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Abstract 

In dynamic substructuring, a complex structure is divided into multiple substructures that can 

be analysed individually and these individual component responses are coupled together to 

obtain the global response of the whole structure. Dynamic substructuring can be performed 

on substructure models that are identified either experimentally or analytically. For dynamic 

substructuring to be successful, it is very essential to have the precise information of the 

connection points or the interfaces between the substructures. The method has been 

extensively used with analytical models in most of the available standard finite element 

software packages where the information about all degrees of freedom is known. However, it 

is difficult to get the information about all connection degrees of freedom from the 

measurements and experimental substructuring is thus limited in its use compared to 

analytical substructuring.  In order to overcome these difficulties, the Transmission Simulator 

method commonly also known as Modal Constraints for Fixture and Subsystem method can 

be used.  In this method, an additional fixture called Transmission Simulator which is 

available both physically and analytically, is attached to the substructures at the interfaces 

and their respective responses are measured. The substructures could be analytical as well as 

experimental. The coupling is done by constraining the transmission simulator on the 

substructures to have the same motion and the effect of the transmission simulator is later 

removed from the coupled structure by subtracting the analytical transmission simulator 

model. This method has been successfully implemented for Component Mode Synthesis and 

Frequency Based Substructuring for structures with multiple connection points at a single 

location.  

In this thesis work, frequency response function based experimental–analytical dynamic 

substructuring using the transmission simulator is performed on a rear subframe and rear 

differential unit assembly of a Volvo XC90 car where the differential unit is connected to the 

subframe at three locations. The aim of this work is to verify the Transmission Simulator 

Method for multiple location connection points using the frequency response functions and 

build confidence on the methodology in order to be used for future work at Volvo Car 

Corporation. 
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1 Introduction 

In this chapter, a background on dynamic substructuring is given, followed by the objective 

of this thesis work and its limitations. Finally, an outline of the report is provided. 

1.1 Background 

The evaluation of the dynamic characteristics of a structure by coupling or decoupling the 

dynamic responses of its substructures is known as dynamic substructuring.  It is a very 

widely used method for the study of noise, vibration and harshness and in general for the 

study of structural dynamics. The method is quite popular in the automotive industry and also 

in many engineering fields which deal with complex structures [4]. Dynamic Substructuring 

(DS) relies on the decomposition of large complex structures into multiple substructures that 

are easy to handle and fast to analyse. This allows for a thorough investigation of the local 

dynamic behaviour of the substructures and its effect on the global structure. Subsequently, 

the dynamic behaviour of the individual substructures can be coupled to get the dynamic 

response of the total structure [4, 7].  DS can be performed on models that are identified 

completely analytically as in Finite Elements (FE) or completely experimental and also 

experimental-analytical hybrid models. In certain cases, it is not very easy to obtain a valid 

analytical model if the subcomponent has materials with unknown properties, complex 

geometries that require many elements at the connection points with approximations for the 

unknown stiffness and damping properties [7, 16]. Instead, an experimental model can be 

considered for such a substructure and analytical models for the remaining substructures [11, 

12]. Also, very often the components are obtained from an external supplier or from different 

project groups and DS can be advantageous in terms of cycle time by analysing the parts 

available on hand first and coupling with the others as and when available. 

Substructuring can be done in three different domains. In their paper [4], de Klerk et al. 

describe a detailed overview of the techniques that are used in substructuring and their 

different formulations. The first method is in the physical domain, where the substructures 

are defined by their mass, stiffness and damping properties. The method in modal domain is 

known as Component Mode Synthesis (CMS), where the substructures are represented by 

their modes and coupling is done in a least square sense with the reduced models [5]. The 

method in frequency domain is known as Frequency Based Substructuring (FBS), where the 

frequency response functions (FRFs) of the substructures are used for substructuring [6].  

Analytical substructures have been successfully used for many years but experimental 

substructures have been limited in their use due to the fact that substructures have to be 

coupled or connected theoretically in both translation and rotational degrees of freedom 

(DOF) at each connection point [19]. This becomes cumbersome to measure when there are 

many connection points and most often the rotation responses and the joint or interface 

properties are ignored. This leads to problems while imposing the compatibility and the 

equilibrium constraints [4] at the interface.  
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The transmission simulator method introduced by Allen and Mayes [7, 8] is one way to 

overcome the difficulties in capturing the interface properties. The Transmission Simulator 

(TS) is an additional structure which is available both as physical component and analytical 

model. It is usually a stiff and simple to model structure. The physical transmission simulator 

is attached to the experimental substructure and the assembly is measured. The obtained 

experimental model and the analytical model of the TS are used to couple the experimental 

substructure to another substructure (which can be either experimental or analytical). The TS 

is subtracted from the coupled structure in order to remove its effect and obtain the response 

of the actual structure of interest.  

The coupling condition used in this method is known as Modal Constraints for Fixture and 

Subsystem (MCFS) and it enforces the coupling of the substructures using the motion of the 

measurement points on the transmission simulator instead of the actual connection points. By 

using this method, the need for measuring the connection DOF can be totally eliminated. This 

method was successfully implemented by Mayes et al [7, 12], Mayes et al [8], Allen et al 

[10], Rohe et al [11] and Scheel [19] for structures with multiple connections at a single 

location using CMS, FBS and State- Space synthesis. 

 

1.2 Purpose 

The purpose of this thesis work is to use the Transmission Simulator method with Frequency 

Based Substructuring (FBS) in analysing the dynamic response of the rear subframe and the 

rear differential unit of a Volvo XC90 car, henceforth referred to as RSBFRM and RDU 

respectively and verify the method for multiple location connection points. Finally, a 

comparison of the results of substructuring and the experimental data of the assembly is 

made.  

 

1.3 Limitations 

The work is limited to verify the method using only the Frequency Response Functions. Only 

one design of TS has been used in this study while multiple TS designs could have been 

verified to arrive at a best design for the substructuring. Only the rigid body modes of the 

analytical model of TS are considered for substructuring as the first flexible mode of the TS 

is very high. It would have also been interesting to compare the results of the current work to 

that of the substructuring without a transmission simulator. A completely experimental or a 

completely analytical substructuring using the transmission simulator method would have 

also been interesting to check for any differences or findings. 
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1.4 Outline 

In chapter 1, the introduction on the topic is given and this is followed by theory and 

methodology in chapter 2 where basic definitions, substructuring methods in different 

domains are elaborated, details on transmission simulator concept, system identification and a 

short note on ill conditioning for FBS are given. In chapter 3, details on the analytical models 

and the description of the analytical studies performed are mentioned. Chapter 4 gives details 

on the actual measurements and description of the experimental set-up. Chapter 5 deals with 

the substructuring of the RSBFRM and RDU using the TS. Finally, some of the shortcomings 

of this work along with possible recommendations for future work are outlined in Chapter 6. 
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2 Theory and Methodology 

In this chapter, basic definitions of linear structures are given first. Then a detailed 

description on the different dynamic substructuring methods, followed by a description of the 

transmission simulator method is given and finally a short note on system identification along 

with the relevant literature survey is mentioned.  

 

2.1 Definitions 

In this section, some of the basic definitions for the terms and principles that will be used in 

this report will be explained and can be referred to the references mentioned for further 

details. 

2.1.1  Linear system 

 

Mathematically, a system is said to be linear if the relationship between the input signal and 

the output signal obeys the following conditions [2].  

 

i) Principle of superposition 

 

According to this principle, if an input signal α(t) gives rise to an output signal 

β(t), and an input signal γ(t) gives rise to an output signal δ(t). Then the input 

signal α(t) +γ(t) gives an output signal equal to β(t)+ δ(t) [2]. 

 

ii) Principle of homogeneity 

 

A system is said to obey the principle of homogeneity if, the input signal a(t) 

is multiplied by a scalar value ‘λ ‘then the output signal is λ* b(t) [2]. 

 

iii) Frequency Conservation 

 

A system is said to be frequency conserving if the frequency content present in 

the input signal also exists in the output signal [2]. 

 

A system that obeys all the above conditions and in addition, if the relation between the input 

and output signals remains the same independent of time, then such a system is said to be 

Linear time invariant system (LTI).  Most of the vibration problems are solved assuming LTI 

conditions and can be described by ordinary linear differential equations [2]. 
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2.1.2  Single Degree of Freedom system 

 
Any complex structure can be represented theoretically by multiple single DOF systems [2, 

3]. Each single degree of freedom systems can be analysed independently and their responses 

can be assembled together to estimate the response of the whole system. This method is very 

popular in numerical analysis like FEM [2]. A single DOF system can essentially be 

represented by a rigid mass, a spring and a viscous damper [2]. And the equation of motion 

can be written according to Newton’s Second Law.  

 

 ( ) ( ) ( ) f(t)mq t vq t kq t     (1) 

 

Here, m is the mass, v is the viscous damping and k is the spring stiffness constant, 

q   is the acceleration, q  is the velocity and q  is the displacement and f the excitation force. 

 

For an arbitrary number DOF system (known as multiple DOF system or MDOF), the 

equations of motion (EOM) of the uncoupled system as above can be represented in terms of 

its mass, stiffness and damping properties by the respective block-diagonal matrices. More 

details can be found about this in most of the standard vibration text books, refer H P Wallin 

et al [2]. 

 

2.1.3 State-space model 

 

The equation of motion for a linear system as shown in equation (1) can be represented in 

first order form, known as state-space formulation.  

 

An LTI system can be described in state-space form, omitting the time dependence as: 

 

 ,

.

x x u

y x u

 

 

A B

C D
  

(2) 

 

where x is the n-dimensional state vector with n being the model order,  

     A ϵ ℝ𝑛×𝑛 

     B ϵ ℝ𝑛×𝑚 

     C ϵ ℝ𝑝×𝑛 

     D ϵ ℝ𝑝×𝑚 
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are the parameter matrices, y is a p-dimensional response vector and u is the m-dimensional 

excitation vector. The theory and the conventions used above is based on the paper by 

Abrahamsson et al [13]. 

 

2.1.4 Frequency Response Function 

 

A frequency response function (FRF) gives a linear relationship between the output signal 

and the corresponding input signal expressed as a function of angular frequency ω. Generally, 

the FRFs can be computed by the ratio of the Fourier Transforms of the output motion and 

the input excitation. Considering an input excitation X(ω) and an output response motion 

Y(ω), the FRF is defined as 

 

 ( )
( )

( )







Y
H

X
  (3) 

 

 

The following are the different types of FRFs used in vibrations: 

 

a) Receptance or dynamic flexibility 
It is defined as the ratio of the amplitudes of output displacement x(ω) to an input 

excitation force F(ω). 

 

 ( )
( )

( )







x

F
H   (4) 

 
b) Mobility or mechanical admittance 

It is defined as the ratio of the amplitudes of output velocity v(ω) to an input 

excitation force F(ω). 

 

 ( )
( )

( )







v

F
Y   (5) 

 

 
c) Accelerance  

It is defined as the ratio of the amplitudes of output acceleration a(ω) to an input 

excitation force F(ω). 

 

 ( )
( )

( )







a

F
A   (6) 
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All the three FRFs above can be transferred to one another in frequency domain and 

essentially contain the same information. The accelerance A  can be obtained from either 

Mobility Y or receptance �̃� as: 

  

 2)i  = i (i    A = Y H H   
(7) 

 

 

These are the complex-valued functions of the excitation frequency. If the excitation and the 

response are located at the same DOF, then the FRFs are known as driving point FRF 

otherwise transfer point FRF. The notations used above are followed according to H P Wallin 

et al [2] but the notations of receptance and accelerance are modified as they were already 

used for other quantities in this thesis.  The ratios of the quantities defined above are obtained 

element wise. 

 

The choice of the FRF used is dependent on the application. With reference to mobility, the 

receptance will amplify the low frequencies and suppress the high frequencies while the 

accelerance will behave in the opposite way. This is due to the division and multiplication of 

the FRFs with a factor of iω as in equation (7), reference Ulf Carlsson [3]. 

    

2.1.5 Reciprocity 

 
According to the Maxwell-Betti reciprocity principle, for a linear structure, the response 

measured at position “p1” with an excitation at position “p2” is equivalent to the response 

measured at position “p2” with an excitation at position “p1”. Structures obeying reciprocity 

principle have their FRF matrices symmetric with respect to the main diagonal. In general, 

this principle holds for structures where the total kinetic energy stored in the rotating parts (if 

any) is not very high, reference Ulf Carlsson [3]. 

 

2.2 Substructuring methods 

In this section, the dynamic substructuring in different domains is explained and for a 

detailed description refer to the paper by de Klerk et al [4]. 

 

2.2.1 Physical domain 

In the physical domain, a substructure can be represented by its mass, stiffness and damping 

properties. It has been widely used in finite element analysis for over decades and is quite 

successful for numerical analysis. 
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The equation of motion of a linear, discretized, multi degrees of freedom system with viscous 

damping is described as 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) f (t) ( )s s s s s s s sM q t V q t K q t g t      
(8) 

 

Here M(s), V(s) and K(s) are the mass, damping and stiffness matrices of the substructure s, q(s) 

stands for the displacement, f and g refer to the interface and body forces between the 

substructures, respectively [4]. 

The equations of motion of ‘n’ such substructures can be rewritten in a simple block –

diagonal format. 

 ( ) ( ) ( ) f(t) g(t)q t q t q t   M V K   (9) 

 

with  

M= 

(1)

(n)

. .

. .

. .

M

M

 
 
 
 
 

 , V= 

(1)

(n)

. .

. .

. .

V

V

 
 
 
 
 

, K= 

(1)

(n)

. .

. .

. .

K

K

 
 
 
 
 

 , 

(1)

( )n

q

q

q

 
 

  
 
 

    

(1)

( )n

f

f

f

 
 

  
 
 

, 

(1)

( )n

g

g

g

 
 

  
 
 

 

In order for the coupling to be successful, two conditions have to be enforced at the interface 

between the substructures. Firstly, the displacements at the coupling points must be the same 

and secondly, the connection forces cancelled out. The former is termed compatibility 

condition and the latter is termed equilibrium condition. Mathematically these conditions can 

be expressed as below between two substructures 1 and 2. 

Compatibility condition:  

 (1) (2)

c cq q   (10) 

 

Equilibrium condition: 

 (1) (1) (2) (2) (1) (2)

c c c c c c cf f g f g f f        (11) 

 (1) (2) 0c cg g    (12) 

 

where, subscript ‘c’ refers to the connection or coupling point.    
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Equations (10) and (12) can be represented in matrix form, for the entire interface DOF and 

can be expressed as 

 0q E   (13) 

   

 0T g L   
(14) 

 

The matrix E operates at the interface DOF between the substructures and is a signed 

Boolean matrix. L is also a Boolean matrix, localising the interface DOF of the substructures 

in the global set of DOFs. Now the global system with n substructures represented by 

equations (2), (6) and (7) can be written as  

 

 

0

0T

q q q f g

q

g

   



 

M V K

E

L

  

(15) 

 

For the sake of simplicity, time dependency has been omitted in the above equation of 

motion. 

From equation (8), the coupled system can be obtained either in primal or dual way according 

to de Klerk et al [4]. In primal formulation, a unique set of interface DOF is defined and the 

interface forces are eliminated as unknowns using the interface equilibrium as done in the 

classical FE assembly. This is considered in the current thesis work. Mathematically, it can 

be expressed as 

 q w L   (16) 

 

where w is the unique set of DOFs used in the coupling. 

Now the compatibility equation is rewritten with the unique set of DOF as 

 0q w E EL   (17) 

 

where L represents the nullspace of E or vice-versa, i.e. 

 ( )

( )T T

null

null






L E

E L
  

(18) 

 

Now, the equation of motion for the coupled system can be written as 
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0T

w w w f g

g

   




ML VL KL

L
  

(19) 

 

Pre-multiplying the equation of motion (12) by LT and considering the equilibrium condition 

LTg = 0, the primal assembled system reduces to 

 w w w f  M V K   
(20) 

 

with the primal assembled mass, damping and stiffness matrices and the force vector defined 

by  

 T

T

T

Tf f









M L ML

V L VL

K L KL

L

  

(21) 

 

2.2.2 Modal domain 

In modal domain, the individual substructure’s motions are described by their structural 

modes. This method is known as Component Mode Synthesis (CMS) and is very popular as a 

reduction method for finite element models using the reduction technique by Craig-Bampton 

[34]. The dynamics of the structure are represented by a reduced set of modes and the type of 

constraint modes chosen will decide the dynamic response. 

The physical DOF are transformed into modal coordinates represented by a set of modes, 

refer [5].  

 q    (22) 

 

where, η refers to the modal coordinates of the reduced set and , the mode shape matrix of 

the reduced model. 

The coupling of substructures in the modal domain can be done between the models that are 

identified either experimentally or analytically.  

Introducing the coordinate transformation into equation (1) will lead to the following 

equation i.e. the modal model of the system. 

 

 
m m m m mM V K f g        (23) 
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where  
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Subscript ‘m’ refers to modal space, ‘ωi’ refers to the ith resonance frequency of the system in 

rad/sec and ‘ξi’ is the respective modal damping ratio. These sets of equations are formulated 

after making the residual forces to be zero in the reduction space and the mode shape 

matrices are mass normalised. A detailed description on this can be read from de Klerk et al 

[4]. 

The compatibility condition in the modal coordinates is given as 

 0mq    E E E   (24) 

 

 0T T T

m mg g L L   (25) 

 

Now the unique set of coordinates satisfying the compatibility conditions is given by 

 
m  L   (26) 

 

 ( )m mnullL E   (27) 

 

As done earlier in the physical domain, multiplying the equation of motion of the uncoupled 

system by 
T

mL  and considering the equilibrium condition in the new coordinates, the coupled 

system is now described by 

 
m m m mf    M V K   (28) 

with 
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2.2.3 Frequency domain 

In frequency domain, the substructures are represented by their frequency response functions 

(FRFs) that are obtained from the measurements. The measured FRFs inherently contain the 

mass, stiffness and damping properties of the system and represent the real structure as 

closely as possible. The dynamics of a structure can be obtained by writing the equation of 

motion in frequency domain using the Fourier transform. The method of substructuring in the 

frequency domain is commonly known as Frequency Based Substructuring (FBS). 

For this method to be successful, it is recommended to have a very good quality of the 

measured FRFs. Since, it is quite possible that the measurement data is prone to noise that 

could result in ill-conditioning of the FRF matrix.    

For an LTI system described earlier, the equation of motion and the coupling conditions can 

now be represented in frequency domain as: 

 

 

T

( )Q( ) ( ) ( )

Q( ) 0

G( ) 0

F G





   





  







Z

E

L

  

(29) 

 

Z is the block-diagonal matrix with the dynamic stiffness matrices of the substructures, i.e. 

2( ) i    Z M V K  , ‘i' is the unit imaginary number. 

As done in the earlier domains, a unique set of DOFs Q  is defined and the equation of 

motion of the coupled system can be written as 

 

 ( ) ( )Q F Z   
(30) 

 

where  
T

 Z L ZL   and 
TF F L  are the coupled dynamic stiffness matrix and the force 

vector. 
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The frequency response function (FRF) of the coupled system H  can be obtained by taking 

the inverse of the dynamic stiffness matrix Z .   

In calculation of the FRFs of the coupled system, it involves matrix inversions of the dynamic 

stiffness matrices for each of the substructures and an additional matrix inversion to convert 

the dynamic stiffness matrix of the coupled system into FRF. In general, the FRF matrices 

can be easily ill-conditioned at the anti-resonances. So, a numerically more stable method 

described by Jetmundsen et al [17] that involves only one matrix inversion is used in this 

thesis to calculate the FRF of the coupled system. 

The formulation by Jetmundsen is described below and the derivation of this formula for a 

system with two substructures is mentioned by Scheel in her thesis [19]. 

(2) 1

0

0 ( )

0 0



 
 
 
 
 

   
   

        
   
   

(11) (1c) (12)

bb bc bb

(c1) (cc) (c2)

cb cc cb

(21) (2c) (22)

bb bc bb

(1) (1) ( 1)

bb bc bc

(1) (1) (1) (1) (1) (1) (2)

cb cc cc cc cc bc cc bc

(2) (2)

bb bc

H H H

H = H H H

H H H

H H H

H H H H H H H -H

H -H

(31) 

Here H refers to the FRFs of the substructures and the super scripts denote the respective 

substructures 1 and 2. H refers to the FRFs of the coupled structure, subscripts b & c refer to 

the body and connection DOF of the substructures respectively.  

 

2.3 Transmission Simulator 

In this section, a brief introduction to the transmission simulator method i.e. substructuring 

using a transmission simulator (TS) also known as Modal Constraints for Fixture and 

Subsystem (MCFS) method is described.   

2.3.1 Transmission Simulator Concept 

In regular substructuring, either analytical or experimental, it is essential to have the 

information about all DOFs at the connection points between the substructures i.e. 6 DOFs, 3 

translations and 3 rotations at each interface point [8]. In analytical substructures this 

information is available and the substructuring can be performed easily using the Craig-

Bampton method [34], but this is not the case with experimental substructuring. In order to 

retrieve a reasonably valid model from experiments which are mainly obtained by simulating 

free-free conditions, the interface or coupling points motion will be difficult to measure due 

to reasons such as reachability of the interfaces due to complexity of the structure, difficulties 

in fixing sensors, inability to excite the interface DOF adequately and it becomes extremely 

cumbersome to measure multiple coupling/connection points.  
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In situations like this, there have been instances where mass loading is done at the coupling 

points in order to exercise the interface and bring more modes that span the connection 

motion adequately in the frequency range of interest, but this is not possible every time and 

may not be suitable for all frequency ranges [19]. To overcome these difficulties, a new 

method has come into practice in recent years and has been successfully implemented for 

experimental substructuring using an additional fixture called the Transmission Simulator 

(TS) [7, 8]. 

The TS is used to address: 

1) estimation of moments and the rotations at the interfaces  

2) retrieving the coupling points motion using the mode shapes of the TS and  

3) dealing with the multiple connections or attachment points.  

Basically, instead of measuring the substructure directly, the TS is attached to the structure 

of interest and the assembly is measured in free-free conditions. Then, the effect of the TS is 

removed from the obtained model so as to represent the substructure alone. This can be 

achieved by removing the analytical TS model from the obtained experimental model [21].  

Using the TS method, an experimental-analytical substructuring can be carried out as 

described below. Analytical TS is attached to the analytical substructure and the physical TS 

is attached to the experimental substructure at the interface points between the substructures. 

The FRFs of the substructures with the TS are obtained and the substructures are coupled by 

applying the constraints that will be discussed later in this section. The influence of the TS is 

removed from the coupled structure by subtracting the analytical TS twice to estimate the 

response of the true system. This procedure is depicted in a simple schematic as shown in 

Figure 1. 

 

 

Figure 1: Analytical substructure ATS, experimental Substructure BTS and analytical TS 

 

As shown in the Figure 1, the analytical substructure plus the transmission simulator (ATS) is 

coupled first to the experimental substructure plus the transmission simulator (BTS) and then 

the effect of the TS is removed by subtracting its analytical model twice, giving AB, the 

structure of interest. 

This method was first introduced by Mayes et al [12] and more details on it can also be found 

in their paper [7]. The success of this method however depends on the design of the TS as 

described in [8]. The TS method can be applied in modal domain as well as frequency 

domain i.e. Component Mode Synthesis (CMS) and Frequency Based Substructuring (FBS). 

Analytical Experimental Analytical Structure of interest 



 

15 
 

In order to couple the structures in frequency domain, two different constraints can be utilised 

as described by Allen et al [36]. The first constraint is called Connection Point Constraints 

(CPT), where the motion of the connection point is estimated based on the motion of the 

measurement points using the analytical model of the TS transmission simulator (TS). 

Detailed description with an example problem using this constraint can be referred to [19, 

36]. 

Later, Mayes [9] has introduced another form of the constraint called Modal Constraints for 

Fixture and Subsystem (MCFS). With MCFS, the constraints are applied in a least square 

sense obtaining a reduced model implying less sensitivity to measurement errors. The 

connection of the substructures is made in the generalised modal DOF of the TS. Both the 

experimental substructure and the analytical substructure have the TS and the TSs are 

constrained to have the same motion to make the coupling or connection between the 

substructures. Also, the measurement points should be selected so that it captures the TS 

motion adequately with the chosen TS mode shapes and in the frequency range of interest. 

Both modal domain and frequency domain methods are described according to the paper by 

Mayes [7, 8]. In this thesis, only MCFS is used for substructuring in the frequency domain 

and the details are given in the following sections. 

 

2.3.2 CMS using transmission simulator method 

 

Consider a global structure which is an assembly of two substructures, of which, one is an 

analytical substructure (FE) and the other an experimental substructure (EXP). And a third 

structure, as discussed in the above section, the TS which is available both in physical and 

analytical formats. The TS is connected to the experimental substructure for the impact or 

tapping test. The force and response measurements on the TS are gathered and the modal 

model of the system is obtained using standard Experimental Modal Analysis (EMA) 

techniques. The analytical TS is connected to the analytical substructure also at the same 

points and the modal model of the analytical substructure is obtained by running a standard 

eigenvalue analysis. The uncoupled equations of motion for each substructure can be written 

in block-diagonal matrix vector format as: 

 

0 0 0 0 0 0

0 0 0 0 0 0

0 0 2 0 0 2 0 0 2

FE FE FE FE

m FE m FE m FE m

EXP EXP EXP EXP

m EXP m EXP m EXP m

TS TS TS TS

m TS m TS m TS m

M V K f

M V K f

M V K f

  

  

  

            
            

              
                          

     (32) 

 

where η is the vector of generalised coordinates, f is the force vector, M, V and K are the 

mass, damping and stiffness matrices respectively. The FE and EXP substructures include the 

TS and are subtracted twice from the total structure to get the structure of interest. 

 

The constraint equations can be first written in the physical DOF ‘q’ at the measurement 

points and later transformed into the modal space ‘η’ and subsequently the coupling is done 
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in the modal DOF of the TS. The measured DOFs are assumed to capture the connection 

point motion adequately with the chosen truncated set of TS modes.  

 

 0

0

FE EXP

meas meas

EXP TS

meas meas

q q

q q

 

 
  

(33) 

 

 

The first line in the above equation conveys that the experimental substructure is coupled to 

the analytical substructure considering the motion of the measured points on the TS for both 

the substructures to be equal.  

Equation (33) can be transformed into the modal coordinates as 

 

 0FE EXP

meas measFE EXP       (34) 

 

where ,q   are the physical and modal coordinates where the measurements (meas) are made. 

 

Multiplying the above equation (34), by the pseudo-inverse of the mode shape matrix of the 

TS will yield 

 

 ) )( ( 0TS FE TS EXP

meas meas meas measFE EXP          (35) 

 

here + represents the Moore-Penrose pseudo inverse. 

 

Equation (35) is the main step in the transmission simulator method where the motion of the 

connection points is projected onto the modal space of the TS and thereby reducing the 

number of constraints originally represented by the physical DOF [10].  

 

Similarly, the second line of equation (33) can be treated as: 

 

 

) )

) )

( (

( (

EXP TS

meas meas

TS EXP TS TS

meas meas meas meas

TS EXP TS TS

meas meas meas measEXP TS

q q

q q
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(36) 

 

Equation (36), which is the coupling condition can now be transformed into matrix format as: 

 

 

meas meas meas meas

) ) 0

0
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TS EXP TS TS
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(37) 
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and LMCFS= null (EMCFS). 

 

Equation (37) is derived referring to [19]. After applying the constraint, the new eigenvalue 

problem can be solved for the complete system. 

 

2.3.3 FBS using transmission simulator method 

Using the MCFS constraint described in the previous section, the coupling in frequency 

domain, i.e. FBS can be performed. 

Consider two substructures A and B, and a third structure TS. The FRF matrices of the 

substructures are represented by HA, HB and HTS respectively and HT representing the FRF 

matrix of the coupled structure. A and B can be either experimental or analytical 

substructures. The FRF matrix of the coupled structure with both response and excitation on 

the substructure A can be given according to the papers by Mayes [8, 19].   

 

 1

1 1 1

1 1 1 1

rc rc rc

1

ci cc cc ci

( )

(HB )

HT HB HB HA (HB )

HT (HB HA ) HA

ri ri rc cc cc ci

cc cc cc

cc cc cc

cc

HT HA HA HB HA HA

HT HA

HA

HB



  

   



  

 

  

 

  

(38) 

 

Subscript ‘i' represents to the input DOF, ‘r’ represents the response DOF and ‘c’ represents 

the coupling/interface DOF. In order to avoid multiple matrix inversions in equation (38), the 

Jetmundsen formulation described in section 2.2.3 will be used. 

As described in the previous section, the response and input DOF are the physical 

measurements but the transmission simulator method converts it into the generalised 

coordinates of the TS. The connection point or interface FRFs of each of the subsystems are 

calculated at the measurement DOF denoted as ‘meas’. The measured DOF are converted 

into the generalised coordinates of the TS by multiplying with the Moore-Penrose pseudo 

inverse of the TS mode shape matrix as below: 

T

rc rmeas TS

T

cc TS measmeas TS

T

cc TS measmeas TS

ci TS measi

T

rc rmeas TS

HB HB

HB HB

HA HA

HA HA

HA HA



 

 







 

 















  



 

18 
 

The two TS substructures can be removed from the total structure by subtracting the FRF 

matrix of the TS. According to paper [8], if a system is to be subtracted ‘n’ times, the 

dynamic stiffness matrix is multiplied by a factor ‘n’, while the FRF matrix is divided by ‘n’. 

1 1 1[ HTS HTS ] 1/ 2meas measmeas measmeas modmodHCTS HTS         

where, mod refers to the modal DOF of the TS. The FBS formulation can be extended for any 

number of substructures that are to be coupled. For a detailed derivation of the FBS using 

MCFS, please see [19]. 

2.4 System Identification 

In this thesis, System Identification is used to identify the models in state-space form as 

described in section 2.1.3 from the measured FRFs. The N4SID algorithm in MATLAB’s 

System Identification toolbox has been used for this purpose.  A detailed description for the 

theory behind System Identification can be found in Ljung [33] and a short description of the 

N4SID algorithm is given by Abrahamsson in his paper [13]. This method requires the user to 

estimate the model order by visually inspecting the data within the frequency range of 

interest. Once the states are estimated, the FRF models can be rebuilt by rewriting equation 

(2) back in frequency domain from the state matrices as: 

 1ˆ ˆ ˆ[ ( ) ] ( )y C i I A B D q H q       
(39) 

 

where, (𝜔) 𝜖 ℝ𝑝×𝑚  is the multivariate frequency domain transfer function, the FRF matrix 

[13]. The coefficient matrices are described in section 2.1.3. 

 

2.5 ILL Conditioning for FBS 

 

As described in section 2.3.3 and equation (31), the connection or the interface FRF matrices 

for each substructure are inverted in order to obtain the connection FRF matrices of the total 

system. The substructure FRFs are synthesised from their respective modal parameters and 

the maximum rank of the FRF matrix will be equal to the number of modes considered for 

each substructure. According to the paper by Mayes et al [12], a failure of matrix inversion 

will occur if the number of connection DOF exceeds the number of modes considered for the 

substructure FRFs. In order to avoid ill conditioning of the matrix, each substructure is 

needed to have at least as many modes as are considered in the TS’s model.  



 
 

3 Analytical Simulation 

In this chapter, a detailed description of the analytical models of the substructure, 

transmission simulator and their assembly is given. This is followed by a note on the 

eigenvalue analysis and harmonic analysis in NASTRAN and a short description on 

synthesising the FRFs from the modal parameters of the substructures.  

 

3.1 Analytical models 

 
The analytical model of the rear subframe (RSBFRM) of Volvo XC90 car was provided by 

the Body & Chassis CAE group at the Noise and Vibration centre, VCC. This model was 

created in ANSA, the standard pre-processor from BETA CAE systems. The eigenvalues of 

the RSBFRM analytical model are compared with the experimental data to ascertain the 

differences. The analytical model of the Transmission simulator is created especially for this 

thesis work, also in ANSA and has been validated with the experimental data in terms of its 

eigenmodes. 

 

3.1.1 Rear Subframe (RSBFRM) 

 

The RBSFRM model given by VCC is shown in the Figure 2. The model has about 30000 

elements with 250000 DOF. Of which, 25000 elements are shell elements and the remaining 

are solid elements. The solid elements are highlighted as shown in Figure 3. The material 

properties of the subframe model are given in Table 1. 

 

 

 

Figure 2: Rear Sub-frame of a Volvo XC90 
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Figure 3: Location of solid elements in the model highlighted in white 

 

 

Table 1: Parameters of the FE model 

 

 

Number Element type Young’s 

Modulus, E 

[GPa] 

Poisson’s 

ratio, ν, [-] 

Density, ρ 

[kg/m3] 

Thickness, 

[mm] 

1 Shell 210 0.3 7850 1.5 

2 Solid 210 0.3 7850 - 

3 Bar 210 0.3 7850 - 

 

 

The bushing region of the subframe, particularly the points at which it is connected to the 

RDU is modelled using RBE3 elements. This is shown in Figure 4. A description on the 

connection elements is given in section 3.1.4. 

 

      
 

Figure 4: Location of bushing where RBE3 elements/connections are used (cyan lines and 

the redcross mark highlighted in the picture on right) 
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A set of 26 nodes on the subframe have been selected based on previous studies that were 

carried out at VCC and Chalmers University of Technology. These 26 nodes are considered 

to be the ideal locations for the sensors to adequately capture the modes of the subframe in 

the frequency range of interest i.e. 0-1000 Hz for the impact hammer test that is described 

later in the measurement section. The location of the sensors on the subframe is shown in 

Figure 5. 

 

 

 

Figure 5: Location of sensors for vibration response measurements in white cross-marks  

 

 

3.1.2 Transmission Simulator (TS) 

 

The transmission simulator considered for the substructuring is also made of steel and weighs 

1 kg. It is a hollow cylinder with a step at one of its end where it is actually connected to the 

subframe at the bushing area. The TS is also modelled in ANSA with solid elements and with 

the same material properties as the RSBFRM. The TS model has about 5000 solid elements. 

The TS analytical model and the physical component can be seen in Figure 6. 
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Figure 6: Transmission Simulator (TS): Analytical TS on the left and the Physical TS on the 

right 

 

3.1.3 RSBFRM with TS (SBTS) 

 

The TS is connected to the RSBFRM at three points as shown in Figure 7 and the location of 

the TSs is highlighted in Figure 8. This is the analytical substructure that will be used later in 

FBS. The bushing region as described earlier is modelled using RBE3 elements and the TS is 

connected at bushing regions using CBAR and RBE2 elements with the node on the TS as 

master and the node in the bushing region as slave. Details on CBAR and RBE2 elements can 

be found in section 3.1.4 below.  

 

 

Figure 7: Analytical model of RSBFRM and the TS 
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Figure 8: RSBFRM and the TS, TS positions highlighted for reference 

 
 

In Figure 7 and Figure 8, it can be seen that the TS is actually located inside the bushing region 

and this is done in order to match with the location of the physical TSs on the RDU during 

the measurements.  

 

3.1.4 Modelling of connections  

 

In order to model the real behaviour of the connection between the components, elements like 

RBE3, RBE2 and CBAR are available in NASTRAN. A small description for on these 

elements is given below and the reader can refer to [31] for more details. 

 

 

3.1.4.1 RBE3 elements 

 

These elements define the motion of a reference grid point as a weighted average of the 

motions of a set of other points. In Figure 4, these are represented by cyan lines and the 

reference grid point as the redcross. 

 

3.1.4.2 RBE2 elements 

 

These elements define multi-point constraints between different grid points by defining 

master-slave couplings between one master and several slave points.  The rigid body 

elements created has independent DOF at one point and dependent DOF at number of grid 
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points that are selected. This can be seen in Figure 9 on one of the TS, where the cyan lines 

represent the RBE2 elements and the redcross with independent degrees of freedom. 

 

  

Figure 9: TS with RBE2 elements on its flat top surface 

 

3.1.4.3 CBAR elements 

 

These elements are simple beam elements that can be defined between two points. One can 

also use screws to connect the parts but in this model CBAR elements have been used. This is 

shown in Figure 10. 

 

   
 

Figure 10: TS with CBAR element between its bottom (grid point 2) and top (grid point 3) flat 

top surfaces, red line on the right picture 

 

3.2 Eigenvalue Analysis 

 
An eigenvalue analysis is run in NASTRAN for both SBTS and the TS. The first 100 modes 

of the SBTS have been extracted with mass normalised eigenvectors and the first 40 modes 
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for the TS using the FE models described in section 3.1. These details are used to synthesise 

the FRFs from the modal parameters that will be required later for substructuring. 

 

SOL 103 in NASTRAN is used to run the eigenvalue analysis. Details of the solver and its 

method are out of scope of this thesis work, more explanation on this can be found in Nastran 

guide [35]. The mode shapes are later visually identified in post-processing software µETA. 

 

After visually inspecting the mode shapes of the TS, the sensor locations for the experimental 

measurements have been identified. Four nodes have been selected and are shown in Figure 11 

with white cross marks. 

  

 

Figure 11: Sensor positions on the TS highlighted with white cross marks 

 

3.3 Frequency Response Function (FRF) Synthesis 

 
As described in section 2.1.3, the FRFs will be used for substructuring in this thesis and the 

FRFs can be obtained in two ways for the analytical model. One method is to determine the 

FRFs directly from the available FE data i.e. the mass, stiffness and damping matrices of the 

structure. The FRF at a particular frequency ωk between the DOF i, j of the structure i.e. the 

ijth element in the matrix can be obtained as  

 

 2 1

k k( ) [ [M] i [V] [K] ]kH          (40) 

   

where M, V, K are the mass, damping and stiffness matrices of the structure respectively. 

This method is computationally expensive as it depends on the DOF in the total structure, 

which is very huge generally. 

 

The FRFs can also be synthesised using the eigenvalues and the eigenmodes of the 

frequencies of interest. This is a more convenient way to synthesis FRFs for the required 

DOF. Theoretically, the relationship between the synthesised FRFs and the eigenmodes is 

given by  
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(41) 

 

 

where N is the number of modes considered, Φ is the mass normalised mode shape, 
in  is the 

natural frequency in rad/sec and i  is the modal damping ratio. The conventions and the 

theory behind equations (40) and (41) above are based on the paper by Herman et al [26]. 

 

Alternatively, SOL 111 in NASTRAN can be used to run a harmonic analysis with a unit 

excitation force at the DOF identified earlier in sections 3.1 and 3.2 for both SBTS and TS.  

 

In this thesis, the harmonic analysis method is used to extract the FRFs of the analytical 

substructure (SBTS). 

 

 

 

 



 
 

4 Experimental Measurements 

In this chapter, a detailed description of the actual measurements performed is given. The 

measurement set-up includes the measurement objects, excitation set-up, response set-up, 

signal processing and visualisation set-up and are mentioned in the sub-sections. 

 

4.1 Measurement Objects 

 
The rear subframe (RSBFRM), the rear differential unit (RDU) and the transmission 

simulators (TS) are the test objects considered for the impact hammer testing. The test objects 

are hung from the ceiling of a four column structure using springs, bungee cords and thin 

high strength wires (fishing lines) to simulate the free-free boundary conditions. The testing 

is carried out in the Modal Lab at the Noise and Vibration Center, VCC. The support 

structure and the measurement objects are given in the subsections below. 

 

 

4.1.1 Support Structure 

 

Figure 12 shows the support structure used during the measurements simulating the free-free 

boundary conditions of the test structure. This is to make sure there are no external forces 

acting on the structure other than the impact hammer.  

 

 

 

Figure 12: Springs on one end of the bungee cords and thin high strength lines on the other 

end 
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4.1.2 RSBFRM  

 

The rear subframe alone is considered for the tapping test in order to have a comparison of 

the results from the analytical simulations and the experimental tests. As described in section 

3.1.1, 26 points have been chosen on the structure for the vibration measurements. The 

measurement points are highlighted in yellow stickers in Figure 13. 

 

       

Figure 13: Physical structure of the Rear Subframe and the support set-up  

 

 

4.1.3 RDU  

 

The RDU is shown in Figure 14. 12 points have been chosen on the RDU for the sensors to 

measure the vibration response. 

 

         
 

Figure 14: Physical structure of the Rear differential unit and the support set-up 
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4.1.4 TS 

 

The physical TS is shown in Figure 15. Totally three TSs are used for the substructuring, one 

at each connection point between the RSBFRM and the RDU.  

 

      
 

Figure 15: Physical structure of the Transmission Simulator and the support set-up 

 

4.1.5 RDUTS 

 

The TSs are connected to the RDU at three locations as shown in Figure 16. Four points on 

each TS are identified for placing the sensors to measure the vibration response. Refer section 

3.2 for detailed information on the sensor positions. 

 

 

 

Figure 16: RDU, TSs and the support structure  
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4.1.6 SBRDU 

 

The RSBFRM and the RDU assembly is also measured for an impact excitation, henceforth 

called the truth model for the comparison of the results obtained from the substructuring of 

the experimental-analytical models. A total of 38 points are measured on the assembly with 

26 points on the RSBFRM and 12 points on the RDU as shown in Figure 17. 

 

 

  

Figure 17: Subframe and the RDU: truth test structure and the support structure 

 

4.2 Excitation set-up 

 
The excitation set-up includes the instruments used for exciting the measurement objects and 

measuring the time history of the excitation force. An impact hammer with the details in 

Table 1 has been used in this work. 

 

Table 2: Excitation unit details 

 

Name Make S/N Hammer tip 

[-] 

Sensitivity 

[mV/N] 

Impact hammer PCB 10043876 Plastic, Metal 0.24 

 

 

A plastic tip was used for the measurements on RSBFRM, RDU, RDUTS and SBRDU to 

cover both low and high frequencies whereas a metal tip was used for the TS, as the TS is 

very rigid and the first flexible mode is noticed to be above 25000 Hz. 
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For the measurements on the RSBFRM and SBRDU, only one point is excited i.e. node 14. 

Whereas, excitation at three points, all orthogonal, on each TS is made for the RDUTS set-

up. For RDU, excitations are made at 10 arbitrarily chosen nodes. Reciprocity principle is 

applied to build the complete FRF matrix for RDUTS that will be required for substructuring. 

 

4.3 Response set-up 

 
The response set-up includes the instruments used for measuring the time history of the 

response. A set of accelerometers in different numbers have been used depending on the test 

setup described in earlier sections. Both uni-axial and tri-axial accelerometers were used for 

the measurements and their sensitivity is given in Table 3. Few sensors with low sensitivities 

have been used at certain locations whose measurement channels on the DAQ were 

overloaded during the measurements. The accelerometers are fixed on to the structures using 

beeswax and glue. For tri-axial accelerometers, steel studs have been used. The general 

details on sensor construction, functionalities and other details are not mentioned here but can 

be referred to [3]. An accelerometer calibrator of B&K make is used to calibrate each 

accelerometer before the measurement. The details of the calibrator are given in Table 4. 

 

Table 3: Accelerometer details 

Number of sensors Accelerometer type Accelerometer 

make 

Sensitivity, [mV/g] 

38 Uni-axial B&K, PCB 96-100, 10-12 

11 Tri-axial PCB 10-12 

 

 

Table 4: Calibrator details 

Name Make Type Frequency 

[Hz] 

Maximum 

load [gm] 

Level 

[m/s2] 

Calibrator Exciter B&K 4294 159.2 70 10 

 

4.4 Signal Processing and visualisation set-up 

The signal processing and the visualisation set-up will process the measured data and present 

the results visually. The hardware and the software used for the measurements are described 

below. 
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4.4.1 Data Acquisition System (DAQ) 

The DAQ used for these measurements is an LMS SCADAS Mobile SCR05. It is a 40 

channel measurement system with 4 tacho channels and 2 output channels. The structure of 

interest is excited by an impact hammer and the force signals and the response of the 

accelerometers are transmitted to the frontend. The signals are processed in the DAQ and can 

be visualised on the computer where they are stored. The data is only stored in frequency 

domain format i.e. no time domain data is stored.  

 

 

 

Figure 18: LMS SCADAS DAQ, LMS Test.Lab Software 

 

4.4.2 DAQ, Analysis Software 

 

LMS Testing Solutions from Siemens PLM Software is used for pre-processing during 

measurements and also for post-processing of the data. The version used in this work was 

LMS Test.Lab Rev 13A. The Impact testing module of the Structure Acquisition package of 

LMS Test.Lab was used for measurements and LMS Desktop for post-processing. More 

details about the data processing internally in the hardware and software can be found in [32]. 

 

 

 

 



 

33 
 

5 Substructuring of RSBFRM and RDU Assembly 

In this chapter, a description of the substructuring scheme is given first. This is followed by 

the analysis of the analytical substructure and the TS and a comparison is made with the 

measurements. Then, a short analysis of the measurements performed on RDU and RDUTS 

are given.  Finally, the results of the substructuring are presented and discussed. 

5.1 Substructuring scheme 
 

The aim of substructuring is to obtain the dynamic response of the rear subframe and rear 

differential unit assembly (SBRDU) by coupling their individual responses and compare the 

results of substructuring with the actual test data of the assembly, the truth test. 

The scheme of the substructuring is shown in Figure 19. As mentioned in sections 3 and 4, the 

RSBFRM is the analytical substructure and the RDU is the experimental substructure. The 

analytical TSs are attached to the RSBFRM at the connection points and the physical TSs are 

attached to the RDU at the connection points. An harmonic analysis is run to obtain the FRFs 

of the analytical substructure SBTS as described in section 3.3 and an impact hammer test is 

performed on the experimental substructure RDUTS as described in section 4.1.5 to obtain 

the FRFs. The responses of the two substructures are coupled applying MCFS described in 

section 2.3.3 to obtain the response of the assembled structure, SBRDU. The effect of the TS 

is removed to get the true response of the assembly. This is done by subtracting the analytical 

model of the TS twice from the total response. 

 

Figure 19: Substructuring scheme 
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As seen in Figure 19, the SBTS and the RDUTS have three TSs, one each at the connection 

points and the effect of the TSs are removed from the assembly by subtracting it twice to 

obtain the structure of interest (picture in the bottom). Please refer to Figures 7 and 15 for a 

detailed view of the substructures. 

 

5.2 Analysis of RSBFRM 

 

The analytical model of the subframe is compared to the performed measurements to 

ascertain the differences between the FE model and its physical structure. The comparison is 

made in terms of the eigenmodes between 50-500 Hz.  

As seen from Table 5, the first flexible mode occurs at 76 Hz and 79 Hz from the 

measurements and the FE analysis respectively with a relative frequency error of 3.7%. 

Overall, a good match is observed between the eigenmodes obtained from the FE model and 

the measurements with a maximum relative frequency error of 3.8%. The FRFs of the driving 

point accelerance i.e. excitation and response at node 14 on the subframe is shown in Figure 

20. A good correlation is noticed between the measured FRFs and the FRFs of the FE model 

but a slight shift in amplitude is also observed. Some spurious modes can also be seen in the 

test data. The FE model is retained in this condition for substructuring. Further calibration 

hasn’t been performed as this wasn’t in the scope of this thesis work. 

Table 5: Comparison of the flexible modes of the subframe: FE vs. Test data 

Rear Subframe 

Mode 
Truth test FE data Frequency 

error [%] Frequency [Hz] Frequency [Hz] 
7 76.744 79.641 3.774 
8 161.002 163.636 1.636 
9 192.804 200.114 3.792 
10 204.383 203.308 -0.526 
11 211.636 214.628 1.414 
12 241.461 248.458 2.898 
13 258.781 264.960 2.388 
14 318.452 317.889 -0.177 
15 - 325.175 - 
16 374.178 384.183 2.674 
17 429.799 429.931 0.031 
18 458.494 451.371 -1.554 
19 472.855 474.598 0.369 
20 497.548 480.933 -3.339 
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Figure 20: Driving point Accelerance of RSBFRM: FE vs. Test data 

 

 

5.3 Analysis of TS 

In order to validate the FE model of the TS, a tapping test is performed as described in 

section 4.1.4. The eigenmodes of the FE model and the measured data are compared in Table 

6. The first flexible mode of the TS is noticed to occur around 25000 Hz. The TS can be 

considered to be rigid and not influencing the modes of the substructures between 50-500 Hz. 

There is a good match between the FE model and the test data for modes 7 and 8, but a shift 

in frequencies is noticed beyond this. The difference could be due to the measurement errors. 

The FE model of the TS can be considered valid as the rigid body modes are only considered 

for substructuring. The amplitude and phase of the FRFs from measurements is shown in 

Figure 21. 

   

Figure 21: Driving point Accelerance of TS: Amplitude on the left and phase on the right 
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Table 6: TS eigenmodes comparison: Test and FE analysis  

Transmission Simulator 
Mode 

Truth test FE data 
Frequency [Hz] Frequency [Hz] 

1 0.0022 - 
2 0.0017 - 
3 0.0014 - 
4 0.0010 - 
5 0.0008 - 
6 0.0014 - 
7 25569.3300 25474.0000 
8 25603.7300 25948.0000 
9 26180.2700 27254.0000 

10 26187.4400 27303.0000 
11 27713.8200 - 
12 32076.3500 30536.0000 
13 32091.4900 39479.0000 

 

5.4 Analysis of RSBFRM and SBTS 

 

A numerical analysis of the RSBFRM and SBTS models as described in section 3.1.1 and 

3.1.3, respectively, is performed to obtain the eigenmodes between 50-500 Hz. As seen from 

Table 7, the addition of TS to the RSBFRM brings in more modes compared to SBFRM alone 

between frequencies 163 - 483 Hz. This is because the TS mass excites the interfaces and 

thereby improves the mode shape basis [19]. A comparison of the direct accelerance FRFs of 

the RSBFRM and SBTS can be seen in Figure 22 (excitation and response at node 14 on the 

subframe). 

 

Figure 22: Driving point Accelerance of RSBFRM, SBTS  
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Table 7: Eigenmodes comparison: Subframe and Subframe with TS 

   
Rear subframe  Rear subframe with TS  

Mode  Frequency [Hz]  Frequency [Hz]  
7     79.6411     78.7101  
8    163.6365    163.1084  
9    200.1149    186.0580  
10    203.3089    198.9894  
11    214.6288    208.3830  
12    248.4586    225.2595  
13    264.9608    251.1268  
14    317.8898    255.9924  
15    325.1754    279.0920  
16    384.1832    290.2946  
17    429.9311    306.3595  
18    451.3719    326.9694  
19    474.5989    346.4549  
20    480.9336    359.1988  
21  -    396.9693  
22  -    431.4951  
23  -    471.4038  
24  -    485.1646  

 

 

5.5 Analysis of RDU and RDUTS 

 

The results of the impact hammer test of RDU and RDUTS as described in sections 4.1.3 and 

4.1.5 can be compared to check the effect of the TS on the RDU. The purpose of the TS is to 

exercise the interfaces and bring more modes within the frequency range of interest. As seen 

in Figure 23, the RDUTS brings in additional modes in the low frequencies as compared to the 

RDU alone. The green curve and red curve represent the FRFs of the RDUTS and the RDU, 

respectively, for an excitation on the RDU near the bushing (refer Figure 16, accelerometer 

close to the TS positioned in vertical plane).  
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Figure 23: Driving point Accelerance of RDU, RDUTS 

 Amplitude on the left and phase on the right 

  

As described in section 4.2, the responses are measured on RDUTS with 9 inputs and the 

reciprocity principle is used to build the complete FRF matrix. System Identification is 

performed on the measured data to obtain the state-space model. The modal order is set to 10 

by visually inspecting the number of modes in the measured data. The identified state-space 

models are used to build the complete state-space matrix, then the FRFs are reconstructed as 

described in section 2.4. The synthesised FRFs are purely based on the number of modes that 

appear in RDUTS between 50-500 Hz. 

 

5.6 Substructuring Results 

 

The results of the substructuring will now be compared to the truth test of the assembly as 

described in section 4.1.6. To assess the success of the substructuring method used in this 

thesis, a comparison of the eigenmodes and damping ratios is made. Some observations can 

be drawn from the data in Table 8. The first flexible modes are off in the frequency with a 

relative error of 5.29%. Despite this, there is a good match for the elastic modes 2, 6, 9, 10, 

13 and 14 with a frequency error up to 3%. For modes 3, 15, 16 and 17 the FBS is under 

predicting the frequencies and for modes 4, 5, 11 and 12 the frequencies are over predicted by 

FBS compared to the truth test data. Overall, a reasonable match of the frequencies can be 

noticed with FBS when compared with the truth test.  

The direct accelerance FRFs are shown in Figure 24 with excitation and response on node 14 

on the RSBFRM of the SBRDU assembly. The predicted response doesn’t match accurately 

with the truth test except for few modes but the trends of the curves match and some of the 

peaks are captured correctly with FBS. A slight shift in the amplitudes of the FRFs can also 

be noticed across the frequency range and this could be attributed to the damping factor 

included in the analytical substructure. The RSBFRM model used in this thesis wasn’t 

calibrated with the actual test structure.   
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Similar observations can be drawn from the comparison of the FRFs for the remaining 

channels as shown in Figure 25 to Figure 27, but an increasing error is noticed in the 

frequencies and in the trends of curve between the test and the FBS. This disparity is due to 

the ill conditioning of the FRF matrix of the RDUTS during substructuring. In order to 

perform substructuring, 18 rigid body modes of the TS simulator are considered as there are 

three TSs at each connection point and for the experimental substructure, the RDUTS, 10 

modes have been used to synthesise the FRFs as described in section 5.5. Referring to section 

2.5, this gives rise to ill conditioning of the connection FRFs as the number of modes in the 

substructure (10 modal DOF) is less than the number of modal connections (18 modal DOF). 

Since the RDU was very stiff, there are not many modes between 50-500 Hz and the results 

can’t get any better in terms of conditioning. Therefore, a poor correlation of the FBS and 

truth test is obtained. 

A quick check has been done by including spurious modes in the experimental substructure 

and FBS is performed again. The FRFs of the RDUTS are synthesised with 18 modes now 

and as seen in Figure 28 to Figure 31, the correlation between the truth test and FBS is better 

compared to the previous results. Though it is principally incorrect to include spurious modes 

into the system, this exercise is performed to show that by eliminating the ill conditioning of 

the FRF matrix the results of FBS would match better with the test data. 

Table 8: Comparison of the modes of the assembly 50-500 Hz: Truth test vs. FBS 

Rear Subframe and Rear Differential Unit assembly 
  

  Truth test FBS   
Flexible 
Mode 

Frequency 
[Hz] 

Modal 
damping [%] 

Frequency 
[Hz] 

Modal 
damping [%] 

Frequency  
error [%] 

1 63.80 2.30 67.36 0.07 5.29 
2 82.15 1.16 83.33 0.12 1.41 
3 93.56 3.61 90.21 2.49 -3.71 
4 145.10 3.89 157.05 0.33 7.61 
5 162.70 0.41 181.24 0.43 10.23 
6 194.54 0.49 199.93 0.45 2.70 
7 198.20 0.83 206.01 0.30 3.79 
8 205.53 0.38 212.59 0.68 3.32 
9 214.75 0.37 220.42 0.10 2.57 
10 244.21 0.37 247.56 0.26 1.35 
11 258.82 0.63 281.59 0.41 8.09 
12 318.45 1.47 332.17 1.34 4.13 
13 373.34 0.62 374.78 2.89 0.39 
14 388.37 1.58 389.38 0.90 0.26 
15 435.45 1.08 430.45 1.59 -11.83 
16 457.79 1.00 463.22 0.05 -6.35 
17 478.75 1.42 474.50 1.71 -3.35 
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Figure 24: Driving point Accelerance of SBRDU, Truth test vs. FBS 

 

Figure 25: Accelerance of SBRDU on Node 3, Truth test vs. FBS 

 

Figure 26: Accelerance of SBRDU on Node 13, Truth test vs. FBS 
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Figure 27: Accelerance of SBRDU on Node 18, Truth test vs. FBS 

 

Figure 28: Driving point Accelerance of SBRDU, Truth test vs. FBS with spurious modes 

 

Figure 29: Accelerance of SBRDU on Node 3, Truth test vs. FBS with spurious modes 
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Figure 30: Accelerance of SBRDU on Node 13, Truth test vs. FBS with spurious modes 

 

Figure 31: Accelerance of SBRDU on Node 18, Truth test vs. FBS with spurious modes 

 

Although, an improvement is observed by including spurious modes for some of the 

channels, the FRFs of the substructuring still do not match accurately with the truth test. 

Based on the disparities seen in the results of substructuring above, the sources of errors are 

understood and addressing these errors would improve the success rate of substructuring 

using this method. The analytical substructure was not calibrated accurately to represent the 

true structure and this error is carried forward throughout the substructuring process. Apart 

from this, the properties of bushings are also not taken into account in the analytical 

substructure as they weren’t available. Furthermore, there are always uncertainties that occur 

in the measurements and this will also carry forward into the substructuring process. Overall, 

the results of FBS are promising considering the first trial implementation of the method for 

multiple location connection points using the transmission simulator. 

 



 
 

6 Conclusion and Future Work 

In this chapter, some of the shortcomings of this thesis work along with the possible 

recommendations for future work are presented. 

6.1 Conclusion 

This thesis work has resulted in the implementation of an FRF based experimental-analytical 

dynamic substructuring for multiple location connection points for the first time using the 

transmission simulator method. This hasn’t been found to be implemented earlier according 

to the literature survey. 

The substructuring prediction is made to estimate the dynamic response of the rear subframe 

and rear differential unit assembly of a Volvo XC90 car. The predictions of the FBS have 

been compared to the truth test data. 

The results of substructuring are in agreement with the truth test for the driving point 

accelerance between 50-500 Hz except for few modes with a maximum relative frequency 

error of 11 %. But, a large variation in the frequencies and the trends of the response curve 

are noticed for the remaining channels.  

It was identified that the RDU was very stiff and the FRFs from the measurements had only 

few modes within the frequency bandwidth considered for substructuring. Since three TSs 

were used simultaneously for substructuring to account for the multiple location connections, 

18 rigid body modes of the TS were considered to build the mode shape matrix of the TS. 

According to the paper by Mayes [12], the constraint can be applied at coupling point if the 

substructures have at least as many modes as considered in the TS mode shape matrix. The 

FRFs of the RDU failed to meet this condition and the results of the substructuring were not 

able to represent the truth test accurately. But a trial with including more modes in the RDU 

has shown promising results thereby giving the confidence on this methodology.  

 

6.2 Future Work 

In this thesis, a single design of TS has been used for substructuring. It would be a good 

exercise to evaluate different TS designs for future studies. The design parameters can be 

considered in terms of ease of fixing the sensors, ease of handling, ease of manufacturing and 

possibilities of using single TS for multiple locations.  

The limitation of not having enough modes in the frequency bandwidth could be eliminated 

by implementing this method on a structure which is not very stiff.  Implementing this 

method on the BIW and the rear subframe assembly would be recommended using single TS 

for all the connection points. This was the original consideration for this thesis work but was 

later moved to the rear subframe and the rear differential unit in order to understand the 

transmission simulator method on a simple problem before moving to complex structures. 
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Including more measurement points on the TS can be considered to more accurately capture 

the connection point motion. It is recommended to use a properly calibrated analytical model 

of the substructure and a well-designed experiment should be carried out to accurately 

measure the FRFs and obtain the experimental models with minimal possible errors. In 

addition to that, it is ideal to have the measurements of the full FRF matrix instead of 

theoretically expanding the matrix later on. 

Moreover, this method can also be implemented on completely analytical or completely 

experimental models and compare the results of the substructuring to gain confidence on the 

methodology and understand its limitations. 
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Appendix 

In this Appendix, more results from the measurements and the numerical analysis are 

presented. 

Rear subframe only: Accelerance FRFs FE model and Test data 

 

 

 

 

The top plot is the accelerance FRFs for the FE model and the bottom plot for the test data with 

excitation at node 14 on the subframe. 
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RDUTS: Accelerance FRFs test data 

 

 

 

 

 

Accelerance FRFs plots for excitations on node3 on TS1, TS2 and TS3. Node 3 is located on the top of 

the TS as seen in Figure 16. 
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