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Abstract 

Airplanes have a risk of encounter birds while flying, taking off or landing and to ensure 

a safe flight the engines have to sustain functionality after one or several bird strikes; 

one vital part in the engine is the first stage rotor and hence it has to withstand bird 

strikes. Commercial finite element codes with explicit time marching techniques are 

commonly used today but they can be time-consuming and therefore a faster analytical 

method is sought. An analytical method is suitable for comparison of rotor blades in 

an early design process.  

The force during the bird strike was divided into two parts in accordance with a paper 

by Sinha et al. [1], a slicing force and a travelling force. Once the force was obtained it 

was transformed to a pressure over an area. The pressure and area was then used to 

perform a transient analysis in ANSYS. The analytical based results are then compared 

to results obtained in a simulation done in LS-DYNA.   

The force exerted on a rotor blade, analytical and in LS-DYNA, shows good agreement 

with respect to maximum force. Comparing the displacement of the rotor blade in 

ANSYS and LS-DYNA shows that the magnitude agrees well but the phase does not 

agree as well. 

It is possible to make automated scripts with a minimum of input data required to 

perform the analysis. The slicing force shows a good estimate of the maximum force 

exerted on a single blade during a bird strike. The impulse of the slicing force can also 

be seen as a lower limit of the total impulse felt by a single blade. The travelling force 

based on the paper by Sinha et al. was found to have some insufficiency and the 

recommendation is therefore to exclude the travelling force, in current state, from the 

analysis. 
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Symbols 
𝐴 Area 
𝐴𝐶  Cross-sectional area of cylinder 
𝐴𝑥, 𝐴𝑦, 𝐴𝑧 Acceleration in coordinate directions 

𝐴𝑛, 𝐴𝜃, 𝐴𝑟  Acceleration in coordinate directions 
𝑎𝑐 Initial radius of water jet 
𝒂𝑞 Parameter vector 

𝒂 Acceleration 
𝛼 Initial angle 
𝛼𝑡 Time dependent angle 

Δ𝛼 
Angle between coordinate axis and the 
point at the tip leading edge 

𝐵𝑀 Bird slice mass 
𝐵𝑠 Bird slice length 
𝛽 Angle of slice 

𝛽𝐿𝑆 
Angle describing the location of the 
coordinate system 

𝐶 Chord length 
𝐶𝑅 Coefficient of restitution 
𝑐0 Isentropic wave speed 
𝐷 Diameter of bird cylinder 
𝐸 Modulus of elasticity 
𝑒 Error 
𝒆 Error vector 

𝑭 Function of 𝒂𝑞 & force 

𝐹 Force 
𝑓 Function of 𝑦𝑛 
ℎ Length swept by the blade 
ℎ𝑠 Step-size  
𝐼 Impulse 
𝑱 Jacobian matrix 
𝑘 Material dependent parameter 
𝐿 Length of rotor blade 
𝐿𝑏 Length of bird 
𝑚 Mass 
𝑃 Pressure 
𝑃𝐻  Hugoniot pressure 
𝑃𝑠 Stagnation pressure 
𝑃𝑠𝑡 Static pressure 
𝑝 Momentum 
𝑝𝑚 Number of measurements 
𝑞 Number of parameters 
𝑅 Outer radius of rotor 
𝑅𝑐 Radius of circle 
𝑟 Radius of curvature 
𝑟𝑐 Radial distance from center 
𝒓 Position vector 
𝑠 Spanwise position 
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𝑠0 Spanwise position at center of hit 
𝑡 Time 
𝑡𝑓 Time to flow through its own length 
𝑡𝐻 Duration of Hugoniot shock 
𝑡𝑠 Time to slice 
𝑡𝑡𝑜𝑡 Total time of the slicing event 
𝑢 Speed of projectile 
𝑢𝑠 Shock velocity 
𝑉𝑎 Axial velocity of bird 
𝑉𝑡 Tangential velocity of bird 

𝑉𝜃 
Bird slice velocity parallel to blade 
surface 

𝑉𝑛 
Bird slice velocity perpendicular to blade 
surface at hit 

𝑉𝑛 
Bird slice velocity normal to blade 
surface 

𝑉𝑟 Bird slice velocity in the radial direction 

𝑉𝑥, 𝑉𝑦, 𝑉𝑧 
Velocity of bird slice in coordinate 
directions 

𝑣 Velocity 
𝑿 Measurement vector 
𝑿𝒊′ Vector for the closest point on the circle 
𝑿𝒊′′ Orthogonal error distances vector 
𝑦𝑛 Function value 
𝜈 Poisson’s ratio 
Ω Angular velocity 
𝜌 Density 
𝜌𝑏 Density of bird 
𝜌𝑠 Density of steel 
𝜙 Stagger angle 
𝜃 Angle measured from mid chord of blade 
𝜗 Semi angle, angle to the edge of the blade 
𝜙0, 𝐶0, 𝑟0 Values at the root of the blade 
𝜁1, 𝜁2 Arbitrary constants 
𝑋𝑖, 𝑌𝑖 Data for coordinates 

𝑌(𝑡), 𝑍(𝑡) 
Calculated location of spinning rotor 
blade, not hit by a bird.  

𝑋𝑐, 𝑌𝑐, 𝑍𝑐; 𝑿𝑐 
Center of circle coordinates; center of 
circle vector 

𝜎0
2 Square of error with zero mean value 
𝑌𝐿𝑆, 𝑍𝐿𝑆 Location in LS-DYNA 
𝑌𝑎, 𝑍𝑎 Amplitude in 𝑦 and 𝑧 direction 
𝑌𝑑𝑖𝑠𝑝, 𝑍𝑑𝑖𝑠𝑝 Displacement in 𝑦 and 𝑧 direction 

rpm Revolutions per minute 
 

Subscript 0 usually refers to initial state. 
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1 Introduction 

1.1 Background 

The first bird strike occurred as early as 1905 when Orville Wright struck a bird over a 

corn field in Ohio and since 1988 more than 255 people have died due to bird strike 

[2]. The cost of bird and other wildlife strikes is more than 900 million dollars every 

year only in the United States. The other wildlife strikes refer to e.g. deer and coyote. 

The reason for the big human and economic cost and the need to consider the bird 

strike event is the energy involved in a collision. For example a herring gull (1.7 kg) 

that collides with a Boeing 747 at a liftoff speed of 196 knots has the same kinetic energy 

as a full grown (86 kg) man jumping from ten meters in vacuum [3] [4]. According to 

statistics 71 % of all collisions occur at or below 500 feet and 92 % at or below 3500 

feet which means that take-off and landing are the most critical flying conditions [5]. 

The rotors and stators in the engine are primarily used to alter the airflow in order to 

push the air backwards in the engine and thereby increasing the pressure as the air 

moves towards the combustion chamber. However they also have to withstand several 

different loading conditions e.g. their own weight during rotation, low cycle fatigue and 

high cycle fatigue. During the design phase of rotor/stator blades it is of interest to 

compare different proposed blade designs, and compare them with respect to 

performance and structural integrity. One example is that it is necessary to make an 

assessment of the bird strike capability of the rotor blade already in the early design 

process. It is advantageous to discard designs that will fail due to bird strike as early as 

possible in the design process to avoid wasting engineering work on inadvisable 

designs.  

In early years it was common practice to make a design bird proof by building it and 

testing it and then redesign it and test it again [6].  Analytical approaches was then 

developed [7]. One of the first methods used the conservation of momentum to 

calculate the average impact force. Another method that many people refer to is 

presented in several papers by Barber and Wilbeck [8]. They model the contact 

pressure as a function of time. However since there can be large deflections and 

material nonlinearities during impact, Finite Element (FE) approaches were developed 

during the 1970s [9]. It seems that from approximately 1980 and forward FE codes 

have been used to study bird strike events. The first codes used the analytical pressure 

versus time as applied load and calculated the structural response with FE codes.   

In 1984 the FE codes were developed to include the modeling of the bird in order to 

obtain the pressure versus time load. A bird strike can be modeled in many ways e.g. 

Lagrangian, Eulerian, Arbitrary Lagrangian Eulerian formulation (ALE) and with 

Single Particle Hydrodynamics (SPH) elements [9]. The difference between these 

approaches is how the nodes are moving with regard to the mesh excluding the SPH 

model which uses single particles with free motion and no mesh. The FE models are 

solved with commercial codes such as LS-DYNA.  
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1.2 Purpose 

Commercial finite element codes with explicit time marching techniques are 

commonly used today to analyze bird strike events. These can be accurate but the 

analysis is usually very time-consuming. Time is not an obstacle when verifying the 

chosen design of rotor blades but during the early design process one wants fast results 

that are accurate enough to make the work progress. Therefore an analytical approach 

where the computational time is reduced can be of interest. Hence the purpose of this 

master thesis is to develop a method for evaluating the rotor blade of a jet engine, with 

regard to bird strike, based on the analytical approach described in a paper from the 

ASME Turbo Expo 2011, in Vancouver [1]. The method developed should be used to 

compare blades during the design process with respect to deformations, stresses and 

strains. It should be regarded as a complement to the full analysis required to verify 

the integrity of a blade. Secondary effects of the approach are improved insight in the 

bird strike event since a large variation of parameters affecting it can be studied. 

Further improvements to the method described by Sinha et al. [1] can also be done in 

order to include more blade shapes and increase the accuracy of the results. It should 

also be pointed out that the thesis can be seen as a feasibility study since the results 

presented by Sinha et al. by no means have been verified thoroughly. 

1.3 Objectives 

Firstly the ASME paper should be studied and the results there reproduced to conclude 

if the information in the paper is sufficient. Secondly the analytical approach must be 

understood and a literature study conducted in the area. 

The force exerted on the rotor blade along with the contact area between bird and blade 

and its position with respect to time need to be determined. The force, area and 

position have to be transformed to a pressure over an area that changes with time. 

Pressure is required since it is a good way to apply a force in a FE software e.g. ANSYS. 

After that a transient analysis with the known pressure should be performed.  

Lastly the results from the objectives given above have to be post-processed, to 

facilitate evaluation and comparison with verified data. 

1.4 Delimitations 

Only one rotor blade was considered in this thesis which means that there is no 

interaction between blades due to deformations or mid span shroud contact. Another 

consequence is that there is not any contact with the stator or compressor case which 

can be the case if a rotor blade deforms a lot in the radial or axial direction of the engine. 

An employee at the company GKN performed analyzes in LS-DYNA to generate data 

for comparison and verification. This was done to keep the project inside the time 

frame of a master thesis of six months.   
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1.5 Intended evaluation process 

1.5.1 Software 

Two types of software were used during the thesis, ANSYS Mechanical APDL and 

MATLAB. They were chosen because the author and/or the supervisor had experience 

with these and they were available at GKN. The presented work can of course be 

performed with any similar software. 

1.5.2 Process 

According to the purpose of the thesis a design method was to be created to evaluate 

different blade designs. The method can be seen in Figure 1 and the general intention 

was more or less known after a pre-study made at GKN. Firstly geometrical parameters 

have to be determined to enable calculation of the force on the blade. Secondly the 

force can be computed with geometrical parameters together with information about 

the bird density and shape and rotational speed of the engine. The third step is to create 

a separate pressure file from the results in the second step. The final step is to perform 

a transient analysis.     

 

Figure 1: The process that every blade has to go through to be evaluated.  
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2 Theory 
The bird strike event has been modeled in two separate steps. The first step is the 

slicing of the bird into slices and the second step is the movement of the already sliced 

bird. The travel trajectory of the bird slice is the main focus in the paper by Sinha et al. 

[1], and that is also the topic that distinguishes their work from earlier analytical 

approaches.  

2.1 Bird model 

All engine manufacturers have to prove that new engine designs comply with bird 

strike regulations during qualification. Therefore birds are impacted against single 

blades and multiple blades to verify designs and launched into entire engines during 

the qualification process. The bird is usually referred to as the projectile while the 

impacted part is called the target. The drawback with using real birds during testing is 

the lack of repeatability and hence challenging comparison of the results. Reasons of 

dissimilarity are bird orientation, bird structure, scaling effects, lack of homogeneity 

and isotropy [10]. Therefore a substitute bird model is often used to analyze blade 

designs and since almost all analyzes nowadays are done using FE techniques a 

substitute bird model facilitates the FE analysis. The bird model is supposed to 

resemble the pressure distribution during impact of a real bird. 

Companies use different bird models but they are usually in the shape of a cylinder, 

cylinder with hemispherical ends, sphere or ellipsoid. In this thesis a cylinder is used 

because it is the most common shape found in literature. Furthermore the shape of the 

ends of the cylinder does not matter since only a full slice of the bird is considered. The 

projectile response during an impact depends on the impact velocity and can be divided 

into different categories accordingly. In ascending order the response is elastic, plastic, 

hydrodynamic, sonic and explosive [11]. The high impact velocities generate internal 

stresses in the bird that are far greater than the strength of the bird [10] [12]. As a 

consequence the bird behaves like a fluid (hydrodynamic) during impact and can be 

modeled as a cylinder made up of water, but since there are cavities and internal organs 

containing air the bird is commonly treated as made of 90% water and 10% air. If the 

bird model contains air it is usually referred to as a model which includes porosity. The 

validity of the ratio between air and water can be argued according to Nizampatnam 

[6].  

2.2 Slicing event and slicing force 
The slicing event can be explained in two separate sections. The first one considers the 

change in momentum of the volume of water that hits the target. The second section 

explains the pressure that is generated as a consequence of the change in momentum. 

Before the bird is sliced it is flying towards the engine inlet with a speed 𝑽𝒂 as seen in 

Figure 2. It hits the rotor at a radial distance 𝑅 − 𝐿 + 𝑠0 where 𝐿 is the length of a rotor 

blade and 𝑅 is the outer radius of the rotor i.e. radial distance from the engine axis to 

the tip of the rotor. The span position on the blade where the bird strikes is named 𝑠0 
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and the spanwise position of the bird after initial contact is named 𝑠. The engine is 

rotating with an angular velocity 𝛀 which makes the rotor blades behave like knives 

and slice the bird.    

 

Figure 2: Bird cylinder flying towards engine inlet with speed 𝑽𝒂. The engine is rotating with angular velocity 𝛀 
and a tangential, axial and radial coordinate system is shown. The center of the bird will hit the rotor at a radial 

distance 𝑹 − 𝑳 + 𝒔𝟎.   

2.2.1 Conservation of momentum 

Momentum depends on both mass and velocity and is given by 

 𝒑 = 𝑚𝒗.   (2.1) 

The force formula can be written 

 

𝑭 = �̇� 

𝑭 =
𝑑

𝑑𝑡
(𝑚𝒗), and if mass is constant 

𝑭 = 𝑚𝒂 

(2.2) 

Time integration of the force equation results in 

 
∫ 𝑭𝑑𝑡 = ∫ �̇�𝑑𝑡 ⇒  ∫ 𝑭𝑑𝑡 = ∫

𝑑𝒑

𝑑𝑡
𝑑𝑡 ⇒  ∫ 𝑭𝑑𝑡 =  ∫ 𝑑𝒑

𝒑

𝒑0

𝑡

𝑡0

𝑡

𝑡0

𝑡

𝑡0

𝑡

𝑡0

𝑡

𝑡0

 

⇔ 

(2.3) 

 ∫ 𝑭𝑑𝑡 = 𝑰 = 𝒑(𝑡) − 𝒑(𝑡0)
𝑡

𝑡0

. (2.4) 

The left part of equation (2.4) is the impulse and the right part is the change in 

momentum. Momentum is conserved, in all directions, in a system as long as the total 

external force is zero. A collision is characterized by a short duration where other forces 

and change of location can be neglected e.g. the gravitational force is not acting over a 

distance and thus no energy is transformed to potential energy. 

During a collision deformation, generation of heat and different types of wave 

propagation takes place. These energy losses make it very difficult to use any kind of 
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energy equation. As a substitute one usually measures the energy difference along one 

axis by the coefficient of restitution, that is   

 𝐶𝑅 = 
𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑠𝑝𝑒𝑒𝑑 𝑎𝑓𝑡𝑒𝑟 𝑐𝑜𝑙𝑙𝑖𝑠𝑜𝑛

𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑠𝑝𝑒𝑒𝑑 𝑏𝑒𝑓𝑜𝑟𝑒 𝑐𝑜𝑙𝑙𝑖𝑠𝑖𝑜𝑛
. (2.5) 

 

2.2.2 Stagnation and shock pressure 

In the work done by Wilbeck a hydrodynamic theory for a head on impact by a water 

jet is developed [8] [13]. It has to comply with the impulse described in section 2.2.1. 

The hydrodynamic impact theory consists of four different stages and can be seen in 

Figure 3. When the projectile hits the target the particles at the interface suddenly come 

to rest and therefore a shock wave is generated which propagates in the direction 

opposite of the relative impact velocity at a much greater speed than the relative impact 

velocity. The purpose of the shock wave is to bring each succeeding layer of particles to 

rest. The time frame of a shock compression of a layer of particles is very short and 

hence the particles will not have time to flow towards the free surface, i.e. the 

perimeter, where the pressure is lower. Therefore the particles can be assumed to be in 

a semi-infinite medium and only be subjected to plain strain compression. The initial 

impact shock pressure is very high and the particles behind the shock wave are 

subjected to a very high pressure gradient, because of the free surface on one side and 

the shock load on the other side of the free surface. The pressure gradient causes the 

particles to move from high to low pressure i.e. radially outwards. As a result a pressure 

release wave is formed as seen in Figure 3 b); this release wave reduces the pressure 

gradient in the radial direction. When the release waves have converged at the center 

of impact the pressure on the target begins to decay. After, most likely, several 

reflections of the release waves a steady flow state is developed and a constant pressure 

is obtained in the projectile, see Figure 3 c). Finally the end of the projectile reaches 

the target and the pressure decays. The process can also be depicted with a pressure 

versus time graph as seen in Figure 4. 



 

2-13 
 

 

Figure 3: The four different phases of impact. a) initial impact high shock pressure, b) shock pressure decay, c) 
steady state pressure, d) pressure ending [13]. 

 

Figure 4: Normalized pressure versus normalized time in a typical head on impact of a water jet, found in [14]. 
Alpha is the porosity of the bird model e.g. 𝜶 = 𝟎. 𝟏𝟓  means that 15 % of the volume is air in cavities. 

The following explanation will be made with water in mind. The pressure in the shock 

compressed region can be described by the water hammer equation as follows 

 𝑃 = 𝜌0𝑐0𝑢0. (2.6) 
The initial density is 𝜌0, 𝑢0 is the initial speed of the projectile at impact and 𝑐0 is the 

isentropic wave speed in the uncompressed material which is the speed of sound in the 

material. The water hammer equation is only valid for a very low impact velocity while 
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at higher velocities a modified version of the water hammer equation should be used. 

This high initial shock pressure is known as the Hugoniot pressure [15]. The 

conservation of mass across a two dimensional standing shock is given by 

 𝜌1𝑢𝑠 = 𝜌2(𝑢𝑠 − 𝑢0). (2.7) 

In the above equation subscript 1 refers to the state before the shock and 2 refers to the 

state after the shock. The shock wave velocity is 𝑢𝑠 and 𝑢0 is the velocity of the 

projectile. The conservation of momentum across a shock is  

 𝑃1 + 𝜌1𝑢𝑠
2 = 𝑃2 + 𝜌2(𝑢𝑠 − 𝑢0)

2, (2.8) 

here 𝑃 refers to pressure. The Hugoniot pressure is now given by combining equation 

(2.7) and (2.8),  

 𝑃𝐻 = 𝑃2 − 𝑃1 = 𝜌1𝑢𝑠𝑢0. (2.9) 
For water the shock velocity is usually assumed to be a linear function of the projectile 

velocity given by 

 𝑢𝑠 = 𝑐0 + 𝑘 ⋅ 𝑢0, (2.10) 

where 𝑘 is a material dependent parameter and 𝑐0 is the speed of sound in the material 

as mentioned above. 

The duration of the shock pressure can be approximated by the time it takes the initial 

release wave to reach the center of the projectile since the pressure decays from that 

point in time. The approximation presupposes that the release process is isentropic.  

The velocity of the initial release wave is the same as the speed of sound in the shocked 

material, 𝑐𝑟 at the Hugoniot state and is obtained by 

 𝑐𝑟
2 = (

𝑑𝑃

𝑑𝜌
)|
𝑃𝐻

 , (2.11) 

If the distance to the center is 𝑎𝑐 then the duration of the shock is 

 𝑡𝐻 =
𝑎𝑐
𝑐𝑟
. (2.12) 

Wilbeck also explains that for an impact of a projectile with yaw (one point touching 

the flat wall before the rest of the projectile) the full strength of the Hugoniot pressure 

will only be present at the initial point of contact and lower at all other points. The 

reason is that the shock velocity is greater than the projectile velocity and hence the 

material in the cylinder will have been shocked before impacting the surface. As a 

consequence the material will already be partially released by the release waves and 

the shock pressure reduces. The duration of the full Hugoniot pressure at the center 

will also be reduced since the release waves form immediately. This phenomenon 

depends on the angle of yaw. 

Another factor that influences the duration of the Hugoniot pressure at the center is 

the shape of the projectile. If the projectile is curved a release wave will form and travel 
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inwards before the full width of the projectile has reached the impacting surface. The 

effect is that the duration of the Hugoniot shock is less than for a projectile with a flat 

surface [13, pp. 35-37].   

As mentioned above a steady state pressure will follow the Hugoniot pressure. In one 

dimensional flow the steady state pressure is connected to Bernoulli’s equation as  

 ∫
𝑑𝑃

𝜌
+ ∫ 𝑢 𝑑𝑢

𝑢

𝑢0

= 0 
𝑃2

𝑃1

 (2.13) 

The stagnation pressure, 𝑃𝑠 in the center of the projectile where the speed is zero is 

given by 

 ∫
𝑑𝑃

𝜌
=
𝑢0
2

2

𝑃𝑠

𝑃𝑠𝑡

. (2.14) 

Here 𝑃𝑠𝑡  is the static pressure. If the fluid is assumed to be incompressible the 

stagnation pressure is given by equation (2.14) as 

 𝑃𝑠 =
1

2
𝜌𝑢0

2 + 𝑃𝑠𝑡. (2.15) 

For materials that are compressible the stagnation pressure will be higher than the 

pressure given by (2.15): 

 𝑃𝑠 ≥
1

2
𝜌𝑢0

2 + 𝑃𝑠𝑡, (2.16) 

and may approach 𝜌𝑢0
2  according to Nizampatnam [6]. 

The pressure distribution on the target surface is dependent on the distance from the 

center of the projectile and decreases from the center and outwards. A function 

describing this phenomenon for water jets perpendicular to a surface was developed 

by Banks and Chandrasekhara and also by Lech and Walker [13]. However their 

expressions were stated for incompressible fluids and therefore Wilbeck modified 

them to include compressibility effects. The resulting expressions are 

 𝑃 = 𝑃𝑠𝑒
−𝜁1(

𝑟𝑐
𝑎𝑐
)
2

 (2.17) 

 𝑃 = 𝑃𝑠 (1 − 3 (
𝑟𝑐
𝜁2𝑎𝑐

)
2

+ 2(
𝑟𝑐
𝜁2𝑎𝑐

)
3

), (2.18) 

where  𝑟𝑐 is the radial distance from the center and 𝑎𝑐 is the initial radius of the 

cylindrical projectile. The expressions (2.17) and (2.18) contains two 

constants 𝜁1 and 𝜁2 , they are chosen so they fulfill the requirement that the pressure 

integrated over an area 𝐴 should be the same as the axial momentum lost during 

impact. If the force is assumed constant and the duration is the length of the cylinder 

divided by its speed 𝑢0 the relation is  
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∫ 𝐹
𝑡

𝑡0

𝑑𝑡 = ∫ 𝑚
𝑢

𝑢0

𝑑𝑢 

⇒  𝐹 = 𝜌𝐴𝑢0
2 = ∫ 𝑃𝑑𝐴. 

(2.19) 

Here it must be clarified that the impulse in (2.19) is for a cylinder hitting a flat wall 

head on. Equation (2.19) yields 

 
𝜁1 =

𝑃𝑠

𝜌𝑢0
2 

 

(2.20) 

 

 𝜁2 = (3.33 ⋅
𝜌𝑢0

2

𝑃𝑠
)

1
2 

. 

 

(2.21) 

Equation (2.19) is also the relation between the first and the second section of the force 

calculation, connecting the change in momentum to Wilbeck’s hydrodynamic theory. 

The implication is that the total force and duration has to be equal to the impulse. In 

other words the impulse has to be calculated before the stagnation and shock pressure 

can be used. 

When looking at Figure 3 it is evident that the projectile will spread during impact so 

that the contact area between the projectile and target will increase with time starting 

from the circular cross-section area of the projectile. No analytical expression for this 

spreading has been found in literature.  

2.3 Travelling accelerations 
The bird slice will travel from the leading edge to the trailing edge of the rotor blade 

because of the speed parallel to the surface, 𝑽𝜃 as seen in Figure 5. Since the blade has 

a curvature the velocity of the bird slice will change direction during the travelling from 

the leading edge and hence the bird slice is accelerated. Acceleration of the bird slice is 

equivalent to a force and that force history is the subject of the following pages.  

The bird slice trajectory will be modeled in much the same way as in the paper by Sunil 

et al. [1]. In order to derive the motion analytically some approximations have to be 

made. Firstly the mass of the bird slice is assumed to be a point mass implying that 

particle kinematics can be used. Secondly the geometry of the blade has to be simplified 

in order to use cylindrical coordinates. The blade is assumed to be a curved plate where 

the radius of curvature, 𝑟 depends on the spanwise position 𝑠, see Figure 5. The rotor 

blade is twisted and hence has a stagger angle 𝜙 that also depends on the spanwise 

position 𝑠. The stagger angle is the angle between the engine axis and the chord line as 

shown in Figure 5 and Figure 6. Lastly the gravitational acceleration has been left out 

since it is small compared to other accelerations. 
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Figure 5: A cross-section of a blade as seen from above. The black dot is the instantaneous position of the bird 
slice. 

The first step in order to derive the acceleration is to determine the position of the bird 

slice at every time instant 𝒓(𝑠, 𝑟, 𝜃). Then the position can be differentiated twice with 

respect to time to obtain the acceleration. It is practical to use two different coordinate 

systems in the mathematical derivations. One coordinate system is called the 

“Tangential-Axial-Radial” system with unit vectors (�̂�𝑡, �̂�𝑎, �̂�𝑟) which is attached to the 

center of the engine shaft. The other system which is seen in Figure 5 is called the 

“Span-Chord-Thickness” system with unit vectors (�̂�𝑥, �̂�𝑦, �̂�𝑧). The Span-Chord-

Thickness system is protruding from the engine shaft so that it goes through the blade 

at the mid chord position and �̂�𝑦 is parallel to the chord line 𝐶. From Figure 5 one can 

see that the relationship between the two coordinate systems can be written as 

 {

�̂�𝑥
�̂�𝑦
�̂�𝑧

=
=
=

�̂�𝑟
 −�̂�𝑡 ⋅ sin𝜙 +�̂�𝑎 ⋅ cos𝜙 
−�̂�𝑡 ⋅ cos𝜙  −�̂�𝑎 ⋅ sin𝜙 .

 (2.22) 

The time derivative of the Span-Chord-Thickness coordinate system will thus depend 

on the time derivative of the Tangential-Axial-Radial coordinate system. The rotor disc 

is rotating with an angular velocity Ω around the engine axis and hence the time 

derivative is given by 

 {

�̇̂�𝑡  

�̇̂�𝑎
�̇̂�𝑟

=
=
=

−Ω�̂�𝑟
0
Ω�̂�𝑡.

 (2.23) 

Traling edge 

Leading edge 
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The time derivative of equation (2.22) is dependent on equation (2.23) but it will also  

depend on 𝜙 since the stagger angle changes with the span coordinate. The stagger 

angle is assumed to be changing linearly from an initial angle 𝜙0 at the root. This means 

that the time dependency is 

 𝜙 = 𝜙0 + 𝜙
′𝑠(𝑡)    ⇒     �̇� = 𝜙′�̇�. (2.24) 

To conclude, equations (2.22)-(2.24) are used to obtain (�̇̂�𝑥, �̇̂�𝑦, �̇̂�𝑧). The position vector 

of the bird slice can be expressed in the Span-Chord-Thickness system as 

 𝒓(𝑠, 𝜃) = (𝑅 − 𝐿 + 𝑠) ⋅ �̂�𝑥 − 𝑟 sin𝜃 ⋅ �̂�𝑦 − 𝑟(1 − cos 𝜃) ⋅ �̂�𝑧, (2.25) 

where the chordwise coordinate 𝑦 is 𝑦 = −𝑟 sin 𝜃 according to Figure 5. The angle 𝜃 is 

zero when the 𝑦-coordinate is zero and is defined as 

 𝜃 = −sin−1 (
𝑦

𝑟
). (2.26) 

Derivative with respect to time yields 

   
𝑠(𝑡)
𝜃(𝑡)

   ⇒      
�̇�
�̇�
     (2.27) 

Additionally the radius of curvature at the current spanwise position is assumed to 

change linearly along the span from an initial radius of curvature 𝑟0 and is given by 

 𝑟 = 𝑟0 + 𝑟
′𝑠(𝑡)   ⇒     �̇� = 𝑟′�̇�. (2.28) 

The time derivative of the position vector in equation (2.25) is obtained by using 

equations (2.22), (2.23), (2.24), (2.27) and (2.28), which results in 

 �̇�  =

[�̇� + 𝑟Ω cos(θ + 𝜙) − 𝑟Ωcos𝜙]�̂�𝑥
[−(𝑅 − 𝐿 + 𝑠)Ω sin𝜙 − 𝑟′�̇� sin𝜃 + 𝑟𝜙′�̇�(1 − cos 𝜃) − 𝑟�̇� cos𝜃]�̂�𝑦

[−(𝑅 − 𝐿 + 𝑠)Ω cos𝜙 − 𝑟𝜙′�̇� sin𝜃 + 𝑟′�̇�(cos 𝜃 − 1) − 𝑟�̇� sin𝜃]�̂�𝑧

 (2.29) 

The velocity vector in (2.29) is differentiated with respect to time once again and the 

very long result is simplified to obtain the following 

 �̈� = 𝐴𝑥�̂�𝑥 + 𝐴𝑦�̂�𝑦 + 𝐴𝑧�̂�𝑧, (2.30) 

where  
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𝐴𝑥 = �̈� − (𝑅 − 𝐿 + 𝑠)Ω
2 + 2𝑟′�̇�Ω(cos(𝜙 + 𝜃) − cos𝜙)

− 2𝑟Ω𝜙′�̇�(sin(𝜙 + 𝜃) − sin𝜙) − 2𝑟Ω�̇� sin(𝜙 + 𝜃) 

𝐴𝑦 = �̈�[𝑟𝜙
′(1 − cos 𝜃) − 𝑟′ sin𝜃]

− 𝑟�̈� cos 𝜃 + 𝑟Ω2 sin𝜙 (cos𝜙 − cos(𝜃 − 𝜙)) − 2Ω�̇� sin𝜙

− 2𝑟′�̇��̇� cos 𝜃 + 2𝑟′𝜙′�̇�2(1 − cos𝜃) + 2𝑟𝜙′�̇��̇� sin 𝜃

+ 𝑟�̇�2 sin𝜃 + 𝑟(𝜙′�̇�)2 sin 𝜃  

𝐴𝑧 = �̈�[𝑟′(cos𝜃 − 1) − 𝑟𝜙′ sin𝜃] − 𝑟�̈� sin𝜃

+ 𝑟Ω2(cos2𝜙 − cos(𝜃 − 𝜙) cos𝜙)

− 2Ω�̇� cos𝜙 − 2𝑟′𝜙′�̇�2 sin 𝜃 − 2𝑟𝜙′�̇� cos 𝜃

+ 𝑟(𝜙′�̇�)2(1 − cos 𝜃) − 𝑟�̇�2 cos𝜃. 

(2.31) 

3 Method 
The axial speed of the bird can be chosen to be around 103 m/s since that speed is 

stated in the bird strike regulations [16]. It is probably an estimate of the take-off speed 

since the regulations says that the engine should be running at 100% take-off power or 

thrust. A research rotor blade, named Hulda, was used for calculations; it was already 

created and meshed for usage in ANSYS. 

3.1 Simplifications 
Some general simplifications were made to perform the analysis: 

 The slicing force and the slice travelling force are calculated for a point mass. 

 Forces are only calculated for the pressure side of the blade. So the leading edge 

and the suction side are treated as forceless.  

3.2 Geometrical parameters 
Both the slicing force calculation and the travelling force require data about the 

geometry of the rotor blade. The given research blade already had the coordinate 

system located so that one axis was the engine axis, which makes it possible to get the 

length of the blade as well as span position of all elements. Moreover one can get the 

location of all elements along the engine axis. 

The blade was divided into a number of intervals, e.g. 30 intervals, by selecting all 

nodes between two span heights. For each interval the span height is determined as the 

mean value of the two span heights and the chord is obtained as the straight line 

between the leading and trailing edge. The chord line makes an angle with the engine 

axis i.e. the stagger angle, which can be obtained for every interval. A least square 

method has been used to find the radius of curvature for every interval and 

programmed into ANSYS. A description of the least square method is presented in 

Appendix A. 



 

3-20 
 

3.3 Conservation of momentum 

Since birds fly slowly compared to airplanes the speed of the bird can be neglected and 

hence the airplane will determine the relative velocity, called 𝑽𝑎, between the bird and 

the airplane. As a consequence the relative velocity will be assumed to be parallel to the 

engine axis. The rotor is spinning with an angular velocity 𝛀 and since the bird hits the 

rotor blade at some distance (𝑅 − 𝐿 + 𝑠0) from the engine axis it will have a relative 

velocity tangentially towards the rotor blade named 𝑽𝑡, 

 𝑽𝑡 = −(𝑅 − 𝐿 + 𝑠0) ⋅ Ω �̂�𝑡. (3.1) 

The momentum is assumed to be conserved in the bird slice and blade system and the 

blade is assumed to be a rigid wall which means that the change in velocity of the blade 

has been neglected. Furthermore it implies that no consideration is taken to the fact 

that there could develop a local dent near the center of hit. The relative velocity towards 

the blade 𝑽𝑛 is the sum of the perpendicular part of the tangential velocity 𝑽𝑡  and axial 

velocity 𝑽𝑎. The bird slice will also have a velocity parallel to the blade called 𝑽𝜃, which 

is the sum of the parallel components of  𝑽𝑡  and 𝑽𝑎. Both 𝑽𝑛 and 𝑽𝜃  are derived from 

Figure 6 and Figure 5, where 𝜙 and 𝜃 are for the hit location.  

 
𝑽𝑦 = −𝑽𝑎 cos𝜙 + 𝑽𝑡 sin𝜙 

𝑽𝑧 = 𝑽𝑎 sin𝜙 + 𝑽𝑡 cos𝜙 
(3.2) 

 

 
⇒  𝑽𝑛 = −𝑽𝑦 sin 𝜃 + 𝑽𝑧 cos 𝜃 

𝑽𝜃 = −𝑽𝑦 cos 𝜃 − 𝑽𝑧 sin 𝜃 
(3.3) 

 

 

Figure 6: Relative velocity of bird slice with respect to the rotor blade. The curvature is not depicted in this 
picture.   
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The bird slice with mass 𝐵𝑀 cannot penetrate the blade and the collision is assumed to 

be totally inelastic with a coefficient of restitution 𝐶𝑅 = 0, hence all momentum 

perpendicular to the blade is transferred from the bird slice to the blade and the bird 

sticks to the blade. The impulse felt by the blade is then calculated with equation (2.4).  

As a simplification the frictional force between bird and blade has been neglected and 

therefore the momentum in that direction will be constant, meaning that the velocity 

is 𝑽𝜃 before and after the collision.  

3.3.1 Slicing force and pressure 

The average slicing force is obtained from the left part of equation (2.4) as  

 𝐹𝑎𝑣𝑔 =
𝐼

𝑡𝑡𝑜𝑡
. (3.4) 

The total time of the slicing event is estimated as the sum of two parts: 

 𝑡𝑡𝑜𝑡 = 𝑡𝑠 + 𝑡𝑓 . (3.5) 

The slice time is defined as  

 𝑡𝑠 =
𝐷

𝑉𝑡
, (3.6) 

where 𝐷 is the diameter of the bird cylinder. In Figure 10 the slice time is seen as the 

time it takes the blade to slice from right to left. The slice is assumed to slide up onto 

the blade as seen in Figure 7, another possibility is to model the slicing event as 

demonstrated in Figure 8. What sets the two models apart is the contact area of the 

bird slice and the time 𝑡𝑓 it takes to flow through its own length .The flowing of the bird 

slice through its own length is illustrated in Figure 7. The left picture in the sequence 

is just after the slicing of the bird and the last part that was sliced still has the slice 

length 𝐵𝑠. As time goes, more and more of the bird slice has flowed through its own 

length. This time is calculated as 

 𝑡𝑓 =
𝐵𝑠
𝑉𝑛
. (3.7) 

The time to flow through its own length has to be added after the slice time to allow the 

last part of the bird slice to flow through its own length, further explanation of this 

comes in section 3.4.1. 
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Figure 7: The bird slice flows through its own length 𝑩𝒔 as time goes. The sequence is from left to right. 

 

Figure 8: An alternative model of the slicing event, with two consecutive pictures. 

To get 𝑡𝑓, it is assumed that no deceleration of the bird slice occur normal to the target 

i.e. 𝑉𝑛 is constant. The length of the bird slice 𝐵𝑠 is shown in Figure 7 and Figure 11 and 

it is obtained by 

 𝐵𝑠 =
2𝜋𝑉𝑎

Ω ⋅ Num of blades
. (3.8) 

Once the average force is acquired it can be applied on the blade for the duration of the 

slicing event, 𝑡𝑡𝑜𝑡 and can be resembled by a square pulse i.e. 𝐹(𝑡) = 𝐹𝑎𝑣𝑔. The force can 

be divided by the full contact area to get an average pressure accordingly  
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 𝑃𝑎𝑣𝑔 =
𝐹𝑎𝑣𝑔

𝐴𝑓𝑢𝑙𝑙
. (3.9) 

According to reference [17] one can draw conclusions from experiments done in 

reference [8] for a straight impact, Firstly the maximum force is approximately twice 

that of 𝐹𝑎𝑣𝑔 and it occurs at roughly 
𝑡

𝑡𝑡𝑜𝑡
= 0.2. After the peak force the force will decay 

towards zero and a triangular pulse can be constructed as follows 

 𝐹(𝑡) =

{
 

 10 ⋅ 𝐹𝑎𝑣𝑔 ⋅ (
𝑡

𝑡𝑡𝑜𝑡
)  ; 0 ≤ 𝑡 ≤ 0.2𝑡𝑡𝑜𝑡

5

2
⋅ 𝐹𝑎𝑣𝑔 ⋅ (1 −

𝑡

𝑡𝑡𝑜𝑡
)   ; 0.2𝑡𝑡𝑜𝑡 ≤ 𝑡 ≤ 𝑡𝑡𝑜𝑡

. (3.10) 

This triangular pulse has been the influence to another pulse that depends on the 

contact area which is calculated in section 3.4. That pulse is given by 

 

𝐹𝑎𝑣𝑔 ⋅ 𝑡𝑡𝑜𝑡 = 𝑃𝐴 ⋅ ∫ 𝐴(𝑡)𝑑𝑡
𝑡𝑡𝑜𝑡

0

 

⇒ 𝑃𝐴 =
𝐹𝑎𝑣𝑔𝑡𝑡𝑜𝑡

∫ 𝐴(𝑡)𝑑𝑡
𝑡𝑡𝑜𝑡
0

 

𝐹(𝑡) = 𝑃𝐴 ⋅ 𝐴(𝑡), 

(3.11) 

The square pulse given by the average force and the pulse that depends on contact area 

are the ones used in this paper and they can be seen in Figure 9, the triangular pulse is 

also included with a dashed line. 

 

Figure 9: Three force pulses are shown, one square pulse with a constant average force, one pulse that depends 
on the contact area of the bird slice and one triangular pulse with a dashed line. The triangular line is dashed to 

clarify that it has not been used in the paper.  
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3.4 Contact area 

During the slicing phase it is required to calculate the area that is in contact with the 

blade, this in order to calculate the pressure on the blade. An equation for the cross-

sectional area was found in the Mathematics handbook [18]. 

 𝐴𝑐(ℎ) = (
𝐷

2
)
2

⋅ arccos (1 −
2ℎ

𝐷
) − (

𝐷

2
− ℎ) ⋅ √𝐷ℎ − ℎ2 (3.12) 

Here ℎ is the length swept by the blade from the edge of initial contact to the position 

of the blade, see Figure 10, the white circle will be explained later. Area swept by the 

blade is assumed to be in contact with the blade. 

 

Figure 10: Sliced area as a function of 𝒉, for three time steps, looking into the engine in the axial direction.  

The position of the blade, ℎ depends on the tangential velocity and time from initial 

contact in the following manner 

 ℎ = 𝑉𝑡 ⋅ 𝑡. (3.13) 

The time can be increased in small time steps in a loop in MATLAB to get the area as a 

function of time. The axial speed of the bird together with the tangential speed of the 

rotor gives rise to an angle of slice 𝛽. In Figure 11 the angle of slice is shown. Because 

of the angle of slice the area in contact with the blade will be larger than the cross-

section of the cylinder and is given by 

 𝐴 =
𝐴𝑐
cos 𝛽

. (3.14) 
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Figure 11: Slicing of the bird cylinder seen from the tip of the blade looking in towards the engine axis. 

3.4.1 Slicing contact area, MATLAB to ANSYS 

The white circle seen in Figure 10 and Figure 14  will move from the leading edge of the 

blade towards the trailing edge as more and more of the bird slice comes into contact 

with the blade. The average force calculated in section 3.3.1 depends on the time it 

takes for the slice to travel through its own length and the same approach is used here. 

As a consequence the following sum is true 

 𝐵𝑀 =∑𝜌𝑏𝐴𝑖𝑉𝑛𝑡𝑖

𝑁

𝑖=1

 (3.15) 

Equation (3.15) says that the contact area is divided into 𝑁 areas (of equal width) and 

that all these slices have a velocity 𝑉𝑛 towards the blade during a time 𝑡𝑖(= 𝑡𝑓), see 

Figure 7 and Figure 12; and that the sum of this should be equal to the mass of the bird 

slice 𝐵𝑀. 
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Figure 12: The bird slice that is flowing through its own length divided into 𝑵 equally spaced areas 𝑨𝒊. The 
contact area of the slice is seen from two angles, to the left it is seen from the tip of the blade and to the right it is 

seen from the surface of the blade. 

Equation (3.8) is combined with equation (3.12) and the density of the bird 𝜌𝑏, which 

yields 

 𝐵𝑀 = 𝐴𝑐(ℎ = 𝐷)𝐵𝑠𝜌𝑏 . (3.16) 

Area that has been in contact with the blade during 𝑡𝑓 seconds and hence has traveled 

through its own length is subtracted from the total area. This means that the white 

circle is moving towards the trailing edge and area is added at the leading edge but at 

the same time area is subtracted at the other end. Hence the gap between the white 

circle and the area in Figure 13. Position (0,0) in Figure 13 corresponds to position ℎ in 

Figure 10. The boundary of the contact area at a specific time is displayed in Figure 13. 

The contact area is the area between the lines in Figure 13, where height is the distance 

along the span of the blade and length is the distance along the surface of the blade 

which is shown in Figure 14.  For every time step the information in Figure 13 is saved 

and sent to ANSYS. 

 

Figure 13: Boundary of the slicing area at a specific time. The trailing edge of the rotor blade is located to the 
right in the figure and the leading edge is located at zero length.  
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3.4.2 Slicing contact area in ANSYS 

In ANSYS the area is applied using the information from MATLAB. First of all the span 

height 𝑠0 of the initial hit location is known which corresponds to zero height in Figure 

13. The element on the blade that is closest to the leading edge (zero length in Figure 

13) and 𝑠0 is selected and then all elements that have their center inside the boundaries 

at every instant are used to apply the pressure on the blade. 

When finding out if an element is inside the area boundaries it is straight forward to 

look at the span height but the length has to be projected onto the engine axis since the 

elements are expressed in this coordinate. The projection is done as 

 𝑙𝑒𝑛𝑔𝑡ℎ𝑛𝑒𝑤 = 𝑙𝑒𝑛𝑔𝑡ℎ ⋅ cos𝜙, (3.17) 

where the curvature of the blade has been neglected, see Figure 14. Knowing the 

𝑙𝑒𝑛𝑔𝑡ℎ𝑛𝑒𝑤 coordinate of an element the maximum and minimum “allowed” span 

height for that element is given by the information in Figure 13 from MATLAB. Since 

a length coordinate for an element in ANSYS can fall between data given by MATLAB 

a table is created in ANSYS. Tables interpolate values between given data and hence 

maximum and minimum span height can be found for all length coordinates.  

The area of all selected elements in ANSYS is summed at every instant to compare with 

the intended analytical area given by equations (3.12)-(3.14). 

 

Figure 14: To the left a rotor blade is seen from the side (tangential direction), showing the length and height of 
the contact area during the slicing event. To the right the same blade is seen from the tip of the blade (radial 

direction) and the projection of the contact area onto the engine axis is illustrated.  

For completeness the contact area for the alternative slicing model is illustrated in 

Figure 15. 
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Figure 15: Contact area for the alternative slicing model. 

3.4.3 Travelling contact area ANSYS 

The selection of elements for the traveling force is done in much the same way as for 

the slicing event. One difference is that the area will not depend on time, no area is 

added or subtracted, and instead the full area is used. The other change is that instead 

of finding the point that corresponds to (0,0) in Figure 13 and place it at the leading 

edge, the point at mid length is used and this point is then moving on the blade 

according to the results obtained in the travelling force section. 

3.5 Stagnation and shock pressure 
The stagnation and shock pressure has not been used when calculating the pressure on 

the rotor blade in this paper. The first reason for that is that no information about the 

spreading of the area was found in literature and hence the size of the area would be a 

guess.  

For the second reason one can consider the following. The bird slice impacting the 

blade will have some angle of yaw which means that the duration of Hugoniot pressure 

will decrease as explained earlier. Moreover Wilbeck explains that if porosity is taken 

into account the shock wave velocity decreases and an evident decrease in the shock or 

Hugoniot pressure can be observed. These two arguments show that a good first 

approximation is to neglect the Hugoniot or shock pressure entirely. 

The decrease in density due to porosity causes a decrease in the stagnation pressure 

but since porosity also increases the compressibility it counteracts the decrease in 

stagnation pressure. The net effect is small at low impact speeds but the pressure 

becomes higher due to compressibility as speed increases [13]. 

So the results that are presented are for an average force as explained in section 3.3.1. 

3.6 Travelling accelerations and force 
The bird has a relative velocity with respect to a point on the rotor blade; see Travelling 

accelerations 2.3, which is 
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 𝑽𝑟𝑒𝑙 = 𝑽𝑎 − �̇� = 𝑉𝑥�̂�𝑥 + 𝑉𝑦�̂�𝑦 + 𝑉𝑧�̂�𝑧.  (3.18) 

The bird velocity is assumed to be 𝑽𝑎 = −𝑉𝑎�̂�𝑎 in the Tangential-Axial-Radial system 

and by using equation (2.22) the velocity is transformed to the Span-Chord-Thickness 

system and the resulting relative velocity is then 

 𝑽𝑟𝑒𝑙 =

[−�̇� − 𝑟Ω cos(θ + 𝜙) + 𝑟Ωcos𝜙]�̂�𝑥

[

−𝑉𝑎 cos𝜙 +
(𝑅 − 𝐿 + 𝑠)Ω sin𝜙 + 𝑟′�̇� sin𝜃 − 𝑟𝜙′�̇�(1 − cos𝜃)

+𝑟�̇� cos 𝜃

] �̂�𝑦

[
𝑉𝑎 sin𝜙 + (𝑅 − 𝐿 + 𝑠)Ω cos𝜙

+𝑟𝜙′�̇� sin𝜃 − 𝑟′�̇�(cos 𝜃 − 1) + 𝑟�̇� sin𝜃
] �̂�𝑧

 (3.19) 

Relative velocities in the normal and tangential direction on the blade surface, as 

described in equation (3.3), will be needed later and are therefore presented here 

together with the radial velocity; the relations are derived from Figure 5. 

 

𝑉𝑛 = −𝑉𝑦 sin𝜃 + 𝑉𝑧 cos 𝜃 

𝑉𝜃 = −𝑉𝑦 cos𝜃 − 𝑉𝑧 sin 𝜃  

𝑉𝑟 = 𝑉𝑥 

(3.20) 

The accelerations can also be transformed to the normal and tangential direction on 

the blade surface as 

 

𝐴𝑛 = −𝐴𝑦 sin𝜃 + 𝐴𝑧 cos 𝜃 

𝐴𝜃 = −𝐴𝑦 cos 𝜃 − 𝐴𝑧 sin 𝜃 

𝐴𝑟 = 𝐴𝑥 . 

(3.21) 

The bird-loading time is relatively short, in the order of milli-seconds. The effect of the 

dynamic coefficient of sliding friction will therefore be minimal, according to Sinha et 

al. [1]. So friction is neglected (𝐴𝜃 = 0, 𝐴𝑟 = 0) and then expression (3.21) changes to 

 

𝐴𝑛 = −𝐴𝑦 sin𝜃 + 𝐴𝑧 cos 𝜃 

0 = −𝐴𝑦 cos 𝜃 − 𝐴𝑧 sin 𝜃 

0 = 𝐴𝑥 . 

(3.22) 

If equation (2.31) is combined with the two last expressions in (3.22) one obtains a set 

of coupled second-order nonlinear differential equations with two unknowns. The 

unknowns are the spanwise coordinate 𝑠 and the angle 𝜃.  

Differential equations can be solved numerically and have been solved in MATLAB. A 

sixth-order Runge-Kutta solver was coded by the author because Sinha et al. had used 

that solver and the author wanted to eliminate the possibility that MATLAB’s ODE 

solver was not accurate enough. A detailed explanation of the written Runge-Kutta 

solver is found in Appendix C. 
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The set of equations depends on time and hence one needs to have initial conditions to 

be able to solve those equations. The initial conditions are 

 

𝑠(0) = 𝑠0 

𝜃(0) = −𝜗 

�̇�(0) =
𝑉𝜃(𝑠0, −𝜗)

𝑟
 

�̇�(0) = 𝑟Ω(cos𝜙 − cos(𝜃 + 𝜙)), 

(3.23) 

here 𝑠0 is the distance in the span direction measured from the root to the point where 

the bird hits the blade and hence  it is defined by the load case of interest. The semi 

angle 𝜗  is defined as 

 𝜗 = sin−1 (
𝐶

2𝑟
) (3.24) 

where 𝐶 is the chord of the blade and it is assumed to depend linearly on the span 

position as 

 𝐶 = 𝐶0 + 𝐶
′𝑠, (3.25) 

and 𝐶0 is the chord length at the root of the blade. Thus two initial conditions are known 

from the specified impact position. The third condition comes from the relation 

 𝑉𝜃 = 𝑟 ⋅ �̇�. (3.26) 

By using equation (3.19) and (3.20) and taking the relative velocity with respect to a 

point that is fixed at the location of impact i.e. �̇� = �̇� = 0 in equation (3.19). The third 

initial condition is found as 

 �̇�(0) =
𝑉𝜃(𝑠0, −𝜗)

𝑟
. (3.27) 

It should also be pointed out that 𝜃 = 𝜃(0) when using expression (3.20) to get �̇�(0) in 

(3.27). The last initial condition can be solved for by combining equation (3.19) with the 

first line in equation (3.20) and noting that (�̇� = 0) which results in 

 

𝑉𝑟 = 𝑟Ω(cos𝜙 − cos(𝜃 + 𝜙)) 

⇒ �̇�(0) = 𝑟Ω(cos𝜙 − cos(𝜃 + 𝜙)). 

(3.28) 

After the differential equations have been solved for the parameters (𝑠, 𝜃), they are 

used in equation (3.22) combined with (2.31) to solve for (�̈�, �̈�). As a result the 

accelerations in the (�̂�𝑥, �̂�𝑦, �̂�𝑧) system are known and the normal acceleration 𝐴𝑛 can 

be calculated by using the first relation in expression (3.22). With the normal 

acceleration known as a function of time it is straight forward to calculate the travelling 

force as 
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 𝐹𝑡𝑟𝑎𝑣𝑒𝑙(𝑡) = 𝐵𝑀 ⋅ 𝐴𝑛(𝑡) (3.29) 

3.6.1 Issues with the travelling force 

The geometrical parameters of the blade are not changing linearly from the root 

towards the tip and therefore the derivatives in equations (2.24), (2.28) and (3.25) are 

calculated as piecewise linear at the current spanwise position instead, see Appendix 

D for more details. 

During the work with the travelling force there were some issues regarding the validity 

of the force, this is further described in Appendix D. Because of these issues the 

travelling force was not included in the analysis made in ANSYS. It is presented in the 

results though, but the presented results are from the analytical calculations made in 

MATLAB and the derivatives are set to constant values during those calculations as 

described in Appendix D. 

3.7 Transient analysis in ANSYS 
A transient analysis in ANSYS was performed to verify that the transient pressure map 

of the impact is transferred correctly to the structural analysis from the MATLAB code. 

The displacement of the blade in this analysis is displayed in the results and the applied 

pressure is studied. The transient analysis was performed in the following way: 

Firstly the FE model of the blade is read in to ANSYS. Then in the preprocessor of 

ANSYS the node for which one wants to save the displacements is found and selected. 

Material properties are also chosen here, but since the goal is to estimate the force and 

compare with a simulation made in LS-DYNA, they are not of great importance. The 

research rotor Hulda is made in aluminum and the intention was to use Hulda’s 

material properties but the simulation done in LS-DYNA gave big deformations and as 

a consequence steel was used instead; and the speed of the bird was lowered from the 

initial value 𝑉𝑎 = 100 𝑚/𝑠 to 𝑉𝑎 = 50 𝑚/𝑠. The steel was chosen to have the modulus of 

elasticity 𝐸 = 210 𝐺𝑃𝑎, density 𝜌𝑠 = 7900 𝑘𝑔/𝑚
3 and poisson’s ratio 𝜈 = 0.3. The 

analysis does not include plasticity in ANSYS nor LS-DYNA. The bird was chosen to 

have the diameter 𝐷 = 55.8 𝑚𝑚 and length 𝐿𝑏 = 2𝐷, with density 𝜌𝑏 = 999.67 𝑘𝑔/𝑚
3. 

The bird hits at a span position that makes the upper boundary of the cylinder to be at 

the tip of the blade, which implies that it hits at the distance 
𝐷

2
 from the tip. The rotor 

has an outer radius of 𝑅 = 0.2 𝑚 and the blade has a length 𝐿 = 0.1206 𝑚. The 

rotational velocity of the engine was set to 

 Ω =
2π ⋅ rpm

60
= {rpm = 22500} = 2356.19  𝑟𝑎𝑑/𝑠, (3.30) 

where rpm is the revolutions per minute. The Rotor disc modeled consists of 23 rotor 

blades. 

To keep the problem small and keep the focus on the method the given blade did not 

include the connection structure that secures the blade to the rotating frame. As a 

result the boundary conditions could be simplified and the surface of the cut was 
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chosen to be fixed in all directions, see Figure 16. Solid 186 was the element used in the 

subsequent analysis. 

 

Figure 16: The FE model of the rotor blade with boundary conditions shown. The left picture is looking from the 
side and the right picture is looking at the tip towards the engine axis.  

The rotor and its blades are pre-stressed owing to the rotation and the mass of the 

structure. To include the pre-stressing the loading can be divided into steps and three 

load steps have been used. In all three steps a full transient method is used but step 1 

and 2 only include the rotational velocity while step 3 also includes the pressure on all 

elements. The definition of the full transient method is that it is full and not a mode 

superposition method or in other ways reducing the computational time. In load step 

1 and 2 mass and inertia effects are excluded so that the ramping of the rotational speed 

is done in a steady-state way. The third step introduces mass and inertia effects as well 

as the pressure by loading a pressure file. The pressure file contains information about 

which elements being active at each time step and the value of the pressure. The 

pressure at one of the time steps is shown as arrows in Figure 17. The reason for using 

three load steps is, that it is easier to display the pre-stress and make sure that it has 

reached steady state. 
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Figure 17: Pressure applied on the blade in ANSYS for one specific point in time, displayed as arrows pointing 
towards the surface that is subjected to pressure.  

3.8 LS-DYNA simulation 
Data from real bird strike experiments are scarce and thus many papers validates their 

method against data from Barber et al. and Wilbeck [9] [12] [13]. Their data is from 

head on or oblique impacts on a flat plate. The analytical hydrodynamic theory 

developed is from head on impacts and should therefore give good agreement with 

such a case but that is not the case herein. As a result a simulation was carried out in 

LS-DYNA to produce data that could be used to validate the results for a bird strike on 

a rotor blade. 

In LS-DYNA the same blade geometry, bird density, boundary conditions and material 

properties were used as for the calculations done in ANSYS and MATLAB. The main 

difference from the analytical approach is that there are many blades in a circle to 

resemble the rotor disc, see Figure 18, while only a full size slice on one blade is 

considered in the analytical approach and in ANSYS. Another difference is that the bird 

was modeled as a cylinder with hemispherical ends instead of a cylinder with flat ends. 

The reason for this shape is that it was already in use at GKN and since only the first 

few slices and last slices will be affected by this shape it was still used in the simulation. 

The blades used in the simulation are numbered from 1 to 23 and the first blade that 

comes into contact with the bird is blade number 3. The contours on the blades 

represent the effective von Mises stress. 
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Figure 18: A screenshot from the simulation done in LS-DYNA where the rotor disc is made up of 23 rotor 
blades. The contours on the blades are showing the effective von Mises stress. 
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4 Results 

4.1 Comparison with Sinha et al. 

Results produced in the ASME paper by Sinha et al. have been reproduced by the 

author as well as possible. Some of the input data to equations (2.24) and (2.28) cannot 

be found in [1]. What is given is the change in stagger angle along with average camber 

radius and average chord length and therefore these values was assumed: 𝜙0 =

−5∘, 𝑟0 = 𝑟𝑎𝑣𝑒𝑟𝑎𝑔𝑒 = 150 𝑐𝑚 [1] and 𝑟′ = 0. A comparison of the result obtained in the 

ASME paper by Sinha et al. and the result of a 2 kg bird obtained herein is presented 

in Figure 19 and Figure 20. In Figure 20 three lines are shown where the full line is 

calculated with the equations and initial conditions according to [1]. The dashed line 

has changed initial conditions and the semi-dashed line has new equations and 

changed initial conditions. A deeper explanation of the new equations and changed 

initial condition is given in Appendix D. 

 

Figure 19: Force history for a bird striking at 50 % span length. Presented in [1].   
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Figure 20: Force history of a 2 kg bird striking at 50 % span length. Three different results are presented, the full 
line is with initial conditions and equations according to [1], the dashed line is with equations from [1] but 

changed initial conditions. The semi-dashed line has used new equations and changed initial conditions. 

4.2 Area 
The areas shown in Figure 21 are the analytical area from section 3.4 computed in 

MATLAB and the obtained area in ANSYS when applying the analytical area in ANSYS. 

The difference between the lines is treated later, in the discussion.  

 

Figure 21: Analytical area calculated in MATLAB and applied area in ANSYS as a function of time for the slicing 
event. The maximum area of the two graphs is displayed in the box.   

4.3 Force 
The data obtained in LS-DYNA has afterwards been filtered in MATLAB to make values 

more readable and the filtered data has then been used to estimate the impulse of the 

force versus time curve. The coded filter finds the mean value of all points in an interval 

and assigns this value to a time that corresponds to the middle of that interval. Filtered 

and unfiltered data for one of the blades is shown in Figure 22. 
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Figure 22: Unfiltered and filtered force data from blade number 10 in LS-DYNA. The impulse value of the 
graph is also included in the box. 

 
The Force measured in LS-DYNA is the force along each axis as well as the resultant 

force on the blade. The three force components X, Y and Z are shown for blade number 

10 in Figure 23. The X-axis is parallel to the engine axis, the Y-axis is mostly in the 

radial direction and the Z-axis is mostly tangential to the blade, see Figure 18 for 

reference.  

 

Figure 23: The resultant force on blade number 10 is divided into its three components.  

The resultant force history of the three blades with largest impact in the LS-DYNA 

simulation is displayed in Figure 24 - Figure 26. The blades are number 5, 9 and 10 

respectively and for blade number 10 the Z-component is also shown. The forces shown 

are both from the LS-DYNA simulation and the average force described in section 3.3.1. 

The average force is shown for both a constant area and an area that depends on time. 

As mentioned earlier the average force is calculated for one isolated blade and is 

therefore the same in the following figures. The force history varies for the blades in 

LS-DYNA since they slice different sizes of the bird. In the upper right corner the total 

impulse for each force is shown and it was computed by trapezoidal integration.  
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Figure 24: The resultant force from blade number 5 in LS-DYNA. The slicing force from MATLAB as a function 
of time and the total impulse of each force are also shown. 

 

Figure 25: The resultant force from blade number 9 in LS-DYNA. The slicing force from MATLAB as a function 
of time and the total impulse of each force are also shown. 

  

Figure 26: The resultant force from blade number 10 in LS-DYNA is displayed to the right. Z-component of the 
total force is displayed to the left. The slicing force from MATLAB as a function of time and the total impulse of 

each force are also shown. 
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The travelling force of the bird slice was also calculated and can be seen in Figure 27 

where it is compared to the force history of the blade that had the largest impulse. The 

sum of the slicing- and travelling force i.e. total force is shown in Figure 28. 

 

Figure 27: The travelling force calculated analytically compared with the force history of blade 10 in LS-DYNA. 

 

Figure 28: The total force calculated analytically compared with the force history of blade 10 in LS-DYNA. 

One simulation with almost rigid blades was also done in LS-DYNA to look at the 

effects of lack of flexibility and the force history of a typical blade is given in Figure 29. 

Unfortunately its force components are not available. 
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Figure 29: The force history for an almost rigid blade in LS-DYNA, the slicing force from MATLAB and the total 
force from MATLAB. The total impulse of each force is displayed in the box. 

4.3.1 Pressure 

For comparison the stagnation pressure given in equation (2.15) and the slice pressure 

given by the average force and a varying contact area is presented here: 

 𝑃𝑠 = 1.131 ⋅ 10
7 𝑃𝑎 (4.1) 

 𝑃𝐴 = 2.243 ⋅ 10
7𝑃𝑎 (4.2) 

 

4.4 Displacements 
Displacements could be measured in three directions in ANSYS and LS-DYNA. The 

displacement due to rotational velocity is excluded so that the displacement due to the 

applied force is the only thing presented in the results. One has to look at one or a small 

number of points to evaluate the displacement of the blade. Too many points are hard 

to handle and the points at the root does barely move. Because of that, displacements 

are obtained for a point on the leading edge and furthest towards the tip of the blade. 

4.4.1 Converting LS-DYNA data to displacements 

The location of the point on the leading edge and furthest towards the tip of the blade 

was obtained in LS-DYNA and the location had to be converted to displacement in 

order to compare with results acquired in ANSYS, see Appendix E. 

4.4.2 Displacement graphs and displacement at time 𝒕𝒔 

Results presented next are for blade number 5 because that force history was closest to 

the one obtained analytically and was therefore deemed to be best to compare with. 

The displacement is given in the axial, radial and tangential direction for the point at 

the leading edge tip. 
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Figure 30: Displacement of blade number 5 in axial direction from the transient analysis in ANSYS and LS-
DYNA; for the point at the leading edge tip on the blade.  

 

Figure 31: Displacement of blade number 5 in radial direction from the transient analysis in ANSYS and LS-
DYNA; for the point at the leading edge tip on the blade. 
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Figure 32: Displacement of blade number 5 in negative tangential direction from the transient analysis in 
ANSYS and LS-DYNA; for the point at the leading edge tip on the blade. 

 

For blade number 9 and 10 the displacement in the tangential direction is given since 

that direction is the direction of greatest impulse. It can be seen in Figure 33 and Figure 

34. 

 

Figure 33: Displacement of blade number 9 in negative tangential direction from the transient analysis in 
ANSYS and LS-DYNA; for the point at the leading edge tip on the blade. 
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Figure 34: Displacement of blade number 10 in negative tangential direction from the transient analysis in 
ANSYS and LS-DYNA; for the point at the leading edge tip on the blade. 

The displacement in the negative tangential direction for blade number 4-12 at time 

𝑡𝑠 = 0.1376 ≈ 0.14 𝑚𝑠 and their respective impulse is presented in Table 1. The slice 

time 𝑡𝑠 is given by equation (3.6) 

Table 1: Displacement in negative tangential direction for blade number 4-12 at time 𝒕𝒔 = 𝟎. 𝟏𝟒 𝒎𝒔 and the impulse 
exerted on these blades. All values calculated are from the LS-DYNA simulation. 

Blade Displacement[mm] Impulse [Ns] 

4 8.9 2.037 

5 18.1 2.812 

6  16.2 2.051 

7 -41.4 1.890 

8 2.6 1.155 

9 4.1 3.068 

10 9.7 3.602 

11 5.8 2.694 

12  1.8 1.182 

   

 

The displacement for blade number 7 is not near any of the other blades and the reason 

is probably that blade 7 was used to look at an almost rigid blade and therefore wrong 

data has possibly been used. 

4.5 LS-DYNA Simulation 

To help in the analysis, discussion and the comparison between the LS-DYNA and the 

MATLAB/ANSYS simulation a few pictures at different times in the LS-DYNA 

simulation are presented in Figure 35 - Figure 39:. Figure 35 to Figure 37 are in 

sequence. 
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Figure 35: Rotor blades 3, 4 and 5 slicing the bird model. 

 

Figure 36: Rotor blades 5, 6 and 7 slicing the bird model. 
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Figure 37: Rotor blades 8, 9 and 10 slicing the bird model. 

 

 

Figure 38: Rotor blade 5 at time 0.56 ms in the LS-DYNA simulation and the corresponding force. 
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Figure 39: Rotor blade 10 at time 1.22 ms in the LS-DYNA simulation and the corresponding force.
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5 Discussion 
First of all the geometry of the blade that was measured in ANSYS was measured on a 

static blade and the measurements should of course be done on a blade that is spinning, 

and hence under inertial load, since that is the geometry that the bird will face. This 

mistake came to attention after the work was done and was therefore not corrected but 

it should be a relatively easy thing to change in the ANSYS code. 

Looking at the force in the Y-direction in Figure 23 one can see that it is small compared 

to the others which is expected since the blade is almost straight in the radial direction 

(it is even smaller for the other blades).The force is biggest in the Z-direction 

(tangential) which also was expected since the impact more or less is a two-

dimensional problem i.e. the impact is due to the speed of the bird 𝑉𝑎 and the speed of 

the rotor blade 𝑉𝑡. It is the angle of the blade that decides whether the force is biggest 

in the X- or Z-direction. What stands out is the force in the axial direction which was 

expected to be negative since the calculated slicing force can be split into one axial part, 

which is in negative X-direction, and one tangential part. The force only changes sign 

to positive for blade number 10. That is because of the big displacement near the tip 

which causes the bird to push on the slightly folded blade. 

Figure 24 shows that the analytical slicing force agrees reasonably well with the 

 simulated one, both in maximum magnitude and the width of the peak but the impulse 

is somewhat lower. The mismatch in impulse is mainly due to the difference after the 

peak, with a slower decrease towards zero for the simulation done in LS-DYNA. 

Unfortunately such a good agreement is not accomplished for the two blades with 

largest impulse, see Figure 25 and Figure 26. The difference in impulse is bigger and 

the width of the peak has also increased. The maximum force magnitude is still in 

reasonably good agreement for one of the blades though. The source of the discrepancy 

in impulse and width of the peak could be the flexibility of the blade. A flexible blade 

will bend if a force is exerted on it and thus slicing a larger part of the bird which means 

that the impulse should go up. Comparing the chord line at the tip of blade 3 and 4 in 

Figure 35 one can see that the chord of blade 3 is almost straight but that the chord line 

of blade 4 starts to bend at approximately middle chord length. Thus the slices would 

look like depicted below in Figure 40 where the dashed line corresponds to rigid blades 

and the bend from those lines represents the path through the bird of flexible blades. 
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Figure 40: Bird slice of flexible blades as seen from the tip of the blade. The dashed lines are the slicing path of 
rigid blades.  

Studying Figure 40 one can see that since all blades bend, the size of the bird slice will 

remain the same and thus this explanation alone does not explain the increased 

impulse on blade 9 and 10. By looking at the sequence of impulses presented in Table 

1 one can observe that they start at almost 3 Ns for blade 5 and then goes down to 1.16 

Ns for blade 8 and then back up to 3.6 Ns for blade 10 and then back down to 1.18 Ns  

for blade 12. So the impulse varies cyclically, if one blade bends much and slices a 

bigger part of the bird the blade afterwards will not bend as much and hence not slice 

as much and the impulse goes down. The displacements in follows the same pattern, 

but they are not accurate enough to draw any other conclusions from. This since the 

time steps are too coarse. The idea is to look at the deflection of the tip when it should 

have sliced the bird if the blade was rigid i.e. 𝑡𝑠. To be certain about when a blade comes 

into contact with the bird and hence when the time actually occurs during the 

simulation in LS-DYNA the time steps have to be finer. 

The assumption that the coefficient of restitution is  𝐶𝑅 = 0 seems to be in agreement 

with the results in LS-DYNA. In Figure 35 one can see that most of the bird slice sticks 

to the blade, a small amount of the particles bounces off the surface indicating that the 

coefficient of restitution might be 0 < 𝐶𝑅 ≪ 1. A higher coefficient of restitution would 

increase the analytically calculated impulse. Just because the particles bounces in LS-

DYNA does not mean that the coefficient of restitution is wrong, photos and videos of 

experiments with real birds are needed to come to a close in this matter.  

Another phenomenon that shows in Figure 37 is that the circular cross-section of the 

bird has increased, note the small radius next to the rotor disc and compare with the 

cylindrical bird in Figure 35. The same thing can be seen in Figure 3 which is about 

Wilbeck’s hydrodynamic theory. The rotor disc does stop some of the momentum in 
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the axial direction, which can be partly confirmed by the change of sign in the X-

direction in Figure 23, and a pressure wave is sent backwards and the increased 

pressure in the bird causes it to spread. This phenomenon is not included in the 

simplified analytical model. The fact that the bird spreads will increase the slicing time 

and if the mass of the bird slice is assumed to be constant the effect is a drop in 

maximum force and a wider force peak according to equation (3.4). Furthermore the 

bending of the flexible blade makes the deceleration of the bird slice occur during a 

longer time and the slope of the force curve therefore decreases.  

The force history of a near rigid blade is given in Figure 29 and the result is a bit noisier 

than the other force results but it is clear that the width of the peak is lower and that 

the total impulse is lower too. So the flexibility of the blade is probably the biggest 

source of error between the analytical calculation and the LS-DYNA simulation. 

Including the flexibility could therefore improve the result: the total impulse and the 

width of the peak could be improved. One can also observe that the maximum 

magnitude is smaller for the almost rigid blade which indicates that the magnitude 

calculated analytically is an overestimate. In other words the magnitude of the 

analytical slicing force agrees better with the flexible blade than the rigid blade even 

though it has been assumed that the blade is rigid in the calculations. Even for the rigid 

blade the total impulse is still greater than the one calculated from the slicing event so 

it is quite safe to say that the impulse from the slicing action can be used as a lower 

limit for the estimate of the total impulse. Moreover if one looks at the total force in 

Figure 29 the impulse is much bigger than the one from LS-DYNA and it is not only 

due to the potential overestimate of the slicing force but also a consequence of the 

added travelling force.  

Since the flexibility does matter but was not included in the analytical calculations it is 

interesting to reflect on how to include it. Deflection could be approximated by 

applying e.g. the slicing pressure in a transient analysis in ANSYS and look at the 

deflection at the time 𝑡𝑠. An analytical model is the “typical section model” presented 

in [7] and in [19].  One could also model the blade as a slender beam and implement 

the FEM code described in [7] in MATLAB. If those models are not satisfactory one can 

predict the deflection with Kirchhoff or Mindlin-Reissner plate theory.   

Once the deflection is known, the speed of deflection is needed to estimate the 

increased size of the bird slice. Using the deflection obtained in e.g. ANSYS and the 

time 𝑡𝑠 an approximate constant speed of bending can be calculated. With this speed a 

new slice of the bird would be the sum of the grey and checkered area in Figure 41. 
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Figure 41: Approximate bird slice of a flexible blade. The checkered area is the area added due to blade 
flexibility. The dashed lines are the slicing path of rigid blades. 

To get the shape of the bird slice seen in Figure 40 one need to know how the speed of 

deflection changes during the slicing event which is possible with e.g. the typical 

section model, [7]. Once the estimated speed of deflection is known it is possible to 

estimate for how much longer the slicing occur compared to a rigid blade and the force 

can be changed in accordance with  (3.4). 

The big difference in the shape of the peak between Figure 19 and Figure 20 is due to 

the modelling of the slicing event. Sinha et al. have modeled the time history of the 

contact area of the bird as a sinusoidal distribution while the model used herein 

accounts for the time for the slice to “flow”. The difference between the models is 

illustrated in Figure 7 and Figure 8. The effect is that the peak is narrower when not 

taking the flow of the bird into consideration. The wider peak seems to be the better 

model since it corresponds well in width with the near rigid blade. The truth is probably 

somewhere in-between and depending on the length of the bird slice 𝐵𝑠. If 𝐵𝑠 is long, 

or the rotor blade has a small stagger angle and is rather straight, then it is improbable 

that the whole slice will turn as depicted in Figure 8. 

Now to the travelling force. As seen in Figure 27 and Figure 28 the travelling force is in 

the right order of magnitude and occurs at roughly the right time. But the impulse of 

the total force is still less than for blade 10.  

It is strange that the reproduction of the results in Figure 19 differ a lot when using the 

equations and initial conditions taken from that paper. They are not expected to match 

exactly since some input was assumed but it is still strange that the equations and 

initial condition developed herein are a better match than the actual ones used in the 

paper.  
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The piecewise linear calculations of the travelling force does not work correctly due to 

the big variation in blade camber radius as explained in 9Appendix D. The travelling 

force was therefore calculated by linear changes of the parameters and it is okay 

compared to the paper by Sinha et al and also compared to the result from LS-DYNA 

but as explained in the appendix the force can be negative depending on the value of 

the camber radius and its derivative. Also the choice of the constant camber derivative 

is hard to make due to big variations in camber radius along the span.  

The overall impression about the ASME paper [1] is that it is very unclear and for 

example the Hugoniot pressure has not even been mentioned nor the fact that the force 

times the area has to equal the impulse. The issue with the coordinate system and the 

lack of discussion about the equations obtained and their validity also makes the results 

from the travelling force in the ASME paper, [1], doubtful. The recommendation is to 

exclude the travelling force in the analysis since the reason for the negative part of the 

force history is not known and there are no other reliable sources to confirm it. 

In all force history diagrams, see Figure 24, Figure 26 and Figure 29 (and others not 

 included) there is a “tail” after the force peak. To begin with the peak decreases with 

one slope and in the end there is another slope, the “tail”, until the force reaches zero. 

When looking at the LS-DYNA simulation at the time that corresponds to the “tail” it 

is possible to see that the bird slice is positioned approximately at the middle chord 

which confirms that there is a travelling force phenomena, see Figure 38 and Figure 

39. The von Mises stress moves along the blade which indicates that there is a travelling 

force but it is not possible to determine if it is due to the curvature of the blade or that 

part of the bird slice impacts the blade later in time and thus is part of the slicing force. 

One way to determine how big the effect of curvature is on the slicing force and 

foremost the travelling force is to conduct the analysis on a straight blade (but with 

changing stagger angle) both in MATLAB and LS-DYNA. When compared with the 

results obtained here it should be possible to see if the tail is due to the travelling 

accelerations or not. 

If it is possible to get the pressure-location history of the blade from LS-DYNA then it 

is possible to compare the movement of the center of pressure across the blade with 

the movement of the point mass as calculated in the travelling force. This can in turn 

indicate if the travelling accelerations are too big or too small in the radial direction 

and chordwise direction. 

Looking at the displacements from ANSYS and LS-DYNA shown in Figure 30-Figure 

34 it is clear that the magnitude is of the same order but the phase differs. The damping 

is excluded in ANSYS and there is a small damping used in LS-DYNA but that is 

probably not the reason since LS-DYNA is before ANSYS in phase. It is worth 

mentioning again that the travelling force was not incorporated in the ANSYS 

simulation which could add to or lower the difference between the results. As seen 

when comparing the LS-DYNA displacements in Figure 32-Figure 34 they differ 

between blades and it is therefore hard to know which one to compare with but one can 

at least say that they are all out of phase. The radial displacement, presented in Figure 
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31 is less than in the two other directions which may be expected since it is not 

influenced by bending in the same extent as the other directions.  

The choice of evaluation point for the displacement is at the leading edge tip where the 

displacement is big, in Figure 35 one can see that there is a dent and therefore it can 

be hard to get the exact same displacement. To evaluate the displacement more globally 

one idea is to look at all points at the tip of the blade and calculate the average 

displacement in each direction for those points. That should help in understanding if 

the discrepancy in displacement is a local or global phenomenon. Evaluating the 

displacement of a point at the trailing edge in LS-DYNA gives information about how 

the pressure is acting. If the trailing edge starts to move before the applied pressure 

has reached the trailing edge it indicates that there is a global bending or twisting of 

the blade. On the other hand if the trailing edge starts to move when the pressure 

reaches that area it confirms that there is a travelling force.   

West and Brockman [17] conducted experiments where they shot a bird projectile in 

the shape of a cylinder on a target. One of the conclusions from the experiments was 

that a contact area with twice the radius gave better agreement with respect to 

displacement. Hence the area was increased four times compared to the cross-sectional 

area of the bird. Their result combined with the theory presented by Wilbeck points 

towards a larger contact area with a lower pressure. If the stagnation pressure shown 

in equation (4.1) would be used one would have to make the contact area almost twice 

as big to attain the same impulse. The easiest way would be to make the cross-sectional 

area of the bird cylinder twice as big. A consequence of a bigger area is a different 

displacement since the pressure then is applied more globally. As mentioned earlier no 

information on how the area will spread after initial contact was found, so that topic 

would be the last thing to look at.  

Figure 21 shows what happens when the slicing force area calculated in MATLAB is 

implemented in ANSYS. One can notice that the ANSYS line is bumpy and that is owing 

to the size of the selected elements in ANSYS. Smaller elements would give a more 

smooth line but at the same time increase the computational time. The shape of the 

area conforms very well to the intended one but the maximum area value does not. The 

order of magnitude on the maximum area error is 8.3 %. The error could to some extent 

depend on the approximation of a straight blade that was done in equation (3.17) when 

transforming from MATLAB to ANSYS. Including the curvature is possible and it 

would lower the contact area as shown seen in Figure 42. 
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Figure 42: Difference in projected length between a curved and straight blade. 

Another reason for the difference in area can be seen to the left in Figure 14. The fact 

that the leading edge of the blade is not perpendicular to the engine axis has been 

compensated for, however that compensation is a linear approximation and thus not 

completely correct. 

During the work with finding the radius of curvature of the blade one thing that can 

potentially improve the results was noted. One curve fit cannot match the given data 

points exactly but if one finds two radii, one before zero angle, 𝜃 = 0, and one after zero 

angle refer to Figure 5, the error of fit should be reduced. This should affect the 

magnitude of the relative velocity of the bird slice as well as the travelling force. 

Lastly the code calculating the slicing force can be used to estimate where it is worst to 

hit the rotor blade with regard to maximum force. It indicates where the risk is greatest 

for local damage on the blade and can be a good starting point for the more thorough 

analysis that is supposed to be conducted at a later stage.  
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6 Conclusions 
 It is possible to make automated scripts with a minimum of input data required 

to perform the analysis. That information is the blade model, bird size and 

density, spanwise location of the bird strike, engine rotational speed and relative 

speed of the bird with respect to the airplane. 

 The slicing force shows a good estimate of the maximum force exerted on a 

single blade during a bird strike. The impulse of the slicing force can also be seen 

as a lower limit of the total impulse felt by a single blade. 

 Equations in the ASME paper [1] were found to have some insufficiency and a 

new set of equations were developed.  

 The travelling force calculated with the new equations is in the right order of 

magnitude but can become negative for certain values of the camber radius and 

its derivative. The recommendation is to exclude the calculation of the travelling 

force, in the current state, based on these results. 

 Flexibility of the blade does matter and an extension of the method by including 

flexibility could potentially improve the force estimation. 
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7 Future work 
Flexibility can be calculated as discussed and the increased impulse from that could be 

estimated and included to better represent the data obtained in the LS-DYNA 

simulations. 

The method should be validated and improved with respect to at least one more blade 

with a different geometry and material. This is important; to make sure that the 

method is general. It will of course only work as long as the impact speeds are in the 

hydrodynamic range.   

The area distribution can be refined, both to increase the agreement between the 

analytical and applied areas in Figure 21 but foremost to consider the spreading effect. 

The pressure distribution can also be refined. It can allow for the change in tangential 

velocity with span height and the radial distribution of the pressure. A first 

approximation would be to use the distribution presented in equations (2.17) and 

(2.18) even though the radial distribution is different in an oblique impact compared 

to a straight impact. 

Maximum stress and strain and their respective locations could be calculated in ANSYS 

and compared to validation data to increase the understanding of the usefulness of the 

analytical method presented herein. For example the bending moment felt at the root 

of the blade can be of importance and it depends on where the bird strikes and the 

magnitude of the force and thus the span position for biggest bending moment can be 

calculated. 

By modelling a straight blade, and adjusting the equations to that blade, and compare 

the results to the curved blade one can hopefully determine if there exists at travelling 

force or not. 

The reason for the negative travelling force has to be found by looking at the magnitude 

of the different terms. To help with the assessment of those terms the trajectory of the 

LS-DYNA bird, if possible to obtain, can be compared to the trajectory of the analytical 

bird calculations. 
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9 Appendices 

  
A least squares method minimizes the squares sum of error-of-fit of overdetermined 

systems. Least square fitting problems can be divided into two main categories, 

algebraic and geometric fitting. What sets the categories apart is the definition of the 

error distances. In geometric fitting, also called best fitting, the error 𝑒 is defined as the 

orthogonal distance from the measured point to the geometric feature to be fitted i.e. 

the circle. This in contrast to the squares sum of the algebraic error distances given by 

 
∑𝑒𝑖

2

𝑚

𝑖=1

=∑[(𝑋𝑖 − 𝑋𝑐)
2 + (𝑌𝑖 − 𝑌𝑐)

2 − 𝑅𝑐
2]2.

𝑚

𝑖=1

 (A.1) 

Data for coordinates are 𝑋𝑖, 𝑌𝑖 and the center of the circle is located at 𝑋𝑐, 𝑌𝑐 with 

radius 𝑅. Benefits of the algebraic method are low computational cost and easy 

implementation. Some of the drawbacks are accuracy and physical interpretation of 

the fitting parameters and errors. Geometric fitting of a circle is a non-linear problem 

and is solved by iteration. A simple and robust non-parametric algorithm for 

geometrical fitting is presented in a paper by Ahn et al. [20]. Because of the simplicity 

and increased accuracy this method was used. 

The algorithm is a Gauss-Newton iteration scheme and it will first be presented in a 

general way and then followed by a specific explanation. 

A.1 General non-linear least squares fitting 

𝑝𝑚 measurements 𝑿 can be described by 𝑞 parameters 𝒂𝑞, where 𝑝𝑚 ≥ 𝑞, in the 

following way 

 𝑿 = 𝑭(𝒂𝑞) + 𝒆. (A.2) 

So every measurement is supposed to fit to a function 𝑭(𝒂𝑞) which can be nonlinear. 

The measurements contain some error 𝒆 with zero mean value and it is the square of 

this error that is to be minimized, 

 
𝜎0
2 = (𝑿 − 𝑭(𝒂𝑞))

𝑻

(𝑿 − 𝑭(𝒂𝑞)). (A.3) 

 

The Gauss-Newton iteration starts with some initial “guess” on the parameters in 𝒂𝑞,0 

and uses a step size parameter 𝜆 accordingly 

 𝜕𝑭

𝜕𝒂𝑞
|
𝒂𝑘

Δ𝒂𝑞,𝑘 = 𝑿− 𝑭(𝒂𝑞,𝑘) (A.4) 

 

 𝒂𝑞,𝑘+1 = 𝒂𝑞,𝑘 + 𝜆Δ𝒂𝑞,𝑘. (A.5) 
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The partial derivative matrix is also known as the Jacobian matrix 𝑱, put in another 

form 

 
𝐽𝑖𝑗 =

𝜕𝐹𝑖
𝜕𝑎𝑗
. (A.6) 

To make the above iteration scheme work the user must provide the program with the 

measured values 𝑿 and the Jacobian matrix at the closest corresponding points on the 

geometric surface/line. Further the user must provide a step length and a termination 

criterion to make the iteration scheme stop. The step length was set to 𝜆 = 1.2 and the 

termination criterion was set to be the length of the next step ‖Δ𝑎𝑞,𝑘‖ = 5.5 ⋅ 10
−3. 

These two parameters were found by trial and error, a too fine step length will take a 

very long time and a too short termination criterion might not have a solution. Another 

possibility is to let the iteration terminate when the magnitude of 𝜎0 is below some 

predefined value. In the paper by Ahn et al. [20] lambda was set to 𝜆 = 1.3 and 𝜎0 was 

chosen to terminate the iteration.  

A.2 Specific non-linear least squares fitting 

The algorithm programmed into ANSYS is presented here: 

A circle or sphere in 𝑛-dimensional space with 𝑛 ≥ 2 with center in 𝑿𝑐 = (𝑋𝑐, 𝑌𝑐, 𝑍𝑐)  

and with radius 𝑅𝑐 is seen in Figure A-1. Stated as an equation it becomes 

 ‖𝑿 − 𝑿𝑐‖
2 = 𝑅𝑐

2. (A.7) 
 

 

Figure A-1: Circle or sphere with radius 𝑹 centered at(𝑿𝒄, 𝒀𝒄, 𝒁𝒄). 

Given a point 𝑿𝑖(≠ 𝑿𝑐) in space, the closest point on the circle or surface is 𝑿𝑖′ and it 

is obtained as 
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𝑿𝑖
′ = 𝑿𝑐 + Rc  

 𝑿𝑖 − 𝑿𝑐
‖𝑿𝑖 −  𝑿𝑐‖

 , 𝑖 = 1,… ,𝑚. (A.8) 

The number of data points to be fitted is 𝑚. Now the orthogonal error distances vector 

can be calculated according to 

 
𝑿𝑖
′′ = 𝑿𝑖 − 𝑿𝑖

′ = (‖𝑿𝑖 − 𝑿𝑐‖ − 𝑅𝑐)
𝑿𝑖 − 𝑿𝑐
‖𝑿𝑖 − 𝑿𝑐‖

. (A.9) 

Let the parameter vector, for 𝒏 = 𝟐 ; 𝒒 = 𝟑, be 

 𝒂3
𝑇 = (𝑅𝑐, 𝑋𝑐, 𝑌𝑐), (A.10) 

then the Jacobian matrix needed is obtained by making use of equation (A.6) which 
gives  

 
𝑱𝑿𝑖

′,𝒂 =
𝜕

𝜕𝒂
(𝑿𝑐 + 𝑅𝑐

𝑿𝑖 − 𝑿𝑐
‖𝑿𝑖 − 𝑿𝑐‖

)

=
𝜕𝑿𝑐
𝜕𝒂

+
𝑿𝑖 − 𝑿𝑐
‖𝑿𝑖 − 𝑿𝑐‖

𝜕𝑅𝑐
𝜕𝒂

−
𝑅𝑐

‖𝑿𝑖 − 𝑿𝑐‖

⋅ (𝑰 −
(𝑿𝑖 − 𝑿𝑐)(𝑿𝑖 − 𝑿𝑐)

𝑇

‖𝑿𝑖 − 𝑿𝑐‖2
)
𝜕𝑿𝑐
𝜕𝒂
.    

(A.11) 

The Jacobian matrix can easily be calculated by noting that 

 𝜕𝑅𝑐
𝜕𝒂3

= (1|𝟎𝑇)  and 
𝜕𝑿𝑐
𝜕𝒂3

= (𝟎|𝑰). (A.12) 

Hence the system to solve will look like 

 

[
 
 
 
 
 
𝐽𝑋1′ ,𝑅 𝐽𝑋1′ ,𝑋𝑐 𝐽𝑋1′ ,𝑌𝑐
𝐽𝑌1′,𝑅 𝐽𝑌1′,𝑋𝑐 𝐽𝑌1′,𝑌𝑐
⋮

𝐽𝑋𝑚′ ,𝑅
𝐽𝑌𝑚′ ,𝑅

⋮
𝐽𝑋𝑚′ ,𝑋𝑐
𝐽𝑌𝑚′ ,𝑋𝑐

⋮
𝐽𝑋𝑚′ ,𝑌𝑐
𝐽𝑌𝑚′ ,𝑌𝑐 ]

 
 
 
 
 

[

ΔRc
ΔXc
ΔYc

] =

[
 
 
 
 
𝑋′1
′

𝑌1
′′

⋮
𝑋′𝑚
′

𝑌𝑚
′′ ]
 
 
 
 

. (A.13) 

Expression (A.13) is solved for Δ𝒂3 and the initial guess vector 𝒂3,0, is obtained by 

solving an algebraic circle fitting. 

A.3 Algebraic circle fitting 

A circle can be described with its center coordinates 𝑋𝑐, 𝑌𝑐 and radius 𝑅𝑐 as 

 (𝑋 − 𝑋𝑐)
2 + (𝑌 − 𝑌𝑐)

2 = 𝑅𝑐
2 

⇔ 𝑋2 − 2𝑋𝑐𝑋 + 𝑋𝑐
2 + 𝑌2 − 2𝑌𝑐𝑌 + 𝑌𝑐

2 = 𝑅𝑐
2 

⇔ 2𝑋𝑐𝑋 + 2𝑌𝑐𝑌 + 𝑅𝑐
2 − 𝑋𝑐

2 − 𝑌𝑐
2⏟        

𝑍

 = 𝑋2 + 𝑌2. 

(A.14) 

If the measured data points 𝑋𝑖, 𝑌𝑖, 𝑖 = 1,… ,𝑚 are to be fitted to the circle one obtains 

the system of equations 

 

[
2𝑋𝑖 2𝑌𝑖 1
⋮ ⋮ ⋮

2𝑋𝑚 2𝑌𝑚 1
]

⏟          
𝑨

[
𝑋𝑐
𝑌𝑐
𝑍
]

⏟
𝒙

= [
𝑋𝑖
2 + 𝑌𝑖

2

⋮
𝑋𝑚
2 + 𝑌𝑚

2
]

⏟      
𝒃

. 
(A.15) 

The unknown parameters in 𝒙 are computed by 
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 𝑨𝑇𝑨𝒙 = 𝑨𝑇𝒃 

⇒ 𝒙 = (𝑨𝑇𝑨)−𝟏𝑨𝑇𝒃. 
(A.16) 

Finally the radius is determined from the result in equation (A.16) combined with 

equation (A.14). 

  
Hulda’s rotor blade does not have the same radius of curvature at all span positions, 

near the tip of the blade the radius gets really big since the face of the blade is close to 

straight at that span position. At and near the tip the surface is actually curved in the 

opposite direction with regard to the rest of the blade, see Figure 16. The travelling and 

slicing force calculations are not taking the opposite curvature into consideration and 

it could be very hard to include that in the calculations.  

The issues with the radius have to be treated in some way in an automatic script that 

finds the radius of curvature. This can be tackled in different ways and the author 

decided to redefine all curvatures that were found to be in the opposite direction so 

that they were treated as if the blade was close to straight, which practically means that 

the radius is set to a really big value at those span positions. For those span positions 

the radius was set to the maximum value of the radii found in the correct direction. 

This action only influences the travelling force as long as the bird strikes at a span 

position with curvature in the opposite direction compared to the bulk of the blade. It 

would however be possible to use the unchanged curvature for calculating the slicing 

force.
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Differential equations with initial conditions can be solved numerically by both implicit 

methods 

 𝑦𝑛 = 𝑦𝑛−1 + ℎ𝑠𝑓(𝑦𝑛), (C.1) 
and explicit methods 

 𝑦𝑛 = 𝑦𝑛−1 + ℎ𝑠𝑓(𝑦𝑛−1). (C.2) 

The function value is named 𝑦, the step is denoted 𝑛 and the step-size is assigned the 

character ℎ𝑠, where ℎ𝑠 = 𝑡𝑛 − 𝑡𝑛−1. 

A Runge-Kutta (RK) method is convenient to display on the format of a table as shown 

in Table C—1. The table can be divided into two vectors and one matrix in line with 

Table C—2, the method described in [21] is solving the problem explicitly.  

Table C—1: Table showing parameters used for programming a sixth order explicit Runge-Kutta solver. 

0        
1/3 1/3       
2/3 0 2/3      
1/3 1/12 1/3 -1/12     
5/6 25/48 -55/24 35/48 15/8    
1/6 3/20 -11/24 -1/8 ½ 1/10   
1 -

261/260 
33/13 43/156 -118/39 32/195 80/39  

 13/200 0 11/40 11/40 4/25 4/25 13/200 
 

Table C—2: Parameters from Table C—1 divided into two vectors and one matrix. 

𝒄 𝑨 
 𝒃𝑇 

Table C—1 is found in [21] and the algorithm needed for programming can be also be 

found in there but an explanation found in [22] was used instead. The RK algorithm 

used is of sixth order which means that the truncation error in the output is in the order 

of ℎ𝑠
6. A constant step-size was also used since more understanding and time would be 

spent to include a variable step-size feature. 

Equation (C.3) describes how to form the next step in the RK iteration.  

 
𝑦𝑛 = 𝑦𝑛−1 +∑𝑏𝑖𝑌𝑖

7

𝑖

  (C.3) 

The next step is found by combining several derivatives 𝑦′, calculated in the interval 

between 𝑡𝑛−1 and 𝑡𝑛, according to tables Table C—1Table C—2. The values in Table C—

1 are chosen to reduce the truncation error. All 𝑌𝑖’s are formed in the following way 
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 𝑌1 = ℎ𝑠 ⋅ 𝑦
′(𝑡𝑛−1 + 𝑐1ℎ𝑠, 𝑦𝑛−1 + 𝐴11𝑌1 + 𝐴12𝑌2 +⋯+ 𝐴17𝑌7)

⋮
𝑌7 = ℎ𝑠 ⋅ 𝑦

′(𝑡𝑛−1 + 𝑐7ℎ𝑠, 𝑦𝑛−1 + 𝐴71𝑌1 + 𝐴72𝑌2 +⋯+ 𝐴77𝑌7).
 

(C.4) 

Equations (C.5) and (C.6) were coded in a MATLAB script which needs the derivatives 

𝑦′ as input. 

First of all in the second order RK code a vector of parameters 𝒚, is defined 

 

𝒚 =

𝑦𝑛,1
𝑦𝑛,2
𝑦𝑛,3
𝑦𝑛,4

=

𝑠
�̇�
𝜃
�̇�

  . 
(C.6) 

The derivative of this vector is  

 
𝑑𝒚

𝑑𝑡
=

�̇�𝑛,1
�̇�𝑛,2
�̇�𝑛,3
�̇�𝑛,4

=

𝑦2
�̈�
𝑦4
�̈�

  . (C.7) 

What has happened here is that the order is reduced from a second order system which 

is to the right in equations (C.6) and (C.7) to a first order system which is seen to the 

left in the same equations. Expressions for the derivatives �̈� and �̈� in equation (C.7) are 

given by combining equations (2.31) and (3.22). Now when the derivatives in (C.7) are 

known they are used by equation (C.4) to get all the 𝑌𝑖’s and thereafter equation (C.3) 

calculates the next step. So by supplying the script with the initial conditions given in 

expression (3.23) i.e. 𝒚0 it will calculate the 𝒚 values several steps forward in time. 

The RK code written by the author was compared with already included scripts in 

MATLAB. The result is shown in Figure C-1 below.  

 

Figure C-1: Comparison between the RK algorithm written by the author and two MATLAB scripts. 
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It is obvious that the different solvers give the same result. ODE15s is made for stiff 

systems and ODE45 is made for nonstiff systems. Generally implicit solvers as the 

ODE15s are good for stiff systems and explicit solvers as ODE45 and the RK solver 

herein are good for nonstiff systems. The system is probably not that stiff since both 

types give the same result. As a consequence the written RK script is assumed to be 

good enough and the one used to display the results in the paper.  
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