electric or 

hybrid vehicles today are an incremental step from existing petrol vehicles. A conventional car powertrain 

contains a combustion engine, cooling system, transmission, clutches and differential, as well as exhaust gas 

after-treatment, turbocharging and ISG systems. Each component has been optimized over the years for 

efficiency and performance, and the technology is mature, with minor improvements. Electrification 

necessitates a change in approach, as a number of past powertrain components turn redundant, or are 

simplified. On the other hand, new actuators, sensors and components are added, with their own engineering 

and design considerations. In order to fully exploit the potential of electric vehicles, a new approach and 

paradigm is needed in vehicle design, rather than simply replacing the engine and fuel tank with an electric 

motor and a battery, see Figure 4.  

 

 

Figure 4: (a) Conventional Powertrain with Turbocharging and Exhaust gas recirculation (EGR) (b) A Hybrid 

Powertrain (c) Electric Motor replacing Combustion Engine (d) In-wheel motors possible with pure electric 

powertrain 

While possibilities exist, so do limitations. Certainly, the vehicle industry faces its constraints in relation to 

economies of scale, platformed and modular development, and component standardization across fleets. If 

manufacturers were to design only a single EV model differently from the rest of the fleet, costs would 

significantly increase since the production process would not be optimal. However, unencumbered new 

manufacturers have entered the fray. Tesla motors got this design approach right with their Model S, where 

the battery was integrated into the chassis, and the entire vehicle design focused on gaining maximum 

performance from an electric vehicle [22]. If electric vehicles are designed as electric vehicles starting from a 

blank slate, innovative vehicle concepts can emerge that were previously impossible due to the limitations of 

their combustion counterparts. With electric vehicles, kinetic energy recovery, individual wheel actuation, 

electronic steering and braking, and adaptive driving can all become significantly more integrated, and have 

the possibility of seamlessly fitting into a coherent product.  From a vehicle dynamics perspective, engineers 

would be able to push the limits of their vehicles in previously unexplored areas, while maintaining control. 
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EV's facilitate new vehicle concepts such as the Toyota iRoad, allow better safety and intelligence, and can 

offer good controllability thanks to in-wheel motors, see Figure 5. 

 

Figure 5: New possibilities opened up with Electric vehicles. 

Combining electrification and vehicle dynamics leads to over-actuation. An over-actuated system is one which 

has more controlled inputs than degrees of freedom. A road vehicle has three degrees of freedom- 

longitudinal(x) and lateral motion(y) and yaw (ψ) about the vertical axis. If one lumps propulsion and 

braking to a single actuator model, then the dynamics of a conventional road vehicle are underactuated, with 

two control inputs(steering, throttle/braking) and 3 states(x,y,ψ). Having more control inputs allows for 

more freedom to control state dynamics, and offers multiple possibilities to realize maneuvers. Over-

actuation is widely used in aircraft and underwater vehicles, with as many as 20 actuators controlling 6 

degrees of freedom. Animals are inherently over-actuated systems, with millions of muscles offering control 

inputs for 3 or 6 degrees of freedom. In vehicles, Driver Assistance systems at the stabilization level such as 

ABS and TCS exploit individual wheel braking, adding a degree of over-actuation to the system(6 control 

inputs for 3 states) while improving vehicle dynamics and safety. Some over-actuation possibilities are 

highlighted in Figure 6.  
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Figure 6: Various over-actuation possibilities in cars. [23] 

Concepts with individual wheel steering, torque vectoring and braking all have different degrees of over-

actuation. Different means exist to pursue over-actuation (controlling wheel torque, steering or vertical 

loads) and concepts exist for these areas. Volvo Car Corporation and inventor Sigvard Zetteström 

conceptualized the Autonomous Corner Module, which controls not just the wheel steering angle, but also the 

camber angles, allowing for four new control variables to tune the car’s dynamics [23]. An active suspension, 

electric motor, steering and camber actuators are packaged to enable the entire propulsion to be performed 

at the wheel. Such an innovative chassis concept would facilitate significantly more room for passengers and 

goods, while allowing for exciting opportunities for drive maneuvers. Over-actuated vehicles mentioned in 

this thesis focus specifically on vehicles fitted with autonomous corner modules. 

 

In previous studies, motion modeling was performed for over-actuated vehicles, and control strategies were 

developed at KTH Vehicle Dynamics [24]. Fault tolerant control strategies were investigated to improve 

safety aspects and possibilities [25]. These studies demonstrated clear improvement in performance in 

relation to safety and control when compared to conventional front steered vehicles. In order to investigate 

possibilities further, the KTH Research Concept Vehicle (RCV) was developed as a testbed for new 

technologies [26]. The RCV has the capability of individual wheel steering and camber control, which makes it 

an ideal platform to test over-actuation. 

 

Following studies in safety and dynamics, the next area of interest is energy, where studies are underway 

towards understanding, and optimizing energy consumption improvements thanks to over-actuation, 

particularly in reducing tire energy dissipation. This thesis project is one such study, investigating control 

strategies in over-actuated vehicles from an energy perspective. 
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1.1.3. Scenario and context 

The contribution of this thesis focuses on generating and investigating optimal control strategies according to 

defined objectives for driving maneuvers in over-actuated vehicles. Techniques in the field of optimal control 

are used to minimize an objective function that models the energy dissipation, given a dynamic system that 

represents a vehicle. 

 

The work in this thesis focuses on energy dissipation due to cornering during drive maneuvers.  The key loss 

being investigated relates to the cornering resistance, which is a function of the slip angle of each tire. Losses 

due to aerodynamics, road surface and inclination, and the driveline are not considered. Individual wheel 

steering and camber are considered for a Sine With Dwell driving maneuver at 10m/s. A simplified single 

track vehicle model with linear tires is initially used, and model extensions include 4 wheel steering, and 

nonlinear tires considered using the Extended Brush tire Model (EBM) [27].  The primary tools used are 

Matlab and Simulink, along with experiments on the Research Concept Vehicle (RCV).  

 

Therefore, contextualizing the present work, it focuses on new vehicle concepts in electric vehicles, using 

intelligence (optimal control) to improve energy performance, facilitating smarter and more efficient 

vehicles, see Figure 7.  The primary aim is exploiting the intersection between efficiency and intelligence in 

vehicles, and utilizing intelligent control techniques and strategies to find elegant ways to reduce energy 

consumption. 

 

Based on the background presented, the next section of this work focuses on a survey of interesting literature 

in optimization in the vehicular context. The relevance of each study to the present work is highlighted, and 

the reader will gain clear insight into the state-of-the art in optimal control in vehicles. 

 

Figure 7: Context of the present work 
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1.2. Literature Study: Optimal Control 
  

Optimization and optimal control are a smart means to improving vehicle performance. This study will begin 

with an introduction to the field of optimization, and then move into describing applications of optimization 

in automotive engineering. Following that, insight will be provided into techniques in optimal control as well 

as vehicle dynamics modeling. In all sections, present work, or current work refer to the contributions of this 

thesis project. 

1.2.1. A brief introduction to optimization 

Optimization is central to any decision-making problem, and the field of optimization targets finding the best 

decision for a given problem. Several user requirements for technological products can be formulated as an 

optimization problem with a specific set of constraints. A number of tools and techniques exist to solve 

optimization problems and the advent of easy-to-use software packages, high-speed processors and new 

computational tools such as artificial neural networks and genetic algorithms have given optimization 

problems new leases of life [28]. 

 

Lundgren et al. [28] provide a simple and insightful introduction to the world of optimization in their book. 

First, as a definition, optimization is the science of making the best (with a given objective) possible (within a 

defined set of constraints) decision to a given problem. The basis for using optimization is that there are 

variables in the problem that can be controlled by the decision maker and decision variables. The objective of 

the optimization is expressed as an objective function in terms of decision variables.  The objective function 

can be minimized or maximized, restricted by a set of constraints. Therefore, in order to perform an 

optimization, one needs to find the best possible values of the decision variables given a specified objective 

and subject to constraints. General areas of usage include production planning, transport and logistics, 

packaging, scheduling, network design, structural design, control and investment among others [29].  

 

In optimization, a real problem first needs to be identified. It is then simplified for ease in formulating an 

optimization model, which will be solved using appropriate methods and the results will be evaluated. It is 

however of great importance to ensure that simplifications are made so that the level of detail and problem 

complexity is reduced to manageable but not unrealistic levels. In terms of solution methods, two broad 

categories can be classified. An exact method searches for an optimal solution and can verify if an optimum 

has been found, while a heuristic method provides good quality solutions but cannot estimate deviation from 

the optimum.  Choosing a method depends on both the model complexity as well as the requirement on 

solution time and quality. In many cases, solvers contain standard models, and it is sometimes beneficial to 

define a problem to fit such a model if appropriate. All of these areas come to the fore further in this work. 

Dynamic Programming (an exact method), is one of the techniques used in the current work, while some 

forms of Model Predictive Control also used in this work,  can be considered as a heuristic method. To use the 
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optimization strategies, the model needs to be stated in a standard form, and the vehicle is simplified to a 

bicycle model.  

 

 

Figure 8: The optimization process, adapted from [29] 

Figure 8 depicts the optimization process. For further reference, some other literature on optimization and 

optimal control include [30, 31]. 

 

1.2.2. Vehicle optimization 

With specific reference to vehicle engineering, optimization techniques are used in a variety of methods for 

improving safety, energy efficiency, manufacturing processes, design considerations and comfort. Optimal 

solutions for vehicles need to be successful not just in well-defined driving scenarios, but also in a wide 

variety of driving scenarios and environmental conditions. A number of real parameters are frequently 

unknown, meaning automotive optimization is not necessarily feasible with deterministic models, leading to 

great effort being required for finding a near optimum. 

 

A compilation of current literature in automotive optimization discusses a number of interesting approaches 

to optimization and optimal control in various vehicle systems [32]. Rao [33] surveys the use of numerical 

methods to optimize state trajectories, and concludes that such a problem can be decomposed into three 

components- solving differential equations and integrating functions, solving nonlinear optimization 

problems and solving systems of nonlinear algebraic equations. Of particular importance from this survey is 

that the solution of a trajectory optimization problem is a means to an end, meaning a good candidate 

optimum can be found even if the user does not have deep knowledge of the optimization technique used. 

Zanon et al. [34] discuss the use of model predictive control for trajectory planning in dangerous scenarios 

for autonomous vehicles. Model predictive control (MPC) is an elegant control strategy when the dynamics of 

the system are well-defined. While high sampling rates and long prediction horizons pose computational 

challenges, new methods such as nonlinear MPC with moving horizon estimation provide real-time optimal 

control. Such a system was implemented in a simulation environment for an obstacle avoidance scenario on 

icy roads. McNally [35] used a model-based engineering approach to perform driver control and trajectory 

optimization for a lane change maneuver. Vehicle models and driver control algorithms are combined with a 
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genetic algorithm for trajectory optimization, so that an optimal path can be devised in order to achieve 

maximum speed. This study was performed using an existing simulation and optimal control software- VI, 

and results compared with subjective driver tests. Performance optimization for drive maneuvers is 

encouraged. 

 

Tsiotras and Diaz [36] question the need for optimal control, and use statistical interpolation, or ‘kriging’ to 

synthesize real time, near optimal feedback control laws based on pre-computed optimal trajectories. Such an 

approach is interesting as it can offer a robust and swift response for most drive maneuvers. Deur et al. [37] 

describe methods in computational optimal control using the commercial TOMLAB optimization toolbox, 

while McDonough et al. [38] use Stochastic Dynamic Programming to generate optimal control policies to 

control vehicle speed and improve fuel economy. These approaches focus on offline optimization, followed by 

techniques to apply these results to online scenarios. Lang et al. [39] use optimal control in yet another 

context— for fuel efficient adaptive cruise control, particularly for cooperative driving, or platooning. The 

relevance of optimal control to cooperative driving is a great insight, as it opens new possibilities in 

improving both vehicle efficiency and traffic congestion. In addition to vehicle dynamics and trajectories, 

powertrains have also been a popular subject for optimization. Hybrid powertrains are quite a relevant 

subject for optimization, and Onori [40] describes procedures for model based energy management- 

Pontryagin’s Minimum Principle and the Equivalent Consumption Minimization Strategy in Hybrid Electric 

Vehicles. Onori’s strategies will be discussed in further detail in a subsequent section of this work. Sciaretta et 

al. [41] also focus on energy management, focusing on strategies to supervise battery management in plug-in 

hybrids while accounting for thermal effects. Filev et al. [42] focus on conventional combustion engines, using 

Jacobian Learning to optimize engine mapping and calibration. It is quite clear that optimal control has 

myriad uses in the field of vehicle engineering, and can be used on multiple levels to improve performance.  

 

1.2.3. An optimization problem example: Optimal control of battery state 

of charge in hybrid electric vehicles 

Onori [43] gave clear insight into framing and solving an optimal control problem from a hybrid vehicle 

perspective. Methods used to solve this problem are also applicable to the present work.  

 

A hybrid vehicle is by definition, one with multiple energy storage systems that provide propulsive power 

either independently or together. In the case of Hybrid Electric Vehicles (HEVs), a combustion engine and an 

electric motor are the two propulsive systems. The complex powertrain architecture of HEVs means that 

there are multiple degrees of freedom in instantaneous delivery of torque to the wheels. The combustion 

engine alone could be used, or only the electric motor, or a combination of both. Multiple engines and motors 

could be employed in different configurations, and interesting transmission techniques can be employed. 

Regenerative braking could be applied when needed, and the engine could run a high efficiency point with the 

electric motor providing the remaining power deficit, or charge a battery in case of excess. This multitude of 

options leads to a ‘content-rich’ architecture, enabling different ways to improve vehicle energy efficiency, as 
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seen in Figure 9. Optimization and control become important in such a content-rich environment, and a few 

techniques in optimal control become important in seeking optimal and suboptimal strategies to improve fuel 

economy. 

  

Figure 9: Generic hybrid electric vehicle powertrain that is to be optimized 

In this case, the optimization problem is set up to consider longitudinal dynamics, for a parallel hybrid 

scenario- a simplified case of a HEV with an electric motor and an engine in parallel (depicted in Figure 10). 

The motion resistance equation provides the model for the losses in the system, considering losses due to 

aerodynamics, rolling resistance and the inclination. The equation, in power form is given as follows, and 

determines the required tractive power as a function of inertia and losses. 

 𝑃𝑡𝑟𝑎𝑐(𝑡) = 𝑃𝑖𝑛𝑒𝑟𝑡𝑖𝑎(𝑡) + 𝑃𝑎𝑒𝑟𝑜(𝑡) + 𝑃𝑟𝑜𝑙𝑙(𝑡) + 𝑃𝑖𝑛𝑐𝑙𝑖𝑛𝑒(𝑡) (1.1) 

For a parallel hybrid, the instantaneous power split between the electric machine and the combustion engine 

needs to be calculated to minimize fuel consumption while subject to the constraint of following a defined 

driving cycle [44]. 

 

 

Figure 10: Parallel Hybrid Vehicle Topology 

An optimal control problem formulation needs an objective function, a system of governing equations in state 

space form and input variables to be optimized.  The powertrain in a hybrid vehicle needs to be described in 

an optimal control problem form (with an objective, system dynamics and constraints) if supervisory control 

to minimize energy can be performed. The HEV problem is defined as minimizing energy consumption and 

emissions (as cost function) for a driving cycle while observing the design limitations of each component and 

following a prescribed trajectory of the battery State-of-Charge (SOC).  
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Objective function: Minimize total fuel mass 𝑚𝑓by properly selecting a control signal u.  

 

 

𝐽 = ∫ 𝑚𝑓̇ (𝑢(𝑡), 𝑡). 𝑑𝑡

𝑡𝑓

𝑡𝑜

 

(1.2) 

 

System dynamics: The battery state of charge (SOC) is considered to be the state variable, and the battery 

power is the input variable  𝑢(𝑡). A system is usually of the form: 

            �̇� = 𝑓(𝑥(𝑡), 𝑢(𝑡))  

 𝑥(𝑡) = 𝑆𝑂𝐶    

            𝑢(𝑡) = 𝑃𝑏𝑎𝑡𝑡  (1.3) 

In this case, the dynamics of battery SOC are given by the following expression, where equivalent resistance 

𝑅𝑜 and open circuit voltage 𝑉𝑜𝑐  are a known function of SOC, and Coulombic efficiency and nominal charge are 

constant. 

 

�̇� = −
1

η
coul

𝑠𝑖𝑔𝑛(𝐼(𝑡))
. 𝑄𝑛𝑜𝑚

[
𝑉𝑜𝑐(𝑥)

2𝑅𝑜(𝑥)
− √(

𝑉𝑜𝑐(𝑥)

2𝑅𝑜(𝑥)
)

2

−
𝑢(𝑡)

𝑅𝑜(𝑥)
] 

 (1.4) 

Design limitations (Input Constraints):  The minimization of J is subject to the physical limitations of 

actuators (𝑇𝑥 , ω𝑥limits), battery power (𝑃𝑏𝑎𝑡𝑡) and the need to maintain SOC within prescribed limits. These 

can be stated as follows: 

 𝑃𝑏𝑎𝑡𝑡,𝑚𝑖𝑛 ≤ 𝑃𝑏𝑎𝑡𝑡(𝑡) ≤ 𝑃𝑏𝑎𝑡𝑡,𝑚𝑎𝑥   

 𝑇𝑥,𝑚𝑖𝑛 ≤ 𝑇𝑥(𝑡) ≤ 𝑇𝑥,𝑚𝑎𝑥   

 ω𝑥,𝑚𝑖𝑛 ≤ ω𝑥(𝑡) ≤ ω𝑥,𝑚𝑎𝑥   

 𝑥 = 𝑒𝑛𝑔, 𝑚𝑜𝑡, 𝑔𝑒𝑛 (1.5) 

State Constraints: The SOC can be in charge sustaining or charge depleting mode.  

 𝑆𝑂𝐶𝑚𝑖𝑛 ≤ 𝑆𝑂𝐶(𝑡) ≤ 𝑆𝑂𝐶𝑚𝑎𝑥   

 𝑆𝑂𝐶(𝑡0) = 𝑆𝑂𝐶(𝑡𝑓) = 𝑆𝑂𝐶𝑡𝑎𝑟𝑔𝑒𝑡 , 𝐶ℎ𝑎𝑟𝑔𝑒 𝑆𝑢𝑠𝑡𝑎𝑖𝑛𝑖𝑛𝑔  

 𝑆𝑂𝐶(𝑡0) = 𝑆𝑂𝐶𝑡𝑎𝑟𝑔𝑒𝑡 , 𝐶ℎ𝑎𝑟𝑔𝑒 𝐷𝑒𝑝𝑙𝑒𝑡𝑖𝑛𝑔 (1.6) 

Based on this optimization problem, different techniques can be used to find an optimal control input 𝑢(𝑡) to 

minimize the cost function J, based on system dynamics and subject to input and state constraints. The 

following techniques in optimal control were used in order to obtain both optimal and near-optimal (sub-

optimal) solutions (summarized in Figure 11). 

1. Dynamic Programming (DP): a numerical optimization technique that uses the Bellman condition of 

optimality to iteratively calculate the optimal state trajectory. The problem is split into smaller sub-

problems and solved recursively, but it cannot be implemented online. This provides the global optimum 

for the system in question, but takes time and computational power. Dynamic programming is a useful 

benchmarking technique which can inform the limits to which a system can be optimized. DP is used 

extensively in the present work, and can also be used to devise a set of rules for adaptive control 

algorithms. 
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2. Pontryagin’s Minimum Principle (PMP): A technique that reduces the global problem to a set of local 

instantaneous conditions, it gives analytical conditions to find solution candidates. The solution (the 

maximum or minimum) must satisfy these conditions. PMP is a mathematical theorem derived 

analytically and has general validity. It also gives the optimal solution in case the Hamiltonian of the 

system is convex [45].  

3. Equivalent Consumption Minimization Strategy (ECMS): A heuristic method devised specifically to 

solve the hybrid optimization problem, ECMS assigns a cost to electrical energy usage, so that using 

electricity is equivalent to using a certain amount of fuel. An equivalence factor is calculated relating fuel 

consumption to electricity consumption, plugged into the cost function and a minimizing argument is 

found. The optimality of the solution is closely linked to the equivalence factor. ECMS is not optimal, but 

offers near optimal solutions if pre-computed tables are used. 

4. Rule based methods: A rule-based control algorithm that performs supervisory control of actuators is 

derived from DP results, and a simple algorithm is used to provide sub-optimal control inputs. The 

advantage is computational simplicity and robustness, but the disadvantage is lack of optimality [44]. 

Feedback based adaptive strategies can make even suboptimal controllers provide near-optimal trajectories, 

especially if a pre-calculated global optimum is used as a reference. For online implementation, a rule-based 

or adaptive controller is preferable, while an iterative offline solver is preferable for benchmarking. The 

paradigm pursued to solve the HEV optimization problem was insightful in determining an elegant means to 

solving the over-actuated optimal control problem. 

 

 

Figure 11: Methods in optimal and near optimal controls for HEVs 

1.2.4. Motion control from an energy dissipation perspective 

Following insight into optimal control problem formulation, the next step is to gain an understanding of the 

dynamics of over-actuation.  Regarding the optimization of an over-actuated system, Abe et al. [20] 

performed a series of studies to evaluate active vehicle controls based on tire energy dissipation. A new 

control method called G-vectoring  was employed in subsequent studies in vehicle motion control. The 

control strategy involves rotating the combined vehicle acceleration vector about the vehicle center of mass 

using braking enabling lower energy dissipation from the tires [46]. While this work focused on a 
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conventional vehicle with only automatic braking, the results were next applied in different contexts and 

vehicle architectures with 4-wheel steering. This work has been followed by a study that focused on 

simultaneous distribution of longitudinal and lateral forces for a 4 wheel driven electric vehicle in a 

simulation environment [47]. This study proposed an optimal force distribution method to improve stability 

and responsiveness and road grip in extreme (low friction) conditions. 

 

In [48] , a method to estimate tire energy dissipation in an over-actuated vehicle (with 4 wheel steering), and 

subsequent control by reasonably distributing tire forces to each wheel is described. G-vectoring control is 

used in reducing tire energy dissipation [49]. An extension of this work provided an insightful description of 

how such an online estimation method used in conjunction with G-vectoring control can be beneficial in 

reducing tire energy dissipation [50]. Experiments were performed on a prototype over-actuated vehicle- a 

lane change maneuver, cornering and a figure 8 shape; with reduced dissipation in all cases. For these 

experiments, the front and rear axle lateral forces, rather than individual wheel lateral forces were 

considered, since the wheels were not independently controlled, while the axles were (6 variables- 4 

longitudinal and 2 lateral forces). For a fully over-actuated case, 8 variables were considered, and tested in a 

driving simulator. 

 

The system dynamics for a system with 8 variables (lateral and longitudinal forces for all 4 wheels) are 

modeled in [50] as depicted in Figure 12 using the naming and sign conventions as described in Abe’s Vehicle 

Handling Dynamics [51] : 

 

 

Figure 12: Abe's Vehicle model [20] 

Cost function: J represents the energy dissipation in the tire with 8 variables, 𝑋𝑖  refers to longitudinal 

forces,𝑌𝑖  refers to lateral forces,𝑐𝑖 , 𝑑𝑖  are positive multipliers. 

 
𝐽 = ∑(𝑐𝑖𝑋𝑖

2 + 𝑑𝑖𝑌𝑖
2)

4

𝑖=1

 
(1.7) 
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State equations/constraints: The following equations describe the dynamics of the system with a 4 wheel 

vehicle model, where 𝑋𝑖 , 𝑌𝑖  are longitudinal and lateral forces, 𝑀 is yaw moment, 𝑙𝑓  and 𝑙𝑟  are the distance of 

the center of gravity from the front and rear axles, and 𝑡 is the track width. 

 𝑋1 + 𝑋2 + 𝑋3 + 𝑋4 = 𝑋 (1.8) 

 𝑌1 + 𝑌2 + 𝑌3 + 𝑌4 = 𝑌 (1.9) 

 𝑡

2
(𝑋2 − 𝑋1 + 𝑋4 − 𝑋3) + 𝑙𝑓(𝑌1 + 𝑌2) − 𝑙𝑟(𝑌3 + 𝑌4) = 𝑀 

(1.10) 

Minimization: Abe et al. use an analytical method of minimization to minimize the objective function and 

obtain the combination of forces with minimum dissipation. The minimization is given by 

 𝜕𝐽

𝜕𝑋𝑖

= 0 
 

 𝜕𝐽

𝜕𝑌𝑖

= 0 
(1.11) 

where 𝑋𝑖  and 𝑌𝑖  are controlled by changing the steering wheel angle, and applying the accelerator and brakes. 

Abe’s optimal control is elegant, and provides the system equations for reducing tire energy dissipation when 

steering alone is considered. The key insights from the work studied were the dissipation cost function, the 

system dynamics and the potential for energy reduction by over-actuation. 

 

1.2.5. Relevant prior art in over-actuation and predictive control 

 Over-actuation was studied extensively in KTH Vehicle dynamics, as mentioned in the introductory section. 

In [24], studies performed on optimally controlled vehicles showed that safety and efficiency improvements 

are possible with over-actuation.  Evaluation of path tracking and optimal actuator control signals show how 

forces can be distributed differently among the wheels, despite having the same global forces on the vehicle. 

This insight is of particular importance as it provides a key constraint in the optimization problem. In 

addition, optimal control of camber angles, see Figure 13, and active suspension display vehicle performance 

and safety improvements, specifically since the limits of tire forces can be better utilized and even low 

actuator performance can considerably improve vehicle performance [52].  In [52] the usage of camber 

control to improve stability in an evasive maneuver is analyzed, while in [53] gains from all-wheel steering 

and torque allocation are studied from an energy efficiency perspective in simulation. In that study, [53], it is 

shown that steering the rear wheels reduces unnecessary vehicle motions, allowing for a 10% reduction in 

cornering resistance. The present work focuses on lane change maneuvers, and studies the effect of the 

inclusion of camber for both safety and efficiency.  

 

 

Figure 13: Cornering with active camber [24] 
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In [25], fault tolerance in over-actuation was studied extensively. In [54] both optimal and simplified control 

allocation schemes were used to maintain vehicle stability during cornering. A least squares optimization is 

used for optimal control allocation, while a Moore-Penrose pseudoinverse matrix approach is used for two 

simplified rule-based controllers. Further work on control allocation was performed in [55]. The control 

allocation was performed for steering angles of all four wheels, and camber is not utilized. A possible 

extension of the present work can be an implementation to improve fault tolerant force allocation. 

 

In [27] a tire model for energy studies in vehicle dynamics simulations is described. The Extended Brush Tire 

Model (EBM) offers applicability to perform motion studies incorporating camber, providing causal 

information while displaying tire behavior close to semi-empirical (non-physics based) models such as 

Pacejka’s Magic Formula. One of the objectives of the present work is to create a framework that allows for 

the use of the EBM in an optimal control allocation problem so as to better reflect reality. In [56] a study was 

performed with the EBM to understand the effect of camber on rolling loss, and this study can be considered 

the direct precedent to the current work. 

 

In the field of optimal control, [57] depicts multiple methods for optimal control of energy buffers in 

commercial vehicles. The work employs techniques including DP, ECMS, PMP and MPC for optimizing brakes, 

torque allocation, cooling and powertrain systems. This work provided valuable further reference for 

optimization methods in vehicles, and gave an interesting overview of techniques available in clear terms. 

The techniques used in the present study can be applied effectively to other vehicular application areas as 

well. 

 

For an online implementation of optimal and near-optimal control, [58] proposes a clothoid- based Model 

Predictive Control to facilitate jerk-free longitudinal and lateral dynamics in autonomous driving. MPC is a 

robust candidate for an online estimation method, and enables fast prediction of inputs for control allocation. 

A Model Predictive Controller is developed in the present work for an online implementation, and [58] 

provides an interesting reference point for further development and customization. Predictive control is a 

fascinating field of study, particularly for applications in automotive systems. [59] is a collection of 

publications that provide a broad overview of models, methods and applications of MPC in vehicles. Del Re et 

al. in [60]  mention that MPC is suited for a constrained multi-input, multi-output optimal control problem, 

and provides a fast approximate solution for this problem class. Especially interesting is the fact that MPC can 

handle interconnected and coupled variables and equations in a system, enabling implementation to a 

majority of problems in the automotive field. Tuning such a controller might not necessarily be intuitive, but 

it can handle a variety of data sets and offers a systematic design procedure. [61] shows the application of 

MPC to powertrains, using a model based control approach for determining fast combustion phasing control 

in a Homogeneous Charge Compression Ignition (HCCI) engine. Magni and Scattolini [62] provide an 

overview of nonlinear MPC, and Alamir et al. [63] utilize nonlinear MPC to control the air path of a diesel 

engine as well as the shifting in an automated manual transmission. These references state that system 

simplifications can provide nice results since this enables the controller to use the receding horizon principle 

to recover closed loop optimality. [64] and [65] discuss various powertrain MPC applications, while Falcone 
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et al. [66] discuss the use of low complexity predictive control approaches in autonomous driving. It is 

interesting to note that proper design of a low level controller in a hierarchical setting can enable easy 

handling of system nonlinearities and uncertainties even if they are not taken into account at a higher level. 

[67] deals with linear time-variant MPC for lateral dynamics control. [68] provides a comparative study of 

MPC techniques while [69] and [70] discuss a predictive control approach to autonomous steering. The broad 

application base of MPC means that possibilities exist for MPC implementation in the present work. Also of 

interest are the computational time, and robustness despite system simplifications. This means an idealized 

vehicle model can offer interesting results with a linear model predictive controller, especially in predicting 

control allocation as well as in following a known reference. 

 

1.2.6. Concept Study 

Building on the literature study conducted, the concepts that shall be used in the present work are presented. 

These cover areas in optimal and predictive control, as well as idealized vehicle models for controller 

implementation. 

Concept Study: Dynamic Programming 

Dynamic programming is an iterative optimal control method devised by R.E. Bellman in the late 1950s, and 

can be used to solve control problems for linear and nonlinear time-varying systems [30]. The optimal 

control is expressed as a vector of input variables, with a minimizing input at each time instant. Dynamic 

programming depends on Bellman’s principle of optimality, which states the following: 

 

“An optimal policy has the property that no matter what the previous decision (controls) have been, the 

remaining decisions must constitute an optimal policy with regard to the state resulting from those previous 

decisions.” 

 

This principle can be illustrated by considering a time optimal train journey from Stockholm to Malmö. 

According to Bellman’s principle, if trains that travel from Stockholm to Malmö pass through Linköping, then 

the shortest time route from Stockholm to Linköping is part of the overall shortest route from Stockholm to 

Malmö. Therefore, once the shortest route for the first half of the journey has been found, it is sufficient to 

find the shortest route from Linköping to Malmö, rather than compute the entire path by considering all 

possible cases. Therefore in Figure 14, the path in red is the optimal path between Stockholm and Malmö, and 

the fastest route between Stockholm and Nyköping is part of the fastest route between the two terminal 

points. 
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Figure 14: Illustration of the optimal path between Stockholm and Malmö with Dynamic Programming 

In order to limit the number of potentially optimal control strategies to be implemented, the dynamic 

programming algorithm works from the last point to the first, backwards in time. There is a specific cost-to-

go at each point in the state trajectory (in this case, the path of the train). Thanks to the principle of 

optimality, paths through Västerås, Karlstad and Västervik need not be considered because the optimal path 

in that section is already known, saving processing time. The principle of Dynamic Programming is explained 

quite clearly in mathematical terms in [30]. Considering a discrete time system, let the time-varying plant be 

 𝑥𝑘+1 = 𝑓𝑘(𝑥𝑘 , 𝑢𝑘) (1.12) 

The cost function for this plant would be  

 
𝐽𝑖(𝑥𝑖) = 𝜙(𝑁, 𝑥𝑁) + ∑ 𝐿𝑘(𝑥𝑘 , 𝑢𝑘)

𝑁−1

𝑘=𝑖

 
(1.13) 

In the cost function, the interval [i,N] is the time interval of interest, 𝐿 is the cost-to-go at each instant, while 

𝜙 is the terminal cost at the final point. Dynamic programming aims to minimize or maximize 𝐽𝑖  with the 

principle of optimality. Suppose the optimal cost 𝐽∗ has been computed from time 𝑘 + 1 to the terminal time 

𝑁 for all possible states 𝑥𝑘+1,  then we have also found the optimal control sequences for that interval, since 

the optimal cost ensues when the optimal control is applied. Therefore, with any arbitrary control 𝑢𝑘 at time 

𝑘, we can use the known optimal control sequence from 𝑘 + 1 thanks to the principle of optimality. The 

resulting minimum cost for the full trajectory will become 

 𝐽𝑘(𝑥𝑘)
∗ = min

uk

(𝐿𝑘(𝑥𝑘 , 𝑢𝑘) + 𝐽𝑘+1
∗ (𝑥𝑘+1)) (1.14) 

and the optimal control 𝑢𝑘
∗  at time instant 𝑘 is the minimizing input. This principle of finding the optimum at 

each time instant for a known system by calculating backwards can be applied recursively in a computer 

program, with grids defined for each state and control input, which contain all the permissible values of the 

states and inputs. The dynamic programming algorithm ensures that all possible combinations need not be 

considered, thanks to the principle of optimality. The present work uses dynamic programming in a discrete 

time sense, by breaking down a continuous time problem into discretized units. For implementation in 

commercial software, [71] describes a generic Matlab function for dynamic programming, and this is 

particularly useful. [72] describes the usage of this function to solving optimal control problems, and this 

function has been used in the present work. 
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One can also use Dynamic Programming to solve a continuous time optimal control problem without 

discretizing the grid thanks to the Hamilton Jacobi Bellman (HJB) Equation.  For a continuous problem, the 

plant is given by  

 �̇� = 𝑓(𝑥, 𝑢, 𝑡) (1.15) 

and the cost function by  

 
𝐽(𝑥(𝑡0), 𝑡0) = 𝜙(𝑥(𝑇), 𝑇) + ∫ 𝐿(𝑥, 𝑢, 𝑡)𝑑𝑡.

𝑇

𝑡0

 
(1.16) 

If 𝑡 + 𝛥𝑡 is a time in the future close to 𝑡, and 𝑥 + 𝛥𝑥 the state at that time, then the optimal cost can also be 

written as 

 

𝐽∗(𝑥, 𝑡) = min
𝑢(𝜏)

⌈ ∫ 𝐿

𝑡+𝛥𝑡

𝑡

(𝑥, 𝑢, 𝜏)𝑑𝜏 + 𝐽∗(𝑥 + 𝛥𝑥, 𝑡 + 𝛥𝑡)⌉ 

(1.17) 

Performing a first order Taylor expansion on the optimal cost, a partial differential equation can be obtained 

and when simplified, appears as follows: 

 
−

𝜕𝐽∗

𝜕𝑡
= min

u(t)
(𝐿 + (

𝜕𝐽∗

𝜕𝑥
)

𝑇

𝑓(𝑥, 𝑢, 𝑡)) 
(1.18) 

Introducing the Hamiltonian function as 

 𝐻(𝑡, 𝑥, 𝑢, 𝜆) = 𝐿(𝑥, 𝑢, 𝑡) + 𝜆𝑇𝑓(𝑥, 𝑢, 𝑡) (1.19) 

This leads to the HJB Equation, 

 
−

𝜕𝐽∗

𝜕𝑡
= min

u(t)
(𝐻(𝑥, 𝑢, 𝐽𝑥

∗, 𝑡) 
(1.20) 

The HJB equation provides the solution to the optimal control problem for nonlinear systems, but is almost 

impossible to solve analytically. The continuous time equations in Dynamic Programming have been 

presented for a theoretical understanding of the capabilities and mathematical robustness of the technique, 

but given the underlying principle of optimality, a discretized approach is more suited for a general class of 

problems. 

Concept Study: Model Predictive Control 

If an optimizer that runs online replaces a classical controller using predictions based on a model, then such a 

control system is called a Model Predictive Controller (as depicted in Figure 15) [73]. Model Predictive 

Control is particularly interesting thanks to its ability to predict states based on a plant model and 

optimization results. 

 

Figure 15: Classical versus Model Predictive Controller 
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Such a controller can be analogized to a chess game, where a player predicts a sequence of moves in a 

planning horizon when he makes one move. The optimizer in MPC similarly plans the next N control actions 

for a given prediction horizon, but implements only the first one. The strategy is then re-evaluated after the 

next move. Such a method is called receding horizon control, and this is key to a model predictive controller, 

which enables online feedback and takes unexpected events into account while running an optimization. If a 

control is planned for 10 steps, but an unexpected event occurs at t=2, the receding horizon induces feedback, 

as a new plan generated at t=2 takes the disturbance into account, as seen in Figure 16 below. 

 

Figure 16: Illustration of receding horizon control 

Thanks to its ability to handle disturbances, and its online implement-ability, MPC offers a good candidature 

as an optimal controller for vehicle dynamics. A Model Predictive Controller requires a model (linear or 

nonlinear) with single or multiple variables, time delays and constraints on inputs, outputs and states. The 

objective function of the optimizer is usually the sum of the square of the deviation of the real state from the 

reference state, and the controller aims to minimize this function. A linear MPC with quadratic costs is quite 

common. Such a system has linear system dynamics and a quadratic performance measure. For a system 

 𝑥𝑡+1 = 𝐴𝑥𝑡 + 𝐵𝑢𝑡   

 𝑦𝑡 = 𝐶𝑥𝑡  (1.21) 

the resulting optimal control problem at each discretized time for predicted states and inputs becomes, 

 
min

𝑢
∑(𝑥𝑡+𝑘|𝑡

𝑇  𝑄 𝑥𝑡+𝑘|𝑡 + 𝑢𝑡+𝑘|𝑡
𝑡

𝑁−1

𝑘=0

 𝑅 𝑢𝑡+𝑘|𝑡  ) 𝑠. 𝑡.  𝑥𝑡+𝑘|𝑡 ∈ 𝑋, 𝑢𝑡+𝑘|𝑡 ∈ 𝑈 
(1.22) 

where 𝑄 and 𝑅 are the tuneable weights on the states and the inputs. This optimal control formulation can be 

translated to a standard quadratic programming (QP) problem that is solvable by most solvers by vectorizing 

the predicted states of x from the current time t to final time N. Then, the predicted states can be written as 

 𝑿 = 𝐴𝑥𝑡|𝑡 + 𝐵𝑼 , 𝑠. 𝑡. {𝑈 ∈ 𝑈𝑁 , 𝑋 ∈ 𝑋𝑁} (1.23) 

With similarly vectorized diagonal weight matrices for 𝑸 and 𝑹, we obtain the corresponding optimization 

problem that can be stated either in terms of 𝑋 and 𝑈 or 𝑈 and the present 𝑥. 

 min
𝑈

𝑿𝑇𝑸𝑿 + 𝑼𝑇𝑹𝑼 (1.24) 

or 

 min
𝑈

𝑼𝑇(𝑩𝑻𝑸𝑩 + 𝑹)𝑼 + 2𝑼𝑻𝑩𝑻𝑸𝑨𝑥𝑡|𝑡  (1.25) 
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A limitation of such an MPC is that the objective function depends closely on the states and inputs, and the 

relation between them needs to be stated in terms of the weight matrices and the deviation from the 

reference state. Therefore, any variable that needs to be a minimizing argument has to penalize a deviation 

from a reference. That said, MPC is easily implementable and solvable by multiple commercial software.  A 

toolbox for model predictive control exists in Matlab, and one can also use MPC in Simulink blocks, as well as 

design and tune a controller using an app. The prediction horizon directly affects both the robustness as well 

as computational time of an MPC, while the weight matrices can penalize or reward specific state outputs, and 

offer higher relevance to specific inputs. 

 

Model Predictive controllers can handle nonlinear systems, either through a linear time variant (LTV) MPC, or 

using Nonlinear MPC for finite or infinite time optimal control. Explicit MPC can be used to speed up 

processing time, using pre-computed optimal solutions. The use of preview can improve the controller’s 

response, by penalizing changes in the input matrix. MPC by default is not guaranteed to be stabilizing, but 

can handle coupled variables and can predict multiple states.  In case of system nonlinearities, linearizing the 

system at a particular operating point can improve response time, and speed up operation. MPC has been 

used in the present work, and offers flexibility of implementation in Simulink, both for studying the response 

of the Extended Brush Tire Model, as well as for online implementation in a vehicle. 

Concept Study: Other Optimal Control Techniques-PMP, LQR 

While the scope of the present work has been primarily on DP and MPC, several other optimal control 

techniques exist that have acceptable performance. Pontryagin’s Minimum Principle in particular is of 

interest, as it provides a way to analytically calculate the optimum; as seen in [43]. Pontryagin’s Minimum 

Principle (PMP) was devised by Russian mathematician Lev Pontryagin and colleagues in 1956, and offers an 

alternative to the HJB equation for solving continuous time optimal control problems (PMP can also be used 

to derive other mathematical tools, such as the Euler Lagrange Equations and the calculus of variations). 

However, the minimum principle states informally that the control Hamiltonian must take an extreme value 

over controls in the set of all permissible controls [74]. PMP utilizes the Hamiltonian to perform pointwise 

minimization, and then solves a two point boundary value problem to analytically derive the optimum. The 

steps to solve an optimal control problem are as follows [74]. 

 

min
𝑢

[𝜙(𝑡𝑓 , 𝑥(𝑡𝑓)) + ∫ 𝑓0(𝑡, 𝑥(𝑡), 𝑢(𝑡))𝑑𝑡

𝑡𝑓

𝑡𝑖

] 

(1.26) 

subject to 

 �̇� = 𝑓(𝑡, 𝑥, 𝑢)  

 𝑥(𝑡𝑖) = 𝑥𝑖   

 𝑥(𝑡𝑓) ∈ 𝑆𝑓(𝑡𝑓)  

 𝑢(𝑡) ∈ 𝑈∀𝑡 ∈ [𝑡𝑖, 𝑡𝑓] (1.27) 

Considering λ as the Lagrange multiplier, the Hamiltonian can be defined as  

 𝐻(𝑡, 𝑥, 𝑢, 𝜆) = 𝑓𝑜(𝑡, 𝑥, 𝑢) + 𝜆𝑇𝑓(𝑡, 𝑥, 𝑢) (1.28) 

Performing pointwise minimization,  



28  

 

 �̃�(𝑡, 𝑥, 𝜆) = arg min
u∈U

𝐻(𝑡, 𝑥, 𝑢, 𝜆) (1.29) 

The optimal control candidate is then  

 𝑢∗(𝑡) = �̃�(𝑡, 𝑥(𝑡), 𝜆(𝑡)) (1.30) 

 To find the optimal control, one needs to solve the two point boundary value problem (TPBVP), for the 

adjoint equations 

 
�̇�(𝑡) = −

𝜕𝐻

𝜕𝑥
(𝑡, 𝑥, �̃�, 𝜆) 

(1.31) 

with boundary conditions for λ given by  

 
𝜆(𝑡𝑓) −

𝜕𝜙

𝜕𝑥
(𝑡𝑓 , 𝑥(𝑡𝑓)) ⊥ 𝑆𝑓  

(1.32) 

Where 𝑆𝑓  is the space containing the all possible final states. Therefore, in order to solve the optimal control 

problem, first the TPBVP needs to be solved, and then the solution to this provides the minimizing Lagrange 

multiplier that can be input into the Hamiltonian to obtain the optimal control. PMP is an elegant method of 

optimal control if the state trajectory is known, and provides an analytical solution for u* for a particular case. 

PMP is a good candidate for optimal control, but the solution is challenging in multivariable problems, and 

there is no existing toolbox for using PMP and solving the TPBVP, which implies some challenge in scripting a 

solver method. 

 

Another method is the continuous time Linear Quadratic Regulator (LQR), which is one of the simplest 

methods of solving an optimal control problem. The LQR is used to solve the linear quadratic Gaussian 

problem. Considering a continuous time linear system, 

 �̇� = 𝐴𝑥 + 𝐵𝑢 (1.33) 

with a quadratic objective function given as 

 

𝐽 = 𝑥𝑇(𝑡𝑓)𝜙(𝑡𝑓)𝑥(𝑡𝑓) + ∫ (𝑥𝑇𝑄𝑥 + 𝑢𝑇𝑅𝑢 + 2𝑥𝑇𝑁𝑢)𝑑𝑡

𝑡𝑓

𝑡𝑖

 

(1.34) 

 A feedback control to minimize J is given by  

 𝑢 = −𝐾𝑥 , (𝐾 = 𝑅−1(𝐵𝑇𝑃(𝑡) + 𝑁𝑇)) (1.35) 

P is obtained from the solution of the continuous time Riccati differential equation, given by 

 𝐴𝑇𝑃(𝑡) + 𝑃(𝑡)𝐴 − (𝑃(𝑡)𝐵 + 𝑁)𝑅−1(𝐵𝑇𝑃(𝑡) + 𝑁𝑇) + 𝑄 = −�̇�(𝑡) (1.36) 

with the boundary condition  

 𝑃(𝑡𝑓) = 𝜙(𝑡𝑓) (1.37) 

An LQR based optimal controller is a candidate for study of proportional optimal feedback control with fast 

computation. However, the LQR is suitable mainly for following a reference, rather than for minimizing time 

or energy. Conceptually, It can be seen as performing a similar role as the MPC. 
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Idealized vehicle model: Bicycle Model 

The bicycle model, or single track model is a vehicle idealization that lumps the two front wheels, and the two 

rear wheels together, and is a standard method to model a vehicle’s lateral dynamics. The following is a single 

track model that includes rear wheel steering as well as camber angles [75].  

 

 

Figure 17: Single track vehicle model 

The two tire lateral slip angles for the front and rear wheels are a function of side slip (𝛽 =
𝑣𝑦

𝑣𝑥
), yaw rate (𝜓)̇ , 

steering angles (𝛿𝑓 , 𝛿𝑟), longitudinal velocity (𝑣𝑥) and center-of-gravity position (𝑓, 𝑏) as follows 

 
𝛼12 = (𝛽 − 𝛿𝑓 +

�̇�𝑓

𝑣𝑥

) 
(1.38) 

 
𝛼34 = (𝛽 − 𝛿𝑟 −

�̇�𝑏

𝑣𝑥

) 
(1.39) 

A combination of slip and camber generates lateral forces that are a function of tire cornering stiffness and 

camber stiffness respectively if the tires are considered to be operating in their linear elastic region.  

 𝐹12 = −𝐶12𝛼12 + 𝐺12𝛾12 (1.40) 

 𝐹34 = −𝐶34𝛼34 + 𝐺34𝛾34 (1.41) 

Considering the force balance in the lateral direction, and the balance of yaw moments about the vertical axis 

(z-axis), the following two equations represent lateral vehicle dynamics according to the bicycle model 

 
�̇� =

𝐹12𝑐𝑜𝑠𝛿𝑓

𝑚𝑣𝑥

+
𝐹34𝑐𝑜𝑠𝛿𝑟

𝑚𝑣𝑥

− �̇� 
(1.42) 

 
�̈� =

𝑓𝐹12𝑐𝑜𝑠𝛿𝑓

𝐽𝑧

−
𝑏𝐹34𝑐𝑜𝑠𝛿𝑟

𝐽𝑧

 
(1.43) 

These equations represent the vehicle’s motion, with control inputs being steering and camber angles, as well 

as longitudinal velocity. The bicycle model including rear-steering and camber is used as the system whose 

states are to be optimized through dynamic programming and MPC.  The bicycle model is a useful 

representation, and enables one to gain insight into lateral forces, energy dissipation, trajectories and vehicle 

heading. It can be further extended, using nonlinear tire models such as the Brush Model or the Magic 

Formula. 
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Idealized Vehicle Model: Two-Track model 

While the 2 wheel single track model is useful for simulation studies, for real-world control allocation, a 4 

wheel vehicle model is necessary. This way the moment relation between individual wheels can also be 

accounted for while modeling the yaw behavior, meaning that as many control inputs can be predicted as are 

in a real vehicle. For the over-actuated case, there are 9 control inputs (4 wheel angles, 4 camber angles, and 

longitudinal velocity). 

 

 

Figure 18: Two-track vehicle model 

The four tire slip angles for the vehicle in Figure 18 are given by, 

 
𝛼1 =

𝑣𝑦 + �̇�𝑓

𝑣𝑥 +
�̇�𝑡
2

− 𝛿1 
(1.44) 

 
𝛼2 =

𝑣𝑦 + �̇�𝑓

𝑣𝑥 −
�̇�𝑡
2

− 𝛿2 
(1.45) 

 
𝛼3 =

𝑣𝑦 − �̇�𝑏

𝑣𝑥 +
�̇�𝑡
2

− 𝛿3 
(1.46) 

 
𝛼4 =

𝑣𝑦 − �̇�𝑏

𝑣𝑥 −
�̇�𝑡
2

− 𝛿4 
(1.47) 

This leads to the following four lateral forces, including camber gain: 

 𝐹 1−4 = −𝐶1−4𝛼1−4 + 𝐺1−4ϒ1−4 (1.48) 

The two vehicle state equations are as follows 

 
�̇� =

𝐹1𝑐𝑜𝑠𝛿1 + 𝐹2𝑐𝑜𝑠𝛿2 + 𝐹3𝑐𝑜𝑠𝛿3 + 𝐹4𝑐𝑜𝑠𝛿4

𝑚𝑣𝑥
− �̇� 

(1.49) 

 
�̈� =

𝑡
2

(𝐹2𝑠𝑖𝑛𝛿2 + 𝐹4𝑠𝑖𝑛𝛿4 − 𝐹1𝑠𝑖𝑛𝛿1 − 𝐹3𝑠𝑖𝑛𝛿3) + 𝑓(𝐹1𝑐𝑜𝑠𝛿1 + 𝐹2𝑐𝑜𝑠𝛿2) − 𝑏(𝐹3𝑐𝑜𝑠𝛿3 + 𝐹4𝑐𝑜𝑠𝛿4)

𝐽
 

(1.50) 

This model can be used for full vehicle simulation and implementation of lookup tables and model predictive 

controller algorithm in real test drives. In addition, to ensure that the vehicle’s wheel do not slip 

unnecessarily, an Ackermann steering geometry, seen in Figure 19, can be used, which ensures that all the 

wheels are tangential to the curve they are making. The ratios for the Ackermann steering geometry are 

calculated. The effective turning radius is calculated from the steering wheel angle. 
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Figure 19: Ackermann Steering Geometry in a 4WS case with steering allocation ratio T=0.5. 

 
𝑅 =

𝐿

𝑡𝑎𝑛𝛥
 

(1.51) 

 
𝛿1 = arctan

𝐿(1 − 𝑇)

𝑅 −
𝑊
2

 
(1.52) 

 
𝛿2 = arctan

𝐿(1 − 𝑇)

𝑅 +
𝑊
2

 
(1.53) 

 
𝛿3 = −arctan

𝐿(𝑇)

𝑅 −
𝑊
2

 
(1.54) 

 
𝛿4 = −arctan

𝐿(𝑇)

𝑅 +
𝑊
2

 
(1.55) 

 

The Ackermann geometry is only used in one case while utilizing MPC to control the RCV.  
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1.3. Relevance of the state-of-the-art to 

current work 
 

Based on this review of current literature, the HEV Optimization paradigm offered interesting insight into 

framing and solving an optimal control problem, both online and offline. Idealized vehicle models were used 

as system simplifications in order to perform an optimization, so the bicycle model, two-track model and the 

Ackermann geometry come into relevance. The objective function used in the present study involves tire 

energy dissipation, and Abe’s work offered a great starting point. Prior work performed by Edren and 

Wanner in KTH Vehicle Dynamics provided information into modeling the energy dissipation for a specific 

drive maneuver. The principle of Dynamic Programming was investigated to optimize energy consumption 

for a drive maneuver, and several simulations were planned. Based on the results from the simulations 

offline, a Model Predictive Controller would be utilized in order to facilitate real-time near-optimal feedback 

control. In addition, a rule based lookup table would need to be derived from the global optimum, and 

feedforward control implemented. As alternatives, Pontryagin’s minimum principle (PMP) could be used as 

an offline optimizer, and a continuous time Linear Quadratic Regulator (LQR) could also facilitate real-time 

feedback. The result of these studies in simulation would then be implemented in vehicle tests with the KTH 

Research Concept Vehicle. The dotted lines in Figure 20 below refer to the relevance of each aspect of the 

literature review to the current work, while the flow diagram depicts the framework utilized to solve the 

optimization problem and to implement it in a prototype vehicle. 

 

 

Figure 20: Summary of State-of-the-art and relevance to present work 
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Part 2:  
 
Methods and Results 
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2.1. Dynamic Programming 
 

The first problem to be solved is finding an offline optimum for known drive maneuvers. This provides a 

benchmark as to how much one can reduce energy dissipation through optimal control. A problem is set up 

considering the lateral dynamics of the vehicle, and a customized objective function is set for which a 

dynamic programming method finds the best solution candidate. Therefore, for such an optimization 

problem, given a drive maneuver, the solver provides the best combination of vehicle steering and camber 

angles for each time instant. In this case, the objective function aims to minimize energy dissipation while 

maintaining the vehicle trajectory.  

2.1.1. Problem formulation 

Given a driving maneuver in terms of longitudinal velocity and steering angle (at the wheel), the analytical 

solution to the bicycle model (Equations 1.42, 1.43) for a front wheel drive vehicle is used to calculate the two 

vehicle states- side slip (β) and yaw rate (ψ̇), and these were used to calculate slip angles, lateral forces and 

then the trajectory for each time instant assuming a normally actuated car with only front wheel steering. The 

states calculated are used as inputs to the dynamic programming function. The dynamic programming 

function performs an iterative optimization over the state trajectory, finding the set of control inputs that 

provide the minimum global cost at each instant and therefore for the entire maneuver, thanks to Bellman’s 

principle of optimality. The Dynamic Programming algorithm (described in Section 1.2.6) needs defined state 

and input grids and optional infeasibility criteria and iterates over permissible candidate optimal values in 

the solution. The real vehicle problem is simplified to a single track model (including rear-wheel steering and 

active camber) so the lateral dynamics can be studied, and linear tires are initially assumed. One reason for 

the use of the single track model is that DP takes exponentially longer processing time with increased state 

and input variables. In addition, the single track model represents the vehicle’s dynamics well [76], and can 

provide interesting insight about energy, dynamics and the trajectory with relatively fast processing time. 

 

 

Figure 21: Limits of the state grid 
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The dpm() Matlab function is a toolbox that allows for implementation of both basic and level set DP [71] 

[72]. Basic DP utilizes the DP algorithm to iterate over possible solution states and find the global optimum. 

Level set DP uses a special class of function called level set functions to represent the region of feasible 

solution states, therefore reducing the number of states iterated without sacrificing solution optimality. The 

level set method allows for smaller gird sizes and faster processing, while also reducing the oscillations and 

noise in the solution. Dynamic Programming, however, is nuanced and requires tuning in order to get a good 

solution. Choice of state and input limits was important, as the optimizer needed a fine enough grid to work 

with to gain a reasonable solution through educated guesses, rather than ‘shooting in the dark’, see Figure 21. 

The dpm() function is implemented so that the user needs to provide the objective function and model 

equations and constraints, and can choose between a number of solver options to obtain a solution [72]. 

Several state and input variables can be used, and it is possible to work with time variant systems. The 

addition of the level set method accounts for continuous nonlinear dynamic systems, and can be applied to a 

broad class of problems.  The dpm() function was used in the HEV optimization case (Section 1.2.3) with the 

Basic DP method. In the present work, the level-set method is instead chosen thanks to benefits in grid size, 

solution time and handling of nonlinearities.  

 

2.1.2. Verification of method 

The first optimal control problem is the verification case, where DP is used to back-calculate the results of the 

analytical solution of the bicycle model, therefore validating the optimization method with a ground truth. 

For this problem, the state variables are vehicle side slip (𝛽 =
𝑣𝑦

𝑣𝑥
) and the yaw rate; and the input to be 

optimized is the steering angle of the front wheel. The rear wheel steering angle and the front and rear 

camber angles are set to zero for this case. The problem is set up as follows: 

 

1. Vehicle Parameters: 

The following vehicle parameters in Table 1 were utilized in the simulation. 

 
Table 1: Parameters of the simulated vehicle 

Type Symbol Value 

Vehicle mass including 2 Persons 𝑚 1000 𝑘𝑔 

Yaw Moment of Inertia 𝐽𝑧 2000 𝑘𝑔𝑚2 

Wheelbase 𝑙 3 𝑚 

C.G. Position Ratio 𝜆 0.5 

C.G Distance from Front Axle 𝑓 1.5 𝑚 

C.G Distance from Rear Axle 𝑏 1.5 𝑚 

Tire Cornering Stiffness 𝐶12, 𝐶34 50 𝑘𝑁/𝑟𝑎𝑑 

Camber Stiffness 𝐺12, 𝐺34 10 𝑘𝑁/𝑟𝑎𝑑 

Longitudinal Velocity 𝑣𝑥 10 𝑚/𝑠 
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2. Calculated States from Bicycle Model: Side Slip, 𝛽𝐵𝑀(. ) and yaw rate �̇�𝐵𝑀(. ) for all time instants. The 

time interval is between initial time 𝑡𝑖  and final time 𝑡𝑓 . 

 

3. Control Inputs to be optimized: Steering angle of the front wheel, 𝛿𝑓 . All other control inputs are set to 

0. 

 

4. Optimal States to be iterated:  Side slip 𝛽𝐷𝑃(. )and yaw rate �̇�𝐷𝑃(. ) for all time instants between 𝑡𝑖  and 

𝑡𝑓 . 

 

5. State grid: The limits of the state grid, the terminal value constraints of the final state, and the initial 

values of the states are assigned from the results of the analytical solution of the bicycle model as 

follows: 

 1.5 min (𝛽𝐵𝑀(. )) ≤ 𝛽𝐷𝑃(𝑡) ≤ 1.5 max (𝛽𝐵𝑀(. ))  

 0.8 𝛽𝐵𝑀(𝑡𝑓) ≤ 𝛽𝐷𝑃(𝑡𝑓) ≤ 1.2 𝛽𝐵𝑀(𝑡_𝑓)  

 𝛽𝐷𝑃(𝑡𝑖) ≤ 𝛽𝐵𝑀(𝑡𝑖)  

 1.5 min (�̇�𝐵𝑀(. )) ≤ �̇�𝐷𝑃(𝑡) ≤ 1.5 max (�̇�𝐵𝑀(. ))  

 0.8 �̇�𝐵𝑀(𝑡𝑓) ≤ �̇�𝐷𝑃(𝑡𝑓) ≤ 1.2 �̇�𝐵𝑀(𝑡_𝑓)  

 �̇�𝐷𝑃(𝑡𝑖) ≤ �̇�𝐵𝑀(𝑡𝑖) (2.1) 

In this case, the grid size of the state grid is Nx= 40 meaning that each state can alternate between 40 

different values between the assigned limits for each time instant. 

 

6. Input grid: The limits of the input grid are assigned from the user-defined steering profile for the 

maneuver, given by the steering angle 𝛿𝑖𝑛 at each time instant. Therefore, the optimal steering angle 𝛿𝑓   

at any time 𝑡 lies within the following limits. 

 1.2 min(𝛿𝑖𝑛(. )) ≤ 𝛿𝑓(𝑡) ≤ 1.2 max (𝛿𝑖𝑛(. )) (2.2) 

The input grid size is assigned to be equal to Nx, therefore a value of Nu=40 is chosen. The size of the 

input grid determines the number of divisions between the limits the optimal input will iterate between 

in order to obtain the states. 

7. System dynamics:  The single track model (Section 1.2.6) is used. Slip angles and lateral forces are 

calculated first, and then used to represent the system’s dynamics: 

 
𝛼12,𝐷𝑃 = (𝛽𝐷𝑃 − 𝛿𝑓 +

�̇�𝐷𝑃𝑓

𝑣𝑥

) 
(2.3) 

 
𝛼34,𝐷𝑃 = (𝛽𝐷𝑃 −

�̇�𝐷𝑃𝑏

𝑣𝑥

) 
(2.4) 

 𝐹12,𝐷𝑃 = −𝐶12𝛼12,𝐷𝑃 (2.5) 

 𝐹34,𝐷𝑃 = −𝐶34𝛼34,𝐷𝑃 (2.6) 

 
�̇�𝐷𝑃 =

𝐹12,𝐷𝑃𝑐𝑜𝑠𝛿𝑓

𝑚𝑣𝑥

+
𝐹34,𝐷𝑃

𝑚𝑣𝑥

− �̇�𝐷𝑃 
(2.7) 
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�̈�𝐷𝑃 =

𝑓𝐹12,𝐷𝑃𝑐𝑜𝑠𝛿𝑓

𝐽𝑧

−
𝑏𝐹34,𝐷𝑃

𝐽𝑧

 
(2.8) 

 

8. Objective function and optimization: The used objective function aims to minimize the deviation from 

the reference state trajectory at each time instant.  

 𝐽 = (𝛽𝐷𝑃(𝑡) − 𝛽𝐵𝑀(𝑡))
2

+ (�̇�𝐷𝑃(𝑡) − �̇�𝐵𝑀(𝑡) )
2

 (2.9) 

Using dynamic programming, the end result of the optimal control provided the optimal front wheel 

steering angle and the respective states at each time instant, which were used to calculate other vehicle 

parameters such as the tire slip angles (α), cornering resistance (Fcr), trajectory and net lateral force (Fy), 

which would be useful in later stages. Since only one control input exists, and one possible trajectory, the 

optimal solution is the analytical solution to the bicycle model (since no other input would follow the 

trajectory with the given system dynamics). Therefore, if the problem is set up correctly, DP and the 

analytical solution should coincide, providing a validation. The performance metrics testing the accuracy 

of the DP result are the maximum instantaneous value of deviation of steering angle δf from δin, and the 

maximum instantaneous deviation from the path in the XY plane.  

 

 𝑆𝑡𝑒𝑒𝑟𝑖𝑛𝑔 𝐷𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 𝛥𝛿 = max(|𝛿𝑓(. ) − 𝛿𝑖𝑛(. )|) (2.10) 

 
𝑃𝑎𝑡ℎ 𝐷𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 𝛥𝑋𝑌 = max (|√𝑥𝐷𝑃

2 (. ) + 𝑦𝐷𝑃
2 (. ) − √𝑥𝐵𝑀

2 (. ) + 𝑦𝐵𝑀
2 (. )|) 

(2.11) 

 

9. Results and discussion:  

Figure 22 and Table 2 show the optimal control results using Dynamic Programming for two common 

steering maneuvers, and it is clear that the state variables, as well as the steering reference and vehicle 

trajectory are followed very closely, meaning the problem has been set up to represent the dynamics of a 

road vehicle.  

Table 2: Deviations from reference for the FS verification case 

Maneuver ->             Step   Sine with Dwell 

Case Grid Size 

(Nx=Nu) 

Maximum 

Steering 

Deviation(rad) 

Maximum Path 

Deviation(m) 

Maximum 

Steering 

Deviation(rad) 

Maximum Path 

Deviation (m) 

FS 40 0.0646 2.2135 0.0045 0.0064 

 

It is quite clear that the predicted steering angle from DP is the same as the input provided by the user. 

In addition, the same vehicle trajectory is followed, with similar values of states. This means that the 

method has been verified, and the modeled system dynamics in DP represent the vehicle’s motion 

accurately. This validation is important for further optimization with various objectives.  
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Figure 22: Results for SWD Maneuver for the FS verification case. Predictions from DP are the dashed lines in 

pink. 

2.1.3. Optimal control problem  

Following the verification, the over-actuated vehicle problem is formulated. In this case the vehicle is given 

the freedom to use 4 control inputs (front and rear axle steering angles, and front and rear camber 

angles),and is therefore over-actuated. The system’s dynamics include this change, and therefore the 

processing time is significantly longer. The grid size has its limits, and with multiple inputs, each state is 

allowed to have a smaller number of possibilities. For the pure front steer case, the input grid had size 40 (the 

set of possible inputs would be divided into an array with 40 elements for each time instant, with the total 

grid size being 40x1, and state grid being 40x40).  

 

A study conducted on the effect of grid size on the optimization result for the single input front steer model 

verification case shows that for a grid size greater than 30, the maximum deviation of the predicted steering 

input from the steering reference is of the order of 0.01rad or less for the SWD case, and is nearly constant for 

the Step case. Therefore, it is clear that while increasing grid size is beneficial, there is a trade-off between 

processing time and accuracy, and a smaller grid size still gives good results in Table 3 thanks to the level set 

method. For the over-actuated case, if the grid size was set to 10 for each state and input, this led to a total 

size of (10x10x10x10xTime) for the input grid, and (10x10xTime) for the state grid. This meant processor 

memory needed exceeded exponentially with grid dimension, and a small grid was necessary in interests of 

processing time. 
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Table 3: Effect of changing grid size for the FS verification case 

Maneuver -> Step Sine with Dwell 

Case Grid Size 

(Nx=Nu) 

Maximum Steering 

Deviation(rad) 

Maximum Path 

Deviation(m) 

Maximum Steering 

Deviation(rad) 

Maximum Path 

Deviation (m) 

FS 10 0.0667 2.2958 0.2302 2.9061(NF) 

FS 20 0.0611 0.9638 0.0818 0.0338 

FS 30 0.0676 1.8164 0.0122 0.0312 

FS 40 0.0646 2.2135 0.0045 0.0064 

FS 50 0.0678 1.3303 0.0033 0.0039 

FS 60 0.0658 1.6285 0.0027 0.0055 

 

In order to set up the optimal control problem for an over-actuated vehicle, a known steering profile and 

longitudinal velocity (for the front wheel steer case) is first defined for the time interval of interest. This 

profile is used as input to an ODE solver that solves the analytical solution of the bicycle model, providing 

reference values of states, as well as lateral forces, yaw moments and slip angles. Considering the deviation 

from obtained references, state constraints are set for DP, along with a customized objective function. DP 

provides the minimizing control inputs for the given objective function, as well as the optimal states at each 

time instant. From the solution of DP, post processing is then done to calculate and compare the energy 

consumption and trajectory between the reference case and the optimal over-actuated case, see Figure 23.  

 

 

Figure 23: DP- Method of solution 
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The cornering resistance FCR is used as a measure of energy consumption, with a lower cornering resistance 

denoting less motion resistance to the vehicle during cornering. Physically, the cornering resistance is the 

component of the force generated by the tire that opposes tire longitudinal motion. The relation below gives 

the cornering resistance as a function of tire cornering stiffness and slip angles, 

 𝐹𝐶𝑅 = 𝐶12𝛼12
2 + 𝐶34𝛼34

2  (2.12) 

Minimizing the cornering resistance alone would provide a trivial solution since the optimizer would not 

have any other constraint to inform it of the path the vehicle has to take. Therefore different parameters were 

used to inform the optimizer of the path including:  

1. The deviation of total lateral force Fy in DP from total lateral force of the reference case.  

 𝛥𝐹𝑦 = (𝐹12,𝐷𝑃𝑐𝑜𝑠𝛿𝑓 + 𝐹34,𝐷𝑃𝑐𝑜𝑠𝛿𝑟) − (𝐹12,𝐵𝑀𝑐𝑜𝑠𝛿𝑖𝑛 + 𝐹34,𝐵𝑀) (2.13) 

2. The deviation of total yaw moment 𝑀𝑧 in DP from the reference yaw moment.  

 𝛥𝑀𝑧 = (𝑓𝐹12,𝐷𝑃𝑐𝑜𝑠𝛿𝑓 − 𝑏𝐹34,𝐷𝑃𝑐𝑜𝑠𝛿𝑟) − (𝑓𝐹12,𝐵𝑀𝑐𝑜𝑠𝛿𝑖𝑛 − 𝑏𝐹34,𝐵𝑀) (2.14) 

3. Deviation from reference states. 

 𝛥𝛽 = 𝛽𝐷𝑃 − 𝛽𝐵𝑀  (2.15) 

 𝛥�̇� = �̇�𝐷𝑃 − �̇�𝐵𝑀  (2.16) 

4. Deviation from path curvature 𝜅. 

 
𝛥𝜅 = (

�̇�𝐷𝑃

𝑣𝑥

) − (
�̇�𝐵𝑀

𝑣𝑥

) 
(2.17) 

 

Different objective functions were explored, and combinations of these deviation parameters were 

attempted. Multiple maneuvers were generated, and the program also had the capability to work with 

vehicle-recorded steering data. Two maneuvers are studied in detail: Step (to observe both steady state and 

sudden dynamic behavior) and Sine with Dwell (To observe applicability in a real lane change scenario). The 

DP solver had issues handling multiple sudden jumps in input, especially if there was a jump at the end of the 

maneuver( DP calculates from the last point, and if the first value calculated is not reasonable, the entire 

optimization fails), and therefore the SWD maneuver was trimmed by 0.1 seconds in order to generate 

realistic and meaningful results. The Step maneuver also offers the opportunity to observe the applicability of 

DP for a constant radius circle test, and these results can be compared with experiment. The optimization 

problem is formulated as follows: 

 

1. Vehicle Parameters: (Same as verification case- Table 1) 

 

2. Calculated States from Bicycle Model: 𝛽𝐵𝑀(. ) and �̇�𝐵𝑀(. ) 

 

3. Control Inputs to be optimized: Steering and camber angles -𝛿𝑓 , 𝛿𝑟 , 𝛾12, 𝛾34  

 

4. Optimal States to be iterated:  𝛽𝐷𝑃(. ) and �̇�𝐷𝑃(. ) 

 

5. State grid: The limits of the state grid are similar to the verification case, as follows 
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 1.5 min (𝛽𝐵𝑀(. )) ≤ 𝛽𝐷𝑃(𝑡) ≤ 1.5 max (𝛽𝐵𝑀(. ))  

 0.8 𝛽𝐵𝑀(𝑡𝑓) ≤ 𝛽𝐷𝑃(𝑡𝑓) ≤ 1.2 𝛽𝐵𝑀(𝑡_𝑓)  

 𝛽𝐷𝑃(𝑡𝑖) ≤ 𝛽𝐵𝑀(𝑡𝑖)  

 1.5 min (�̇�𝐵𝑀(. )) ≤ �̇�𝐷𝑃(𝑡) ≤ 1.5 max (�̇�𝐵𝑀(. ))  

 0.8 �̇�𝐵𝑀(𝑡𝑓) ≤ �̇�𝐷𝑃(𝑡𝑓) ≤ 1.2 �̇�𝐵𝑀(𝑡_𝑓)  

 �̇�𝐷𝑃(𝑡𝑖) ≤ �̇�𝐵𝑀(𝑡𝑖) (2.18) 

The grid size was reduced and tested between Nx=8 and 12 for different objective functions.  

 

6. Input grid: The steering angles are assigned limits similar to the verification case. 

 1.5 min(𝛿𝑖𝑛(. )) ≤ 𝛿𝑓(𝑡) ≤ 1.5 max (𝛿𝑖𝑛(. ))  

 1.5 min(𝛿𝑖𝑛(. )) ≤ 𝛿𝑟(𝑡) ≤ 1.5 max (𝛿𝑖𝑛(. )) (2.19) 

The camber angles are assigned limits according to physical actuator limits, and the maximum and 

minimum values range between 0.08 and -0.08 radians. 

 −0.08 ≤ 𝛾12(𝑡) ≤ 0.08  

 −0.08 ≤ 𝛾34(𝑡) ≤ 0.08 (2.20) 

The input grid size is assigned to be equal to Nx. 

 

7. System dynamics: The single track model is used, 

 
𝛼12,𝐷𝑃 = (𝛽𝐷𝑃 − 𝛿𝑓 +

�̇�𝐷𝑃𝑓

𝑣𝑥

) 
(2.21) 

 
𝛼34,𝐷𝑃 = (𝛽𝐷𝑃 − 𝛿𝑟 −

�̇�𝐷𝑃𝑏

𝑣𝑥

) 
(2.22) 

 𝐹12,𝐷𝑃 = −𝐶12𝛼12,𝐷𝑃 + 𝐺12𝛾12,𝐷𝑃 (2.23) 

 𝐹34,𝐷𝑃 = −𝐶34𝛼34,𝐷𝑃 + 𝐺12𝛾12,𝐷𝑃 (2.24) 

 
�̇�𝐷𝑃 =

𝐹12,𝐷𝑃𝑐𝑜𝑠𝛿𝑓

𝑚𝑣𝑥

+
𝐹34,𝐷𝑃𝑐𝑜𝑠𝛿𝑟

𝑚𝑣𝑥

− �̇�𝐷𝑃  
(2.25) 

 
�̈�𝐷𝑃 =

𝑓𝐹12,𝐷𝑃𝑐𝑜𝑠𝛿𝑓

𝐽𝑧

−
𝑏𝐹34,𝐷𝑃𝑐𝑜𝑠𝛿𝑟

𝐽𝑧

 
(2.26) 

 

8. Objective function: Of a number of combinations of objective functions investigated, six candidates 

enabled the vehicle to follow the path. These were a combination of the cornering resistance (for 

reducing energy consumption) and deviation from the reference trajectory (safety) - a combination of 

lateral force, yaw moment, side slip, yaw rate and curvature. The objective functions used aimed to 

minimize the deviation from the reference state trajectory at each time instant.  

 𝐽1 = 𝐹𝐶𝑅 + |𝛥𝐹𝑦| (2.27) 

 𝐽2 = 𝐹𝐶𝑅 + |𝛥𝑀𝑧| (2.28) 

 𝐽3 = 𝐹𝐶𝑅 + |𝛥𝐹𝑦| + |𝛥𝑀𝑧| (2.29) 

 𝐽4 = (𝛥𝛽)2 + (𝛥�̇�)
2

 (2.30) 



42  

 

 𝐽5 = (𝛥�̇�)
2

 (2.31) 

 𝐽6 = (𝛥𝜅)2 (2.32) 

The objective functions J1-6 all enabled the vehicle to follow the path. Based on this optimal control 

problem formulation, Dynamic Programming was performed, and the relative consumption (as a 

measure of energy saving), and maximum instantaneous deviation (as a measure of safety) from the 

reference path were used as performance metrics.  These performance measures were defined as 

follows: 

 
𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝐶𝑜𝑠𝑡 𝛥𝐹𝐶𝑅 =

∑ 𝐹𝐶𝑅,𝐷𝑃 − ∑ 𝐹𝐶𝑅,𝐵𝑀

∑ 𝐹𝐶𝑅,𝐵𝑀

× 100 
(2.33) 

 
𝑃𝑎𝑡ℎ 𝐷𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 𝛥𝑋𝑌 = max (|√𝑥𝐷𝑃

2 (. ) + 𝑦𝐷𝑃
2 (. ) − √𝑥𝐵𝑀

2 (. ) + 𝑦𝐵𝑀
2 (. )|) 

(2.34) 

A high positive percentage value (<100%) of the relative cost meant better energy saving performance 

of the optimal control. Lower values of deviation from the reference path meant better safety of the 

optimal control. A deviation of ~0.1m for the SWD case was considered acceptable, while a higher 

tolerance of ~3m was allowed for the Step case. 

 

9. Results and discussion: 

In order to improve efficiency and safety, the objective J1 that minimized cornering resistance while 

maintaining the net lateral force was investigated and the predicted steering and camber inputs were 

observed. The Step steer maneuver provides insight into vehicle behavior in case of a sudden change in 

the driving condition, as well as providing insight into behavior in a constant radius circular path.   

 

Figure 24 depicts results for a Step maneuver, and it can be clearly seen from the blue and pink dotted 

lines in Figure 24 (d) that the DP predicts inputs that reduce the steady state value of slip angles α12 and 

α34 in the front and rear tires to 0.05rad from 0.07rad in the reference case once the steering angle has 

reached its maximum value at t=7.5s in Figure 24 (a). This corresponds to a significant reduction in the 

cornering resistance, as can be seen in Figure 24 (e) and the area under the FCR curve is used to denote 

the energy cost, with the difference in area providing the relative cost saving with over-actuation. It can 

be seen from Figure 24 (a) that the optimal control for the maneuver utilizes both front steering and a 

camber of 0.08rad in the front and rear in steady state, while some rear wheel steering is used to 

stabilize the vehicle in the instant when the steering input is changed. This application of camber leads 

to a slight under-steer behavior of the car, as can be seen from the vehicle trajectory in Figure 24 (f), and 

while the yaw rate is maintained to be similar to the reference, the side slip β actually increases, and this 

could be the cause of the steering behavior. The application of camber changes the lateral force, which 

influences the side slip, which in turn reduces the tire slip angles and therefore the cornering resistance. 
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Figure 24: DP Results for Step maneuver with objective J1 

 
Figure 25 depicts the Sine with Dwell maneuver, which provides insight into a typical lane change 

scenario and a common lateral dynamics case. It can be seen in Figure 25 (a) that the DP optimization 

reduces the maximum steering angle in the front wheel, and steers the rear wheel in the opposite 

direction; both in roughly sinusoidal profiles. The camber angles in the front and rear wheels follow the 

same trend, and also follow a roughly sinusoidal profile. It is of note that the front and rear wheels 

camber in the same direction with this objective function. From Figure 25 (b) and (c) it is clear that the 

yaw rate (and therefore path curvature) is maintained, while the side slip is almost inverted. The effect 

of this change in vehicle state is reflected in Figure 25 (c), with the slip angles with a similar profile, but 

reduced magnitude compared to the reference. Therefore, there is a reduction in cornering resistance in 

Figure 25 (e), while the vehicle trajectory is closely followed without any understeer or oversteers in 

Figure 25 (f). The results are filtered for visual clarity in Figure 26. It is interesting to observe some 

outliers in the value of camber, which could be because of the iterative nature of DP, and the actual 

camber value of some instants might have escaped the resolution of the input grid, and another camber 

angle value that offers the same lateral force could have been predicted. A rate constraint for the change 

in camber angle can possibly counter this. 
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Figure 25: DP Results for SWD maneuver with objective J1 

 

 

Figure 26: Filtered DP Results for SWD maneuver with objective J1 
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Table 4 depicts the vehicle performance when optimized for different objective functions for the Step and 

SWD maneuvers. Using J1, a high energy saving of 44% can be obtained for Step and 55% for SWD, while still 

following the path closely. It is interesting to note that using ΔMz in J2 has the potential to offer significant cost 

saving up to 72% for SWD, since it exploits the camber angles to create a pivot effect, enabling the car to have 

the same yaw moment with lower steering angle and lateral force. However, this objective is not always 

possible to be used, as it has unacceptable deviation from the path for Step. A combination of both lateral 

force and yaw moment deviation was used in J3, and provided similar performance as J1, but with an energy 

saving of 43% in SWD. Penalizing the deviation from the reference state variables did not show any cornering 

resistance saving, but maintained path following using over-actuation in J4 and J5, while the same applied to 

maintaining path curvature in J6.  J4, J5 and J6 were not explored further for DP, but were seen as alternative 

means to optimize for safety, rather than efficiency. The deviation from reference state will come into the 

picture once more in the implementation of a model-predictive controller, and will be discussed further in 

Section 2.2. 

 
Table 4: Comparison of controller performance for different objective functions 

Maneuver  Step Sine with Dwell 

Objective Grid 

Size 

(Nx=Nu) 

Relative Cost 

𝜟𝑭𝑪𝑹 (%) 

Deviation 

from path(m) 

Relative Cost 

𝜟𝑭𝑪𝑹 (%) 

Deviation 

from path(m) 

J1 =FCR + |ΔFy| 12 44.244 2.24 55.51 0.097 

J2=FCR + |ΔMz| 12 89.74 41.10 72.42 0.2021 

J3=FCR + |ΔFy|+ |ΔMz| 12 43.98 3.41 43.135 0.0216 

J4 =Δβ2+Δdψ2. 8 -33.48 3.01 -214.53 0.0811 

J5 =Δdψ2 8 -46.38 2.788 -831 0.1245 

J6 =Δκ2 8 -46.38 2.788 -782 0.0774 

 

2.1.4. Parameter Study 

A parameter study was conducted to observe the effect of over-actuation to energy consumption. In this case, 

different degrees of over-actuation were compared for the same objective function for both SWD and Step 

maneuvers, so as to observe the benefits of various combinations of over-actuation. This is of interest during 

vehicle design, since if for cost or safety reasons, only the front wheels can be steered but the rear wheels 

have active camber, the effects can be studied. The same can be studied for only front and rear steering, or 

only front steering and active camber. Eight different combinations of over-actuation were studied for Step 

and SWD maneuvers with objectives J1 and J3, and these led to a number of insights. Different grid sizes were 

used depending on the number of input variables, and good path following was the criteria for maintaining a 

particular grid size, similar to the results in Table 3. 

 

Considering the study performed with objective J1 in Table 5, adding camber to the front wheels led to better 

reduction in cornering resistance (and therefore energy saving) than adding camber to the rear wheels for 

both maneuvers, if the FSFC and FSRC cases are compared. In case actuators are added in the rear in addition 
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to front wheel camber, steering the rear wheel offers both worse energy saving and worse path following 

compared to cambering the rear wheel (Comparing FSFCRS and FSFCRC). If there was no camber in the front 

wheel and only the rear wheel could be actuated, then it is better to camber the rear wheel rather than steer 

it (FSRC vs. FSRS). If a single camber actuator is to be added, it is more beneficial to add it to the front wheels. 

The fully over-actuated case with front, rear steering and active camber in front and rear offers the best 

performance, saving significantly more energy than the second best case. In addition it is interesting to note 

that actuating the rear wheel facilitates good path following. 

Table 5 : Vehicle architecture design study using objectives J1= FCR + |ΔFy|, J3=FCR + |ΔFy|+ |ΔMz| 

Maneuver Step Sine with Dwell 

Level of Over-

actuation 

Grid 

Size 

(N) 

Relative Cost 

𝜟𝑭𝑪𝑹 (%) 

Deviation from 

path(m) 

Relative Cost 

 𝜟𝑭𝑪𝑹 (%) 

Deviation from 

path(m) 

J1 J3 J1 J3 J1 J3 J1 J3 

FS 40 3.59 4.33 2.21 2.73 -0.92 3.31 0.051 0.033 

FS FC 20 14.23 14.72 1.46 1.80 24.67 22.36 0.013 0.0082 

FS FC RS 15 11.82 9.64 1.59 2.95 21.76 22.55 0.011 0.017 

FS FC RC 15 35.64 43.39 1.53 2.86 34.73 13.09 0.0075 0.0170 

FS FC RS RC 12 44.24 43.98 2.24 3.41 55.51 43.14 0.097 0.022 

FS RS RC 15 9.79 2.94 0.0071 2.90 9.79 14.16 0.0071 0.059 

FS RC 20 13.35 21.80 1.04 3.09 7.28 0.348 0.0050 0.054 

FS RS 30 1.30 1.60 1.79 2.01 -1.38 2.09 0.011 0.029 

 

If the deviation from yaw moment was added to the objective function, (leading to J3) it is interesting to see 

that it is possible to reduce the cornering resistance(but with more path deviation) by steering the rear wheel 

(FSRS) rather than seeing it increase if only the lateral force was used in the objective. For the Step maneuver, 

the J3 objective offers similar or better energy saving for nearly all cases compared to J1. However, for the 

SWD maneuver, the savings are not so marked compared to J1. The path following performance of both 

objective functions are of acceptable ranges (~3m for Step and <0.1m for SWD).   From the J3 results, it is 

insightful to see that adding camber to the front wheels is beneficial for both SWD and Step cases, while 

adding rear camber is beneficial only for Step. The fully over-actuated case (FSFCRSRC) offers the best 

performance, but having only front wheel steering and camber (FSFC) still offers energy saving with good 

path following. 

 

From this design study, it can also be seen that changing the objective function of the optimal control can lead 

to different performance characteristics. Therefore, based on the kind of driving behavior and maneuvers 

planned, as well as the level of over-actuation, a specific objective function can be chosen. In addition, 

depending on the vehicle steering and camber architecture, a customized objective function can be selected 

for optimization. Similarly, based on a given performance requirement in terms of energy saving and safety, a 

specific vehicle architecture can be used. For practicality, cost and ease of implementation, if only one 

addition could be made to an existing vehicle, adding camber actuators to the front wheels offers the best 

benefit with minimum changes to the vehicle architecture. 
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2.1.5. Extension- Nonlinear Tires 

The preceding results consider linear tires, meaning that a linear relation is assumed between the lateral 

force and tire slip angle, regardless of the slip angle. However, this is not the case in real life, where the lateral 

force reaches a plateau. To reflect this reality, the semi-empirical Magic Formula tire model is used instead of 

constant cornering stiffness [77]. 

 

The Magic formula was integrated to both the analytical bicycle model solution and the DP optimization. 

Instead of a constant cornering stiffness, the slip and camber angles were used as inputs to a function that 

generated the respective lateral force using the Magic Formula (Equation 2.35). The tire model was tuned to 

reflect a tire of cornering stiffness 50000 N/rad, similar to the linear case. The effective cornering stiffness 

(the ratio between the lateral force and slip angle) was calculated for each instant from this lateral force 

(Equation 2.36).This value was used instead of the constant cornering stiffness in the solver of the analytical 

solution(used in all previous cases) to generate the reference while the lateral force was used directly for the 

DP optimizer. The lateral force from the Magic Formula is a function of slip and camber. The cornering 

stiffnesses are derived from the lateral force and a coefficient ε is added to the denominator to prevent 

infinite values. 

 𝐹12,34 = 𝑓𝑀𝐹(𝛼12,34, 𝛾12,34) (2.35) 

 
𝐶12,34 = |

𝐹12,34

𝛼12,34 + 휀
| , 휀 ≪ 1 

(2.36) 

From this calculated lateral force, the cornering resistance was recalculated using the lateral forces and slip 

angles and plugged into objective function 𝐽𝑀𝐹  which is analogous to 𝐽1 . 

 𝐹𝐶𝑅,𝑀𝐹 = |𝐹12𝛼12| + |𝐹34𝛼34| (2.37) 

 𝐽𝑀𝐹 = 𝐹𝐶𝑅,𝑀𝐹 + |𝛥𝐹𝑦|  (2.38) 

The results of adding nonlinear tires were very noisy, and the values of slip angles were filtered using a zero-

phase band pass filter function in Matlab [78], and outliers were removed. This was done to view realistic and 

observable results and the measured performance parameters of nonlinear tires are therefore processed 

data, rather than raw data. However, the values obtained do provide logical insights into energy behavior in 

Table 6. 

Table 6: Filtered DP results with nonlinear tires 

Maneuver -> Step Sine with Dwell 

Velocity, Vx (m/s) Grid 

Size 

(Nx=Nu) 

Relative Cost 

𝜟𝑭𝑪𝑹 (%) 

Deviation 

from 

path(m) 

Relative Cost 

𝜟𝑭𝑪𝑹 (%) 

Deviation 

from 

path(m) 

10 15 12.71 1.41 38.90 0.1618 

15 15 52.48 0.1727 11.6188 0.1727 

 

It can be seen that at higher velocities (15 m/s), there is more energy saving for the Step maneuver, as the 

addition of camber reduces the slip in the tires. For SWD, however, the saving is reduced by increasing the 

speed to 15 m/s, since the tire shows nonlinearities, and is not able to provide sufficient lateral force without 
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adding slip. Therefore the saving for the SWD maneuver reduces with increased speed. The DP solver’s 

predicted inputs enable the vehicle to follow the path accurately in all cases, (even if the states and path were 

not filtered but the control inputs and slips were). The filtered results for SWD with a longitudinal velocity of 

15 m/s can be seen in Figure 27. The nonlinear tire model’s dynamics are reflected in the side slip and yaw 

rate at t=2.5s, and these nonlinearities are reflected in the slip angles. The higher cornering resistance 

compared to the linear tires in Figure 26 (e) is also clear in Figure 27 (e). 

 

Figure 27: Filtered results for the SWD maneuver at 15 m/s, Magic Formula included 

Dynamic Programming can therefore also be applied to nonlinear tires, and enables one to gain an insight 

into optimal control of a real vehicular system. However, the study conducted on the Magic formula is 

preliminary and provides indicative results. Further studies with higher grid size and tuned model 

parameters are needed to find the optimal control for a vehicle with nonlinear tires. 

2.1.6.  Section Conclusion: 

An optimal control problem minimizing energy dissipation while maintaining safety was formulated, and 

solved using Dynamic Programming. The model was verified, multiple objective functions were investigated, 

and a parameter study was conducted to gain an understanding of the impact of over-actuation on energy 

consumption. Finally the model was extended to nonlinear tires. The methods, models, optimal controls and 

states derived from DP will be used in subsequent sections, as DP gives the offline optimum and is a 

performance benchmark.  
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2.2. Model Predictive Control 
 

The offline solution from Dynamic Programming provided a clear idea of the performance benchmark 

achievable by active over-actuation. However, considering an infinite time horizon, or real time feedback 

control, it is not possible to find the global optimum using DP. In that case, a simpler and faster optimization 

method can be used, providing control inputs which is not necessarily the global optimum, but still acceptable 

given the right reference. Model predictive control is one such method, as described previously, and enables 

fast prediction of control inputs given the system dynamics and reference states.  Of particular relevance is its 

applicability for implementation in the modeling and simulation software Simulink, which is the environment 

used for the control system of the KTH Research Concept Vehicle, as well as for the Extended Brush tire 

Model (EBM). Therefore, the primary objective of using a model predictive controller was to facilitate studies 

that would enable implementation of optimal control to a real world scenario. All vehicle parameters used are 

same as Table 1, and the results of DP with objective J1 are used as a benchmark since they displayed the best 

performance in terms of relative cost and deviation from reference path. While MPC and DP have different 

objective functions, it is still of value to compare the performance of the controllers based on the same 

performance parameters and gain an understanding of achievable cost saving.  

2.2.1. MPC formulation in Matlab/Simulink 

This section of the project is performed in Simulink, since Matlab/Simulink has a toolbox for MPC that is 

formulated with Measured Outputs (MO), Manipulated Variables (MV) and Reference Variables [79]. The 

Model Predictive Controller is available as an MPC block for direct use in Simulink. Explicit and Adaptive MPC 

blocks are also available for use if necessary (in this case, the plain MPC block was used), and measured 

disturbance models can be added using a Kalman filter, accounting for measurement noise. In addition, an 

MPC designer tool is available to linearize the plant model, design and tune the controller to follow a set 

point. The model predictive controller available with the MPC toolbox uses quadratic programming as its 

internal optimization algorithm, and penalizes the measured output’s deviation from the reference state, and 

then assigns optimal values to the manipulated variables in a closed loop to ensure minimum deviation from 

the reference during the controller’s prediction horizon.  

 

The vehicle’s performance with MPC can therefore only be as good as the reference value provided to the 

controller. The first reference considered is the result of the analytical solution of the single-track model, 

from which the vehicle states are derived. The second reference is the result of the Dynamic Programming 

optimization, which also provides the optimal vehicle states over time for a driving maneuver. Third, in order 

to utilize MPC for minimizing cornering resistance, tire slip angles were used as state variables. MPC’s 

internal optimizer penalizes the deviation from the state with minimum energy dissipation, or from the 

minimum slip directly. However, for a real time implementation, the DP optimal information may not always 

be available, which means that a sub-optimal but still energy saving solution can be used. This is also tested, 

by utilizing the MPC to follow the states of the bicycle model reference using over-actuation. This exploits the 
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information provided by Edren [24] that over-actuation by all-wheel steering can reduce energy 

consumption.  

 

The ‘plant model’ is crucial for the MPC, since it determines the dynamics of the system. An extended bicycle 

model including camber and rear steering was used as the plant, built with the same differential equations 

(2.21-2.26) as the DP optimization. The measured outputs were the vehicle states- side-slip (𝛽) and yaw rate 

(�̇�). Four control inputs (𝛿𝑓 , 𝛿𝑟 , 𝛾12, 𝛾34) were predicted by the MPC as manipulated variables (MV). Using the 

MPC Designer tool, the plant model was linearized for the operating point of the problem, the controller was 

tuned for a unit step response and the results saved to the workspace. Once the controller was updated, the 

system was tested for a variety of references and steering inputs. 

 

Figure 28: MPC implementation for an over-actuated vehicle in Simulink  

Figure 28 depicts the implementation of model predictive control for an over-actuated vehicle model. The 

reference values to be followed can be switched between the analytical solution of the bicycle model for the 

front-steer case, or the optimal states predicted by DP for a particular drive maneuver. The plant model’s 

outputs are measured by the MPC, compared against the reference and the inputs to plant are predicted 

appropriately to ensure that the outputs (�̇� in this case) follow the reference case. The plant model also 

calculates all the vehicle performance parameters necessary for an analysis- states, slip angles, cornering 

resistance, lateral force and trajectory.  

 

The MPC designer tool linearizes the plant model at the model initial condition, and enables tuning of the 

controller for specific scenarios such as a unit step, or a sinusoidal reference. The controller could be tuned by 

changing weights on the predicted inputs and measured states, choosing which input and measured output to 

prioritize. Tunable weights were also assigned for the rate of change of the control inputs. In order to design 



51  

 

the model predictive controller, the main parameters needed were the plant model, the prediction horizon, 

control horizon and the sample time. Constraints could be set on the values of the inputs and the output 

states. An internal measure existed within the toolbox to tune the performance of the controller for speed of 

state estimation and aggressiveness/robustness of closed loop performance. The appropriate controller was 

therefore designed using the toolbox and tuned for a unit step or sinusoidal reference. Simulation studies 

were performed to understand the benefits of utilizing real time control for over-actuation, and savings were 

quantified. 

 

2.2.2. Model Verification- Front wheel steering 

In order to validate the model developed in Simulink, comparison of MPC results was done against the 

analytical solution of the bicycle model. If the predicted inputs from the MPC coincide with the steering 

reference for the path in the bicycle model (same as the verification of the model in DP), then the model can 

be considered validated and reflective of a vehicle’s dynamic behavior. For this case, the rear wheel steering 

angle, as well as front and rear camber were set to zero in the vehicle plant model, and only the front steering 

angle was used as control input. The vehicle states (𝛽, �̇�) were tracked as Measured Outputs (MO), and 

compared to the reference states from the analytical solution. The MPC then predicted the front steering 

angle as a Manipulated Variable (MV) in order to follow the reference states.  

 

 

Figure 29: Validation of MPC 

Figure 29 shows the results of MPC for a SWD maneuver. The predicted inputs cause the plant model to 

follow the reference states accurately, and the deviation of the steering angle and the trajectory from the 

reference is within acceptable limits, as can be seen in Table 7. The model can therefore be considered 

verified.  
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Table 7: Deviations from reference for the FS verification case 

Maneuver -> Step Sine with Dwell 

Reference Maximum Steering 

Deviation(rad) 

Maximum Path 

Deviation(m) 

Maximum Steering 

Deviation(rad) 

Maximum Path 

Deviation (m) 

𝜷, �̇� 0.0059 0.5762 0.0029 0.4039 

 

2.2.3. Case Studies 

Several configurations of the MPC were studied. First, the MPC was used to predict 4 input variables by 

tracking vehicle states. The model was expanded to include tire nonlinearities with an implementation of the 

Extended Brush tire Model. A new approach was then used, with the state equations being restated in terms 

of slip angles rather than vehicle states. In order to test the possibility of real world implementation, MPC was 

implemented to a two track vehicle model. 

Case 1- Follow vehicle states 

 
The first case involved using the MPC to predict the four vehicle control inputs (𝛿𝑓 , 𝛿𝑟 , 𝛾12, 𝛾34) by tracking the 

two vehicle states (𝛽, �̇�) to follow two references- the Bicycle Model(BM) solution states, and the optimal 

states calculated by DP for the SWD and Step maneuvers in Section 2.1.3.  

 

When MPC follows BM states, it can be seen in Figure 30 (a) that the steering and camber for the rear wheel 

are not used at all if both state variables are to be followed. The states are closely followed in Figure 30 (b) 

and (c). The addition of front camber offers some cost saving in Figure 30 (e) thanks to reduced slip angles in 

Figure 30 (d). There is a 3m offset in the X axis of the vehicle trajectory between the MPC result and the 

reference, and this can be seen by the X axis value of the trajectory starting from -3m, which can be attributed 

to the prediction horizon in the MPC. This 3m offset is accounted for in choosing the acceptable threshold for 

deviation from the path, and path deviation of ~6m for Step and ~3m for SWD maneuvers were considered 

acceptable (the limits do not mean that the car actually deviates by 3m, but rather that the 3m offset is 

considered within the threshold, as is also clear from Figure 30).   

 

Table 8 shows the relative cost and the deviation from the path calculated with the same method as in DP, 

which gives a measure of the performance of the MPC when it follows the BM reference states and the DP 

reference states. It can be seen that following the DP reference is more beneficial for the Step maneuver, 

while following BM is more beneficial for SWD in terms of relative cost. It is interesting to note that following 

the optimal vehicle states of DP does not necessarily lead to the optimal control input and optimal energy 

consumption, and therefore it is necessary to find a way to directly follow the slip angles instead of the states. 

It can be seen that MPC with active camber leads to cost reduction, though the reduction achieved is not as 

high as the benchmark. 
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Figure 30: MPC Results following BM states 𝜷𝑩𝑴, �̇�𝑩𝑴 

Table 8: MPC Results for following vehicle states 

Maneuver -> Step Sine with Dwell 

Case 
Relative 

Cost 𝜟𝑭𝑪𝑹 (%) 

Deviation from 

Path(m) 

Relative Cost 

𝜟𝑭𝑪𝑹 (%) 

Deviation from 

Path(m) 

DP Benchmark(J1)  44.244 2.24 55.51 0.097 

Follow 𝜷𝑩𝑴, �̇�𝑩𝑴 12.148 6.0567 20.91 3.727 

Follow 𝜷𝑫𝑷, �̇�𝑫𝑷 17.853 7.7757 17.36 3.045 

Follow �̇�𝑩𝑴 3.872 6.574 14.2468 3.069 

 
While following states from DP or BM are beneficial for a drive maneuver, it is not practical or possible to 

have the optimal DP solutions available in real-time during driving. It is however possible to solve the bicycle 

model equations in real time, meaning that it is possible to provide a BM reference even in real time. 

Therefore utilizing MPC to follow the BM reference and still provide energy saving would be of utility. 

However, it is seen that tracking both the state variables leads to an underutilization of the rear actuators, 

because the side slip β, the front steering angle and vehicle states are cross-coupled. It can also be seen from 

the DP results in Figure 25 that in the optimal case, the yaw rate is always maintained to be similar to the 

reference, even if the side slip differs.  

 

To facilitate better actuator utilization (since the fully over-actuated case is the one with the best energy 

performance according to the parameter study in Table 5) only the yaw rate (�̇�𝐵𝑀) was tracked, rather than 
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both state variables.  In this case, it is seen that the rear wheels are also used appropriately in Figure 31. 

However, due to rear wheel steering, the slip angle of the rear wheel is higher than in the front steer case in 

Figure 31 (d), not leading to a better saving in Figure 31 (e).It can be seen that the side slip is not tracked, 

therefore the wheels are given the freedom to actuate in Figure 31 (a) with a maximum rear steering angle of 

0.05 rad and maximum camber of 0.02 rad to achieve the desired yaw rate in Figure 31 (c). The advantage of 

this case is that by tracking a single state, full over-actuation can be commanded and reduction in cornering 

resistance obtained, as seen in Table 8. While the relative cost is less than that for following two states or the 

DP reference (especially for the Step maneuver), this configuration is more practical for implementation in a 

vehicle thanks to easy availability of accurate yaw rate information, and full utilization of over-actuation.  

 

 

Figure 31: MPC results when only �̇�𝑩𝑴 is tracked 

 

Case 2: Vehicle model extended to include EBM Tires 

In order to better reflect the real world, the model was expanded to include nonlinear tires, rather than the 

linear tires with constant cornering stiffness. The Extended Brush tire Model provided the lateral force for a 

single tire from on the tire slip and camber angles based on a series of lookup tables generated for the tire 

characteristics [27].  

 𝐹𝑦,𝐸𝐵𝑀 = 𝑓(𝛼, 𝛾) (2.39) 

This lateral force was used for both front and rear wheels in the plant model, and the model was linearized in 

the MPC Designer Tool for the initial condition. The controller was designed for a sinusoidal reference. The 

expanded model was used to track the references of DP and BM by following the two vehicle states, and 

showed energy saving especially in the SWD maneuver. In Table 9, the relative costs and deviations from the 
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path are compared to the best DP results from the Magic Formula at 10 m/s in Table 6 (this is done so that 

only nonlinear cases are compared). One interesting observation is that while the relative cost for SWD is 

similar for linear and nonlinear tires, a very low relative cost is seen for the Step case with nonlinear tires. A 

hypothesis to explain this discrepancy could be that the Step maneuver involves a sudden change in the 

vehicle state, leading to nonlinearities and controller overshoot, which in turn lead to higher cornering 

resistance, therefore lower relative cost.  

 

Table 9: MPC Results for following vehicle states with nonlinear tires (EBM) 

Maneuver -> Step Sine with Dwell 

Case 
Relative Cost 

𝜟𝑭𝑪𝑹 (%) 

Deviation from 

Path(m) 

Relative Cost 

𝜟𝑭𝑪𝑹 (%) 

Deviation from 

Path(m) 

DP (Magic Formula) 12.71 1.41 38.90 0.1618 

Follow 𝜷𝑩𝑴, �̇�𝑩𝑴 -5.458 3.30 19.73 3.044 

Follow 𝜷𝑫𝑷, �̇�𝑫𝑷 1.58 3.11 18.86 3.040 

 

Case 3: Restate system dynamics in terms of slip angles 

Since the MPC penalizes deviation from a reference, the best case for minimum energy consumption 

(cornering resistance) is to penalize deviation from the minimum tire slip angle (α) that is calculated in DP, 

which gives the minimum cornering resistance (FCR) at that time instant. Therefore, in order to reduce energy 

dissipation, the state equations of the vehicle were re-stated in terms of the tire slip angles (𝛼12, 𝛼34) instead 

of the vehicle state variables (𝛽, �̇�). Therefore, the new system equations with linear tires are as follows: 

 
𝛼12 = 𝛽 − 𝛿𝑓 +

�̇�𝑓

𝑣𝑥

 
(2.40) 

 
𝛼34 = 𝛽 − 𝛿𝑟 −

�̇�𝑏

𝑣𝑥

 
(2.41) 

 𝐹12,34 = −𝐶12,34𝛼12,34 + 𝐺12,34𝛾12,34 (2.42) 

 
�̇�12 =

1

(𝑓 + 𝑏)
[{

𝑓 + 𝑏

𝑚𝑣𝑥

+
𝑓2(𝑓 + 𝑏)

𝐽𝑧𝑣𝑥

} 𝐹12 cos 𝛿𝑓 + {
𝑓 + 𝑏

𝑚𝑣𝑥

−
𝑓𝑏(𝑓 + 𝑏)

𝐽𝑧𝑣𝑥

} 𝐹34 cos 𝛿𝑟

+ (−𝛼12 + 𝛼34 − 𝛿𝑓 + 𝛿𝑟)𝑣𝑥 − (𝑓 + 𝑏)�̇�1] 

(2.43) 

 
�̇�34 = �̇�12 − {

𝑓(𝑓 + 𝑏)

𝐽𝑧𝑣𝑥

} 𝐹12𝑐𝑜𝑠𝛿𝑓 + {
𝑏(𝑓 + 𝑏)

𝐽𝑧𝑣𝑥

} 𝐹34𝑐𝑜𝑠𝛿𝑟 + �̇�𝑓 − �̇�𝑟 
(2.44) 

 

These equations were modeled as a new plant in Simulink, and the slip angle outputs were compared to the 

reference slip angles from DP. It was seen that the addition of the derivatives of the steering angles caused 

some deviation from the reference path in Simulink, though the cost savings were considerable. The 

performance of this case is presented in Table 10. 
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Table 10: MPC Results for following vehicle states and slip angles 

Maneuver -> Step Sine with Dwell 

Case Relative Cost 

𝜟𝑭𝑪𝑹 (%) 

Deviation from 

Path(m) 

Relative Cost 

𝜟𝑭𝑪𝑹 (%) 

Deviation from 

Path(m) 

DP Benchmark Filtered(J1) 46.12 2.24 67.72 0.097 

Follow 𝜶𝟏𝟐,𝑫𝑷, 𝜶𝟑𝟒,𝑫𝑷 46.41 47.34 59.81 10.6682 

Follow 𝜶𝟏𝟐,𝑫𝑷, 𝜶𝟑𝟒,𝑫𝑷, �̇�𝑫𝑷 43.77 5.60 62.07 3.11 

Parallel Plant, Follow 

𝜶𝟏𝟐,𝑫𝑷, 𝜶𝟑𝟒,𝑫𝑷, 𝜷𝑫𝑷, �̇�𝑫𝑷 
46.02 3.045 67.07 3.03 

  

In order to use DP slip angles as the reference for MPC, it was necessary to use a low pass filter on the DP data 

in order to remove outliers and noise that led to errors in the MPC. Therefore the optimal consumption in DP 

for this case is lower than the other cases due to filtering. First, when two outputs- the slip angles were 

tracked, the cost saving was in the region of the optimal cost saving possible, but the deviation from the path 

was not acceptable. Therefore, a third output signal, the vehicle yaw rate was tracked as well, which led to 

better FCR reduction and path following.  

 

Additionally as a further suggestion in order to enable better path following, two parallel plants were utilized 

and linearized, the first describing the vehicle states with the single track model, and the second describing 

the vehicle slip angles with the new plant as shown in Figure 32.The slip angles were tracked from the new 

state plant, while the side-slip and yaw rate were tracked from the single track model. The MPC tracks 4 

outputs, and predicts 4 inputs that go into two different plants. This way, both path following and cost saving 

are close to the DP values.  A caveat is that the system dynamics might be overstated in this case, and the 

performance of the MPC depends on the plant linearization. 

 

 

Figure 32: Parallel plant implementation with MPC 

However, it is to be noted that while this method of changing the state variables does reduce energy 

consumption, the optimal DP slip angles are not available in real time, meaning that it is not possible to 

provide a good online reference. Therefore this implementation was not used for the vehicle case, but rather 

as a study to understand how MPC can be used to minimize energy consumption.  
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Case 4: MPC with Two-track model 

An advantage of MPC over DP is that a large number of inputs can be predicted since it does not require a 

large grid for iterations. This means the single-track model can be expanded to a two track model, with 8 

control inputs instead of 4. This was done in order to test the ability of the model predictive controller to 

predict 8 control inputs, as this would be necessary in case of a vehicular implementation where the steering 

and camber angles of all four wheels would be needed as inputs to the plant. It can be seen that the results of 

the two track model are similar to that of the single track model. This also means that the single track model 

is a good representation of the vehicle’s motion from the data in Table 11.  For future work, the two track 

model can also be expanded to include the Extended Brush Model, while accounting for lateral and 

longitudinal load transfer. 

 
Table 11: MPC Results for following vehicle states with two track model 

Maneuver -> Step Sine with Dwell 

Case 
Relative Cost 

𝜟𝑭𝑪𝑹 (%) 

Deviation from 

Path(m) 

Relative Cost 

𝜟𝑭𝑪𝑹 (%) 

Deviation from 

Path(m) 

DP Benchmark (J1) 44.244 2.24 55.51 0.097 

Follow 𝜷𝑩𝑴�̇�𝑩𝑴 11.69 3.18 20.78 3.04 

Follow 𝜷𝑫𝑷, �̇�𝑫𝑷 17.37 3.04 17.34 3.038 

 

2.2.4. Section Conclusion 

While Dynamic Programming provided an offline optimal solution for control strategies to reduce energy 

consumption, Model Predictive Control provided a means to enable the vehicle to follow the reference of DP, 

and facilitate online vehicle implementation of energy saving control strategies, as well as simulation studies 

with the Extended Brush Tire Model.  Model Predictive Control has been investigated and utilized in order to 

improve energy consumption in electric vehicles thanks to over-actuation. In addition, studies have been 

performed applying MPC to vehicle models considering nonlinear tires as well as four wheels. To gain an 

understanding of energy saving, the state equations were re-stated in terms of tire slip angles and MPC was 

utilized to follow the minimum slip as well. A two-track model with MPC was demonstrated, which paves the 

way for implementation on a vehicle.  
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2.3. RCV Case Studies 
 
Following comprehensive simulation studies with both Dynamic Programming and Model Predictive Control, 

the promising reduction in cornering resistance can also prompt vehicle tests. The KTH Research Concept 

Vehicle (RCV) facilitates full over-actuation, enabling independent control of the steering and camber angles 

of each of its four wheels. Therefore it is a good platform to test the strategies devised using optimal control. 

In order to perform vehicle tests in the KTH Research Concept Vehicle, online-implementable control 

strategies are necessary, and the following section describes how the results of DP and MPC can be translated 

into implementable energy saving control strategies in the RCV. Experiments on the test track enable direct 

measurement of energy consumption, and consideration of losses due to actuators, air resistance, battery and 

friction. Vehicle tests are ongoing and comprehensive results are not included in this work, however, this 

section describes the control strategies developed, their applicability to the vehicle, and simulation results 

with a vehicle model set to RCV parameters.  

 

2.3.1. Vehicle 

The following vehicle parameters in Table 12 were used to represent the Research Concept Vehicle in Figure 

33. The Research Concept Vehicle, developed and built at KTH is a small electric vehicle based on the 

Autonomous Corner Module concept, with four identical wheel corner modules. Each module incorporates an 

electric wheel hub motor, a hydraulic disk brake, electric steering and camber actuators. A dSpace 

MicroAutoBox enables rapid control prototyping, and is compatible with Simulink [25].  

 

 

Figure 33: KTH Research Concept Vehicle used for vehicle implementation 
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Table 12: Approximated RCV parameters used in simulation 

Type Symbol Value 

Vehicle mass including 2 Persons 𝑚 600 𝑘𝑔 

Yaw Moment of Inertia 𝐽𝑧 1500 𝑘𝑔𝑚2 

Wheelbase 𝑙 2 𝑚 

Track Width 𝑡𝑟 1.5 𝑚 

C.G. Position Ratio 𝜆 0.5 

C.G Distance from Front Axle 𝑓 1 𝑚 

C.G Distance from Rear Axle 𝑏 1 𝑚 

Tire Cornering Stiffness 𝐶12, 𝐶34 25 𝑘𝑁/𝑟𝑎𝑑 

Camber Stiffness 𝐺12, 𝐺34 5 𝑘𝑁/𝑟𝑎𝑑 

 

The actuators of the RCV are controlled by signals from the MicroAutoBox. The proposed control strategies 

are implemented in Simulink, and linked to the vehicle control software in Simulink. This software is 

uploaded onto the vehicle controller with dSpace, and controlled and monitored in real time while the vehicle 

is running using an interface called ControlDesk. The work presented in this section describes the high level 

control strategies shown in Figure 34, while the interfacing and low level implementation are available in [80 

, 55].  

 

Figure 34: Overlapping of new control with existing RCV software structure 

 

2.3.2. Case Studies 

Case 1: Constant radius steering with steady camber 

The first implementation case is a study to find the possible savings due to camber for a steady state 

maneuver in a circle test with constant radius, at a constant longitudinal speed and a specified camber angle 

on all four wheels. This case aims to gain insight into the effect of camber on energy consumption in steady 

state.  

 
Simulations were performed to predict candidate camber angles for experiments to be performed in the 

future to gain a clearer understanding of camber related gains and tradeoffs. Dynamic Programming was 
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performed for curves of different radii and at different velocities, and the optimal value of camber for 

minimum cost using the objective J1. Vehicle parameters were set to values in Table 12, and the best camber 

angles for different cases (in a range between±0.08𝑟𝑎𝑑) are tabulated in Table 13. The steering profile for the 

maneuver was the same as the Step maneuver, but the amplitude of the steering angle was calculated as a 

function of vehicle parameters, the curve radius 𝑅 and longitudinal velocity 𝑣𝑥  using the following relation 

derived from the Bicycle Model [75]. 

 

𝛿𝑖𝑛 =
𝐿

𝑅
+

(
𝑚(𝑏𝐶34 − 𝑓𝐶12)

𝐿𝐶12𝐶34
) 𝑣𝑥

𝑅
 

(2.45) 

 

Table 13: Predicted camber angles using DP for RCV parameters 

Over-actuated 

Case 

Longitudinal 

velocity, vx 

(m/s) 

Circle 

Radius, 

R(m) 

Best 

Camber(rad) 

Relative Cost 𝜟𝑭𝑪𝑹 

(%) 

FSFC 

5 13 0.0379 26.45 

5 15 0.0716 48.09 

10 13 0.0463 17.33 

10 15 0.0800 4.85 

FSFCRSRC 

5 13 0.0800 5.15 

5 15 0.0622 65.99 

10 13 0.0800(F) 4.85 

10 15 0.0800(F) 5.15 

 

Therefore, with this information experiments can be performed at the investigated velocities at the set 

optimal camber angles. It is to be noted at driving at 10m/s in a tight circle of radius 13 and 15m causes more 

cornering resistance due to higher slip in the tires, and therefore the vehicle’s energy saving is not as much as 

at lower speeds. In addition, from the simulation, the optimal solution of camber during high velocities is to 

have camber only in the front wheel, rather than at both front and rear wheels. This can be because in this 

case path following take precedence and the front wheel is used to maintain the vehicle’s trajectory . In all 

cases, the direction of camber is towards the center of the circle. These simulation results considering 

cornering resistance can be used as a starting point to guide detailed steady state circle experiments, and 

therefore gain an idea of energy saving possible. 

 

Case 2: Model Predictive control in the RCV 

To study the control strategy for real driving maneuvers, a Model Predictive Controller was designed to 

follow a reference yaw rate from an over-actuated Two Track Model with Ackermann Steering, and provide 

control inputs to the vehicle while tracking the measured vehicle yaw rate from sensor data, as seen in Figure 

35. The RCV’s steering allocation to the four wheels was done according to the Ackermann geometry in the 

vehicle control software, therefore the MPC was used to predict 5 control inputs- the steering input to the 

Ackermann allocator, and the camber angles of the four wheels (𝛿𝑀𝑃𝐶 , 𝛾1−4). An Inertial Measurement Unit 

(IMU) in the RCV provides the measured yaw rate of the vehicle. 
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Figure 35: MPC implementation in RCV tracking measured vehicle yaw rate 

 
In the controller design stage, the real vehicle was replaced by a two-track vehicle model, and an Ackermann 

steering allocation calculator was included to convert the single 𝛿𝑀𝑃𝐶to the four wheel steering angles 𝛿1−4. 

Table 14 depicts simulation results of this controller for a continuous sinusoidal steering input of amplitude 

0.15 rad and frequency of 1 rad/s for 10 seconds. This steering profile was chosen to test the controller’s 

performance to a dynamic user input. 

Table 14: MPC Results, Vehicle Implementable 

Tracked 

Reference 

Longitudinal 

velocity, vx   

(km/h) 

Relative Cost 𝜟𝑭𝑪𝑹 

(%) 

Deviation 

from path(m) 

�̇� 

10 56.33 0.4338 

20 15.72 1.0493 

30 0.8533 0.1038 

 
 

 

 

Figure 36: Predicted camber angles and reduction in cornering resistance at 20km/h 



62  

 

Simulation results indicate good energy saving and path following at low velocities, and depending on the 

maneuver studied, the saving extends to higher velocities if the reference steering angle amplitude is 

increased to 0.2 rad. The relative cost saving achieved is dependent on the plant initial condition to which the 

MPC is designed, and the MPC in this case was designed at a speed of 36 km/h. At the designed speed, the 

path following is exact, and there is no energy saving, while there is saving at lower speeds. The predicted 

camber angles in the front and rear wheels are out of phase, meaning the front and rear wheels camber in 

opposite directions. The addition of camber leads to a reduction in cornering resistance in Figure 36.   The 

controller has been implemented in the RCV, and it is hoped vehicle experiments will provide further insight 

into the MPC’s performance and scope for further improvements. 

 

Case 3: Feedthrough control with Lookup Table based on DP results 

For quick processing times and robust response, lookup tables were generated from optimal solutions of 

Dynamic Programming. In order to obtain a correspondence between the reference steering profile 𝛿𝑖𝑛, and 

the respective control inputs 𝛿𝑓 , 𝛿𝑟 , 𝛾12, 𝛾34, Dynamic Programming was performed for a ramp steer 

maneuver, where the steering reference changed linearly from 0 to 0.2 radians. Through this maneuver, a 

correspondence was found between all four optimal inputs and the steering reference (to generate the same 

lateral force) for all reference steering angles up to 0.2 radians. The resulting results for 𝛿𝑓 , 𝛿𝑟 , 𝛾12, 𝛾34 were 

filtered and a linear correspondence was obtained between  𝛿𝑖𝑛 and each of the four controls using a zero-

phase filter and the Matlab curve-fitting toolbox. These arrays were then input into Lookup-tables in 

Simulink, so that for each value of 𝛿𝑖𝑛, a minimum cost combination of 𝛿𝑓 , 𝛿𝑟 , 𝛾12, 𝛾34 is obtained. Such Lookup 

Tables were generated for speeds of 10 km/h, 20 km/h and 30 km/h. Two sets of tables were developed- the 

first was a free adaptation of DP results (Free case), meaning four different values were obtained for 

𝛿𝑓 , 𝛿𝑟 , 𝛾12, 𝛾34 and these were directly tested. The second was post-processed, and instead of unequal front 

and rear steering and camber, the average value was derived (Averaged case). This made it more convenient 

for vehicle implementation with Ackermann steering. 

 

Figure 37: Lookup Table generation 
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Figure 37 describes the procedure of Lookup Table generation.  Generated lookup tables were first tested in 

simulation using a single track model, and Table 15 describes the results of the simulation. A sinusoidal 

steering profile of amplitude 0.15 rad and frequency 1 rad/s was used as the user input (similar to Case 2), 

and a bicycle model with only front steering was used as the reference. The relative cost (Same as all previous 

cases) indicates the energy saving potential of the controller and offers a basis of comparison. It can be seen 

that the lookup tables provide good energy saving performance and low path deviation for the maneuver, 

meaning this method is a good candidate for vehicle implementation.  

 
Table 15: Lookup table simulation results 

Case Velocity (km/h) Relative Cost 𝜟𝑭𝑪𝑹 (%) Maximum Deviation 

from Path(m) 

Free 

10 60.69 0.088 

20 66.78 0.069 

30 49.74 2.15 

Averaged 

10 81.76 0.29 

20 73.69 0.81 

30 50.62 1.30 

 

DP Lookup Tables were incorporated into the existing vehicle control architecture within the RCV, and the 

respective front and rear steering angles from the lookup table were assigned to the Ackermann steering 

allocator that assigned steering angles from the Averaged case (since the Free case might violate safety 

constraints for the test driver). The camber angles were allocated to be equal in each axle from the results of 

the Averaged case. Therefore the left and right wheels of the each axle had equal camber, and the angles were 

in phase between axles. The DP Lookup Table behaves as an open-loop feed-forward controller, with the 

architecture described in Figure 38. 

 

Figure 38: DP Lookup Table Implementation in the RCV 

Following vehicle implementation, preliminary tests were conducted with the RCV for a lane change 

maneuver at the Arlanda test track at speeds of 10 and 20 km/h in order to test the functioning of the 

feedthrough controller, see Figure 39. While there were sections of the maneuver with lower energy 

consumption, variation in vehicle velocity has led to unclear information on energy gains solely due to 

overactuation, since regenerative braking was employed at certain instances. Detailed experiments are 

needed for a clearer understanding. Figure 40 shows the vehicle’s wheel configuration when the vehicle is 

fully over-actuated with active camber, commanded by the DP Lookup Table. 
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Figure 39: RCV performing a lane change maneuver with DP Lookup Tables assigning camber  

 

Figure 40: RCV with active camber and rear wheel steering controlled by DP Lookup Tables 

Case 4: Adaptive Rule Based Feed-forward control 

While the lookup tables of the previous section were energy saving, they were optimized for specific speeds, 

and the allocation of steering and camber angles was different at velocities of 10, 20 and 30 km/h.  This 

means that the results were quite sensitive to the longitudinal speed of the vehicle, and there was a need for a 

controller that was sensitive to the vehicle speed. In order to make the feed-forward control more robust, the 

Lookup Table results were used to create a rule-based feedforward controller, which would allocate steering 

and camber angles as a function of input steering angle 𝛿𝑖𝑛 and longitudinal velocity 𝑣𝑥 . Linear equations 

were used to predict camber and steering values by curve-fitting for the Averaged case in Table 15.  The 

following equations were devised, where 𝑀𝛿,𝛾 , 𝐶𝛿,𝛾 are coefficients for the linear equation, 𝑝, 𝑞 are exponents 

that can be changed for different vehicles, 𝐺𝑖𝑛 is a scaling gain assigned to the steering input, and 𝑣𝑥,𝑚𝑎𝑥  is the 

threshold velocity up to which the controller is valid.  
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𝛿𝑓(𝛿𝑖𝑛, 𝑣𝑥) = [

𝑀𝛿(𝑣𝑥,𝑚𝑎𝑥 − 𝑣𝑥)
𝑝

+ 𝐶𝛿

𝐺𝑖𝑛

] 𝛿𝑖𝑛 
(2.46) 

 
𝛿𝑟(𝛿𝑖𝑛, 𝑣𝑥) = − [

𝑀𝛿(𝑣𝑥,𝑚𝑎𝑥 − 𝑣𝑥)
𝑝

+ 𝐶𝛿

𝐺𝑖𝑛

] 𝛿𝑖𝑛 
(2.47) 

 
𝛾12,34(𝛿𝑖𝑛 , 𝑣𝑥) = [

𝑀𝛾(𝑣𝑥,𝑚𝑎𝑥 − 𝑣𝑥)
𝑞

+ 𝐶𝛾

𝐺𝑖𝑛

] 𝛿𝑖𝑛 
(2.48) 

In case of RCV parameters, the steering angles varied as a quadratic equation, while the camber angles follow 

a linear equation. However, depending on the vehicle parameters and the optimal solution, the nature of the 

equation could change, and even be linear for the steering case. The adaptive controller therefore is vehicle-

specific. The coefficients of the controller designed for the RCV are given in Table 16.  

Table 16: Coefficients for the Rule Based Controller 

Coefficient Value 

𝑴𝜹 -0.001 

𝑪𝜹 0.09 

𝒑 2 

𝑴𝜸 -0.0108 

𝑪𝜸 0.09 

𝒒 1 

𝑮𝒊𝒏 0.2 

𝒗𝒙,𝒎𝒂𝒙 8.33  

𝒗𝒙,𝒎𝒊𝒏 1.388  

 

This controller was tested for velocities between 10 and 30 km/h, and a velocity profile was generated using 

a random number generator, where the velocity was allowed to vary randomly in the range of 𝑣𝑥 ± 2 km/h. 

This was performed to observe if the controller was able to respond and make the vehicle follow the 

necessary path even if the velocity was not always constant, which would be the case in reality if cruise 

control was not used. The controller was tested with the same simulation scenario as Table 15 and the results 

for a sinusoidal steering profile of amplitude 0.15 rad and frequency 1 rad/s are depicted in Table 17. A 

sample speed profile for 25km/h is shown in Figure 41. The results of the rule based controller show slightly 

better levels of reduction in cornering resistance than the Lookup Tables, and this can be attributed to the 

speed sensitivity and tuning of coefficients in Table 16. 

Table 17: Rule based controller results with varying velocity 

Longitudinal Velocity 

𝒗𝒙(km/h) 

Relative Cost 𝜟𝑭𝑪𝑹  

(%) 

Maximum deviation 

from path(m) 

𝟏𝟎 ± 𝟐 52.45 0.1831 

𝟏𝟓 ± 𝟐 82.35 0.4443 

𝟐𝟎 ± 𝟐 84.57 0.6943 

𝟐𝟓 ± 𝟐 78.09 0.8944 

𝟑𝟎 ± 𝟐 71.66 1.2652 
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Figure 41: Sample of a varying speed profile at 25km/h 

This implementation approach enables energy saving control over a range of speeds, and offers fast response 

with low cornering resistance. The Relative Cost for the maneuver became positive only at velocities above 

5km/h, and there is an unnecessarily high gain for steering and camber if the velocity is 0 leading to safety 

concerns, so the minimum threshold 𝑣𝑥,𝒎𝒊𝒏accounts for these. At speeds lower than the threshold for benefit 

from over-actuation (5 km/h in this case), the controller is switched off, and the vehicle drives with front 

wheel steering.  Both the Rule-based controller and the lookup tables are devised from the benchmark from 

the optimal solution, and while not optimal in themselves, they provide performance that is significantly 

more efficient than the reference case. In case of vehicle implementation, the adaptive Rule-based controller 

will replace the DP Lookup Table within the vehicle control software, with the vehicle’s longitudinal velocity 

being measured and fed into the controller as depicted in Figure 42. 

 

Figure 42: Rule-based controller implementation in RCV 

2.3.3. Section conclusion 

This section discussed the translation of investigated optimal and near optimal control strategies to a real-

time vehicular implementation. Four cases were presented, first for steady state camber implementation, 

then an active feedback controller and finally two methods of translating optimal solutions to quick, real-time 

implementable strategies. Experiments and development are ongoing on the Research Concept Vehicle, but 

the results of these are not in the scope of the current work. 
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2.4. Conclusion and Future Work 
 

2.4.1. Conclusion  

To reiterate the statement made at the beginning of this work, electric vehicles offer new opportunities for 

vehicular design, with the capacity to facilitate novel and elegant means of improving both energy efficiency 

and safety in transport. The present work explored one such method, and through its course, the following 

was accomplished: 

1. Insight was gained into over-actuated vehicles, their design and dynamics. 

2. Knowledge was gained into the state-of-the-art in optimal and predictive control. Among a number of 

techniques studied and explored, Dynamic Programming was deemed a suitable candidate for 

finding the global optimum for the problem at hand. For a real-time time implementation, Model 

Predictive Control was considered a robust candidate.  

3. From the literature study, knowledge was gained on tire-energy dissipation in vehicle dynamics, and 

the scope for optimization and over-actuation to reduce the same.  

4. Dynamic Programming was investigated comprehensively as an optimal control technique for 

minimizing tire energy dissipation while ensuring occupant safety.  

a. A system was set up using the dpm() Matlab function representing idealized dynamics of an 

over-actuated vehicle, and verified using the single track model as a ground truth. 

b. Studies were conducted on the choice of an appropriate objective function, grid size and 

level of over-actuation. An objective function that included the curve resistance and lateral 

force was found to be most suitable, while front wheel camber had the largest effect on 

energy consumption. 

c. The model was extended to include the Magic Formula tire model for nonlinear tires, and 

indicative sample results were obtained. The method of Dynamic Programming is 

appropriate for use even with semi-empirical tire models. 

d. Relative percentage reduction in curve resistance (measure of energy saving) and maximum 

path deviation (measure of safety) were used as performance metrics for all control 

strategies in this work. 

5. Model Predictive control was investigated as a candidate for real-time feedback control, enabling 

quick and robust following of a known reference. 

a. A system was set up in Simulink to represent an idealized vehicle, and inputs from DP results 

as well as the bicycle model analytical solution were incorporated. 

b. A Model Predictive Controller was designed and implemented, and was used to follow 

reference vehicle states from the bicycle model as well as from DP results. The over-actuated 

system displayed energy saving and good path following. The system was expanded to 

include tire nonlinearities with the Extended Brush Tire Model. A four wheel two-track 
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vehicle model was developed, and MPC designed for such a system to investigate its 

implement-ability in a vehicle. 

c. Vehicle state equations were rewritten in terms of slip angles, and MPC was used to follow 

the optimal slip angles for minimum energy dissipation. For a vehicle implementation, a 

robust tire slip angle measurement/estimation method is necessary. 

6. Following studies in DP and MPC, their results were translated into code for vehicular 

implementation in the KTH Research Concept Vehicle. The optimal control solution was utilized to 

generate four different real-time implementation cases: 

a. Prediction of a single camber angle value and energy saving for steady state maneuvers 

using DP, and indicative tests were performed for circle maneuvers.  

b. An MPC implementation that tracks vehicle yaw rate from IMU or other onboard sensor 

measurement signals. While MPC is simple and convenient to implement, the onboard 

vehicle controller has processing limitations. 

c. Lookup Tables derived from optimal control results for fast response and high energy saving 

at particular speeds. These were integrated in the vehicle software, and tests were 

performed for a lane change maneuver. 

d. An adaptive rule based feedforward controller was derived from the lookup table, and 

offered speed sensitivity and a robust response. 

e. Detailed results from the vehicle tests are not included in this work as they are the subject of 

a future publication. 

Through the course of this work, the author gained insight into a plethora of information on optimal control, 

energy saving, and electric vehicles. It is hoped that the contribution of this work provides a base for future 

proponents to develop interesting new energy saving strategies for electric vehicles, explore new avenues in 

vehicle design with over-actuation and translate ideas to concrete products. The aim of this work was to 

exploit the intersection between efficiency and intelligence in electric vehicles, investigating methods of using 

control to reduce energy consumption and the work presented is an attempt to do the same. 
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2.4.2. Future Work 

At the time of writing this work, further experiments have been ongoing with the KTH Research Concept 

Vehicle for gaining detailed experimental insight into energy efficient and optimal control. Therefore, 

experiments in a variety of drive maneuvers are the main focus of future work. In addition to these 

experiments, further investigations would be interesting in the following areas: 

1. Dynamic Programming:  

a. Deeper insight into optimal control with nonlinear tire models such as the Magic Formula 

[77] would be interesting since this can give a more realistic picture of energy saving and 

tire-road interaction. 

b. The objective function can be modified to provide a more realistic picture of energy 

dissipation than cornering resistance, especially in the case of nonlinear tires. The effect of 

cornering resistance, internal losses and rolling resistance can be studied. 

2. Model Predictive Control:  

a. Accounting for the effect of lateral load transfer of vertical forces in the two-track model 

using the Extended Brush Tire Model [27] can give a realistic simulation of full-vehicle 

behavior. 

b. Utilizing vehicle sensor data to estimate slip angles effectively would facilitate the use of 

MPC to track reference slip angles. Creating a reference slip angle generator from DP results 

would enable energy efficient MPC that could be vehicle implementable. 

c. Existing toolboxes on convex optimization, such as CVXGEN [81] can enable customized MPC 

where the objective function need not necessarily penalize deviation from a reference state. 

Therefore, it might even be possible to develop a controller that minimizes energy in real 

time. 

d. Nonlinear and Time Variant Model Predictive Control could be beneficial. 

3. Vehicle Implementation 

a. In addition to further experiments, it would be of interest to utilize sensor data to track 

energy consumption in real time, and plan strategies based on the requirements of the 

maneuver.  

b.  Addition of feedback to the rule-based controller would be beneficial. 

4. Pontryagin’s Minimum Principle is a very interesting optimal control technique that can offer 

analytical optimal results. It therefore offers high-quality candidate solutions without the need for 

iterations. Adaptive-PMP can also offer real-time near optimal solutions. Investigation of PMP would 

be valuable. 

To conclude, optimal control was used to find interesting control strategies to save energy and improve safety 

in new vehicle designs in this work. There is exciting scope for future work in energy efficient vehicle 

dynamics, and understanding, utilizing and exploiting the interaction between the tire and the road is a key 

piece in the puzzle of making vehicles more efficient, and therefore reducing carbon emissions. 
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