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ABSTRACT

We present the performance of OFDM systems with cod-

ing, spreading, and clipping. Low-Density Parity-Check

(LDPC) codes give coding gains and spreading by the

Walsh Hadamard transform gives gains in terms of in-

creased frequency diversity as well as reduced peak-to-

average power ratio (PAPR) of the transmitted OFDM sig-

nal. By evaluating both the IFFT transform (OFDM) and

the Walsh Hadamard transform in a single step, the number

of operations needed for the spread OFDM system is actu-

ally lessthan for the conventional OFDM system. Reduc-

ing the PAPR is important in systems with clipping since

it is related to the probability of clips. Each clip intro-

duces clipping noise to the system which reduces the per-

formance. Results of a clipped OFDM system with LDPC

coding and spreading for an ETSI indoor wireless channel

model are presented and compared with other systems. It

is shown that there is a gain by spreading for LDPC coded

OFDM systems, and especially for systems with clipping.

1. INTRODUCTION

In wireless communications, the channel is often time-

varying due to relative transmitter-receiver motion and re-

flections. This time-variation, called fading, reduces sys-

tem performance. With a high data rate compared to

the channel bandwidth, multipath propagation becomes

frequency-selective and causes intersymbol interference

(ISI). A multicarrier OFDM system is known to transform a

frequency-selective fading channel into parallel flat-fading

subchannels if a cyclic prefix is used for preventing inter-

block interference. The receiver complexity is thereby sig-

nificantly reduced, since the equalizer can be implemented

as a number of one-tap filters. In such a system, the data

transmitted on some of the carriers might be strongly atten-

uated and could be unrecoverable at the receiver. Lately,
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spread spectrum techniques have been combined with the

conventional OFDM to better exploit frequency diversity,

[1][2]. This combination implies spreading information

across all (or some of) the carriers by precoding with a uni-

tary matrix and is in the following referred to as spread

OFDM (SOFDM).

Another way to resist data corruption on fading sub-

channels is to use error-correcting codes. In [3], joint pre-

coding and coding of the OFDM system is suggested with

convolutional codes or turbo-codes and it is shown that

there is a significant performance gain offered by introduc-

ing precoding to the coded transmission. In the last decade

low-density parity-check (LDPC) codes, first invented by

Gallager in 1962 [4], have attracted attention, see e.g. [5].

Sereneret al. investigate the performance of SOFDM with

LDPC coding in [6][7].

One of the major drawbacks with the OFDM system is

its high peak-to-average power ratio (PAPR). A high PAPR

corresponds to a high probability of clipping in the power

amplifier in the transmitter or, alternatively, a large input

power backoff. This implies reduced signal power, degrad-

ing bit error rate and for clipping even spectral spreading.

There has been much research in the area of reducing the

PAPR for OFDM systems, [8][9]. It is shown in [10] that

precoding by the Walsh Hadamard (WH) matrix reduces

the PAPR of the OFDM signal and the associated reduced

probability of clipping distortion will increase the perfor-

mance of the system. This precoding scheme has also been

suggested for spreading, [1]. Surprisingly, the joint WH

spreading and OFDM modulation can be performed by one

single transformation that requires less operations than the

IFFT alone, [11]. In this paper, the total performance gain

of the WH spreading is investigated for an OFDM system

with LDPC coding and clipping. In particular, the gain in

bit-error-rate performance is analyzed for an ETSI channel

model and results for clipped OFDM signals are provided.

The conventional and SOFDM system as well as the
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Figure 1: Conventional OFDM.

channel model are described in Section 2 and the applica-

tion of LDPC codes to OFDM in Section 3. Results of the

WH spreading applied to clipped and non-clipped OFDM

signals follow in Section 4. Finally, Section 5 gives some

concluding remarks.

2. THE OFDM SYSTEM

The OFDM modulation is obtained by applying Inverse

FFT (IFFT) toN message subsymbols, whereN is the num-

ber of subchannels in the OFDM system. The baseband

signal can be written

xn
� 1�

N

N�1

∑
k�0

Xk �ej2πnk�N � n � 0� � � � �N � 1 (1)

whereXk is symbol numberk in a random message stream,

also called the frequency domain signal. Thus the modu-

lated OFDM vector can be expressed as

x � IFFT 	X 
 (2)

A block diagram describing the conventional OFDM sys-

tem is shown in Figure 1.h is the channel impulse response

andv is a vector of uncorrelated complex Gaussian random

variables with varianceσ2. The output from the FFT is

Y � CX � W (3)

where the diagonal matrixC � diag�c1
�c2

� � � � �cN gives

the frequency domain channel attenuations andW is the

FFT of the noisev. The elements ofW are still uncorrelated

complex Gaussian random variables with varianceσ2 due

to the unitary property of the FFT. The zero-forcing equal-

izer is considered for conventional OFDM, but Wiener

equalizers are also used. A practical implementation of

OFDM usually uses a cyclic prefix in order to avoid inter-

symbol interference (ISI).

In SOFDM, the frequency domain signal is multiplied

by a spreading matrixΘ before it is fed to the IFFT, Figure

2. The spreading considered here is the WH matrix that can

be generated recursively for sizes a power of two [12]. The

(2 � 2) WH matrix is given by

WH2
� 1�

2

�
1 1

1 �1 � � (4)
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Figure 2: Spread OFDM.

The (2m �2m) WH matrix is given in terms of the (m �m)

WH matrix,

WH2m � 1�
2 � WHm WHm

WHm �WHm � � (5)

In the followingΘ is assumed to be the (N � N) WH ma-

trix. The WH transform is an orthogonal linear transform

that can be implemented by a butterfly structure as the IFFT

and since the WH and IFFT transforms can be combined

and calculated with less complexity than the IFFT alone

this means that the system complexity is reduced by apply-

ing WH spreading. At the receiver side, Wiener filtering is

performed and the output of the Wiener filter is the vector

X̂ given byX̂ � GỸ. G is defined as

G � argminW �WH X̂ � X �2 � ΘTF (6)

whereF is a diagonal matrix,

F � diag � c�1�
c1

�
2 � σ2 � � � � � c�N�

cN

�
2 � σ2 � (7)

and � !� denotes conjugation. This means that the re-

ceiver consists of scalar channel equalization followed by

the transpose of the spreading matrix, which in the case of

unitary spreading equals the inverse. In the following, the

noise powerσ2 and the frequency domain channel attenu-

ationsci are assumed to be known.

The wireless channel model used in this work is the

ETSI indoor wireless channel model for HIPERLAN/2,

[13]. Wireless channels can be modeled as Rayleigh fad-

ing channels. When a signal is sent from the transmitter

across a wireless channel, it travels via many paths (due to

reflections, refractions or diffractions) to the receiver.The

different path lengths result in time delays or phase differ-

ences between the multipath components, which leads to

constructive and destructive interference. The received sig-

nal y can be writteny � ryejφy wherery is the amplitude

andφy is the phase. The received amplitude is Rayleigh

distributed with the probability density function

p�ry! � ry

δ
exp�� ry

2δ
! 0 " ry # ∞ (8)

and the received phase is uniformly distributed with

p�φy! � 1
2π

0 " φy # 2π (9)
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Figure 3: Example of a wireless channel response follow-

ing the ETSI indoor wireless channel model for HIPER-

LAN/2.

whereδ is the mean power of the waveform. A sample

wireless channel response is shown in Figure 3. Two deep

spectral nulls are apparent in this example.

In Conventional OFDM, each subchannel is assigned

one subsymbol. In the example channel given above, the

subsymbols transmitted on the subchannels in the close

vicinity of the two deep spectral nulls, will have a high

probability of error. However, using the spreading em-

ployed in this work, the information transmitted on each

subchannel will be a linear combination of the originalN

subsymbols. This means that instead of a few subsymbols

being severely affected by spectral nulls, several subsym-

bols are lightly affected. This approach leads to improved

BER.

3. LDPC CODES FOR OFDM AND SOFDM

Error control codes used in this paper belong to a class

known aslow-density parity-check(LDPC) codes [4]. An

LDPC code is a linear block code and it can be conve-

niently described through a graph commonly referred as

a Tanner graph [14]. Such a graphical representation facil-

itates a decoding algorithm known as themessage-passing

algorithm. A message-passing decoder has been shown to

virtually achieve Shannon capacity when long LDPC codes

are used. In the next paragraph we will describe a specific

class of LDPC codes used here. For more details on mes-

sage passing decoding the reader is referred to an excellent

introduction by Kschischanget al. [15].

Consider a linear block code� of lengthn defined as

the solution-space (in�2) of the system of linear equations

Hx � 0, whereH is anm � n binary matrix. The bipartite

graph representation of� is denoted by� . � contains

a set ofn variable nodes and a set ofm check nodes, i.e.

nodes corresponding to equations inHx � 0. A variable

node is connected with a check node if it belongs to a cor-

responding equation. More precisely, Thei-th column of

H corresponds to a variable nodexi of the graph� , and

the j-th row of the matrix corresponds to a check nodeSj

of � . The choice of a parity check matrix that supports

the message-passing algorithm is a problem that has been

extensively studied in recent years, and many random [16]

and structured codes have been found [17]. We have cho-

sen codes from a family of rate-compatible array codes,

[18][19], because they support a simple encoding algorithm

and have low implementation complexity.

The general form of the parity check matrix can be writ-

ten as

H �

�
���������

I I I � � � P1�m	k I � � � I

0 I P2�3 � � � P2�m	k P2�
m�1�	k � � � P2�n	k
0 0 I P3�m	k P3�
m�1�	k � � � P3�n	k
0 0 0

... � � � ...
...

...

0 0 0 0 I Pm	k�
m�1�	k � � � Pm	k�n	k


���������

where each of submatricesPi � j , is a power of ak �k permu-

tation matrix (see [19] ). Notice that the row and column

weights ofH vary, i.e. the code is irregular. A columnj in

a set ofm�k leftmost columns has the weightj, while the

rest of the columns have weightm�k.

Figure 4 shows a block diagram describing the SOFDM

system with LDPC coding, denoted by LDPC-SOFDM.

The message bits are first encoded to codewords of length

n and modulated ton�2 QPSK symbols. The modulation

symbols are���s�2� j��s�2, where�s is the symbol

energy. The modulated codeword is partitioned into blocks

of N samples, where we assume thatn � 2N, and each

block is multiplied by the spreading matrixΘ. The spread

signal is sent through the OFDM system and the Wiener fil-

ter. Both soft information from the output of the Wiener fil-

ter and the SNR for each subchannel are fed to the decoder.

Since spreading averages SNR of different subchannels, a

theoretical SNR taking the spreading into account is com-

puted and used for the decoding. The theoretical SNR can

be calculated from the output of the Wiener filter, which is

X̂ � GỸ � ΘTFCΘX � ΘTFW� (10)

Componentk of X̂ can be written

X̂k
� αXk � βk � δk (11)

where

α � 1
N

N

∑
i�1

µi (12)
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Figure 4: SOFDM with LDPC coding.

βk � N

∑
i�1�i ��k

�
N

∑
j�1

Θ jkΘ ji µ j� Xi (13)

and

δk � N

∑
i�1

Θik
c�i�

ci

�
2 � σ2Wi 	 (14)

Θi j is element
i � j � in the WH matrix,Θi j � 1��N, and

µi � �
ci

�2�
�ci

�2 � σ2�. For largeN the interference-plus-

noise at the output of the Wiener filter
βk
� δk� can be

considered to be Gaussian, [2], and approximated as noise.

The theoretical SNR of subchannelk with spreading is

SNRk � Var�αXk�
Var�βk� � Var�δk� � (15)

� α2�
s

∑N
i�1�i ��k �∑N

j�1 Θ jkΘ ji µ j�2 �
s
� σ2

N ∑N
i�1 �ci �2��ci �2�σ2�2

(16)

For conventional OFDM (Θ � I ), the SNR is simply

SNRk � Var�ciXk�
σ2 � �

ci

�2�
s

σ2 (17)

4. RESULTS

To show the performance of LDPC-SOFDM, simulations

are performed with rate 0.8 lattice codes and a codeword

length of 1024. The maximum column weight of the parity-

check matrix is 3. The performance is an average over

different channel realizations of the ETSI indoor wireless

channel model and the channel realizations are normalized

to have energyN, that is,

N

∑
i�1

�
ci

�2 � N (18)

Figure 5 shows the BER performance of different OFDM

systems without clipping. The OFDM system has 64 sub-

channels and the channel is assumed to be constant dur-

ing the transmission of one codeword. Both SOFDM and

LDPC coding give a large gain compared with conventional

OFDM, but there is also a gain by spreading of about 2.7

dB of the LDPC coded system at 10�5 bit-error-rate. Fig-

ure 6 shows that the performance does not change much

with the number of subcarriers, which is also the size of

the precoder. However, with a large number of subchan-

nels, like 512, interleaving is necessary for LDPC-OFDM

to get this performance.
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Figure 5: Performance of conventional OFDM, SOFDM,

LDPC-OFDM, and LDPC-SOFDM for the case of 64 sub-

channels.
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SOFDM for both 64 and 512 subchannels.
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Figure 7: Comparison with a convolutional coded SOFDM

system.

A comparison to the work in [2] for convolutional codes

is shown in Figure 7. The frequency domain channel at-

tenuationsci in [2] are assumed to be independent identi-

cally distributed circular complex Gaussian random vari-

ables with variance 1. A convolutional encoder with con-

straint length 7 is used and the code rate is 3�4. The spread-

ing and equalizer is the same as in this paper and an OFDM

system with 64 subchannels is used. We compare this with

our LDPC-SOFDM system with rate 0.8 for the same chan-

nel parameters as in [2]. Figure 7 shows that the LDPC-

SOFDM system performs better than the system with the

convolutional code.

Figure 8 shows the reduction of PAPR that is the result

of the WH spreading. The instantaneous PAPR for thekth

OFDM block, and the overall PAPR are defined, respec-

tively, by

PAPRk
� �x�k�2

∞
E	�x�k�2

2
�N (19)

PAPR� maxk�x�k�2
∞

E	�x�k�2
2
�N (20)

wherex�k is thekth block of the time domain signal vec-

tor. However, in practice it is more useful to know the dis-

tribution of the instantaneous PAPR. In Figure 8 the overall

PAPR has decreased by 1.1dBand the mean instantaneous

PAPR has decreased by 0.8dB by spreading.

In many systems clipping occurs in the power amplifier

and a reduction of PAPR reduces the number of clips. If

xi
� r ie

jφi denotes the input complex signal, the clipping of

the baseband signal can be modeled as ˇsi
� ř ie

jφi , with

ř i
� �

r i
� for r i � Amax

Amax
� for r i � Amax

(21)
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Figure 8: Histograms of the PAPR for an OFDM system

with 64 subchannels, with (a) and without (b) spreading.
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Figure 9: Performance of LDPC-OFDM and LDPC-

SOFDM with 64 subchannels. The performance is shown

both for no clipping and for a clipping ratio of 2dB.

whereAmax is the maximum output amplitude. The clip-

ping ratioγ is defined as

γ � Amax��s

� (22)

Figure 9 shows the BER in a case where the signal is

clipped with a clipping ratio of 2dB. The total gain of

spreading is around 4dB at 10�5 bit-error-rate, compared

to 2.7 dB when there is no clipping, since the PAPR re-

duction by spreading has reduced the number of clips. The

effect of clipping noise to the SNR is not taken into ac-

count in the decoder. This result suggests that spreading is

of extra value in systems where there is a high probability

of clipping.



5. CONCLUSIONS

In this paper the BER performance of LDPC-SOFDM is in-

vestigated. The spreading considered is the WH transform

which actually canreducethe complexity of the system.

Results for the ETSI indoor wireless channel model show

that using LDPC-SOFDM instead of LDPC-OFDM in a

system with clipping gives a gain of 4dBat a bit-error-rate

of 10�5. The gain is due to increased frequency diversity

as well as reduced PAPR. The performance is also inves-

tigated for different number of subchannels and the results

show that systems with different number of subchannels

perform almost the same. However, a large number of sub-

channels increases the PAPR which in turn increases the

probability of clips. Our results confirm that spreading en-

hances the performance of the OFDM system for the ETSI

channel model and show that especially the performance in

a system with clipping is increased, while the complexity

is reduced.
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