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Yvonne Aitomäki and Torbjörn Löfqvist

Abstract
A model of attenuation of ultrasound in fibre suspensions is compared to a model
of backscattering pressure from submersed cylinders subjected to a sound wave. This
analysis is carried out in the region where the wavelength is of the same order as that of
the diameter of the fibre. In addition we assume the cylinder scatterer to have no intrinsic
attenuation and the longitudinal axis of the scatterer is assumed to be perpendicular to
the direction of propagation of the incident wave. Peaks in the frequency response of both
the backscattering pressure, expressed in the form of a form function, and the attenuation
are shown to correspond. Similarities between the models are discussed. Since the peaks
in the form function are due to resonance of the cylinder, we infer that the peaks in
the attenuation are also due to resonance. The exact nature of the waves causing the
resonance are still unclear however the first resonance peaks are related to the shear
wave and hence the shear modulus of the material. The aim is to use the attenuation
model for solving the inverse problem of calculating paper pulp material properties from
attenuation measurements. The implications of these findings for paper pulp property
estimation is that the supporting fluid could, if possible, be matched to density of that of
pulp fibres and that the estimation of material properties should be improved by selecting
a frequency range that in the region of the first resonance peaks.

1

Introduction

This study is part of a project aimed at the on-line characterisation of pulp fibres suspended in water, as used in the paper manufacturing industry. An analytical model was
developed to relate ultrasound attenuation to the material properties of the fibre and the
supporting fluid. This model was presented in [1]. This has then been used this to solve
the inverse problem of estimating material properties from measurements of ultrasonic
attenuation in dilute suspensions of viscoelastic fibres [2].
Experiments from these studies showed local peaks in the frequency response of the
attenuation [1, 2]. The focus of the study is on the cause of these peaks. A large body
of work exists on attenuation due to suspended spherical particles, as reviewed in [3].
However, for cylindrical scatterers, much of the work has been based on backscattering
and in the regime where the ratio of the wavelength to the diameter of the scatterer is
small [4–9]. One of the theories arising from these works is the Resonance Scattering
Theory (RST) [5]. This study compares the backscattering from theory developed for a
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submersed cylinder [10] to a model of ultrasonic attenuation in a suspension of fibres in
a fluid [1]. The theory developed by [10] is essentially the same as the nuclear scattering
theory introduced in the derivation of the RST theory [5]. In this study we will use the
rewritten version of [10] found in [11] since this matches the propagation direction of the
wave used in the attenuation model.
Once a comparison of the resonance peaks is made, the explanation for the peaks in
the backscattering is investigated to see if it is valid for the peaks found in the attenuation.

2

Theory

The attenuation is calculated from the simple cylinder scattering, (SCS), model [1]. The
derivation of this model follows Habeger [12] cylindrical extension of the Epstein and
Carhart [13]/Allegra Hawley [14] model. The resulting expression for the attenuation, α,
of a suspension of fibres in a fluid of low viscosity, such as water is
#
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where fr is the volume fraction; R is the radius of the fibre; k is the wave number of
the wave in water; ψ is the angle of the fibre to the direction of the oncoming plane
ultrasound wave; ϵn = 1, if n = 0, otherwise ϵn = 2, and n is a positive integer. Bn are
the nth expansion coeﬃcients of the wave potential of the reflected wave. The coeﬃcients,
Bn , are a function of the fluid properties: viscosity, density and speed of the compression
wave and the fibre properties: shear modulus, density, loss tangent and speed of both
the compression and the shear wave. The speed of the shear wave is a function of the
shear modulus and the density and is related to the compression wave speed by Poisson’s
ratio.
For the purpose of the comparison between the attenuation and backscattering we
assume that the axial plane of the fibres is perpendicular to the direction of propagation
of the wave. Since we are focusing on the frequency at which the peaks occur we also
assume that there is no intrinsic attenuation in the cylinder. This is done by setting the
loss tangent to zero.
The expression for backscattering pressure from a cylinder at a large distance from
the cylinder is
$
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where Ps is the scattering pressure; a is the size of the scatterer and in this case equals
R; r is the distance to the scatterer centre, k is the wave number of the wave in the fluid
and f∞ (π) is the form function [5, 10].
The form function can be expressed using a phase shift expression, where the phase
shift is that between the incident and reflected wave such that:
∞
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where ηn is the phase shift [11] and is defined as,
'
&
tan αn (ka) + tan φn (kL a, kT a)
ηn = arctan tan δn (ka)
tan βn (ka) + tan φn (kL a, kT a)

(4)

The following functions were used in the above equation:
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Here, ρ1 is the density of the water; ρ2 is the density of the solid, kT is the wave number
of the shear wave in the solid; kL is the wave number of the compression wave in the solid
and n is a positive integer. Jn and Nn are Bessel function of the 1st kind and 2nd kind
respectively, to the order n and Jn′ and Nn′ are the derivatives of the Bessel functions of
the 1st kind and 2nd kind respectively, to the order n.
The frequency range is expressed in terms of normalised frequency Fn = ka, and we
consider the range Fn from 0.2 to 5. The series expansion is truncated after eleven terms.

3

Results

The parameters in the models are set based on the material properties of Nylon 66 and
water. However, as previously stated we are focusing on the frequency at which the peaks
occur, so the loss tangent of the cylinder material is set to zero. To ease the comparison
between the peaks in both backscattering and the attenuation, the amplitude of the
attenuation is scaled and oﬀset by 2 units. The results are presented in Figure 1.
Under these conditions there is a good match between the backscattering form function, f∞ (π) and the attenuation, α. The match between these two functions has two
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Figure 1: Plot of the acoustic attenuation, α, and the form function, f∞ (π), against normalised
frequency for nylon fibres suspended in water. To ease the comparison between the peaks in both
functions, the amplitude of the attenuation is scaled and oﬀset by 2 units.

consequences. Firstly, the solution for the expansion coeﬃcients used by Faran [10] can
be used in the calculation of attenuation -equation (2) -instead of the solution for the
expansion coeﬃcient used in the attenuation. This results in a simpler solution as that
used by Faran [10] uses slip boundary conditions. We can then compare the amplitudes of
the attenuation calculated using the two diﬀerent solutions for the expansion coeﬃcients
and hence the eﬀects of the diﬀerent boundary conditions. Work on this continues.
The second consequence of the match between the form function and the attenuation
is that the resonance peaks in the form function have been well discussed, in both [10]
and [6]. Faran [10] states that the normal modes of the cylinder are found when the
normal component of the stress and the tangential component of the shear stress at the
solid boundary are zero gives a condition which is identical to setting the denominator
of Equation (8) to zero. Using this condition the normal modes can be calculated from
Equation (8). Faran [10] also discusses that a shift in the resonance frequency of an
immersed cylinder due to the reactive component of the acoustic impedance acting on
the scatterer by the surrounding fluid. Although in his study this shift was small as
the metal cylinders that were used had much greater densities than the surrounding
fluid, in our case, where the density of nylon is close to that of water, the eﬀect will be
considerable. When calculating the normal mode for nylon, the first mode occurs at a
normalised frequency of 1.4 (R = 44 µm, 7.8 MHz), however, the eﬀect of the surrounding
fluid moves this peak to a normalised frequency of 1.0 (R = 44 µm, 5.3 MHz). The
frequency can be found by setting the denominator in equation 4 to zero. Also discussed
is the fact that the since the speed of the shear waves is much lower than the speed of
the compression wave. The first modes to appear are from the shear wave. Since the
n = 0 does not support shear waves, the frequency of this mode depends on the speed
of the wave and hence occurs at a normalised frequency of 3.57 (R = 44 µm, 19.3 MHz).
These calculations are for a cylinder with no loss.
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Resonances in backscattering are explained as being caused by creeping waves in the
fluid and in the solid [6]. However, the assumption used in these explanations is that
the normalised frequency is much greater than 1, which is not the case here. Hence the
actual wave propagation modes in this region of normalised frequency are still not clear.

4

Conclusion

From the results so far it appears that the coeﬃcient derived by Faran [10] for backscattering can be used to derive attenuation. From this model, the resonance modes of a
cylinder and a cylinder in water can be obtained. They confirm that the peaks in the
attenuation curves are due to resonance. It appears as if the shear waves are causing
first peaks in the ultrasound attenuation although the exact nature of these waves has
not been established. These calculations have been done under the conditions of no loss.
The implication of these findings for the use of estimating material properties of paper
pulp from ultrasound attenuation are that, if possible, the density of the surrounding fluid
should be as close as possible to that of the suspended fibre. This increases the phase
shift in the suspension and increases the dependency of the attenuation on the material
properties of the fibre. The frequency range should also be set, if possible, so that
resonance peaks exists within the range. Since the frequencies of the peaks depend on
the material properties of the fibre, identifying these frequencies should aid in estimating
material properties.

References
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