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Abstract 
Measurements and predictions of railway-induced vibrations are becoming a necessity in 
today’s society where land scarcity causes buildings to be put close to railway traffic. The 
short distances mean an increased risk of the indoor vibration and noise disturbances ex-
perienced by residents. 
     In short, the scope of the project is to investigate the transmission loss and vibration 
level decrease across various junction geometries. The junctions are modelled in both the 
Finite Element Method (FEM) and the Dynamic Stiffness Method (DSM). Resonances are 
avoided when possible by using semi-infinite building components.  
     A two-dimensional model that included Timoshenko beams was set up by Wijkmark [1] 
and solved using the variational formulation of the DSM by Finnveden [2]. The model is 
efficient and user-friendly but there is no easy way to adjust the junction geometry since 
the depths of the walls and the floor slabs are the same. From that study, the current topic 
was formulated.  
     The results presented in this paper indicate that both the Euler-Bernoulli DS model and 
the three-dimensional FE model have good potential in describing the vibration transmis-
sion across the different junction geometries. The two modelling types show more similar 
results in the analyses of the bending wave attenuation than in the analyses of the quasi-
longitudinal wave attenuation. One of the probable causes is that the set length of the Per-
fectly Matched Layers (PML) is not sufficient at such low frequencies. Larger PMLs require 
bigger geometries that lead to an increase of the computational time. The other proposed 
reason is the fact that bending waves are created above the asymmetrical junction when 
the lower beam is excited by a vertical harmonic force. The flexural displacements are ne-
glected in those cases. The results however, were good enough to be satisfactory. 
     Three junction models were investigated and the attenuation is the highest for both 
wave types in the case with a beam pair attached to the “middle” of an infinite plate. The 
attenuation is the second highest across the edge of a semi-infinite plate and the lowest 
across a junction corner of a semi-infinite plate. 
     As part of the suggested future work, the wave transmission between beam and plate 
needs to be investigated when Timoshenko beams are included in the DS model. In the 
Euler-Bernoulli beam theory the cross-section remains perpendicular to the beam axis, 
which is different to the behaviour of solid elements in FEM. 
     

Keywords:  
Train-induced, vibrations, building, Finite Element Method, FEM, Dynamic Stiffness 
Method, DSM, plate, beam, beam, infinite, semi-infinite, PML, Perfectly Matched Layer, 
bending waves, quasi-longitudinal waves, point force impedance, moment impedance



 
 



 

Sammanfattning 
Att mäta och förutse byggnadsvibrationer orsakade av tågtrafik blir viktigare då byggnader 
ställs nära tågspår med frekvent tågtrafik. De korta avstånden leder till att störningsären-
dena på grund av hög ljudnivå i hemmet eller på kontoret blir allt fler. 
     I korthet är syftet med projektet att undersöka skillnaderna i överföringsförluster för 
olika kopplingsgeometrier. Resonanser undviks genom att använda semi-oändliga kompo-
nenter när möjligt. Problemet studeras både med finita elementmetoden (FEM) och med 
den dynamiska styvhetsmetoden (DSM). 
     En 2D-modell av Timoshenkobalkar togs fram av Wijkmark [1] och löstes med hjälp av 
Finnvedens variationsformulering av dynamiska styvhetsmetoden [2]. Modellen är effektiv 
och användarvänlig, men det finns inget enkelt sätt att variera geometrin på kopplingen 
mellan balk och bjälklag. Från Wijkmarks studie uppkom idén att studera detta problem.  
     Resultaten som presenteras i denna studie indikerar att både Euler-Bernoullis DSM och 
tredimensionell FEM har god potential i att modellera och beräkna vibrationsöverföringen 
över olika kopplingsgeometrier. Modellerna visar större likheter i analyserna av böjvågor 
än i analyserna av kvasilongitudinalvågor. En möjlig förklaring är att längden på PML inte 
är tillräcklig vid så låga frekvenser. Längre PML kräver större geometrier som leder till en 
ökning av beräkningstiden.  Den andra föreslagna anledningen är det faktum att det skap-
as böjvågor ovanför den asymmetriska kopplingen när den nedre balken exciteras av en 
vertikal harmonisk kraft. Förskjutningen i tvärriktningen försummas i dessa fall. Trots 
detta var resultaten tillfredsställande. 
     Tre kopplingsgeometrier undersöktes och förlusterna över kopplingen är störst för fallet 
med ett pelarpar ståendes i ”mitten” på en oändlig platta. Förlusterna är näst högst mellan 
ett pelarpar på kanten av en halvoändlig platta och lite lägre i hörnet på en halvoändlig 
platta.   
     Det måste undersökas vidare om transmissionsförlusterna förändras om Timoshenko- 
balkar ansätts i DS-modellen. I Euler-Bernoulli-teorin förblir tvärsnittet vinkelrätt balkens 
axel efter böjning vilket är annorlunda mot beteendet hos solidelement i FEM. 
 

Nyckelord:  
Tågvibrationer, vibrationer, byggnad, finita element, FEM, dynamiska styvhets-metoden, 
DSM, platta, pelare, balk, oändlig, halvoändlig, böjvågor, kvasilongitudinalvågor, punkt-
impedans, momentimpedans
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Notations 
 

u   Axial displacement 

h   Beam and floor slab thickness 

M   Bending moment 

plateB   Bending stiffness for plate 

S   Cross sectional area 
ρ   Density 

( , )row colD   Dynamic Stiffness element 

D   Dynamic Stiffness Matrix 
a   Far-field coefficient in the wave equation 

ansatz 
V   First derivative of the displacement 

w   Flexural displacement 

d   Flexural wave coefficient in the finite beam 
κ   Flexural wave number in beams and plates 
f   Frequency 

a   Half the beam thickness 
W   Moment impedance 

I   Moment of inertia 
n   Near-field coefficient in the wave equation 

ansatz 
c   Phase velocity 

Z   Point impedance 
v   Poisson’s ratio 

k   Quasi-longitudinal wave number in beams 
and plates 

F   Shear or axial force 
ε   Strain 
σ   Stress 

Π  Time averaged power 

R   Transmission loss 

λ   Wavelength 

E   Young’s modulus 
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1. Introduction 
Noise and vibrations in offices and homes can cause human discomfort and health prob-
lems. In addition, to prevent damaging of sensitive and high-precision electronic equip-
ment it is necessary to protect the building from low-frequency ground-borne vibrations 
[3]. Hence, being able to predict vibration levels is of great concern for building designers 
and engineers in order to understand the vibrational behaviour.  
     Both quasi-longitudinal waves and flexural waves are of importance. Their effect de-
pends on the building geometry and ground properties. For instance, flexural waves in 
walls and floors are dominant in the creation of indoor noise and if the dimensions of the 
floor slab, beam or wall match a resonance frequency the noise reaches higher levels. In 
this analysis, the beams and floor slabs are semi-infinite, when possible, to avoid reflec-
tions at the boundaries. The reason is to simplify the comparison of transmission loss or 
displacement level by not including resonance effects in the plots.  
     This degree project is carried out for an acoustics consultancy firm and the result of the 
paper is to be used as a basis for assessment when designing in residences affected by 
train-induced vibrations. 
     In short, this project aims to: 

• Investigate the vibration transmission across different beam-slab concrete junc-
tions using the DSM and FEM. 
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1.1. Previous research in the field  
Many studies of train-induced vibrations in buildings and in the transfer path between the 
railway track and the building have been made. Sanayei et al. have used an impedance 
model that implements the basic wave equations for thin plates to model the vibration in a 
building [4]. The house model used in their research has the same geometry as one of the 
geometries presented in this paper, namely corner beams that support concrete floor slabs. 
It showed good resemblances with experimental results. An important thing to note is that 
they claim that the quasi-longitudinal waves in the beams are dominant in the creation of 
noise in the building. The reason is that quasi-longitudinal waves create bending waves in 
the floor slabs and are less attenuated in the junction, meaning that noise problems occur 
not only in the first few storeys. This agrees with Wijkmark who claims that bending waves 
in the floor slabs are the main noise source in buildings with symmetrical wall-floor con-
nections [1]. Furthermore, Wijkmark reaches to the conclusion that the vibration attenua-
tion between two storeys is close to 10 dB in the whole frequency range of 0 – 400 Hz 
when the building is excited by a horizontal velocity source. The difference of vibration 
attenuation across a wall-floor connection in the outer wall (the façade) and an inner wall 
is negligible. Wijkmark’s results point towards the fact that the quasi-longitudinal wave 
attenuation across the inner wall junction is far lower than the flexural wave attenuation 
across the same junction. Hassan states that only a small portion of the energy that is car-
ried by a quasi-longitudinal wave is lost at the junction [5]. The same author shows in an-
other publication that the quasi-longitudinal wave attenuation per storey across wall-floor 
connections is less than 2 dB at frequencies below 250 Hz [6]. The building model was 
made high enough to avoid reflections. When Hassan investigated load-bearing columns 
the velocity level attenuation for quasi-longitudinal waves reached higher levels, see Figure 
1. 

 

Figure 1. The attenuation of velocity level at between two storeys. The lines symbolize different 
floor thicknesses/beam diameters, as such: 0.5 m ( _ ), 0.8 m (--) and 1.0 m (…)   [6] 

Hassan concludes that the reason for a lower noise level in buildings made from load-
bearing beams than in buildings made from load-bearing walls is the difference in imped-
ance between a wall and a beam [5]. 
     The use of FEM to model the vibrations in a building or between the track and adjacent 
buildings is also fairly common, e.g. reference [3]. The studies are mainly in 2D or 2.5D 
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due to the fact that a 3D model has a considerably higher computational cost. 
     P Lopes et al. claim that the main frequency content caused by train-induced vibration is 
is less than 80 Hz in the building structure [7]. Many more researchers agree that the dom-
inant frequencies of train-induced vibrations are in the vicinity of that range [8], [9], [10], 
[11]. Experience shows that trains that run on stiff foundations cause structure-borne noise 
at frequencies above 80 Hz. Softer ground lowers the frequency content into non-hearable 
but noticeable vibrations in the structure. 
     Steel and Craik [12] have investigated the vibration transmission between columns and 
infinite floors. Their tool was SEA which is known to have uncertainties in the low frequen-
cy region. Their work is used as a validation tool at higher frequencies for the case with a 
beam pair attached to an infinite floor.      

2. Beam and plate theory 
The thin beam theory and the thin plate theory are generally denoted as the Euler-
Bernoulli beam theory and the Kirchhoff plate theory. The focus of the study is the Euler-
Bernoulli beam theory which implies that the cross section remains perpendicular to the 
beam axis during bending [13]. To determine if the studied beams and plates can be con-
sidered “thin”, the Helmholtz number needs to be computed. It relates the thickness of the 
beam and plate to their corresponding wave numbers κ  for bending waves. If the relation 
in (2.1) is fulfilled, the beam and plate can be considered as thin. 

 1hκ <   (2.1) 
The wave numbers for bending waves and quasi-longitudinal waves in plates are presented 
in equation (2.2) and (2.3). 
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The flexural phase velocity is given in equation (2.4). By changing the wave number, the 
same equation computes the quasi-longitudinal phase velocity for beams or plates. There-
after, the wavelengths are retrieved from equation (2.5). 

 ,b plate
plate

c ω
κ
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The shortest wavelength in this study is at 100 Hz. The flexural wavelength at 100 Hz in a 
plate that is 0.2 m thick is 3.5 m and the quasi-longitudinal wavelength in the same plate is 
34.5 m.  
     The same procedure to compute the bending and quasi-longitudinal wavelengths is ap-
plied to beams. The wavelengths are acquired by inserting equation (2.6) & (2.7) into (2.4) 
& (2.5). 

 

1
2 4

2

12
beam

beamEh
ρωκ

 
=  
 

 (2.6) 

 beamk
E
ω

ρ

=   (2.7) 

The wavelengths at 100 Hz for the beam are 3.5 m for bending waves and 32.9 m for quasi-
longitudinal waves. The Helmholtz numbers show that both the beam and the plate with 
these dimensions can be considered as thin. 

3. Finite Element modelling 
The main steps in the FE modelling procedure are the following: 

• Modelling of geometry 
• Discretization (meshing) 
• Defining material properties 
• Defining boundary, initial and loading conditions. 

To create a well-thought representation of the real structure is key in the beginning of the 
analysis procedure. It is common to create the geometry in a CAD software and then im-
port it to the FEM analysis software. In this case, the geometries are created in ANSYS 
DesignModeler and analysed in ANSYS Mechanical. The chosen material is concrete with 
the material properties listed in Table 1. The material properties of concrete as a building 
material vary significantly due to its different compositions [14] [15]. 

Table 1. The properties of the parts used in the model. The loss factor is not used in the analysis 
but presented here for future reference. 

Material Concrete 
Young’s modulus, E  26 GPa 
Poisson’s ratio, v 0.3  
Density, 𝜌𝜌 2400 kg/m³ 
(Loss factor, η  ) (0.015    [16]) 
Floor thickness, ℎ𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 0.2 m 
Beam thickness, ℎ𝑏𝑏𝑝𝑝𝑝𝑝𝑏𝑏 0.2 m 
Lowest frequency, minf   5 Hz 

Highest frequency, maxf   100 Hz 
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The most general 3D element type, called SOLID186, that can simulate all possible defor-
mations is used. The general formulation of the state of stress, see equation (3.2), is de-
rived from stress equilibrium of an arbitrary 3D geometry subject to a set of forces. A small 
part of the geometry is seen in Figure 2. 

 

Figure 2. An arbitrary 3D geometry subject to a set of forces experiences stresses in three direc-
tions on all surfaces of the small part of the geometry [13].  

For an isotropic material, the relationship between the stress σ  and the strain ε  is given 
in matrix form in (3.1). 
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+
  

Only two material constants, Poisson’s ratio v and Young’s modulus E  are required to 
define the whole system. The equilibrium of forces acting on a three-dimensional solid 
gives the following equations [13] 
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 . (3.2) 

When the excitation varies with time, the theories of dynamics must be taken into account 
[13]. 
     Solid elements are suitable for modelling of thick-walled structures. This makes the cre-
ated FE models suitable for computing higher frequencies than 100 Hz in building struc-
tures with the same dimensions as the current geometries. A schematic illustration of such 
an element is given in Figure 3. 

 

Figure 3. A SOLID186 element with midside nodes. The total number of nodes is 20 [17]. 

Three-dimensional elements require a considerable amount of computational power and 
the solving process is very time-consuming. Therefore, the geometry size is kept to a mini-
mum by modelling solely one storey using 3D elements. 

3.1. Semi-infinite structure 
It is difficult to build an understanding of the resulting displacement or velocity plots when 
resonances are present in the beams and floors. The building structure is, when possible, 
made semi-infinite by defining Perfectly Matched Layers at the beam and floor slab 
boundaries. Howard and Cassolato state that “Perfectly Matched Layers are used to absorb 
incident acoustic waves and do not reflect waves except those traveling tangentially to the 
layer” [18]. According to the same authors, the frequency content needs to be considered 
when choosing dimensions for the PML. For fluid domains, it must not be less than 3 or 4 
elements thick and it needs to be more than a quarter of a wavelength thick to provide suf-
ficient attenuation [18]. It is important to note that all information found in the literature 
regarding the PML thickness is for fluid domains and not solid domains. Therefore, a sim-
ple study of an infinite beam and an infinite plate is conducted to find the PML length re-
quirement for the chosen frequency range. The study shows that interference patterns in 
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keyopt,matid,15,1 
 

the wave forms occur when the PML length is less than 15000 mm in the beams and less 
than 10000 mm in the plates for the longest wavelengths, i.e. the lowest frequencies. The 
PML dimensions are kept at this requirement through all the simulations in order to have a 
minimized geometry size. Figure 4 shows the position of the PML domains in the model of 
a beam pair in the corner of a semi-infinite plate. 

 

Figure 4. The absorbing domains are at the boundaries of the system with the purpose of attenu-
ating all incoming wave energy and eliminate reflections. 

The Acoustics Extension in ANSYS can assign fluid domains as PML easily but not struc-
tural domains. The following user command is needed to define the PMLs of the structural 
domains;  

  
 
The PMLs are the only form of damping in the FE models. Additionally, experimental test-
ing shows that the difference in results given by fixed and free boundary conditions of the 
PMLs is negligible. 

3.2. 3D junction geometries 
Three beam & floor slab configurations are investigated, as shown in Figure 5, Figure 6 and 
Figure 7. The floor slab dimensions without PML are 5 x 5 m². The beam lengths without 
PML are 6000 mm both on the upper beam above the junction and on either side of the 
force excitation on the lower beam.  
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Figure 5. The beam pair is connected to the infinite floor plate. The dimensions of the floor plate 
are 5 x 5 m², excluding the PML. 
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Figure 6. The beam pair is attached to the edge of a semi-infinite plate. The dimensions of the 
floor plate are 5 x 5 m², excluding the PML.  

 

 

Figure 7. The beam pair is attached to the corner of a semi-infinite plate. The dimensions of the 
floor plate are 5 x 5 m², excluding the PML. 
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The PML is not used on the lower beam when there is an axial (vertical) force excitation. 
Neither is the boundary condition fixed at the lower beam edge. The 6000 mm beam and 
the 15000 mm PML situated below the force application are eliminated so the force is ap-
plied at the beam end, see Figure 10.  
     Figure 8 shows the position of the node that gives the transmitted maximum displace-
ment in the upper beams as well as the incident maximum displacement in the reference 
“infinite” beam. The output is defined positive in the same direction as the force is defined. 

 

Figure 8. The chosen node is placed 1 m from the PML region and 5 m from the force excitation 
surface or geometrical discontinuity. 

The distance between the node and the junction is 5 m. The distance is also 5 m between 
the node and the force application surface on the reference beam. 

3.3. Discretization 
The accuracy of the solution and the computational time depend strongly on this part of 
the FEM procedure. Both engineering experience and rules of thumb are needed to create 
an efficient meshing of the geometries.  
     The automatically generated mesh consists of triangles or tetrahedrons due to the sim-
plicity of discretizing complex geometries using these element shapes. The accuracy is in 
general lower than that achieved by using quadrilateral or hexahedron elements [13]. Apart 
from varying the element shape, there are two other ways to increase the accuracy of the 
FEM solution. The less common method is to use higher order elements, called p-
convergence. The more common variant is to discretize the model into smaller elements 
(h-convergence). 
     It is recommended to conduct a simple convergence study before any analysis. This in-
volves an investigation of a variable of interest, such as displacement or stress, where the 
mesh density, element shape and element order are varied. When the result varies less 
than a set tolerance value, the mesh density is sufficient [19]. Certain element orders and 
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element types give considerably higher computational time and might give rise to a lack of 
memory space. To reduce the risk of modelling issues, a user-defined mesh is recommend-
ed in which smaller elements are used in areas where the result is expected to vary consid-
erably, and larger elements elsewhere. The element shape, size and order is the same in the 
PML regions for simplicity reasons. 
     Linear elements do not include midside nodes, whereas a quadratic element does. The 
latter element type is used in the models. Note that a coarse mesh with linear elements 
might give an extensively understated displacement. For this reason, convergence criteri-
ons for fluid and structural domains have been presented in the literature. A linear element 
ought to have ten elements per wavelength in acoustic fluid domains whereas a domain 
with quadratic elements should have five elements per wavelength in order to be an accu-
rate representation [20]. In structural domains, four quadratic elements per wavelength is 
a commonly used convergence criterion [19]. This requirement is fulfilled at all frequencies 
by setting a maximum element size of 200 mm. 

3.4. Loading and boundary conditions 
The amplitude of the harmonic forces is set to be 150 N and they are applied on surfaces 
rather than on nodes. The reason for not using nodal forces is that point forces in solid 
elements “cut through” the domain, which is comparable to when a human presses a nee-
dle through the skin. Additionally, a nodal force needs to be redefined whenever there is a 
change in the element order, element size or element type, meaning that it is a non-
efficient modelling technique.  
     In between the PML region and the horizontal force excitation on the lower beam, there 
is a buffer layer of concrete structure. It prevents the applied force from acting act on the 
boundary of the PML. Any object or discontinuity should be positioned at least two buffer 
elements away from the PML region to avoid computational issues [20]. In contrast, How-
ard and Cassolato claim that the buffer layer should be at least three elements thick for 
fluid acoustical analyses [18]. 
     Figure 9 and Figure 10 show the applied force in the horizontal and vertical directions. 
The length of each element is 200 mm and the buffer layer is 6000 mm long and three el-
ements thick in order to match the model properties of the reference beam (infinite beam) 
that is used to compute the incident maximum displacement or maximum velocity. 
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Figure 9. The horizontal excitation is positioned 6000 mm from both the floor slab and the 
PML region, respectively. 

 

 

Figure 10. The normal force excitation is 6000 mm from the floor slab. Note that the PML cannot 
be used on the lower beam when there is a vertical excitation (axial force). 

The infinite reference beam and the semi-infinite reference beam are displayed in Figure 
11. 
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Figure 11. Upper figure: horizontal excitation that creates bending waves. Lower figure: vertical 
excitation that creates quasi-longitudinal waves. PML domains that are 15000 mm long are 

placed at the edges of the beams. 

4. Vibration attenuation across various junction geometries  
Waves incident to a material or geometrical discontinuity are partially reflected. The ener-
gy transmission across such a junction is reduced [21]. According to Cremer and Heckl 
[22], the transmission losses of flexural waves across a (+)-junction with plates or beams 
using the Euler-Bernoulli theory, are defined as  

 12 20 log 3  dBR ϕ χ
χ ϕ

  
= + +      

  (4.1) 

and 

 13 20 log 1 3  dBR ϕ
χ

  
= + +  

  
 . (4.2) 

The beams or plates are identical, but possibly with different thicknesses, see equation 
(4.3). 

 

5 2

2

1

h
h

ϕ
χ

 
=  
 

  (4.3) 
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The transmission loss between two right-angled plates or beams is 12R  and the transmis-

sion loss across the junction is 13R . The attenuations are given in Figure 12 as a function of 

the thicknesses. It is clear that the frequency independent transmission loss is 9 dB when 
the thicknesses are identical. This fact is used as a future reference for the DS model of a 
(+)-junction. 

 

Figure 12. The red graph shows the transmission loss in the perpendicular direction (from beam 
or plate 1 to beam or plate 2) whereas the blue curve shows the transmission loss straight across 

the junction (from beam or plate 1 to beam or plate 3) [22]. 

The incoming wave in the previous example is a far-field wave, meaning that no near-field 
wave is included. 

4.1. Dynamic Stiffness Method 
The general idea is to work from the wave equation ansatz for beams and the definitions of 
shear forces and moments to derive the DS matrices. The time-dependence is omitted 
throughout the whole analysis. 

4.1.1. Flexural waves 
The method is to construct the DS matrices in Matlab for bending waves in a finite beam 
and two semi-infinite beams and assemble them into a global DS matrix. When each ele-
ment matrix is created, the rest of the work is straight-forward since the matrices are valid 
for any configuration made up from these beams, such as the (+)-junction in Figure 13. 
Note that there are two variants of the semi-infinite beam DS matrix; wave propagation 
towards positive infinity and wave propagation towards negative infinity. 
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Figure 13. The typical (+)-junction that includes both semi-infinite beams and a finite beam of 
length l is presented. The green numbers are the element numberings.  

The finite beam has two degrees of freedom at each end; one rotational and one transla-
tional. The wave equation ansatz is presented in equation (4.4) and the beam is illustrated 
in Figure 14. The subscript “2” in 2w  stands for the element number. 

 ( ) ( ) ( ) ( ) ( )2 1 2 3 4sin cos sinh coshw x d x d x d x d xκ κ κ κ= + + +   (4.4) 

The lowercase letters in the force and moment subscripts denote the direction in the local 
coordinate system. When converted to the same direction as the global degrees of freedom, 
they are changed to uppercase letters. The letters in the parentheses stand for left and right 
side, respectively. 

 

Figure 14. This is a finite beam of length l. A shear force and a moment act at each end.  

The DS matrix D  couples the displacement vector u  to the force vector F , as in (4.5). 
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 F Du=   (4.5) 

The dynamic stiffness matrix is invertible. Consequently, there is a unique force vector for 
any response vector. The coefficients 1d  to 4d  in (4.4) are solved for unit amplitudes of the 

translation and rotation in the displacement vector, i.e. [1,0,0,0], [0,1,0,0], [0,0,1,0] and 
[0,0,0,1]. As a result, the equation system in (4.6) gives four different sets of amplitudes 

 1  1
1 4,...,case cased d  to 

 4  4
1 4,...,case cased d . Every set corresponds to one solution case. Case 1 is 

given by solving the equation system for the displacement vector [1,0,0,0] and so forth. 

 
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( )1

( )2

( )3

( )4

0 1 0 1
0 0

sin cos sinh cosh
cos sin cosh sinh

L

L

R

R

wd
d

wd
l l l l d

θκ κ
κ κ κ κ

θκ κ κ κ κ κ κ κ

    
    
     =
    
    −      

  (4.6) 

The force and moment are, by definition, defined as 

 
3

3

wF EI
x

∂
= −

∂
  (4.7) 

and 

 
2

2

wM EI
x

∂
= −

∂
 . (4.8) 

These cannot be applied directly to the problem in Figure 14. The global moments and 
forces are defined as positive in the same direction as the corresponding global degree of 
freedom. A counter-clockwise rotation has a positive angle, which means that the positive 
global moments are also counter-clockwise. Furthermore, a force and the resulting motion 
are defined positive in the same direction. The resulting forces and moments at the two 
sides of the finite beam (element 2 in Figure 13), denoted with capital letters due to the fact 
that they are now matched to the global degrees of freedom, are therefore defined as in 
(4.9). 

 

( )

( )

( ) 2 2

( ) 2

( ) 2

( ) 2 2

Y L

Z L

Y R

Z R

F EIw EIw
M EIw

F EIw

M EIw EIw

′′′ ′′′= − − =

′′= −

′′′= −

′′ ′′= − − =

  (4.9) 

The resulting DS matrix for a finite beam is presented in (4.10).The superscripts denote the 
four different solution cases where the displacements and rotations are unity one at a time 
and the rest zero. 
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1 2 3
( ) ( ) ( ) (11 12 13 14

21 22 23 24

31 32 33 34

41 42 43 44

case case casefinite finite finite finite
Y L Y L Y L Y

finite finite finite finite

Finite finite finite finite finite

finite finite finite finite

F F F FD D D D
D D D D

D
D D D D
D D D D

 
 
 = =
 
 
  

4
)

1 2 3 4
( ) ( ) ( ) ( )

1 2 3 4
( ) ( ) ( ) ( )

1 2 3 4
( ) ( ) ( ) ( )

case
L

case case case case
Z L Z L Z L Z L
case case case case

Y R Y R Y R Y R
case case case case
Z R Z R Z R Z R

M M M M
F F F F
M M M M

 
 
 
 
 
  

 (4.10) 

The DS matrices for two semi-infinite beams are derived in the same way. The wave equa-
tion ansatzes for increasing positive x and decreasing negative x are given in (4.11) and 
(4.12). The subscripts R  and L  in the wave equation ansatzes denote propagation to the 
right and to the left, respectively. Again, if the force and the moment are opposite to the 
global direction of the rotation and the displacement, the signs of the defined forces or 
moments are changed. 

 ( )3,5 3 ,5 3 ,5
i x x

R R R Rw x a e n eκ κ− −= +   (4.11) 

 

 

Figure 15. The inner force and moment act on the edge at x=0 on a semi-infinite beam with a 
bending wave that propagates in the positive x-direction.  

 

 ( )1,4 1 ,4 1 ,4
i x x

L L L Lw x a e n eκ κ= +   (4.12) 
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Figure 16. The inner force and moment act on the edge at x=0 on a semi-infinite beam with a 
bending wave that propagates in the negative x-direction. 

The coefficients in the wave equation are solved for unit displacements in (4.13) and (4.14), 
i.e. [1,0] and [0,1]. They are thereafter inserted to the beam DS matrices. 

 3 ,5 ( )

3 ,5 ( )

1 1 R R L

R R L

a w
ni θκ κ

   
=    − −       

  (4.13) 

 1 ,4 ( )

1 ,4 ( )

1 1 L L R

L L R

a w
ni θκ κ

   
=    
      

  (4.14) 

The DS matrix for a semi-infinite beam with a left- propagating wave is 

 
1 2

( ) ( )11 12
1 2

( ) ( )21 22

case caseleft left
Y R Y R

case caseleft left
Z R Z R

F FD D
M MD D
  

=   
    

  (4.15) 

and for a semi-infinite beam with a right-propagating wave 

 
1 2

( ) ( )11 12
1 2

( ) ( )21 22

case caseright right
Y L Y L

case caseright right
Z L Z L

F FD D
M MD D
  

==   
    

 . (4.16) 

They are assembled together with the DS matrix of the finite beam into a global DS matrix 
according to the positive global directions that are illustrated in Figure 17.  
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Figure 17. The global degrees of freedom directions (1-6) need to match with the directions of the 
forces and moments in the elements. 

But prior to solving the (+)-junction problem, the assembly process of the global DS matrix 
need to be verified. The geometry is simplified and compared to a system with a known 
solution. The vertical beams, element 4 and 5, are removed so that the system only consists 
of beam 1, 2 and 3 that together build an infinite beam that is excited by a point force at x = 
0, see Figure 18. The assembled 4x4 global DS matrix is defined in (4.17) where the forces 
and moments are positive in the same direction as the global degree of freedom. The forces 
and moments of the first beam are inserted to row and column (1,1), (1,2), (2,1) and (2,2). 
The DS matrix of the second beam (finite beam) is a 4x4 matrix and is therefore added to 
all elements in the global matrix, and so forth. 

 

11 11 12 12 13 14

1 3 21 21 22 22 23 24

31 32 11 33 12 34

41 42 21

left finite left finite finite finite

left finite left finite finite finite
beam beam
global finite finite right finite right finite

finite finite ri

D D D D D D
D D D D D D

D
D D D D D D
D D D

→

+ +
+ +

=
+ +

43 22 44
ght finite right finiteD D D

 
 
 
 
 

+ +  

  (4.17) 
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Figure 18. This is the reference to which the DS model is compared. The beam elements 1, 2 and 3 
together build the same system. 

The solution to this problem is given by A. C. Nilsson [23]. The ansatz of the bending wave 
equations in the two directions are given in (4.18) and (4.19). 

 
i x xw a e n eκ κ− −

+ + += +   (4.18) 

 
i x xw a e n eκ κ

− − −= +  . (4.19) 

Due to symmetry, a a+ −=  and n n+ −= . The results are presented in (4.20) and (4.21), with 

the time dependence omitted. 

 
3 34 4

i x xY YiF iFw e i e
EI EI

κ κ

κ κ
− −

+

− −
= −   (4.20) 

 
3 34 4

i x xY YiF iFw e i e
EI EI

κ κ

κ κ−

− −
= −   (4.21) 

The real parts  of the displacements are given in the two left plots and the absolute value of 
these displacements are shown in the two right plots of Figure 19. Evidently, both methods 
give the same solution. 
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Figure 19. The graphs show the real part and the absolute value of the displacement in element 1, 
2 and 3 when the system is excited by a 1 N force at x = 0 with the frequency 50 Hz. The finite 

beam (beam element 2) length is 5 m. Upper graphs: Given solution. Lower graphs: DS method. 

This indicates that the assembled global DS matrix for a shear force that excites flexural 
waves in element 1, 2 and 3 is correct and the same modelling procedure can be used to 
add more vertical beams or plates if desired. The standard (+)-junction, as in Figure 13, is 
investigated by attaching the pair of semi-infinite beams to the node that connects beam 
elements 2 and 3. There is no translational motion at the junction (in-plane motion of floor 
slabs) due to the fact that two infinite masses are attached to the horizontal beams [12]. To 
account for this fact, the vertical global degree of freedom at the junction is locked. There-
fore, all beams have the same rotational angle at the junction. The rotation is the cause for 
bending waves in beam 4 and beam 5. The moments in all beams are defined to act in the 
same direction as the rotations in Figure 17. 
     The real parts of the flexural displacement solutions in element 1, 2, 3, 4 and 5 are pre-
sented in Figure 20. The system is excited by a 1 N shear force at 0x =  with the frequency 
of 50 Hz. The finite beam length is 5 m, which means that the junction is positioned at x = 
5 in the top graph. 
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Figure 20. The top graph shows the real part of the displacement in beam 1, 2 and 3 when excited 
by a shear force of 1 N at x = 0 with the frequency 50 Hz. The lower graph shows the displacement 

in beam 4 and 5. The finite beam (beam element 2) length is 5 m. 

The transmission loss is calculated by relating the time-averaged incident power to the 
time-averaged transmitted power. The incident power is computed from the reference 
beam solution in Figure 19 in order to avoid resonance effects. The transmitted power is 
taken from the solution in element 3 as displayed in Figure 20. The far-field wave is the 
energy carrier and the near-field wave can be neglected in the computation. With the same 
material properties, frequency and flexural wave number in all beams, equation (4.22) and 
(4.23) can be reduced to equation (4.24) [24]. 

 { }*1 Re
2

F V Π = ⋅  
  (4.22) 

 10log incident

transmitted

R
 Π

=  Π 
  (4.23) 

 
amplitude of the incoming far-field wave ²

10log
amplitude of the transmitted far-field wave ²

R
 

=   
 

  (4.24) 

This formula equates the frequency independent transmission loss across the (+)-junction 
to 9 dB. It is the same as the expected value given by Cremer & Heckl in Figure 12.  
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4.1.2. Moment impedances of plates 
The moment impedance is for good use when analysing the energy transmission from a 
beam to a plate during flexural vibrations [22]. Figure 21 presents the inverse of the mo-
ment impedances for two plate configurations. The literature study with the aim to find the 
moment mobility for the latter two cases failed. Those plate variants are instead investigat-
ed in the FEM. The second illustration in the following figure is denoted Type 1 and the 
third illustration is denoted Type 2 in the FEM analysis. 

 

  

Figure 21. The moment mobility is the inverse of the moment impedance (W). They are given for 
an infinite and a semi-infinite plate in reference [22]. The final two configurations in the figure are 

also of interest, but were not found in the literature. 

The bending stiffness of a plate plateB is 

 ( )
3

212 1
plate

plate

Eh
B B

ν
′= =

−
 . (4.25) 

The notation a  in Figure 21 equals half the beam thickness, according to Steel & Craik [12]. 

 
2

beamha =   (4.26) 

The moment impedance must be converted to the dynamic stiffness, as in equation (4.27). 
The DS matrix for a plate excited by a point moment is a 1x1 matrix. The number is insert-
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ed at the position in the global DS matrix that corresponds to the rotational degree of free-
dom.  

 plateD i Wω= ⋅   (4.27) 

The real parts of the displacements in beam 1, 2 and 3 when a plate is connected at the 
node that is shared by beam 2 and 3 are shown in Figure 22. The vertical (shear) degree of 
freedom at the junction is locked, just as for the (+)-junction. 

 

Figure 22. The real part of the displacement in beam 1, 2 and 3 when a 1 N shear force excites the 
system at x = 0 with the frequency 50 Hz is plotted for the case with a beam pair connected to an 

infinite plate. The finite beam length is 5 m. 

When the beam pair is attached to the edge of a semi-infinite plate, the bending waves are 
less attenuated across the junction. The real parts of the displacements are plotted in Fig-
ure 23. 
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Figure 23. The real part of the displacement in beam 1, 2 and 3. The connection between beam 
element 2 and 3 is at a semi-infinite plate edge. The 1 N shear force excites at x = 0 with the fre-

quency 50 Hz. The finite beam length is 5 m. 

The resulting transmission losses in octave bands are given in Figure 24. Due to computa-
tional issues, it is not possible to compute the transmission loss at frequencies higher than 
2 kHz with a finite beam length of 5 m. The highest frequency of the train-induced vibra-
tions is lower, so this problem will not affect the desired results. 
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Figure 24. Upper figures: beam pairs attached to the “middle” of an infinite plate. Lower figures: 
beam pair attached to the edge of a semi-infinite plate. The finite beam is 5 m long. 

Clearly, a smaller beam thickness leads to a higher transmission loss. This points towards 
the fact that a smaller beam impedance in relation to the high floor slab impedance leads 
to a greater attenuation. “The acoustical impedance is one of the most important properties 
of a material. It is a measure of its resistance to motion at a given point. A concrete slab has 
a high impedance” [25].  
     Also, it can be seen that the vibration attenuation is larger when the beam pair is at-
tached to the “middle” of an infinite plate rather than when attached to the edge of a semi-
infinite plate.  
     Two densities and two beam thicknesses are investigated with various beam thicknesses 
and a density of 2000 kg/m³ since the similar configuration was studied by Steel and Craik 
using SEA techniques [12]. Steel & Craik’s results are plotted in Figure 25.  
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Figure 25. The transmission loss between two beams that are connected to an infinite floor is 
plotted as a function of frequency. The floor thickness is 0.2 m and the density is 2000 kg/m³. The 

quasi-longitudinal wave speed lc  is 3000 m/s. [12]. 

Their SEA method gives a negligible difference compared the derived DS transmission 
losses, even for as low frequencies as 50 and 100 Hz. Most likely, the SEA method is not to 
be trusted further down in frequency. Since the focus lies on the frequencies between 5-100 
Hz in this study, the transmission losses at these frequencies are presented in Figure 26. 
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Figure 26. The transmission loss as a function of frequency. The finite beam length is 5 m. Densi-
ty: 2400 kg/m³. Beam and plate thickness: 0.2 m. 

The transmission losses across the two junction geometries differ by 8-10 dB across the 
whole range. 

4.1.3. Quasi-longitudinal waves 
The derived beam DS matrices are adjusted to include quasi-longitudinal waves by adding 
a degree of freedom that represents the axial displacement at every end. With the two wave 
types included, the DS matrix for a semi-infinite beam becomes a 3x3 matrix and for a fi-
nite beam it becomes a 6x6 matrix. Figure 27 illustrates the finite beam with an inner force 

that act on each side. The displacement at 0x =  is ( )Lu  and the displacement at x l= is 

( )Ru . 

 

Figure 27. Two inner forces act on each side of the finite beam of length l. Quasi-longitudinal 
waves travel in both directions.  

The quasi-longitudinal wave equation ansatz for the finite beam is given in (4.28). The 
subscripts symbolize the beam number and the direction of propagation. 
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 2 2 2
ikx ikx

R Lu a e a e−= +   (4.28) 

The wave equation ansatz for semi-infinite beams 3 and 5, is given in (4.29).  

 3,5 3 ,5
ikx

R Ru a e−=   (4.29) 

 

 

Figure 28. A harmonic axial force directed towards the negative x-direction creates quasi-
longitudinal waves that propagate towards positive infinity. 

Equation (4.30) shows the quasi-longitudinal wave equation ansatz in beam 1 & 4. 

 1,4 ,4
ikx

1L Lu a e=   (4.30) 

 

 

Figure 29. A harmonic axial force directed towards the positive x-direction creates quasi-
longitudinal waves that propagate towards negative infinity. 

Just as the previous analysis with bending waves, the derived system is verified against a 
problem with a known solution. S.V. Sorokin claims that the quasi-longitudinal wave in an 
infinite rod with an axial force at 0x = is described as in equation (4.31), with an omitted 
time dependence [26].  
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Figure 30. An infinite rod is excited by axial pressure at 0x =  [26]. 

 inf 2
ik xxiFu e

EAk
=   (4.31) 

The resulting displacement is given in Figure 31. The absolute value is constant for a prop-
agating wave. 

 

Figure 31. The quasi-longitudinal wave displacement in beam 1, 2 & 3 using the Dynamic Stiff-
ness Method (upper plots) compared to the analytical solution (lower plots). The force is again 

placed at the node between beam element 1 & 2, see Figure 13. The frequency is 100 Hz. 

This is one of the two tests performed on the quasi-longitudinal DS model. The second test 
has the purpose of showing if reflections at the junction are included correctly. Beam ele-
ment 4 and 5 are omitted and all degrees of freedom between element 2 and 3 are locked to 
symbolize a stiff boundary condition, see Figure 13. The absolute value of the displacement 
is not constant for a standing wave as seen in beam 2. In beam 1 we can see interference 
that depending on the distance of the force to the stiff boundary, and on frequency, is ei-
ther constructive or destructive. The maximum value in beam 1 is two times that of the 
infinite beam. The minimum value is zero. 
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Figure 32. A 1 N axial force excites the infinite beam between beam 1 and beam 2 with the fre-
quency 100 Hz. All DOFs between 2 & 3 are locked. Upper graph: Real part of the displacement. 

Lower graph: Absolute value of the displacement. 

The next step is to investigate the (+)-junction as described earlier. An axial force of mag-
nitude 1 N at 50 Hz gives quasi-longitudinal waves in the horizontal beams and bending 
waves in the vertical beams, see Figure 33. 
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Figure 33. A 1 N normal force at 50 Hz excites the node that connects beam 1 & 2. The upper plot 
shows that there are quasi-longitudinal displacements in beam 1, 2 & 3. The lower plot shows that 

the force excites bending waves in beam 4 & 5.  

The time averaged intensity is used in the computation of the transmission loss for quasi-
longitudinal waves, see equation (4.32) [23]. 

 ( )
2

,
2

,

amplitude of incident wave
10log ... 10 log

amplitude of transmitted wave
x in

x trans

bhI
R

bhI

  
= = =         

  (4.32) 

The resulting transmission loss across a (+)-junction is given in Figure 34. 
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Figure 34. The transmission loss across the (+)-junction for quasi-longitudinal waves when the 
beam and plate thicknesses are 0.2 m. 

Apparently, the attenuation of quasi-longitudinal waves across a (+)-junction is very small 
but increases with frequency below 100 Hz. The result seems to match with Hassan’s qua-
si-longitudinal wave attenuation between load-bearing walls and floors in a building with 
finite dimensions [6]. The full line represents a wall and a floor with a thickness of 200 
mm. 

 

Figure 35. The velocity level decrease across the load-bearing wall and floor junction [6]. 

These results give reasons to believe that the transmission loss across a beam (+)-junction 
in a structure with semi-infinite elements is very similar to the vibration level decrease per 
storey in a building with finite load-bearing walls and floors. 

4.1.4. Point force impedances of plates 
The point impedance relates the force to the velocity in a given point. A semi-infinite plate 
with a point force exciting its edge has the point impedance as in equation (4.33) [22]. 
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 2.3SEMI plate plateZ B hρ=   (4.33) 

The point impedance of an infinite plate is described in (4.34) [22]. Unfortunately, the 
point force impedance of a semi-infinite plate corner was not found in the literature. 

 8INF plate plateZ B hρ=   (4.34) 

Equation (4.27) is used again to convert the impedance to the dynamic stiffness. The re-
sulting numbers are added to the appropriate element position in the global DS matrix 
which, according to Figure 17, is degree of freedom number 6. 
     An axial force of 1 N excites the node between element 1 and 2. It gives rise to the trans-
mission losses in Figure 36 for an infinite plate and a semi-infinite plate. The transmission 
loss is computed by comparing the transmitted wave in beam 3 with the incident wave in 
beam 2 as if it were infinite. 

 

Figure 36. Transmission loss across the infinite plate junction and a semi-infinite plate junction 
for quasi-longitudinal waves. 

The transmission loss is constant between 5 – 100 Hz and independent of frequency even 
though the dynamic stiffness component of the point force impedance is frequency de-
pendent, according to equation (4.27). The transmission loss across an infinite plate junc-
tion is close to 4 dB higher than across a semi-infinite plate edge junction and approxi-
mately 6 dB higher than the beam (+)-junction.  
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4.2. Comparison to 3D FEM results 
The solutions given by the DS method are compared to the FEM results. Hypothetically, 
the vibration attenuations are different compared to the transmission losses due to the fact 
that solid elements that account for nodal motions in three dimensions are used. However, 
if the beams and plates can be considered thin, a two-dimensional beam model described 
by the Euler-Bernoulli theory ought to be a good representation of the true behaviour. But 
there are significant differences in the two modelling techniques. The connection between 
the beams and the floor slab is no longer a single node but instead a surface. Also, the force 
is not a point force, but a surface force.  
     The displacement level decrease should be computed by comparing the transmitted 
wave displacement without nearfields to the incident wave displacement without reflec-
tions and nearfields. The attenuation across the junction is analysed between 5 – 100 Hz in 
5 Hz increments according to equation (4.35). It is roughly equivalent to the transmission 
loss in the DS method.  
     Due to the low frequency content, it is not possible to find the attenuation of the far-
field wave at all frequencies. Both the incident and the transmitted wave are captured 5 
meters away from the force and the junction, respectively. The beam geometry needs to be 
greater to make sure that all nearfields, even at 5 Hz, are attenuated. The exponential fac-

tor in the near-field term, 
xe κ− ⋅

 equals 0.13  at a distance of 5 m at 5 Hz. 

 

2

210 log incident

transmitted

w
w

 
 
 

  (4.35) 

4.2.1. Beam pair in the corner of a semi-infinite plate 
Neither the point force impedance nor the moment impedance were found for this beam-
plate configuration. Therefore, no conclusions can be drawn about the similarities or dif-
ferences to the DS results. 
     The displacement level attenuations for flexural waves across a junction in the corner of 
a semi-infinite plate are shown in Figure 37 and Figure 38.  
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Figure 37. The displacement level decrease across the corner junction when a horizontal 150 N 
harmonic force excites the lower beam.  

The attenuation lowers from approximately 14 dB to around 10.5 dB. The order of magni-
tude seems reasonable in comparison with other results.  
     The solution given by the quasi-longitudinal waves in the figure below illustrates a dif-
ferent behavior. It fluctuates substantially which can be due to two possible reasons. The 
first is that resonances are present if the PML domain is too short compared to the wave-
length. The wavelength for quasi-longitudinal waves is much longer than for flexural 
waves. 
     The second can be the fact that an incoming quasi-longitudinal wave to an asymmetric 
junction gives rise to both bending waves and quasi-longitudinal waves in the beam above 
the junction. Thus, in the FEM case, the nodal movement is a combined horizontal and 
vertical motion. Only the quasi-longitudinal effect is taken into account in these cases. This 
phenomenon is not captured by the DS model since the forces at the junction are coupled 
to a point force impedance in a single node with no rotation or shear movement. Despite 
this fact, the displacement level decrease remains between reasonable levels over the whole 
frequency range. 
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Figure 38. The displacement level decrease across the corner junction when an axial 150 N har-
monic force excites the lower beam.  

4.2.2. Beam pair on a semi-infinite plate edge 
In contrast to the corner FE model, this configuration is comparable to the DS method re-
sults as given in section 4.1.2 and 4.1.4. 
     The displacement level decrease between beams at the semi-infinite plate edge when the 
lower beam is excited by two orthogonal horizontal forces is shown in Figure 39. Type 1 
gives rise to a bending moment in the same direction as in the moment impedance defini-
tion for a semi-infinite plate in Figure 21. Type 2 is perpendicular to type 1 and represents 
one of the cases for which the moment impedance was not found.  
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Figure 39. The displacement level decrease across the edge junction when a horizontal 150 N 
harmonic force is applied to the lower beam. 

The results for the two perpendicular force excitations are close to identical and similar to 
the transmission loss from the DSM. They reduce from 19-17 dB to around 14-12 dB. The 
vibration attenuation is higher than the semi-infinite plate corner configuration. 
     The vibration attenuation response with an axial force that creates quasi-longitudinal 
waves is illustrated in Figure 40. 
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Figure 40. The displacement level decrease across the edge junction when a vertical 150 N har-
monic force excites the lower beam.  

The same fluctuating behavior of the displacement level attenuation for quasi-longitudinal 
waves is also seen in this graph. Again, it indicates that the PML domains are too short or 
that choosing a single node to capture the displacement in one direction is not a good rep-
resentation of the wave attenuation. For this element order and element distribution, an 
increase of the PML size would be too big to handle in terms of memory allocation and 
computational time. Hence the effect of the element size and element order ought to be 
investigated if further work is planned. 

4.2.3. Beam pair in the “middle” of an infinite plate 
This configuration is comparable to the DS results. The transmission loss in Figure 41 
shows similarities to the transmission loss derived using the DSM.  There is a difference of 
around 4-5 dB across a large part of the frequency range. The vibration attenuation from 
FEM varies from approximately 26 to 18 dB which is higher than the semi-infinite plate 
edge configuration. 
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Figure 41. The displacement level decrease across the infinite plate junction when a horizontal 
150 N harmonic force excites the lower beam.  

The model is symmetrical which means that it should give more accurate results than the 
previous two configurations. The transmitted wave is a pure bending wave or a pure quasi-
longitudinal wave. To capture the transmitted displacement in one direction in a single 
node should therefore be a good approximation.  
     Figure 42 shows large differences between the two modelling techniques. The fluctuat-
ing behavior is reduced substantially in comparison to the previous two analyses. It indi-
cates that the phenomenon is due to an asymmetrical beam-plate junction rather than 
PML issues. 



41 

 

Figure 42. The displacement level decrease across the infinite plate junction when a vertical 150 
N harmonic force excites the lower beam.  

4.3. Comparison to Wijkmark’s DS model 
Wijkmark gets approximately a 10 dB attenuation across the whole frequency range (0 – 
400 Hz) across an inner wall-floor junction with the lower beam excited by a horizontal 
velocity source. The attenuation for a façade wall junction during horizontal excitation is 
about the same. In this study the various geometries give larger bending wave attenuation 
up to 27-27 dB. Beside certain differences, such as choice of damping factor, Euler-
Bernoulli theory instead of Timoshenko, it should be noted that Wijkmark’s attenuation is 
based on finite beams. 
     Wijkmark came to the conclusion that the floor slabs behave like infinite plates at fre-
quencies above 100 Hz. It justifies the practical relevance of the analysis method used in 
this work. But the reason for using semi-infinite building components is not to symbolize a 
real building but to avoid resonances to simplify the comparison between the three junc-
tion geometries. 

5. Field measurements 
All models in the theoretical analysis are simplified versions of a real building construc-
tion. A building floor slab or a load-bearing beam is never semi-infinite nor consists of 
100% concrete. A finished building also has walls and floor materials added to the skele-
ton. To avoid extra material and other disturbances to the measurement, the object is a 
building under construction. The best measurement object that could be found is Un-
dervisningshuset at the KTH Campus in Stockholm, Sweden. It contains concrete floor 
slabs and metal I-beams. 
     The vibration excitation was done by a metal hammer that hits the beam one floor above 
the measured junction. The acceleration is recorded one and two floors below the excita-
tion with the purpose of finding the attenuation across the beam-plate junction. Pictures of 
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the building and an illustration of the I-beam cross section are shown in Appendix A. The 
point force impedance of the concrete square beam in the DS and FE models is 39 % as big 
as the point force impedance of the metal I-beam. 

5.1. Equipment & setup 
The measurement equipment is listed in Table 2.  

Table 2. Vibration measurement equipment. 

Equipment General Information Details 
Accelerometer Brüel & Kjaer Type 4524B 

Serial No. 31699 
Channel 1, 2 & 3. 
Tri-axial. 

 Endevco MODEL 752A12 Channel 4. 
Single-axial. 

 Brüel & Kjaer 4519-003 Model 
nr. 53414 

Channel 5. 
Single-axial. 

 Brüel & Kjaer Type 4524B 
Serial No. 35520 

Channel 6, 7 & 8. 
Tri-axial. 

Acc. mounting Bee wax  
Data acquisi-
tion 

11-channel Brüel & Kjaer Pulse 
System Module Type 3041 & 
Module Type 7540A 

 

Data pro-
cessing 

MATLAB R2016b  

Excitation Hammer with a metal tip Excited in the x-direction as 
in the figure below. 

 

The accelerometer positions are shown in Figure 43. The tri-axial accelerometers were 
placed on the metal I-beams that are black-colored in the illustration. 
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Figure 43. A schematic illustration of the measurement setup. The red dots are the accelerome-
ters. 

5.2. Measurement results 
In total, seven hammer excitations were recorded by all eight channels. Channel 1 and 
channel 6 are the most important because they coincide with the excitation direction 
(bending waves). Two excitations from Figure 44 are compared and used in the analysis. 
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Figure 44. The seven recorded hammer excitations give one response per channel as a function of 
time. 

The excitations chosen for the Fast Fourier Transform (FFT) are the fourth and the seventh 
hit that are located between 33 – 40 seconds and 71 – 79 seconds. The FFT of the seventh 
excitation is shown below. 

 

Figure 45. The acceleration as a function of frequency.  
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Evidently, the hammer impact does not excite the lowest frequencies. Frequencies below 
50 Hz must be neglected. Another excitation in the form of a person that weighs 75kg and 
steps down from the height of 0.5 m is also tried. The impact from the fall on the top floor 
slab excites lower frequencies than the metal hammer but it is more difficult to draw con-
clusions from the plot, as seen in Figure 46. The clearer result from the hammer excitation 
is chosen for further analysis. 

 

Figure 46. The frequency spectrum of the acceleration when the upper floor is excited by a 75 kg 
person stepping down from 0.5 m.  

The resonances at 50 Hz, 56 Hz and 83 Hz in Channel 1 and 6 are examined. The peaks at 
83 Hz are plotted as an example. Channel 1 gives the largest acceleration response, which 
is as expected. 
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Figure 47. A zoomed-in view of the acceleration responses of all eight channels during the sev-
enth excitation of the upper metal I-beam. The focus is on the peaks close to 83 Hz. 

The phase difference between the two channels at the three chosen maximums, including 
the one at 83 Hz, is close to zero. It means that the two wave forms at the accelerometer 
positions are almost in phase. Figure 48 shows the phase difference between the two chan-
nels of interest in the vicinity of one of the resonance frequencies (83 Hz). 

 

Figure 48. The phase difference between channel 1 and channel 6. 
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The numbers indicate that a modal phenomenon occurs at these resonance frequencies. An 
eigenmotion in the upper beam excites the lower beam which is slightly longer than the 
upper beam and therefore likely has a lower eigenfrequency. 
     The vibration attenuations at the three resonances are computed in equation (4.35) to 
get a rough estimate of the transmission losses. The largest error in the estimate is proba-
bly due to the fact that the eigenmotion in the upper beam could differ from that in the 
lower beam because of the length differences. This means that the accelerometer positions 
on the beams can give different modal amplitude responses. Also, the fact that the accel-
erometers are not completely symmetrically positioned with respect to the floor matters. 
     The black numbers represent the fourth excitation while the grey numbers represent the 
seventh excitation. 

Table 3. Data from excitation 4 and excitation 7. 

Frequency 
[Hz]  

Phase differ-
ence between 
ch. 1 and ch. 6 
[rad] 

Amplitude 
ch. 1 [m/s²] 

Amplitude 
ch. 6 [m/s²] 

Vibration 
attenuation 
[dB] 

49.87 & 
49.86 

-0.1012  &  
-0.1286 

0.004291 & 
0.004152 

0.00109  & 
0.001014 
 

11.9026 & 
12.2444 

56.0     &  
56.0 

0.1654   & 
0.18 

0.006232 & 
0.006299 
 

0.002273 &  
0.002283 
 

8.7606 & 
8.8153 

83.25 & 
83.28 

-0.04841 & 
-0.04512 

0.01061 & 
0.012 
 

0.002722 & 
0.003023 
 

11.8165 & 
11.9749 

 

The results from the table are summed up in Figure 49.  

 

Figure 49. The vibration attenuation at three resonance frequencies of excitation 4 and excita-
tion 7. 
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The transmission loss and vibration attenuation levels for the junction including a beam 
pair attached to a semi-infinite plate, as seen in Figure 39, lies between 12-14 dB in the 50-
100 Hz range. Consequently, the given results provide a comparable vibration attenuation 
in this frequency range despite the large difference in point-force impedance between the 
two investigated beam structures. 

6. Concluding remarks 
The measurement at Undervisningshuset leads to a better understanding about the real 
vibrational behavior across beam-plate junctions. E.g. it is not recommended to only excite 
the system with a metal hammer. It gives rise to clear resonance peaks but the frequency 
content is not sufficient. The impact excitation on the top floor excites lower frequencies 
but does not give clear resonance peaks. 
     The results given by the two modelling techniques indicate that the vibration attenua-
tion of quasi-longitudinal waves and bending waves is the highest across infinite plate 
junctions. It is lower on the semi-infinite plate edge while being the lowest across connec-
tions that consist of semi-infinite plate corners. It is evident that the attenuations across 
the junctions are greater for flexural waves than for quasi-longitudinal waves. This agrees 
with earlier research results. Also, the thinner the beam is in relation to the floor slab 
thickness, the bigger the attenuation for flexural waves.  
     It needs to be investigated if the Timoshenko beam theory leads other transmission 
losses in this frequency range. In a Timoshenko beam the cross section is not defined to 
remain perpendicular to the beam axis. Allowing a rotation of the cross section might lead 
to a better match between the DSM and the FEM results. 
     The quasi-longitudinal wave propagation in semi-infinite solids are more difficult to 
extract using the FEM. The study of an infinite plate shows that the most likely reason for 
the large fluctuations in the quasi-longitudinal wave analyses can be the fact that bending 
waves are created in the upper beam when the junction is asymmetric. The problem occurs 
when the output of the nodes used to retrieve data does not capture this phenomenon by 
being defined positive in the same direction as the force excitation. 
     The FEM solution process is very time consuming and hardware demanding when deal-
ing with these large 3D geometries and using a laptop computer. Even bigger geometries 
are needed to make sure that the nearfields are attenuated by the nodal point of data ex-
traction. This ought to give a vibration attenuation that is more comparable to the trans-
mission loss. 

7. Future work 
The moment impedances and point force impedances that are not given in the literature 
ought to be derived. The implementation of additional moment impedances or point force 
impedances is straight-forward. Consequently, the field of application of this DS model 
becomes bigger and more knowledge is gained about the vibrational behaviour of different 
beam-plate concrete junctions. 
     As mentioned earlier, the used three-dimensional FE modelling technique is not effi-
cient due to the fact that an analysis of a big structure, such as a beam pair connected to 
the “middle” of an infinite plate, takes a long time to compute with a standard laptop com-
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puter. Using PMLs for solid structures is not yet recommended until a PML boundary con-
dition is derived and defined for structural domains in commercial FE programs. This 
would mean that bigger 3D structures can be analysed using FEM software without requir-
ing costly computing equipment. 
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Appendix A 
The cross section of the I-beam is shown in Figure 50. The concrete floor slab in the meas-
urement is 200-250 mm thick. 

 

Figure 50. The cross-section of the I-beam. 

The point force impedance quota between a metal I-beam and a concrete square beam is as 
follows 
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The concrete beam impedance is only 39 % as big as the I-beam impedance. 
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Photos taken of Undervisningshuset at the KTH campus in Stockholm are presented in 
Figure 51 to Figure 54. 
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Figure 51. The single-axial accelerometers were placed on this floor slab. The tri-axial accel-
erometers were put on the first beam to the right and on the beam directly beneath it. The excita-

tions were on beam and floor one storey above. 
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Figure 52. A tri-axial accelerometer on the metal I-beam. 
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Figure 53. The red vertical beam on the left side of the floor slab was used for the excitation with 
a metal hammer. The jumping person fell from 0.5 m onto the same floor slab approximately 3 m 

from the beam and floor slab edge. 
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Figure 54. One of the single-axial accelerometers that were placed on the concrete floor slab. 
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