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Abstract 

This Master Thesis was done at Atlas Copco Rock Drills AB in Örebro. It treats how the 

geometry of impact pistons in hydraulic percussive rock drill hammers can be improved. The 

material in these pistons is highly loaded during each impact and there are cases where fatigue 

failure has occurred. One critical location for fatigue damage is the fillet between the boom 

and the tail of the piston. This is because the stress pulse from the impact is amplified in this 

area. 

By developing a full transient analysis for a piston in ANSYS, and by using design 

optimization, a new type of fillet was constructed from a cubic b-spline. This new fillet has 

the same length as the old fillet, a double radius fillet, on the piston tail, but it has 12‒16% 

lower maximum stress range, depending on the stress measure. A special feature with this 

fillet is that it is cut into the material of the boom. In that way it could be longer than the 

double radius fillet which enables a larger radius of curvature and a longer distance to “lead” 

in the stress pulse into the tail. This results in lower stress ranges in the fillet. 

Several multiaxial stress fatigue methods were used to analyze the fatigue damage in the old 

double radius fillet and in the new undercut fillet. It was found that the double radius fillet has 

a safety factor of 0.98‒1.08 to infinite fatigue life and the undercut fillet has a safety factor of 

1.10‒1.23 to infinite fatigue life, depending on the fatigue method. Because infinite fatigue 

life normally corresponds to 10
6
 ‒10

7
 equivalent stress cycles, and the piston is desired to 

withstand close to one billon impacts, the old double radius fillet does not leave any margins 

to effects which can occur in the giga-cycle regime. The undercut fillet on the other hand 

leaves some margins to these kinds of effects. Unfortunately, no fatigue parameters were 

known for the material in the considered piston, so they were estimated from empirical 

relations. 

During the work with the undercut fillet it was realized that the weight of the impact piston 

can be reduced by minimizing the weight of the piston tail without affecting its performance. 

By using design optimization with the constraint that the maximum stress range in the piston 

tail should not be larger than the maximum stress range in the double radius fillet, its weight 

was reduced by 38%. With this change in mass, less energy is needed to accelerate the piston 

and less reflection energy is needed to be damped out.



 

 

Sammanfattning 

Detta examensarbete gjordes på Atlas Copco Rock Drills AB i Örebro. Det handlar om hur 

geometrin hos slagkolvar i slående hydrauliska bergborrsmaskiner kan förbättras. Materialet i 

dessa kolvar är högt belastat under varje anslag, och det har förekommit fall där 

utmattingsbrott har skett. Ett kritiskt område för utmattning är radien mellan den så kallade 

boomen och svansen på slagkolven. Detta beror på att spänningspulsen från anslaget förstärks 

i detta område. 

Genom att utveckla en modell för transient analys av en slagkolv i ANSYS, och genom att 

använda designoptimering, kunde en ny typ a radie konstrueras från en kubisk b-spline. Den 

nya radien har samma utsträckning på kolvsvansen som den gamla radien, en dubbelradie, 

men den har 12‒16% lägre maximal spänningsvidd, beroende på vilket spänningsmått som 

används. Det speciella med den nya radien är att den är inskuren i materialet hos boomen. På 

så sätt kan den vara längre än dubbelradien, vilket tillåter en större krökningsradie och ett 

längre område att ”leda” in spänningspulsen i kolvsvansen. Detta resulterar i lägre 

spänningsvidder i radien. 

Flera multiaxiella spännings-utmattingsmetoder användes för att analysera utmattingsskador i 

den gamla dubbelradien och i den nya underskurna radien. Resultatet visar att dubbelradien 

har en säkerhetsfaktor på 0.98‒1.08 till oändligt spänningsliv, och att den underskurna radien 

har en säkerhetsfaktor på 1.10‒1.23 till oändligt spänningsliv, beroende på vilken 

utmattningsmetod som användes. Eftersom oändligt spänningsliv normalt sett motsvarar 10
6
 ‒

10
7
 ekvivalenta spänningscykler, och eftersom att det är önskvärt att slagkolven ska klara 

nästan en miljard anslag, så lämnar inte dubbelradien några marginaler till utmattningseffekter 

som kan ske i giga-cykelområdet. Den underskurna radien däremot har en viss marginal mot 

dessa effekter. Olyckligtvis fanns ingen utmattingsdata för materialet i slagkolven, utan det 

skattades med hjälp av empiriska samband. 

Under arbetet med den underskurna radien upptäcktes att vikten hos slagkolven kan minskas 

genom att minska vikten hos kolvsvansen, utan att påverka prestandan hos kolven. Genom att 

använda designoptimering, med villkoret att den maximala spänningsvidden i kolvsvansen 

aldrig får överskrida den maximala spänningsvidden i dubbelradien, kunde vikten hos 

kolvsvansen minskas med 38%. Med denna minskning av massa behövs mindre energi för att 

accelerera slagkolven, och mindre reflekterad energi kommer att behövas dämpas ut.
 

 



 

 

Acknowledgement 

I am very thankful to my supervisors Jonas Larsson and Kenneth Weddfelt, at Atlas Copco 

Rock Drills AB, for all the help they have giving me during the work with this report. It has 

been a pleasure to work with them and to work at Atlas Copco. I would also like to thank 

Kenneth for all the time he has spent with me in the work shop, showing and explaining how 

different mining equipment work. That was really exiting.  

I am also very grateful to my supervisor Docent Karl Gustaf Sundin, at Luleå University of 

Technology, for all the help he has giving me with the report and for all the valuable 

suggestions of improvements he has given me. 

I would also like to thank the whole group on Applied Mechanics, at Atlas Copco Rock Drills 

AB, for all the help and for all the interesting discussions.  

Finally, I would like to thank my family for all their support and encouragement. I am very 

lucky to have you.



 

 

 

Contents 

1 Introduction ........................................................................................................................ 1 

2 Elastic wave theory ............................................................................................................ 4 

2.1 Elastic waves in an infinite solid ................................................................................. 4 

2.1.1 The two types of elastic waves in the infinite solid ............................................. 4 

2.1.2 Plane waves .......................................................................................................... 6 

2.2 Elastic waves in semi-infinite media ........................................................................... 7 

2.2.1 Reflection at a free boundary ............................................................................... 7 

2.2.2 Rayleigh surface waves ...................................................................................... 10 

2.3 Elastic longitudinal waves in a circular cylindrical rod of infinite length ................. 12 

2.3.1 Pochhammer’s frequency equation and longitudinal modes .............................. 12 

2.3.2 Dispersion ........................................................................................................... 16 

2.3.3 Mode shapes ....................................................................................................... 18 

2.3.4 Mode stresses ..................................................................................................... 19 

2.3.5 Mode power flow density ................................................................................... 20 

2.4 Three examples of longitudinal wave propagation in the infinite rod ....................... 21 

2.4.1 Propagation of a pulse train ................................................................................ 21 

2.4.2 Dispersion of a Dirac pulse ................................................................................ 26 

2.4.3 Dispersion of a rectangular pulse ....................................................................... 28 

2.5 Coaxial impact of two circular rods of semi-infinite length ...................................... 31 

2.6 Stress amplification in a stepped rod ......................................................................... 35 

2.7 Discussion .................................................................................................................. 37 

3 Stress analysis .................................................................................................................. 38 

3.1 Method ....................................................................................................................... 38 

3.1.1 Model and boundary conditions ......................................................................... 38 

3.1.2 Initial conditions ................................................................................................. 39 

3.1.3 Element, contact conditions and mesh ............................................................... 39 

3.1.4 Solver ................................................................................................................. 40 

3.1.5 Implementation into ANSYS ............................................................................. 40 

3.1.6 Stress analysis at fillet ........................................................................................ 41 

3.1.7 Radial stress analysis .......................................................................................... 41 

3.2 Results ....................................................................................................................... 41 



 

 

3.2.1 Circular fillet ...................................................................................................... 42 

3.2.2 Double radius fillet ............................................................................................. 46 

3.2.3 Baud fillet ........................................................................................................... 50 

3.3 The influence of mesh density, time step and numerical damping ........................... 52 

3.3.1 Mesh density ...................................................................................................... 52 

3.3.2 Time step ............................................................................................................ 53 

3.3.3 Numerical damping ............................................................................................ 55 

3.4 Discussion .................................................................................................................. 55 

4 Static fillet optimization ................................................................................................... 57 

4.1 Method ....................................................................................................................... 57 

4.2 Results ....................................................................................................................... 60 

4.2.1 Undercut fillet governed by four design variables ............................................. 60 

4.2.2 Undercut fillet governed by two or one design variable(s) ................................ 61 

4.2.3 Stress analysis .................................................................................................... 62 

4.3 Discussion .................................................................................................................. 67 

5 Fatigue analysis ................................................................................................................ 68 

5.1 Material data .............................................................................................................. 68 

5.2 The effect of notches ................................................................................................. 69 

5.3 Characterization of the stress state at surface of the fillet ......................................... 69 

5.4 Hot spot ...................................................................................................................... 73 

5.5 Fatigue damage cycle ................................................................................................ 73 

5.6 Fatigue analysis ‒ equivalent stress methods ............................................................ 74 

5.6.1 Maximum principal stress method ..................................................................... 74 

5.6.2 Maximum shear stress method ........................................................................... 75 

5.6.3 Octahedral shear stress method .......................................................................... 75 

5.7 Fatigue analysis ‒ Stress invariant methods .............................................................. 76 

5.7.1 Sines’ Method .................................................................................................... 76 

5.7.2 Crossland’s Method ............................................................................................ 77 

5.8 Fatigue analysis ‒ critical plane methods .................................................................. 78 

5.8.1 Findley’s method ................................................................................................ 79 

5.8.2 McDiarmid’s method ......................................................................................... 81 

5.9 Discussion .................................................................................................................. 82 

6 Transient fillet optimization ............................................................................................. 84 



 

 

6.1 Method ....................................................................................................................... 84 

6.2 Results ....................................................................................................................... 85 

6.3 Discussion .................................................................................................................. 86 

7 Weight optimization of piston tail .................................................................................... 87 

7.1 Method ....................................................................................................................... 88 

7.2 Result ......................................................................................................................... 89 

7.3 Discussion .................................................................................................................. 89 

8 Summary and results ........................................................................................................ 90 

9 Future work ...................................................................................................................... 90 

10 References ........................................................................................................................ 94 

A Appendix .......................................................................................................................... 96 

A.1 Transient analysis of BBX262 with a circular fillet .................................................. 96 

A.2  fillet_stress.mac ......................................................................................................... 98 

A.3  radial_stress.mac ........................................................................................................ 99 

A.4 principal_data.mac ................................................................................................... 100 

A.5 Static fillet optimization .......................................................................................... 102 

A.6 Transient fillet optimization .................................................................................... 104 

A.7 maximum_stress_range.mac .................................................................................... 107 

A.8 Weight optimization of piston tail ........................................................................... 108 

A.9 Matlab script for Findley’s method ......................................................................... 112 



1 

 

1 Introduction 
Hydraulic percussive rock drilling is one of the most common methods for drilling small and 

medium sizes holes in rocks. The working principle is that a hydraulic hammer impacts on 

one end of a drill rod. That will cause a stress pulse to propagate in the drill rod to a drill bit, 

mounted in the other end. The drill bit is in contact with the rock by an applied force and 

transmits the stress pulse to the rock. When the stress pulse is transmitted to the rock it will 

fracture it. High pressure water or high pressure air cleans the hole from the fractured rock. 

Figure 1.1 shows a Boomer, a typical machine to preform percussive rock drilling. The 

Boomer is used to make tunnels and normally has one to three booms.  

 

Figure 1.1. Boomer with two booms and one inspection lift. a) Booms, b) Hydraulic hammer, c) Inspection 

lift. 

On each boom a hydraulic hammer is mounted. The hammer can slide on a sledge in order to 

drive the bit into the rock, see Figure 1.2. 

 

Figure 1.2. Sledge. a) Hydraulic hammer, b) Drill rod, c) Drill bit. 
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The working principle of the hydraulic hammer is that an oil pressure accelerates an impact 

piston, which impacts on a shank adapter. The shank adapter leads the stress pulse from the 

impact to the drill rod trough a threaded joint. Atlas Copco’s hydraulic hammers works in the 

frequency range of 40‒120 impacts per second, and each impact contains a few hundreds of 

Joules. Figure 1.3 shows a 20 kW hydraulic hammer. 

 

Figure 1.3. Hydraulic hammer. a) Impact piston, b) Shank adapter. 

Each time that the piston impacts on the shank adapter will also a stress pulse propagates in 

the piston. This pulse gives rise to a complicated fluctuating stress state. One critical location 

on the piston is the fillet between the boom and the tail. The surface of this fillet has large 

stress ranges, and fatigue fractures are most common here. Figure 1.4 shows a piston where 

the tail has separated from the boom due to a fatigue fracture in the fillet. 

 

Figure 1.4. Fractured impact piston. a) Boom, b) Tail, c) The critical fillet. 

In order to reduce the stress in the fillet, Atlas Copco has used a double radius fillet. This fillet 

gives much lower stress concentrations than the ordinary circular fillet. 

The focus in this report was to determine the stress state in the double radius fillet, and to 

improve the geometry of this fillet to get lower stress concentrations. That was done for the 

impact piston BBX 262, but the methods can easily be transferred to other pistons. BBX 262 

is shown in Figure 1.5. Only one type of shank adapter and drill rod was used. They were 

compound to form one part, see Figure 1.6. 
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Figure 1.5. Impact piston BBX 262. 
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Figure 1.6. Compound shank adapter and drill rod.
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2 Elastic wave theory 
When the impact piston impacts on the shank adapter, disturbances in the material of the 

piston start to propagate from the area of the impact to every location of the piston. These 

disturbances propagate with a finite velocity and reflect at boundaries, giving raise to a 

complicated time dependent stress field in the piston. The reason that the material 

disturbances propagate with a finite velocity is the ability of the material to deform, and that it 

has inertia. In this report it was assumed that the impact only leads to elastic deformations, so 

that the material disturbances can be described by elastic wave theory. This chapter 

investigates how elastic waves propagate in solids, especially in rods, in order to understand 

the resulting stress field in the piston from the impact with the shank adapter. 

2.1 Elastic waves in an infinite solid 
In this section elastic waves in an infinite elastic solid are briefly studied. It is found that only 

two types of elastic waves can exit in this solid: dilatational waves and distortional waves. 

Plane waves and their polarization for dilation and distortion waves are also considered. 

2.1.1 The two types of elastic waves in the infinite solid 

Assume a homogenous, isotropic, linear elastic solid with no body forces, extending to the 

infinity in every direction. Introduce a Cartesian coordinate system 0xyz. Assume that only 

infinitesimal deformations occur to the material. Hooke’s law can then be used to relate 

stresses and strains as 

 2 ,ij kk ij ij       (2.1) 

where 
ij  and 

ij  are the stress tensor and the strain tensor for the solid, respectively, and 
ij  

is the Kronecker delta. λ and μ are Lame’s elastic constants for the solid. Let ( , , )T

x y zu u uu

be the displacement of a material point. Due to the assumed infinitesimal deformations, the 

strain tensor can be written as 

  , ,

1
.

2
ij i j j iu u     (2.2) 

The equations of motion for the solid can now be written as (Navier’s equations, [1])  

 , ,( ) ,j ji i jj iu u u        (2.3) 

or, in vector form as 

 2( ) ,       u u u   (2.4) 

where ρ is the mass density of the solid. The equations of motion in (2.3) (or equivalent (2.4)) 

are a highly complex set of of non-linear PDE, but simplifications can be made by 

decomposing the displacement vector according to Helmoltz’s decomposition theorem. This 

theorem states that a vector v  can be written as the sum of the gradient of a scalar potential 

  and the curl of a vector potential H , where the divergence of H  vanish, i.e. 
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 , 0.  v H H   (2.5) 

Applying this theorem to the displacement vector u  for the solid gives 

 , 0.  u H H   (2.6) 

It can now be shown that   in (2.6) corresponds to the dilatation   of the solid (i.e. the 

volume change) and that H  in (2.6) corresponds to the distortion ω  of the solid (i.e. the 

rotation), thorough the equations 

 2 ,   u   (2.7) 

 21 1
.

2 2
    ω u H   (2.8) 

Substituting the decomposition of the displacement (2.6)  into the equations of motion (2.4), 

gives 

    2 2( 2 ) 0.            H H   (2.9) 

One obvious solution to (2.9), which has also been shown to be the complete solution (see 

[2]), is 

 2

12

1

1 2
, ,c

c

 




       (2.10) 

 2

22

2

1
, .  c

c




  H H   (2.11) 

Applying the Laplace operator on both sides of (2.10) and (2.11), and using (2.7) and (2.8), 

gives 

 2

2

1

1
,

c
      (2.12) 

 2

2

2

1
.

c
 ω ω   (2.13) 

Thus the equations of motion for the solid reduce to two independent wave equations. 

Equation (2.12) yields solutions of non-dispersive dilatational waves with the phase velocity 

1c , and Equation (2.13) yields solutions of non-dispersive distortional waves with phase 

velocity 2c . Because (2.12) and (2.13) are the the complete solutions of the equations of 

motion for the solid, we can deduce that an arbitrary elastic wave in the solid must be a 

superposition of dilatational and distortional waves.  
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The material in the impact piston has the elastic modulus E = 210 GPa, the Poisson’s ratio ν = 

0.30, and the mass density ρ = 7800 kg/m
3
. Using the values of E and ν in the relations 

 , ,
(1 )(1 2 ) 2(1 )

E E
 

  
 

  
  (2.14) 

and inserting the resulting values for λ and μ together with ρ, into (2.12) and (2.13), gives the 

phase velocities 

 1 26020 m/s, 3218 m/s.c c   

Thus dilatational waves in an infinite solid of the same material as in the impact piston will 

propagate with the phase velocity 1 6020c   m/s. Distortional waves will propagate with the 

phase velocity 2 3218c   m/s in this solid.    

Dilatational waves are commonly also called P-waves (primary waves) and distortional waves 

are commonly called S-waves (secondary waves, because 1 2c c ).   

2.1.2 Plane waves 

We are now going to investigate plane harmonic waves in the infinite solid. These plane 

waves are particularly interesting, because a large class of wave trains and wave pulses can be 

represented as superposition of them as Fourier series and as Fourier integrals. 

Consider first a plane harmonic dilatational wave train 

  1exp ( ) ,A ik c t   x n   (2.15) 

where n is a unit vector in the direction of propagation, A is the scalar amplitude, k is the 

wave number and 1c  is the phase velocity of dilatational waves. Without loss of generality, 

we can assume that n coincides with with the x-axis. That implies that Δ is independent of y 

and z. From (2.7) and (2.10), it can now be realized that Δ must come from a potential Φ on 

the form 

 1exp[ ( )] ,B ik x c t C      (2.16) 

where B and C are constants. If we assume that no distortion occurs, i.e. H = 0, (2.6) gives 

that u . Inserting this into (2.16) yields that 0.y zu u   Thus for a plane harmonic 

dilatational wave, the displacement has the same direction as the propagation. 

Let us now consider a plane harmonic distortional wave train 

  2exp ( ) ,ik c t  ω A x n   (2.17) 

where we again let the wave normal n be in the direction of the x-axis. From (2.8) and (2.11), 

it can be realized that ω must come from a potential on the form 
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 2exp[ ( )] .i i iH B ik x c t C     (2.18) 

If we assume that no dilation is present, i.e. 0 u , (2.6) reduces to u H . We can 

consider each component of H separately. First let 0, 0z x yH H H   . That gives 

0, 0.y x zu u u    By assuming that the x,y-plane is the vertical plane, this wave is 

commonly called the SV-wave (secondary vertical wave). If we let 0, 0y x zH H H   , we 

get 0, 0.z x yu u u    By assuming that the x,z-plane is the horizontal plane, this wave is 

commonly called the SH-wave (secondary vertical wave). Finally, if 0, 0x y zH H H   , we 

get u = 0. Thus the plane distortional harmonic wave always has displacements perpendicular 

to the direction of propagation.  

2.2 Elastic waves in semi-infinite media 
In this section it is examined how the previously considered P-waves (dilatational waves) and 

S-waves (distortional waves) reflect at a free boundary. Rayleigh surface waves are also 

briefly considered. 

2.2.1 Reflection at a free boundary 

Let the previous infinite solid now be semi-infinite, with a free surface at y = 0, and extending 

towards y   . Consider a plane harmonic P-wave, impinging on the free boundary at an 

angel 0  to its normal, and having propagation direction in the x,y-plane  

 
0 0 0 1 0 0exp[ ( )], (sin ,cos ,0) .TA ik c t      n x n   (2.19) 

From the previous section, we know that the P-wave give rise to longitudinal particle motion. 

Thus the particle motion due to (2.19) can be written as 

 0 0 0 0 1 0 0 0exp[ ( )], .ik c t B   u B n x B n   (2.20) 

Assume now that the impinging P-wave will be reflected as a new plane P-wave, propagating 

away from the free surface, with an angel 1  to the normal of the surface. This is shown in 

Figure 2.1. 

x

y

Incidenting P-wave
Reflected P-wave

 

Figure 2.1. Reflection of a P-wave at a free surface. 
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We write the particle motion of the reflected P-wave as 

 
1 1 1 1 1

1 1 1 1 1 1

exp[ ( )],

(sin , cos ,0) , .T

ik c t

B 

  

  

u B n x

n B n
  (2.21) 

The free surface has no traction, thus 

 0, 0.yy yx yz y        (2.22) 

From (2.1) and (2.2), and because there is no z dependence, this can be expressed as 

 ( 2 ) 2 0, 0,
yx x

yy

uu u
y

x y x
   

  
      

   
  (2.23) 

 0, 0,
yx

yx

uu
y

y x
 

 
    

  
  (2.24) 

 .z
yz

u

y
 





  (2.25) 

Superposing the displacements (2.20) and (2.21), and inserting the result into (2.23) and 

(2.24) , gives 

 

2

0 0 0 0 0 1

2

1 1 1 1 1 1

( 2 cos ) exp( (sin ))

( 2 cos ) exp( (sin )) 0,

yy ik B ik x c t

ik B ik x c t

    

   

  

   
  (2.26) 

 
0 0 0 0 0 0 1

1 1 1 1 1 1 1

2 sin cos exp( (sin ))

2 sin cos exp( (sin )) 0.

yx ik B ik x c t

ik B ik x c t

    

   

 

  
  (2.27) 

Equation (2.26) is only satisfied for all values of x and t if 1 0  , 1 0k k  and 1 0B B  . But 

then equation (2.27) is not satisfied. Thus the reflection of a P-wave is not enough to satisfy 

the boundary condition, there must also be a reflected S-wave. By studying (2.25),  (2.26) and 

(2.27), it is realized that this wave must be a SV-wave (remember from the previous section 

that the S-wave corresponds to transvers particle motion, and that it can be decomposed into 

two parts: SH-waves and SV-waves, where SH-waves correspond to particle motion in the 

x,z-plane (the horizontal plane) and SV-waves correspond to particle motion in the x,y-plane 

(the vertical plane)). Let the SV-wave have the angle 2  to the normal of the free surface, and 

the particle displacement 

 

2 2 2 2 2

2 2 2

2 2 2 2 2

exp[ ( )],

(sin , cos ,0) ,

(cos ,sin ,0) .

T

T

z

ik c t

B

 

 

  

 

  

u B n x

n

B e n

  (2.28) 

The reflection of the P-wave is now as shown in Figure 2.2. 
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x

y

Incidenting P-wave Reflected P-wave

Reflected SV-wave

 

Figure 2.2. Reflection of a P-wave at a free surface. 

Superposing the displacements (2.20), (2.21) and (2.28), and inserting the result into the 

boundary conditions (2.23) and (2.24), gives 

 

2

0 0 0 0 0 1

2

1 1 1 1 1 1

2 2 2 2 2 2 2

( 2 cos ) exp( (sin ))

( 2 cos ) exp( (sin ))

2 sin cos exp( (sin )) 0,

yy ik B ik x c t

ik B ik x c t

ik B ik x c t

    

   

   

  

  

  

  (2.29) 

 

0 0 0 0 0 0 1

1 1 1 1 1 1 1

2 2

2 2 2 2 1 2 2

2 sin cos exp( (sin ))

2 sin cos exp( (sin ))

(sin cos ) exp( (sin )) 0.

yx ik B ik x c t

ik B ik x c t

ik B ik x c t

    

   

   

 

 

  

  (2.30) 

In order to satisfy (2.29) and (2.30), for all x and t, the exponentials must be factored out. That 

can only be done if 

 
1 0 2 0 1 2

1 0 2 2 1 0

, ,

, sin ( )sin .

k k k k c c

c c   

 

 
  (2.31) 

Applying this to (2.29) and (2.30), and factoring out the exponentials, results in the system 

 

2 2

0 1 0 1 2 2 2 0 0

0 1 0 1 2 2 2 0 0

( 2 cos )( ) ( ) sin 2 ( ) ( 2 cos ),

sin 2 ( ) ( ) cos 2 ( ) sin 2 .

B B c c B B

B B c c B B

       

     

    

   
  (2.32) 

This system has the solution 

 

2 2

0 2 1 2 21

2 2

0 0 2 1 2 2

1 2 0 22

2 2

0 0 2 1 2 2

sin 2 sin 2 ( ) cos 2
,

sin 2 sin 2 ( ) cos 2

2( )sin 2 cos 2
.

sin 2 sin 2 ( ) cos 2

c cB

B c c

c cB

B c c

  

  

 

  









  (2.33) 

The boundary condition (2.25) is automatically fulfilled because we have no particle motion 

in the z-direction. Thus the condition that the free surface is traction free is now full filled. So 
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a P-wave will be reflected as a P-wave and as a SV-wave. The reflected P-wave will have the 

same angle to the surface normal as the incident P-wave, and the angle of the reflected SV-

wave to the surface normal is given in (2.31). The relations between the amplitudes are stated 

in (2.33). 

In an analogue way, one can show that an incident SV-wave on the free surface will reflect as 

a P-wave and as a SV-wave. The incident and reflected SV-wave will have the same angle to 

the surface normal. If we let the 0-index stand for the incident SV-wave, the 1-index stand for 

the reflected P-wave and the 2-index stand for the reflected SV- wave, the results in (2.31) 

and in (2.33) can be stated for the case of refection of an SV-wave as 

 
2 0 1 0 2 1

2 0 1 1 2 0

, ,

, sin ( )sin ,

k k k k c c

c c   

 

 
  (2.34) 
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sin 2 sin 2 ( ) cos 2

sin 2 sin 2 ( ) cos 2
.

sin 2 sin 2 ( ) cos 2
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B c c

c cB

B c c



  

  

  

 







  (2.35) 

The reflection of a plane harmonic SH-wave is simpler. Only one reflected SH-wave will be 

reflected, no other waves. This reflected SH-wave will be in phase with the incident wave, 

and have the same angle to the surface normal as the incident wave. 

A more detailed study of reflection can be found in [3] and [2], where also refraction and 

diffraction are studied. 

2.2.2 Rayleigh surface waves 

We have seen in the previous section that only two types of elastic waves can exit in the 

infinite solid. But the equations of motion can also be satisfied by waves on the form 

 

exp[ ( )],

exp[ ( )],

0,

Im( ) 0, 0,

ay

x x

ay

y y

z

u A e ik x ct

u A e ik x ct

u

a a

 

 



 

  (2.36) 

under certain conditions on  , ,x yA A a  and c. This wave is not physically acceptable for the 

infinite solid, because the amplitude goes to infinity when y goes to infinity. But for the 

previously considered semi-infinite solid 0y  , with a traction free surface at y = 0, it is 

physically acceptable, and it is then called a Rayleigh surface wave. This is a surface wave 

because the amplitude of both the longitudinal and transverse motion decays exponentially 

with the distance from the surface, thus the main particle motion occurs close to the surface. 

Rayleigh waves are non-dispersive, and have the phase velocity Rc . A good approximation of 

Rc  is 
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2

0.862 1.14
,

1
Rc c









  (2.37) 

where ν is Poisson’s ratio and 
2c  is the phase velocity of S-waves. For the material of the 

impact piston, these values are 0.30   and 2 3218c   m/s, which results in Rc   2980 m/s. 

The particle motion of the Rayleigh wave is elliptical, where the transverse motion is 

approximately 1.5 times larger than the longitudinal motion. This is shown in Figure 2.3.  

 

Figure 2.3. Particle motion of a Rayleigh wave. Taken from [1] : Fig. 7.9:1. 

More information about Rayleigh surface waves can be found in [2] and [3]. We conclude this 

section by considering an illustrative elastic wave problem for the semi-infinite solid, taken 

from [2]. Consider a harmonic load, acting on a small circular area on the surface of the semi-

infinite solid in the the direction of the normal to the surface. The far field radiation from this 

source is shown in Figure 2.4. The wave fronts of the P-waves (here called compression 

waves) and the S-waves (here called shear waves) are propagating hemispherically from the 

source, while the Rayleigh surface wave front propagates along the surface, away from the 

source. The Rayleigh wave has been decomposed into its vertical and horizontal 

displacements components. The spacing between them is in accord with their phase velocities, 

and the amplitude shown is in accord with their particle motion. The different powers of r in 

the figure show how the amplitudes fall off with the distance from the source. For example, 

the amplitudes of the P- and S-waves are falling off with r
-1

 in the body of the solid, while the 

amplitude of the Rayleigh surface waves fall off with r
-0.5

. The reason why the amplitudes of 

the P- and S-waves fall off more rapidly with the distance from the source than the amplitude 

of the Rayleigh surface wave is that they spread out in three dimensions, while the Rayleigh 

surface wave is basically propagating in two dimensions. The table in Figure 2.4 gives the 

partition of energy between the different waves. 
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Figure 2.4. Far field radiation in the semi-infinite solid due to a harmonic normal stress load, acting on a 

circular area on the surface of the solid. Taken from [2]: Fig 6.19. 

2.3 Elastic longitudinal waves in a circular cylindrical rod of infinite 

length 
There are three different modes of wave propagation along the axis of a circular cylindrical 

rod: longitudinal, torsional and flexural (bending). We assume that the impact between the 

impact piston and the shank adapter is coaxial, so that no torsional or flexure waves will be 

induced in the piston, only longitudinal waves. This section concerns with the basics of 

longitudinal wave propagation in circular cylindrical infinite rods with traction free surface. 

2.3.1 Pochhammer’s frequency equation and longitudinal modes 

Consider a circular cylindrical infinite rod with radius R and traction free surface. Introduce a 

cylindrical coordinate system 0rθz, where z coincides with the axis of the rod. In cylindrical 

coordinates, the divergence of the scalar potential for the displacement vector in (2.5) can be 

written as  

 
1

, , ,
r r z

   
   

   
  (2.38) 

and the curl of the vector potential for the displacement vector in (2.5) becomes 

 
( )1 1

.z r z r
r z

H rHH H H H

r z z r r r

 


 

        
          

         
H e e e   (2.39) 

For longitudinal waves, there are no displacements in the θ-direction. Thus all θ-dependence 

in (2.38) and (2.39) vanish, and the particle motion for longitudinal waves become 
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  (2.40) 

Note that 0r zH H  . The stresses in the rod can now be written as 
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  (2.41) 

The Laplacian of the scalar potential Φ and the vector potential H is 

 
2 2

2

2 2

1
,

r r r z

    
    

  
  (2.42) 

 
2 2

2

2 2

1
0 0 .r z

H H H

r r r z

  


   
        

   
H e e e   (2.43) 

Substituting these results into the equations of motions (2.10) and (2.11), gives 

 
2 2 2

2 2 2 2

1

1 1
,

r r r z c t

      
  

   
  (2.44) 

 
2 2 2

2 2 2 2 2

2

1 1
.

H H H H H

r r r z r c t

       
   

   
  (2.45) 

These are wave equations in cylindrical coordinates, governing θ- invariant motions in the 

rod. Assume solutions on the forms 

 ( )exp[ ( )],f r i kz t     (2.46) 

 ( )exp[ ( )].H g r i kz t     (2.47) 

Substituting (2.46) into (2.44), leads to the zero order Bessel equation 

 
2 2

2 2 2

2 2

1

1
0; .

d f df
f k

dr r dr c


        (2.48) 
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This equation has the bounded solution 

 0( ),f AJ r   (2.49) 

where 0 ( )J r  is the zero order Bessel function. Substituting (2.47) into (2.45), gives the first 

order Bessel equation 

 
2 2

2 2 2

2 2 2

2

1 1
0; ,

d g dg
g k

dr r dr r c


 
 

      
 

  (2.50) 

with the bounded solution 

 1( ),g BJ r   (2.51) 

where 1( )J r is the first order Bessel function. The displacements can now be written as 

 

1 1

0 1

( ) ( ) exp[ ( )],

( ) ( ) exp[ ( )].

r

z

A
u B J r ikJ r i kz t

B

A
u B i kJ r i J r i kz t

B

   

   

 
    

 

 
   

 

  (2.52) 

We now want to satisfy the boundary condition of a traction free surface of the rod, i.e. 

 0, .rr rz r r R        (2.53) 

By using the displacements in (2.52) and the stress-displacements relations in (2.41), (2.53) 

can be written as the system 

 

   

2 2

1 0 1 0

2 2

1 1

1
( ) ( ) ( ) ( ) ( ) 0,

2

2 ( ) ( ) ( ) 0.

ik
J R k J R A J R ik J R B

R R

ik J R A k J R B


     

   

   
       

   

   

  (2.54) 

This system has a non-trivial solution when the determinant of the coefficients vanish, which 

gives 

 2 2 2 2 2 2

1 1 0 1 1 0

2
( ) ( ) ( ) ( ) ( ) ( ) 4 ( ) ( ) 0.k J r J r k J r J r k J r J r

R


               (2.55) 

Equation (2.55) is the Pochhammer frequency equation for longitudinal modes. It relates the 

circular frequency ω and the wave number k for the longitudinal waves in (2.52), which are 

called modes. The modes can be interpreted as a resultant of a set of plane dilatational waves 

and plane distortional waves, whose normals form cones around the axis of the rod. For each 

ω > 0 the frequency equation (2.55) has infinitely many rots, corresponding to values on k. If 

k is real, the corresponding mode is propagating along the rod, and it is called a free vibration 

of the rod. If k is complex, the corresponding mode is attenuating along the axis of the rod. A 
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part of the complete frequency spectrum of (2.55) is shown in Figure 2.5. Here   is the non-

dimensional wave number Rk  , and Ω is the non-dimensional circular frequency 

2R c   , where δ is the lowest non-zero rot of 1( ) 0.J    

 

Figure 2.5. Frequency spectrum for the longitudinal modes of the cylindrical circular infinite rod. Taken from 

[2]: Fig. 8.17. 

A detailed discussion of this frequency spectrum can be found in [4]. 
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2.3.2 Dispersion 

It can be shown that a large class of longitudinal wave motions in the rod can be spanned by 

the longitudinal modes; see [5] and [6]. That includes wave motions that results from large 

classes of externally applied surface forces, and/or externally applied volume forces. Here we 

can expect non-propagating modes to be close to the source where the load is applied, and far 

from the source, the wave motion will only consist of propagating modes. We will now 

examine the propagating modes (i.e. k real) more closely for a rod with the same material as 

the impact piston, and with a radius R = 17 mm (same radius as the radius of the boom of the 

piston). Inserting this value on R into the frequency equation (2.55) together with the 

dilatational and distortional phase velocities for the given material (which were determined in 

section 2.1.1), and solving for k = 0 with Maple’s solve command, results in the following 

first three real rots 

 3 3

1 2 30 rad/s, 725.080 10  rad/s, 752.726 10  rad/s.        

By using these values as initial guesses in Matlab’s fzero command, the relations between the 

frequency and the wave number can be plotted for the first three modes, see Figure 2.6. 

Observe that the ordinary frequency 2f    has been plotted. 

 

Figure 2.6. Frequencies for the first three longitudinal modes. 

From the plot above, it can be seen that the first mode will propagate for all frequencies, while 

the second and third modes have cutoff frequencies. Thus the higher modes will not propagate 

if their frequencies are below certain values. It can also be seen from the plot that the ratio 

between the frequency and the wave number is not constant, leading to phase velocities which 

depend on the value of the frequency. This is shown in Figure 2.7, where the phase velocities 

for the first three modes have been plotted. We can now clearly see how the phase velocity for 

each mode depends on the frequency. Thus if a pulse in the rod is a superposition of many 

modes, with a wide range of frequencies, it is going to disperse as it propagates along the rod 
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because the different modes propagate with different phase velocities. This is called 

dispersion. It is a result of the fact that the different wave types (P-waves, S-wave and 

Rayleigh waves) reflect and/or interact at the boundary of the piston, creating a complicated 

displacement field. How fast energy is transmitting also depends on this interaction. 

 

Figure 2.7. Phase velocities for the first three longitudinal modes. 

It is interesting to see that the phase velocity of the first mode approaches the phase velocity 

of Rayleigh waves ( Rc   2980 m/s, see section 2.2.2) for large values on the frequency. The 

phase velocities of the higher modes approach infinity when the frequency approaches their 

cutoff frequencies (from above). However, energy is not propagating with the phase velocity; 

it propagates with the group velocity gc  . The group velocity is given by 

 .g

d
c

dk


   (2.56) 

The group velocities for the first three modes are shown in Figure 2.8. From the figure, it can 

be seen that the energy is transmitted fastest by the first mode at low frequencies.  
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Figure 2.8. Group velocities for the first three longitudinal modes. 

2.3.3 Mode shapes 

The normalized mode shapes for the first two modes have been plotted in Figure 2.9 for 

different frequencies. That was done by calculating the magnitude of the complex amplitudes 

of the displacements in (2.52) (with the suitable values on ω and k). Normalization was done 

with the value  max ,r zu u . Observe that the ratio /A B  in (2.52) can be determined from 

(2.54). 

0 50 100 150 200 250 300 350 400 450 500
0

1000

2000

3000

4000

5000

6000

f [kHz]

U
 [

m
/s

]

 

 

Mode 1

Mode 2

Mode 3



19 

 

 

Figure 2.9. Mode shapes for the first two longitudinal modes at different frequency. 

From the figure, it can be seen that the particle motion in the first mode is almost entirely in 

the z-direction if f is less than 10 kHz. Displacements in the r-direction are small in this 

frequency interval. For higher frequencies, it can be seen that the displacement in the r-

direction for the first mode becomes dominant, and that the largest displacements occur close 

to the surface (r = R = 17 mm). This is in agreement with Rayleigh waves (remember that the 

phase velocity of the first mode approaches the phase velocity of Rayleigh waves for high 

frequencies). The particle motion in the second mode is largest in the z-direction for low 

frequencies, but for high frequencies, the motion is mainly in the r-direction. 

2.3.4 Mode stresses 

The different stresses corresponding to the first two modes have been plotted in Figure 2.10 

for different frequencies. That was done by substituting the displacements in (2.52) into the 

stress relations in (2.41), and determining the magnitude of their amplitudes in the complex 

plane. Normalization was done with the value  max , , ,rr zz rz    . 
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Figure 2.10. Mode stresses for the first two longitudinal modes at different frequencies. 

From the figure, it can be seen that the axial stress is constant on the cross section of the rod 

for the first mode at a low frequency. The same is true for the circumferential stress  , and 

the shear stress rz  is constantly zero on the cross section. For higher frequencies of the first 

mode, the center of the rod is stress free, but in the vicinity of the surface, all the previous 

stresses are non-zero. For the second mode, all stress components are present for all 

frequencies, but for higher frequencies the shear stress is dominating. 

2.3.5 Mode power flow density 

The total power flow of a displacement field in the rod in the axial direction is given by 

 ,z

S

P ds P e   (2.57) 

where S is the cross section of the rod and P is the Poynting vector 

 .i
j ij

u
P

t



 


  (2.58) 

The quantity zP e  is the power flow density in the axial direction. In Figure 2.11, the 

normalized power flow density in the axial direction has been plotted for the first two modes 

for different frequencies. 

   

-1 -0.5 0 0.5 1
0

5

10

15



r 
[m

m
]

Mode 1, f = 10 kHz

 

 

 rr



 zz

 rz

-1 -0.5 0 0.5 1
0

5

10

15



r 
[m

m
]

Mode 1, f = 1000 kHz

 

 

 rr



 zz

 rz

-1 -0.5 0 0.5 1
0

5

10

15



r 
[m

m
]

Mode 2, f = 120 kHz

 

 

 rr



 zz

 rz

-1 -0.5 0 0.5 1
0

5

10

15


r 

[m
m

]

Mode 2, f = 1000 kHz

 

 

 rr



 zz

 rz



21 

 

 

 

Figure 2.11. Power flow densities in the axial direction for the first two longitudinal modes.  

From the figure it can be seen that the axial power flow is almost uniform on the cross section 

of the rod for a low frequency of the first mode. For high frequencies, all axial power flow 

occurs near the surface for the first mode. For the second mode, most axial power flow occurs 

at the surface for low frequencies, while for high frequencies most power flow occurs in the 

middle of the cross section. 

2.4 Three examples of longitudinal wave propagation in the infinite rod 
In this section, three problems of wave propagation in the circular cylindrical infinite rod are 

considered. First the dispersion of a pulse train is studied, then the dispersion of a sharp pulse 

is studied, and finally the dispersion of a rectangular pulse is considered.  All three problems 

are studied on a rod of the same material as the impact piston, and with the radius R = 17 mm 

(which is a characteristic radius of the impact piston). All the problems are inspired by 

Davies’ paper [7], where he studies the Hopkinson pressure bar. 

2.4.1 Propagation of a pulse train 

Consider two circular rods with the same diameter. Let one of the rods have a finite length, 

while the other has a semi-infinite length. When the finite rod impacts coaxially with the 

semi-infinite rod, the elementary one dimensional rod theory predicts that a rectangular axial 

stress pulse will start to propagate in the semi-infinite rod. We will briefly discuss the 

elementary one dimensional rod theory in the last section of this chapter. More information 

about it can be found in [2]. This theory is an approximation, and yields good average values 

on stresses and displacements under impacts, but it can not deal with dispersion, which occurs 

unless the frequency content is very low. We are now going to study how a train of initially 

rectangular pulses propagates in the rod with the use of the exact elastic equations. A train 

was considered instead of a single pulse because it can be represented as a Fourier series, 

while a pulse needs to be represented by a more complicated Fourier integral. We are later 

going to see that the Fourier series can be thought of as a mode superposition. The rectangular 
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stress pulse is not so favorable to expand in a Fourier series because it is discontinuous, so its 

Fourier series does not converge uniformly, which leads to Gibbs phenomena at the 

discontinuities. That is not desirable because we want to see the distortion of the pulse then it 

propagates, and Gibbs phenomena will make it harder to see that. So instead of a train of 

rectangular stress pulses, we are going to look on a train of Trapezium-shaped pulses, see 

Figure 2.12. This pulse is also more physically realistic because the stress is not now 

discontinuous. Here, T is the period, L is the time length of the pulse, a T   is the raise time 

of the pulse and S is the stress magnitude. 

t

s

aT

L

T

aT

S

 

Figure 2.12. Trapezium-shaped pulse train. 

By using the symmetry of the train, it can be realized that it can be expressed as a Fourier 

series of shifted cosine terms on the form 

 0
0

1

cos ,
2 2

n

n

a L
s S a n t





   
     

   
   (2.59) 

where s is the axial stress zz  and 
0

2

T


  . 

Assume now that the points on the fixed circle (r = r’, z = 0) of the rod experience the axial 

stress in Figure 2.12 , normalized so that S = 1. The axial stress for each mode at that circle 

can be found from the displacement (2.52) and the displacement stress relation (2.41), and is 

on the form 

 ( , )exp[ ].zz Bf k i t     (2.60) 

It can be shown that f is always real, so no frequency dependent phase angle will enter when 

one takes the real or imaginary part of (2.60). Thus we can consider (2.59) as a superposition 

of stresses from different modes where the weight from each mode is given by the Fourier 

coefficient na . The axial stress on the same circle (r = r’, z = 0), but at an axial distance z 

away from it, can then be determined by 



23 

 

 0
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( ) cos ,
2 2
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n n

a z L
s z a n t

c






  
     

  
   (2.61) 

where the phase velocity 
nc  depends on 

0n  through Pochhammer’s frequency equation 

(2.55), and the coefficients na  are the same as in (2.59) . Now, let T = 450 μs, L = T/4 and a = 

1/20 (the value of a gives a raise time that agrees with values found by FEA). If we use 50 

terms in (2.59), the highest frequency will be 050 698 krad/s  . That is bellow the cutoff 

frequency of the second mode, thus we only need to care about the first mode. The 

relationship between c and ω in this frequency ranges is seen in Figure 2.13. 

 

Figure 2.13. Phase velocity for the first mode. 

Figure 2.14 is a plot of (2.61) for z = 1 m, with 30, 40 and 50 terms. The undistorted pulse, 

propagating with the constant bar velocity 0 5189c E    m/s, has also been plotted, 

expended in 50 terms. Note that the top of the pulse oscillates, and that it has started to 

oscillate behind the main pulse. Note also that the 30, 40 and 50 term expansions almost 

coincides, thus using 50 terms should be a good approximation. In Figure 2.15, the stress at z 

= 10 m has been plotted. It can now be seen that the distortion is more severe than for z = 1 m, 

as would be expected because the different modes have had more time to separate.    
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Figure 2.14. Axial stress at z = 1 m. 

 

Figure 2.15. Axial stress at z = 10 m. 
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Remember that these are stresses on circles at a distance r from the axis of the rod, caused by 

the stress condition (2.59) at z = 0, r = r’. At other values of r, the stress might be completely 

different because of the adjustments to give a traction free outer surface of the rod. Figure 

2.16 shows the values of the Fourier coefficients in (2.59) for different values on n. As one 

can see from the plot, the highest values correspond to values of n less than 20. In Figure 

2.17, the stresses for the first mode with 020   have been plotted. The axial stress varies 

only slightly over the cross section of the rod. Because most weights are on modes with n<20, 

we can assume that if the pulse train was applied over the whole cross section at z = 0, the 

resulting axial stress at z =1 m and z = 10 m would approximately look like these in Figure 

2.14 and Figure 2.15, respectively, for every value on r. 

 

Figure 2.16. Values of the Fourier coefficients for different values on n. 
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Figure 2.17. Stresses corresponding to the first mode with ω = 20ω0.  

2.4.2 Dispersion of a Dirac pulse  

We will now study how a Dirac stress pulse, applied at the origin of the rod (r = 0, z = 0) at 

time zero, behaves as it propagates in in the rod. 

The Dirac delta function δ(t) has the Fourier transformation 

 ( ( ))( ) 1,F t     (2.62) 

and it has the Fourier integral 

 
1

( ) 1 exp( ) .
2

t i t dt 






    (2.63) 

As in the previous section, we consider the Fourier components to correspond to the 

longitudinal modes of the rod. The stress at a fixed point z can then be written as 

 
1

( , ) 1 exp( ( ) ,
2

s z t ik z ct dt






     (2.64) 

where k and ω are related trough Pochhammer’s frequency equation (2.54). The integral in 

(2.64) can be approximated by Kelvin’s stationary phase method. This method states that the 

main contribution to the integral occurs for the value of ω which makes the phase stationary. 

The phase is then expanded into a Taylor series around this value, and all terms except the 

first few are neglected. The integral is now much easier to solve. More information on 

Kelvin’s method can be found in [2]. We now apply this method to (2.64). The phase is 

stationary when 
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         (2.65) 

Thus Kelvin’s method gives that the dominant component of the integral in (2.64) at time t 

and at position z is such that the group velocity is equal to the ratio of the position and the 

time. The dominant frequency for our rod and for the first mode has been plotted in Figure 

2.18 for z = 1 m. From the figure, it can be seen that the stress pulse arrives to z = 1 m at time 

t = 193 μs (point A in the figure). The stress pulse will first be dominated by the lowest 

frequency modes, and as times goes, continuously higher and higher frequency modes will 

dominate until time t = 336 μs (point B), when all modes with approximately a frequency 

higher than 300 kHz will dominate the stress pulse (remember that the phase speed of the first 

mode is approaching rc  for high frequencies of the first mode, thus they will arrive at the 

same time). In the time range 336 μs < t < 505 μs, two different components will dominate, 

one from the curve BC and one from the curve CD. The curve BC corresponds to an 

increasing frequency while the curve CD corresponds to a decreasing frequency. After the 

time 505 μs the stress pulse has completely passed z = 1 m. In a similar way, one can account 

for the higher modes. Observer that the width of the pulse was zero from the beginning, but 

due to dispersion it has a width of 316 μs at z = 1. For large values of z, the width will 

increases even more. 

 

Figure 2.18. Dominat frequncy for the Dirac pulse at z = 1 m. 

The real part of the integrand in (2.64) has been plotted in Figure 2.19 for the dominating 

frequencies on the branch AC of the figure above at z = 1 m. In Figure 2.20, they have been 

plotted for the branch CD. Unfortunately, the resolution was a bit poor, therefore the bad 

quality of the plots. But they show the above reasoning. Thus we expect the stress at z = 1 m 

first to oscillate slowly, and as times goes on, oscillate faster, and suddenly at the time 336 μs 

a large increase of the oscillation occurs. After that time, the stress at z = 1 m is governed by 

two main Fourier components, one low oscillating and one high oscillating. Their frequency 
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will increase and decrease, respectively with time, and at the time 505 μs, their frequencies 

will coincide and the stress will die out after that. 

 

Figure 2.19. Dominating Fourier componets at z = 1 m for the frequencies on the branch AC. 

 

Figure 2.20. Dominating Fourier componets at z = 1 m for the frequencies on the branch CD. 

2.4.3 Dispersion of a rectangular pulse 

Finally, we take a look on a rectangular pulse and discuss how it distorts by directly looking 

on the group velocity curves. 

Consider the rectangular stress pulse 
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applied at the origin of the rod. Here, H(t) is the Heaviside function. The pulse is plotted in 

Figure 2.21. 

 

Figure 2.21. Rectangular stress pulse. 

 This pulse has the Fourier integral  
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We again consider this to be a superposition of the longitudinal modes at the origin. The stress 

at an arbitrary z is then given by 
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 The amplitude 
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has been plotted in Figure 2.22. From the figure, we can see that the contributions by modes 

with frequencies higher than 725 krad/s are small. This is below the cutoff frequency of the 

second mode. Thus we can consider the pulse to mainly consist of first modes, with a 

frequency not higher than 725 krad/s.  
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Figure 2.22. Amplitude. 

The energy in the pulse propagates with the group velocity. The group velocity of the first 

mode of our rod is plotted in Figure 2.23 in the frequency range 0 < ω < 730 krad/s.  

 

Figure 2.23. Group velocity of the first mode. 

Consider now a point z on the axis of the rod. The stresses first felt at that point will be due to 

the mode components of the pulse (2.68) with the highest group velocity. From Figure 2.23, it 

can be seen that these are the lowest frequency modes. As times goes, higher and higher 

frequency modes will arrive at the point. Any oscillations in the stress will first have a long 

time period, and as times goes, more and more rapid oscillations will be introduced. When all 

modes with cg values between point A and B in the figure above have arrived to the 

considered point suddenly modes with the highest frequencies will arrive (corresponding to 

point D in the figure). They have low amplitudes so they will be seen as a ripple on the pulse, 
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built up by the more dominating lower frequency modes. From that point of time, 

simultaneously modes from BC and CD will arrive at the point. That will introduce some kind 

of “beating” to the stress oscillation as the frequencies of the modes from BC and CD 

approaches the same value in point C, corresponding to the slowest energy propagating 

modes. After this time, the full distorted pulse is fully built up and it will die out after some 

time, which will be longer than the original time length of the pulse due to the distortion. The 

vanishing of the pulse will not be fully complete because the Fourier integral was truncated. 

2.5 Coaxial impact of two circular rods of semi-infinite length 
Elastic impact problems are extremely difficult to solve by analytical methods, due to the 

complexity of the elastic equations. Only very simple problems can be solved by these 

methods. Generally, the biggest problem is the evaluation of the inversion integrals. In 1957, 

Skalak published a paper [8] where he presented an approximate solution to the problem of 

two identical semi-infinite circular rods, impacting coaxially. The results did agree very well 

with experiments. In this section, Skalak’s results are rederived. The key is to decompose the 

problem into two problems, where the finial solution is a superposition of them. 

Consider two traction free, semi-infinite circular rods, with the same radius R. Let them travel 

with the same speed v, in opposite directions, so that they impact coaxially at z = 0 and t = 0. 

Due to the coaxial impact, the problem is axisymmetric, so there is no θ-dependence. The 

equation of motions (Navier’s equations) in cylindrical coordinates then becomes 
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where 
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Assume first that radial displacement is not allowed. Equation (2.70), together with the 

appropriate boundary and initial conditions associated with the impact, then gives the 

pressures wave solution 
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The radial stress due to this pressure wave is 
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Now, assume the same impact problem, but instead of constraining the radial displacement, 

we let the the radial stress in (2.73) act on the outer surfaces of the rods for 1 1c t z c t   , but 

with the opposite sign. The superposition of the solution to this problem and the solution of 

the previous problem will yield the real solution, with the traction free outer surfaces. The 

boundary condition on the outer surfaces for this new problem can then be written 
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By first applying the Laplace transform 
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and then the Fourier transform 

 
1

( ( ))( ) ( ) ,
2

ikzF f z k f z e dt








    (2.76) 

to the equations of motion (2.70), gives 
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where 
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The roof bar means that both the Laplace and Fourier transformation have been applied to the 

specific function. The first equation in (2.77) is the zero order Bessel equation and the second 

equation is the first order Bessel equation. The bounded solutions to (2.77) then are 
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Taking the Laplace and Fourier transformation of  (2.71), inserting the results of (2.79) and 

solving for ,r zu u , yield 
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Transforming the boundary condition (2.74), inserting (2.80), and solving for C and D give 
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where F is the left hand side of the Pochhammer’s frequency equation (2.55) 
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α and β are defined in section 2.3.1. 

The Fourier transform (2.76) has the inverse 
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and the Laplace transform (2.75) has the inverse 
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where α is a real constant such that all poles of f lies above the line iα, and the sum is taken 

over all poles of f. Applying these inversions gives 
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This integral is extremely difficult to solve due to the integrand’s complex poles, 

corresponding to solutions of the Pochhammer’s frequency equation. But for large values of t, 

it can be approximated by the saddle point method, where the integrand is expanded into a 

Taylor series around a saddle point, and only the first few terms are kept. The integration path 

is then deformed so that it goes through the saddle point, in the direction of steepest descend. 

By using this approximation of  (2.85), and superpose the solution of the first problem, Skalak 

arrived at the approximation 
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where (Ai)(α) is the Airy integral 
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This solution is only valid for large values of t. In a similar way as in the above calculations, 

the approximated radial displacement can be determined as 
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where ν is Poisson’s ratio. By using the stress-displacements relations in (2.41), the axial 

stress can be written as 
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Figure 2.24 is a plot of this axial stress for two semi-infinite rods of the same material as the 

impact piston (which was defined in section 2.1.1) with radius R = 17 mm and initial speeds 

of v = 4.5 m/s. The stress is plotted at z = 10 m and the solution, predicted by the elementary 

rod theory 
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 is also included in the plot 

 

Figure 2.24. Axial stress at z = 10 m. 

The first oscillations of (2.90) are in excellent agreement with experimental observations. 
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2.6 Stress amplification in a stepped rod 
So far, we have seen several problems of wave propagation in rods, but we have not yet 

investigated why the area of the critical fillet of the impact piston is a critical place for fatigue 

damage. To answer that question, we are going to use the elementary one dimensional rod 

theory. This theory is the simplest approximate theory of wave propagation in rods. The main 

assumptions of the theory are that plane cross sections of the rod remain plane, axial stress is 

uniform over cross sections and that lateral inertia and shear stresses can be neglect. Under 

these assumptions, it is easy to show that the axial displacement is governed by the one 

dimensional wave equation 
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where 0c  is the bar velocity 
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Equation (2.92) is the one dimensional wave equation, which predicts that disturbances will 

travel in the rod at the speed 0c , without distortion. Consider now the infinite rod in section 

2.3. Figure 2.8 is a plot of the group velocities of the first modes of the rod. From the figure, it 

can be seen that the first mode has a constant group velocity equal to the bar velocity (

0 5189c   m/s) for the lowest frequencies. Thus a pulse consisting of these low frequency 

modes will not distort. We have also seen in this section that the low frequency first modes 

have uniform axial displacement and axial stress across the cross section of the rod, and all 

shear stresses are close to zero. Moreover, lateral inertia is not dominating in pulses with a 

low frequency span. Thus we can see that all criterions for the elementary rod theory are 

fulfilled for pulses in the rod if the frequency span of the pulse is low. The low frequency 

modes are also commonly the most dominating modes of all modes in a pulse, which can be 

seen by the values of the Fourier coefficients of the previous problems. Thus most energy will 

be carried by them. See also how well the elementary rod theory predicts the average axial 

stress of the impact problem shown in Figure 2.24. We are now going to use the elementary 

theory to see how a stress pulse amplifies then it passes the diameter change of a stepped rod. 

Think of the pulse corresponding to the lowest modes of a pulse from an impact (which 

carries the most energy), and think of the stepped rod as a simplification of the impact piston 

where the step corresponds to the critical fillet. 

Consider the stepped rod in Figure 2.25. Let 0( )If x c t  be a displacement pulse, which 

propagates towards the diameter change of the stepped rod at z = 0. Let 0( )Rf z c t  and 

0( )Tf z c t be the reflected and transmitted part of the incident pulse If  at z = 0, respectively. 
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Figure 2.25. Stepped rod. 

According to the elementary rod theory, the stress is given by 
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Let 1A  be the cross section area of the largest diameter of the stepped rod, and let 2A  be the 

cross section area of the smallest diameter of the stepped rod. At z = 0, all forces must 

balance, and equation (2.94) then gives 

  1 0 0 2 0( ) ( ) ( ).I R TA E f c t f c t A Ef c t        (2.95) 

Compatibility at z = 0 requires that the particle velocities to be continuous at z = 0, so 

 0 0 0 0 0 0( ) ( ) ( ).I R Tc f c t c f c t c f c t         (2.96) 

Denote the stresses at z = 0 for the different pulses as   
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Substituting (2.97) into (2.95) and (2.96), and solving for R   and T , gives 
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Because 1 2A A , it can be seen from (2.99) that the transmitted stress pulse has a larger 

magnitude than the initial stress pulse. Equation (2.98) and (2.99) agree very well with 

experiments, except close to the diameter discontinuity, where higher frequency non-

propagating modes will be exited. By using equation (2.98) and (2.99), and studying stress 

pulses which enters the diameter discontinuity at different directions due to reflection at free 

ends, it can be realized that the highest stress range always occurs in the smaller diameter rod. 

The non-propagating modes will further increase the stress range close to the diameter 

discontinuity. Because fatigue directly depends on the stress range, it can be understood that 

the critical fillet is an area where fatigue damage is likely to occur. 
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2.7 Discussion 
The aim of this chapter has been to study elastic wave motion in rods, so that the stress field 

in the impact piston can be understood qualitatively. In the next chapter, we are going to use 

the finite element method to determine the stress field in the impact piston. Several features in 

the plots generated in that chapter can be understood by knowledge from this chapter. 
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3 Stress analysis 
In this chapter the stress state at the critical fillet of the piston BBX 262, described in the 

introduction, is determined for three different geometries of the fillet. The stress state arises 

when the piston impacts on the shank adapter. It has been seen in the previous chapter that 

impact problems for elastic solids are quiet complicated, and that analytical solutions can only 

be found for very simple problems. Therefore, the finite element method, FEM, is used to 

solve this problem. The theory on how impact problems can be solved with FEM is found in 

[9]. Stress wave modeling with FEM and the theory of FEM can be found in [10], [11] and 

[12]. 

Normally, wave propagation problems with FEM are solved by an explicit solver, because 

when time accuracy is important, generally explicit methods produce greater accuracy with 

less computational effort than implicit methods. I had not access to an explicit solver during 

the work with this report, only an implicit solver. That problem was solved by simplifying the 

impact problem to an axisymmetric problem, so that the number of degrees of freedoms could 

be kept to a minimum. By solving this axisymmetric problem with the implicit solver, 

together with parallel computation on a 12 core work station, relatively short run times could 

be achieved. 

The stress state in the piston is multiaxial and three different stress measures were chosen to 

represent it: Signed Tresca stress, Signed von Mises stress and Maximum principal stress. The 

sign of these three measures is the same as the sign of the principal stress with the highest 

magnitude. The signed Tresca stress is interesting because it shows how the maximum shear 

stress varies. Fatigue cracks are initially driven by shear stresses, and shear stress amplitudes 

are used in critical plane method. Therefore, shear stresses are important to know. Signed von 

Mises stress is the most common stress measure in multiaxial equivalent stress fatigue 

methods. It enables the use of octahedral stress in fatigue analysis. The maximum principal 

stress gives the maximum tensional/compressional stress that can act on a crack. When a 

crack reaches a certain size, it will be mainly driven by this stress. 

Fatigue damage in the critical fillet is of special interest, therefore has the maximum stress 

range and the maximum stress been determined for it. These damage parameters are later used 

in different fatigue analysis methods in chapter five. 

3.1 Method 
A full transient analysis was set up in the finite element program ANSYS, version 14, to 

model the impact of the piston and the shank adapter. That was done in the programming 

language APDL (ANSYS Parametric Design Language). Various macrons were created to 

extract information about the stress state at the fillet. Following sections show how this was 

done. Information concerning ANSYS can be found in [13]. 

3.1.1 Model and boundary conditions 

The axisymmetric model in Figure 3.1 was used to model the impact between the piston and 

the shank adapter. The dimensions can be found in Figure 1.5 and Figure 1.6. The used 
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compound shank adapter and drill rod in Figure 1.6 is a simplification; the thread joint 

between the adapter and the rod has been neglected. Also, the splines on the adapter have 

been neglected.  

Impact piston FilletShank adapter + Drill rod

 

Figure 3.1. Axisymmetric model. 

With the axisymmetric model, only longitudinal waves from a coaxial impact can be model. 

Flexural waves from a non-coaxial impact require a full model. In this report, only coaxial 

impacts were considered. 

Normally, the length of the drill rod is several of meters long. By reducing its length to 900 

mm (together with the length of the adapter), the size of the model was reduced. At the same 

time, 900 mm gives enough of time for the front of the stress wave in the piston to reflect 

approximately four times at at the ends, without any reflections from the end of the drill rod 

entering the piston. This corresponds to approximately 300 μs, which was set to the 

simulation time of the system.  

The boundary condition of a traction free surface on the piston and the compound shank 

adapter and drill rod was used. Thus the oil contact and bearing contacts were neglected. The 

air cushion in the contact gap between the piston and the adapter was also neglected.  

All parts were considered to be of steel with Young’s modulus 2100E   MPa and Poisson’s   

ratio 0.30  . At the area of contact, the friction was assumed to be Columbic with a 

dynamic coefficient of friction of 1  . 

3.1.2 Initial conditions 

The piston was given an initial velocity of 9.13 m/s. This is the velocity the piston has just 

before it impacts on the the shank adapter. The shank adapter and the drill rod were at rest 

before the impact. The gap between the piston and the shank adapter was set to 1 μm. 

3.1.3 Element, contact conditions and mesh 

The whole system was modeled with ANSYS’ 8-node axisymmetric quadrilateral PLANE183 

elements. The target surface, the tip of the shank adapter, was modeled with TARGE169 

elements and the contact surface, the tip of the piston, was modeled with CONTA172 

elements. These elements are surface to surface contact elements. The Augmented Lagrangian 

contact algorithm was used to handle the contact between the piston and the shank adapter. 

Contact stiffness was set to update for each iteration. Location of contact detection point was 

set to on Gauss point.  

Four different meshes were used for the piston, and all of them used ANSYS’s smart element 

sizing, smrt. Smart element sizing automatically generates uniform meshes with low 

distortion of the elements, even at regions where the boundary of the meshed object has a 
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large curvature. Because of the special interest of the fillet, all of the meshes had some kind of 

refinement at the fillet profile. The different meshes are stated in Table 3.1. 

Table 3.1. Different meshes for the piston. 

Name Mesh generation Element size in the body 
of the piston [mm] 

Element size at fillet 
[mm] 

Mesh1 smrt,1; lrefine,x,,,1,1,clean ~1.8 ~0.5 

Mesh2 smrt,1; lrefine,x,,,1,3,clean; 
lrefine,x,,,1,1,clean  

~1.8 ~0.2 

Mesh3 smrt,1; arefine,all,,,1,1,clean; 
lrefine,x,,,1,3,clean; 
lrefine,x,,,1,1,clean  

~0.9 ~0.1 

Mesh4 smrt,1; arefine,all,,,1,1,clean; 
lrefine,x,,,1,3,clean; 
lrefine,x,,,1,1,clean  

~0.5 ~0.05 

 

For the compound shank adapter and the drill rod, two different meshes were used. One was 

generated by mapped meshing, the other was generated by smart element sizing, see Table 

3.2. For more information about the mesh generated by mapped meshing, see the APDL-

script in appendix A.1. 

Table 3.2. Different meshes for the compound shank adapter and drill rod. 

Name Mesh generation Element size in the body [mm] 

Mesh1* Mapped meshing ~1.6x4.9 

Mesh2* smrt,1 ~1.8 

 

3.1.4 Solver  

A full transient analysis was preformed with the implicit HHT method (Hilber-Hughes-Taylor 

method). The amplitude decay factor, γ, was set to a rather high value of 0.1   in order to 

decrease the number of equilibrium iterations, and therefore speed up the convergence. 

Automatic time stepping, governed by ANSYS’ impact constraint option (which accounts for 

momentum and energy considerations at the contact interface) was used. Several different 

values of maximal time steps were tried and investigated. The large deflection option in 

ANSYS was used to account for large rigid body movements. 

3.1.5 Implementation into ANSYS 

The above model was implemented into ANSYS by the APDL-script in appendix A.1. The 

actual script in the appendix represents a piston with a circular fillet, and the mesh 

Mesh3+Mesh1* is used (see Table 3.1 and Table 3.2). The script is easily modified to 

incorporate other fillets and/or another mesh. ANSYS requires that the axis of symmetry of 

the model must be the y-axis. The x-axis in the script represents the radial direction. Running 

the script in ANSYS generates a result file which can be used later on for post processing. 
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3.1.6 Stress analysis at fillet 

To determine the stress state in the fillet, the macro fillet_stress in appendix A.2 was created. 

This macro divides the total time t, under which the system was simulated, into tp discrete 

time instants. Then it calculates the stress at every corner node (the midside nodes are not 

considered) on the fillet, for every discrete time instant. The results are stored in three 

different arrays: one time array ‒ corresponding to the discrete time instants, one surface 

coordinate array ‒ corresponding to the locations of the fillet nodes (see Figure 3.2) and one 

stress array ‒ corresponding to the stresses at the fillet nodes for the discrete time instants. 

Impact piston

Fillet

s: surface coordinate

 

Figure 3.2. Surface coordinate along the fillet. 

Each column of the stress array corresponds to the stress at a specific node on the fillet: the 

higher the column number, the larger is the value of the surface coordinate for the node. Each 

row of the stress array corresponds to a specific time instant: the larger the row number, the 

larger is the time instant. These three arrays are finally outputted as text files which can be 

loaded into Matlab for data processing. The macro fillet_stress can easily be modified to use 

different stress measures. 

3.1.7 Radial stress analysis 

From the data generated by the previous macro, fillet_stress, the location on the fillet with 

maximum stress range can be determined. It is interesting to study how the stress varies with 

the radial distance from the surface where the critical point with the highest stress range is 

located. The macro radial_stress in appendix A.3 determines this stress variation. This macro 

takes the x- and y-location of the critical point as arguments, and then creates a path radial 

trough it. It will then calculate the desired stress at d equally spaced points on the path, for tp 

discrete time instantss, in the same way as in the previous macro fillet_stress. The results are 

again outputted as text files for data processing in Matlab. 

3.2 Results 
Three pistons with three different fillets were analyzed, and the maximum stress ranges and 

maximum stresses were determined. 



42 

 

3.2.1 Circular fillet 

The circular fillet, Figure 3.3, is an ordinary fillet with a constant radius of curvature of 

6.14 mm. 

          R6,14

 

Figure 3.3. Circular fillet. 

The stresses in this fillet were determined by the transient analysis in appendix A.1 and the 

macro fillet_stress in appendix A.2. In the transient analysis mesh Mesh3+Mesh1* was used, 

and the maximum time step was set to 0.1 μs in the implicit solver. The number of discrete 

time instants, tp, in the macro fillet_stress was set to 500. 

Figure 3.4 is a plot of the signed Tresca stress, abbreviated SINT, on the circular fillet. Here t 

is the time and s is the surface coordinate along the fillet, defined in Figure 3.2. 

   

 

Figure 3.4. Signed Tresca stress on the circular fillet. 
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From the plot it can be seen how the stress pulse from the impact reaches the fillet in a finite 

time, and then, due to dispersion and reflections, creates a complicated stress pattern at the 

fillet. Every point on the fillet is experiencing a fluctuation in stress, and the magnitude of 

fluctuation depends on where the point is located. Matlab was used to determine the 

maximum stress range in the fillet. It was found to be 675.3MPa for the signed Tresca stress, 

and located at 8.57s  mm; see Figure 3.5. 

8,6
3

8,5
7

Point of maximum signed Tresca stress range

Point of maximum signed von Mises stress range

 

Figure 3.5. Locations of maximum signed Tresca stress range and maximum signed von Mises stress range on 

the circular fillet. 

By changing the stress measure in the macro fillet_stress, the maximum stress range in the 

circular fillet was determined also in signed von Mises stress and maximum principal stress. 

The results are summarized in Table 3.3.  Table 3.3 also contains a column where the 

difference between the maximum stress in the whole circular fillet and the maximum stress in 

the maximum stress range is stated. This is interesting to know for the later fatigue analysis. 

Table 3.3. Maximum stress ranges on the circular fillet. 

Stress measure Maximum stress  
range [MPa] 

Location, s, of maximum 
stress range [mm] 

Difference in maximum 
stress [%] 

signed Tresca 675.3 8.57 0.3 

signed von Mises 622.3 8.63 0.2 

maximum principal 675.4 8.57 0.2 

 

Figure 3.6 is a plot of these stress measures at their locations of maximum stress range. The 

axial stress, yy , at 8.57s  mm has also been included. The following abbreviations were 

used: SEQV = signed von Mises stress, SINT = signed Tresca stress, SP = maximum 
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principal stress and SY =axial stress.

 

Figure 3.6. Different stress measures on the circular fillet plotted at their locations of maximum stress range. 

The values of the principal stresses are important in different fatigue methods. They have 

been plotted in Figure 3.7 at the location on the circular fillet with the maximum sign Tresca 

stress range. The abbreviations: S1 = first principal stress, S2 = second principal stress and S3 

= third principal stress, have been used. 

 

Figure 3.7. Principal stresses at the location on the circular fillet with maximum signed Tresca stress range. 

So far, only the stresses at the surface of the fillet have been considered. It is also of interest to 

study the stress state under the surface, and see how it varies with the distance from the 

surface. Figure 3.8 is a plot of the signed Tresca stress on a radial line through the point of 
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maximum signed Tresca stress range on the fillet, from the surface of the fillet to the surface 

of the center hole. This plot was made with data from the macro radial_stress in appendix 

A.3. In the plot s is now the radial distance from the surface. 

 

Figure 3.8. Signed Tresca stress on a line radial through the critical point of maximum stress range on the 

circular fillet.  

Figure 3.9 is the same plot as the plot above, but the stress has only been plotted at three 

locations: at the surface, half way through the material and at the surface of the center hole. 

From the plot it can be seen that the stress at the surface is twice as high as the stress in 

middle of the material. 
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Figure 3.9. Signed Tresca stress on three locations on a line radial through the critical point of largest stress 

range on the circular fillet. 

3.2.2 Double radius fillet 

The double radius fillet is the current fillet profile used by Atlas Copco for the piston BBX 

262. It consists of two circular fillets, joined together with the condition of matched tangents 

at point of connection, see Figure 3.10. 
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Figure 3.10. Double radius fillet. 

The stress state for the double radius fillet was determined in the same way as for the circular 

fillet. Again mesh Mesh3+Mesh1* was used and the maximum time step for the implicit 

solver was set to 0.1 μs. The distance coordinate, s, along the surface of the fillet is now 

defined according to Figure 3.11. 
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s: surface coordinate

 

Figure 3.11. Surface coordinate along the double radius fillet. 

Figure 3.12 is a plot of the signed Tresca stress on the double radius fillet. As for the circular 

fillet, it can be seen that the maximum compressional stress comes from the first passage of 

stress pulse from the impact, and the maximum tensile stress comes from the passage of the 

stress wave after it has been reflected for the first time at the free end of the piston tail. 

Compared to the circular fillet, the maximum stress range on the double radius fillet is lower, 

and the critical point of maximum stress range occurs on a larger diameter. 

 

Figure 3.12. Signed Tresca stress on the double radius fillet. 

Figure 3.13 is a plot of the signed Tresca stress, the signed von Mises stress and the maximum 

principal stress at their locations with maximum stress range on the double radius fillet. The 

axial stress at the location of maximum signed Tresca stress range has also been plotted. 
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Figure 3.13. Different stress measures on the double radius fillet, plotted at their location of maximum stress 

range. 

Table 3.4 summarizes the maximum stress range for the different stress measures. The 

difference between the maximum stress and the maximum stress in the maximum stress 

range, on the double radius fillet, has also been given in the table. 

Table 3.4. Maximum stress ranges on the double radius fillet for different stress measures. 

Stress measure Maximum stress  
range [MPa] 

Location, s, of maximum 
stress range [mm] 

Difference in maximum 
stress [%] 

signed Tresca 550.1 2.95 0 

signed von Mises 509.2 2.79 0.5 

maximum principal  551.0 2.95 0 

 

Figure 3.14 marks some of the locations of maximum stress range. 
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Figure 3.14. Locations of maximum stress range on the double radius fillet. 
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Figure 3.15 is a plot of the principal stresses at the point of maximum signed Tresca stress 

range. 

 

Figure 3.15. Principal stresses on the location of maximum signed Tresca stress range. 

Figure 3.16 and Figure 3.17 show how the signed Tresca stress varies with the radial distance   

from the surface point with the maximum signed Tresca stress range for the double radius 

fillet, where s in Figure 3.16 now is the radial distance from the surface. Again, it can be seen 

that the highest stress range occurs at the surface. Compared with the circular fillet, it can be 

seen that stress state inside the material are similar for both pistons, but the piston with the 

double radius fillet has a lower stress range on the surface. 

 

Figure 3.16. Signed Tresca stress on a line radial through the critical point of maximum stress range. 
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Figure 3.17. Signed Tresca stress on three locations on a line radial through the critical point of largest stress 

range. 

3.2.3 Baud fillet 

Peterson [14] presents a fillet profile by Baud which has no stress concentrations under static 

axial loading, see Figure 3.18. 

Fillet

 

Figure 3.18. Two diameter rod, subjected to axial loading.  

The geometry of this fillet was derived by considering an ideal frictionless liquid, flowing out 

from a circular hole in a tank by gravity, see Figure 3.19. By relating the hydrodynamic field 

equations for the jet, with the elastic field equations for a solid with the same shape as the jet, 

it can be realized that the solid will have constant stress along the surface when a 

tensional/compressional static axial load is applied. 
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y
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Figure 3.19. Ideal, non viscous, liquid flowing from a circular hole in a tank. 

The profile of the jet can be parameterized as 
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  (3.1) 

This profile was used to design a fillet for our impact piston. The x and y-values in (3.1) were 

calculated for 100 equally spaced values of θ in the interval [0, 2 0.999]  , and with d in 

(3.1) set to the diameter of the piston tail. The x and y-values where then connected by a cubic 

b-spline to form the profile of the fillet, see Figure 3.20. 

42.93

 

Figure 3.20. Baud fillet on the impact piston. 

The stress state for this Baud fillet was determined in the same way as for the circular fillet 

and the double radius fillet. The result of the maximum stress range is summarized in Table 

3.5. 
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Table 3.5. Maximum stress ranges in the Baud fillet for different stress measures. 

Stress measure Maximum stress  
range  [MPa] 

signed Tresca 412.6 

signed von Mises 403.0 

 maximum principal 412.6 

 

The Baud fillet has a lower maximum stress range than the double radius fillet. The drawback 

is that it is too long to be used in reality. The tail of the piston slides in a bearing, and with a 

Baud fillet the length of the tail would have to be increased, giving a piston that would be too 

long. But the Baud fillet gives a hint on how much the maximum stress range in the fillet of 

the piston can be lowered by changing its profile. 

3.3 The influence of mesh density, time step and numerical damping 
In the above stress analyses for the different fillets, the same mesh, time step and numerical 

damping were used.  The influence of these on the maximum stress range on the double radius 

fillet will now be investigated. 

3.3.1 Mesh density 

In Table 3.6 the maximum stress range on the double radius fillet has been given for different 

meshes of the piston (see Table 3.1) and the compound shank adapter and drill rod (see Table 

3.2). That was done for signed Tresca stress (SINT) and signed von Mises stress (SEQV). The 

results have been compared with the result from the previously used mesh Mesh3+Mesh1*, 

and the difference have been stated. Mesh1 is the basic mesh for the piston; Mesh2, Mesh3 

and Mesh4 are different levels of refinement of this mesh. Mesh2* is similar to mesh Mesh1* 

for the compound shank adapter and drill rod, but is generated by smart element sizing instead 

of mapped meshing. 

Table 3.6. Maximum stress range for the double radius fillet calculated from different meshes. 

Mesh 
 

Max range 
SINT [MPa] 

SINT difference [%] 
 

Max range 
SEQV [MPa] 

SEQV difference [%] 
 

Mesh1+Mesh1* 533.57 -3.01 497.27 -2.34 

Mesh2+Mesh1* 543.14 -1.27 510.16 +0.19 

Mesh3+Mesh1* 550.13 0.00 509.18 0.00 

Mesh4+Mesh1* 550.79 +0.12 509.59 +0.08 

Mesh3+Mesh2* 551.07 +0.10 509.63 +0.09 

 

Mesh1 corresponds to an element size of 0.5 mm at the fillet of the piston (see Table 3.1). 

From Table 3.6 it can be seen that when Mesh1 is used together with Mesh1*, the maximum 

signed Tresca stress range is 3.0% lower compared to if Mesh3 was used. Mesh3 has an 

element size of 0.1 mm at the fillet. If Mesh4 is used, which has half the element sizes as 

Mesh3 at the fillet, the difference in maximum signed Tresca stress range will only be 0.12% 

compared to if Mesh3 was used. If Mesh3 is used and Mesh1* is changed to Mesh2* for the 
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the compound shank adapter and drill rod, the difference in maximum signed Tresca stress 

range will be 0.10%. Thus any refinements of Mesh3 and any reasonable changes in Mesh1* 

will only give small changes in the maximum stress range. Hence, the mesh Mesh3+Mesh1*, 

used in the previous calculations, is considered as a good mesh. 

3.3.2 Time step 

The implicit HHT solver, which is used in the transient analysis, is unconditionally stable (at 

least for all values of the amplitude decay factor, γ, in the interval [0, 1]). But the accuracy is 

strongly dependent on the maximum allowed time step size. That is shown in Table 3.7 where 

three different maximum time step sizes were used to determine the maximum stress range in 

the double radius fillet. The results have been compared with the result for the maximum time 

step 0.1 μs. For all calculations, mesh Mesh3+Mesh1* was used and γ was set to 0.1. 

Table 3.7. The influence of the maximum time step on the maximum stress ranges in the double radius fillet. 

Time step [μs] 
 

Max range 
SINT [MPa] 

SINT difference [%] 
 

Max range 
SEQV [MPa] 

SEQV Difference [%] 
 

1.0 536.77 -2.43 503.68 -1.08 

0.1 550.13 0.00 509.18 0.00 

0.01 550.13 +0.00 509.18 +0.00 

 

From the table it can be seen that the maximum signed Tresca stress range is 2.43% lower 

then the maximum time step of 1 μs is used compared to if the maximum time step of 0.1 μs 

is used. The difference in maximum stress range between a maximum time step of 0.1 μs and 

a maximum time step of 0.01 μs is negligible. Thus the maximum time step of 0.1 μs used in 

the previous analyses of the different fillets is considered to be sufficiently small. 

To understand why a time step of 1 μs is a bit too crude, the contact pressure at the impact 

area was analyzed for the first 120 μs (the time under which the maximum stress range at the 

fillet occurs). A maximum time step of 0.1 μs was used for that, and Figure 3.21 is a plot of 

the frequency content of the computed contact pressure. It was generated by a fast Fourier 

transformation in Matlab, and used sampled data form 12000 equally spaced time instants. 

This gives a Nyquist frequency of 

 
8

6000 1
50MHz.

12000 1 10
nyf


 


  

Thus frequencies up to 50 MHz can be represented in this analysis. 
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Figure 3.21. Frequency spectrum of the contact pressure for the first 120 μs. 

In Figure 3.22 the first 100 axisymmetric mode frequencies for the impact piston has been 

plotted. These were found by preforming a modal analysis of the axisymmetric piston with a 

traction free surface and no constraints on its free ends. 

 

Figure 3.22. The first 100 axisymmetric mode frequencies for the impact piston. 

From Figure 3.21 and Figure 3.22, it can be seen that the impact will excite a large number of 

modes in the piston, far more than the first 100 plotted in Figure 3.22. From the frequency 

spectrum in figure Figure 3.21, it can be seen that the impact will be able to excite modes in 
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piston with a mode frequency in the vicinity of 5 MHz. A mode with a mode frequency of 5 

MHz has a period of 0.2 μs, and can therefore not be properly resolved by a time step of 1 μs. 

3.3.3 Numerical damping 

The effect of the numerical damping, γ, is to damp out noise from corrupt high frequency 

modes. The HHT method is design in such a way that the damping on the more exact lower 

modes will be minimal. In the previous calculations, a high value of γ = 0.1 was used for the 

damping. This is 20 times higher than the default value (γ = 0.005) used by ANSYS. Because 

a large number of high frequency modes will be exited by the impact, it was of interest to 

study how the maximum stress range depends on γ. In Table 3.8 the maximum stress range 

has been determined for three different values of γ, and the results have been compared with 

the result for γ = 0.1. For all calculations mesh Mesh3+Mesh1* was used, and the maximum 

time step was set to 0.1 μs. 

Table 3.8. The influence of numerical damping on the maximum stress range for the double radius fillet. 

γ 
 

Max range 
SINT [MPa] 

SINT difference [%] 
 

Max range 
SEQV [MPa] 

SEQV difference [%] 
 

0.1 550.13 0.00 509.18 0.00 

0.05 551.62 +0.27 511.11 +0.38 

0.005 558.00 +1.43 516.51 +1.44 

 

From Table 3.8 it can be seen that a damping of γ = 0.1 gives a 1.43% lower value of the 

maximum signed Tresca stress range than the default value for γ = 0.005. This is a rather large 

difference. The reason why the high value of γ = 0.1 was used in the previous analyses of the 

fillets was to get faster computations: higher modes are more damped and the system will 

converge with fewer numbers of equilibrium iterations. Using γ = 0.1 instead of γ = 0.005 will 

decrease the number of equilibrium iterations by 67%. Another reason to use the high value 

for the numerical damping is to compensate for the lack of physical damping. In the reality, 

the stress wave will lose energy to the surrounding oil and to the bearings in contact with the 

piston, and this is one way to compensate for these effects. 

3.4 Discussion 
The stress state for three different fillet profiles for the impact piston BBX 262 has been 

studied. The results for the maximum stress ranges are summarized in Table 3.9 and are 

compared with the result for the circular fillet. The influence of mesh, time step and numerical 

damping has also been studied. 

Table 3.9.  Maximum stress ranges for the three different fillets. 

Fillet 
 

Max range 
SINT [MPa] 

SINT  
diff. [%] 

Max range 
 SEQV [MPa] 

SEQV  
diff. [%] 

Max range 
SP [MPa] 

SP  
diff. [%] 

Circular fillet 675.3 0.0 622.3 0.0 675.4 0.0 

Double radius fillet 550.1 -18.5 509.2 -18.2 551.0 -18.4 

Baud fillet 412.6 -38.9 403.0 -35.2 412.6 -38.9 
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From Table 3.9 it can be seen that the double radius fillet has 18.5% lower maximum signed 

Tresca stress range than the circular fillet. This can give a large difference in fatigue damage. 

Fatigue issues will be discussed in chapter 5. From Table 3.9 it can also be seen that the Baud 

fillet has almost 40% lower maximum signed Tresca stress range than the circular fillet. The 

problem with the Baud fillet is that it is too long, it can never be used in reality, but it gives a 

hint on how low stresses one can reach by changing the geometry of the fillet. 

It has also been seen that the maximum stress in the circular fillet and in the double radius 

fillet is very close to the maximum stress in the maximum stress ranges. We will therefore 

consider the point with the maximum stress range to be the critical point where most fatigue 

damage is most likely to occur on the fillet. 
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4 Static fillet optimization 
We have seen in the previous chapter that changing the circular fillet to a double radius fillet 

will decrease the stress concentrations in the fillet considerably. The Baud fillet shows that 

there is potential to lower the stress concentrations even more. In this chapter a new fillet was 

designed with the same extension on the piston tail as the double radius fillet (8 mm), but with 

lower stress concentrations. That was done by letting the fillet have an undercut, see Figure 

4.1, and was therefore called an undercut fillet. The shape of the undercut fillet was set to a 

cubic b-spline, determined by a number of fit points. Design optimization in ANSYS was 

used to determine the configuration of fit points which yields an undercut fillet with a 

minimized stress concentration factor, Kt, for static axial loading of the piston. The main 

advantage of minimizing Kt, instead of directly minimizing the maximum stress range during 

the impact (which we consider to be the main fatigue damage parameter), is that we only need 

a static analysis in the design optimization process, which gives shorter computational times.  

The basic theory of design optimization can be found in [15]. A description how different 

stress concentration factors in fillets can be minimized can be found in [16]. The theory of the 

optimization algorithms which were used in this chapter can be found in ANSYS user manual 

[13]. 
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Figure 4.1. Fillet with undercut. 

4.1 Method 
To determine the profile of the undercut fillet, the design optimization module in ANSYS was 

used. The design optimization process is governed by three key components: design variables, 

state variables and the objective function. The design variables are used to build up the model 

and they are varied by the optimization algorithm to find an optimal configuration. The set of 

design variables which corresponds to the optimal configuration is called the best design set. 

The state variables are used to put constraints on the model. A typical state variable could be a 

stress restriction at a certain location. The objective function is the property that we want to 

minimize or maximize. The design optimization procedure in ANSYS is preformed in the 
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OPT processor. Here we can load the analysis file and specify design variables, state 

variables, objective function and the type of optimization algorithm. This is also the place 

where we extract information from the optimization process. The analysis file contains the 

parameterized geometry of the model, built partly or wholly by design variables. It also 

contains the analysis procedure where the model is solved and a post-processing where a 

value is set to the objective function. This file will be looped by the optimization algorithm, 

and the behavior of the objective function, due to changes in the design variables, will be 

determined so that a minimum to the objective function can be found. 

In appendix A.5 the impact piston has been modeled in the analysis file stat_fillet in the same 

way as it was modeled in the transient analysis in appendix A.1, but now with an undercut 

fillet. The fillet is modeled by a set of key points, where some of them are controlled by 

design variables, connected by a cubic b-spline. To determine an optimal fillet profile the 

piston was loaded with a static axial tension load of 200 MPa. The stress concentration factor 

Kt in the fillet was then determined by a static analysis, and the objective function was set to 

this value. Here is Kt defined by 

 
Maximum stress in the fillet

,
Nominal stress in the piston

tK    (4.1) 

where the nominal stress is set to the stress in the piston tail, i.e. 200 MPa. This objective 

function was then minimized by the first order optimization algorithm firstop in ANSYS. In 

order to control the degree of undercut of the undercut fillet, the fit point with the highest y-

value was allowed to only vary in the radial direction; its axial position was fixed to a distance 

5 mm into the material, see Figure 4.2. 

Three different undercut fillets were considered: one governed by four design variables, one 

governed by two design variables and one governed by only one design variable. Figure 4.2 

shows the fillet with four design variables. This fillet has four fit point, two of them are fixed 

the other two are controlled by design variables. The fit point corresponding to the largest 

incision is only allowed to move in the radial direction, controlled by the design variable tk1x. 

The fit point in the rectangle is allowed to move inside the rectangle, and its location is 

controlled by the design variables tk2x and tk2y. There are also conditions on the tangents at 

the ends of the undercut fillet. At the end connecting with the piston tail, the condition of 

matched tangent with the tangent of the piston tail was set. At the other end the tangent was 

controlled by the design variable tk1w. By putting restriction on this design variable, it could 

be avoided that lines would cross each other during the the optimization procedure. The 

design variables tk1x, tk2x and tk2y have the same origin, which is shown in Figure 4.2. This 

origin is located a radial distance equal to the radius of the piston tail from the centerline, and 

an axial distance of 5 mm from the end of the piston boom. That guaranteed that all design 

variables always were positive, which is a necessary condition by ANSYS. 
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Figure 4.2. Fillet with four fit points. 

The undercut fillet controlled by two design variables is similar to the one controlled by four. 

The difference is that tk2y is no longer a design variable, instead it has a fixed value, and the 

end point condition of the tangent at the boom is removed; see Figure 4.3 a). The undercut 

fillet with only one design variable has all previous design variables removed except tk1x; see 

Figure 4.3 b). 

 

Figure 4.3. a) Undercut fillet with two design variables. b) Undercut fillet with one design variable. 
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4.2 Results 
The profile of the the undercut fillet, determined by four, two and one design variable(s), was 

determined. These profiles were then inserted into the transient analysis in appendix A.1, and 

the maximum stress range in each fillet was determined. 

4.2.1 Undercut fillet governed by four design variables  

The static design optimization script in appendix A.5 can easily be modified to incorporate 

different meshes for the piston, and to determine Kt form different stress measures. Table 4.1 

states the result for Kt for the undercut fillet determined by for design variables. Here Kt has 

been determined from von Mises stresses. The piston was meshed with Mesh3 in Table 3.1. 

Five different sets of start values for the design variables were used to ensure that the 

optimization algorithm found the global minimum. The design variables were allowed to vary 

in the following ranges: 
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The stop criterion for the optimization algorithm was set to 0.001. Thus the optimization 

procedure will stop as soon as an iteration in the optimization process leads to a value on the 

objective function which differs with less than 0.1% from a previous iteration. 

Table 4.1. Kt for the undercut fillet determine by four design variables. 

Start values [mm] Kt Difference compared with 
the double radius fillet [%] 

tk1x=5, tk1w=0.1, tk2x=2, tk2y=2 1.015 -12.1 

tk1x=4, tk1w=0.1, tk2x=1, tk2y=3 1.016 -12.0 

tk1x=3, tk1w=0.1, tk2x=1, tk2y=5 1.018 -11.8 

tk1x=2, tk1w=0.1, tk2x=1, tk2y=5 1.017 -11.9 

tk1x=2, tk1w=0.1, tk2x=0.5, tk2y=8 1.014 -12.2 

 

Table 4.1 also states the difference between Kt for the undercut fillet and Kt for the double 

radius fillet, where Kt = 1.154 for the double radius fillet, determined from von Mises 

stresses. From the table we can see that Kt is approximately 12% lower for the undercut fillet 

than for the double radius fillet. If instead Kt in Table 4.1 would be determined from Tresca 

stresses, it would have a value of 1.053‒1.058, depending on the start values in Table 4.1. 

This is approximately 16% lower than Kt for the double radius fillet, where Kt = 1.219 for the 

double radius fillet, determined from Tresca stresses. 

From Table 4.1 we can also see that the optimization problem of finding the undercut fillet, 

determined by four design variables, with the lowest value on Kt seem to be a convex 

optimization problem. Thus any local minimum is also a global minimum. This conclusion is 

drawn from the facts that all sets of start values on the design variables lead to fillet profiles 
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with almost the same value on Kt, and that the design variables can be varied so much that 

every possible profile of the undercut fillet is covered. 

ANSYS has a built in routine to preform sensitivity analyses. Table 4.2 summarizes a 

sensitivity analysis on a best design set which have Kt = 1.014. A value given in Table 4.2 

corresponds to the percentage change in Kt that would occur if the corresponding design 

variable would change by an amount of 1%, of the length of the interval that it is allowed to 

vary in, from its value in the best design set. For example, if the value of tk1x in the the best 

design set would change by 1% of the length of the interval that tk1x is allowed to vary in, 

then would the value of the stress concentration factor change by 0.19%. 

Table 4.2. Sensitivity analysis. 

 
tk1x tk1w tk2x tk2y 

ΔKt 0.19 0.00 0.01 0.00 

 

From Table 4.2 we can see that the value of Kt in the optimized undercut fillet will not change 

considerably if the shape of the undercut fillet would change somewhat. 

4.2.2 Undercut fillet governed by two or one design variable(s) 

Table 4.3 gives the values of Kt for the undercut fillets determined by two or one design 

variable(s). Mesh3 was used, and Kt was determined from von Mises stresses. The undercut 

fillet determined by two design variables had a fixed value of 2 mm for tk2y; see Figure 4.2 

and Figure 4.3 a). tk2x was allowed to vary in the range [0, 3] and tk1x was allowed to vary in 

the range [1, 4] for both fillets. 

Table 4.3. Kt for the undercut fillets determined by two and one design variable(s). 

Fillet type Start values 
[mm] 

Kt 

Two design 
variables 

tk1x=3, tk2x=2 1.015 

One design 
variables 

tk1x=3 1.025 

 

From Table 4.1 and Table 4.3 it can be seen that by using two design variables instead of four 

design variables gives the same value on Kt. And by using one design variable instead of four 

only gives a difference in Kt of 1%. 

Table 4.4 shows the same type of sensitivity analysis as in Table 4.2 for the two fillets in 

Table 4.3. 
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Table 4.4. Sensitivity analysis for the two fillets determined by two and one design variable(s). 

Fillet type tk1x tk2x 

Two design 
variables 

0.03 0.08 

One design 
variable 

0.14 - 

 

4.2.3 Stress analysis 

It is now interesting to see what the maximum stress range is for the undercut fillet when it is 

used in the transient analysis. To investigate that, first the undercut fillet, determined by four 

design variables and with Kt minimized by von Mises stresses, was considered. This fillet was 

inserted into the transient analysis in appendix A.1. Mesh Mesh3+Mesh1* and the maximum 

time step of 0.1 μs were used. Figure 4.4 is a plot of the signed Tresca stress the fillet. Here 

the surface coordinate s is defined as in Figure 4.5. Note that the stress has only been plotted for 

the left part of the fillet, i.e. s > 6.88 mm (see Figure 4.5). 

 

Figure 4.4. Signed Tresca stress at the undercut fillet. 
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Figure 4.5. Surface coordinate and turning point for the undercut fillet. 

Figure 4.6 is a plot of the signed Tresca stress, signed von Mises stress and the maximum 

principal stress at their points of maximum stress range on the undercut fillet. The axial stress 

at the point of maximum signed von Mises stress range has also been plotted. 

 

Figure 4.6. Maximum stress ranges for different stress measures for the undercut fillet. 

Table 4.5 summarizes the maximum stress ranges for the undercut fillet for the different stress 

measures and their locations. The difference from the double radius fillet has also been given. 
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Table 4.5. Maximum stress range in the undercut fillet. 

Stress measure Maximum stress 
range [MPa] 

Location, s, of 
maximum stress 
range [mm] 

Difference in maximum stress 
range compared to the double 
radius fillet [%] 

signed Tresca 482.7 9.70 -12.3 

signed von Mises 446.8 9.81 -12.3 

maximum principal  482.7 9.70 -12.4 

 

Figure 4.7 plots the location of some of the maximum stress ranges on the undercut fillet 

 

 

Figure 4.7. Locations of some maximum stress ranges on the undercut fillet. 

From Table 4.5 it can be seen that the maximum stress range is approximately 12.3% lower 

for the undercut fillet than for the double radius fillet, for all mentioned stress measures. What 

that will do to the fatigue life of the piston will be discussed in the next chapter. It is also 

interesting to note that the undercut fillet reduces the maximum stress range by almost the 

same value as it reduces Kt, compared to the double radius fillet. 

The principal stresses at the point of maximum signed Tresca stress range, s = 9.70 mm, have 

been plotted in Figure 4.8. 
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Figure 4.8. Principal stresses at the location on the undercut fillet with the maximum signed Tresca stress 

range. 

How the stress behaves under the surface of the undercut fillet can be seen in Figure 4.9. 

Figure 4.9 is a plot of the signed Tresca stress on a line radial through the point of maximum 

signed Tresca stress range. In the figure is now s the radial distance from the surface. 

 

Figure 4.9. Signed Tresca stress on a line radial through the point on the undercut fillet with maximum signed 

Tresca stress range. 

Figure 4.10 shows the same stress as in Figure 4.9, but only at three points: at the surface, in 

the middle of the material and at the surface of the center hole of the piston. 
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Figure 4.10. Signed Tresca stress at three points on a line radial through the point on the undercut fillet with 

maximum signed Tresca stress range. 

If the above plots for the stress state in the undercut fillet are compared with the plots for the 

stress state in the double radius fillet in chapter 3, it can be seen that all stresses are lower in 

the undercut fillet and that the stress state along the undercut fillet is more uniform. Stresses 

radial through the material of the piston does not vary as much with the depth for the undercut 

fillet as it does for the double radius fillet. 

In the above analysis an undercut fillet with Kt optimized from von Mises stresses was used. 

If we instead would have used the same undercut fillet, but with Kt minimized from Tresca 

stresses, we would have the results in Table 4.6. 

Table 4.6. Maximum Stress ranges for the undercut fillet with Kt optimized from Tresca stresses. 

Stress measure Maximum stress 
range [MPa] 

Difference in maximum stress 
range compared to the double 
radius fillet [%] 

signed Tresca 462.0 -16.0 

signed von Mises 448.2 -12.0 

maximum 
principal  

462.0 -16.1 

 

From Table 4.6 it can be seen that this undercut fillet has a slightly larger maximum signed 

von Mises stress range (+0.3%), but a much lower maximum signed Tresca stress range (-

3.7%). Again it is interesting to note that the maximum stress range was reduced by the same 

amount (16%) as the stress concentration factor for the undercut fillet compared to the double 

radius fillet. 

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35
-300

-200

-100

0

100

200

300

 

 

t [ms]

S
IN

T
 [

M
p

a
]

Middle

Bottom

Top



67 

 

4.3 Discussion 
We have seen in this chapter that the considered undercut fillet has a 12‒16% lower 

maximum stress range than the double radius fillet. The exact value depends on the stress 

measure used, and if Kt where minimized in von Mises stress or in Tresca stress. 

It was found that the undercut fillet can be determined with the same accuracy by two design 

variables as four design variables. And good results can be obtained with only one design 

variable. That will be used in chapter 6 where we will determine the undercut fillet by directly 

trying to minimize the maximum stress range in the fillet. In this case a transient analysis 

must be used in the design optimization process and the computational time is strongly 

dependent on the number of design variables used. Thus we want to have a minimum of 

design variables in this analysis. 

It is interesting to note that the maximum stress range and Kt for the undercut fillet was 

reduced by nearly the same value, compared to the corresponding values for the double radius 

fillet. That can be explained by that the stress state in the piston, at the location of maximum 

stress range and at the moment of maximum stress or minimum stress, is similar to the stress 

state in the piston when it is put under a static tensional or compressional axial load. This 

implies that minimizing Kt is equivalent to minimizing the maximum stress range (at least to 

some degree). This will be shown in chapter 6. 

It is very possible that Kt can be reduced slightly more than what we have achieved in this 

chapter by using other configurations of design variables for the cubic b-spline, and by using 

more of them. The problem of using many design variables is that local minima appear, and 

one needs therefore to work more on the ranges of the design variables in order to not get 

stuck in a local minimum which is not the global minimum. 
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5 Fatigue analysis 
This chapter presents several stress life analyses for the piston with the double radius fillet 

and for the piston with an undercut fillet. Here the undercut fillet determined from four design 

variables and with Kt minimized from von Mises stresses was used. The stress state in this 

undercut fillet can be found in section 4.2.3. The stress state in the double radius fillet can be 

found in section 3.2.2. Different equivalent stress methods, stress invariant methods and 

critical plane methods were used to analyze fatigue damage. No fatigue data for the current 

material in the piston was known. Therefore, basic fatigue parameters for the material were 

estimated from empirical formulas in a handbook. 

5.1 Material data 
The material in the piston is the low alloyed, heat treatable steel, 11 9080 94 with 0.50‒0.55% 

carbon. No fatigue data is known for this material, but [17] suggests that the fatigue limit in 

rotating bending, ur , for carbon steels and heat treatable steels can be estimated by the 

normal distribution 

  ( , ); 0.51 1.67 64 MPa, 0.06 MPa,mN m s m R Z s m       (5.1) 

where mR  and Z  are the tensile strength and ductility of the material, respectively. The 

material has a minimum tensile strength of 1000mR   MPa and a minimum ductility of Z = 

45%, giving the mean value 478m   MPa and the standard deviation s   29 MPa. A value 

below the mean value in a normal distribution with 3.1 times the standard deviation has a 

probability of one in a one thousand to occur. Thus the probability of fracture for rotating 

bending is less than 1‰ if the amplitude is lower than 478 3.1 29 389   MPa. This value 

will be considered as the fatigue limit for the material in rotating bending, i.e. 389ur  MPa. 

If account is taken to a surface finish of 1μmaR  , the fatigue limit will decrease to 

389 / 0.85 389 331ur RK     MPa. The surface finish factor, rK , was determined from 

figure 25.12 in [17]. The fatigue limit in fully reversed axial loading, , 1u R  , can according to 

[17] be estimated from the fatigue life in rotating bending by 

 , 1 0.8 265u R ur     MPa,  (5.2) 

where 0.8 is a load correction factor, compensating for the more damaging tensile load. The 

fatigue limit in fully reversed torsional loading, , 1u R  , can also be estimated from the fatigue 

life in rotating bending by 

 , 1 0.6 199u R ur     MPa  (5.3) 

where 0.6 is the load correction factor, compensating for a torsional load. These values agree 

with values found in [18] for fatigue limits for carbon steels and low alloyed steels. 
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5.2 The effect of notches 
In order to account for the stress gradient in the fatigue analysis, the theory of critical 

distances, TCD, was used, see [19]. TCD provides methods to predict the effects of notches 

and other stress concentration features. We were using the point method, PM, where failure is 

assumed to occur if the stress is equal to a critical stress 0  at a distance / 2L  from the notch. 

L is a length scale, characteristic for the material, and given by 

 

2

0

1
,thK

L
 

 
  

 
  (5.4) 

where thK  is a crack propagation threshold for the material and 0  is a plain fatigue limit 

for the material. For our material thK was not known, but [18] suggest that L can be 

estimated empirically by 
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   (5.5) 

Inserting 1000mR   MPa and 
0 , 1 2 265 530u R         MPa into (5.5), gives 0.043L   

mm. This value agrees with other values of L, determined experimentally, for low alloy steels 

found in [18]. The low value of L shows that the material in the piston is sensitive to blunt 

notches. This is also shown if we consider the case of pure tension of the piston. Both the 

double radius fillet and the undercut fillet have a radius of curvature of more than 10 mm at 

the location of maximum stress range. Figure 25.9 in [17] then gives a notch sensitivity factor, 

q, of 0.95q   for both fillets. Using the equation 

  1 1 ,f tK q K     (5.6) 

to relate the stress concentration factor, tK , with the notch sensitivity factor, fK , gives 

0.993f tK K   for the double radius fillet and 0.999f tK K   for the undercut fillet. Here, 

1.154tK   and 1.015tK  were used for the double radius fillet and for the undercut fillet, 

respectively. These ratios, very close to 1, confirm the small value of L. 

5.3 Characterization of the stress state at surface of the fillet 
In this section it is shown that the stress state at the double radius fillet has some desirable 

features. First it is shown that the directions of the principal stresses are constant with time 

(aside from jumps of 90 ). Then it is shown that the stress state is biaxial, with a constant 

biaxial ratio. These conditions ensure us that the equivalent stress methods can be used, and 

considerably simplifies calculations in stress invariant and critical plane methods.  

The macro principal_data in appendix A.4 was used to determine the directional cosines of 

the principal stresses at a specified location, and to evaluate the angles between them and the 

tangent at the specified location. Figure 5.1 is a plot of these angles for the double radius fillet 
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at the location of maximum signed Tresca stress range. From the plot it can be seen that the 

directions of the principal stresses are always parallel or perpendicular to the tangent. 

 

Figure 5.1: Angles between the directional cosines of the principal stresses and the tangent at point of 

maximum signed Tresca stress range in the double radius fillet. 

The above macro also determines the angles between the directional cosines of the principal 

stresses and the normal to the tangent plane at the specified location. Figure 5.2 is a plot of 

these angles for the double radius fillet at the location of maximum signed Tresca stress 

range. 

 

Figure 5.2: Angles between the directional cosines of the principal stresses and the normal to the tangent 

plane at the point of maximum signed Tresca stress range in the double radius fillet. 
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From Figure 5.2 and the condition that the principal stresses are mutually perpendicular, it can 

be realized that the two principal stresses are always located in the tangent plane, and one 

principal stress has the same direction as the normal to the tangent plane. 

The macro principal_data also calculates the ratio of the principal stress normal to the tangent 

plane at the given point to the sum of the absolute values of all principal stresses. Figure 5.3 is 

a plot of this ratio at the location of maximum signed Tresca stress range in the double radius 

fillet. 

 

Figure 5.3: Ratio between the principal stress normal to the tangent plane at the point of maximum stress 

range and the sum of the absolute values of all principal stresses. 

From Figure 5.3 it can be seen that the value of the principal stress, normal to the tangent 

plane, is very small compared to the sum of the principal stresses in the tangent plane. Thus 

the stress state can be considered as a plane stress state. That also agrees with the boundary 

condition of a traction free outer surface. 

In Figure 5.4 and Figure 5.5 the biaxial ratio for the two principal stresses, which spans the 

tangent plane at the location of maximum signed Tresca stress range in the double radius 

fillet, has been plotted. This was again done by data from the macro principal_data. 

0 0.05 0.1 0.15 0.2 0.25 0.3
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1
x 10

-3

t [ms]



72 

 

 

Figure 5.4: Biaxial ratio for the double radius fillet at the point of maximum signed Tresca stress range. 

 

Figure 5.5: Biaxial ratio for the double radius fillet at the point of maximum signed Tresca stress range. The 

stress on the ordinate is the value of the principal stress in the tangent plane with the highest magnitude. 

From the plot in Figure 5.5 it can be seen that the biaxial ratio is approximately constant if the 

principal stress with the highest magnitude has an absolute value larger than 100 MPa. 

We have shown that the directions of the principal stresses are fixed in time, aside from jumps 
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extreme values in the stress range have occurred. It is due to the high degree of distortion 

which occurs to the stress pulse with the time. Because all stresses are relatively low when the 

stress states is non-proportional (and are therefore assumed to make no damage to the 

material) the stress state in the double radius fillet is considered to be proportional at all times. 

By going through the same process for the undercut fillet, it can be shown that the stress state 

is proportional at the point of maximum signed Tresca stress range. 

5.4 Hot spot 
The hot spot, i.e. the point where most damage occurs to the material, was assumed to be the 

point on the fillet with the largest stress range. This is not always the case: sometimes a point 

with a larger maximum stress than the maximum stress in the maximum stress range can 

experience more damage. But for both the double radius fillet and the undercut fillet the 

difference between the maximum tensile stress in the fillet and the maximum tensile stress in 

the maximum stress range is less than 0.5% for all considered stress measures. Therefore, the 

point with the maximum stress range was considered to have highest risk of fatigue damage. 

The hot spot also depends on the stress gradient and the critical distance L, but the stress 

gradient is relatively small for both fillets and L is very small for the material. Therefore their 

effects on the location of the hot spot are neglected. The location of the hot spot might also 

depend on the fatigue method, but that was not considered in this report. 

When the point method, PM, is used in TCD, stresses are evaluated at a distance L/2 from the 

hot spot (into the material), to compensate for notch effects. We have previously shown how 

the stress varies with the distance from the surface of the fillets. Now, because L is a very 

small distance, it can be realized that the stress is almost the same at the hot spot as it is at a 

distance L/2 from it. Thus PM will give the same results as if the stresses were taken directly 

at the hot spot. Therefore, for all fatigue analyses we are going to use the stress at the hot spot, 

not at a distance L/2 from it. 

5.5 Fatigue damage cycle 
The impact piston impacts on the shank adapter more than 100 times per second. The life time 

of the piston is desired to be more than 1000 working hours: that corresponds to almost one 

billon of impacts. During each impact, a large number of stress cycles are created in the 

piston. To determine if fatigue occurs in the piston only one (equivalent) stress cycle was 

considered. This stress cycle has the same extreme values as the minimum and maximum 

stresses at the hot spot. If we assume that the real stress cycles are linear, non-interactive and 

stress-independent, it can be assumed that the combined effects of them will cause the same 

damage to the material as the equivalent stress cycle. 

When the equivalent stress cycle is used in a fatigue method, the method will predict if fatigue 

occurs or not. If fatigue is not predicted, we say that the piston has an infinite fatigue life. 

Infinite fatigue life does not mean that the piston has an infinite working life, generally it 

means that the piston can withstand 10
6
 ‒10

7
 equivalent stress cycles before failure. For many 

steels, the S-N curve becomes almost horizontal after these numbers of stress cycles, but some 

fatigue damage might happen in the giga-cycle range. Because the impact piston must 
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withstand 0.36 billion impacts in order to have a working life of 1000 hours (equivalent to 

0.36 billion equivalent stress cycles) it is desirable that it has an infinite fatigue life with a 

safety factor lager than one. 

5.6 Fatigue analysis ‒ equivalent stress methods 

Equivalent stress methods are extensions of static yield criteria to fatigue: see [20], [21]. They 

have been more or less successful in correlating multiaxial fatigue data. Their biggest 

advantage is their ease of use, but they are limed to proportional stress states (proportional 

loading). In this section some of the most commonly used equivalent stress methods were 

applied to the piston. 

5.6.1 Maximum principal stress method 

The maximum principal stress method states that fatigue occurs in the piston if the amplitude 

of the maximum principal stress is larger than the fatigue limit, 0 , for a cylindrical test 

specimen, subjected to a tensional/compressional axial load with the same load ratio. The 

maximum principal stress amplitude, a , and the load ratio R for the double radius fillet are 

given below. These values were determined for the previously defined equivalent stress cycle 

in section 5.5, at the hot spot with the highest maximum principle stress range. 

 

  
1

238.8 312.1 275.5 MPa
2

312.1
1.31.

238.8

a
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 To find 0  Goodman’s rule was used 
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a  is almost identical to 0 , thus the maximum principal stress theory predicts that the piston 

with the double radius fillet has an infinite fatigue life, but not leaving any room for a safety 

factor larger than one. 

If the undercut fillet is studied instead, we have that 
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204.7 278.0 241.4 MPa
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Goodman’s rule gives 

 

0

, 1

1
276MPa.

1 1

1u R m

R

R R



 

 





 

Thus the undercut fillet has a safety factor of 276 241.4 1.14N    to the fatigue limit 

according to the maximum principle stress method. 

The maximum principal stress method is suited for analysis of brittle materials or to analysis 

where the axial tensional-compressional load is the dominant part of the load, which is true 

for the piston. 

5.6.2 Maximum shear stress method 

The maximum shear stress method states that fatigue will occur when the maximum shear 

stress amplitude in the piston is higher than the plain fatigue limit 
, 1u R 

. No account is taken 

to the mean stress, which does not have the same influence on the fatigue damage in high 

cycle fatigue for torsional loading as it has for axial loading. 

The maximum shear stress amplitude, a , for our equivalent stress cycle is given by half the 

signed Tresca stress amplitude. For the double radius fillet, at the hot spot with the maximum 

signed Tresca stress range, we have 550.1 2 2 137.5a   MPa. This is much lower than 

, 1 199u R   MPa. Thus the pure shear will not cause any fatigue damage. For the undercut 

fillet is 482.7 2 2 120.7a   MPa. 

The maximum shear stress method is best suited for load cases where the torsion load is the 

dominant part of the load, or to very ductile materials. None of these conditions yields for the 

piston. 

5.6.3 Octahedral shear stress method 

The Octahedral shear stress method is the most common used equivalent stress method for 

multiaxial fatigue analysis of ductile materials. In this method fatigue damage is assumed to 

occur to the piston when the signed von Mises stress amplitude a  is higher than the fatigue 

limit 0  of a cylindrical test specimen, loaded under axial tension/compression, with the same 

load ratio as in the piston 

The double radius fillet has the following values at the hot spot with the maximum signed von 

Mises stress range 

  
1

219.8 289.4 254.6 MPa
2

289.4
1.32.

219.8

a
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 Using the Goodman rule gives 
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Thus the Octrahedral shear stress theory predicts that the double radius fillet have an infinite 

fatigue life. The safety factor is N = 1.08. 

The undercut fillet has the following values at the hot spot 

  
1

189.5 257.4 223.5 MPa
2

289.4
1.36.

219.8

a

R

    


  

 

Using the Goodman rule again gives 
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1
276MPa.
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1u R m

R
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Thus the undercut fillet is assumed to have an infinite fatigue life with a safety factor of N = 

1.23. 

5.7 Fatigue analysis ‒ Stress invariant methods 

Stress invariant methods use the invariant of the stress deviator tensor 2J  and the hydrostatic 

stress H  to predict fatigue. The two most well known methods were considered: Sines’ 

method and Crossland’s method. In both of these methods, the amplitude of the square root of 

2J  is used, which we denote by 2aJ . This amplitude was determined by the Papadopouls 

minimum circumscribed hyper-ball method [22]. That corresponds to finding the radius of the 

smallest hyper-sphere, in a five dimensional stress space, circumscribing a closed load path. 

This can be tricky for non proportional stress states, but for our proportional stress state, the 

load path is a hyper-line, and the task of finding the radius of the minimum hyper-sphere 

reduces to finding half the length of this hyper-line. 

5.7.1 Sines’ Method 

Sines’ method is one of the oldest methods in multiaxial fatigue analysis, and predicts that 

fatigue damage occurs when 

 2 , , 1,a H m u Ra J b      (5.8) 

where 2aJ  is the amplitude of the square root of the second invariant of the stress deviator 

tensor, and ,H m  is the mean hydrostatic stress. The constants a and b are material constants. 

These constants can be determined by applying the method to a plain cylindrical test 

specimen. The two obvious load cases would be a fully reversed axial load and a fully 
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reversed torsion load. But that does not work, because in both cases, the mean hydrostatic 

stresses are zero, thus the constant b cannot be determined. Instead a fully reversed torsional 

load and a pulsating axial load were used. The cylindrical test specimen is assumed to have a 

fatigue limit 
, 0 209u R    MPa in pulsating tension, determined from 

, 1u R 
 and Goodman’s 

rule. Applying (5.8) to the cylindrical test specimens under these load cases gives 

 
, 1 , 1 , 1

, 1 , 0 , 1

1.33, 3 3 1.50.
u R u R u R

u R u R u R

a b
  

  

  

  

        

For the double radius fillet, at the hot spot where the highest signed von Mises stress range 

occurs, we have  

2

,

145.3 MPa

16.6 MPa.

a

H m

J





 
  

Inserting these values into (5.8) together with a and b gives 

 , 11.33 145.3 1.50 ( 16.6) 168 265 MPa.u R           

Sines’ method therefore predicts that the piston with the double radius fillet has an infinite 

fatigue life with a large safety factor. Tests have shown that Sines’ method is non-

conservative for , 1 , 1 1.3u R u Rk      (see [23]) we have k = 1.33. Sines’ method is also 

unable to predict the fatigue life of a cylindrical test specimen in fully reversed axial loading: 

if this load is , 1 265a u R     MPa, the left hand side of (5.8) becomes 203 MPa. This 

value should be 265 MPa, and clearly Sines’ method is non-conservative in this case. This is a 

problem for us, because axial stresses with a low mean value is a dominant part of the stresses 

in the piston. Thus Sines’ method cannot be expected to give good results. 

The undercut fillet has the following values at the hot spot 

        
,

130.1 MPa

15.1 MPa.

a

H m







 
 

Inserting these values into (5.8) gives 

 , 11.33 130.1 1.50 ( 15.1) 150 265 MPa.u R         

This gives a safety factor of N = 1.70, which should again be considered as too non-

conservative. 

5.7.2 Crossland’s Method 

Crossland’s method is similar to Sines’ method, but Crossland uses the maximum hydrostatic 

stress ,maxH  instead of the mean hydrostatic stress 

 2 ,max , 1.a H u Ra J b      (5.9) 
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The material constants a and b can be determined by applying the method to cylindrical test 

specimens loaded under fully reversed tension‒compression and loaded under fully reversed 

torsion, giving 

 
, 1 , 1

, 1 , 1

1.33, 3 3 0.69.
u R u R

u R u R

a b
 

 

 

 

        

Applying the method to the double radius fillet at the hot spot with the highest signed von 

Mises stress range, where 

,max

145.3 MPa

92.8 MPa,

a

H








 

gives 

 
, 11.33 145.3 0.69 92.8 257 265 MPa.u R          

Thus Crossland’s method predicts that the piston with the double radius fillet has an infinite 

fatigue life with a small safety factor of N = 1.03. 

For the piston with the undercut fillet we have at the hot spot 

  
,

130.1 MPa

79.3 MPa.

a

H m








 

Inserting these values and the values of a and b into (5.9) gives 

 , 11.33 130.1 0.69 79.3 228 265 MPa.u R          

This gives a safety factor of N = 1.16 to infinite fatigue life. 

5.8 Fatigue analysis ‒ critical plane methods 
In critical plane approaches (see [24]), a damage parameter is computed from the shear stress 

and the normal stress acting on a critical plane. The definition of the critical plane depends on 

the method: e.g. it could be the plane with the maximum shear stress amplitude or it could be 

the plane on which the damage parameter is maximized. 

The normal stress nσ and the shear stress τ  acting on a plane can be determined by 

 
 

  ,





nσ n σn n

τ σn - n σn n
  (5.10) 

where σ  is the stress tensor and n  is the unit normal to the plane. n  will be determined by the 

spherical coordinates  ,  , where φ is the equatorial angle and θ is the polar angle. 
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We will be interested in the shear stress amplitude, aC , on a plane. aC  is defined by the radius 

of the smallest circle on the plane which circumscribes the load path that the shear stress 

vector on the plane traces out. This radius can be difficult to determine for a general non-

proportional stress state, but for our proportional stress state it is easy. Due to the fact that the 

stress state is proportional, it can be realized that the load path of the shear stress vector on an 

arbitrary plane is a straight line. The length of this line, which is twice the value of aC , is 

given by the difference between the maximum shear stress and the minimum shear stress. 

Figure 5.6 is a plot of the load path of the shear stress vector on the plane  20 , 50    , 

going through the point of maximum signed Tresca stress range on the double radius fillet. 

The figure shows that the load path is basically a straight “line” (the “line” is “thicker” at the 

middle which corresponds to the lower stresses where the stress state is non-proportional, 

which was stated earlier). The directions of the two local coordinates l and r used in the figure 

is given by 

    ˆ ˆsin ,cos ,0 , cos cos ,cos sin ,sin .
T T

         l r   (5.11) 

 

Figure 5.6. Load path of the shear stress vector on the plane  20 , 50    , going through the hot 

spot on the double radius fillet. 

5.8.1 Findley’s method 

Findley’s method states that fatigue occurs if 

 max , 1,a u RDF a C b N        (5.12) 

where aC  and maxN  are the shear stress amplitude and maximum normal stress, respectively, 

on the plane where the left hand side of (5.12) is maximized. a and b are material constants, 
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which were  determined by applying (5.12) to the cases of fully reversed axial loading and 

fully reversed torsion on cylindrical test specimens. Thus 

 
, 1

, 1

2 1 1.15, 2 0.67, 1.33.
u R

u R

a k b k k








          

As stated earlier, aC  on a specific plane can be determined as half of the length of the line 

which the shear stress vector traces out on the plane. The two extremes on this line correspond 

to the shear stresses when the signed Tresca stress is a maximum and when the signed Tresca 

stress is a minimum. The Matlab script in appendix A.9 determines the plane where DF is 

maximized. Here, the stress tensor have been expressed in the fixed frame 0x’y’z’, defined in 

Figure 5.7. x’, y’, z’ have the same directions as the principal stresses, 1 2 3, ,S S S , respectively, 

at the time of maximum signed Tresca stress. 

 

Figure 5.7. The reference 0,x’y’z’. 

The double radius fillet has the following values, at the hot spot with the maximum signed 

Tresca stress range, for the principal stresses at the time of maximum signed Tresca stress 

1,max 2,max 3,max237.6MPa, 40.4MPa, 0.3MPa,S S S    

and at the time of minimum signed Tresca stress 

1,min 2,min 3,min310.9MPa, 66.6MPa, 0.3MPa.S S S       

Inserting these values into the Matlab script gives that DF in (5.12) is maximized on the plane 

 0 , 58     with the value DF = 256. Thus DF is smaller than the right hand side of 

(5.12), so Findley’s method predicts that the piston with the double radius fillet has an infinite 

fatigue life, but only with a small safety factor of N = 1.04. 

The undercut fillet has the following values at the hot spot 

1,max 2,max 3,max

1,min 2,min 3,min

205.3MPa, 32.6MPa, 0MPa,

280.5MPa, 48.0MPa, 0MPa.

S S S

S S S
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Inserting these values into the Matlab script gives again that the critical plane is 

 0 , 58    but with DF = 224. This gives a safety factor of N = 1.18. 

5.8.2 McDiarmid’s method 

In McDiarmid’s method [25], fatigue is assumed to occur when 

 
, 1 , 1

max , 1

,

.
2

u R u R

a u R

A B m

DF C N
t R

 
 

     (5.13) 

Here, aC  and maxN are the shear stress amplitude and the maximum normal stress, 

respectively, on the plane where aC  is maximized. mR  is the tensile strength of the material 

and 
,A Bt  is the fatigue strength of the material for case A or case B cracks. Case A cracks are 

shallow cracks, propagating along the surface, case B cracks are cracks propagating inwards 

from the surface. We will assume that a crack on a critical plane will propagate in the 

direction of the shear stress vector on the plane, and that direction will determine if the crack 

is a case A or a case B crack. At  was determined by applying (5.13) to a plain cylindrical test 

specimen, loaded under fully reversed torsion. That gives 

 
, 1

, 1

2
221MPa.

2

M u R

A

M u R

R
t

R









 


   

Bt  was determined by applying (5.13) to a cylindrical test specimen loaded with a fully 

reversed tension-compression axial load. That gives  

 
, 1

, 1

2
142MPa.

4

M u R

B

M u R

R
t

R









 


   

By using the reference system in Figure 5.7, applying Mohr’s circles of stress, and remember 

that the stress state is proportional, it can be realized that the plane  45 , 90    is the 

critical case A plane. This plane has the maximum shear stress amplitude aC  for driving type 

A cracks. For the double radius fillet, at the hot spot with the highest signed Tresca stress 

range, we have on this plane 

max110MPa, 139 MPa.AC N   

Inserting these values, together with the value on At , into (5.13) gives 

, 1

265 265
100 139 151 265.

221 2 1000
u R      


 

Thus we do not have to be afraid for type A cracks. 
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If we instead consider type B cracks, it can be realized that the plane  0 , 45    is the 

critical plane. On this plane, the double radius fillet, at the hot spot, has the following values 

   max137MPa, 119 MPa.AC N   

Inserting these values and the value of Bt  into (5.13) gives 

, 1

265 265
137 119 271 265MPa.

142 2 1000
u R      


 

Hence McDiarmid’s method predicts that the double radius fillet does not have an infinite 

fatigue life, but the safety factor is close to 1: N = 0.98. 

The same critical plane for case B cracks for the undercut fillet has 

max121MPa, 103 MPa,AC N   

giving 

, 1

265 265
121 103 240 265MPa.

142 2 1000
u R      


 

This gives a safety factor of N = 1.10 to fatigue. 

5.9 Discussion 
The safety factor N to fatigue is summarized in Table 5.1 for all previously considered 

methods. From the table it can be seen that the safety factor for the double radius fillet is close 

to one for all methods, except for the maximum shear stress method and Sines’ method (these 

two methods are too conservative, which was stated earlier). Thus the double radius fillet is 

predicted to have no margins to fatigue. This can be a problem, which was stated earlier, 

because fatigue limits are normally determined in the range of 10
6
 ‒10

7
 cycles. But we are 

more interested in the range of 10
8
 ‒10

9
 cycles (which corresponds to a working life of 1000 

hours for the piston). In order to withstand this number of stress cycles, it is desirable to have 

a safety factor larger than one. The undercut fillet on the other hand, always has a safety 

factor larger than 1.1, for all considered fatigue methods. 

Table 5.1. Safety factors to fatigue for all previously considered fatigue methods. 

                                                        Fillet                                                
Method 

Double radius fillet Undercut fillet 

Maximum principal stress method 1.00 1.14 

Maximum shear stress method 1.45 1.65 

Octrahedral shear stress method 1.08 1.23 

Sines’ method 1.58 1.77 

Crossland's method 1.03 1.16 

Findley's method 1.04 1.18 

McDiarmid's method 0.98 1.10 
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It is very import to remember that the fatigue properties 
, 1u R 

 and 
, 1u R 

of the material 

were not known, they were estimated by an empirical formula. Even tough these values seem 

to agree well with given values for similar materials, it is important to confirm them by 

testing. It should also be stated that all the above fatigue methods applies normally to loads 

which vary much slower than the variation of stress induced by the propagating stress wave. It 

is not known to me how that affects the fatigue damage and how suitable the above fatigue 

methods are to determine fatigue damage caused by stress waves.      
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6 Transient fillet optimization 
In chapter 4 the shape of the undercut fillet was determined by minimizing a stress 

concentration factor. The biggest advantage of this method was that no transient analysis was 

needed; only a static analysis was needed in the design optimization procedure. Thus the 

computational time was low. On the other hand, minimizing this stress concentration factor 

might not be the optimal thing to do if maximum fatigue life is the main objective. In this 

chapter the shape of the undercut fillet is determined by directly minimizing the maximum 

stress range. Thus the maximum stress range was set as the objective function in the design 

optimization script. This might again not be the optimal choice of objective function if the 

main objective is to maximize the fatigue life, e.g. no account is taken for the mean stress in 

the stress range in this choice of objective function. But we have seen for the previously 

determined undercut fillet that the maximum stress in this fillet only diverges by 0.5% from 

the maximum stress in the maximum stress range. Thus the mean stress in the maximum 

stress range will almost be the same as the mean stress in the fillet at the location of maximum 

stress, and therefore mean stress considerations should not affect our choice of objective 

function. A better choice of objective function, which directly correlates to fatigue damage, 

would be to set it to the fatigue damage parameter of any fatigue method, e.g. the left hand 

side of Crossland’s method or the left hand side of Findley’s method. That was not done in 

this report; it is left to future studies. 

6.1 Method 
In order to minimize the maximum stress range in the fillet during the impact, the transient 

analysis in appendix A.1 was used in the design optimization script. The first order 

optimization method in ANSYS was used as the optimization algorithm. This algorithm 

preforms a number of line searches in order to find a minimum. The direction of a search line 

and its length is determined by the gradient to the objective function, depending on the design 

variables, through a steepest descent or a conjugate gradient method. One iteration of the first 

order optimization method corresponds to one line search. Convergence is said to occur if the 

results of two iterations differ by less than a given tolerance. As said earlier, each line search 

requires a determination of a gradient, formed by the design variables. To determine the 

gradient, the transient analysis must be run the same number of times as the number of design 

variables. Thus there is much computational time to save if the transient analysis is preformed 

fast. Table 7.1 gives the computational time for the transient analysis for the statically 

determined undercut fillet for five different values of the maximal time step. Here 

Mesh1+Mesh1* was used for the mesh, which will give an element size of 0.5 mm on the 

fillet (see Table 3.1 and Table 3.2). The simulation time was set to 115 μs; in this time span 

the maximum stress range will occur. Table 6.1 also gives the difference in maximum signed 

Tresca stress range compared to the maximum signed Tresca stress range for the transient 

analysis with the finer (standard) mesh Mesh3+Mesh1* and with the time step of 0.1 μs. This 

error represents the combined error of using a coarser mesh and larger time step. 



85 

 

 

Table 6.1. Computational time for the transient analysis of the statically determined undercut fillet. 

Time step Error [%] Computational time [min] 

1,00E-07 -2.2 21:11 

2,50E-07 -0.2 09:07 

5,00E-07 -1.5 05:47 

7,50E-07 +2.3 06:27 

1,00E-06 +1.8 05:26 

  

From the table it can be seen that if the time step is increased from 0.1 μs to 0.5 μs, the 

computational time is reduced by almost three quarters. The error in using this time step (and 

the coarser mesh) is -1.5%. It is also interesting to note that the computational time with the 

time step of 0.1 μs is almost the same as the computational time with the time step of 0.5 μs, 

even though this time step is only half as large. The reason for this is the automatic solution 

control, which controls the time step size in the HHT algorithm. If the time step is too large, 

so that equilibrium cannot be reached in a given numbers of iterations, then the solution 

control will automatically decrease the step size and restart the current iteration. Thus if the 

time step is too large, much time will be spent just to determine the time step size, and the 

total number of  equilibrium iterations might be higher than if a smaller maximum time step 

was used from the beginning. 

The design optimization script in appendix A.6 uses the maximum time step of 0.5 μs and the 

mesh Mesh1+Mesh1*. It is easy to change the configuration of the undercut fillet in the 

script. In this chapter the undercut fillet with one design variable in Figure 4.3 b), and the 

undercut fillet with two design variables in figure Figure 4.3 b) were used. These fillets were 

used because they have a minimum of design variables (and therefore will have low 

computational times), and  because results on the  statically determined undercut fillet showed 

that one or two design variables almost gave the same results as four design variables. In 

order to determine the maximum stress range in the fillet, the macro maximum_stress_range 

in appendix A.7 was used. This macro loops over all nodes on the fillet, and determines the 

node with the highest stress range. In order to decrease computational time, minimum stress 

values were calculated only in the time interval [t1, t2] and maximum stress values were only 

calculated in the time interval [t3, t4]. Thus one needs to know from the beginning in which 

intervals theses values occur. That can be determined from one of the stress plots, e.g. Figure 

3.6. This macro can easily be modified to determine the maximum stress range in different 

stress measures. 

6.2 Results 
In Table 6.2 the results are given for the undercut fillet with one design variable and the 

undercut fillet with two design variables. The objective function was set to the maximum 

signed Tresca stress range. For both fillets the optimization procedure was terminated after 10 

iterations. The convergence given in the table states the smallest difference between two 

iterations. The maximum stress range given in the table was determined by taking the best 
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design set of 10 iterations and  remesh it with the finer mesh Mesh3+Mesh1*, and then solve 

it with the transient analysis in appendix A.1 with the time step 0.1 μs. The error given in the 

table is the difference between the maximum stress range for the undercut fillet determined by 

the transient design optimization and the best undercut fillet determined by the static design 

optimization (with the stress concentration factor determined by Tresca stresses). To 

investigate if the first order optimization algorithm was stuck in a local minimum, the best 

design set was compared with the one found by ANSYS’ zero order optimization algorithm. 

The zero order method is not as sensitive to get stuck in a local minimum, and it is much 

faster than the first order method. But the first order method is more accurate. In the table the 

difference between the best design sets found by these two methods are given. As we can see, 

the difference is about 1%. This is an indication that the first order method has found a global 

minimum because the zero order method has found a similar minimum, and the zero order 

method is more likely to find a global minimum then the first order method. 

Table 6.2. Undercut fillets, determined by transient design optimization. The objective was to minimize the 

maximum signed Tresca stress range. 

Number of design 
 variables 

Maximum signed Tresca 
 stress range [MPa] 

Error [%] Convergence [%] Zero order 
method [%] 

1 461.6 -0.1 0.5 +1.2 

2 461.1 -0.2 0.3 +1.4 

 

Table 6.3 is similar to Table 6.2, but here the objective was to minimize the maximum signed 

von Mises stress. The error given in the table was determined by comparing the transient 

optimized fillet with the static optimized fillet (where the stress concentration factor now was 

determined from von Mises stresses). 

Table 6.3. Undercut fillets, determined by transient design optimization. The objective was to minimize the 

maximum signed von Mises stress range. 

Number of design 
 variables 

Maximum signed von 
Mises stress range [MPa] 

Error [%] Convergence [%] Zero order 
method [%] 

1 445.4 -0.3 0.1 +0.8 

2 445.2 -0.4 0.4 +1.6 

 

6.3 Discussion 
It is interesting to see that the undercut fillet, determined by minimizing a stress concentration 

factor, has almost the same maximum stress range as the undercut fillet determined directly 

by minimizing the maximum stress range. Here it should be remembered that the statically 

optimized fillet just take some minutes of computational time, while the fillet determined by 

the transient optimization toke more than 30 hours of computational time. It is also interesting 

to see that good results can be obtained by just using one design variable. 

For all the above fillets determined by transient design optimization a coarse mesh and a large 

time step were used. It is possible that the results would be better if a finer mesh and a smaller 
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time step were used. But this would lead to too long computational times, so it is left to future 

studies, where preferably an explicit solver is available. 

7  Weight optimization of piston tail 
The shape of the impact piston determines the shape of the stress pulse which will fracture the 

rock when it reaches the drill bit [26], [27]. To get maximum penetration of the drill bit, one 

wants a strictly raising stress pulse with an abrupt end, see Figure 7.1. The peak value of this 

stress pulse (maximum compressional stress) should arrive to the drill bit just a moment 

before the rock fractures. The abrupt end of the stress pulse will now ensure that no further 

energy is transferred to the already fractured rock or being reflected at the drill bit rock 

interface. 
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Figure 7.1. Ideal stress pulse propagating in the drill rod towards the drill bit. 

The abrupt end of the ideal stress pulse in Figure 7.1 can not be achieved by an impact piston 

with a tail. The smaller diameter of the piston will give a tail to the stress pulse. This stress 

pulse tail will reach the the drill bit after the rock has fractured, and will therefore do no 

useful work to the rock. Some parts of its energy will be reflected at the drill bit, the rest will 

be transformed to heat at the already fractured rock. Thus the mass of the piston tail can be 

considered as dead weight; it will only take extra energy to accelerate it, and reflected energy 

from it must be damped out so that the hydraulic hammer is not damaged. Thus it is desirable 

to reduce the weight of the piston tail. 

Figure 7.2 is a plot of the stress pulse in the shank adapter/drill rod from the impact of the 

piston BBX 262, at the fixed location of 50 mm from the impact area. From the plot, we can 

expect that the rock is going to fracture when some part of the stress pulse to the left of the 

red line reaches the drill bit. The part of the stress pulse shown in the red circle in the figure 

corresponds to the piston tail. Because the rock has already been fractured when this part of 

the stress pulse reaches the drill bit, it should ideally be zero. This corresponds to a zero 

weight of the piston tail. We are going to see how the weight of the piston tail can be reduced 

by weight optimization. 
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Figure 7.2. Stress pulse in shank adapter/ drill measured radially at three locations: at the surface, in the 

middle of the material and at the surface of the center hole. 

7.1 Method 
We will now show an example of how the mass of the piston tail can be reduced. The inside 

profile of the piston tail was modified to the one shown in Figure 7.3. The blue line is a 

straight line and the green line is a cubic b-spline. The inclination of the straight line is 

determined by the radial design variable tk3x. The shape of the b-spline is determined by all 

three radial design variables tk3x, tk4x and tk5x. The straight line and the b-spline have 

matched tangents at their point of connection. This geometry is used in the weight 

optimization script in appendix A.8. This script uses a state variable s to control that the 

maximum stress range on the red line, the blue line and the green line does not exceed the 

value sv. Here sv was set to the value of the maximum signed von Mises stress range on the 

double radius fillet. The objective function was set to the whole volume of the piston; this is 

proportional to the mass of the piston. The mesh used is similar to the mesh Mesh1+Mesh1*, 

but now one level of refinement is used for the red line, the blue line and the green line. This 

gives an element size of approximately 0.5 mm on all these lines. A time step size of 0.5 μs 

was used. First, 10 iterations are preformed by the zero order optimization algorithm, to guide 

in the first order optimization algorithm, and then 20 iterations are preformed by the first 

order optimization algorithm. 
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Figure 7.3. Weight optimized design of the piston tail. 

7.2 Result 
After 20 iterations with the first order optimization algorithm, the mass of the piston tail was 

reduced by 38%. At that moment, the state variable was 96.3% of its maximum value sv. 

Thus there was potential to lower the mass even more if more iterations had been run. Figure 

7.4 shows the shape of the weight optimized piston tail. 

 

Figure 7.4. Weight optimized shape of the piston tail. 

7.3 Discussion 
The result of the mass reduction of 38% can very likely be improved by choosing another 

geometry for the inside profile of the piston tail and by using another set of design variables. 

It is likely that good results also can be found with a lower maximum value for the state 

variable than the maximum signed von Mises stress range for the double radius fillet. This 

example should only be considered as introduction on how the mass of the piston tail can be 

reduced. A more thorough investigation is left to future studies. 
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8 Summary and results 
In this report, the stress state in an impact piston was studied with the finite element method. 

The stress state is caused by an impact piston impacting on a shank adapter, connected to a 

drill rod.  The surface of a fillet on the impact piston is an area with high stress ranges and a 

critical location for fatigue fracture. Design optimization was used to find a new geometry of 

fillet, with lower stress ranges. Design optimization was also used to reduce the weight of the 

tail of the piston. The following points state the key results: 

 By changing the geometry of the fillet, the maximum stress range could be lowered by 

12‒16%, depending on the stress measure used. The new fillet, an undercut fillet, was 

cut into the material of the piston, and was therefore not taking any extra room 

compared to the old double radius fillet. 

 The shape of the undercut fillet was determined by design optimization. It was found 

that the maximum stress range in the fillet could be minimized, with good results, just 

by minimizing the stress concentration factor in the fillet due to static axial tension. 

Thus the shape of the fillet can be determined by a static solver in the design 

optimization, giving very fast computational times. 

 Several fatigue analysis methods were used to analyse fatigue damage. It was found 

that the safety factor to infinite fatigue life for the piston with the old double radius 

fillet is 0.98 ‒1.08 while it is 1.10‒1.23 for the piston with undercut fillet, depending 

on which fatigue method used. 

  It was found that the mass of the tail of the piston can be reduced by 38% without 

affecting the performance of the piston. This means that less mass has to be 

accelerated, thus energy is saved, and that less reflections has to be damped out. 

9 Future work 
Suggestions for further work: 

 It would be interesting to experimentally verify the FEA results in this report. This 

could probably be done by placing strain gauges on the piston tail, and then let the 

impact piston fall in a drop hammer to impact on a shank adapter, attached to a drill 

rod. The height from which the piston is dropped will determine the impact velocity. 

How this experiment could be done is explained briefly in [26]. Figure 9.1 is a 

schematic picture of a drop hammer. 
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Figure 9.1. Schematic picture over a drop hammer. From [ [26], Fig. 2 in paper C]. 

 Wave propagation problems are normally solved with an explicit solver [10], [11]. In 

this report, at the time then the calculations were done, the author had no access to an 

explicit solver, so all calculations were done by an implicit solver. Thus it would be 

interesting to verify all results in this report by an explicit solver. Because the explicit 

solver is much faster than the implicit solver, more design variables, finer meshes and 

smaller time steps can be used to try to find even better geometries for the the fillet 

and inside contour of the piston tail. 

 With an explicit solver it would be possible to model the piston with a full 3D-model, 

not just an axisymmetric model as was done in this report. This would enable the 

study of not perfectly coaxial impacts, giving raise to flexure waves. It would be 

interesting to study how these flexure waves affect the maximum stress range in the 

fillet. 

 If a 3D-model is used in the future, the splines of the shank adapter should be 

modeled. The thread connection between the shank adapter and the drill rod would 

also improve the model if it was incorporated, at least its extra mass contribution. 

 We have neglected effect of the oil and bearing contact on the piston. To investigate 

how much energy the stress wave will lose to the oil, an aero elastic analysis could be 

preformed, where e.g. one end of the piston is loaded with some particular stress 

pulse. 

 If Atlas Copco decides to use the undercut fillet, decisions of how much the undercut 

fillet can cut into the material and how long it can extend out on the piston tail must be 

taken. An undercut fillet which cuts deep into the material is more difficult to 

manufacture than a fillet that does not cut so deep into the material. If the undercut 
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fillet cuts 3 mm or 4 mm into the material, the maximum signed von Mises stress 

range is increased by 4.3% and 0.8%, respectively, compared by the fillet which cuts 5 

mm into the material. If the undercut fillet extends further out on the piston tail, more 

material from the bearing, which the tail slides in, must be removed, see Figure 9.2. If 

the undercut fillet extends 10 mm out on the piston tail, instead of 8 mm, the 

maximum signed von Mises stress range will decrease by 1.3%.

 

Figure 9.2. Bearing which the piston tail slides in. 

 The undercut fillet is more challenging to manufacture than the double radius fillet due 

to the incision. It is important that the cutting tool, which cuts the final surface of the 

undercut fillet, has a good cutting geometry along the red line in Figure 9.3, to ensure 

a good surface finish on this line. It is on this line that the highest stress ranges occur, 

and if the surface finish is not good, the fatigue life of the piston might be 

considerably reduced. The surface finish on the blue line is not as important because 

of the much lower stress ranges on this line. If it is found that no single tool can be 

used for both the red and blue line of the fillet, it is suggested that one tool cuts the 

blue line and another tool cuts the red line. 
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Figure 9.3. The red line of the undercut fillet in the figure needs to have a fine surface finish. The 

surface finish of the blue line is not equally important. 

 Both the outside and inside surface of the weight optimized piston tail is desired to 

have a fine surface finish because stress ranges have increased due to the loss of mass. 

The inside surface of the hole in the piston tail might be difficult to obtain a fine 

surface on due to the rather large length to diameter ratio. 

 The plain fatigue limits , 1u R   and , 1u R  were not known for the material in the 

piston, they were estimated from an empirical formula. If these estimated values have 

large errors, all previous fatigue calculations will also have large errors. Thus it is 

important to determine the real fatigue parameters of the material. Investigations of 

how the material behaves in the giga-cycle range would also be interesting. 

 It would be interesting to verify the fatigue calculations in this report in a fatigue 

analysis program like MSC Fatigue or nCode. 
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A Appendix 
This appendix contains various scripts and macrons used in the report. 

A.1 Transient analysis of BBX262 with a circular fillet 
1. ! Transient analysis of the system: impact piston, shank adapter and drill rod. The 

2. ! impact piston is a BBX262 with a circular fillet, and has an initial velocity of 

3. ! 9.13m/s. The drill rod is given a length of 0.9 m.  

4. !----------------------------------------------------------------------------------- 

5. ! 

6. ! Geometry and mesh 

7. !---------------- 

8. /prep7 

9. et,2,plane183  ! Plane183 element 

10. keyopt,2,1,0  ! 8-node quadrilateral 

11. keyopt,2,3,1  ! Axisymmetric 

12. !                         

13. et,3,targe169       ! Target element                  

14. ! 

15. et,4,conta172                   ! Contact element 

16. keyopt,4,2,0                    ! Augmented Lagrangian 

17. keyopt,4,4,0                    ! Contact detection on Gauss point               

18. keyopt,4,7,4                    ! Impact constraints 

19. keyopt,4,10,2                   ! Update stiffness each iteration 

20. ! 

21. r,3                             ! Real constant for the contact pair 

22. ! 

23. ! Material properties 

24. mp,ex,1,2.1e11                  ! Young's modulus (Pa) 

25. mp,nuxy,1,0.3                   ! Poisson's ration 

26. mp,dens,1,7.8e3                 ! Density 

27. mp,mu,1,1                       ! Columbic dynamic friction coefficient 

28. ! 

29. ! Modeling of impact piston 

30. type,2 

31. pi=acos(-1) 

32. ri=9.5e-3/2 

33. rn=25e-3/2 

34. rk=32.48e-3/2 

35. rlb=34.75e-3/2 

36. rv=30.8e-3/2 

37. rs=22.48e-3/2 

38. r=rlb-rs 

39. ! 

40. k,1,ri,0,0 

41. k,2,rn,0,0 

42. a=20/180*pi 

43. k,3,rn,-(108e-3-(rk-rn)/tan(a)),0 

44. k,4,rk,-108e-3,0 

45. k,5,rk,-(239.6e-3-21.4e-3),0 

46. k,6,rlb,-(239.6e-3-21.4e-3),0 

47. k,7,rlb,-239.6e-3,0 

48. k,8,rv,-239.6e-3,0 

49. k,9,rv,-280.3e-3,0 

50. k,10,rlb,-280.3e-3,0 

51. k,11,rlb,-(280.3e-3+30.0e-3),0 

52. !k,12,(rs+3.58e-3),-(280.3e-3+30.0e-3),0 

53. !k,13,(rs+1.27e-3),-(280.3e-3+30.0e-3+1.55e-3),0 

54. k,14,rs,-(280.3e-3+30.0e-3+r),0 

55. k,15,rs,-415e-3 

56. k,16,ri,-415e-3 

57. ! 

58. l,1,2 

59. l,2,3 

60. l,3,4 

61. l,4,5 

62. l,5,6 

63. l,6,7 

64. l,7,8 

65. l,8,9 

66. l,9,10 

67. l,10,11 

68. larc,11,14,15,r 
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69. l,14,15 

70. l,15,16 

71. l,16,1 

72. lsel,s,all 

73. al,all 

74. ! 

75. allsel,all 

76. smrt,1   ! Smart element sizing 

77. mshape,0   ! Element shape 

78. amesh,all   ! Meshing 

79. allsel,all 

80. !arefine,all,,,1,0,1,1   ! Refine mesh 

81. lrefine,11,,,1,2,clean  ! Refine mesh at the radius 

82. lrefine,11,,,1,1,clean  ! Refine mesh at the radius 

83. smrt,off   ! Smart element sizing deactivated 

84. ! 

85. allsel,all 

86. nsel,s,,,all 

87. cm,piton_nodes,node 

88. allsel,all 

89. esel,s,,,all 

90. cm,piston_elements,elem 

91. allsel,all 

92. lsel,s,,,1 

93. cm,piston_tip,line 

94. ! 

95. ! Modeling of Shank adapter plus drill rod 

96. clocal,11,cart,0,10e-6,0,0,0,0 

97. ra1=38e-3/2 

98. n=5 

99. nr=5 

100. n11=1*n 
101. n12=1*n 
102. n13=12*n 
103. k,101,rn,0,0 
104. k,102,ri,0,0 
105. b1=15/180*pi 
106. b2=30/180*pi 
107. k,103,ra1,(ra1-rn)*tan(b1),0 
108. k,104,ri,(ra1-rn)*tan(b1),0 
109. k,105,ra1,12/1000,0 
110. k,106,ri,12/1000,0 
111. k,107,rn,12/1000+(ra1-rn)*tan(b2) 
112. k,108,ri,12/1000+(ra1-rn)*tan(b2) 
113. k,109,rn,900/1000,0 
114. k,110,ri,900/1000,0 
115. ! 
116. q=21 
117. l,101,102,nr 
118. l,103,104,nr 
119. l,101,103,n11 
120. l,102,104,n11 
121. al,(36-q),(38-q),(37-q),(39-q) 
122. l,105,106,nr 
123. l,104,106,n12 
124. l,103,105,n12 
125. al,(37-q),(42-q),(40-q),(41-q) 
126. l,107,108,nr 
127. l,106,108,n11 
128. l,105,107,n11 
129. al,(40-q),(45-q),(43-q),(44-q) 
130. l,109,110,nr 
131. l,108,110,3*n13 
132. l,107,109,3*n13 
133. al,(43-q),(48-q),(46-q),(47-q) 
134. ! 
135. allsel,all 
136. asel,s,area,,2,5,1 
137. mshkey,1   ! Mapped meshing 

138. mshape,0   ! Element shape 

139. amesh,all   ! Meshing 

140. allsel,all 
141. cmsel,u,piston_elements,elem 
142. cmsel,u,piston_nodes,node 
143. cm,shank_plus_rod_nodes,node 
144. cm,shank_plus_rod_elements,elem 
145. allsel,all 
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146. lsel,s,,,(36-q) 
147. cm,shank_tip,line 
148. ! 
149. ! Modeling contact 
150. real,3 
151. type,3   ! Target element 

152. allsel,all 
153. lsel,s,,,(36-q) 
154. nsll,s,1 
155. esln,s,0 
156. esurf,all 
157. type,4   ! Contact element 

158. allsel,all 
159. lsel,s,,,1 
160. nsll,s,1 
161. esln,s,0 
162. esurf,all 
163. ! 
164. ! Define corner nodes on fillet 
165. allsel,all 
166. lsel,s,line,,12 
167. nsll,r,1 
168. esln,r 
169. nsle,r,corner 
170. r1=14e-3   ! Tolerance for maximum allowed radius 

171.                                           ! value 

172. nsel,r,loc,x,0,r1 
173. cm,fillet_nodes,node 
174. ! 
175. ! Initial conditions 
176. allsel,all 
177. cmsel,s,piston_nodes 
178. ic,all,uy,,9.13                      ! Initial  velocity of impact piston 

179. allsel,all 
180. finish 
181. ! 
182. ! Solution 
183. !--------- 
184. /solu 
185. t=300e-6            ! End time 

186. t_step_max=1e-7            ! Maximal time step  

187. antype,trans                         ! Perform a transient analysis 

188. solcontrol,on,on                     ! Activates optimized defaults 

189. nlgeom,on                            ! Turn on large deflection 

190. trnopt,full, , , , ,hht              ! Full method with HHT algorithm 

191. tintp, 0.1                           ! Amplitude decay factor 

192. time,t                               ! End time 

193. deltim,1e-7,,t_step_max              ! Initial, min, and max time step size 

194. outres,esol,all 
195. solve 
196. finish 
 

A.2  fillet_stress.mac 
1. ! macro:    fillet_stress.mac 

2. ! 

3. ! description: This macro calculates the signed Tresca stress at all fillet nodes 

4. !  in the set fillet_nodes at tp time instants. It also  

5. !  calculates the surface coordinates of the fillet nodes. 

6. ! 

7. ! important: A set fillet_nodes must have been created before the usage of the 

8. !  macro. 

9. !      

10. ! usage:    fillet_stress 

11. !    

12. /pmacro 

13. /post1 

14. t=300e-6    ! End time. 

15. tp=500    ! Number of time 

partitions. 

16. csys,0 

17. !   

18. cmsel,s,fillet_nodes,node   ! Select fillet nodes. 

19. *get,numnod,node,0,count   

20. allsel,all 

21. *del,stress_,,nopr 
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22. *del,time_,,nopr 

23. *del,distance_,,nopr 

24. *dim,stress_,array,numnod,tp 

25. *dim,time_,array,tp,1 

26. *dim,distance_,array,numnod,1 

27. r=34.75e-3/2    

28. l=280.3e-3+30.0e-3    

29. x0=r    ! x-origin of surface coordinate. 

30. y0=-l   ! y-origin of surface coordinate. 

31. d0=0 

32. *do,i,1,tp,1   ! Looping through each time partition. 

33. cmsel,s,fillet_nodes 

34. *do,j,1,numnod,1   ! Looping through each fillet node and 

35.       ! calculate its surface coordinate and 

36.       ! its stress state at the given time. 

37. set,near,,,,t*i/tp 

38. *get,time_(i,1),active,0,set,time 

39. nsort,loc,x 

40. *get,n,sort,,imax 

41. *get,sint,node,n,s,int  ! Calculates Tresca stress at the given 

42.      ! time. 

43. *get,s1,node,n,s,1 

44. *get,s3,node,n,s,3 

45. *if,s1+s3,lt,0,then  ! Setting the sign of the Tresca stress. 

46. stress_(j,i)=-sint 

47. *else 

48. stress_(j,i)=sint 

49. *endif 

50. *if,i,eq,1,then   ! Calculates surface coordinate. 

51. *get,x1,node,n,loc,x 

52. *get,y1,node,n,loc,y 

53. d1=sqrt((x1-x0)**2+(y1-y0)**2) 

54. distance_(j,1)=d1+d0 

55. x0=x1 

56. y0=y1 

57. d0=d1+d0 

58. *endif 

59. nsel,u,node,,n 

60. *enddo 

61. *enddo 

62. ! 

63. ! Write out the results 

64. *mwrite,stress_(1,1),fillet_stress_sint,txt,,,jik,numnod,tp,1  

65. (200(2x,f12.0)) 

66. *mwrite,time_(1,1),fillet_stress_time,txt,,,jik,tp,1,1 

67. (1(2x,f12.9)) 

68. *mwrite,distance_(1,1),fillet_stress_distance,txt,,,jik,numnod,1,1 

69. (1(2x,f12.9)) 

70. finish 

 

A.3  radial_stress.mac 
1. ! macro:    radial_stress.mac 

2. ! 

3. ! description: This macro calculates the signed Tresca stress on a path,  

4. !  radial through a point with x-coordinate = arg1 and  

5. !   y-coordinate = arg2, at tp time instants. 

  

6. !          

7. ! usage:    radial_stress,arg1,arg2 

8. !       

9. /pmacro 

10. /post1 

11. csys,0 

12. tp=500  ! Time partition. 

13. t=300e-6  ! End time. 

14. d=20   ! Number of partition of the path. 

15. ! 

16. allsel,all 

17. *del,stressline_,,nopr 

18. *del,tracdata_,,nopr 

19. *del,stress_,,nopr 

20. *del,stress_s1_,,nopr 

21. *del,stress_s3_,,nopr 

22. *del,time_,,nopr 
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23. *del,distance_,,nopr 

24. *del,tracdata_,,nopr 

25. *dim,stress_,array,d,tp 

26. *dim,stress_s1,array,d,tp 

27. *dim,stress_s3,array,d,tp 

28. *dim,time_,array,tp,1 

29. *dim,distance_,array,d,1 

30. ! 

31. path,stressline_,2,,d-1  ! Creates a path.  

32. ppath,1,,arg1,arg2,0  ! Start point of the path. 

33. ppath,2,,9.5e-3/2,(-arg2-(280.3e-3+30.0e-3)),0 ! End point of the path.  

34. !  

35. *do,i,1,tp,1   ! Looping through each time partition. 

36. *del,tracdata_,,nopr 

37. set,near,,,,t*i/tp 

38. *get,time_(i,1),active,0,set,time 

39. pdef,stressline_,s,int  ! Calculates Tresca stress on the path 

40.     ! at the given time. 

41. paget,tracdata_,table 

42. stress_(1:d,i)=tracdata_(1:d,5) 

43. *del,tracdata_,,nopr 

44. pdef,stressline_,s,1  ! Calculates S1 on the path at the given 

45.      ! time.  

46. paget,tracdata_,table 

47. stress_s1(1:d,i)=tracdata_(1:d,5) 

48. *del,tracdata_,,nopr 

49. pdef,stressline_,s,3 

50. paget,tracdata_,table 

51. stress_s3(1:d,i)=tracdata_(1:d,5) ! Calculates S3 on the path at the given 

52.     ! time. 

53. *enddo 

54. ! 

55. distance_(1:d,1)=tracdata_(1:d,4) ! Setting the radial distance. 

56. ! 

57. *do,i,1,tp,1   ! Calculates the sign to the signed 

58.      ! Tresca stress. 

59. *do,j,1,d,1 

60. *if,stress_s1(j,i)+stress_s3(j,i),lt,0,then 

61. Stress_(j,i)=-stress_(j,i) 

62. *endif 

63. *enddo 

64. *enddo 

65. ! 

66. ! Write out the results. 

67. *mwrite,stress_(1,1),radial_stress_sint,txt,,,jik,d,tp,1 

68. (500(2x,e12.5)) 

69. *mwrite,time(1,1),radial_time,txt,,,jik,tp,1,1 

70. (1(2x,e12.5)) 

71. *mwrite,distance(1,1),radial_distance,txt,,,jik,d,1,1 

72. (1(2x,e12.5)) 

73. finish 

A.4 principal_data.mac 
1. ! macro:          principal_data.mac 

2. ! 
3. ! description: This macro calculates the angles between the direction cosines of  

4. !   S1, S2, S3 and the tangent and the normal of the fillet at the 

5. !   point (arg1,arg2) on the radius, respectively.  

6. !   Several runs on different fillet profiles show that the tangent  

7. !   plane at (arg1,arg2) is spanned by two principal stress vectors  

8. !   at every instant of time, and the third principal stress vector 

9. !   is always perpendicular to the tangent plane. This is used to   

10. !   calculate  the ratio of the stress perpendicular to the tangent 

11. !   plane and a total stress value. 

12. !   Data from the above stress ratio shows that we got a plane stress  

13. !   at the fillet, therefore, finally, the biaxial ratio can be 

14. !   calculated. 

15. ! 
16. ! usage:          principal_data,arg1,arg2 

17. !   arg1=x-location, arg2=y-location 

18. ! 
19. /pmacro 
20. /post1 
21. t=300e-6  ! End time. 

22. tp=1000  ! Time partition. 

23. a1=1e6   ! Minimum tolerance for stress. 
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24. a2=10   ! Perpendicular tolerance. 

25. a3=-10   ! Prescribed value if tolerance a1 fails. 

26. a4=1.1   ! Prescribed value if tolerance a5 fails. 

27. a5=1e6   ! Minimum tolerance for plane stress.  

28. pi=acos(-1) 
29. *del,time_,,nopr 
30. *dim,time_,array,tp,1 
31. *del,tangent_angle,,nopr 
32. *dim,tangent_angle,array,tp,3 
33. *del,normal_angle,,nopr 
34. *dim,normal_angle,array,tp,3 
35. *del,normal_stress_ratio,,nopr 
36. *dim,normal_stress_ratio,array,tp,1 
37. *del,biaxial_ratio,,nopr 
38. *dim,biaxial_ratio,array,tp,1 
39. ! 
40. allsel,all 
41. cmsel,s,fillet_nodes,node 
42. ! 
43. ! Calculate a tangent and a normal to the fillet at the point (arg1,arg2). 
44. nodenum=node(arg1,arg2,0) 
45. nodenum1=nnear(nodenum) 
46. nsel,u,node,,nodenum1 
47. nodenum2=nnear(nodenum) 
48. dx=nx(nodenum2)-nx(nodenum1) 
49. dy=ny(nodenum2)-ny(nodenum1) 
50. tangent1=abs(dx/sqrt(dx**2+dy**2)) 
51. tangent2=abs(dy/sqrt(dx**2+dy**2)) 
52. normal1=1/sqrt((tangent1/tangent2)**2+1) 
53. normal2=-tangent1/tangent2/sqrt((tangent1/tangent2)**2+1) 
54. allsel,all 
55. ! 
56. ! Calculate direction cosines to S1, S2 and S3 at each time partition. 
57. *do,i,1,tp 
58. set,near,,,,t*i/tp 
59. time_(i,1)=t*i/tp 
60. *del,stcmp_,,nopr 
61. *del,dirc_,,nopr 
62. *dim,stcmp_,array,1,6 
63. *get,stcmp_(1,1),node,nodenum,s,x 
64. *get,stcmp_(1,2),node,nodenum,s,y 
65. *get,stcmp_(1,3),node,nodenum,s,z 
66. *get,stcmp_(1,4),node,nodenum,s,xy 
67. *get,stcmp_(1,5),node,nodenum,s,yz 
68. *get,stcmp_(1,6),node,nodenum,s,xz 
69. *get,s1,node,nodenum,s,1 
70. *get,s2,node,nodenum,s,2 
71. *get,s3,node,nodenum,s,3 
72. *dim,dirc_,array,1,9 
73. *vfun,dirc_(1,1),dircos,stcmp_(1,1) 
74. ! 
75. *if,abs(s1)+abs(s2)+abs(s3),ge,a1,then ! Tolerance. 

76. ! 
77. ! Calculates the angle between S1 and the tangent, and the angle between S1 and the 
78. ! normal. 
79. tangent_angle(i,1)=acos(dirc_(1,1)*tangent1+dirc_(1,2)*tangent2)*180/pi 
80. normal_angle(i,1)=acos(dirc_(1,1)*normal1+dirc_(1,2)*normal2)*180/pi 
81. *if,abs(normal_angle(i,1)-0),lt,a2,then ! S1 perpendicular to tangent plane. 

82. *if,abs(s2)+abs(s3),gt,a5,then  ! Tolerance. 

83. normal_stress_ratio(i,1)=s1/sqrt(s1**2+s2**2+s3**2)! Normal stress ratio. 
84. biaxial_ratio(i,1)=s2/s3  ! Biaxial ratio. 

85. *if,abs(biaxial_ratio(i,1)),gt,1,then 
86. biaxial_ratio(i,1)=s3/s2   

87. *endif 
88. *else 
89. biaxial_ratio(i,1)=a4  ! Prescribed value. 

90. normal_stress_ratio(i,1)=a4  ! Prescribed value. 

91. *endif 
92. *endif 
93. ! 
94. ! Calculates the angle between S2 and the tangent, and the angle between S2 and the 
95. ! normal. 
96. tangent_angle(i,2)=acos(dirc_(1,4)*tangent1+dirc_(1,5)*tangent2)*180/pi 
97. normal_angle(i,2)=acos(dirc_(1,4)*normal1+dirc_(1,5)*normal2)*180/pi 
98. *if,abs(normal_angle(i,2)-0),lt,a2,then ! S2 perpendicular to tangent plane. 

99. *if,abs(s1)+abs(s3),gt,a5,then  ! Tolerance. 

100. normal_stress_ratio(i,1)=s2/sqrt(s1**2+s2**2+s3**2)! Normal stress ratio. 
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101. biaxial_ratio(i,1)=s1/s3  ! Biaxial ratio. 

102. *if,abs(biaxial_ratio(i,1)),gt,1,then   

103. biaxial_ratio(i,1)=s3/s1   

104. *endif 
105. *else 
106. biaxial_ratio(i,1)=a4  ! Prescribed value. 

107. normal_stress_ratio(i,1)=a4  ! Prescribed value. 

108. *endif 
109. *endif 
110. ! 
111. ! Calculates the angle between S3 and the tangent, and the angle between S3 and the 
112. ! normal. 
113. tangent_angle(i,3)=acos(dirc_(1,7)*tangent1+dirc_(1,8)*tangent2)*180/pi 
114. normal_angle(i,3)=acos(dirc_(1,7)*normal1+dirc_(1,8)*normal2)*180/pi 
115. *if,abs(normal_angle(i,3)-0),lt,a2,then ! S3 perpendicular to tangent plane. 

116. *if,abs(s1)+abs(s2),gt,a5,then  ! Tolerance. 

117. normal_stress_ratio(i,1)=s3/sqrt(s1**2+s2**2+s3**2)! Normal stress ratio. 
118. biaxial_ratio(i,1)=s1/s2  ! Biaxial ratio. 

119. *if,abs(biaxial_ratio(i,1)),gt,1,then 
120. biaxial_ratio(i,1)=s2/s1   

121. *endif 
122. *else 
123. biaxial_ratio(i,1)=a4  ! Prescribed value. 

124. normal_stress_ratio(i,1)=a4  ! Prescribed value. 

125. *endif 
126. *endif 
127. ! 
128. ! Prescribe values if the tolerance a1 failed. 
129. *else 
130. tangent_angle(i,1)=a3 
131. normal_angle(i,1)=a3 
132. tangent_angle(i,2)=a3 
133. normal_angle(i,2)=a3 
134. tangent_angle(i,3)=a3 
135. normal_angle(i,3)=a3 
136. normal_stress_ratio(i,1)=a4 
137. biaxial_ratio(i,1)=a4 
138. *endif 
139. *enddo 
140. ! 
141. ! Write out results 
142. *mwrite,time_(1,1),time_,txt,,,jik,tp,1, 
143. (1000(e12.5)) 
144. *mwrite,tangent_angle(1,1),tangent_angle,txt,,,jik,tp,3, 
145. (1000(2x,e12.5)) 
146. *mwrite,normal_angle(1,1),normal_angle,txt,,,jik,tp,3, 
147. (1000(2x,e12.5)) 
148. *mwrite,normal_stress_ratio(1,1),normal_stress_ratio,txt,,,jik,tp,1, 
149. (1000(e12.5)) 
150. *mwrite,biaxial_ratio(1,1),biaxial_ratio,txt,,,jik,tp,1, 
151. (1000(e12.5)) 
152. finish 

 

A.5 Static fillet optimization 
1. ! Static fillet optimization of impact piston BBX262 with a 5 mm incision constraint 

2. ! on a fit point. The fillet is modeled by four fit points connected by a cubic  

3. ! b-spline. The shape of the b-spline can be varied by four design variables. 

4. ! The piston is held under a constant axial tension of 200 MPa and a 

5. ! first order optimization algorithm is used to minimize the stress concentration 

6. ! factor in the fillet.  

7. ! 

8. !--------------------------------------------------- 

9. *create,stat_fillet ! Analysis file 

10. ! 

11. ! Geometry 

12. !---------- 

13. tk1x=4e-3  ! Initial values on the design variables  

14. tk1y=0  ! Fixed incision (not used as a design variable) 

15. tk2x=1e-3 

16. tk2y=3e-3 

17. tk1w=0.1 

18. /prep7 

19. pi=acos(-1) 

20. ri=9.5e-3/2 
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21. rn=25e-3/2 

22. rk=32.48e-3/2 

23. rlb=34.75e-3/2 

24. rv=30.8e-3/2 

25. rs=22.48e-3/2 

26. ! 

27. k,1,ri,0,0 

28. k,2,rn,0,0 

29. a=20/180*pi 

30. k,3,rn,-(108e-3-(rk-rn)/tan(a)),0 

31. k,4,rk,-108e-3,0 

32. k,5,rk,-(239.6e-3-21.4e-3),0 

33. k,6,rlb,-(239.6e-3-21.4e-3),0 

34. k,7,rlb,-239.6e-3,0 

35. k,8,rv,-239.6e-3,0 

36. k,9,rv,-280.3e-3,0 

37. k,10,rlb,-280.3e-3,0 

38. k,11,rlb,-(280.3e-3+30.0e-3),0 

39. k,101,(rs+tk1x),-(280.3e-3+30.0e-3+tk1y-5e-3),0 

40. k,102,(rs+tk2x),-(280.3e-3+30.0e-3+tk2y-5e-3),0 

41. k,14,rs,-(280.3e-3+30.0e-3+8.0e-3),0 

42. k,15,rs,-415e-3 

43. k,16,ri,-415e-3 

44. ! 

45. l,1,2 

46. l,2,3 

47. l,3,4 

48. l,4,5 

49. l,5,6 

50. l,6,7 

51. l,7,8 

52. l,8,9 

53. l,9,10 

54. l,10,11 

55. ! 

56. bsplin,11,101,102,14,,,tk1w,-1,0,0,-1,0 ! Fillet profile 

57. ! 

58. l,14,15 

59. l,15,16 

60. l,16,1 

61. al,all 

62. ! 

63. ! Meshing 

64. !-------- 

65. et,1,plane183  ! Plane183 element 

66. keyopt,2,1,0  ! 8-node quadrilateral 

67. keyopt,2,3,1  ! Axisymmetric 

68. ! 

69. mp,ex,1,2.1e11   ! Material properties 

70. mp,nuxy,1,0.30 

71. mp,dens,1,7.8e3 

72. !    

73. smrt,1  ! Smart element sizing 

74. mshape,0  ! Element shape 

75. amesh,all 

76. shpp,warn  ! Suppress element shape warning 

77. arefine,all,,,1,0,1,1  ! Mesh refinement 

78. lrefine,11,,,1,3,clean ! Mesh refinement at radius 

79. lrefine,11,,,2,1,clean ! Mesh refinement at radius 

80. eplot 

81. /zoom,,scrn,0.335,-0.5,0.335,-0.6 

82. finish 

83. ! 

84. ! Loading 

85. !-------- 

86. /solu 

87. sfl,13,pres,-200e6  ! 200 MPa tension 

88. dl,1,,uy,0  

89. ! 

90. ! Solution 

91. !--------- 

92. solve 

93. finish 

94. ! Post processing 

95. !--------------- 

96. /post1 

97. set,last 
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98. allsel,all 

99. lsel,s,,,11 

100. nsll,r,1    ! Select all fillet nodes 

101. nsort,s,eqv 
102. *get,smax,sort,,max  ! Get the maximum von Mises stress of 

103.      ! all fillet nodes. 

104. kt=smax/200e6   ! Stress concentration factor. 

105. allsel,all 
106. finish 
107. *end 
108. *use,stat_fillet 
109. ! 
110. ! Enter opt and identify analysis file 
111. !-------------------------------------- 
112. /opt    ! Enter optimization processor 

113. opanl,stat_fillet   ! Load analysis file 

114. ! Setting optimization variables 
115. opvar,tk1x,dv,2e-3,5e-3 
116. opvar,tk1w,dv,0.1,1 
117. opvar,tk2x,dv,1e-3,4e-3 
118. opvar,tk2y,dv,0.1e-3,13e-3 
119. opvar,kt,obj,,,0.001 
120. ! Run the optimization algorithm 
121. opkeep,on 
122. optype,first   ! First order optimization algorithm 

123. opfrst,20   ! Maximum number of iterations 

124. opexe 
125. ! Review results 
126. oplist,all 
127. /axlab,y,kt 
128. plvaropt,kt 
129. ! Sensitivity analysis 
130. opkeep,on 
131. optype,grad    

132. opgrad, 
133. opexe 
134. oplist,all 
135. oplgr,tk1x,tk2x,tk2y,tk1w 
136. finish  

 

A.6 Transient fillet optimization 
1. ! Transient fillet optimization of impact piston BBX262 with a 5 mm incision 

2. ! constraint. The piston fillet is modeled by a cubic b-spline. The shape of the  

3. ! b-spline is controlled by one design variable and the constraint that the end point 

4. ! tangent of the b-spline at the smaller diameter of the piston is vertical, and thus 

5. ! ensure smoothness. A first order optimization algorithm is used to find the optimal 

6. ! configuration with respect to the design variable, which will minimize the 

7. ! concentration factor in the fillet. The initial velocity of the piston is 9.13m/s. 

8. !------------------------------------------------------------------------------------ 

9. *create,5mm_incision 

10. ! 

11. ! Geometry and mesh 

12. !------------------- 

13. tk1x=3e-3   ! Initial value on design variable 

14. /prep7 

15. et,2,plane183   ! Plane183 element 

16. keyopt,2,1,0   ! 8-node quadrilateral 

17. keyopt,2,3,1   ! Axisymmetric 

18. !                         

19. et,3,targe169        ! Target element                  

20. ! 

21. et,4,conta172                    ! Contact element 

22. keyopt,4,2,0                     ! Augmented Lagrangian 

23. keyopt,4,4,0                      ! Contact detection on Gauss point       

24. keyopt,4,7,4                      ! Impact constraints 

25. keyopt,4,10,2                     ! Update stiffness each iteration 

26. ! 

27. r,3                               ! Real constant for the contact pair 

28. ! 

29. ! Material properties 

30. mp,ex,1,2.1e11                   ! Young's modulus (Pa) 

31. mp,nuxy,1,0.3                     ! Poisson's ration 

32. mp,dens,1,7.8e3                   ! Density 

33. mp,mu,1,1                        ! Friction 

34. ! 
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35. ! Modeling of impact piston 

36. type,2 

37. pi=acos(-1) 

38. ri=9.5e-3/2 

39. rn=25e-3/2 

40. rk=32.48e-3/2 

41. rlb=34.75e-3/2 

42. rv=30.8e-3/2 

43. rs=22.48e-3/2 

44. r=rlb-rs 

45. ! 

46. k,1,ri,0,0 

47. k,2,rn,0,0 

48. a=20/180*pi 

49. k,3,rn,-(108e-3-(rk-rn)/tan(a)),0 

50. k,4,rk,-108e-3,0 

51. k,5,rk,-(239.6e-3-21.4e-3),0 

52. k,6,rlb,-(239.6e-3-21.4e-3),0 

53. k,7,rlb,-239.6e-3,0 

54. k,8,rv,-239.6e-3,0 

55. k,9,rv,-280.3e-3,0 

56. k,10,rlb,-280.3e-3,0 

57. k,11,rlb,-(280.3e-3+30.0e-3),0 

58. k,12,(rs+tk1x),-(280.3e-3+30.0e-3-5e-3),0 

59. !k,13,… 

60. k,14,rs,-(280.3e-3+30.0e-3+r),0 

61. k,15,rs,-415e-3 

62. k,16,ri,-415e-3 

63. ! 

64. l,1,2 

65. l,2,3 

66. l,3,4 

67. l,4,5 

68. l,5,6 

69. l,6,7 

70. l,7,8 

71. l,8,9 

72. l,9,10 

73. l,10,11 

74. bsplin,11,12,14,,,,,,,0,-1,0 ! Fillet profile 

75. l,14,15 

76. l,15,16 

77. l,16,1 

78. lsel,s,all 

79. al,all 

80. ! 

81. allsel,all      

82. smrt,1   ! Smart element sizing 

83. mshape,0   ! Element shape 

84. amesh,all   ! Meshing 

85. allsel,all 

86. !arefine,all,,,1,0,1,1   ! Refine mesh 

87. !lrefine,11,,,1,2,clean  ! Refine mesh at the radius 

88. lrefine,11,,,1,1,clean  ! Refine mesh at the radius 

89. smrt,0   ! Smart element sizing deactivated 

90. ! 

91. allsel,all 

92. nsel,s,,,all 

93. cm,piton_nodes,node 

94. allsel,all 

95. esel,s,,,all 

96. cm,piston_elements,elem 

97. allsel,all 

98. lsel,s,,,1 

99. cm,piston_tip,line 

100. ! 
101. ! Modeling of Shank adapter plus drill rod 
102. clocal,11,cart,0,10e-6,0,0,0,0 
103. ra1=38e-3/2 
104. n=5 
105. nr=5 
106. n11=1*n 
107. n12=1*n 
108. n13=12*n 
109. k,101,rn,0,0 
110. k,102,ri,0,0 
111. b1=15/180*pi 
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112. b2=30/180*pi 
113. k,103,ra1,(ra1-rn)*tan(b1),0 
114. k,104,ri,(ra1-rn)*tan(b1),0 
115. k,105,ra1,12/1000,0 
116. k,106,ri,12/1000,0 
117. k,107,rn,12/1000+(ra1-rn)*tan(b2) 
118. k,108,ri,12/1000+(ra1-rn)*tan(b2) 
119. k,109,rn,900/1000,0 
120. k,110,ri,900/1000,0 
121. ! 
122. q=21 
123. l,101,102,nr 
124. l,103,104,nr 
125. l,101,103,n11 
126. l,102,104,n11 
127. al,(36-q),(38-q),(37-q),(39-q) 
128. l,105,106,nr 
129. l,104,106,n12 
130. l,103,105,n12 
131. al,(37-q),(42-q),(40-q),(41-q) 
132. l,107,108,nr 
133. l,106,108,n11 
134. l,105,107,n11 
135. al,(40-q),(45-q),(43-q),(44-q) 
136. l,109,110,nr 
137. l,108,110,3*n13 
138. l,107,109,3*n13 
139. al,(43-q),(48-q),(46-q),(47-q) 
140. ! 
141. allsel,all 
142. asel,s,area,,2,5,1 
143. mshkey,1   ! Mapped meshing 

144. mshape,0   ! Element shape 

145. amesh,all   ! Meshing 

146. allsel,all 
147. cmsel,u,piston_elements,elem 
148. cmsel,u,piston_nodes,node 
149. cm,shank_plus_rod_nodes,node 
150. cm,shank_plus_rod_elements,elem 
151. allsel,all 
152. lsel,s,,,(36-q) 
153. cm,shank_tip,line 
154. ! 
155. ! Modeling contact 
156. real,3 
157. type,3   ! Target element 

158. allsel,all 
159. lsel,s,,,(36-q) 
160. nsll,s,1 
161. esln,s,0 
162. esurf,all 
163. type,4   ! Contact element 

164. allsel,all 
165. lsel,s,,,1 
166. nsll,s,1 
167. esln,s,0 
168. esurf,all 
169. ! 
170. ! Define corner nodes on radius 
171. allsel,all 
172. lsel,s,line,,12 
173. nsll,r,1 
174. esln,r 
175. nsle,r,corner 
176. r1=14e-3   ! Tolerance for maximum allowed radius 

177.                                           ! value 

178. nsel,r,loc,x,0,r1 
179. cm,fillet_nodes,node 
180. ! 
181. ! Initial conditions 
182. !------------------- 
183. allsel,all 
184. cmsel,s,piston_nodes 
185. ic,all,uy,,9.13                      ! Initial  velocity of impact piston 

186. allsel,all 
187. finish 
188. ! 
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189. ! Solution 
190. !--------- 
191. /solu 
192. t=115e-6      ! End time 

193. t_step_max=5e-7               ! Maximal time step  

194. antype,trans                        ! Perform a transient analysis 
195. solcontrol,on,on                    ! Activates optimized defaults 
196. nlgeom,on                           ! Turn on large deflection 
197. trnopt,full, , , , ,hht             ! Full method with HHT algorithm 
198. tintp, 0.1                          ! Damping value 
199. time,t                              ! End time 
200. deltim,1e-7,,t_step_max             ! Initial, min, and max time step size 
201. outres,esol,all 
202. solve 
203. finish 
204. ! 
205. ! Postprocessing 
206. !--------------- 
207. /post26 
208. maximum_tresca_stress_range ! Calls the macro 

209.    ! tresca_maximum_stress_range.mac 

210.    ! to calculate the maximum signed 

211.     ! Tresca stress range at a node on 

212.     ! the radius. 

213.   

214. f=maximum_stress_range ! Setting f as the maximum stress  

215.     ! range, given by the previous macro. 

216. finish 
217. *end 
218. *use,5mm_incision 
219. ! 
220. ! Enter opt and identify analysis file 
221. !------------------------------------- 
222. /opt 
223. opanl,5mm_incision 
224. ! Identify optimization variables 
225. opvar,tk1x,dv,0e-3,4e-3 
226. opvar,f,obj,,,0.001 
227. ! Run the optimization algorithm 
228. opkeep,on 
229. optype,first   ! First order optimization algorithm. 

230. opfrst,10   ! Maximum number of iterations 

231. opexe 
232. ! Review results 
233. /axlab,y,f 
234. plvaropt,f 
235. ! Sensitivity analysis 
236. opkeep,on 
237. optype,grad 
238. opgrad, 
239. opexe 
240. oplist,all 
241. oplgr,f,tk1x 
242. finish 

 

A.7 maximum_stress_range.mac 
1. ! macro:          maximum_stress_range.mac 

2. ! 

3. ! description: Calculates the maximum signed Tresca stress range on the fillet.  

4. ! 

5. ! important: A set fillet_nodes must have been created before the usage of 

6. !  the macro. Also must the intervals where the maximum compression 

7. !  and maximum tension occurs be known. This can be found by e.g. the 

8. !  macro fillet_stress.mac.  

9. !  

10. ! usage:          maximum_stress_range 

11. ! 

12. /pmacro 

13. /post26 

14. csys,0 

15. t1=0.50e-4  ! [t1,t2] interval containing maximum compression 

16. t2=0.75e-4 

17. t3=1.0e-4  ! [t3,t4] interval containing maximum tension 

18. t4=1.15e-4 
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19. /post26 

20. maximum_compression=0 

21. maximum_tension=0 

22. maximum_stress_range=0 

23. ! 

24. allsel,all 

25. cmsel,s,fillet_nodes 

26. *get,numnod,node,0,count 

27. *get,minnod,node,0,num,min 

28. curnod=minnod 

29. ! 

30. *do,i,1,numnod,1   ! Looping on all fillet nodes 

31. curelem=enearn(curnod) 

32. /uis,msgpop,3 

33. timerange,t1,t2 

34. esol,2,curelem,curnod,s,int    

35. store,new 

36. *get,current_maximum_compression,vari,2,extrem,vmax ! Calculates maximum 

37.       ! compression at current  

38.       ! node. 

39. *if,current_maximum_compression,gt,maximum_compression,then  

40. maximum_compression=current_maximum_compression 

41. *endif 

42. ! 

43. timerange,t3,t4 

44. esol,3,curelem,curnod,s,int     

45. store,new 

46. *get,current_maximum_tension,vari,3,extrem,vmax ! Calculates maximum 

47.       ! tension at current node. 

48. *if,current_maximum_tension,gt,maximum_tension,then 

49. maximum_tension=current_maximum_tension 

50. *endif 

51. current_maximum_stress_range=current_maximum_compression+current_maximum_tension 

52. *if,current_maximum_stress_range,gt,maximum_stress_range,then 

53. maximum_stress_range=current_maximum_stress_range 

54. maximum_stress_range_node=curnod 

55. maximum_stress_range_element=curelem 

56. maximum_stress_range_tension=current_maximum_tension 

57. maximum_stress_range_compression=current_maximum_compression 

58. maximum_stress_range_x-location=nx(curnod)-22.48e-3/2 

59. maximum_stress_range_y-location=(-1)*ny(curnod)-(280.3e-3+30.0e-3) 

60. *endif 

61. *get,nextnod,node,curnod,nxth 

62. curnod=nextnod 

63. *enddo 

64. finish 

65. ! 

66. ! Write out results 

67. /output,maximum_tresca_stress_range,'txt', 

68. *vwrite 

69. ('maximum_tresca_stress_range') 

70. *vwrite 

71. ('maximum_stress_range',6x,'maximum_stress_range_tension',10x, 

72. 'maximum_stress_range_compression',9x,'maximum_tension',3x,'maximum_compression',2x, 

73. 'maximum_stress_range_x-location',11x,'maximum_stress_range_y-location') 

74. *vwrite,maximum_stress_range,maximum_stress_range_tension, 

75. maximum_stress_range_compression,maximum_tension,maximum_compression, 

76. 'maximum_stress_range_x-location, 'maximum_stress_range_y-location 

77. (f14.0,2x,f14.0,2x,f14.0,2x,f14.0,2x,f14.0,2x,f14.6,2x,f14.6) 

78. /output 

A.8 Weight optimization of piston tail 
 

1. ! Weight optimization of BBX 262 impact piston tail. 

2. !-------------------------------------------------- 

3. *create,opt_weight 

4. ! 

5. ! Geometry and mesh 

6. !------------------ 

7. tk1x=0.30092e-02 

8. tk1y=0.0 

9. tk2x=0.11443e-02 

10. tk2y=0.21568e-02 

11. tk3x=14e-3/2 

12. tk3y=40e-3 

13. tk4x=15e-3/2 
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14. tk4y=15e-3 

15. tk5x=9.5e-3/2+0.5e-3 

16. tk5y=2e-3 

17. ! 

18. /prep7 

19. et,2,plane183   ! Plane183 element 

20. keyopt,2,1,0   ! 8-node quadrilateral 

21. keyopt,2,3,1   ! Axisymmetric 

22. !                         

23. et,3,targe169        ! Target element                  

24. ! 

25. et,4,conta172                    ! Contact element 

26. keyopt,4,2,0                     ! Augmented Lagrangian 

27. keyopt,4,4,2                      ! Contact detection on Gauss point              

28. keyopt,4,7,4                      ! Impact constraints 

29. keyopt,4,10,2                     ! Update stiffness each iteration 

30. ! 

31. r,3                               ! Real constant for the contact pair 

32. ! 

33. ! Material properties 

34. mp,ex,1,2.1e11                   ! Young's modulus (pa) 

35. mp,nuxy,1,0.3                     ! Poisson's ration 

36. mp,dens,1,7.8e3                   ! Density 

37. mp,mu,1,1                         ! Friction 

38. ! 

39. ! Modelling of impact piston 

40. pi=acos(-1) 

41. ri=9.5e-3/2 

42. rn=25e-3/2 

43. rk=32.48e-3/2 

44. rlb=34.75e-3/2 

45. rv=30.8e-3/2 

46. rs=22.48e-3/2 

47. ro=18.3e-3/2   ! Hole radius at the end of the piston 

48. vb=0.0000340   ! Initial tail volume.  

49. maximum_stress_range_dubble_radius=509183093 ! Maximum von Mises stress range on the 

50.      ! double radius fillet. Will be used as 

51.      ! a constraint. 

52. k,1,ri,0,0 

53. k,2,rn,0,0 

54. a=20/180*pi 

55. k,3,rn,-(108e-3-(rk-rn)/tan(a)),0 

56. k,4,rk,-108e-3,0 

57. k,5,rk,-(239.6e-3-21.4e-3),0 

58. k,6,rlb,-(239.6e-3-21.4e-3),0 

59. k,7,rlb,-239.6e-3,0 

60. k,8,rv,-239.6e-3,0 

61. k,9,rv,-280.3e-3,0 

62. k,10,rlb,-280.3e-3,0 

63. k,11,rlb,-(280.3e-3+30.0e-3),0 

64. ! 

65. k,101,(rs+tk1x),-(280.3e-3+30.0e-3+tk1y-5e-3),0 

66. k,102,(rs+tk2x),-(280.3e-3+30.0e-3+tk2y-5e-3),0 

67. ! 

68. k,14,rs,-(280.3e-3+30.0e-3+8.0e-3),0 

69. k,15,rs,-415e-3 

70. ! 

71. k,201,ro,-415e-3 

72. k,202,tk3x,-(280.3e-3+30.0e-3+tk3y) 

73. k,203,tk4x,-(280.3e-3+30.0e-3+tk4y) 

74. k,204,tk5x,-(280.3e-3+30.0e-3+tk5y) 

75. k,205,ri,-(280.3e-3+30.0e-3) 

76. ! 

77. l,1,2 

78. l,2,3 

79. l,3,4 

80. l,4,5 

81. l,5,6 

82. l,6,7 

83. l,7,8 

84. l,8,9 

85. l,9,10 

86. l,10,11 

87. ! 

88. bsplin,11,101,102,14,,,,,,0,-1,0 

89. ! 

90. l,14,15 
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91. l,15,201 

92. l,201,202 

93. dx=18.3e-3/2-tk3x   ! x-tangent component 

94. dy=-(104.7e-3-tk3y)  ! y-tangent component 

95. bsplin,202,203,204,205,,,dx,dy,0 

96. lsel,s,line,,11,15 

97. lcom,all 

98. allsel,all 

99. l,205,1 

100. al,all 
101. ! 
102. type,2 
103. smrt,1   ! Smart element sizing 

104. mshape,0   ! Element shape 

105. !mopt,amesh,main 
106. amesh,all   ! Meshing 

107. shpp,warn   ! Suppress element shape warning 

108. !arefine,all,,,1,0,1,1  ! Refine mesh 

109. !lrefine,11,,,2,1,clean   ! Refine mesh 

110. lrefine,11,,,1,1,clean  ! Refine mesh 

111. smrt,0 
112. ! 
113. etable,volu,volu 
114. ssum 
115. *get,initial_piston_volume,ssum,,item,volu ! Initial piston volume 

116. ! 
117. allsel,all 
118. nsel,s,,,all 
119. cm,piton_nodes,node 
120. allsel,all 
121. esel,s,,,all 
122. cm,piston_elements,elem 
123. allsel,all 
124. lsel,s,,,1 
125. cm,piston_tip,line 
126. ! 
127. ! Modelling of Shank adapter plus drill rod 
128. clocal,11,cart,0,10e-6,0,0,0,0 
129. ra1=38e-3/2 
130. n=5 
131. nr=5 
132. n11=1*n 
133. n12=1*n 
134. n13=12*n 
135. k,101,rn,0,0 
136. k,102,ri,0,0 
137. b1=15/180*pi 
138. b2=30/180*pi 
139. k,103,ra1,(ra1-rn)*tan(b1),0 
140. k,104,ri,(ra1-rn)*tan(b1),0 
141. k,105,ra1,12/1000,0 
142. k,106,ri,12/1000,0 
143. k,107,rn,12/1000+(ra1-rn)*tan(b2) 
144. k,108,ri,12/1000+(ra1-rn)*tan(b2) 
145. k,109,rn,900/1000,0 
146. k,110,ri,900/1000,0 
147. ! 
148. q=21 
149. l,101,102,nr 
150. l,103,104,nr 
151. l,101,103,n11 
152. l,102,104,n11 
153. al,(36-q),(38-q),(37-q),(39-q) 
154. l,105,106,nr 
155. l,104,106,n12 
156. l,103,105,n12 
157. al,(37-q),(42-q),(40-q),(41-q) 
158. l,107,108,nr 
159. l,106,108,n11 
160. l,105,107,n11 
161. al,(40-q),(45-q),(43-q),(44-q) 
162. l,109,110,nr 
163. l,108,110,3*n13 
164. l,107,109,3*n13 
165. al,(43-q),(48-q),(46-q),(47-q) 
166. ! 
167. allsel,all 



111 

 

168. asel,s,area,,2,5,1 
169. mshkey,1   ! Mapped meshing 

170. mshape,0   ! Element shape 

171. amesh,all   ! Meshing 

172. allsel,all 
173. cmsel,u,piston_elements,elem 
174. cmsel,u,piston_nodes,node 
175. cm,shank_plus_rod_nodes,node 
176. cm,shank_plus_rod_elements,elem 
177. allsel,all 
178. lsel,s,,,(36-q) 
179. cm,shank_tip,line 
180. ! 
181. ! Modelling contact 
182. real,3 
183. type,3   ! Target element 

184. allsel,all 
185. lsel,s,,,(36-q) 
186. nsll,s,1 
187. esln,s,0 
188. esurf,all 
189. type,4   ! Contact element 

190. allsel,all 
191. lsel,s,,,1 
192. nsll,s,1 
193. esln,s,0 
194. esurf,all 
195. ! 
196. allsel,all 
197. nsll,r,1 
198. esln,r 
199. nsle,r,corner   ! Select all corner nodes on the fillet  

200. !    ! and all corner nodes at the surfaces 

201. !    ! of the tail. 

202. cm,fillet_nodes,node 
203. ! 
204. eplot 
205. /zoom,,scrn,0.335,-0.5,0.335,-0.7 
206. ! 
207. ! Initial conditions 
208. --------------------- 
209. allsel,all 
210. cmsel,s,piston_nodes 
211. ic,all,uy,,9.13                     ! Initial  velocity of impact piston 
212. allsel,all 
213. finish 
214. ! 
215. ! Solution 
216. !--------- 
217. /solu 
218. t=115e-6      ! End time 

219. t_step_max=5e-7               ! Maximal time step  

220. antype,trans                        ! Perform a transient analysis 
221. solcontrol,on,on                    ! Activates optimized defaults 
222. nlgeom,on                           ! Turn on large deflection 
223. trnopt,full, , , , ,hht             ! Full method with HHT algorithm 
224. tintp, 0.1                          ! Damping value 
225. time,t                              ! End time 
226. deltim,1e-7,,t_step_max             ! Initial, min, and max time step size 
227. outres,esol,all 
228. solve 
229. finish 
230. ! 
231. ! Post processing 
232. !---------------- 
233. /post1 
234. cmsel,s,piston_elements 
235. etable,volu,volu 
236. ssum 
237. *get,piston_volume,ssum,,item,volu 
238. f=1-abs(piston_volume-initial_piston_volume)/vb ! Objective function 

239. finish 
240. ! 
241. /post26 
242. maximum_von_mises_stress_range 
243. s=maximum_stress_range/maximum_stress_range_dubble_radius 
244. finish 
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245. *end 
246. ! 
247. *use,opt_weight 
248. ! 
249. ! Enter opt and identify analysis file 
250. !-------------------------------------- 
251. /opt 
252. opanl,opt_weight 
253. ! Identify optimization variables 
254. opvar,tk3x,dv,ri,18.3e-3/2 
255. opvar,tk4x,dv,ri,17.5e-3/2 
256. opvar,tk5x,dv,ri,15e-3/2 
257. opvar,s,sv,,1 
258. opvar,f,obj,,,0.001 
259. ! Run the optimization algorithm 
260. opkeep,on 
261. optype,subp   ! Zero order optimization algorithm 

262. opsubp,10 
263. opexe 
264. ! 
265. opkeep,on 
266. optype,first   ! First order optimization algorithm 

267. opfrst,20 
268. opexe 
269. ! Review results 
270. /axlab,y,f 
271. plvaropt,f 
272. ! Sensitivity analysis 
273. opkeep,on 
274. optype,grad 
275. opgrad, 
276. opexe 
277. oplist,all 
278. oplgr,f,tk3x,tk4x,tk4y,tk5x,tk5y 
279. finish 
 

A.9 Matlab script for Findley’s method 
1. % Findley.m 

2. % Determines the critical plane where the damaged parameter in Findley's 

3. % method is maximized. This is done from the two extreme values Smax and 

4. % Smin of the stress tensor, representing maximum shear stress  

5. % (maximum signed Tresca stress) and minimum shear stress  

6. % (minimum signed Tresca stress), respectively. This only works for  

7. % proportional stress states. 

8. %  

9. clear all 

10. f=265; % Plain fatigue limit in fully reversed axial loading. 
11. t=199;% Plain fatigue limit in fully reversed torsional loading. 
12. k=f/t; 
13. a=2*sqrt(k-1); % First material constant in Findley's method. 
14. b=2-k; % Second material constant in Findley's method. 
15. s1max=237.6; s2max=40.4; s3max=0.3; % Principal stresses at the moment of 
16.        % maximum signed Tresca stress. 

17. s1min=-0.3; s2min=-66.6; s3min=-310.9; % Principal stresses at the moment  
18.           % of minimum signed Tresca stress. 

19. Smax=[s1max 0 0;0 s2max 0;0 0 s3max]; % Stress tensor at the moment of 
20.                                   % maximum signed Tresca stress. 

21. Smin=[s3min 0 0;0 s2min 0;0 0 s1min]; % Stress tensor at the moment of 
22.           % minimum signed Tresca stress. 

23. DF_max=0; 
24. for phi=0:1:180 % Searching through all planes for the maximum damage 
25.              % parameter in increments of 1 degree. 

26.   for teta=0:1:180 

27.    n=[1*sin(teta*pi/180)*cos(phi*pi/180);... 

28.         1*sin(teta*pi/180)*sin(phi*pi/180);... 

29.         1*cos(teta*pi/180)]; % Unit normal to the plane. 

30.         Nmax=dot(n,Smax*n); % Maximum normal stress on the plane. 

31.         Nmin=dot(n,Smin*n); % Minimum normal stress on the plane. 

32.         Cmax=Smax*n-Nmax*n; % Maximum shear stress in the shear stress 

33.                                         % range on the plane. 
34.         Cmin=Smin*n-Nmin*n; % Minimum shear stress in the shear stress 

35.                                         % range on the plane. 
36.         Ca=norm(Cmax-Cmin,2)/2; % Shear stress amplitude on the plane. 

37.         DF=a*Ca+b*Nmax; % Damage parameter in Findley's method. 

38.         if DF>DF_max 



113 

 

39.     DF_max=DF; 

40.     teta_max=teta; 

41.     phi_max=phi; 

42.     Ca_max=Ca; 

43.    end 

44.   end 

45. end 

 


