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Abstract

This article is focusing on the problem of path fol-
lowing for an articulated vehicle under varying veloci-
ties and slip conditions. The proposed control architec-
ture consists of a switching control scheme based on mul-
tiple model predictive controllers, fine tuned for dealing
with different operating speeds and slip angles. In the
presented analysis for the non–holonomic articulated ve-
hicle, the corresponding kinematic model is being trans-
formed into an error dynamics model, which is linearized
around multiple nominal slip angle cases and various op-
erating speeds. The existence of the slipping and varying
speed has a significant effect on the vehicle’s path follow-
ing capability and can significantly deteriorate the perfor-
mance of the overall control scheme. Based on the derived
multiple dynamics modeling, the current slip and vehicle’s
speed are being considered as the signal selector for the
proposed switching model predictive control scheme. The
efficacy of the proposed controller is being evaluated by
an extended set of simulation results.

1. Introduction

In general an articulated vehicle consists of two parts,
a front and a rear, linked with a rigid free joint. Each body
has a single axle and the wheels are all non–steerable,
while the steering action is being performed on the joint,
by changing the corresponding articulated angle, between
the front and the rear of the vehicle.

In the relative literature, there have been several re-
search approaches for the problem of modeling articulated
vehicles, based on the theory of multiple body dynam-
ics [7,11,13]. Most of these methods contain simple mod-
els that: a) are not taking under consideration the effect
of the slip angles, as the complexity of the overall prob-
lem is being increased and it is more difficult to proceed
to the next stage of the control scheme design based on
highly non–linear articulated vehicle’s dynamics, while b)

in these modeling approaches, speed has been considered
as a constant, an assumption that it is not globally valid,
while at the same time the speed level is also effecting the
slippage that the vehicle is being experiencing.

As slip angle is one of the most important factor that
degrades the overall performance of the articulated vehi-
cle, various efforts have been proposed until now for esti-
mating or measuring these effects [12, 15], while still the
existence of full kinematic models that will integrate the
slip angles, for the case of articulated vehicles, is obsolete.
From a control point of view, there have been proposed
many traditional techniques for non–holonomic vehicles,
based on error dynamics models without the presence of
slip angles. More analytically, in [11] linear control feed-
back has been applied, while in [12] a Lyapunov based
approach has been presented. In [2] a control scheme
based on linear matrix inequalities has been presented
and in [14] a pole placement technique has been applied.
Moreover, in [5] the authors have presented a path track-
ing controller based on error dynamics, while in [1] the
general problem of designing a path following controller
for a n–rear vehicle, based on non–linear adaptive control
has been derived. Finally, classical fundamental problems
of motion control for articulated vehicles have been pre-
sented in [4, 7] and [3].

The novelty of the proposed article stems from: a) the
derivation of an error dynamics modeling framework for
the case of an articulated vehicle operating under vary-
ing speeds and slip angles, and b) adopting a switching
model control scheme that is able to take under considera-
tion the effects of real life constraints on the control input
(articulated angle) and mechanical restrictions, while at
the same time contains multiple switching model predic-
tive controllers that are being fine tuned to optimize path
tracking under varying slip angles and speeds. The overall
resulting control scheme is ensuring smooth transition of
the control effort as the articulated vehicle is being driven
with different speeds, over regions of different slippage,
while retaining the stability of the articulated vehicle.

Copyright: 17th IEEE International Conference on Emerging Technologies and Factory Automation



2. Articulated Vehicle Modeling

2.1. Kinematic Model Without Slip Angles
First the case of an articulated vehicle, under no effect

of slip angles (α = β = 0) is being presented, as it is de-
picted in Figure 1, where (x f , y f ) and (xr, yr) denote the
coordinates of the front and the rear, p f and pr are the
corresponding centers of gravity, l f and lr are the lengths
of the front and rear, while the angles θ f and θr denote
the vehicle’s part orientation. The (x,y) axes represent the
fixed coordinating system, defined as [11]. By examin-
ing the vehicle’s depicted geometry, as also the relation
between the coordinates of p f and pr, it can be extracted
that:

ẋ f = v f cos θ f (1)
ẏ f = v f sin θ f (2)

The velocities at the front and the rear parts have the same
changing with respect to the velocity at the rigid free joint
of the vehicle, while the relative velocity vector equations
can be defined as:

v f = vr cos γ + θ̇rlr sinγ (3)
vr sinγ = θ̇ f l f + θ̇rlr cos γ (4)

Where v f and vr are the velocities of the front and rear
parts respectively, the articulated angle γ is being defined
as the difference between the orientation angles θ f of the
front and θr of the rear part of the vehicle. By combining
the above equations using the relation θr = θ f − γ , the
angular velocity θ̇ f of the front is being calculated as:

θ̇ f =
v f sinγ + lr γ̇
l f cosγ + lr

(5)

The corresponding angular velocities for the front and rear
parts, which are being defined as θ̇ f and θ̇r respectively,
have different values when (l f ̸= lr) or the vehicle is not
driving straight (γ ̸=0). Finally, the angular velocity of the
rear is being defined as θ̇r = θ̇ f − γ̇ , or:

θ̇r =
v f sinγ − l f γ̇ cosγ

l f cosγ + lr
(6)

2.2. Kinematic Model Under Slip Angles
In the case of slip angles, the kinematic model of the ar-

ticulated vehicle can be also formulated from general ge-
ometry that includes ideal and slip behavior for the steer-
ing angles. The definition of this model has been initially
based on the derivation in [15], which included the per-
turbed factors in the vehicle position as two slip variables
β and α , being defined as the front’s and rear’s slip angles
respectively. Under the influence of slip angles, the vehi-
cle’s configuration is depicted in Figure 1, where r1, r2 are
the radiuses from instantaneous centers of velocity for the
front and the rear respectively. For the initial center curva-
ture of the trajectory it is being assumed that the vehicle is

Figure 1. Articulated vehicle modeling con-
figuration under the influence of slip angles

moving forward without slip conditions. In the following
derivation, the unit subscript ’s’ denotes variables in the
slip angle case as they have been defined previously in the
non–slip examined case. The kinematic equations, for the
motion under the effect of slip angles, for the front part
can be formulated as:

ẋ f s = v f cos (θ f +β ) (7)
ẏ f s = v f sin (θ f +β ) (8)

In this case, the vehicle’s motion depends not only on ve-
hicle’s velocities, the articulated angle and the vehicle’s
lengths, but also on the slip angles, while the resulting ve-
hicle’s heading is provided by a combination of the slip
angles with the orientation angles. The rate of the orien-
tation θ̇rs can be defined as function of the steering angle
γ and both slip angles. Based on the assumption that the
vehicle develops a steady–state motion turning, this rate
can be provided by the utilization of a virtual center of
rotation, depending on the velocity [8]. In the examined
case, the front’s and rear’s speeds can be computed as:

v f cosα = vr cos(γ −α)+ θ̇rlr sin(γ +β −α) (9)
vr sin(γ +β −α) = θ̇ f l f cosα + θ̇rlr cos(γ −α) (10)

while, by solving the above equations, the angular veloci-
ties for the front and the rear can be defined as:

θ̇ f s =
v f sin(γ +β −α)+ lr γ̇ cosα

l f cos(γ −α)+ lr cosα
(11)

θ̇rs =
v f sin(γ +β −α)− l f γ̇ cos(γ −α)

l f cos(γ −α)+ lr cosα
(12)

It should be noted that equations (11,12) are more accurate
than equations (7,8), if the slip angles are known a priori,
a task that is quite difficult as the slip angles are dependent
of the vehicle’s velocity, mass, tire–terrain interaction and
articulation angle, in a highly non–linear way.



3. Error Dynamics Modeling

Based on the assumption that the vehicle develops a
steady–state motion turning, the rates of the orientation
change are being provided by: r1 =

v f
θ̇ f

and r2 = vr
θ̇r

. In

Figure 2 it is depicted an overview of how the displace-
ment, heading and curvature errors are being defined, be-
tween the actual path of the articulated vehicle and the
desired one, under the effects of slipping. The distance
from the vehicle to the reference path displacement, the
angle between the vehicle and the reference are also being
displayed.
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Figure 2. Articulated vehicle following error
transformation

Based on [13], in the following derivation, three errors
under the effects of slip angles are being defined: a) ed
is the displacement error, b) eh is the heading error, and
c) ec is the curvature error. The displacement error ed is
the difference between the coordinates of the front and the
coordinates of the desired circular path. From the triangle
(ABD), if it is assumed that ϕ and θ are small, and can
be defined that: θ , (

l f +lr cos(γ+β )
r ) and from the trian-

gle (DBC), eh , ed
l f

, while the error in the displacement is:
ed = eh rθ − l f cos(γ +β ), and by taking the time deriva-
tive of this equation it is derived that:

ėd = v eh + γ̇ l f sin(γ +β ) (13)

The heading error eh is the orientation difference between
the centers of the vehicle and the circular path. A change
in the heading error is being defined as: eh , (θ − ϕ)+
(γ sin(γ +β −α)), and it is being assumed that: θr w ϕR.
From this equation it can be derived that eh = θ(1− r

R )+
(γ sin(γ + β −α). The curvature error ec measures the

difference between the vehicle’s paths and the curvature
of the trajectory path is: ec =

1
r −

1
R . By utilizing these

relations, the curvature error is being defined as:

ėh = v ec + γ̇ sin(γ +β −α)+ γ̇γ cos(γ +β −α) (14)

With the assumption that the slip angles, the velocity and
the curvature of the trajectory are piecewise constant and
by differentiating the equation: ec =

v sin(γ+β−α)+lr γ̇ cosα
v (l f cos(γ−α)+lr cosα)

with respect to time, the rate of the curvature error is being
defined as:

ėc = γ̇
l f cos(β )+ lr cos(α) cos(γ +β −α)

(l f cos(γ −α)+ lr cos(α))2 +

γ̈
lr (l f cos(γ −α) cos(α)+ lr cos(α)2)

v(l f cos(γ −α)+ lr cos(α))2 +

γ̇2 l f lr sin(γ −α) cos(α)

v(l f cos(γ −α)+ lr cos(α))2 (15)

Linearizing the error dynamics in the equations (13), (14)
and (15) around the reference path with constant articu-
lated and slip angles under small displacement, yields:

ėd = v eh + γ̇ l f β (16)

ėh = v ec + γ̇ (β −α) (17)

ėc = γ̇
1

(l f + lr)
+ γ̈

lr
v(l f + lr)

+ γ̇2 l f lr(γ −α)

v(l f + lr)2 (18)

where it can be observed that ėc is dependant on the slip-
page and the rate of change of articulation angles. By per-
forming the following change of variable:

´̇ec = ėc − γ̇
lr

v(l f + lr)
(19)

The following state space error dynamics description for
the articulated vehicle is being extracted:ėd

ėh
´̇ec

=

0 v 0
0 0 v
0 0 0

ed
eh
éc

+

 l f β
lr+(β−α)(l f +lr)

(l f +lr)
1

(l f +lr)

 γ̇ (20)

In the case that the articulated vehicle is being driven with
varying speed, over terrains that are characterized by dif-
ferent slip angles, multiple piecewise operating sets for
the speed and the slip angles, of the same characteristics,
can be defined as: vi ∈ L1, βi ∈ L2 and αi ∈ L3, with
L1, L2 L3 ∈ ℜ3 and i ∈ S+, can be defined, leading to
a switching state space description for the model as it fol-
lows:

ẋ = Aix+Biγ̇ (21)

x ∈ X ⊆ ℜ3 is the state vector, γ̇ ∈ U ∈ ℜ is the control
action, Ai ∈ ℜ3×3, Bi ∈ ℜ3×1, and full state feedback is
being considered, or C = I3×3. The variables γ and γ̇ can
be measured with a great accuracy, while an estimation
algorithm or a look up table should be utilized for deter-
mining the value of the slip parameters.



4. Model Predictive Control Design

MP–controller has been very successful in practice and
its a highly effective control scheme that is able to take
under consideration multiplicative system model descrip-
tions, uncertainties, nonlinearities and physical and me-
chanical constraints in the system model parameters or in
the control signals [10]. In the current research effort, the
MP–controller schemes are able to predict future values
of the vehicles error dynamics based on the present avail-
able information and the current constraints [6]. The MP–
controller action, which is the rate of articulation angle,
is based on a finite horizon continue time minimization of
predicted tracking error with constraints on the control in-
puts and the state variables. The overall block diagram of
the proposed closed loop system is depicted in Figure 3.
For efficiently controlling the articulated vehicle, the con-
troller utilizes the current state of motion of the vehicle as
well as the next target points of the reference trajectory.
The path planner is generating the desired path, while in
the sequel this path (planar coordinates) is being trans-
lated to displacement, heading and curvature coordinates
that act as the reference input for the MP–controller.

The formulation of the MP–controller is based on: a)
the current full state feedback, b) the active constrains on
the system, c) the estimated slip angles, d) the measured
velocity and e) the mode selector signal, which depends
on the slipping and the velocity of the vehicle, in order to
apply switching optimal control action.
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Figure 3. Switching MP–controller scheme
block diagram

The construction of the MP–controller is based on the
system description defined in equation (21). The mode
selector signal i ∈ S with S , {1,2, · · · ,s} is a finite set
of indexes and s denotes the number of switching sub–
systems in (24). For polytypic description, Σ is the poly-
tope Σ : Co{[Ai Bi], · · · , [Ai Bs]}, Co denotes the convex
hull and [Ai,Bi] are the vertices of the convex hull. Any
[Ai, Bi] within the convex set Σ is a linear combination of
the vertices ∑s

j=1 µ j[Ai Bi]with ∑s
j=1 µ j = 1, 0 ≤ µ j ≤ 1.

In the presented methodology for the design of the

MP–controller scheme, only the front slip angle β has
been taken under consideration as it has the more signifi-
cant effect on the behavior of the vehicle than the rear slip
angle α , while at the same time α has the opposite sign of
β . As a result of this remark the mode selector signals of
the MPC are the measured velocity vi of the vehicle and
the estimated slip angle βi. For defining the switching in-
stances, the sets L1, and L2 have been discretized into
operating subspaces. The discretization of the speed and
slip angle operating sets, can be formulated by defining
multiple nominal values v0, β0 and allowing them to take
values into neighboring regions of lengths ξi and ψi. This
can be mathematically being formulated as:

L1, i = vmin
0, i = v0, i −ξi ≤ v0, i ≤ v0, i +ξi = vmax

0, i

L2, i = β min
0, i = β0, i −ψi ≤ β0, i ≤ β0, i +ψi = β max

0, i

The sets X and U specify state and input constraints.
Let the set X contain the x states that satisfy the following
bounding inequality:

xmin = x−∆1 ≤ x ≤ x+∆1 = xmax (22)

where ∆1 ∈ ℜ(3,1)
+ is the vector containing the selecting

state boundary conditions. The control input bounding
set U can be derived by taking under consideration the
mechanical and the physical constraints of the articulated
vehicle, as also the preference on aggressive or not ma-
neuvers. These constraints can be also formulated as pre-
sented in (23).

umin = u−∆2 ≤ u ≤ u+∆2 = umax (23)

where ∆2 ∈ ℜ+ is the vector containing the selecting con-
trol boundary conditions. Let the matrix Hi be a zeroed
2× 2 matrix with its i–th column equal to [1,−1]T , and
the other 02,1 i.e. for i = 2:

Hi =

[
0 1
0 −1

]
Then the previous bounds in (22) and (23) can be cast in a
more compact form as:

[
H1
H2

]
4×2

·

 x
−−

u


2×1

≤

 xmax +∆1
−−−−−
umax +∆2


4×1

These constraints are embedded in the MP–controller
computation algorithm in order to compute an optimal
controller that counts for the physical and mechanical con-
straints that restrict the articulated vehicle’s motion.

The basic idea of MP–controller is to calculate a se-
quence of future control actions in such a way that it min-
imizes a cost function defined over a predefined prediction
horizon. More specifically, the (i)–th MP–controller’s ob-
jective is to minimize the quadratic cost in (24), while the
(i)–th linearized system is within Σ. Special care must
be provided in order to correctly tune the prediction Np



and control Nc horizons. A long prediction horizon in-
creases the predictive ability of the MP–controller but on
the contrary it decreases the performance and demands
more computations.

Each model predictive controller V i
MPC corresponds to

the i-th error dynamic model of the articulated vehicle,
obtained by solving the following optimization problem
minJ(k) with respect to the control moves variations ∆u
and the error coordinates, while the discrete time sample
index and J(k) defined as:

J(k) =
Np

∑
n=Nw

[ŷ(k+n|k)− r(k+n|k)]T Q[ŷ(k+n|k)− r(k+n|k)]+

+
Nc−1

∑
n=0

[∆uT (k+n|k)R∆u(k+n|k)] (24)

+
Np

∑
n=Nw

[u(k+n|k)− s(k+n|k)]T ·N[u(k+n|k)− s(k+n|k)]

where, n is the index along the prediction horizon, Nw is
the beginning of the prediction horizon, Q is the output
error weight matrix, R is the rate of change in control
weight matrix, N is the control action error weight ma-
trix, ŷ(k + n|k) is the predicted system’s output at time
k+n, given all measurements up to including those at time
k, r(k+ n|k) is the output set–point profile at time k+ n,
given all measurements up to including those at time k,
∆u(k+ n|k) is the predicted rate of change in control ac-
tion at time k+n, given all measurements up to including
those at time k, u(k + n|k) is the predicted optimal con-
trol action at time k+n, given all measurements up to and
including those at time k, and s(k+ n|k) is the input set–
point profile at time k+ n, given all measurements up to
and including those at time k.

Once all V i
MPC(k) controllers are computed, the objec-

tive of the i ∈ S controller is to stabilize the i–th system,
while if s increases, then the approximation of the error
dynamic modeling is more accurate for a larger part of
speed and slip angle and thus allowing the development
of more efficient control algorithms.

5. Simulation Results

In the presented simulation results it is being assumed
that direct measurements for both the velocity and the
position of the vehicle can be performed, so no estima-
tion action should be applied to the system, although in
a real–life experimental setup, estimation of the slip an-
gles should be performed, by utilizing one estimation al-
gorithm (e.g. Extended Kalman filter).

For simulating the efficacy of the proposed control
scheme for the problem of path following for an articu-
lated vehicle, over a terrain with varying speed and slip
angles, the following vehicle’s characteristics have been
considered: l f = 0.6m, lr = 0.8m. Twelve operating sets
for the slip angle β have been defined, in combination
with three different vehicle’s velocities (1, 2 and 3 m/sec),
as it has been depicted in Table 1.

As a result the overall lookup table that rules the
switching signal for defining the j active MPC control

Table 1. Active Regions for the Switching
MPC

MPC No. Velocity (m/s) Front slip (rad)
1 0 ≤ v < 1 0.00≤ β <0.02
2 0 ≤ v < 1 0.02≤ β <0.04
3 0 ≤ v < 1 0.04≤ β <0.06
4 0 ≤ v < 1 0.06≤ β <0.08
5 1 ≤ v < 2 0.00≤ β <0.03
6 1 ≤ v < 2 0.03≤ β <0.05
7 1 ≤ v < 2 0.05≤ β <0.07
8 1 ≤ v < 2 0.07≤ β <0.09
9 2 ≤ v ≤ 3 0.00≤ β <0.04
10 2 ≤ v ≤ 3 0.04≤ β <0.08
11 2 ≤ v ≤ 3 0.08≤ β <0.12
12 2 ≤ v ≤ 3 0.12≤ β <0.16

(s = 12) is presented in Figure 4, while the total switching
MP–controller is constructed by implementing a switch-
ing among the difference controllers in relation with the
values of slip angle β and the velocity v respectively.
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Figure 4. Switching mode selector for MP–
controllers

The constraints imposed on the input and output vari-
ables, has been defined as it follows: the bounds on the ar-
ticulated angle have been defined as −0.785 ≤ γ ≤ 0.785
(rad), and the bounds on the error dynamics has been set
for the displacement error −0.2 ≤ ed ≤ 0.2. The parame-
ters for the twelve MP–controllers for the state and control
action weighings matrices have been fine tuned separately
according to the current active state space model. More-
over, in the simulation studies, correlation between the ar-
ticulated angle γ and the α slip angle, has been consid-
ered (derived from the geometry of the vehicle), denoted
as: α = arcsin( −lr

l f +lr
sinγ).



The cost function definition provides several crucial
pieces of information, which are: length of the predic-
tion horizon, variables included in this cost function and
also the weights applied to each of the two components of
the cost function. In the presented simulation results, the
prediction horizon has been set to Np = 10 and the control
horizon to Nc = 5, with a control interval (0.2 sec) for the
all controllers.

The effectiveness of the proposed switching MPC
scheme will be evaluated on tracking a circular reference
path, while the significance and the important deteriora-
tion of the vehicle’s response, under slip angles, has been
already presented in [9]. In the presented simulations, a
comparison will be performed between closed loop path
tracking results, obtained from the proposed switching
MPC scheme and the results obtained by having only one
MPC fine tuned controller, under the existence of vary-
ing velocities and slip angles, as it is being presented in
Figure 5.
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Figure 5. Circle path following based on
switching MP–controller and single MP-
controller under varying velocities slip an-
gles

From Figure 5 it is clear that the proposed switching
MPC has the merit of adapting to the varying type of
velocity and articulated angle and achieve a good path
tracking performance, while the utilization of only one
fixed MP–controller fails to track the circular reference
path. In this simulation result, the fixed 2nd MP–controller
has been utilized, as this is the controller that had the best
simulation output under constant speed (1 m/sec) and
varying slip angles, while the utilization of different fixed
type controllers has resulted in a system instability.

In Figure 6 the time evolution of the error correspond-
ing dynamics,(ed , eh and ec), from the path tracking re-
sponse in Figure 5 is being presented, where it can be
also observed that there is a significant error dynamic state
tracking, for the case that the fixed MP–controller is being
selected.
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Figure 6. Time evolution of the system’s
states (error dynamics) with switching MP–
controller and single MP–controller

In Figure 7 the corresponding responses for the sim-
ulated time varying velocity, and slip angle, for the path
tracking response in Figure 5 are also being presented,
with respect to the resulting mode selector signal, from
Figure 4.

In addition in this figure, the response of the control ef-
fort (rate of the articulated angle γ̇ and the pure response
of the articulated angle is being also depicted. From the
obtained simulation results, the superiority of the pro-
posed switching MPC scheme is clear as it is able to
achieve a good tracking of the reference path, under vary-
ing velocities and slip angles, a problem that it is highly
linked to the real–life application. Finally, it should be
noted that: a) in the presented simulation results, harsh
switching and big slippage angles have been considered,
that simulate the translation of the vehicle under heavy
road conditions, and b) the same switching angles have
been utilized as the testing scenario in all the depicted sim-
ulation results (single and switching MP–controller).
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6. Conclusions

In this article a switching model predictive control
scheme for an articulated vehicle under varying slip angles
and different velocities has been presented. For the non–
holonomic articulated vehicle, the non–linear kinematic
model that is able to take under consideration the effect of
the slip angles was extracted and been transformed into an
error dynamics model. Based on the derived multiple er-
ror dynamic models, the varying slip angle has been con-
sidered as the switching rule and a corresponding switch-
ing mode predictive control scheme was designed. Simu-
lation results have been presented that prove the efficacy
of the overall suggested scheme.
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