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Wkh krprjhql}dwlrq wkhru| lv d eudqfk ri

pdwkhpdwlfv wkdw kdv ehhq ghyhorshg lq wkh

vwxglhv ri sduwldo gl�huhqwldo htxdwlrqv zlwk

udslgo| rvfloodwlqj frh!flhqwv/ dqg lv edvhg rq

vrph w|sh ri dyhudjlqj1 Wklv phwkrg fdq iru

lqvwdqfh eh xvhg lq wkh frpsxwdwlrq ri phfkdq0

lfdo surshuwlhv ri frpsrvlwh pdwhuldov/ vlqfh d

frpprq ihdwxuh iru wkhvh pdwhuldov lv wkdw wkh|

ehkdyh olnh d krprjhqhrxv phglxp zkhq wkh

fkdudfwhulvwlf vl}h ri wkh plfurvwuxfwxuh lv pxfk

vpdoohu wkdq wkh zkroh vdpsoh1 Lq wklv sdshu/ zh

zloo lqyhvwljdwh d zryhq frpsrvlwh +zklfk fdq eh

frqvlghuhg wr kdyh wzr gl�huhqw orfdo vfdohv, e|

vr fdoohg uhlwhudwhg krprjhql}dwlrq1

Ohw xv frqvlghu olqhdu hodvwlf erg| wkdw rffx0

slhv d uhjlrq 
 lq U�= Zh lqwurgxfh d Fduwh0

vldq frruglqdwh v|vwhp +{�, dqg ��� > h��> i�> w�>

x� dqg q� dv wkh vwuhvv whqvru/ wkh vwudlq whqvru/

wkh lqwhuqdo irufh �hog/ wkh vxuidfh irufh �hog/

wkh glvsodfhphqw �hog dqg wkh rxwhu xqlw qrupdo

wr wkh erxqgdu| C
 ri 
> uhvshfwlyho|1 Zh dv0

vxph wkdw wkh erg| frqvlvwv ri d uhvlq pdwul{

dqg zryhq �ehu wrzv1 Hdfk �ehu wrz frqvlvw

lq lwvhoi ri lvrwurslf �ehuv glvwulexwhg lq d frq0

wlqxrxv skdvh ri uhvlq pdwul{1 Zh dvvxph wkdw

wkh �ehuv duh shulrglfdoo| glvwulexwhg lq wkh �ehu

wrzv lq wkh vhqvh wkdw zh fdq gh�qh d xqlw fhoo

] zklfk lv shulrglfdoo| uhshdwhg1 Pruhryhu/ zh

dvvxph wkdw wkh �ehu wrzv lq wkhp vhoyhv duh sh0

ulrglfdoo| glvwulexwhg lq wkh uhvlq pdwul{ vr wkdw

zh fdq gh�qh d xqlw fhoo \= Zh lqwurgxfh wkh

orfdo yduldeohv | @ {@% dqg } @ {@%2 dqg dv0

vxph wkdw F0
��&, @ F��&,+{@%>{@%

2, @ F��&,+|>},

lv \ �] shulrglf1 E| frqvlghulqj % dv d sdudph0

whu iru ydu|lqj wkh �qhqhvv ri wkh vwuxfwxuh zh

qrz vwxg| wkh iroorzlqj fodvv ri sureohpv+
�

Y
Y%�

+F0
��&,h&,+x

0,, @ i 0� lq 
>

x0� @ 3 rq �� dqg F0
��&,h&,+x

0,q� @ w� rq �2>

zkhuh �� ^ �2 @ C
 dqg �� _ �2 @ >=

Wkh pdlq lghd lq wkh krprjhql}dwlrq phwkrg

lv wr dssur{lpdwh wkh vroxwlrqv x0 ri wkh deryh

fodvv ri sureohpv zlwk d ixqfwlrq x zklfk vroyhv

wkh sureohp fruuhvsrqglqj wr d krprjhql}hg

pdwhuldo+
�F��&,

Y
Y%�

h&,+x, @ i� lq 
>

x� @ 3 rq �� dqg F��&,h&,+x,q� @ w� rq �2>

zkhuh F��&, lv d frqvwdqw whqvru1 Lw fdq eh vkrzq

wkdw wkh whqvru F��&, lv jlyhq e|
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zkhuh "or+ @ "or+ +}, lv ghwhuplqhg e| wkh fhoo

sureohp+
+D�+"

or
+ . Y or,,� @ 3 rq ]>

"or+ lv ] � shulrglf> Y or
� @ ��o}r>

dqg "or @ "or+|, lv ghwhuplqhg e| wkh fhoo sure0

ohp +
+d�+"

or .Z or,,� @ 3 rq \>

"or lv \ � shulrglf> Z or
� @ ��o|r>

lq zklfk wkh hoolswlf rshudwruv D� dqg d� duh gh0

�qhg e|
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Lw fdq qrz eh vkrzq wkdw wkh h{suhvvlrq iru F��&,

fdq eh frpsxwhg e| �uvw vroylqj wkh ] fhoo sure0

ohp dqg frpsxwh d krprjhql}hg whqvru eF��&, iru

wklv fhoo/ dqg wkhq xvh wklv wr whqvru dqg wkhq

vroyh wkh \ fhoo sureohp dqg frpsxwh wkh ryhu0

doo krprjhql}hg whqvru e|
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Zh xvhg wklv uhlwhudwhg krprjhql}dwlrq surfh0

gxuh wr frpsxwh wkh vwl�qhvv ri d zryhq frpsrv0

lwh1 Wkh frpsrvlwh frqvlvwhg ri lvrwurslf uhvlq

pdwul{ zlwk surshuwlhv

H6 @ 6=3 JSd> �6 @ 3=6;>

dqg �ehu wrzv frqvlvwlqj ri 67( uhvlq pdwul{ dqg

99( jodvv �ehuv zlwk surshuwlhv

Hs @ :5 JSd> �s @ 3=55=

Zh wkxv �uvw vroyhg wkh ] fhoo sureohp dqg frp0

sxwhg wkh vwl�qhvv whqvru iru wkh wrzv/ dqg wkhq

xvhg wklv wr vroyh wkh \ fhoo sureohp dqg frp0

sxwh wkh ryhudoo vwl�qhvv whqvru1 Zh dovr frp0

sduhg wkh uhvxow iurp wkh fdofxodwlrqv zlwk h{0

shulphqwdo uhvxowv rewdlqhg dw wkh glylvlrq ri

sro|phu hqjlqhhulqj1 Wkh uhvxowv duh

UhlwhudwhgKrprj= H{s=

Hu 5:=3 59=7

�uA 3=479 3=483

Wklv uhlwhudwhg krprjhql}dwlrq frxog ri frxuvh

eh jhqhudol}hg wr q vfdohv/ dqg zh frqfoxgh wkdw

lw frxog eh d xvhixo wrro iru ghwhuplqdwlrq ri wkh

vwl�qhvv whqvruv ri shulrglf phgld zlwk gl�huhqw

orfdo vfdohv1 Wkh vxemhfw ri uhlwhudwhg krprj0

hql}dwlrq frxog eh irxqg lq wkh errn e| Ehq0

vrxvvdq hw do1 ^4` dqg wkh wkhvlv e| Oxnndvvhq

^5`/ zkhuhdv dq lqwurgxfwlrq wr wkh vxemhfw ri

krprjhql}dwlrq frxog eh irxqg lq Shuvvrq hw do1

^6` dqg wkh wkhvlv e| Zdoo ^7`1

����������

^4` D1 Ehqvrxvvdq/ M1 O1 Olrqv/ J1 Sdsdqlfrodx1

Dv|pswrwlf Dqdo|vlv iru Shulrglf Vwuxfwxuhv1

Qruwk0Kroodqg/ 4<:;1

^5` G1 Oxnndvvhq1 Irupxodh dqg Erxqgv frq0

qhfwhg wr Rswlpdo Ghvljq dqg Krprjhql}d0

wlrq ri Sduwldo Gl�huhqwldo Rshudwruv dqg Lq0

whjudo Ixqfwlrqdov1 Sk1G1 Wkhvlv/ Ghsw1 ri

Pdwk1/ Xqlyhuvlw| ri Wurpvû/ Wurpvû/ 4<<91

^6` O1 H1 Shuvvrq/ O1 Shuvvrq/ Q1 Vydqvwhgw/ M1

Z|oohu1 Wkh Krprjhql}dwlrq Phwkrg= Dq Lq0

wurgxfwlrq1 Vwxghqwolwwhudwxu/ Oxqg/ 4<<61

^7` S1 Zdoo1 Rswlpdo Erxqgv rq wkh H�hfwlyh

Surshuwlhv ri Pxowlskdvh Pdwhuldov e| Kr0

prjhql}dwlrq1 Olfhqwldwh Wkhvlv 4<<7=74O/

Oxohè Xqlyhuvlw| ri Whfkqrorj|/ Oxohè/ 4<<71
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