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Abstract— The high peak-to-average power ratio
(PAR) in Orthogonal Frequency Division Multiplex-
ing (OFDM) modulation systems can significantly
reduce performance and power efficiency. A number
of methods exist that combat large signal peaks in the
transmitter. Recently several methods have emerged
that alleviate the clipping distortion in the receiver. We
analyze the performance of two receiver clipping mit-
igation methods in an OFDM system with Cartesian
clipping and low-density parity-check (LDPC) coding.
Surprisingly, the cost of completely ignoring clipping
in the receiver is minimal, even though we assume
that the receiver has perfect knowledge of the channel.
The results suggest that clipping mitigation strategies
should be concentrated to the transmitter.

I. INTRODUCTION

It is well known that OFDM signals may suffer
from a high peak-to-average power ratio (PAR),
tending towards a Gaussian distribution for a large
number of sub-carriers. There is a vast research
literature on transmit-oriented signal processing and
coding methods to mitigate problems associated with
clipping due to these high PAR values, see [1][2][3].
However, many such methods aimed at lowering
PAR come at the cost of increased transmitter com-
plexity or lowering transmission rate. Thus, one may
consider allowing such occasional clips due to high
PAR transmit signals and suffer the associated loss
due to clipping. Of course, one would still seek
receiver methods to minimize such clipping loss.

A number of recent papers document the loss of
untreated clipping, [4][5], etc. Furthermore, there
is on-going research on understanding the clipping
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effects in the received signal, as well as ways to
mitigate their effects, [6][7].

In this paper we make an attempt to quantify in the
best practical sense how much the clipping loss can
be mitigated. Surprisingly, even when using near op-
timal methods which involve significant calculations
(i.e. they lie beyond near-term practicality) we find
that the mitigation ability of such extreme processing
is rather limited. To evaluate the limits of receiver
oriented processing, we choose to combine best
known practical coding methods, low-density parity-
check (LDPC) codes, with the exact distribution of
the clipping distortion. This combination could be
expected to represent the best practically achievable
system performance. It is assumed throughout the
paper that the variance of the additive white Gaus-
sian noise (AWGN) is perfectly known.

Another way to combat the clipping distortion in
the receiver is to estimate the signal before clipping
from the clipped signal. In [7] a Bayesian estimator
for the Cartesian clipper is derived. In this paper we
show that for an OFDM system with LDPC coding,
the ability to counter clipping gives an improvement
of only 0.1 dB at 10−6 bit-error-rate. To wit, the
cost of completely ignoring clipping in the receiver
appears to be minimal. These results are intended
to give insight into the potentially unrecoverable na-
ture of the clipping phenomena and imply directing
attention to transmit-oriented strategies.

II. SYSTEM DESCRIPTION AND CHANNEL MODEL

The system model used throughout the paper is an
OFDM system with Cartesian clipping and AWGN.
LDPC codes are utilized for error-correction and the
encoded bits are QPSK-modulated, see Figure 1. In
this section the OFDM system, the channel model
and the LDPC codes will be discussed in turn.

The OFDM modulation is obtained by applying
Inverse FFT (IFFT) toN QPSK modulated message
(or codeword) subsymbols, whereN is the number
of subchannels in the OFDM system. The complex
baseband signal (also called the time-domain signal)
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Fig. 1. LDPC coded OFDM system with clipping.

can be written

xn =
1√
N

N−1

∑
k=0

Xk ·ej2πnk/N, n = 0, . . . ,N−1 (1)

where Xk is subsymbol numberk in the message
stream, also called the frequency domain signal.
Thus the OFDM modulated signal vector can be
expressed as

x = IFFT{X}. (2)

The time-domain signalxn can be represented by
xI

n+ jxQ
n , wherexI

n andxQ
n are the in-phase/quadrature

(I/Q) components. A practical implementation of
OFDM usually uses a cyclic prefix in order to avoid
inter-symbol interference (ISI).

In this paper we focus on the Cartesian clipper
that clipsxI

n andxQ
n separately and in the following

x̃n denotes eitherxI
n or xQ

n , so that ˜xn is always a
real sequence. The distorted signal is modeled as
the output from the ideal clipper

ỹn = g(x̃n) =







−x0, x̃n ≤−x0

x̃n, −x0 < x̃n < +x0

+x0, x̃n ≥ +x0

(3)

wherex0 is the clipping level and ˜yn is the clipped I
or Q component. The complex clipped signal isyn =
yI

n + jyQ
n = g(xI

n) + jg(xQ
n ). Following the clipper,

complex white Gaussian noisev with variance 2σ2
v

(each noise component has varianceσ2
v) is added to

the signal. In the receiver, the clipped and noisy sig-
nal is demodulated by the OFDM FFT demodulator.

Error control codes used in this paper belong to
a class known as LDPC codes [8]. An LDPC code
is a linear block code and it can be conveniently
described through a graph commonly referred to as
a Tanner graph [9]. Such a graphical representa-
tion facilitates a decoding algorithm known as the

message-passing algorithm. A message-passing de-
coder has been shown to virtually achieve Shannon
capacity when long LDPC codes are used. In the
next paragraph we will describe a specific class
of LDPC codes used here. For more details on
message passing decoding the reader is referred to
an excellent introduction by Kschischanget al. [10].

Consider a linear block codeC of lengthn defined
as the solution-space (inF2) of the system of linear
equationsHx = 0, where H is an m× n binary
matrix. The choice of a parity check matrix that
supports the message-passing algorithm is a problem
that has been extensively studied in recent years, and
many random [11] and structured codes have been
found [12]. We have chosen codes from a family of
rate-compatible array codes, [13][14], because they
support a simple encoding algorithm and have low
implementation complexity.

The general form of the parity check matrix can
be written as (4) at the top of the page where each of
the submatricesPi, j is a power of ak×k permutation
matrix, see [14]. Notice that the row and column
weights ofH vary, i.e. the code is irregular.

In the message-passing decoder, log-likelihood
ratios (LLRs) are updated and passed between nodes.
The wanted LLRs are thea posterioriprobabilities
that a given bit inc equals 0 or 1 given the whole
received wordr . The initial LLR for theith node (or
codeword bit) is calculated as

LLRi = log
Pr(ci = 0|r i)

Pr(ci = 1|r i)
(5)

where Pr(A|B) denotes the conditional probability
of A given B. When the LLRs are updated by the
message-passing algorithm, they will better approx-
imate the wanted LLRs.



III. C HARACTERIZATION OF CLIPPING NOISE

The description of the clipping distortion in this
section mainly follows the characterization given in
the recent paper [6]. The time-domain OFDM signal
xn is the sum of several statistically independent
subcarriers and the I/Q components can be approx-
imated by Gaussian processes, invoking the central
limit theorem, if the number of subcarriers is large.
The pdf of x̃n is therefore assumed to be Gaussian
with mean zero and varianceσ2

x, where 2σ2
x is the

power of each complex frequency-domain symbol
Xn.

Knowing that the time-domain signal is approx-
imately Gaussian, the Bussgang theorem can be
applied, [15]. It states that the output of the clipper
can be expressed as ˜yn = αx̃n + w̃n, where w̃n is
uncorrelated with the clipper input signal ˜xn andα is
an attenuation. The notatioñ(·)n denotes as before
either the I or Q component of a complex signal.
The attenuationα is dependent only on the input
backoff (ibo) of the clipper and for the Cartesian
clipper defined in (3) the attenuation is given by

α = 1−2Q(
√

ibo) (6)

where the Q-function and theibo is defined as

Q(x) =
∫ ∞

x

1√
2π

e−x2/2 (7)

ibo =
x2

0

σ2
x

(8)

The part of the clipped signal that has no correlation
with the input signal,wn, is called the clipping noise.
The pdf of the I/Q component of the time-domain
clipping noise is derived in [6] and is given by

pw̃(w̃) =























G(w̃;+x0,α2σ2
x), w̃≤−βx0

G(w̃;−x0,α2σ2
x)

+G(w̃;0,β2σ2
x)

+G(w̃;+x0,α2σ2
x), −βx0 < w̃ < +βx0

G(w̃;−x0,α2σ2
x), w̃≥ +βx0

(9)
whereβ = 1−α and

G(x,µ,σ2) =
1√

2πσ2
exp

{

−(x−µ)2

2σ2

}

(10)

is the Gaussian pdf with meanµ and varianceσ2.
The pdf pw̃(w̃) of the I/Q component of the clipping
noise can be re-written as a function of the clipping
parametersibo andx0 only.

Before LDPC decoding, the clipped and noisy
received signalzn is demodulated by the FFT. The
AWGN after the FFT will have the same variance

as before the FFT, due to the unitary property of
the FFT. This will not be the case for the clipping
noise since it is not assumed to be Gaussian. The
frequency-domain clipping noise over thekth sub-
channel, which is the output of the FFT when the
input is the time-domain clipping noise, is

Wk =
1√
N

N−1

∑
n=0

(wI
n + jwQ

n )e− j2πkn/N (11)

The W̃k (I or Q component) is a sum of 2N ap-
proximately i.i.d. random variables and its pdf is the
convolution of 2N probability density functions. To
avoid the convolutions the pdf of̃Wk can be calcu-
lated as the product of the characteristic function of
w̃n in different points. The characteristic function of
w̃n (the Fourier transform of its pdf) is given by, [6],

Φw̃(ω) = e−β2σ2
xω2/2ℜ

{

1−2Q(
√

ibo+ jωβσx)
}

+e−α2σ2
xω2/2ℜ

{

ejωx02Q(
√

ibo+ jωβσx)
}

(12)

whereℜ{·} denotes the real part. The characteristic
function of the frequency-domain clipping noise can
now be written as

ΦW̃k
(ω) =

N−1

∏
n=0

[

Φw̃

( |cos(2πkn/N)|√
N

ω
)

Φw̃

( |sin(2πkn/N)|√
N

ω
)]

(13)

using (11) and (12), [6]. The pdf of̃Wk is the inverse
Fourier transform ofΦW̃k

(ω), but it is usually easier
to find the cumulative distribution function by a
numerical method called the Fourier series method,
[16].

Since the clipping noise pdf is only dependent on
the ibo of the clipper, this pdf must be calculated
only once for a system with a givenibo and then a
lookup table can be created. In the system discussed
here, the clipping noise pdf is convolved with the
AWGN pdf to give the pdf of the total noise for
subchannel j, denoted pu j (u j). If the channel is
frequency flat, the pdf of the total noise will be the
same for all subchannels. The initial log-likelihood
ratios for the decoder are calculated from this pdf
according to (5), while accounting for the attenuation
α. The conditional probabilityPr(ci = c|r i) wherec
is either 0 or 1 can be written

Pr(ci = c|r i) =
pr i |c(r i|ci = c)Pr(ci = c)

pr i (r i)
(14)

where pr i(r i) is the pdf of the received signal and
pr i |c(r i|ci = c) is the conditional density of the re-
ceived signal given the corresponding codeword bit.



In the case where 0 and 1 are equally likely to be
transmitted, the LLR for theith node is

LLRi = log

(

pr i |c(r i|ci = 0)

pr i |c(r i|ci = 1)

)

. (15)

The LLRs can be calculated from the pdf of the total
noise and the attenuationα by

LLRi = log

(

pu j (r i −ασx)

pu j (r i +ασx)

)

(16)

since each codeword bit is represented by(−1)ci

before applying the IFFT.

IV. BAYESIAN ESTIMATION

Another way to counter the clipping in the re-
ceiver is to estimate the time-domain signalxn from
the clipped and noisy signalzn. In [7], a Bayesian
estimator for signals clipped by the Cartesian clipper
and distorted by AWGN is derived. The Bayesian
estimator is the optimal estimator ofxn given zn in
the Minimum Mean-Square Error (MMSE) sense,
given by

ˆ̃xopt = E{x̃|z̃} =
∫ ∞

−∞
x̃px̃|z̃(x̃, z̃)dx̃ (17)

where px̃|z̃ is the conditional pdf of the I/Q com-
ponent ˜xn given z̃n. A straight forward derivation
(see [7]) leads to a closed form expression of the
Bayesian estimator for Gaussian input signals,

ˆ̃xopt =
1

pz̃(z̃)

{

σx

2πσv
e
− x2

0
2σ2

x

(

e
− (z̃−x0)2

2σ2
v −e

− (z̃+x0)2

2σ2
v

)

+
σ2

x
√

2π(σ2
v + σ2

x)
3
z̃e

− z̃2

2(σ2
v+σ2

x) [Q(
√

2γ2)−Q(
√

2γ1)]

+
σxσv

2π(σ2
v + σ2

x)
e
− z̃2

2(σ2
v+σ2

x)

(

e−γ2
2 −e−γ2

1

)

}

(18)

where

γ1 =
σ2

x(x0− z̃)+σ2
vx0

σxσv

√

2(σ2
x +σ2

v)
(19)

γ2 =
−σ2

x(x0 + z̃)−σ2
vx0

σxσv

√

2(σ2
x +σ2

v)
. (20)

The time-domain signalxn is estimated from the
clipped and noisyzn and the output from the esti-
matorx̂opt is then demodulated by the FFT. The log-
likelihood ratios that are needed for LDPC decoding
should be calculated from the pdf of the estimation
error after the FFT (X− X̂opt) and the power of the
AWGN, but in this case we assume that the log-
likelihood ratios can be approximated by the ratios
calculated only from the AWGN. It will be shown in
the next section that the performance loss of ignoring
the clipping effects when calculating the LLRs is
minor, and this validates the approximation.
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Fig. 2. Performance of LDPC coded OFDM with Cartesian
clipping (ibo = 4 dB).

V. RESULTS AND DISCUSSION

The performance of the LDPC coded OFDM
system with Cartesian clipping is shown in Figure
2 for an ibo of 4 dB. The rate of the LDPC code
is 0.8, the codeword length is 1024 and 64 OFDM
subchannels are used. The simulation shows that the
performance gains of the two investigated receiver
clipping mitigation methods are negligible. The best
performance is obtained for the Bayesian estimation,
but the improvement is only around 0.1dB at 10−6

bit-error-rate and it seems like the LDPC decoder is
not very sensitive to having the exact log-likelihood
ratios. The signal-to-noise ratio (SNR) used in this
paper is the ratio of transmitted signal power (after
clipping) per message bit to the power of the AWGN,
that is,

SNR=
1
r

σ2
y

σ2
v

(21)

wherer is the rate of the LDPC code and the power
of the transmitted clipped signal isσ2

y = 2σ2
ỹ, with

([6])

σ2
ỹ =

x2
0

ibo

[

1−2Q(
√

ibo)−
√

2ibo
π

e−
ibo
2 +2iboQ(

√
ibo)

]

.

(22)
Figure 3 shows the pdf of the clipping noise,

the pdf of the AWGN and the pdf of the total
noise (the convolution) for an SNR of 6dB and
an ibo of 4 dB. It is seen in the figure that the
clipping noise does not affect the total noise much,
and the total noise has almost the same pdf as the
AWGN. The log-likelihood ratios that are the input
to the LDPC decoder are calculated from the total
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Fig. 3. Pdf of clipping noise, AWGN and the sum of the
clipping noise and the AWGN for anibo of 4 dB and an SNR
of 6 dB.

noise pdf and the attenuation according to (16),
and in this case where the total noise pdf and the
AWGN pdf looks almost the same, there will be a
minor improvement in performance when the exact
LLRs are used instead of just ignoring the effect
of the clipping noise. The attenuationα is 0.89
for this example. The reason why the effect of the
attenuation is minimal is that with a scaling, all
LLRs are affected in the same manner.

In systems without error correction, an improve-
ment by the receiver clipping mitigation methods
is observed for high SNR, see [6][7]. When using
LDPC codes, these high SNRs are never used since
even a moderate SNR gives low enough bit-error-
rate, at least in a wireless system. It seems like the
redundancy added by the LDPC code is effective
also in mitigating the clipping distortion. The re-
sults suggest that at the receiver side in a system
with LDPC coding, the clipping distortion can be
assumed to be more AWGN with just a negligible
performance loss.

VI. CONCLUSIONS

Unexpectedly, it is shown that for bit-error-rates
of down to 10−6 that are reasonable in a wireless
system, the clipping mitigation methods using ex-
tensive calculations anda priori information give
little improvement on the performance of an LDPC
coded OFDM system, compared to just ignoring
the clipping effects. These results can be explained
in part by noticing that the changes in the initial
log-likelihood ratios due to the clipping mitigation
methods are small. Our results should imply direct-

ing attention to transmit-oriented clipping mitigation
strategies.
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